A note on the marginal cost approach in maintenance

J.B.G. Frenk, R. Dekker and M.J. Kleijn Econometric Institute, Erasmus University Rotterdam P.O. BOX 1738, 3000 DR ROTTERDAM The Netherlands

Printed on January 23, 1996

Abstract

In this paper we verify the conditions under which the marginal cost approach of Berg [6, 7, 8] holds. As observed by Aven and Dekker [2] the validity of the marginal cost approach gives rise to a useful framework of single component maintenance optimization models which covers almost all models used in practice. For the class of unimodal finite–valued marginal cost functions we show that these optimization models are easy to solve.

Keywords: Maintenance, Marginal Cost Analysis, Lebesgue integral, Unimodality

1 Introduction

In a series of papers Berg [6, 7, 8] introduces the so–called Marginal Cost Analysis (MCA) method for the study of single component replacement models with a block or age replacement structure. This easy approach is applied to a large collection of examples without a proper introduction of the mathematical conditions under which this approach holds. To verify these conditions will be the topic of this paper. At the same time, we will show under which conditions on the so–called marginal cost function this approach can be used to determine the optimal age replacement policy.

2 Analysis

In an infinite horizon single component replacement model with stationary replacement policies characterized by a finite positive parameter T , one can identify for every policy p(T ), T > 0, a nonnegative increasing stochastic process {R(t, p(T )) : t ≥ 0} with right continuous sample paths. For each t > 0 the random variable R(t, p(T )) represents the total maintenance costs up to time t if policy p(T ) is used. Well–known examples of such policies are the block and age replacement policies (Barlow and Proschan [4]). In this paper we will only consider the class of age replacement policies. Observe that a completely similar analysis can be given for the class of block replacement policies. Each age replacement policy p(T ) is now completely determined by the random variables

T ∧ X_i, i ≥ 1, with T ∧ X_i := min{T, X_i} and X_i, i ≥ 1, a sequence of nonnegative,

independent and identically distributed random variables. Clearly the random variable

T ∧ X_i represents the elapsed time between the (i − 1)th and ith replacement. If IE(Z)

denotes the expectation of the random variable Z and the function f : [0, ∞) → [0, ∞) given by f(T ) := IE (R(T ∧ X_1, p(T ))) is finite–valued, it is well–known by the regenerative structure of the family of age replacement models (Frenk, Dekker and Kleijn [10]) that the infinite horizon average costs c(T ) of policy p(T ) equal

c(T ) = f(T ) IE(T ∧ X_1) (1) In the paper we always assume that the following conditions hold.

(a) The function f : [0, ∞) → [0, ∞) is continuous on (0, ∞) and right continuous at 0

(b) The distribution function F of the random variable X_1 is continuous on (0, ∞), has support [0, ∞) and satisfies F (0) = 0 and F (∞) = 1

By condition (b) it is easy to verify that the denominator in (1) is positive and continuously differentiable on (0, ∞). Moreover, by condition (a) this yields that the function c : (0, ∞) → [0, ∞) is finite–valued and continuous. In the MCA approach it is now assumed by Berg [6, 7, 8] without any proof that the existence of the marginal cost function implies that the numerator in (1) is absolutely continuous and can be represented by the sum of a constant and an integral involving this marginal cost function and the tail of the distribution function F . However, without assuming that the function f is continuous this is not correct. Since this representation yields an easy understandable economic interpretation of the cost function it seems therefore important to specify the proper conditions under which this holds. Observe we will introduce at the same time the terminology used by Berg [6, 7, 8]. To start with our analysis we need the following definition.

