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Abstract

Of the two most widely estimated univariate asyminetonditional volatility models,
the exponential GARCH (or EGARCH) specification ceapture asymmetry, which
refers to the different effects on conditional Vibky of positive and negative effects of
equal magnitude, and leverage, which refers tornbgative correlation between the
returns shocks and subsequent shocks to volatiityvever, the statistical properties of
the (quasi-) maximum likelihood estimator (QMLE)tbk EGARCH parameters are not
available under general conditions, but only fagsal cases under highly restrictive and
unverifiable conditions, such as EGARCH(1,0) or B@2H(1,1), and possibly only
under simulation. A limitation in the developmeffitasymptotic properties of the QMLE
for the EGARCHJp,q) model is the lack of an invertibility conditiororf the returns
shocks underlying the model. It is shown in thipgrathat the EGARCH)q) model can
be derived from a stochastic process, for whichinkrertibility conditions can be stated
simply and explicitly. This will be useful in retgrpreting the existing properties of the
QMLE of the EGARCHJ,q) parameters.

Keywords. Leverage, asymmetry, existence, stochastic prp@ssgnptotic properties,
invertibility.

JEL classifications: C22, C52, C58, G32.



1. Introduction

In addition to modeling and forecasting volatilitgnd capturing clustering, two key
characteristics of univariate time-varying condiad volatility models in the GARCH
class of Engle (1982) and Bollerslev (1986) aremasgtry and leverage. Asymmetry
refers to the different impacts on volatility of give and negative shocks of equal
magnitude, whereas leverage, as a special cassyainzetry, captures the negative
correlation between the returns shocks and subseghecks to volatility. Black (1976)
defined leverage in terms of the debt-to-equityorawith increases in volatility arising
from negative shocks to returns and decreaseslatility arising from positive shocks to

returns.

The two most widely estimated asymmetric univarmatelels of conditional volatility are
the exponential GARCH (or EGARCH) model of Nelsd®40, 1991), and the GJR
(alternatively, asymmetric or threshold) model ¢d€ten, Jagannathan and Runkle (1992).
As EGARCH is a discrete-time approximation to atowrous-time stochastic volatility
process, and is expressed in logarithms, conditiolatility is guaranteed to be positive
without any restrictions on the parameters. In ptdecapture leverage, the EGARCH
model requires parametric restrictions to be satisfLeverage is not possible for GJR,
unless the short run persistence parameter is imegathich is not consistent with the
standard sufficient condition for conditional valig to be positive, or for the process to

be consistent with a random coefficient autoregvessodel (see McAleer (2014)).

As GARCH can be obtained from random coefficienioergressive models (see Tsay
(1987)), and similarly for GJR (see McAleer et @007) and McAleer (2014)), the

statistical properties for the (quasi-) maximumelikood estimator (QMLE) of the

GARCH and GJR parameters are straightforward tabésh. However, the statistical

properties for the QMLE of the EGARCH parameters aot available under general
conditions. A limitation in the development of agywtic properties of the QMLE for

EGARCH is the lack of an invertibility condition fdhe returns shocks underlying the
model.



McAleer and Hafner (2014) showed that EGARCH(1dyld be derived from a random

coefficient complex nonlinear moving average (RCCAMbrocess. The reason for the
lack of statistical properties of the QMLE of EGAR(p,q) under general conditions is

that the stationarity and invertibility conditiofar the RCCNMA process are not known,
except possibly under simulation, in part becabeeRCCNMA process is not in the class
of random coefficient linear moving average modgts further details, see Marek

(2005)).

The recent literature on the asymptotic propeiethe QMLE of EGARCH shows that
such properties are available only for some speasés, and under highly restrictive and
unverifiable conditions. For example, Straumann &ikosch (2006) derive some
asymptotic results for the simple EARCGH(model, but their regularity conditions are
difficult to interpret or verify. Wintenberger (2B proves consistency and asymptotic
normality for the QMLE of EGARCH(1,1) under the nwerifiable assumption of
invertibility of the model. Demos and Kyriakopoul{2014) present sufficient conditions

for asymptotic normality under a highly restrictiwenditions that are difficult to verify.

It is shown in this paper that the EGAR@) model can, in fact, be derived from a
stochastic process, for which the invertibility ddions can be stated simply and
explicitly. This will be useful in re-interpretirie existing properties of the QMLE of the
EGARCH(p,q) parameters.

The remainder of the paper is organized as folldmwSection 2, the EARCH{() model is
discussed, together with notation and lemmas. @e8tipresents a new stochastic process
and regularity conditions, from which EARGHIis derived, without proofs of existence
and uniqueness. Section 4 develops a key resuthéinvertibility of the EARCHY)
model. Section 5 analyses the EGAR@M) specification, while Section 6 develops the
regularity conditions for the invertibility of EGABH(p,q). Section 7 considers the
special case of the N(0,1) distribution. Sectiopr@vides a summary of the invertibility
conditions for EGARCHg,q). Some concluding comments are given in SectidPr@ofs

of the lemmas and propositions are given in theehpix.



2. EARCH(x), Notation and L emmas

Instead of using a recursive equation for cond#iowolatility, which would require
proofs of existence and uniqueness, we will workaadlirect definition of the stochastic

process that drives the so-called innovatiep, By definition, the new process will

define uniquely the stochastic process that diikesnnovation, as follows:

& =1 X %)+;18i[%|,7t—i| +L2/’7t—iD’ 0)

where « 00, (a,)00%, Y |B|<w, and 7,~(0,1), so thaty OL. Thus, we have

the EARCH¢(o) model, as introduced by Nelson (1990, 1991):

log(c?) = w+ i Jé; [a|,7t—i |+ mt—i]

gt = I7t0-t

The primary purpose of this paper is to establigh invertibility of the model, where

invertibility refers to the fact that the normalizehocks £,) may be written in terms of
the previous observed values, that ig, is a(st,gt_l,...) -adapted. Note that this

definition is equivalent to that used by Wintenlger(2013) and Straumann and Mikosch
(2006), namely thato, is olg,_,£_,....)- adapted.

In a similar manner to proving invertibility foréhMoving Average (MA) case, we will
express recursively all the independently and idelty distributed {id) shocks in terms
of the past observed shocks and some arbitrargl foamstant, and then prove that this

backward recursion converges almost surely togaevalue of 77, .



