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1 IntroductionRisk plays an important role in economic life. Financial intermediaries aim at providing in-surance against a broad spectrum of risks. Pension funds provide an income after retirement.Insurance companies provide �nancial compensation for calamities such as �re, theft, or caraccidents. Banks provide loans and OTC contracts. Housing associations provide real property,e.g. houses, buildings, and shops, which are liable to aging and need to be renovated over time.In order to meet their liabilities the �nancial intermediary has to decide on an investment strat-egy and a premium-strategy. Often such decisions are complicated by solvency requirementsformulated by regulating authorities. Moreover, the clients of a �nancial intermediary mightpotentially display conicting objectives. The cohesive and integral environment in which thisproblem is embedded is known as Asset Liability Management. In this paper we are primarilyconcerned with integral pension management.1A pension fund provides old-age bene�ts to its members. In a de�ned bene�t pension schemethe bene�t promises are �xed and do not depend on past investment performance. The riskassociated with future investment performance is borne by the plan sponsor by means of con-tributions. Each year a pension fund has to decide upon the appropriate level of contributionsand determine a trading strategy to invest the capital administered. These decisions are beingcomplicated by the di�erent interests of the participants of the fund, the sponsor of the fund, andregulating authorities. The key objective of a pension fund is to create a balance between theseopposite interests by means of an indexation policy, a contribution policy, and an investmentstrategy, taking into account its agreed liabilities.Speci�c to pension funds is the long time horizon: it should not only be able to ful�ll itsliabilities today, but also in 30 years. Clearly, the uncertainty involved with such a long horizon isimmense. The usual way to deal with this uncertainty is by scenarios, in which relevant variables,like ination, bond yields and stock returns, are projected into the future. The scenarios arecollected into an event tree. The aim of this event tree is twofold: �rst, it should representexpected future developments, and second, it should also reect the uncertainty involving thesedevelopments.Conditional on an event tree, the ALM problem can be regarded as a multi-stage stochasticprogramming problem and be solved by appropriate techniques. Clearly, the solution of theproblem depends on the tree. We investigate the sensitivity of the results with respect to theconstruction of the tree in two ways. First, we examine sampling uncertainty by repeatedlysampling scenarios. Next, we examine the e�ect of the structure of the tree. Also, attention ispaid to the role of arbitrage. In general, arbitrage opportunities can not be exploited by pensionfunds, and therefore the event tree should not exhibit this opportunities. We investigate how thestructure of the tree a�ects the occurrence of arbitrage opportunities and whether the solutionto the ALM problem is sensitive to the (non)existence of arbitrage.The paper is organized as follows. In Section 2 we discuss a generic asset liability managementmodel. In particular, we set up a mathematical framework and introduce relevant concepts,1For ALM for insurance companies see, e.g., Carin~o et al.[3], for banks Klaassen [8] and for housing associationsHolmer [7]. 2



such as arbitrage. The generation of scenarios is discussed in Section 3. We use Vector AutoRe-gressive (VAR) models to sample scenarios for the relevant economic variables. The possibilityof arbitrage opportunities in the event tree is also discussed. Simulation experiments are set upin Section 4. Considering data from a Dutch pension fund, we investigate sampling uncertaintyas well as sensitivity of the results with respect to the construction of the event tree. Also,attention is paid to the role and impact of arbitrage on the optimal dynamic policies. Section 5concludes.2 Asset Liability Management Model2.1 IntroductionMany authors have considered ALM models for pension funds in the spirit of the traditionalmean-variance model of Markowitz [13]. The most notable of these are the static, i.e. one-period,models considered by Sharpe and Tint [18], Leibowitz, Kogelman, and Bader [12], and Boenderand Heemskerk [2]. Sharpe and Tint [18] introduce the so-called liability hedging credit (LHC) ina mean-variance framework. The LHC quanti�es the degree to which a particular asset (or classof assets) provides a bene�t for an investor with a particular set of liabilities. An approach basedon the funding-ratio (assets/liabilities), was proposed by Leibowitz, Kogelman, and Bader [12].Their model makes a trade-o� between the mean funding ratio return (FRR) and the volatilityof the FRR. Boender and Heemskerk [2] assume a �xed funding ratio, the so-called clean-fundingmodel. Their model makes a trade-o� between the mean contribution-level and the volatility ofthe contributions.Others have considered dynamic, i.e. multi-stage, stochastic programming approaches to AssetLiability Management. For an overview of the state-of-the-art in Asset Liability Management,we refer to the recent book by Mulvey and Ziemba [15]. Some of the relevant models includeCarino et al. [3], Consigli and Dempster [4], Dert [6], Kouwenberg [10], and Mulvey [14]. Inthe next subsections we describe our asset liability management model, which also falls intothe class of multi-stage stochastic programming models. Before describing the ALM modelin Subsection 2.3, we review some relevant concepts from the �eld of mathematical �nance inSubsection 2.2.2.2 Some �nancial backgroundWe consider a securities market economy, where economic activity (e.g. trading) takes place atdiscrete dates 0; 1; : : : ; T . The set of possible states of the world is denoted by 
, with genericelements !. The set 
 belongs to a probability space (
; IF; P ), where IF = fFt; t = 0; 1; : : : ; Tgis the �ltration of subsets of 
 and P a probability measure. The set 
 with �-�eld IF, (
; IF)is called a measurable space. The support of (
;F ; P ) is the smallest closed subset of 
 withprobability 1. If the support is de�ned through a countable union of points, the probabilitydistribution is called discrete. Throughout this paper we assume that 
 has a �nite support.3