Definition 2.1 Let g : [0, ∞) → (−∞, ∞) be a finite–valued function. The upper right Dini derivative D^+g : [0, ∞) → [−∞, ∞] at t ≥ 0 is given by

(D^+g)(t) := lim sup_{h↓0} g(t + h) − g(t) h Moreover, the lower right Dini derivative D_+g : [0, ∞) → [−∞, ∞] at t ≥ 0 is given by

(D_+g)(t) := lim inf_{h↓0} g(t + h) − g(t) h Clearly, the upper and lower right Dini derivative at t ≥ 0 always exist but may possibly be −∞ or ∞. To analyze the numerator we observe for every h > 0 that the policy p(T ) is the same as the policy p(T + h) if X_1 < T and so f(T + h) − f(T ) = IE ( (R((T + h) ∧ X_1, p(T + h)) − R(T ∧ X_1, p(T )))1_{X_{1≥T }}^)

= IE (R((T + h) ∧ X_1, p(T + h)) − R(T ∧ X_1, p(T ))|X_1 ≥ T ) (1 − F (T ))

If we define

m(T ) := lim sup_{h↓0}

IE (R((T + h) ∧ X_1, p(T + h)) − R(T ∧ X_1, p(T ))|X_1 ≥ T ) h then it follows that (D^+f)(T ) = m(T )(1 − F (T )). As observed by Berg [7] the function m : [0, ∞) → [−∞, ∞] measures at T the local increase or decrease in costs between the preventive replacement of a component of age T at time T and the costs of deferring this preventive replacement an infinitesimal time unit later. Therefore it is not surprising that the function m : [0, ∞) → [−∞, ∞] is given the following name (Berg [6, 7, 8]).

Definition 2.2 The function m : [0, ∞) → [−∞, ∞] is called the marginal cost function.

In his papers, Berg does not define the marginal cost function by means of upper right Dini derivatives, but assumes that the right–hand derivative exists. This implies that the lower and upper right Dini derivative must be equal and so his approach, which is only intuitive, is less general. Observe, since we use upper right Dini derivatives, that the marginal cost function is always defined.

It is now possible to prove that the function f is absolutely continuous.

Theorem 2.1 If the function f : [0, ∞) → [0, ∞) is continuous on (0, ∞) and right continuous at 0 and the marginal cost function m : [0, ∞) → [−∞, ∞] is nonnegative and finite–valued for every t ≥ 0, then it follows that

f(T ) = f(0) + ∫ T 0 m(y)(1 − F (y))dy for every T > 0. Moreover, the above integral represents a Lebesgue integral. If additionally the function m is continuous almost everywhere with respect to the Lebesgue measure and bounded on [0, T ], then the above integral can be interpreted as a Riemann integral.

Proof: Introduce for each n ∈ IN the function f_n : [0, ∞) → [0, ∞) given by

f_n(t) := n(f(t + 1 n ) − f(t)) By our assumptions f_n is a finite–valued continuous function on (0, ∞) and therefore Riemann integrable on [0, T ] for every 0 < T < ∞. This yields ∫ T 0 f_n(y)dy = n ∫ T + 1 n T f(y)dy − n ∫ 1 n 0 f(y)dy and by the continuity of the function f we obtain that lim_{n→∞} ∫ T 0 f_n(y)dy = f(T ) − f(0) (2)

Since the marginal cost function m is nonnegative it follows for every t ≥ 0 that (D^+f)(t) = m(t)(1 − F (t)) ≥ 0, and again by the continuity of f and Theorem 1.13 (ii) of Giorgi and

Komlosi [11], the function f is increasing on (0, ∞). Hence, for each n ∈ IN it follows that f_n is nonnegative and so we can apply Fatou’s Lemma (Ash [1]) to (2). As a result we obtain f(T ) − f(0) = lim_{n↑∞} ∫ T 0 f_n(y)dy ≥ ∫ T 0 lim inf n↑∞ f_n(y)dy (3) Since the function f is increasing it follows by Theorem 2.3.9 of Ash [1] that f is differentiable almost everywhere with respect to the Lebesgue measure, and hence D^+f = D_+f except on a set of Lebesgue measure zero. This finally implies using (D^+f)(y) ≥ lim inf_{n↑∞} f_n(y) ≥ (D_+f)(y) for every y ≥ 0, inequality (3) and Theorem 1.6.5 (b) of Ash [1] that f(T ) − f(0) ≥ ∫ T 0 (D^+f)(y)dy = ∫ T 0 m(y)(1 − F (y))dy To verify the reverse inequality we introduce the function F : [0, ∞) → [0, ∞) given by