Consider the following notation:

a .
a-t EE"'%ggn( t)'
so that:
& =1, -eXF{C—; +> BN IJ : (1)
i=1

As sign(p,) = sign(g,), o, is indeed a(et)-adapted. Therefore, by proving th|aa;;| is

o(e,,&,,,...)-adapted, it will follow automatically that the melds invertible.

By assuming that the distribution @f, does not admit a probability mass at 0, we can
take the absolute value and then the logarithmsofin order to be rigorous in the

development below, we assume thatz 0, almost surely. By rewriting the equation, we

have:

logl,| = loglé| —6—2" - Zﬁid_i 7l - 2
Define the following function:

9,,(x y)= _mzn(y).y expi) ,

so that we have:
loglz,| = logl,| —6—2" +3 3.9, (lodr.| €..)-
i=1

This function is not Lipschitzian, so that we slibfihd some results about variability, as
in the Lyapunov coefficient in other invertibilifgroofs. Lemma 1.1 gives a solution,

which will be used widely in several proofs below:



Lemmal.l

a +sign(y).y|
2

(1) ‘ga,y(xll y)_ ga,y(le y)‘ < edeaX(Xl, XZ)XXI - X2|

@) [90,0409)- 0, b ) 2 ST e 575

The proof of Lemma 1.1 is given in the Appendixr{dg. Moreover, we will also use the
Borel-Cantelli Lemma and one of its corollariesmedy Lemma 1.2 (which is also given

in the Appendix (part 1)).

3. EARCH(1): A New Sochastic Specification and Regularity
Conditions

By ensuring positivity, the EGARCH model allows tphessibility of leverage, namely

that positive shocks lead to a decrease in vdiatdnd negative shocks lead to an

increase in volatility. Therefore, leverage ocowteen |a| <[y} and y<0. We will also
examine two other cases where shocks lead to eithércrease in volatilityq = |)|) or

a decrease in volatilityd < —|y|). A fourth possibility is symmetric to the leveeagase,

and hence need not be considered in detail.

All of these cases allows asymmetry as there drévad coefficients. The three cases are
summarized in these graphs, wheféx) = a|X + jx:

az|y (e <[y)0(y<0) a <y

A f(X) A f(X) A f(X)

/V
V:‘V
/V




Before examining the invertibility of EARCHY{) and EGARCH,q), we will examine
briefly the simple EARCH(1) model to provide a jisaition for restricting the analysis
to one of the above cases as a pre-condition f@riiility. This is also motivated by two
other reasons: (i) it will allow us to introduceavel approach; and (ii) the conditions for
EARCH(1) are slightly different and less restrietithan those found in Section 6 for
EGARCH(p,q) whenp = 1 andg = 0 because of the concavity of log(.).

Consider the equation induced from (2) above ferdpecial case of EARCH(1), that is,
where 8 =1 and 22, B =0 :

log/z| =logle,| -% +g, (g &). 3)

We now introduce the following recursive seriesddixed nON:

u" =logle, | _%)+ 9., l0dl7, ..)
(4)

" — _w ( (") )
Ui = IOg|“3‘t—n+k+1| E+ ga,y U™ Enek

It follows by recursion that:

,OnON",0kON",

ulgn) = IOg|,7t—n+k

So that:

u'” =loglz,|,OnON’".

Define for any ¢, 00 O{-o}:



Vl(n) = IOg|“3‘t—n+l

-2+, (Co60)
2

()

(n) — _w ( () )
Vi = IOg|“3‘t—n+k+1 ;+ ga,y Vi " Eionsk

These seriesn are o(g,,£,_,,...)-adapted. In order to prove invertibility, we exami

the convergence of the seriﬁ”’ —-um

toward zero, as the series defined in (5) is

simply the natural backward recursion defined iy bt conditionally on some constant

value for previous shocks, namely,_,| = exp(,) -

(i) First case: a =)
By using Lemma 1.1, a®, = (@ this case:

(n) _ /M M M )y =y
u, Va Sa-t—lexdrnax(un—llVn—l)lun—l Vo1

V" ~logl| =

Dealing with a sum of max(. , .), as it would be ttase if we expand the recursion

further, is difficult, so linearization yields:

max@{™,v") =ul + (v,(]”)l —u,ﬂﬂ)l)+ where (x)* = max(0x )

@
™ = (M) _ ) = _ (n) _
But we have:u{", =logl7,_,| and v\ —ul”) =log,_,| 5 gayy(vn_z,et_z) logln,.,| .

By using the fact that:
_ . a y n
l0gé,| =10g| + =+ o] + 5 hzr AN g, (V11,65 <O,

by assumption, we have:



max{u,v(% )< logly,_,| +%If7t_2| +£f7t_z :

By recursion we have:

n-1
V" ~logy,| < exr{z log(d,7..[)+ d_i_llm_i_lljd_n (7| +expey).  (®)
i=1

From the upper bound, the invertibility conditiobased on the Law of Large Number

(LLN) are given as:

logly,|OL*

(Conditions 1)
Ellog(afn )+ gl <o

The proof of invertibility under these condition®r@position 2.1) is given in the

Appendix (part 2). The proposition is given as:

Proposition 2.1

If Conditions 1 are verified whemr =|){, then the model EARCH(1) is invertible,
that is, we have :

a.s.
M _ ] = [y _
ARV VA Iog|/7t”nj>m0.

Therefore, whena and y satisfy a=|){ and E{Iog(éﬂmg+ Wt]+a|,7t|2+ Wt}<0

(which is a non-empty set), we have invertibilifhis condition is the same as in Remark

3.10 of Straumann and Mikosch (2006), so that ppr@ach will not necessarily lead to

10



more restrictive conditions than those already kmow

Remark: For purposes of rigour in the proof, we had teuase thatlog|/7t| OL, or that

the shockss, do not admit a mass at zero. However, in our bactwecursion,u’™ , if
we had founds, = 0 (which is equivalent tee, = 0, and is therefore @(s,,&,,...)-
adapted event), we would have obtained directlyirikiertibility of the model. Actually,

only (Iog|/7t|)+ OL" is required, but it is already implied by the fewt 7, OL°.
(i) Second case: & <—)f

This case is the third case in the graphs abovagelyawhere a shock leads to a decrease
in volatility. For this case, we provide a countéeample to show that we cannot have the
case of invertibility under the same general coodg and approach as stated above, but
perhaps under more restrictive conditions (sucthasormalized shocks are uniformly
bounded).