We assume that K+1 long-lived securities are available for trading in the securities market (i.e.each security is available for trading at all dates). A trading strategy (or portfolio) �(t) in theeconomy described above is a K +1 dimensional stochastic process de�ned on 
, indicating theamount of wealth, in terms of the underlying currency in the economy, invested in each of theK+1 securities at date t. A portfolio entered with at time t should be determined by informationavailable up to time t� 1 only. This enforces an informational constraint on the investors2. Tomodel this informational constraint we assume that the information structure in the economyconsists of a given family of increasingly �ner partitions of 
, denoted by fFt; t = 0; 1; : : : ; Tg,i.e. Ft � Ft+1. For every t, the partition Ft contains all available information to investors attime t. We assume that F0 = f;;
g and FT = ff!g : ! 2 
g. These assumptions imply that:� no information has arrived at time 0;� as time progresses, investors come to know about gradually decreasing subsets of 
 whichcontain the true state of the world;� the true state of the world is fully revealed at the horizon T .Non-anticipativity of the trading strategy means that �(t) is Ft�1 measurable. A random variableX is said to be measurable with respect to the sigma-algebra F if, for every real number x,the subset f! 2 
 : X(!) = xg is an element of F . A stochastic process x = fx(t); t =0; : : : ; Tg is said to be adapted to the �ltration IF if the random variable x(t) is measurablew.r.t. Ft; t = 0; : : : ; T . A stochastic process x = fx(t); t = 0; : : : ; Tg is said to be predictablew.r.t. the �ltration IF if the random variable x(t) is measurable w.r.t. Ft�1; t = 1; : : : ; T .Hence, all predictable stochastic processes are adapted. A non-anticipative stochastic process isa predictable stochastic process.In this section we �rst establish some well-known principles in �nancial economics (we refer toPliska [16] for an excellent textbook on mathematical �nance). A securities market is said tobe perfect (or frictionless) if there are no constraints on trading and no transaction costs. Acrucial concept in �nancial economics is the notion of arbitrage-free security prices. To this endwe de�ne the value process V as follows:Vt = Vt�1 + KXk=0 rk(t)�k(t� 1);where rk(t) denotes the net return on security k from period t� 1 to t. The gains process G isde�ned by: Gt = KXk=0 tXu=1 rk(t)�k(t� 1)A trading strategy is called self-�nancing ifVt = V0 +Gt; t = 1; : : : ; T:2In the stochastic programming literature this informational constraint is called non-anticipativity.4



The discounted return process r�k(t) is de�ned byr�k(t) = rk(t)� r0(t)1 + r0(t) ; k = 0; : : : ;Kwhere security 0 is the numeraire asset in the economy. The discounted value and gains processare de�ned in terms of r�k(t).De�nition 1 An arbitrage opportunity is a self-�nancing trading strategy that generates astrictly positive cash ow between 0 and T in at least one state and does not require an outowof funds at any date. Formally, an arbitrage opportunity is a self-�nancing trading strategy �such that: V0 = 0; VT � 0; IE[VT ] > 0;Using standard duality results from linear programming, the following well-known result caneasily be proven.Theorem 1 The following statements are equivalent in the economy described above:(i) There exist no arbitrage opportunities in the securities market.(ii) There exists an equivalent martingale measure (also called risk-neutral probability measure)Q such that the discounted value process V �t corresponding to � is a martingale under Q.It is not di�cult to generalize the above theorem to a market with frictions such as e.g. bid-askspreads, transaction costs, and markets where some securities can only be held short or long.A securities market is said to be complete if, at t = 0, investors in the market can trade in statecontingent claims (also referred to as Arrow-Debreu securities) for every time and event pair thatcan occur. A state contingent claim is a security which pays one unit of the consumption goodwhen one particular state of the world occurs and nothing otherwise. Other existing securitiescan be viewed as complex bundles of these state contingent claims. We say that a securitiesmarket is dynamically complete if the cash ow on every Arrow-Debreu security can be replicatedby some trading strategy �. If at every node of the event tree, there are as many securities withlinearly independent payo�s available as the number of successor nodes, we can �nd the strategythat replicates the payo� on any Arrow-Debreu security. There is an important characterizationof dynamically complete markets (see, e.g. Pliska [16]).Theorem 2 Suppose that there exist no arbitrage opportunities in a securities market model.Then, the risk-neutral probability measure in such a model is unique if and only if the market isdynamically complete.When the market in incomplete there is a in�nite number of risk-neutral probability measures.Throughout this paper we are mainly concerned with dynamically incomplete markets.5



