SENSITIVITY ANALYSIS IN (DEGENERATE) QUADRATIC PROGRAMMING

Arjan B. Berkelaar^1, Benjamin Jansen^2, Kees Roos^3, Tamas Terlaky^4

February 29, 1996

Abstract

In this paper we deal with sensitivity analysis in convex quadratic programming, without making assumptions on nondegeneracy, strict convexity of the objective function, and the existence of a strictly complementary solution. We show that the optimal value as a function of a right–hand side element (or an element of the linear part of the objective) is piecewise quadratic, where the pieces can be characterized by maximal complementary solutions and tripartitions. Further, we investigate differentiability of this function. A new algorithm to compute the optimal value function is proposed. Finally, we discuss the advantages of this approach when applied to mean–variance portfolio models.

Key words: Quadratic Programming, Parametric Programming, Sensitivity Analysis, Maximal Complementary Solutions, Tripartitions, Mean–Variance Portfolio Theory.

1Supported by Tinbergen Institute Rotterdam, The Netherlands; Partially supported by Ortec Consultants B.V., Gouda, The Netherlands; Department of Econometrics and Operations Research, Econometric Institute, faculty of Economics, Erasmus University Rotterdam, The Netherlands. e-mail: berkelaar@opres.few.eur.nl 2Supported by the Dutch Organization for Scientific Research (NWO), grant 611-304-028. Currently he is working at Centre for Quantitative Methods (CQM) B.V., Eindhoven, The Netherlands.

3Department of Statistics, Probability and Operations Research, faculty of Technical Mathematics and Computer Science, Delft University of Technology, The Netherlands. e-mail: roos@twi.tudelft.nl 4ibid.

1 Introduction

In this paper we are concerned with parametric versions of the convex quadratic programming (CQP) problem, where elements in the right–hand side or linear term of the objective are varied. Markowitz [25, 26] was one of the first to consider this problem, being particularly interested in applications to mean–variance analysis of investment portfolios. Other early references include Houthakker [17] and Wolfe [37] who use a parametric algorithm to solve the quadratic programming problem (QP) itself (for a survey see Boot [3]). Eaves [8] also considers the parametric CQP problem. The basic result already obtained by Markowitz is that the efficient frontier (or optimal value function) is piecewise quadratic and can be obtained by computing successive corner portfolios, while in between these corner portfolios optimal solutions ‘vary linearly’. The analyses in the cited references use some variant of the simplex method [5], where the corner portfolios correspond to a kind of basis change.

In the area of linear programming (LP) there is a lot of literature on the difficulties that may occur in parametric analysis, when the problem under consideration is degenerate. This involves that the optimal basis need not be unique, that multiple optimal solutions may exist, and that the notion of shadow price may not be well defined. We refer to Gal [11] for a literature survey and Rubin and Wagner [32] for an overview of practical implications. Recently, research on interior point methods (Gonzaga [14]) has triggered interest in investigating parametric analysis without using bases, instead making use of strictly complementary solutions (Adler and Monteiro [1] and Jansen et al. [20]). In LP such a solution was already shown to exist by Goldman and Tucker [13] in 1956.

In the literature often assumptions are made to prevent situations concerning degeneracy. For nonlinear programming the research of sensitivity and stability analysis may be divided into two fields: directional differentiability of the optimal value function (e.g. [19, 31]) and directional differentiability of the optimal solutions (e.g. [6, 21, 23, 24]). Lipschitz continuity plays an important role in such analyses. Standard assumptions include strict convexity [22, 33, 36], strict complementarity Fiacco and McCormick [10], Fiacco [9], and others [6, 22, 33, 36], second-order necessary or sufficient conditions for optimality [21, 30] and some regularity conditions [12, 19]. Dubeau and Gauvin [7] give some simple examples and counterexamples to illustrate the relative importance of some of these assumptions. Jittorntrum [21] showed that the strict complementarity condition is often too restrictive and does not result in any significant advantage, while dropping the assumption does not result in losses of sensitivity information, stability of the solution and computational efficiency (He states: ‘strict complementarity should no longer be a standard requirement imposed on the problem’).

In this paper we shall not make any assumption. The main tool we use is the existence of a maximal complementary solution in any CQP problem (Güler and Ye [16]). Such a solution uniquely defines the tripartition of the problem, which gives a partition of the variables in ‘important’ and ‘not important’ variables.

We give a new proof of the fact that the optimal value function as a function of a right–hand side element (or an element of the linear term in the objective function) is piecewise quadratic. We show that the pieces of this function correspond to intervals for the parameter on which the tripartition is constant, while it changes exactly in those points where either the first or the second order derivative does not exist (instead directional derivatives need to be considered). We show how these intervals and (directional) derivatives can be computed with auxiliary linear or quadratic problems. Using these, we propose an algorithm to compute the optimal value function.

To show important implications of our results we consider the same problem as Markowitz [26]: the mean–variance model for portfolio selection. We argue that our approach gives more practically relevant information than a simplex solution, and that some disadvantages of the model (Michaud [28]) can be alleviated.

This paper is built up as follows. In Section 2 we introduce our problem, maximal complementary solutions and the tripartition. In Section 3 we derive the main theoretical results, while Section 4 contains the application to mean–variance models.

2 Problem description

The general CQP problem is given by

(QP) min_x { c^T x + 1 2 x^T Qx : Ax = b, x ≥ 0 } , where c, x ∈ IR^n, b ∈ IR^m, A an m × n matrix with full row rank and Q a symmetric positive semidefinite n × n matrix. The Wolfe–dual of (QP) is given by (QD) max_{u,y,s} { b^T y − 1 2 u^T Qu : A^T y + s − Qu = c, s ≥ 0 } . We assume that both (QP) and (QD) have optimal solutions. It is well–known that if x is feasible for (QP) and (u, y, s) for (QD) then these solutions are optimal if and only if Qx = Qu and x^T s = 0. This last is the so–called complementary slackness property. Furthermore, there exist optimal solutions for which x = u; we will only be interested in those and henceforth denote an optimal solution just by (x, y, s). We will later use the following well–known result.

Lemma 2.1 Let (x^∗, y^∗, s^∗) and (x̃, ỹ, s̃) both be optimal solutions of (QP) and (QD). Then Qx^∗ = Qx̃, c^T x^∗ = c^T x̃ and b^T y^∗ = b^T ỹ.

