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Chapter 1

Introduction

1.1 Background

Clinical Decision Sciences

Clinical decision sciences is a field of research that aims to analyse and support clinical
decision making for individual patients. Three important aspects of clinical decision
making are diagnosis, therapy planning and prognosis. In brief, diagnosis is concerned
with finding an explanation for an observed set of symptoms and clinical findings in
terms of diagnostic categories. In therapy planning, the focus is on comparing the
benefits and risks of various treatment modalities to arrive at a therapy choice that is
optimal in view of the uncertainties involved. Prognosis is concerned with assessing the
likelihood of possible outcomes that may oceur during a disease process, such as mor-
tality and morbidity. Central to the field of clinical decision making is reasoning under
nncertainty and reasoning about preferences. For this purpose, in clinical decision sci-
ences various techniques are available. An overview of general decision analytic tech-
niques can be found in [Von Winterfeldt & Edwards, 1986, Raiffa & Schlaifer, 1961,
Keeney & Raiffa, 1876, Chernoff & Moses, 1959]; techniques tailored to clinical deci-
sion problems are discussed in [Weinstein & Fineberg, 1980, Pauker & Kassirer, 1980,
Sox et al., 1988, Habbema & Hilden, 1979, Habbema et al., 1981, Habbema et al.,
1990].

In prognosis and diagnosis, reasoning with uncertainty plays an important role.
To support the prognostic and diagnostic task, in classical decision analysis, regression
techniques are used. They provide, for an individual patient, a quantitative assessment
of the probability of the outcome under consideration, Regression techniques establish
from data the relation between a clinically relevant outcome measure, such as one year
mortality as a result of a specific disease, and a set of determinants, The resulting re-
gression model gives, for an individual patient, the probability of the outcome by filling
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in the appropriate values of the determinants. Examples of regression techniques are
probit analysis and logistic regression analysis {Hosmer & Lemeshow, 1989]. In a probit
analysis, the linear predictor, which is a multitinear combination of the determinants.
under consideration, is assumed to obey a normal probability distribution. Under this
assumption, the unknown parameters in the functional relation between this linear
predictor and the probability of the outcome are established from data. In a logistic
regression analysis, the unknown paramecters relating the determinants to the ontcome
arc established in a similar way, this time under the assumption that, conditional on
the values of the determinants included, the outcome satisfies a binomial distribution.
Both probit and logistic regression analysis focus on the occurrence of a specific event.
However also the time until the ocawrrence of an event may be of interest. The statis-
tical technique establishing the relation helween the time until occurrence of an event
and a set of determinants is called a survivel analysis [Lawless, 1982]. Two examples of
regression niethods in survival analysis are Cox regression and Poisson regression. For
details on the underlying assumptions of both types of analysis and their appropriate
use, we refer to [Kalbfleisch & Prentice, 1980] and [Breslow & Day, 1987].

In therapy planning, the two ’classical’ techniques for supporting decision mak-
ing under uncertainty are the threshold model and the decision tree. In a threshold
analysis, various probabilities of disease are established that divide the probability
range into inteyvals where a specific action, be it treatment, farther testing, or neither
of the two, is considered to be optimal [Pauker & Kassirer, 1980]. For example, the
treatment threshold probability of disease is the probability at which a physician is
indifferent between giving treatment and withholding treatment. If, for a speeific pa-
tient, the probability of disease excecds the treatment threshold probability, then this
physician will decide to treat the patient as if the disease were known to be present
with eertainty. Alternatively, the physician will withhold treatment from the patient.
In addition, various threshold probabilities for testing may be established. The various
threshold probabilities of disease may be obtained from a physician. In establishing
the thresholds, the physician will carefully weigh the (expected) benefits of treatment
or testing and the risks involved. In the assessments for the threshold probabilities,
the wutilities or preference values of all possible outcomes are implicitly incorporated.
The resulting threshold model may support an attending physician to decide wpon
treatment or testing based upon the probabilily of disease for a specific patient under
consideration,

The decision tree is the best known, and probably most used, analytic tool for
supporting decision making under uncertainty. A decision tree provides for displaying
the temporal sequence of decision moments and events in a clinical decision problem,
its form reveals the decision alternatives that are available to the decision maker or
physician, the evenis that may lollow from each alternative aud that hence may af-
fect the decision, and the outcomes that are associated with each possible scenario of
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decision alternatives and conseqnences. A decision tree is built from left to right. Usu-
ally, its first branching point, at the extreme left, is a decision node. A decision node,
indicated by a square, represents a decision moment at which one of various decision
alternatives can be selected. Each alternative is associated with a branch emanating
from the decision node. Depending on the alternative chosen at the first decision node,
a sequence of future decisions and uncertain events may follow. Each uncertain event
is represented by a stochastic variable, whose corresponding node is depicted as a cir-
cle in the decision tree. The possible values a stochastic variable can take are again
explicitly depicted by the branches emanating from its associated node. The leaves, at
the extreme right, of a decision tree represent the ultimate outcome to the patient of
following a specific path consisting of decision alternatives and values for chance events
from left to right in the tree.