Assume 73, ~N(01), although any other distribution with thicker sailvould lead to a

similar result as given below.

Proposition 2.2

iid.
If 7~ N(01) and @ <-)f, then we cannot prove invertibility with our methas

vi" —u™| does not converge to 0, and even admits an esttaetries that diverges

almost surely toward infinity.

The proof of this proposition can be found in thepa&ndix (part 2). More precisely, this
result indicates that the backward recursion wdhdwve too erratically to allow us to
prove invertibility. It indicates also that the pasnds to have a persistent effect on the

11



time series induced by this model, and could beeqdivergent. For this reason, the

model here might not be invertible, and so it v assumed than<—|y1 does not

hold.
(iii) Third case: |a|<|yf and y< 0

We now examine leverage. We can also considerhfsrdase the counter-example used
for the previous case (see Appendix (part 2)). Gitree previous results, we cannot use

inequality (1) in Lemma 1 to reach a conclusionardig invertibility. Specifically, we

would not be able to obtain an upper bound M?)—u,ﬁ")

that converges to zero.

Moreover, we would also not be able to use inetu#&fl) of Lemma 1 recursively to
prove the divergence like in Proposition 2.2 ascaeld obtain a lower bound that would
tend to zero. Actually, it would be difficult to wolude in this case, but as this is a

combination of the two first cases, we are alsel{iko find a very erratic asymptotic

behavior for )

Vr(]n) _ur(]n)

Thus, as a conclusion of this part, our approaciidclead to a proof of invertibility for

the casea z|y|, and possibly lead to non-invertibility for thehet two cases.

Accordingly, in order to examine a more generakdasin the simple EARCH(1) model,

it will be necessary to assume that= |1 .

4. Key Result for the Invertibility of EARCH ()

Given the previous analysis, in the following itiviae assumed thatr 2|y1 and that all
the B are non-negative. The following was derived fraymation (2):

logl,| = logle,| —6—2" +3 8.9, (lodr..) &) @)
i=1

12



Define the u{® and v{” series as:

ul(n) = Iog|€t—n+1| _C_U+ Zﬁi+1ga,y(|og|,7t—n—i |' gt—n—i)
(8)
+Z/8 ga y(Ulng_], t n+k+1-j ) ZIBHBkga y(log|,7t n-| || t—=n-| |)

(n —
uk+1 IOg|“:’t—n+k+l

As before, it follows that:

OnON',OkON".

U =10g/7 o

As it is not as straightforward as the EARCH(1)e;asemma 3.1 will be useful (the
proof of which is given in the Appendix (part 3)):

Lemma3.1

OnON",OkON".

ulgn) = IOg|,7t—n+k !

Now we define thev!" series:

v = logle,_p.|— =

9)
+ Z ﬂ ga y(vlirl)l—J ’ t n+k+1-j )

(n)
Vi = Iog|“3‘t—n+k+1

We remark thatv™ is established likeu!™, but by assuming that all thg, for

I<t-n are equal to zero. Here, we have chosen thessaliMalues” in order to
simplify the development, but one can also check fatther results for any kind of

values for 77, beforet - n, as long as the sum does not diverge. In any etrenproof of

invertibility will be based on the)” as o(g,,,,,...)-adapted.

13



It is essential to prove that:

a.s.
- 0.

n - +oo

V0 =log | = -u

Consider the upper bound fctwf]”’ —-u™| in inequality (1) of Lemma 1.1, from which it

can be shown that:

zﬁwn t=n- ||,7t n-i +Zﬁ eXF(ma)(V(n) u(n) )lvr(:)j _ur(:)j .

Ve — | <

So that:

X
maxu’®,, v,ﬁ”)]) Iog‘nt_j‘+(v,ﬁﬂ)j —Iog‘m_]‘) :
Vr(qn) log"?t j‘ ZIB t—j- |‘,7t j- I‘+ Z'Bga V(Vf(:)l—' t‘l")

(n)
:>Vn—j <|Og‘,7t J‘ ZIB t—j- |‘,7t—j—i"

as g,, isnon-positive function, so that:

CENG) _ N
maxu,_;, V- j) j_log"]t—j‘+Zﬁi5t—j—i‘,7t—j—i"
i=1

Therefore. It follows that:

14



‘Ur(]n) _ Vﬁn)

00 n-1
S ZIBi+n5t—n—i |,7t—n—i| + ZIBI 5t—j exdft—j Xur(:)j _Vr(:)j
i=0 j=1

The recursion may be extended, as follows:

Define:
+00 k=1 - . o
akEZJt—n—i|l7t—n—i| 18i+n+z I_lpreX Zf . xﬁ oo+
i=0 P=1i1,...jpDA§)”) =1 t-S;j i+n-Sp
1. O \ (n) (n)
+ Mk Dk ex u™ —y
il,...ijDAEn) ; {_éi n_gk n—ék
where:
0 L . |
oS:ZIj 0|_||:‘ ﬁij
j=1 -
. . U u] |
[ (n):{llZLJDZlSpSn_l} .Dlzl_l5]
L _ t-Sj
]_

The above leads to Lemma 3.2, the proof of whigfivien in the Appendix (part 3):

Lemma 3.2

v -y < a, Ok O, N[

By takingk = n - 1, by using the inequalit*ul(“) -y

<3 Bs8llns|, we have the
i=0

following general result for EARCIek):

15




Proposition 3.1

If a=|)|, B=0,0i, then we have the following inequality for theiesr

u andv for EARCH(w):

+o0 n-1 o 0 b
urgn) _Vr(Tn) < 5t—n—i |,7t—n—i| lBi+n +Z I_I p Dp ex zf u} xﬁ 0 .
=0 P=Liy,...i DA o 1S i+n-Sp

An examination of invertibility for a general EAR@) would use this upper bound. In
our case, as it could be difficult if we do notwse a minimum on the behavior of the

beta coefficients, we will examine the case of EGARp,q).