Proof: Since (x^∗, y^∗, s^∗) and (x̃, ỹ, s̃) are both optimal, we conclude that

c^T x^∗ + 1 2 x^∗Qx^∗ = b^T ỹ − 1 2 x̃^T Qx̃. Using that A^T ỹ + s̃ − Qx̃ = c and multiplying by (x^∗)^T it follows, 1 2 (x^∗Qx^∗ + x̃Qx̃ − 2x̃Qx^∗) = b^T ỹ − c^T x^∗ − x̃Qx^∗ = 0.

Thus, (x^∗ − x̃)^T Q(x^∗ − x̃) = 0, which implies Q(x^∗ − x̃) = 0, i.e. Qx^∗ = Qx̃, since Q is positive semidefinite. Using that Qx^∗ = Qx̃ we conclude that c^T x^∗ = c^T x̃ and b^T y^∗ = b^T ỹ. 2

The set of optimal solutions of (QP) and (QD) can be characterized by maximal complementary solutions and the corresponding tripartition (Güler and Ye [16]). Let us define

B = { i : x_i > 0 for an optimal solution x of (QP) },

N = { i : s_i > 0 for an optimal solution (x, y, s) of (QD) }, T = {1, . . ., n} \ (B ∪ N ). This tripartition of the index set is denoted by π := (B, N , T ). A maximal complementary solution (x, y, s) is a solution for which x_i > 0 ⇐⇒ i ∈ B, s_i > 0 ⇐⇒ i ∈ N ; the existence of such a solution is a consequence of the convexity of the optimal sets of (QP) and (QD). Güler and Ye [16] showed that interior point methods (as Carpenter et al. [4] and Vanderbei [34]) generate a maximal complementary solution (in the limit). In LP the set T is empty, which leads to the existence of a strictly complementary solution. We define the support of a vector v as follows σ(v) := { i : v_i > 0 }. Hence, given a maximal complementary solution (x^∗, y^∗, s^∗) we have B = σ(x^∗) and N = σ(s^∗).

In this paper we restrict to CQPs with perturbations in the right–hand side. Results for perturbation of the objective vector are easily obtained by dualizing the parametric problem, and are therefore omitted. We heavily use the tripartition of the problem, as induced by a maximal complementary solution. Boot [3] and Bank et al. [2] both considered N and T together, leading to less strong results and loss of information.

The parametric problem is given by

(QP_λ) min_x { c^T x + 1 2 x^T Qx : Ax = b + λΔb, x ≥ 0 } , where Δb ∈ IR^m is a given vector of variation. For λ ∈ IR we denote the tripartition by π_λ = (B_λ, N_λ, T_λ) and a maximal complementary solution by (x^{(λ)}, y^{(λ)}, s^{(λ)}). The dual is

(QD_λ) max_{x,y,s} { (b + λΔb)^T y − 1 2 x^T Qx : A^T y + s − Qx = c, s ≥ 0 } . The optimal value of (QP_λ) and (QD_λ) is denoted by ϕ(λ), with the convention that

ϕ(λ) = ∞ if (QP_λ) is infeasible,

ϕ(λ) = −∞ if (QP_λ) is feasible and unbounded,

so ϕ : IR → IR ∪ {−∞, ∞}. Since the feasible set of (QD_λ) does not depend on λ, (QD_λ) will be either feasible or infeasible for all λ. We denote by Λ the set of values λ for which (QD_λ) has a bounded optimal value. Since we assumed that (QP) and (QD) have optimal solutions it follows that Λ ≠ o/. The first lemma gives some basic facts on ϕ(λ).

Lemma 2.2 (i) The optimal value function ϕ(λ) is convex on Λ; (ii) Λ is a (possibly unbounded) closed interval.

Proof: (i) Let λ_1, λ_2 ∈ Λ and α ∈ (0, 1) be given and define λ_α := αλ_1 + (1 − α)λ_2. Then we have

ϕ(λ_α) = α ( (b + λ_1Δb)^T y^{(λ}ff^) − 1 2 (x^{(λ}ff^))^T Qx^{(λ}ff^) ) + (1 − α) ( (b + λ_2Δb)^T y^{(λ}ff^) − 1 2 (x^{(λ}ff^))^T Qx^{(λ}ff^) )

≤ αϕ(λ_1) + (1 − α)ϕ(λ_2),

where the inequality holds since the feasible set of (QD_λ) is independent of λ. (ii) From the convexity of ϕ(λ) it follows that ϕ(λ) is continuous. Thus Λ is an interval. The closedness of this interval will be proved by showing that the complement of the domain of ϕ is an open subset of the real line. Let λ belong to the complement of the domain of ϕ. This means that (QD_λ) is unbounded. This is equivalent to the existence of a vector z, such that A^T z ≤ 0, (b + λΔb)^T z > 0. Fixing z and considering λ as a variable, the set of all λ satifying (b + λΔb)^T z > 0 is an open interval. For all λ in this interval (QD_λ) is unbounded. Hence, the domain of ϕ is open. This concludes the proof. 2

3 Analysis

In this section we will show that the optimal value function ϕ(λ) is piecewise quadratic, where the ‘pieces’ correspond to intervals where the tripartition is constant. Moreover, we show how ϕ(λ) can be computed.

3.1 Basic properties

The first lemma shows that the tripartition is constant on certain intervals.

Lemma 3.1 Let λ_0 and λ_1 be such that π_{λ0} = π_{λ1} = π. Then π_λ = π for all λ ∈ [λ_0, λ_1].

Proof: Without loss of generality we assume that λ_0 = 0 and λ_1 = 1. Let (x^{(0)}, y^{(0)}, s^{(0)}) and (x^{(1)}, y^{(1)}, s^{(1)}) be maximal complementary solutions for the respective problems. We define for λ ∈ (0, 1) x(λ) := (1 − λ)x^{(0)} + λx^{(1)},

y(λ) := (1 − λ)y^{(0)} + λy^{(1)},

s(λ) := (1 − λ)s^{(0)} + λs^{(1)}. (1)

It is easy to see that Ax(λ) = b + λΔb and x(λ) ≥ 0. Also A^T y(λ) + s(λ) − Qx(λ) = (1 − λ)c + λc = c, and s(λ) ≥ 0. So (x(λ), y(λ), s(λ)) is feasible for (QP_λ) and (QD_λ). Since π_0 = π_1, we have x(λ)^T s(λ) = 0, hence the proposed solution is optimal for (QP_λ) and (QD_λ). Using the support of x(λ) and s(λ), B and N respectively, and their complement T , this implies B ⊆ B_λ, N ⊆ N_λ and T ⊇ T_λ. (2) We will show that equality holds. Assuming to the contrary that T ⊃ T_λ, there exists a maximal complementary solution (x^{(λ)}, y^{(λ)}, s^{(λ)}) of (QP_λ) and (QD_λ) such that (x^{(λ)})_i + (s^{(λ)})_i > 0 for some i ∈ T , i /∈ T_λ. (3) Let us now define for ϵ > 0 x̄(ϵ) := x^{(1)} + ϵ(x^{(1)} − x^{(0)}), ȳ(ϵ) := y^{(1)} + ϵ(y^{(1)} − y^{(0)}), s̄(ϵ) := s^{(1)} + ϵ(s^{(1)} − s^{(0)}).