F(T ) := f(0) + ∫ T 0 m(y)(1 − F (y))dy For every t ≥ 0 we obtain by the calculus rules for Dini derivatives (Giorgi and Komlosi [11]) that

(D^+(F − f))(t) ≥ (D^+F)(t) + (D_+(−f))(t) = (D^+F)(t) − (D^+f)(t) and this yields by Theorem 2.3.10 of Ash [1] that (D^+(F − f))(t) ≥ 0 for almost every t ≥ 0 (with respect to the Lebesgue measure). Moreover, since F is increasing due to m nonnegative, and hence (D^+F)(t) ≥ 0 and by assumption (D^+f)(t) < ∞ for every t ≥ 0, we obtain that (D^+(F − f))(t) > −∞ for every t ≥ 0. Since by Theorem 2.3.4 of Ash [1] the function F is absolutely continuous and hence continuous, and by assumption f is continuous, it follows that F − f is continuous on (0, ∞). The assumptions of Lemma 2 at page 370 of Titchmarsh [13] are now satisfied and so we may conclude that the function F − f is increasing. This implies for every T ≥ 0 that ∫ T 0 m(y)(1 − F (y))dy + f(0) − f(T ) = F(T ) − f(T ) ≥ F(0) − f(0) = 0

and this yields the inequality f(T ) ≤ f(0) + ∫ T 0 m(y)(1 − F (y))dy. The second part of the above result is an immediate consequence of Theorem 1.7.1 of Ash [1]. 2

The condition in Theorem 2.1 that f is continuous on (0, ∞) and right continuous at 0 cannot be omitted. As a counter example we mention the function f : [0, ∞) → IR given by f(t) = 1 if t ≥ 1 0 if 0 ≤ t < 1 Clearly, for this function (D^+f)(t) = 0 for every t ≥ 0 and so ∫ t 0 (D^+f)(y)dy = 0 for every t ≥ 0. However, f(t) = 1 for every t ≥ 1 and this yields that f(t) ≠ f(0) + ∫ t 0(D^+f)(y)dy if t ≥ 1. Moreover, one also needs in Theorem 2.1 the condition that m(t), or equivalently (D^+f)(t), is finite for every t ≥ 0. As a counter example we mention the Cantor function f : [0, 1] → IR discussed in Section 11.72 of Titchmarsh [13]. This function is continuous, increasing and satisfies (D^+f)(t) = 0 for almost every t ≥ 0 and (D^+f)(t) = ∞ on a Lebesgue set of measure zero. Moreover, f(1) = 1 and f(0) = 0 and so f(1) ≠ f(0) + ∫ 1 0 (D^+f)(y)dy.

It is easy to adapt the above proof whenever the marginal cost function is finite–valued and uniformly bounded from below on every compact interval. Since in almost all age replacement models the marginal cost function is nonnegative we did not prove this result in detail. Clearly, for T = 0 the expected costs in a degenerate cycle of length zero are given by f(0) and this value is assumed to be positive. By the above result the objective function of any age replacement model belonging to the above family has the following representation involving the marginal cost function. This representation gives an intuitive appealing interpretation of the objective function and is mentioned in Dekker [9] and Aven and Dekker [2] without a proper mathematical justification.

Theorem 2.2 Under the conditions of Theorem 2.1 it follows for every 0 < T < ∞ that

c(T ) = f(0) + ∫ T 0 m(y)(1 − F (y))dy ∫ T 0 (1 − F (y))dy Proof: An easy application of Theorem 2.1 and (1). 2

Observe that for the infinite horizon discounted cost criterion with discount factor α > 0 under the same conditions on the discounted marginal cost function m_α a similar result can be derived. In this case the discounted cost function c_α has the representation

c_α(T ) = f(0) + ∫ T 0 m_α(y)(1 − F (y))dy α ∫ T 0 exp(−αy)(1 − F (y))dy The optimal policy 0 < T^∗ < ∞ (if it exists!) is a solution of the optimization problem (P) given by inf{c(T ) : 0 < T < ∞} with c a continuous function on (0, ∞) and c(0) = ∞. Denote now by P^∗ the possibly empty and closed set of optimal solutions of (P). To verify that under certain conditions the set P^∗ is nonempty, we will first compute the upper right Dini derivative of the objective function c. Since the denominator in (1) is positive and continuously differentiable on (0, ∞) and the numerator is a continuous function we obtain by the calculus rules for upper Dini derivatives (see formula (2a) of Giorgi and Komlosi [11]) that for every T > 0 the Dini derivative (D^+c)(T ) equals