5. EGARCH(p,q) Specification

Consider the general EGARQbi{) model:
w p q
logo, =E+Zai logo, + hd.n.|, a 00, OO, (10)
i=1 i=1

In order to be able to use the previous resulElBRCH(x), this model should admit an
EARCH(x) representation. By using the backward lag operatahis model can be
rewritten as:

p ) q
1-3at loga =230 ). 400, HOo an
i=1 i=1

P
In order to have an EARCHY representation, the ponnomi%Il—ZaiL'j should have
i=1

roots outside the unit circle. If we s& UC, |8|| <1, we can rewrite the model as:

16



q
@-8L).--6,Loga; =3 b . eloled. bOB. @2

In order to consider invertibility, we should ha\ce2|y| and the S coefficients of the

EARCH(x) representation to be non-negative. This couldlyeag achieved if all the

coefficients a, and b are non-negative. Indeed, if we renamge= Jt_i|/7t_i|, one can
easily check the positivity of thgZ coefficients by taking the partial differential of

logo, with respect toy, :

. dlogo, _

logo; :E+Z,[>’Iyi =i B
2 = :
dlogo, & dlogo,_;,
9% % a, 2% S,
o 0y k2

where 1 represents the index function. From thevalemuation, one can easily check

recursively the positivity of theB coefficients.

Remark: In the following, it will be assumed that all theefficients a, and b are

non-negative, so thg3 of the EARCH¢) representation are also non-negative.

As the B coefficients are assumed to be non-negative, veéh wa find an appropriate
upper bound that can be used in Proposition 3.4¢ifgally an upper bound such as
B <C.["™, where C is a positive real number amﬂ]]o;l[. As long as such a bound can

be found, this can be used in the inequality inpBsition 3.1 by redefining the
coefficients as:

17



a - Cxa
y « Cxy
ﬁi <—,Bi_l

and to reduce examination of invertibility of an ARCH(p,g) model to a simple
EGARCH(1,1) model of this following specification:

"
logo, - + 1090, + 34|17 .

These “updated” coefficients will be given as, y, £ below.

From equation (12), in the EARCH] representation the abovg would be greater

than the maxima of the absolute values of the When all the|6?i| are different, we

P
could choosefZ as being the maximum value. However, the polynb ih—ZqU]
i=1

may have double roots, or at least, as it is arotyal with real coefficients, admits

couples of complex roots and their conjugates ethyehaving the same absolute value. In
these case, we would not be able to find an uppend like 3 <Cc.A"™ if we use

L = m‘a>16?i| . Therefore, in our “general” analysis, considerceefficient such as
I
By, > Maxd|. This coefficient can be chosen arbitrarily aglas it is strictly less than 1

and above the absolute values of the Order these parameters such t['@jtz 2 ‘Hp‘ :

As shown in the analysis of EARCH(1), it will becadled that the parameter had no

influence on invertibility.

In order to find the appropriater, y, B values, we present a recursion. Starting with

(1—91L)‘1x(in5t_i |m_i|]:

i=1

18



min(q,

q +00 q +00 (9,m) .
a-gL)* x(zqu_i |m_i|] =56 30d Jnl- 26’1”“‘1( T ]at_m|m-m| .
=0 i=1 m=1

i=1 i=1

By takingm=i + |, we can introduceg, . :

sup*

m=1 i m=; i

sup

where:
m-1
min(q,m) .
cms[ ‘91} ( > nef"J.
:Bsup =
so that:
mEm™ |91| " 1-i d 1-i
|Cm|S Zl q - :Bsup s;qﬂsup .
B sup =
Consider:
(1-4L)* X(i ﬁQJ;lCmét_th_mU , and for any otherd, i>2,
m=1
so that:

19

m-1
+00 e min(g,m) . +00 e 9 min(g,m) . +00 e
S [ gt ]4_m|m-m|=z/zsup 1[—/;] [ gt }z_m|m-m|=z/zsup ‘o0l
i= =1 i= m=1



=0 nmAl

(1—HIL)_1 X(i@ﬁcmd—nm—m‘] ZH m_plcmd—hm‘”t—! rrl Zﬁ #ﬁ ] s d—s‘nt—s‘

g
It follows by assumption that| | <1, and by definition that]C,_ |<Zb - |f we
ﬁsup

redefine recursively:

we can see that:

Y hAs,
|CS|S i=1
ﬂsup
from which it follows that:
q
a-ou)*x-a0) < Sa .l | =S pzicadn. (13)
i=1

Therefore, one can easily check by following thewabrecursion that:

i=1

(1_ 01")_1x"'x(l_gpl‘)_lx(ihdt—i |’7t—i|} Z suuplCu t— u|,7t—u| ’ (14)

where:

IC,|s—=———~<=C (and C, is a positive number). (15)

20



From (14), we obtain:

Kol

(1_ 01")_l X..x (1_ 0DL)_1 X(Z bIdt—i |,7t—i |J Zﬂs _l_C5 |,7t—u| '

i=1

Therefore, the EGARCHK)(q) model has an EARCHY{) representation with positive

B = ﬂs‘lc ., and coefficientsa’ =Ca and y' =Cy . If we consider the

inequality in Proposition 3.1, we can see that ae also use thed < 8.

sup

inequality to

obtain the new upper bound :

ul” —viV| <

n-1 at +N-1- P *
a?—n—i|’7t—n—i| :B* +Zﬁ ’ Z ex Zlog(dt*—sj)-%ft—sj J:l (16)

i=0 p=1 1< <. <spsn-1

where the previous parameters are replaced bytlosving coefficients:

21



6. I nvertibility of EGARCH(p,q)

It can be seen that our approach has the distthwetraage of reducing the problem of the
invertibility of EGARCH(p,q) to the simpler case of an EGARCH(1,1) model, gishe
above coefficients. The inequality in (16) can kwvnitten to make the proof of

invertibility more straightforward. Note that wevsa

& o P P & wi—1
th—si = ‘ log,]t—sj +ZZﬁ aT—sj—i ”t—sj—i‘
j=1 j=1 j=1i=
5 — si-1
=Y logn. ., |+>. > 8" . |n|
j=1 I=1 _JsljSp
i>

i+si =l

+ S BE nG+ S S B |-

p
= logr,.,
j=1 I=11<j<p I=nl<j<p
izl i1
i+s;=l i+s;=l
«l-n
*i-1 1 . A1 B .
As 1ss<..<s,;sn-1, Y B < if l<n,and ) B < _ if I>n,
I<j<p - Ij<p 1-B
i1 i1
i+s;=l i+s;=l
so that:
p X p n-1 5‘_ ,7_ +oo «l—n
e, <Siodn, [+ SIS gy ) an
j=L j=1 = 1-4 =n1-L