For some ϵ > 0 small enough it holds x̄(ϵ)_B > 0, x̄(ϵ)_{N ∪T} = 0, s̄(ϵ)_N > 0, s̄(ϵ)_{B∪T} = 0, (4) from which it follows that the proposed solutions are optimal for (QP_{1+ϵ}) and (QD_{1+ϵ}). Finally, we define x̃^{(1)} :=^ϵ_{1−λ+ϵ} x^{(λ)} +^{1−λ}_{1−λ+ϵ}x̄(ϵ), ỹ^{(1)} :=^ϵ_{1−λ+ϵ} y^{(λ)} +^{1−λ}_{1−λ+ϵ}ȳ(ϵ), s̃^{(1)} :=^ϵ_{1−λ+ϵ} s^{(λ)} +^{1−λ}_{1−λ+ϵ} s̄(ϵ), which are feasible in (QP_1) and (QD_1). Also,

(x̃^{(1)})^T s̃^{(1)} = ϵ 1 − λ + ϵ 1 − λ 1 − λ + ϵ ( (x^{(λ)})^T s̄(ϵ) + x̄(ϵ)^T s^{(λ)} ) . Since (2) and (4) imply (x^{(λ)})^T s̄(ϵ) = (x^{(λ)})^T_N s̄(ϵ)_N = 0 and (s^{(λ)})^T x̄(ϵ) = (s^{(λ)})^T_Bx̄(ϵ)_B = 0, (x̃^{(1)}, ỹ^{(1)}, s̃^{(1)}) is optimal for (QP_1) and (QD_1). However, if (3) would hold, we would have a solution of (QP_1) and (QD_1) with either (x̃^{(1)})_i > 0 or (s̃^{(1)})_i > 0 for i ∈ T , contradicting the definition of (B, N , T ). Thus we conclude T_λ = T . Using (2) the lemma follows. 2

Lemma 3.1 implies the following corollary on the behavior of the optimal value function on intervals.

Corollary 3.2 If π_{λ0} = π_{λ1} = π then (i) on [λ_0, λ_1], ϕ(λ) is the quadratic function given by

ϕ(λ) = ϕ(0) + λ − λ_0 λ_1 − λ_0 ( (b + λ_0Δb)^T (y^{(λ1)} − y^{(λ0)}) + c^T (x^{(λ1)} − x^{(λ0)}) ) + 1 2 ( λ − λ_0 λ_1 − λ_0

)_2

Δb^T (y^{(λ1)} − y^{(λ0)});

(ii) ϕ(λ) is linear on [λ_0, λ_1] if and only if Qx^{(λ0)} = Qx^{(λ1)}; in this case ϕ(λ) = ϕ(0) + λ − λ_0 λ_1 − λ_0 c^T (x^{(λ1)} − x^{(λ0)}).

Proof: (i) Assuming λ_0 = 0 and λ_1 = 1 it follows from the proof of Lemma 3.1 that (x(λ), y(λ), s(λ)) defined in (1) is optimal in (QD_λ) for λ ∈ (0, 1). Hence ϕ(λ) = (b + λΔb)^T y(λ) − 1 2 x(λ)^T Qx(λ) = ϕ(0) + λΔb^T y^{(0)} + λb^T (y^{(1)} − y^{(0)}) + λ^2Δb^T (y^{(1)} − y^{(0)}) − λ(x^{(1)} − x^{(0)})^T Qx^{(0)} − 1 2 λ^2(x^{(1)} − x^{(0)})^T Q(x^{(1)} − x^{(0)}).

Note that A(x^{(1)} − x^{(0)}) = Δb A^T (y^{(1)} − y^{(0)}) + s^{(1)} − s^{(0)} = Q(x^{(1)} − x^{(0)}).

Multiplying the second equation with x^{(1)} − x^{(0)} respectively with x^{(0)}, and using the first, gives Δb^T (y^{(1)} − y^{(0)}) = (x^{(1)} − x^{(0)})^T Q(x^{(1)} − x^{(0)}) (5) b^T (y^{(1)} − y^{(0)}) = (x^{(0)})^T Q(x^{(1)} − x^{(0)}). (6) So we may write ϕ(λ) as ϕ(λ) = ϕ(0) + λΔb^T y^{(0)} + 1 2 λ^2Δb^T (y^{(1)} − y^{(0)}).

Furthermore, Δb^T y^{(0)} = (x^{(1)} − x^{(0)})^T A^T y^{(0)} = (x^{(1)} − x^{(0)})^T (c − s^{(0)} + Qx^{(0)}) = (x^{(1)} − x^{(0)})^T c + b^T (y^{(1)} − y^{(0)}).

So, alternatively we have

ϕ(λ) = ϕ(0) + λ(b^T (y^{(1)} − y^{(0)}) + c^T (x^{(1)} − x^{(0)})) + 1 2 λ^2Δb^T (y^{(1)} − y^{(0)}). (7) The required equality now easily follows.

(ii) Assuming again λ_0 = 0 and λ_1 = 1, we have from (i) that ϕ(λ) is linear on [0, 1] if and only if Δb^T (y^{(1)} − y^{(0)}) = 0. Using (5) this is equivalent to (x^{(1)} − x^{(0)})^T Q(x^{(1)} − x^{(0)}) = 0 which holds if and only if Q(x^{(1)} − x^{(0)}). From (6) and (7) it follows that

ϕ(λ) = ϕ(0) + λ c^T (x^{(1)} − x^{(0)}). 2 With the results obtained so far we can prove the next theorem, giving a characterization of the optimal value function in terms of tripartitions.

Theorem 3.3 (i) The interval Λ can be partitioned in a finite set of subintervals such that the tripartition is constant on a subinterval.

(ii) The optimal value function ϕ(λ) is continuous, convex and piecewise quadratic on Λ.