(D^+c)(T ) =

1 − F (T ) IE(T ∧ X_1) (m(T ) − c(T )) Observe this result holds irrespective as to whether m(T ) is finite or not, and so we might encounter situations where the above formula holds but the function c does not have the representation of Theorem 2.2. Using the above formula it is relatively easy to derive sufficient conditions for P^∗ to be empty or not. These conditions are known under the additional assumption that the marginal cost function m is continuous on (0, ∞) (Berg [6], Dekker [9] and Barros et al. [5]).

Lemma 2.1 If c(∞) := lim_{t↑∞} c(t) exists and c(∞) = ∞ then P^∗ is a nonempty compact subset of (0, ∞). Moreover, if lim inf_{t↑∞} m(t) > c(∞) then P^∗ is also a nonempty compact subset of (0, ∞).

Proof: The first part is trivial to prove. To verify the second part we observe that lim inf_{t↑∞} m(t) > c(∞) implies the existence of some finite T_0 such that for every T ≥ T_0 it follows that m(T ) > c(T ). This implies that (D^+c)(T ) > 0 for every T ≥ T_0 and since c is continuous we may conclude from Theorem 1.14 of Giorgi and Komlosi [11] that c is strictly increasing on (T_0, ∞). By this observation the desired result follows. 2

We will now introduce a class of marginal cost functions for which it is easy to compute the optimal age replacement policy.

Definition 2.3 (Avriel et al. [3]) A function g : [0, ∞) → [−∞, ∞] is called unimodal with parameter 0 ≤ b < ∞ if the function g is decreasing on [0, b] and increasing on (b, ∞).

In the sequel it will be assumed that the marginal cost function m is finite–valued and unimodal with parameter 0 ≤ b < ∞. This implies by Theorem 2.2 that the representation for the function c holds. Moreover, by Theorem 4.1.2 of Mikolás [12] the function m is continuous almost everywhere with respect to the Lebesgue measure and so the integral in Theorem 2.1 can be interpreted as a Riemann integral. It is now possible to prove the following result.

Lemma 2.2 If the optimal solution set P^∗ is nonempty and m is finite–valued and unimodal with parameter 0 ≤ b < ∞, then P^∗ is contained in [b, ∞).

Proof: Clearly for b = 0 the result follows. Assume therefore that 0 < b < ∞. Since m is decreasing on [0, b] it follows for every t < b that m(t) ∫ t 0 (1 − F (y))dy − ∫ t 0 m(y)(1 − F (y))dy − f(0) < 0 This yields by Theorem 2.2 that m(t) − c(t) < 0 or equivalently (D^+c)(t) < 0 for every t < b. Hence, by the continuity of c and the remark after Theorem 1.14 of Giorgi and Komlosi [11] the function c is strictly decreasing on (0, b) implying that P^∗ ⊆ [b, ∞). 2

The same result under the additional assumption that the marginal cost function m is continuous is also shown by Barros et al. [5]. Clearly, by the above observation we can restrict our search for an optimal policy to the interval [b, ∞). Finally, we will show under the assumption of unimodality of the marginal cost function that a simple bisection locates an optimal age replacement policy.

Theorem 2.3 If the optimal solution set P^∗ is nonempty and the marginal cost function m is finite–valued and unimodal with parameter 0 ≤ b < ∞, then it follows that m(T ) ≥ c(T ) if and only if the intersection of P^∗ and [b, T ] is nonempty.