It follows that:

s

j=1

p=1 15 <. <spsn-1

o
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where:
+oo ) oo 'B*I—n
Bn = ZIB* O?—n—i |,7t—n—i | eX[{Z—* adtk—l |,7t—l |} .
i=0 I=n 1—ﬁ

We now provide sufficient conditions for the invbility of the EGARCHE,Q)
specification. It is assumed that the conditiontdhand we then prove some lemmas

before proving invertibility under these conditions

E{M} + Iog(ﬁ* + E[Jt* |/7t|])< 0 (Conditions 2)

If B =0, we find a condition that is deduced by concavitjog(.) from the conditions
for EARCH(1) (in part 3), which is more restrictive.ok&over, by using the fact that
E[/7t]=0 and E[]/]t|]s1 (as E[/7t2]=1), we can obtain the following simpler sufficient

condition:

E(]%)+|Og(ﬁ* +%*]<O. (19)

We notice also that when we sg@@ toward 0, the conditiona” < JIproposed by

Straumann and Mikosch (2006) in their Remark 3sl@iso verified.
Remark: We continue to assume theE’(/7t = O):O in order to retain rigour in the proofs.

However, as in the case of examining the simple EARCIH{@del, it may be also
possible to relax the constraint here, even i$ iess straightforward to prove the result.

In the following proofs, the conditioriog|/7t| OL" is no longer necessary.

The proof of Lemma 4.1 is given in the Appendix {ggr
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Lemmad.l

For any v >1/2, we have, with probability 1:

B, = exp(o(n“ ))

Inside the larger brackets in inequality (18), wavér sums of independent variables,
1<s <..<s,<n-1, which is more difficult to control than a sum ol to p, for
instance. So we cannot simply use (LLN) as it wessdase with the EARCH(1) model.

Therefore, we will simply take the expectation e tproof to return to a sum over

consecutive indexes (we also take expectationsrderoto use Lemma 1.2 with the

).

Markov inequality to obtain convergence toward zreirqv,ﬁ“) —-ul"

The following proposition proves invertibility, theroof of which can be found in the

Appendix (part 4):

Proposition 4.1

P
If a=|)f, the a and b are non-negative, the roots fl—Za,.L'j are
i=1

outside the unit circle and, if the Conditionsr2 &erified, then EGARCHYQ) is

invertible as:

a.s.
M _ ™) = o -
v —ul?| = Iog|/7t”nj>m0.

7. Special case of the N(0,1) distribution

In the case of the Gaussian distribution, the Gaomdi 2 can be re-written as:

a—*+|og(ﬁ* + a ]<O.
V2rli-g) J2r
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Therefore, if we calculate the maximum beta foresalvalues of alpha (and gamma)

under this condition, we obtain the following graph

beta
06
1

alpha

It would seem that our domain of possible paransegemore restrictive, in the case of a
Gaussian distribution for the normalized shocksl fam the case of EGARCH(1,1), than
those given in Wintenberger (2013).

However, under further restrictions on the distridwu of 77,, the condition could be

extended to a slightly less restrictive conditias follows:

[ |/7t|]+|og(/; +expEflog(6; /)] < 0
1-p

By the convexity of the exp(.) function, the laendition is indeed implied by Conditions
2. Moreover, whenf = Qthis yields the condition in the case of EARCH(&hich is

also the condition given in Straumann and Mikot0g).
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8. Summary of the Invertibility Conditionsfor EGARCH (p,q)

It is instructive to summarize the conditions wednaerived for the invertibility of any
EGARCH(p,q) model, namely:

p q
logo, =£2)+Za logo,, +> hd.ln.|, a 00, KOO,
i=1 i=1

where:

5 =5+ sign(n,).

The conditions for the invertibility of the EGARCPpI) specification are as follows:

n, ~(0,1), and sop, OL?;
P(7, =0)=0 (it is highly probable that such condition canigreored);

az)y;

the a and b coefficients are non-negative;

o
the roots of (1—23,. L'J lie outside the unit circle;
i=1

P p .
o |f (1—Zai|_']:|_l|(1—8iL') and an arbitrary chosen parametg,,, such that
i=1 i

1> ., >maxd|, then we consider the parameters:
! 1-i 8 1-i
ZQﬁSUP ZQﬁsup

a=—=2———a;y=—=>2——y; =B, a_:Ea—‘*LSign( )
|3|| 2 2

1_

2<i<p :Bsup
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E!M]+Iog(ﬁ*+E[5;|/7t|])<O, but more generally, the following condition is

*

sufficient :

a .a
~+1o +— |<0|
1-5) g(ﬁ 2]

9. Concluding Remarks

The two most widely estimated asymmetric univariatedels of conditional volatility are
the exponential GARCH (or EGARCH) model and the @&del. Asymmetry refers to
the different effects on conditional volatility giositive and negative effects of equal
magnitude, As EGARCH is a discrete-time approxiorato a continuous-time stochastic
volatility process, and is expressed in logarithoosditional volatility is guaranteed to be
positive without any restrictions on the parametémsr leverage, which refers to the
negative correlation between returns shocks ansesjuent shocks to volatility, EGARCH
requires parametric restrictions to be satisfiexidrage is not possible for GJR, unless the
short run persistence parameter is negative, whighlikely in practice, or if the process is

to be consistent with a random coefficient autogegive model (see McAleer (2014)).

The statistical properties for the QMLE of the Gg&ameters are straightforward to
establish. However, the statistical properties foe QMLE of the EGARCHY,Q)
parameters are not available under general conditibut rather only for special cases

under highly restrictive and unverifiable condisoand possibly only under simulation.

To date, a limitation in the development of asynipt@roperties of the QMLE for
EGARCH has been the lack of invertibility for theturns shocks underlying the model.
The purpose of this paper was to establish the riiidgy conditions for the
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EGARCH(p,q) specification, in a more general case, and fahgwan approach that is
different from that in the literature. It was shownthe paper that the EGARCH model
could be derived from a stochastic process, foctvkie invertibility conditions could be
stated simply and explicitly (see the sets of Chowds 1 and 2). This should be useful in
re-interpreting the existing properties of the QMafthe EGARCH),q) parameters.

The main findings of the paper can be given asvat

We used a novel approach that was based directlth@rstochastic process from
which the EGARCH model may be derived, instead aofking with the stochastic
recursive equation, which requires proofs of thecaé properties, such as the existence
and uniqueness of the solution.