Proof: (i) Since the number of possible tripartitions is finite and the number of elements of Λ is infinite it follows from Lemma 3.1 that Λ can be partitioned into (open) subintervals on which the tripartition is constant, while it is different in the singletons in between the subintervals. (ii) Corollary 3.2 implies that on each subinterval defined by a tripartition the function ϕ(λ) is quadratic. Since ϕ(λ) is convex (Lemma 2.2) it is continuous. 2

To illustrate the results sofar we give a small example.

Example 3.4 Let the CQP be defined by Q = 2 0 0 1 , c = 0 1 , A = (2 1), b = 2.

The vector of variation is taken to be Δb = 1. The next table gives maximal complementary solutions and the corresponding tripartitions as a function of λ.

x1 x2 s1 s2 B N T λ = −2 0 0 > 0 > 0 o/ {1, 2} o/ −2 < λ < −1 −^1_2λ − 1 0 0 −^1_2λ {1} {2} o/ λ = −1 1 0 0 0 {1} o/ {2} λ > −1 1 + λ/3 λ)/3 0 0 {1, 2} o/ o/.

Hence, ϕ(λ) is given by −2 ≤ λ ≤ −1 ϕ(λ) = 1 4 λ2 + λ + 1, λ ≥ −1 ϕ(λ) = 1 6 λ2 + λ + 1.

Note that the problem is infeasible for λ < −2. It is easy to check that ϕ(λ) is differentiable at λ = 0, although the tripartition changes in this point.

3.2 Derivatives and intervals

Let us call the transition-points of ϕ(λ) those points λ where the tripartition changes; in between the transition-points are the curvilinearity intervals or pieces. We will show that the transitionpoints occur exactly where the first or second order derivative of the optimal value function does not exist. Moreover, we prove that when taking maximal complementary solutions for two parameter values in a curvilinearity interval, a convex combination of these solutions is a maximal complementary solution for the corresponding parameter value (cf. Lemma 3.1). We first deal with the differentiability of ϕ(λ).

Lemma 3.5 If ϕ(·) is differentiable in λ then the derivative ϕ^′(λ) is given by Δb^T y, where y is any optimal solution of (QD_λ). Otherwise, the left and right first order derivatives ϕ^′_−(λ) and ϕ^′_+(λ) are given by ϕ^′_−(λ) = min_{x,y,s} { Δb^T y : Ax = b + λΔb, x_B˘ ≥ 0, x_N˘_{∪T}˘ = 0,

A^T y + s − Qx = c, s_N˘ ≥ 0, s_B˘_{∪T}˘ = 0 } , (8)

ϕ^′_+(λ) = max_{x,y,s} { Δb^T y : Ax = b + λΔb, x_B˘ ≥ 0, x_N˘_{∪T}˘ = 0,

A^T y + s − Qx = c, s_N˘ ≥ 0, s_B˘_{∪T}˘ = 0 } . (9)

Proof: Let λ ∈ int(Λ) and ϵ ∈ IR sufficiently small. Then it holds for any optimal solution (x(λ),y(λ),s(λ)) of (QD_λ) that

ϕ(λ + ε) = (b + (λ + ε)Δb)^T y^{(λ+ε)} − 1 2 (x^{(λ+ε)})^T Qx^{(λ+ε)} ≥ (b + λΔb)^T y(λ) − 1 2 x(λ)^T Qx(λ) + εΔb^T y(λ) = ϕ(λ) + εΔb^T y(λ), so the right and left derivatives at λ satisfy

ϕ^′_+(λ) = lim_{ε↓0} ϕ(λ + ε) − ϕ(λ) ε ≥ Δb^T y(λ), ϕ^′_−(λ) = lim_{ε↑0} ϕ(λ + ε) − ϕ(λ) ε ≤ Δb^T y(λ). If ϕ(λ) is differentiable at λ then we necessarily have ϕ^′(λ) = Δb^T y(λ) for any optimal solution y(λ) of (QD_λ). Otherwise, note that the objective value of each y feasible in (QD_λ) as a function of λ is linear with slope Δb^T y. Since ϕ(·) is assumed to be not differentiable in λ there must be different optimal solutions with different slope. We will restrict to proving (8), the proof of (9) is analogous. Let us consider a maximal complementary solution (x^∗(ϵ), y^∗(ϵ), s^∗(ϵ)) of (QD_{λ−ϵ}). Let ϵ > 0 be chosen to assure that ϕ(λ) is differentiable in λ − ϵ. Furthermore, let us denote x(λ), y(λ) and s(λ), the optimal solution used in the upper part of the proof, by x, y and s. It easily follows that ϕ^′(λ − ϵ) = Δb^T y^∗(ϵ). Since ϕ^′(·) is increasing (ϕ(·) is convex) we conclude that ϕ^′(λ − ϵ) = Δb^T y^∗(ϵ) ≤ ϕ^′_−(λ) ≤ Δb^T y.

Taking the limit of ϵ ↑ 0, it holds

Δb^T y^∗ ≤ ϕ^′_−(λ) ≤ Δb^T y, (10)

where y^∗ denotes the limit of y^∗(ϵ) when ϵ ↑ 0. Since, ϕ(λ) is continuous, we conlude that y^∗ is optimal in (QD_λ). Thus, it is feasible in (8). From (10) we conclude that y^∗ should be optimal in (8), but y was already an optimal solution of (8). Thus, y^∗ = y which completes the proof. For (9) an analogous argument holds. 2

The next result shows a property of strictly complementary solutions of (8) and (9), that will be needed later on.

Lemma 3.6 Assume that λ = 0 is a transition-point of the optimal value function with tripartition π_0 = (B_0, N_0, T_0); further assume that the (open) curvilinearity interval to the right of zero contains λ = 1 with tripartition π_1 = (B_1, N_1, T_1). Let (x^∗, y^∗, s^∗) be a strictly complementary solution of (9) with λ = 0. Then, σ(x^∗) ⊆ B_1 and σ(s^∗) ⊆ N_1.

Proof: On (0, 1] the tripartition is constant, hence convex combinations of maximal complementary solutions for two values in this interval are optimal in between these two values (cf. (1)). Taking limit to zero implies the existence of (x, y, s), optimal in (QP_0) and (QD_0), with σ(x) ⊆ B_1, σ(s) ⊆ N_1 and Δb^T y = ϕ^′_+(0) = Δb^T y^∗. Since (x^∗, y^∗, s^∗) and (x, y, s) are both optimal in (QP_0) and (QD_0), Lemma 2.1 implies

(x^∗)^T s^{(1)} = (x^∗)^T (c + Qx^{(1)} − A^T y^{(1)}) = c^T x + x^T Qx^{(1)} − x^T A^T y^{(1)} = x^T s^{(1)} = 0, and (x^{(1)})^T s^∗ = (x^{(1)})^T (c + Qx^∗ − A^T y^∗) = (x^{(1)})^T (c + Qx) − (b + Δb)^T y^∗ = (x^{(1)})^T (c + Qx) − (b + Δb)^T y = (x^{(1)})^T (c + Qx − A^T y) = (x^{(1)})^T s = 0.