2.3 The modelIn this section we consider a generic Asset Liability Management model for pension funds. Asstated in Section 1, the pension fund has to decide on an indexation policy, a contribution policyand an investment strategy, taking into account its agreed liabilities. Throughout the paper weconcentrate on the contribution policy and investment strategy, taking the indexation-policy as�xed.The pension fund receives contributions c(t) at time t from the sponsor of the fund (we denotethese contributions as percentage of the wages w(t)). The received contribution-payments plusthe available capital is invested in K + 1 di�erent asset-categories. We denote this investmentfrom t�1 to t by �k(t�1). These investments earn an uncertain return rk(t) from period t�1 tot. At time t the pension fund pays bene�t-payments p(t). The pension fund aims at minimizingthe downside variance of the funding level and the mean-absolute deviation of the contributions,and maximizing the expected terminal wealth. Throughout, we denote x+ = max(x; 0). Thegeneric Asset Liability Management model for pension funds can be stated as follows:min �uIE[(c� c0)+] + �dIE[(c0 � c)+] + IE[(X̂ �X)+]2 � �IE[WT ] (1)s.t. Wt = Wt�1 +PKk=0 rk(t)�k(t� 1) + w(t)c(t) � p(t);where �k = f�k(t) � 0; t = 0; : : : ; T � 1g;and c = fcl � c(t) � cu; t = 0; : : : ; Tg;are predictable stochastic processes, with c(0) = c0, and�k(0) = X(0)`(0)uk ; k = 0; : : : ;K; KXk=0 uk = 1:The stochastic process for the funding-ratio X(t) is de�ned byX = (X(t) = PKk=0 �k(t)`(t) ; t = 1; : : : ; T)The �ltration IF = fFt; t = 0; 1; : : : ; Tg can be represented by means of an event tree. Thisenables us to recast the model in this section into a multi-stage stochastic programming modelwith a convex quadratic objective. The reader is referred to Appendix A for the multi-stagestochastic programming formulation of the model. In the next section we discuss the constructionof an event tree by scenario generation. 6