An examination of the simple EARCH(1) model prowdda strong motivation for

assuming thata >|y| which is standard in the literature. In ordedtothat, we provide

a proof that under this case, invertibility cangreved, as in the case of Straumann and

Mikosch (2006). Moreover, we provided an altermatppoof of the (possible) lack of

invertibility for the symmetric caseg <. As the case of leverage is a combination of

the two previous cases, we conclude that instgldihighly possible in this case.

The paper also provided a general inequality far pinoof of invertibility of any
EARCH(x) model.

We then used this inequality to derive the condgidfor invertibility of the
EGARCH(p,q) specification, which is a new and general resuthe literature.

Finally, our conditions, despite (possibly) beingrm restrictive, are more easily
verified and do not require numerical simulatioas |t is the case of the conditions given
in Straumann and Mikosch (2006).

The asymptotic properties of the estimated parameseich as consistency of the
QMLE or alternative estimators, may be proved usthg invertibility conditions

established in the paper, based on the methods @iw¥intenberger (2013).
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Appendix

Part 1: Proofs of the L emmas

Lemmal.l

a +sign(y).y
2

(D) (90, (% ¥) =94, (. ¥) < exp(max(, ,)}x, = %,|

@) (9., (403)= 0, ()2 TSP e 520 )y

Proof:

The casex =X, is obvious, so assumg, # x,. We have:

a+ sign(y)-ylll exp(x) —exp(x,)|
2 ” X =% ‘

19,06 ¥)= 9., (%, Y) =| I =%.

If we note x,,, and x_,,, respectively, the min and the max amorgand x,, we

know that EbD]xmin,xmaX[ , such that :

|exp(x) —exp(x,
‘ X =X,

)§ =expE).

The first inequality is obtained by the fact thapg) is an increasing function. For the

second inequality, some straightforward algebredda:

c= Xmax T Xnin + Iog( exp(x) B exp(_x)j ’
2 2X
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where x:XmaX—;Xmi”. By using the Taylor expansion of the function €xms x > 0, we

have the terms in the log(.) function are greatantl, and therefore c >X1;—X2 This

proves the second inequality.

Bord-Cantédlli Lemma

Consider the probability spac€,A,P), and A, OA,On> 0.

1) If D P(A,)<+eo then P(Iim supAJ: 0

n=0

(2 If (A,), isindependent, and iy P(A )=+c then P(IimsupAJz 1

n=0

Lemmal.2

P.a.s.

If 0e>0 and 3 P(X,-X|>&)<+w, then X, - X.

n- oo

Part 2: Invertibility of EARCH(1)

First case: a 2|y

We have by recursion the following inequality:
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n-1
v -logln| < exq Y log(a,n.[)+ Jt_i_llm_i_lljd_n (7| +expEy)). ®)
i=1

The invertibility conditions in this case are:

logly,| O L

(Conditions 1)
Ellog(a)n)+ ajm/] <o

Proposition 2.1

If the set of Conditions 1 is verified whem = |){, then the model EARCH(1) is
invertible as:

a.s.
M _ ] = [y _
ARV VA Iog|/7t”nj>m0.

Proof:

Note that —& = E[Iog(5t|/7t|)+ 5t|/7t|]< 0, and by the Law of Large Numbers (LLN), we

have:

n-

1 a.s.
|09(5t—i |’7t—i |)+ 5t—i—1|,7t—i—1| =-a+ O(I’l).
1

Using the Markov inequality, version (1) of the BeCantelli Lemma, andy, isiid:

F{|/7t_n| > exp(g nD < E[]/]t” .exp{—% nj
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= F{EhDN*,Dkz Nz, <ex;{§kj} =1.

Thus, by using inequality (6), we have almost surel

LNON,On=N:

Vr(1n) _ ur(]n)

sexp(—m+o(n>)><|a|+M[eXp@0)+eX‘{£nJJ'
2

2

Therefore, it follows with “exponential speed”, @sfined in Straumann and Mikosch
(2006) and Wintenberger (2013):

a.s.
- 0.

n-oo

(M) _ (] =M _
v =u®| =|v{" ~log,|

As 1, = expwm v |xsign(e, ), this proves invertibility.

Second case: @ < |}

As 1, ~N(01), also assumec, # -, and consider (with-a -y > (by assumption):

exp, N 4 2
A1 = {Osmm S p( 0) 1-ansa 2 Iog(n”“) _l/7t—4n+2 2z 2 }
2 —a—y _a_y

Obviously, under independence, we have:

exp TN 4 2
P(Al) = F{OS/]t_4n = F;( 0)jx P t=4n+l 2 |Og(n7/4) _1)XP{ t-4n+2 2 ]X F{’]t4n+3 2 J

-a-y -a-y
As all the terms except the second term do notrmttje@n, and therefore are constant,
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we can rewrite the above equality as follows, wh@fg is the CDF of the normal

distribution:

P(A)=C, , x®|-logn™ ),

exp(c 4 2
Ca,y = F{Osm—m £ ij ,7t—4n+2 2 X ,7t—4n+3 2 7 O
2 -a-y -a-y

But we can see that:

x? _M
_ 714 Jiogln") e 2 >i 2 > 1 1
¢@ ylog(n ) hmmm1¢—— h@ﬁﬂa/_‘ dX‘J2ne ~J2mn™®

and, by direct comparison to a Bertrand sum, we see thatd P(A) diverges.

Therefore, as theA, are independent, we can apply line (2) of the Boemtelli

Lemma, as stated previously aridk ON,h=k: A, will occur with probability one.

Consider takingn sufficiently large such that the everfy, occurs. By straightforward

calculus, it follows that :

a
- Vl(4n) = |Og|€t_4n+1| _E + ga,y(CO' gt—4n) !

4 exp@,), by assumptionggn(&,_,,) = Sign(,_4, ))

- ga,y(CO’gt—4n) =—

. a
- |0d€t_4n+l| = loq,7t—4n+l| +— +_|,7t—4n| +Z,7t—4n '
2 2 2

exp,

Given 0<7,_,, < ) ), it is easy to conclude that:
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a-y

V:If‘m) 2 Iog|,7t—4n+1| +_—

exp,)}

n —a- —a-
2100~ nf Y expt |1

2

As we haver,_, ., =+/log(n”*) -1, for n sufficiently large, we have:

Necana Z/log(n*"? +1)/(_”_y (ex;{_a_ expe,)
2 4

So that:

4

Ve 2109(7,_4n.) +/10g(0** +1) |

By using the Taylor expansion of the exp(.) functiove have:

exp(q log(n®? +1j)2 1+1 log(n®? +1).
2

4 .
AS 1_s.; 2—, We obtain:

V' 2109(77,_405) +l0g(n¥? +1)|

Finally, as 7,_,,,5 2 L we obtain:

(4n)
v, 2 Iog|,7t—4n+4| +n

3/2

34

)



This result allows us to prove Proposition 2.2:

Proposition 2.2

iid.
If 7, ~ N(01) and @ <}, then we cannot prove invertibility using our meh

(M) _ (0
as V" -uf

does not converge to 0, and even admits an estfastries that

diverges almost surely toward infinity.