Consider now for ϵ ∈ (0, 1)

x(ε) = (1 − ε)x^∗ + ε x^{(1)}, y(ε) = (1 − ε)y^∗ + ε y^{(1)}, s(ε) = (1 − ε)s^∗ + ε s^{(1)},

then x(ε) and s(ε) are feasible and complementary in (QP_ε) and (QD_ε), hence optimal. So it holds σ(x^∗) ⊆ B_1 and σ(s^∗) ⊆ N_1. 2

Obviously, a similar result can be obtained for the interval to the left of a transition-point, using the solution of (8).

Theorem 3.7 The transition-points of the optimal value function occur exactly where its first or second order derivative does not exist.

Proof: Suppose to the contrary that the optimal value function is quadratic on say [−1, 1], while the tripartition is π_0 for λ = 0, π_{−1} on [−1, 0) and π_1 on (0, 1]. Since the optimal value function is differentiable in λ = 0, it follows from the proof of Lemma 3.6 that x(ε) := (1 − ε)x^{(−1)} + εx^{(0)} is optimal in (QP_{ε−1}) for ε ∈ (0, 1), while x(ε) := (1−ε)x^{(0)}+εx^{(1)} is optimal in (QP_ε) for ε ∈ (0, 1). Since the derivative of the optimal value function is linear on [−1, 1] it follows that (x^{(−1)}+x^{(1)})/2 is optimal in (QP_0). This implies B_1∪B_{−1} ⊆ B_0. Similarly one shows N_1 ∪N_{−1} ⊆ N_0. Combining this result with Lemma 3.6 it follows B_1 = B_{−1} = B_0 and N_1 = N_{−1} = N_0 contradicting the assumption. 2

The next theorem states that on a curvilinearity interval, a convex combination of two maximal complementary solutions is a maximal complementary solution on this interval again.

Theorem 3.8 Let (x^{(0)}, y^{(0)}, s^{(0)}) and (x^{(1)}, y^{(1)}, s^{(1)}) denote some maximal complementary solutions of (QP_0), (QD_0) and (QP_1),(QD_1) respectively. For λ ∈ [0, 1]

x(λ) := (1 − λ)x^{(0)} + λx^{(1)}

y(λ) := (1 − λ)y^{(0)} + λy^{(1)}

s(λ) := (1 − λ)s^{(0)} + λs^{(1)}

are maximal complementary solutions of (QP_λ) and (QD_λ) if and only if π(λ) is independent of λ, for all λ in the closed interval [0, 1].

Proof: [⇒] : Let 0 < λ_1, λ_2 < 1 be arbitrary. Consider the optimal solutions (x(λ_1), y(λ_1), s(λ_1)) and (x(λ_2), y(λ_2), s(λ_2)). We want to show that π(λ_1) = π(λ_2). To this end, suppose x_i(λ_1) = 0, this means that (x^{(1)})_i = (x^{(0)})_i = 0. So x_i(λ_2) = 0. Thus N_{λ1} ∪T_{λ1} = N_{λ2} ∪T_{λ2} , which indicates that B_{λ1} = B_{λ2}. Now suppose that s_k (λ_1) = 0, which means that (s^{(0)})_k = (s^{(1)})_k = 0. Thus, s_k (λ_2) = 0. So, B_{λ1} ∪ T_{λ1} = B_{λ2} ∪ T_{λ2} . Hence, N_{λ1} = N_{λ2} . Combining these results, we must also have T_{λ1} = T_{λ2} , which completes the proof.

[⇐] : See the proof of Lemma 3.1. 2

To obtain the tripartition in a neighboring curvilinearity interval we have to solve an auxiliary QP problem. This is contrary to the LP case, where (see Adler and Monteiro [1], Jansen et al. [20]) the (tri)partition follows as a byproduct of computing the left and right derivatives (8) and (9). The next lemma shows how we can obtain the tripartition in the neighboring curvilinearity interval.

Lemma 3.9 Consider the situation as in Lemma 3.6. Let (x^∗, s^∗) belong to a strictly complementary solution of (9) for λ = 0, and define B := σ(x^∗), N := σ(s^∗), T := {1, . . ., n} \ (B ∪ N ). Consider min_{ξ,ρ,η} { −Δb^T η + ξ^T Qξ : Aξ = Δb, A^T η + ρ − Qξ = 0, ξ_N = 0, ρ_B = 0, ξ_T ≥ 0, ρ_T ≥ 0 } , (11) and let (ξ^∗, ρ^∗, η^∗) belong to a maximal complementary solution of (11). Then B_1 = B ∪ {i : ξ^∗_i > 0}, N_1 = N ∪ {i : ρ^∗_i > 0}, and T_1 = {1, . . ., n} \ (B_1 ∪ N_1). Proof: It is easy to check that for a feasible solution of (11) −Δb^T η + ξ^T Qξ = ξ^T (Qξ − A^T η) = ξ^T ρ = ξ^T ρ_T ≥ 0.

The dual of (11) is given by max δ,ξ,γ,ζ { Δb^T δ − ξ^T Qξ : Aζ = Δb, A^T δ + γ + Qζ − 2Qξ = 0, γ_B = 0, ζ_N = 0, γ_T ≥ 0, ζ_T ≥ 0 } , and for a feasible solution it holds Δb^T δ − ξ^T Qξ = δ^T Aζ − ξ^T Qξ = −ζ^T γ − (ζ − ξ)^T Q(ζ − ξ) ≤ 0. Consequently, the optimal value of (11), if it exists, is zero. Consider the assignment ξ = ζ = x^{(1)} − x^∗, ρ = γ = s^{(1)} − s^∗, η = δ = y^{(1)} − y^∗, which satisfies the first two linear equalities in (11). Using the fact that B ⊆ B_1 and N ⊆ N_1 (Lemma 3.6) it follows ξ_N = x^{(1)}_N − x^∗_N = 0, ξ_T = x^{(1)}_T − x^∗_T = x^{(1)}_T ≥ 0, and ρ_B = s^{(1)}_B − s^∗_B = 0, ρ_T = s^{(1)}_T − s^∗_T = s^{(1)}_T ≥ 0, and so ξ^T ρ_T = 0, implying that the assignment is an optimal solution. The fact that (x^{(1)}, s^{(1)}) is maximal complementary implies that the assignment must be maximal complementary in (11) as well, implying the result. 2

In case a parameter value is not a transition-point of the optimal value function the curvilinearity interval must be computed. This can be done by solving appropriate LP problems.