The structure of the decision tree, as deseribed above, is supplemented with condi-
tional probabilities and utilities, These are called the parameters of the decision tree.
For every stochastic variable, the probabilities of its values conditional on the path
in the decision tree to the left of the associated node are required. For all possible
outeomes, furthermore, a prelerence value, called wfility, should be established. The
conditional probhabilities in a decision tree can be provided by one or more physicians
— these are called subjective probability estimates — or they can be estimated from
data. Fo obtain a patient-specific probability from data often logistic regression mod-
els or other regression models are used. In that case, prediction moedels developed for a
specific patient population provide the input for a decision tree describing the clinical
decision problem for an individual patient, The ulilities in a decision tree are usually
provided by physiciaus, but they can also be assessed by patients to whom the decision
problem is relevant {Jansen ef el., 1098]. For probability and utility elicitation, various
techniques are available [Keeney & Raiffa, 1976, Stiggelbout, 1995].

A gnantified decision tree is evaluated by averaging out and folding back the tree,
Averaging out is the process of removing stochasiic nodes from right to left in the de-
cision tree by multiplying the probabilities of each branch emanating from a stochastic
node by the utility attached to it and summing the resulting values of all branches at
the node. Folding back refers to pruning all but the most preferred brauch at a deci-
sion node and assigning the value that is attached (o this branch to the decision node.
Averaging out and folding back is described in detail in [Weinstein & Fineberg, 1980].
As a result of this sequential process of averaging out and folding back along the
branches of the decision tree, the preferred decision alternative at the first decision
node is obtained. This preferred decision alternative, for the patient under considera-
tion, maximises expected utility.

Constructing a decision tree for a decision problem gives insight into the structure of
the problem and the prelerences of the decision maker, that is, the person supplying the
utility estimates. To obtain more detailed insight into the various aspects of the prob-
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lem and its representation, additional techniques for analysing a decision tree are avail-
able. A sensitivity analysis, for example, provides insight into the effect of varying one
or more parameters, that is probability or utility estimates, on the decision alternative
with maximum expected utility {Weinstein & Fineberg, 1980, Habbema et of., 1990].
It reveals the sensitivity of the preferred decision alternative to parvameter variation,
and, as such, gives an indication of the robustness of the preferred decision. Moreaver,
it reveals which parameters upon variation have a large effect on the preferred deci-
sion alternative and should therefore be assessed with care. An uncertainly enalysis,
also called a probabilistic or stochastic sensitivity analysis, shows the impact of un-
certainty in the parameters in the decision tree on the preferred decision alternative
[Morgan & Henrion, 1990, Habbema et al., 1990]. Instead of taking a fixed value for
each parameter in the tree, for cach parameter a value is drawn from a distribution, for
example the lognormal distribution. For a set of drawn values for all parameters in the
tree the preferred decision alternative is computed. This is repeated a large number
of times to obtain an empirical probability distribution over the decision alternatives
available. The results of an uncertainty analysis show the joint effect of uncertainty in
all parameter estimates on the preferred decision alternative.

Two other insightful analyses of a decision tree are the computation of the ezpected
value of perfect information, or EVPI, and the expected value of perfect control, or EVPG.
The BEVPIis a measure of the importance of knowing the value of an, either observable or
unobservable, stochastic variable. It is computed as the expected difference in maximum
expected utility with and without knowing the value of this variable. The EvPI provides
an upper hound for the value of additionat testing, before this test is actually carried
out. The EvPe is closely related to the EvPL It is a measure of the importance of
controlling the value of a stochastic variable. The EvPc thus provides an upper bound
for the gain in expected utility that can be achieved from improving tests or treatments,
For example, by computing the expected value of having an operation mortality of 0%,
we obtain insight in the maximum gain that can be expected from trying to decrease
operation mortality.

Decision-theoretic Networks

From the discussion above, it will be clear that there is a wealth of decision-analytic
techniques available for analysing and solving decision problems in medical practise.
They form the theoretical basis of the art of clinical decision analysis as practised to-
day. However, the techniques described also have various shortcomings. A regression
model for prognosis, for example, has a relatively simple structure in which complicated
inleractions among determinants or between determinants and the outcome under con-
sideration cannot be captured. Althongh the values of the regression coefficients often
have an intuitive interpretation in terms of the mechanism that relates the determi-
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nants to the outcome, there is no detailed model of the underlying disease. A decision
tree, although insightful for small problems, may rapidly become ’bushy’ for compli-
cated problems in which many decision moments and chance events are taken into
account. For complicated problems, the decision tree may give rise to confusion rather
than giving insight in the structure of the problem. Therefore, during the past two
decades, there has been an increasing interest, to supplement classical decision-analytic
techniques with methods of the Aeld of computer science and from artifieial intelligence
in particular. Especially, the area of knowledge-hased systems has reeceived a lot of at-
tention. The term knowledge-based system refers to an information system in which
human knowledge is represented symbolically and is applied to give advice concern-
ing a specific problem at a level comparable to that of an expert in the same field.
Knowledge-based systems that are tailored to reasoning and decision making nowa-
days often build upon the framework of decision-theoretic networks. Decision-theoretic
networks combine a graphical representation of relations between stochastic variables,
deciston variables and a utility variable with the use of probability theory and utility
theory. Two types of decision-theoretic network can be discerned; the belief network
and the influence diagram. ) ‘