Proof:

In order to show tha‘vf]”’ -u™| diverges, we have to show that one of its extngcti

(4n) (4n)

series diverges. Consid@v4n -u,,"’|. By applying recursively (2) of Lemma 1.2, by

taking v{"” =c,, and because we havg, ,(.,.)> , We obtain:

(4n) _,(4n)
\[4n u4n

sex m.o%@

an-l (4n)
* [|odnt_i|+5t-i—l|2”t—i-l|j+'°d”t-4“;|+v“ 7 ~exPG,)
i=1

izdn-4
By the assumption on the distribution, and by ugligdN), it follows that:

4n-1

Ol
+y (Iog|/7t_i| +%J+Ioglm_4n+4l =0(n).

-1

4nlog

i=1
iz4n-4

From the results given abovéJN ON,[h= N : A, occurs with probability one, so that

Vi*™ 2100)77,_4n.| + N*?. Therefore, with probability one:
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(4n) (4n)

u4n

>ex{o(n jum - expg>\>ex;{o(n) 2 jexp%)

2

Therefore, we can extract a series that divergesrtb infinity. Moreover, this holds for
any value of ¢,, except c. As the backward recursion)”, is implied conditionally on
logl,_.| = ¢,, and as the probability of having,_, = B equal to zero, the proposition

proves that, under such conditions and with thithoes we cannot prove invertibility as
we will face a backward series that behaves ealticSuch an outcome would likely

also hold for other distributions with thicker gathan the Gaussian.
Third case: |a|<[yf and y< 0

We finally look at the leverage case. We can atswsitler for this case the set of events

(Aj)nDN*. Given previous results, we can see that we cams®inequality (1) of Lemma
1 to prove invertibility, specifically because bietasymptotic properties dfA, ) . we

would not be able to obtain an upper bound M‘i’)—ulﬂ“’ that converges to zero.

Moreover, we also would not be able to use recahgiinequality (2) of Lemma 1 as

each event of(A) . that occurs could be followed by &* which is negative (if

N._ua is sufficiently negative) with a greater absolwtdue thanv{"”, so we could

obtain a lower bound that would tend to zero.

Part 3 : Proofs of L emmas and Propositionsfor | nvertibility of EARCH (x0)

It is assumed thatr 2|}/ and that all the3 coefficients are non-negative:

logl,| = logle,| —c—; +3 8.9, llodhri) &), @)
i=1
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Ul(n) = Iog|€t—n+l| _C_U+ Zﬁiﬂga,y(logwt‘”‘i |' gt_”_i)
(8)
UI£T1 = |Og|€t—n+k+l| +ZIB 9 y(Ulng_ —n+k+1-j ) Z'B'+l+kg”y(|og|,7t n= || - I)

Lemma 3.l

u"” =109/, ONON", OKON".

Proof:

We will prove the result recursively for ang N’ . Fix n > 0 and define:

(H,)="Ok 0L plu™ =log, "

According to equality (8),(H,) is true. Assume(H,) and prove(H,..):

p

(n) —
p+1 Iog‘ t— n+p+l

ZIB ga y( E)rlr)l— t n+p+l-j ) ilgi+l+pga,y(|og|,7t—n—i|'gt—n—i)
i=0

gt—n+p+1—j )+ Zﬁga,y(loqqt—mpﬂ—i &

t—n+p+1-i ) !
i=p+l

= qugt—m p+l

p
_6_20+ Z/BJ ga,y(loq”t—mpﬂ—j ’
=1

by using (H p), then we can conclude by matching the previousl@gguvith (7), so that

(H,..) is true.

We have:

ur(]n) _Vr(]n)

n-1
Z -n- ||,7t n- ||+Zﬂ exr(gt ]lu(n) _Vf(1n)l
=1

i=0

a1 ’
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and also:

n-j-1

S ﬁi+n—j5t—n—i |,7t—n—i|+ z ﬁldt—j—l exdgt—j—lxur(:)j—l _Vrgrl)j—l .
i=0 1=1

(M _
u =

so that we can write:

had n-1 +oo
(n) _y,(n)
‘unn Vnn = Zl8i+n5t—n—i |,7t—n—i| + ZZﬂjﬂHn—jdt—j Edet_]- )5t—n—i |,7t—n—i | +
i=0 j=1i=0
n-2n-j-1 o o
n n —
Z zﬁjlgla—t—j—ldt—j exdft_jq +£t—qun—j—| _Vn—j—l‘ =4a,.
j=1 I=1
Define:
< k-1 o o p
akzzdt—n—i|,7t—n—i| ﬁi+n+z I_IpreX Zf o XIB 5 +
i=0 p=Llij,...J DA j=1 'S i+n-Sp
0O O k
P Y AeBeexd e, o, v
v I OALY Z0es | nese sy
where:
0O |
° S = Zij

o
1

[}
_Ulj
]
-
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Lemma4

<a,0OkO[Ln[

—u™

Proof:
We will prove the lemma recursively:

(H.):

—y
Vﬂ

<a'.