Lemma 3.10 Let (λ, λ) be an interval on which the tripartition is constant and given by π = (B, N , T ), and such that π_λ ≠ π and π_λ ≠ π. Then λ = min_{λ,x,y,s} { λ : Ax − λΔb = b, x_B ≥ 0, x_{N ∪T} = 0, A^T y + s − Qx = c, s_N ≥ 0, s_{B∪T} = 0 } , (12) λ = max_{λ,x,y,s} { λ : Ax − λΔb = b, x_B ≥ 0, x_{N ∪T} = 0, A^T y + s − Qx = c, s_N ≥ 0, s_{B∪T} = 0 } . (13)

Proof: We prove (12). For any λ ∈ (λ, λ) the pair (λ, x^{(λ)}, y^{(λ)}, s^{(λ)}) is feasible in (12). If the minimum value of the LP problem in (12) would be smaller than λ then a linear combination of the corresponding solution and a maximal complementary solution at λ ∈ (λ, λ) would give a contradiction with the definition of (B, N , T ) at λ. The proof of (13) is similar. 2

It need not be the case that a strictly complementary solution of (12) or (13) gives the tripartition in the corresponding transition-point, as is the case in LP [1, 20]; only some of the primal and dual variables can be shown to be either in its B or N part. Instead, to compute the tripartition in the transition-point the CQP problem itself needs to be solved here, while using the information on some of the variables.

Example 3.11 Consider the following MV-model,

min_x { 1 2 x^T Qx : Ax = b + λΔb, x ≥ 0 }

where Q = 3 3 −1

3 11 23

−1 23 75 , A = 1 1 1 1 3 5 , b = ( 1 0 ) , Δb = ( 0 1 ) ,

In λ = 3 the primal optimal solution is unique, whereas the dual optimal solution is nonunique. The next table shows the maximal complementary solution and its tripartition in λ = 3 and the two basic solutions with their corresponding supports.

x1 x2 x3 s1 s2 s3 y1 y2 B N T basic solution 0 1 0 0 0 4 -1 4 {2} {3} {1}

max. compl. sol. 0 1 0 2 0 2 -4 5 {2} {1,3} o/

basic solution 0 1 0 4 0 0 -7 6 {2} {1} {3}

The reader can verify that the optimal value function is not continuously differentiable in λ = 3.

In the next section we will outline an algorithm for computing the optimal value function. We will also consider two special cases LP, and nondegenerate QP.

3.3 Computing the optimal value function

All the ingredients for the computation of the optimal value function have been obtained at this stage. The algorithm is outlined as follows (note: by ‘solve’ we mean ‘compute a maximal complementary solution of’)

1. Solve (QP_λ) for some initial λ_0; 2. Solve (13) to obtain λ, a transition-point; 3. Solve (QP_λ) to compute the tripartition in λ; 4. Solve (9) to obtain the slope and a support;

5. Solve (11) to obtain the tripartition of the next interval and proceed with Step 2.

Evidently, if the problem in Step 2 or Step 4 is unbounded or infeasible the algorithm stops. The part of the optimal value function to the left of λ_0 can be computed analogously.

With respect to the complexity of the algorithm we mention that each subproblem can be solved in polynomial time with an interior point algorithm. However, even in LP there can be exponentially many transition-points (Murty [29]).

Let us consider two special cases of the algorithm.

Linear Programming

Since LP is a special case of QP, the algorithm is also applicable to LP. Putting Q := 0, the relation between our results and that of Jansen et al. [20] is not directly clear. We will show here how the LP problem of Jansen et al. [20] for finding the partition on a linearity interval can be obtained from the algorithm.

Let λ = 0 denote a transition-point and let its corresponding partition be denoted by (B_0, N_0). To obtain the partition on the linearity interval to the right of λ = 0, we first need to solve the following LP problem. max_{x,y,s} { Δb^T y : Ax = b + λΔb, x_{B0} ≥ 0, x_{N0} = 0, A^T y + s = c, s_{N0} ≥ 0, s_{B0} = 0 }

(14)

Let (x^∗, s^∗) belong to a strictly complementary solution of (14). Define B := σ(x^∗), N := σ(s^∗) and T := {1, . . ., n}\(B ∪ N ). The second problem we need to solve, to obtain the partition on the linearity interval to the right of λ = 0, is max_{x,y,s} { Δb^T y : Ax = Δb, x_T ≥ 0, x_N = 0, A^T y + s = 0, s_T ≥ 0, σ_B = 0 },

(15)

Note that the set T is not empty in general since B and N are defined as the support of x^∗ and s^∗ respectively. Solving (14) is independent of x. Therefore, we can delete the equalities and inequality in x. We obtain

max_y { Δb^T y : A^T y + s = c, s_{N0} ≥ 0, s_{B0} = 0 } (16)

This LP problem is exactly the primal problem of Jansen et al. [20]. The optimal value of (15) is Δb^T y = c^T x = 0 Therefore, we can as well minimize c^T x for this problem. The optimal value is independent of y, thus we obtain

min_x { c^T x : Ax = Δb, x_{N0} ≥ 0 }, (17)

where we have used that the set T contains parts of B_0 and N_0.

It is not difficult to see that (16) and (17) are dual problems. The LP problems (16) and (17) are precisely those in the analysis of Jansen et al. [20]. In the algorithm for parametric LP we only need to solve one LP and obtain a strict complementary solution of this LP. This yields the optimal partition. A similar result holds for finding the partition in a breakpoint.

The resulting algorithm for LP consists of solving one LP problem for each partition. It will be clear that the amount of work to obtain the partitions is considerably less than in the case of CQP.

Nondegenerate Parametric CQP Problems

For nondegenerate CQP problems (we only need nondegeneracy in the transition-points) the algorithm also simplifies. In the case of nondegeneracy, the optimal value function is continuously differentiable (this follows from Lemma 3.5). Thus, solving (8) and (9) is not necessary, since the solutions in the transition-points are unique. Moreover, when we solve (12) and (13), we obtain the optimal tripartition in a transition-point, due to the uniqueness of the solutions. The amount of work decreases significantly for nondegenerate problems. In the case of nondegeneracy we only need to solve an LP to obtain the tripartition in a transition-point and a QP to obtain the tripartition on a curvilinearity interval.