3 Scenario Generation for Asset Liability ManagementIn the previous section the asset liability management problem has been described as a multi-stage stochastic programming problem. The input to this problem is an event tree, representingthe uncertainty involved with the future development of the relevant economic variables. Forthe generated values of the variables in the event tree to be realistic, they should satisfy thefollowing requirements:� they should be consistent with historical data, including any interaction amongst thevariables.� they should not exhibit arbitrage opportunities.In order to ful�ll the �rst requirement, the variables are modeled according to a Vector Au-toRegressive (VAR) Model. This is discussed in the next subsection. The role of arbitrageopportunities is discussed in Subsection 3.3.3.1 VAR modelsIn order to generate an event tree which is consistent with the observed economic time series weconsider a Vector AutoRegressive (VAR) model. Following, e.g., Sims [19], VAR models havebecome extremely popular forecasting tools. In general, the model is given byyt = �+A1yt�1 + : : : +Apyt�p + "t; (2)where �, yt and "t are K � 1 vectors, Ai is a K �K coe�cient matrix, and "t is independentlyidentically multivariate Normally distributed with mean vector 0 and covariance matrix �,"t � N(0;�); t = 1; : : : ; T: We can write this model more compactly as0BBBB@ Y 1Y 2...Y K 1CCCCA = 0BBBB@ X1 0 : : : 00 X2 0 � � �... 0 . . . 00 : : : 0 XK 1CCCCA0BBBB@ �1�2...�K
1CCCCA+0BBBB@ E1E2...EK 1CCCCA (3)
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where Y k := 0BB@ y1;k...yT;k 1CCA ;X := (�T ; Y�1; : : : ; Y�p);B := (�;A1; : : : ; Ap)0;E := (E1; : : : ; EK);Ek := 0BB@ "1;k..."T;k 1CCA ;with the matrix Y�i de�ned as the matrix Y lagged by i periods. The matrices Xk in (3)correspond to the matrix X with (possibly) one or more columns removed, and �k is the kthcolumn of B, with the appropriate elements removed.In case all Xi are identical, this model can be estimated by Ordinary Least Squares (OLS). Inthe general case, where the Xi may be di�erent due to restrictions, the model corresponds toZellner's Seemingly Unrelated Regression (SUR) model (see Zellner [20]) and can be estimatedby (iterative) Generalized Least Squares (GLS). To obtain the \best" model, we use the BayesianInformation Criterion (Schwarz [17]), given byBIC = ln j�̂j+ k lnTT (4)where k is the number of location parameters of the model under consideration and �̂ is anestimate of the covariance matrix. Estimating all models, the model is chosen for which the BICis minimal.3.2 Generation of economic scenariosGiven an estimated VAR model, forecasts can be generated by sampling from the distributionof the innovation vector ". For example, consider a VAR(1) model and assume YT is known. Adrawing of the vector of future observations YT+1 may be obtained asYT+1 = �̂+ Â1YT + �"; (5)where �" is a drawing from the multivariate Normal distribution N(0; �̂). Clearly, given a valuefor YT+1, a value for YT+2 may be obtained in a similar way. In this way, it is also possible tosample k-step ahead forecasts, YT+k.An event tree now can be constructed as follows. First, the initial values of the economicvariables, or state of the economy, are known, with corresponding vector of economic variablesY0. This can be represented by a single node at time 0. Next, we sample n0 times 1-step8



ahead forecasts, YT+1, where each forecast describes a possible state of the world at time 1.Each state has probability 1n0 . For each node at time 1, this process can be repeated, to obtainpossible states of the world at time 2. Repeating this T times, where T is the number of decisionmoments, results in an event tree.Note that an event tree can be regarded as a single random drawing from an underlying distri-bution. Clearly, the solution of the ALM problem depends on the event tree and can thereforealso be regarded as random. This kind of uncertainty, known as sampling uncertainty, can beinvestigated by sampling many trees and solving each corresponding ALM problem. In this way,a sampling distribution of the decision variables is obtained, which may be presented by, e.g.,boxplots.Now a tree is constructed with desirable time series properties, we turn to the issue of arbitrage.3.3 ArbitrageSeveral choices have to be made in constructing an event tree, like� planning horizon� the number of stages (decision moments)� the number of successors per node (children) at each stageAn important argument in making these choices is the issue of arbitrage. In reality, arbitrageopportunities do exist, but they are in general to short-lived to be pro�table to pension funds.Therefore, it is desirable that also the event tree does not display arbitrage opportunities. Inprincipal, the VAR model does not generate arbitrage opportunities, i.e., in�nite sampling willabolish all arbitrage opportunities. In practice however, all trees are �nite, and arbitrage oppor-tunities may exist. Also, the density of the tree, which is likely to e�ect the number of arbitrageopportunities, is limited by computational restrictions (solution time).The issue of arbitrage opportunities is often neglected in stochastic programming models for�nancial applications. There are only a few contributions in the �nancial stochastic programmingliterature which reckon with arbitrage opportunities. Klaassen [8] tried to analyze the e�ect ofarbitrage in case of market imperfections for a generic stochastic programming model based onAsset Liability Management for banks. However, since he uses internal sampling to analyze thee�ect of arbitrage, it is not clear whether he truly analyzes the e�ect of arbitrage or merelyanalyzes the e�ect of inconsistency of the security prices w.r.t. their statistical properties in thepruned event tree obtained after performing internal sampling. In order to obtain an arbitragefree event tree Klaassen [9] uses an arbitrage-free pricing model from the literature resulting ina very large event tree. Then he performs state and time aggregation to condense the event treewhile preserving consistency with current market prices and keeping the event tree arbitrage-free.Dert [5] discusses an approach to obtain arbitrage-free prices a priori. Starting with an event tree,Dert [5] adds an additional state of nature in such a way as to eliminate arbitrage opportunitiesprevalent in the event tree. The disadvantage of this approach is that the resulting event tree no9