Proof: If m(T ) ≥ c(T ) and m is unimodal with parameter 0 ≤ b < ∞ it is shown in the proof of Lemma 2.2 that T ≥ b. Since m is increasing on (b, ∞) and T ≥ b we obtain for every t ≥ T that ∫ t T (m(t) − m(y))(1 − F (y))dy + (m(t) − m(T )) ∫ T 0 (1 − F (y))dy ≥ 0 By Theorem 2.2 it follows for every t ≥ T that the identity (m(t) − c(t)) ∫ t 0 (1 − F (y))dy = (m(T ) − c(T )) ∫ t 0 (1 − F (y))dy + ∫ t T (m(t) − m(y))(1 − F (y))dy + (m(t) − m(T )) ∫ T 0 (1 − F (y))dy holds, and so m(t) ≥ c(t) for every t ≥ T if m(T ) ≥ c(T ). This yields (D^+c)(t) ≥ 0 for every t ≥ T , and since c is a continuous function we obtain that c is increasing on (T, ∞) implying the desired result. To prove the converse implication we observe that a nonempty intersection of the sets P^∗ and [b, T ] implies the existence of an optimal solution T^∗ of (P) within the interval [b, T ]. This yields (D^+c)(T^∗) ≥ 0 or equivalently m(T^∗) ≥ c(T^∗). Since m is increasing on (b, ∞) and T^∗ ≤ T this implies by the same arguments as in the first part that m(T ) ≥ c(T ) and this shows the reverse implication. 2

By Theorem 2.3 it is clear that one has to compare the values m(t) and c(t) in order to determine which part of the positive axis will contain with certainty an optimal solution. Observe by Theorem 2.3 one has to assume that the marginal cost function is finite–valued and unimodal and so continuity of the function m is not required. This result also covers therefore unimodal finite–valued cost functions which are almost everywhere continuous. Under the above conditions it is also not difficult to verify that m(T ) = c(T ) implies that T is an optimal policy, but the reverse implication might not hold due to the absense of continuity everywhere of the function m.

Acknowledgements: The authors thank Gabor Kassay for pointing out the counter example with the Cantor function.

References

[1] R.B. Ash. Real Analysis and Probability. Academic Press, New York, 1972.

[2] T. Aven and R. Dekker. A useful framework for optimal replacement models. In preparation, 1996.

[3] M. Avriel, W.E. Diewert, S. Schaible, and I. Zang. Generalized Concavity. Plenum Press, New York, 1988.

[4] R.E. Barlow and F. Proschan. Mathematical Theory of Reliability. Wiley, New York, 1967.

[5] A.I. Barros, R. Dekker, J.B.G. Frenk, and S. Van Weeren. Optimizing a general replacement model by fractional programming techniques. Tinbergen Institute Discussion Paper, TI 9–95–212, Erasmus University Rotterdam, The Netherlands, 1995.

[6] M. Berg. A marginal cost analysis for preventive maintenance policies. European Journal of Operational Research, 82:214–224, 1980.

[7] M. Berg. Economics oriented maintenance analysis and marginal cost approach. In Chapter VII, Lecture Notes Reliability and Maintenance of Complex Systems. NATO Advanced Study Institute on Maintenance, Kemer, Antalya, Turkey, 1995.

[8] M. Berg. The marginal cost analysis and its application to repair and replacement policies. European Journal of Operational Research, 82:214–224, 1995.

[9] R. Dekker. Integrating optimisation, priority setting, planning and combining of maintenance activities. European Journal of Operational Research, 82:225–240, 1995.

[10] J.B.G. Frenk, R. Dekker, and M.J. Kleijn. A unified treatment of single component replacement models. Technical Report 9602/A, Econometric Institute, Erasmus University Rotterdam, The Netherlands, 1996.

[11] G. Giorgi and S. Komlosi. Dini derivatives in optimization (part i). Rivista di matematica per le scienze economiche e sociali–Anno 15^0, Fascioli 1^0, 3–30, 1993.

[12] M. Mikolás. Real functions, Abstract Spaces and Orthogonal Series. Akademia Kiadó, Budapest, 1994.

[13] E.C. Titchmarsh. The Theory of Functions (Second Edition). Oxford University Press, London, 1975.