If we compare the algorithm for LP and the algorithm for nondegenerate CQP problems to the general algorithm we see that in the algorithm for LP and the algorithm for nondegenerate CQP problems only two problems have to be solved per ‘iteration’, while in the algorithm for degenerate CQP we need four problems per ‘iteration’^1. This has to do with the ‘difficulty’ of a degenerate transition-point and the set T . To deal with this transition-point in the case of degeneracy and without strict complementarity (set T is not empty), we need to solve three problems, instead of only one.

4 Application to mean{variance models

An important application of the parametric CQP problem is the computation of an efficient frontier for mean–variance models, introduced by Markowitz [26]. Given assets with expected return r_i and covariances v_{ij} , the problem is to find portfolios of the assets that have minimal variance given a level of total return, and maximal return given a level of total variance.

1By iteration we mean finding a transition-point and a (curvi)linearity interval.

Mathematically, if x_i is the proportion invested in asset i then the basic mean–variance problem is min_x { 1 2 x^T V x : e^T x = 1, r^T x = λ, Dx = d, x ≥ 0 } , where e is an all–one vector, and Dx = d may represent additional constraints on the portfolios to be chosen (for instance those related to volatility of the portfolio). This problem can be viewed as a (right–hand side) parametric CQP problem, with parameter λ representing the total return of investment. The efficient frontier is then just the optimal value function^2.

Since the publication of Markowitz’s monograph [26] in 1959, people have been interested in an analytic derivation of the efficient frontier. Markowitz considered the case of nondegeneracy and developed an algorithm to compute the efficient frontier using a simplex–type critical line algorithm. Merton [27] considered the problem under the assumption of positive definiteness of the covariance matrix V and under allowing short sales. Mathematically allowing short sales is equivalent to letting x be a free variable. In this case the efficient frontier is differentiable and quadratic. It can easily be shown that when x is free, the constrained CQP problem can be regarded as an unconstrained CQP. Merton’s approach is used in many standard textbooks (e.g. [18, 33]). Szegő [33] and Vörös [35] examined the mean–variance model, where short sales are not allowed. They concluded that the efficient frontier is convex, and continuously differentiable. Later Vörös [36] showed, with a counterexample, that the efficient frontier is not always continuously differentiable, despite the conclusions in [33, 35]. Moreover, he showed that it is continuously differentiable when V is diagonal. Independently, Kriens and Van Lieshout [22] also considered the efficient frontier in the nondegenerate case (V is positive definite) and presented an analytic derivation. Until now, the degenerate case was not explicitly considered and dealt with. Existing methods are not able to handle degenaracy correctly.

The theoretical results in this paper can immediately be applied to this problem. This has some useful practical consequences. First, the presented algorithm can be applied to mean–variance models, even in the case of degeneracy, to derive the efficient frontier. Second, the efficient frontier is piecewise quadratic; the quadratic parts correspond to intervals where the set of assets that can occur in some efficient portfolio is the same, while there exist linearly varying ‘maximal complementary portfolios’ over such an interval. Maybe even more importantly, the tripartition shows which of the assets will never appear in an efficient portfolio given a specified return. Hence, it gives an unambiguous separation in important assets and not important assets. This accounts for more stability in our approach, as opposed to using bases. For LP Greenberg [15] has given some other practical applications where the (tri)partition is absolutely necessary.

Since we use optimal sets instead of just one optimal solution, we might choose among these solutions one that fits best a subsidiary goal, thereby alleviating a drawback of this model given by Michaud [28]. An advantage of using certain interior point methods for solving a mean–variance model, is that during the iterations feasible solutions can be obtained (so having the given level of return) with decreasing variance. Hence, the optimal (efficient) portfolio is obtained as the limit of a sequence of near–efficient portfolios, which can also be useful in practice if robust solutions are needed.

We conclude this paper with an example of a mean–variance model and its efficient frontier. It

2Note that in most textbooks the level of return is on the vertical axis instead of on the horizontal axis.

is taken from Vörös [36], who claims it to be a real–world example.

Example 4.1 Consider the following MV-model, min_x { x^T V x : e^T x = 1, r^T x = λ, x ≥ 0 } where

V =

0.82 −0.23 0.155 −0.013 −0.314 −0.23 0.484 0.346 0.197 0.592 0.155 0.346 0.298 0.143 0.419 −0.013 0.197 0.143 0.172 0.362 −0.314 0.592 0.419 0.362 0.916 r = ( 1.78 0.37 0.237 0.315 0.49 )_T . The next table shows the tripartitions, curvilinearity intervals and transition-points (rounded off to three digits).

B N T λ = 0.237 {3} {1,2,4,5} o/ 0.237 < λ < 0.505 {1,3,4} {2,5} o/ λ = 0.505 {1,3,4} {5} {2} 0.505 < λ < 0.520 {1,2,3,4} {5} o/ λ = 0.520 {1,2,4} {5} {3} 0.520 < λ < 1.065 {1,2,4} {3,5} o/ λ = 1.065 {1,2,4} {3} {5} 1.065 < λ < 1.145 {1,2,4,5} {3} o/ λ = 1.145 {1,2,5} {3} {4} 1.145 < λ < 1.392 {1,2,5} {3,4} o/ λ = 1.392 {1,5} {3,4} {2} 1.392 < λ < 1.780 {1,5} {2,3,4} o/ λ = 1.780 {1} {2,3,4,5} o/

In this example the efficient frontier is continuously differentiable. Furthermore, only 13 of the 243 possible tripartitions occur. When λ > 1.780 or λ < 0.237, (QP)_λ is infeasible, while (QD)_λ is unbounded.

Although in the example the set T is empty on intervals, we remark that this is not true in general. Furthermore, the optimal value function need not be differentiable, as follows immediately from the LP case.

5 Concluding remarks

We have given a characterization of the optimal value function in degenerate quadratic programming using maximal complementary solutions and the induced tripartitions. A subject of further research is to incorporate this approach in an efficient (interior point) implementation, and to test its practical value. Our preliminary computations on QP models with up to 200 variables and constraints have shown this to be viable, where we used an implementation of a predictor-corrector primal-dual path-following interior point method in Matlab 4.2, Mathworks, Inc. to solve the linear and quadratic problems involved. Furthermore, a more close comparison of the procedure presented here with existing methods for mean–variance models is subject of future research. Finally, it is worthwile investigating whether ideas can be generalized to linear complementarity problems with sufficient matrices, quadratically constrained quadratic programming, convex programming and semi–definite programming.