longer admits the statistical properties of the underlying distribution prior to adding the newstate of the world. Kouwenberg and Vorst [11] take into account both arbitrage opportunitiesand the statistical properties of the event tree. Using a �tting procedure the generated eventtree is both arbitrage-free and the �rst few moments of the underlying distribution are matched.In our paper we do not a priori restrict the event tree to exclude arbitrage opportunities. Instead,we examine the inuence of the structure of the tree, i.e. the number of stages and childrenat each stage, on the existence of arbitrage opportunities. Also, we investigate whether theexistence of arbitrage opportunities seriously a�ects the optimal solution to the ALM problem.To study these issues, we conduct a large simulation experiment.4 Simulation experimentsIn this section we present the results of an extensive simulation experiment. In Subsection 4.1we �rst operationalize the ALM model and the VAR model. Subsection 4.2 presents the actualresults and their discussion.4.1 OperationalizationIn order to operationalize the ALM model and the VAR model, we have to choose numericalvalues for some of the model's parameters. We �rst discuss the ALM model. Table 1 containsmost of the relevant parameter choices.Table 1: Values of parameters in the ALM model, given in equation (1)�u �d c0 X(0) � X̂ � cl cu1.5 0.5 0.08 1.1 0.01 1 0.01 0 0.2The base contribution level c0 is set to 8%, while an increase of the contribution is penalized moreheavily in the objective function than an decrease of the contribution, �u > �d. Contributionsand �nal wealth receive a similar weight in the objective function, � = �. Note that the minimumand maximum contribution level are set to 0% and 20%, respectively. This means we do notallow for refunds. The initial funding ratio is 1.1, which is 10% in excess of the benchmarkX̂ = 1. This benchmark is common in the context of pension funds. Most supervisors check thefunding position of pension funds on a regular, e.g., annual basis.For the liabilities, we take empirical data3 from a medium-sized Dutch pension fund, comprisingthe liability level, the bene�t payments, and wage sum over a period of 26 years. These amountsare computed using a push-pull Markov chain for the life and career developments of all presentand future fund participants, see, e.g., Boender [1]. The computations are all based on a 0%ination rate. For simplicity, we incorporate ination e�ects in the actual event tree by scaling3These data are obtained from ORTEC Consultants.10



up the liability levels, bene�t payments, and wage sums by the appropriate price levels. Theseprice levels are dictated by the simulated ination rates, see also further below.The VAR model is also operationalized using empirical data. We consider annual Dutch data3over the period 1956{1997 on short term interest rates, ination rates, and annual returns ona diversi�ed stock and bond portfolio, respectively. We construct continuously compoundedversions of each of these four series and �t a VAR model. Using the BIC as mentioned inSection 3.1, we select the following model:cash(t) = 0:013 + 0:769 � cash(t� 1) + "1(t);bond(t) = �0:002 + 1:366 � cash(t� 1) + "2(t);stock(t) = 0:095 + "3(t);infl(t) = 0:020 + 0:645 � infl(t� 1) + "4(t);where the covariance matrix of the errors is given by10�5 �0BBBB@ 28:466 �12:702 �150:027 13:972�12:702 393:538 134:710 32:563�150:027 134:710 2430:607 �166:36913:972 32:563 �166:369 92:465 1CCCCA ;and where cash(t) is the short term interest rate, infl(t) is the ination rate, and bond(t) andstock(t) are the returns on a diversi�ed bond and stock portfolio, respectively. We use the 1997values of the time series as the starting point for the ALM decision process.4.2 Simulations and resultsIn this section we investigate the e�ect of arbitrage on ALM policies in a stochastic programmingframework. Throughout, we use the ALM model as laid out in Subsection 2.3 with the parametervalues from Table 1.Given the general framework, we can build a scenario tree as described in Section 3.2. Thisrequires the further choice of certain parameters. In particular, choices must be made regardingthe length of the planning period, the number of scenarios, the number of decision times, andthe number of successor nodes per time period and/or node in the event tree.First, we �x the planning period to 8 years. Of course, this is unrealistically short for pensionfund ALM. This case serves as a benchmark however. In future experiments we intend to checkthe sensitivity of our results to the length of the planning horizon. The main advantage of �xingthe length of the planning period is that we can investigate the e�ect of the number of decisiontimes. For example, we can check whether there are signi�cant di�erences between a model withone period of 8 years versus 8 periods of 1 year. In particular, we study 1, 2, 4, and 8 periodmodels for the 8 year planning horizon. The higher the number of periods, the more exible thefund manager is in adapting the asset mix and contribution level.Regarding the number of scenarios, we study two di�erent e�ects. First, for a given number ofperiods, we consider how fund policies and characteristics change if we increase the number of11