According to the first two inequalities derived &bpwe have(H,) and (H,), which

are true. AssumgH, )and prove(H,,; )

ak:‘JrZ(>05t—n—i|,7t—n—||{ |+n+z Z I_l DPeX Z{SJ o :|+

p=liy,.. J DA() =1

k
+ z |_|k Dk EX[{ 0 j
(n) - (=Sj
iy di A =1

U™,y
n—Sk n—Sk

However:
0
o n—-Sk-1
(n) _V(n) Zﬁ D t—n—i |,7t—n—i| + Z 185 ex E u} ju(n)] _V(n): ’
n- Sk n—Sk =0 t— S - t-Sk - n—-Sk -l n—-Sk -

so that:
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0o 0 k
< z D« ﬂkEX[{Zf . j‘ul(ﬂ) —Vl(n)
iy DAL

=1 t=S;j
Sk=n-1
al
o o k n-Sx-1
+ > DkMkexp D & DJ > B, ex;{f . ju(n)] v
iév---jkDAEn) =1 t-Sj g =1 t=Sk =iy t=Sk =iy N—=Sk —iy4 N—=Sk —iy4
Sk<n-1

O O k o
+ z Dk I_l k X zg u} (Zﬂ a] Jt—n—i |,7t—n—i |j .
ig,e i DA™ j=1 =S B i+n-Sk

Sk<n-1

By using the inequality:

‘u‘”) _V(n)

5t—n—i |,7t—n—i | '

i=0

and by recombining the sums above, we can see that:

k
Z |_|k Dk ex .
N DAEH) J_l t Sj

U(n)] - V(n)]
n—Sk n—Sk

k n—ék—l
< Z Dk I'Ikex | D B, expé u™ =
(n) - tSJ P t=Sk —iys t=Sk =iy N=Sk =iy N=Sk =iy
Ik OA i 1 I =1
Sk<n—l
k )
+ Z Dk |_|keX o Z,B o 5t—n—i|’7t—n—i|
JkDAEn) ]_l t Sj i=0 i+n—-Sk
n—- Sk—l O
< > > Dk I'Ik,BJ ex o u™ =,
ilv---jkDA&E") i =1 t=Sk =ik _1 t S, t Sk =iy N=Sk =g N—=Sk =iy
a

Sk<n-1

u]
i+n—Sk

o k
+Zdt—n—i|,7t—n—i|‘ Z DkrlkeX ZE :J

i=0 i DAlM j=1 S
By noticing that:
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O O
{il,...,ik O A§“>,ik+lm[1n—sk—1} 'S < n—l} =AY,
we finally have:

u” -v®|<a <a., =(H,,) is true.

By takingk = n- 1, and by using the mequahtLu"” -v{V|<

Zﬁlﬂ -n- ||,7t n— || we have
i=0

the following general result for EARCHYJ:

Proposition 3.1

If a=|y|, B=0,0i, then we have the following inequality for theiesr

u andv for EARCH(w):

S;Z.:)Jt—n—i|,7t—n—|| i+n Z Z I_Dlp Pex if :Jxﬁ ] :l

oLiy.J DA = i+n-Sp

—y(M
n Vi

Part 4: Invertibility of EGARCH (p,q)

We have:

5; [[Ti-s;

< Bn exr{ n-1 OT—I |/7tl|}|: +Zﬂ 1-p Z ex zlog( )j:l (18)
1€ <.<s,<n-1
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Lemma4.l

For any v > 1/2 we have with probability 1:

B, = exdo(n” ))

Proof:

We have:

B, = ﬁﬁ*iaj—n—i |,7t—n—i | exﬁ{iﬁ—* I |’7t—| |] :

I=n —ﬁ

+o0 x| =n
We know that X, = Z’B— o |/7t_,| are L*-variables as absolutely convergent sum of

I=n 1—ﬁ*
L*-variables (it is assumed that ~ (O;L)) as L* is a Hilbert space). Furthermore, by

using Chebychev inequality, we obtain:

N CEIX Pl OElx)
PQXn|2n )S hn2u| J: hn2v1| J’

as the X, are identically distributed. ThereforeEPQXn|2n“)<oo and, by using the
Borel-Cantelli Lemma, we have with probability otfeat: X =O(n“). As this is true

Ov>1/2, we also have:X, = o(n”).

By using the same reasoning with = Z,B*iaf_n_i |/7t_n_i| , We obtain the invertibility
i=0

condition.
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Proposition 4.1

P
If a=z|y, the a and b are non-negative, the roots €1—Za,.l_'] lie outside
i=1

the unit circle and, if Conditions 2 are satisfitten EGARCHY,q) is invertible as:

a.s.
M ™| =™ —
v —u”| =S Iog|/7t”nj>m0.

Proof:

According to Conditions 2 and by continuity, we lnthat Lk, &, >0, such that:

E{M} ' Iog(ﬁ* + E[éf|/7t|])+ & <~&.

*

We also have inequality (18):

ur(1n) _Vr(1n)

J

SB”GX;{EMJ{H”HEE”” > ex é'og(@sj

= 1-4 15, <..<5,<n-1

s

If we note that:

|:,B*n_l + nz:ﬁ*n—l—p Z exr{i log(a:sj

€5 <.<spsn-1

exd(n-Dlog(s +E[&[n])+ (n-1e,)

]

Z

n—

we have:

ur(wn) _Vrgn)

*

= 1-4

<B, ex{im +(n —1)Iog(,[>’* + E[0T|/7t|])+ (n —1)£1JZn :
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It can be shown tha®,6 goes to zero almost surely, as follows. Leb

Markov inequality:

N L «n-1-p p
E{,B +> B > exg ). Iog(aj_sj )ﬂ
p=1 1§ <.<sp<n-1 j=1

s
Pz <
2,>e)< exr((n—l)log(ﬂ* + E[J[|/7t|] +(n—1)£1)><£

n

However:
1 SR naep b
E{/o’ +>.8 Y ex Zlog(é?_s,. s )ﬂ
p=1 Iss<.<sp=n-1 j=1
n-1 n_l n-1—
=Z( jﬂ ol
p=0\ P
where:
(n—ljz (n —1)!
p ) (h-1-p)p’
as of_si .| are L' andiid. Using Newton’s formula, it can be shown that:

E ﬂ*n—1+§ﬂ*”_l_p z ex Zp:log(a?—sj /-,
p=1 =

I<s<..<spsn-1

Therefore:

44

)ﬂ (5 vl

b9 the



Pz >¢)< exp-(n-1)¢,) |
£

and, by using Lemma 1.2, we can show that:

a.s.

Z 0.

n- o

Moreover by LLN:

*

nf, Bl E!Oﬁ;'”t']xnw(n).
1-B

Therefore:

*

,{z Ol s niogls +Egin)+ ] = expl-ne, +o(n)).
=1 1-4

According to Lemma 4.1, we have:
B, = expo(n)).
Therefore:

u™ —v| < exd-ne, +o(n))z,,

as.
(N (M =y, —
Vi U,”| =Vx Iog|,7t”nj’woy

which proves invertibility of EGARCHY,q).
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