References

[1] Adler, I. and Monteiro, R.D.C. (1992), A Geometric View of Parametric Linear Programming, Algorithmica 8, 161–176.

[2] Bank, B., Guddat, J., Klatte, D., Kummer, B. and Tammer, K. (1983), Non–linear Parametric Optimization, Birkhauser Verlag, Basel, Switzerland.

[3] Boot, J.C.G (1964), Quadratic Programming: Algorithms, Anamolies and Applications, Studies in Mathematical and Managerial Economics, Vol. 2., North-Holland Publishing Company, Amsterdam, The Netherlands.

[4] Carpenter, T.J., Lustig, I.J., Mulvey, J.M. and Shanno, D.F. (1993), Higher Order Predictor-Corrector Interior Point Method SIAM Journal on Optimization 3, 696–725.

[5] G.B. Dantzig. Linear Programming and Extensions. Princeton University Press, Princeton, 1963.

[6] Dempe, S. (1993), Directional Differentiability of Optimal Solutions under Slater’s Condition, Mathematical Programming 59, 49–69.

[7] Dubeau, F. and Gauvin, J. (1983), Some Examples and Counterexamples for the Stability Analysis of Nonlinear Programming Pro Mathematical Programming Study 21, 69–78.

[8] Eaves, B.C. (1971), On Quadratic Programming, Management Science 17, 698–711. [9] Fiacco, A.V. (1983), Introduction to Sensitivity and Stability Analysis in Nonlinear Programming, Academic Press, New York, USA.

[10] Fiacco, A.V. and McCormick, G.P. (1968), Nonlinear Programming: Sequential Unconstrained Minimization Techniques. John Wiley & Sons, New York. (Reprint: Volume 4 of SIAM Classics in Applied Mathematics, SIAM Publications, Philadelphia, USA, 1990).

[11] Gal, T. (1986), Shadow Prices and Sensitivity Analysis in Linear Programming under Degeneracy, State-of-the-Art-Survey. OR Spektrum 8, 59–71.

[12] Gauvin, J. and Tolle, J.W. (1977), Differential Stability in Nonlinear Programming, SIAM Journal of Control and Optimization 15, 294–311.

[13] Goldman, A.J. and Tucker, A.W. (1956), Theory of Linear Programming, in Linear Inequalities and Related System (H.W. Kuhn and A.W. Tucker, eds.), Annals of Mathematical Studies, No. 38, Princeton University Press, Princeton, New Jersey, 53–97.

[14] Gonzaga, C.C. (1992), Path Following Methods for Linear Programming, Siam Review 34, 167–224.

[15] Greenberg, H.J. (1994), The Use of the Optimal Partition in a Linear Programming Solution for Postoptimal Analysis, Operations Research Letters 15, 179–185.

[16] Güler, O. and Ye, Y. (1993), Convergence Behavior of Interior–Point Algorithms, Mathematical Programming 60, 215–228.

[17] Houthakker, H.S. (1960), The Capacity Method of Quadratic Programming, Econometrica 28, 62–87.

[18] Ingersoll, J.E. (1986), Theory of Financial Decision Making, Rowmann & Littlefield Publishers, Maryland.

[19] Janin, R. (1984), Directional Derivative of the Marginal Function in Nonlinear Programming, Mathematical Programming Study 21, 110–126.

[20] Jansen, B., Roos, C., and Terlaky, T. (1992), An Interior Point Approach to Postoptimal and Parametric Analysis in Linear Programming, Technical Report 92–21, Faculty of Applied Mathematics and Computer Science, Delft University of Technology, Delft, The Netherlands.

[21] Jittorntrum, K. (1984), Solution Point Differentiability Without Strict Complementarity in Nonlinear Programming, Mathematical Programming Study 21, 127–138.

[22] Kriens, J.W. and Lieshout, van J.Th. (1988), Notes on the Markowitz Portfolio Selection Method, Statistica Neerlandica 42, 181–191.

[23] Kyparisis, J. (1986), Uniqueness and Differentiability of Solutions of Parametric Nonlinear Complementarity Problems, Mathematical Programming 36, 105–113.

[24] Malanowski, K. (1985), Differentiability with respect to Parameters of Solutions to Convex Programming Problems, Mathematical Programming 33, 352–361.

[25] Markowitz, H.M. (1956), The Optimization of a Quadratic Function Subject to Linear Constraints, Naval Research Logistics Quarterly 3, 111-133.

[26] Markowitz, H.M. (1959), Portfolio Selection, Efficient Diversification of Investments, Cowles Foundation for Research in Economics at Yale University, Monograph 16, John Wiley & Sons, New York.

[27] Merton, R.C. (1972), An Analytic Derivation of the Efficient Portfolio Frontier, Journal of Financial and Quantitative Analysis, sept., 1851–1872.

[28] Michaud, R.O. (1989), The Markowitz Optimization Enigma: Is ‘Optimized’ Optimal?, Financial Analysts Journal, jan.{feb., 31–42.

[29] Murty, K.G. (1980), Computational Complexity of Parametric Linear Programming, Mathematical Programming 19, 213–219.

[30] Robinson, S.M. (1980), Strongly Regular Generalized Equations, Mathematics of Operations Research 5, 43–62.

[31] Rockafellar, R.T. (1984), Directional Differentiability of the Optimal Value Function in a Nonlinear Programming Problem, Mathematical Programming Study 21, 213–226.

[32] Rubin, D.S. and Wagner, H.M. (1990), Shadow Prices: Tips and Traps for Managers and Instructors, Interfaces 20, 150–157.

[33] Szegő, G.P. (1980), Portfolio Theory, Academic Press, New York.

[34] Vanderbei, R.J. (1995), LOQO: An Interior Point Code for Quadratic Programming, Technical Report, Department of Civil Engineering and Operations Research, Princeton University, Princeton, NJ 08544.

[35] Vörös, J. (1986), Portfolio Analysis: An Analytic Derivation of the Efficient Portfolio Frontier, European Journal of Operations Research 23 (3), 294–300.

[36] Vörös, J. (1987), The Explicit Derivation of the Efficient Portfolio Frontier in the case of degeneracy and general singularity, European Journal of Operations Research 32, 302–310.

[37] Wolfe, P. (1959), The Simplex Method for Quadratic Programming, Econometrica 27, 382–398.