successors per node. In particular, we check whether arbitrage opportunities evaporate and ifso, how fast. Second, we isolate the e�ect of the number of decision times by �xing the lengthof the planning horizon as well as the total number of scenarios. For example, we compare a1-period model with 1296 scenarios with a 2-period model in which each node has 36 successors.In the present article we concentrate on sampling uncertainty and arbitrage. The set-up is asfollows. First, we generate an event tree using the estimated VAR model from Subsection 4.1.Second, we solve the ALM model. This process is repeated 2,500 times. Note that it is farfrom straightforward how the results of these experiments should be reported. A solution tothe ALM model consists of optimal asset allocations and contribution levels in each period andstate of the world, i.e., node in the event tree. For example, for the 2-period model with 16successors per node, we have an initial asset mix, 16 asset mixes at time 1, and 16 and 256contribution levels at time 1 and 2, respectively. Given that we have 3 asset categories, thisamounts to a total of 323 numbers. Apart from contribution levels and asset mixes, we are alsointerested in switches in the contribution level and the asset mix, as well as in the funding ratio,the downside deviation of the funding ratio, and the probability of underfunding. This leads toan overwhelmingly large number of interesting quantities for event trees of a realistic size.We compress the number of reporting measures to reasonable proportions by taking averages. Inparticular, per time period we only look at the averaged quantities, where the average is takenover the di�erent nodes at that time. In this way, we obtain for example an average contributionlevel at each time. Similarly, we obtain the average absolute change in the contribution levelbetween time 0 and time 1.The e�ect of sampling uncertainty is now revealed by plotting the above averages per timeperiod in a boxplot. The boxplot displays the distribution of a particular fund characteristic ordecision variable over the 2,500 replications. In order to distinguish solutions based on eventtrees with and without arbitrage, we make separate boxplots for each of these two cases.Table 2 displays some of the results. The table contains the percentage of replications thatexhibits arbitrage.For 1-period models, the number of scenarios can be set quite high for the solution time toremain manageable. The probability of generating an event tree that exhibits arbitrage clearlydecreases with the number of successor nodes per period. For 81, 625, or 1296 possible scenarios,there are almost no arbitrage opportunities.In the 2-period model, the situation is much worse. Note that in a 2-period model with 25successor nodes per period, we already have 625 scenarios. The probability of arbitrage in sucha tree, however, is almost 30%. This contrasts with a probability of only 3% and 0% for a 1-period model with 25 and 625 successor nodes, respectively. Note that the arbitrage percentageis below the �gure one would expect by decomposing the 2-period tree into 1-period problems.By doing so, one can construct 26 1-period trees with 25 successor nodes. From Table 2 onecould expect an arbitrage probability of around 1 � 0:97126 � 53% > 30%. The di�erence isdue, i.a., to the di�erent lengths of the periods. Whereas the 1-period model considers periodsof 8 years, the 2-period model consists of two adjacent 4 year periods. Given the results forthe 2-period model, it is not surprising that for all 4-period models under consideration every12



Table 2: Arbitrage Frequencies# periods # successors % arbitrage % no arbitrage1 2 100.0 0.01 3 88.7 11.31 6 57.8 42.21 10 32.3 67.71 25 2.9 97.11 81 0.0 100.01 625 0.0 100.01 1296 0.0 100.02 2 100.0 0.02 3 99.9 0.12 6 98.7 1.32 10 92.8 7.22 25 29.2 70.82 36 10.3 89.71 16 12.5 87.52 4 97.0 3.04 2 100.0 0.01 81 0.0 100.02 9 94.5 5.54 3 100.0 0.01 256 0.0 100.02 16 68.6 31.44 4 100.0 0.01 625 0.0 100.02 25 29.2 70.84 5 100.0 0.01 1296 0.0 100.02 36 10.3 89.74 6 100.0 0.013



generated event tree exhibits arbitrage opportunities. This result also holds for the 4-periodmodel with 8 successors per node (not reported in Table 2).Table 3: Tree Structures Used in Literature1Authors # Assets # Stages Tree Structure AF2 EMF3Carino et al. [3] 7 6 81 42 21 11 No YesConsigli and Dempster [4] 5 10 2k 19�k, a1 31 27 No NoDert [6] 4 10 1002 17 Yes NoKouwenberg [10] 3 5 1016242 Yes YesMulvey [14] 7 9 (81 42 25) No No1This table presents an overview of the types of event trees regularly used in stochastic programmingmodels for �nancial applications.2AF: Arbitrage-Free; Is the event tree arbitrage-free a priori or not?3EMF: Exact Moment Fit; Are the moments of the underlying distribution �tted in the event tree ornot?In Table 4.2 we present an overview of the types of event trees used in the literature. As wediscussed in Section 2.2 markets are complete if the number of assets with linearly independentpayo�s equals the number of successors. If the number of assets (with linearly independentpayo�s) exceeds the number of successors there exists arbitrage opportunities for sure (seeSection 2.2). From Table 4.2 we conclude that this is the case for the models of Carin~o et al [3],Consigli and Dempster [4], and Mulvey [14]. The event trees generated by Dert and Kouwenbergare arbitrage-free a priori (see Section 3.3). Our experiments show that even if the number ofsuccessors exceeds the number of assets the probability of generating (by random sampling) anevent tree which exhibits arbitrage opportunities is quite high. These �ndings are not surprising.However, enlarging the number of successors naturally diminishes the probability of randomlysampling an event tree which exhibits arbitrage opportunities.We now turn to the e�ect of arbitrage possibilities on the actual solutions. Some selected resultsare given in Figures 4.2 through 4.2. The �gures contain plots of the contribution level, theabsolute change in the contribution level, the upward deviation in the contribution level, theasset mixes and the switches in these mixes over time, the funding ratio, the probability ofunderfunding, and the downside deviation of the funding ratio. The solid and dashed boxplotsrepresent the solutions for trees without and with arbitrage, respectively. The widths of theboxes reect the probability of (no) arbitrage. The boxes contain the interquantile range, withthe median marked by a horizontal line. The whiskers of the boxes have horizontal markings atthe 1st, 5th, 95th, and 99th percentiles.The contribution policies and asset allocations are relatively similar between trees with andwithout arbitrage, with the exception of the 1-period model with 10 successors. For this settingthe asset mix is evidently more aggressive, containing more stock and less bonds. For all �guresshown, the funding ratios at the planning horizon are generally higher for the event trees witharbitrage. The di�erence is more pronounced if the number of successors is smaller, and espe-cially if the 1-period rather than the 2-period model is considered. The higher funding ratiosunder the arbitrage scenarios suggest that one may be overly optimistic about future funding14



prospects if one bases the ALM policy on event trees with arbitrage.If we compare the (1,625) experiment with the (2,25) experiment, we notice the much highersampling variability in the outcomes of the latter. Though the median policies and characteristicsmatch quite closely, the spread in possible outcomes is much smaller for the 1-period model.A median allocation of 70% stocks and 30% bonds appears optimal. This results in a medianfunding ratio after 8 years of about 1.64 for the 1-period model, and 1.7 for the 2-period model.This result is intuitively clear, as the 2-period allows for more exibility from the part of thedecision maker. The upper quantiles of the funding ratio outcomes clearly lie much higherfor the 2-period model compared to the 1-period model, while the lower quantiles lie about10 percentage points lower. This clearly suggests dynamic contribution and asset allocationstrategies may enhance future pension fund solvency positions signi�cantly. This enhancement,however, is not without risk. In particular, the displayed sampling variability suggests thatsituations are conceivable in which the dynamic policy results in a lower funding ratio than astatic policy. This conclusion is also illustrated by the probabilities of underfunding.Concluding, arbitrage possibilities appear very common in realistically sized multi-period ALMproblems. The e�ect on asset allocation and contribution policies appears limited if the num-ber of successor nodes is su�ciently large. If this number is too limited, the e�ects are morepronounced. This warrants caution for the interpretation of the results of ALM optimizationmodels found in the literature, at least if a limited number of scenarios is used and dynamicpolicies are allowed. For event trees of (too) limited complexity, we moreover found that pro-jected funding ratios tend to be higher for trees with arbitrage. Finally, we note that due tomarket imperfections in our ALM model, (e.g., we do not allow for short-selling), arbitrageopportunities prevalent in the event tree cannot be fully exploited. As a result, the evidencethat the optimal ALM solutions are driven by arbitrage opportunities appears even stronger.5 ConclusionThe problem of Asset Liability Management can be formulated as a stochastic programmingmodel. To solve this problem an event tree, describing future developments of relevant economicvariables, is generated by sampling the economic variables from a Vector AutoRegressive Model.As a result, optimal solutions to the ALM model are subject to sampling uncertainty. Also,generated event trees may exhibit arbitrage opportunities.In this paper we have investigated the e�ect of sampling uncertainty and the structure of theevent tree on the probability of arbitrage-free trees. Moreover, the e�ect on the optimal ALMpolicies has been studied, both for event trees with and without arbitrage.Considering data from a Dutch pension fund, we obtain the following conclusions:� In realistically sized multi-period models, arbitrage opportunities appear frequently. Thefrequency increases with the number of periods (holding the planning horizon and totalnumber of scenarios �xed). 15
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A The Deterministic EquivalentThe �ltration IF = fFt; t = 0; 1; : : : ; Tg can be represented by means of an event tree. Weindex the nodes of this event tree (which correspond to the atoms !) by n = 0; : : : ;Nt foreach t = 0; : : : ; T , where Nt = jFtj. In the formulation of the model below the predictability(non-anticipativity) of � and c is automatically satis�ed due to the nodal description. We denotethe predecessor of node n by n�.The balance equation of a pension fund can be rewritten as:KXk=0(1 + rkn(t))�kn�(t) + wn(t)cn(t) = KXk=0 �kn(t) + pn(t); t = 2; : : : ; T � 1; n = 1; : : : ;Nt;At t = 1 and t = T we respectively have:X(0)`(0) KXk=0(1 + rkn(1))uk + wn(1)cn(1) = KXk=0 �kn(1) + pn(1); n = 1; : : : ;N1;Xk uk = 1;and KXk=0(1 + rkn(T ))�kn�(T � 1) +wn(T )cn(T ) =Wn + pn(T ); n = 1; : : : ;NT ;The funding-ratio Xn(t) of the pension fund measures the ability of the fund to ful�ll its obli-gations: Xn(t) = PKk=0 �kn(t)`n(t) ; t = 1; : : : ; T � 1; n = 1; : : : ; NtXn(T ) = Wn`n(T ) ; n = 1; : : : ;NTwhere `n(t) denote the liabilities at time t and node n = 1; : : : ; Nt.Short selling is not allowed, hence�kn(t) � 0; 8k; 8t; n = 1; : : : ;Nt:and the contribution-rate has to stay between certain bounds:cl � cn(t) � cu; t = 1; : : : ; T; n = 1; : : : ;NtThe objective of the ALM model consists of three parts. The �rst part measures the mean-absolute deviation of the contributions from a basic contribution level:TXt=1 NtXn=1 pn(t) jcn(t)� c0j ; (6)18



where c0 denotes the base contribution-rate and pn(t) the probability of reaching node n =1; : : : ; Nt at time t from node n� at time t�1: The mean-absolute deviation of the contributions(6) can be incorporated linearly in the objective by introducing the following constraints�n(t) + �d(cn(t)� c0) � 0; t = 1; : : : ; T; n = 1; : : : ;Nt;�n(t)� �u(cn(t)� c0) � 0; t = 1; : : : ; T; n = 1; : : : ;Nt:Now, �n(t) measures the deviation of the contributions from the basic contribution level c0 attime-period t in node n. Moreover, we penalyze upside and downside deviations di�erently.The second part of the objective measures the downside variance of the funding-level below athreshold bX TXt=1 NtXn=1 pn(t)minf0;Xn(t)� bXg2:The downside variance can be incorporated as a convex quadratic part in th objective by intro-ducing auxiliary variables yn(t) and zn(t) and the following constraints:Xn(t)� yn(t) + zn(t) = bX; t = 1; : : : ; T; n = 1; : : : ; Nt;and enforcing yn(t) � 0, zn(t) � 0. Now, zn(t) measures the shortfall of the funding-level belowthe target bX at time-period t in node n. The �nal part of the objective aims at maximizing theexpected terminal wealth. With the notation introduced above, we can write the objective ofthe model as follows:� TXt=1 NtXn=1 pn(t)�n(t) + TXt=1 NtXn=1 pn(t)(zn(t))2 � � NTXn=1 pn(T )Wn
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Figure 1: Results 1-period, 10 successorsFigures display respectively the contribution level, absolute changes in contribution level, upward deviation ofcontribution level, asset mixes, switches in mixes over time (not for the 1-period models), the funding ratio,probability of underfunding and downside deviation of funding ratio at di�erent stages. "A" denotes average.Whiskers corresponds to respectively the 1st, 5th, 95th and 99th percentile. The width of the box representsthe probability of (no) arbitrage. Results for the no arbitrage trees are given by the solid boxes, for trees witharbitrage by the dashed boxes. 20



Figure 2: Results 1-period, 25 successors
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Figure 3: Results 2-period, 10 successors
22



Figure 4: Results 2-period, 25 successors
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Figure 5: Results 1-period, 625 successors
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