A belief network, basically, is a representation of a joint probability distribution on
a set of stochastic variables, Tt consists of a qualitative part and an associated quanti-
tative part. The qualitative part of a belief network takes the form of a directed graph
consisting of nodes and arcs. The nodes represents the stochastic variables that are im-
portant in the problem under study and the arcs represent the influential relationships
between the variables. The direction of the arcs is often interpreted as having a causal
meaning; the variable at the head of the arc is designated as the effect of the cause at
the tail of the arc. This notion of causality should, however, be interpreted broadly.
Absence of an arc hetween two variables indicates that there is no direct relation be-
tween the two variables; the variables are conditionally independent. The quantitative
part of a belief network consists of a set of conditional probabilities. These conditional
probabilities quantify the strenghts of the influential relationships among the variables.
For each node in the network, the probabilities of its values conditional on every pos-
sible combination of values for the direct predecessors in the graph is specified. The
conditional probabilities of a belief network are termed the parameters of the network.
The qualitative and quantitative part of a belief network together allow for computing
any prior or posterior probability from the network. For this purpose, several algo-
rithms have been developed that exploit the independence relations represented in the
qualitative part of the network [Pearl, 1988, Lauritzen & Spiegelhalter, 1988].

An influence diagram is a concise representation of a decision problem involving
uncertainty. Its qualitative part consists of various types of node and arc. The nodes
not only represent stochastic variables but decision variables and a utility variable as
well [Howard & Matheson, 1981, Shachter, 1986]. As in a decision tree, the decision
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variables represent the various moments of choice for the decision maker and the utility
node represents the possible outcomes and their associated preference values. The arcs
hetween the stochastic variables in an influence diagram have the same meaning as
in a belief network. Arcs pointing from a stochastic variable into a decision node
indicate that the values of the variables at the tail of the arcs should be observed
before a decision can be made. The nodes at Lhe tail of the ares pointing into the
utility node represent the variables that directly aflect ntility. The quantitative part
of an influence diagram consists of a set of conditional probabilities for the stochastic
variables in the diagram and a set of utilities encoding the desirability of the different
outcome scenarios represented by the utility node. Note that influence diagrams and
belief networks are closely related; in fact, an influence diagram that contains only
stochastic variables is a belief network, To compute from an influence diagram the
decision alternative with maximum expected utility, various algorithms are available
[Shachter, 1986, Cooper, 1988).

Since a belief network provides for the computation of the posterior probability
of an outcome of interest given a set of observations for a patient under considera-
tion, its envisaged use is comparable to that of regression models in prognosis and
diagnosis. Likewise, the objective of constructing an influence diagram is the same as
of building a decision tree: to obtain insight in and support for a decision problem,
Although different graphical representations of a decision problem, an influence dia-
gram and a decision tree are based on the same underlying mathematical model. In
fact, any hrHuence diagram can, in principle, be transtated into a decision tree and
vice versa [Owens ef al., 1997, Nease & Owens, 1997]. However, there are considerable
differences between influence diagrams and decision trees. Influence diagrams repre-
sent the structure of a decision problem more compactly than decision trees do. In
an influence diagram the relationships between the stochasiic variables of linportance
are depicted without explicitly enumerating thehr values; in a decision tree, on the
other hand, all possible scenarios, counsisting of combinations of values for stochastic
variables and decision nodes, are represented explicitly. For large and complex prob-
lems, decision trees may rapidly become messy and incomprehensible. An influence
diagram may then give a more transparent image of the decision problem and may,
‘moreover, facilitate the communication between the decision analyst and physician.
This is actually what we experienced when building both a decision tree and an in-
fluence diagram for therapeutic planning in children with a ventricular sepial defect,
During construction, the decision tree grew so complex that it was hard to get in-
sight into the decision problem. Building the influence diagram was more successiul,
as will be shown in Chapter 3 of this thesis. Influence diagrams, however, have also
limitations compared to decision trees. In a decision tree asymmetries in the decision
problem under study - that is, different chance events or decision moments following
two different decision alternatives — are easily indentified from the graphical structure.
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Ty an influence diagram, asymuetries are hidden in the probability estimates for the
chance nodes.

Between belief networks and regression models many differences exist. A belief
network’s graphical structure provides a picture of the represented disease process.
It allows for easily understanding how observations for a specific patient influence
intermediate, unobservable variables and may lead to a specific outcome. Regression
models in this sense are black boxes. Furthermore, in a helief network all possible
synergistic effects between the stochastic variables that have an arc into the same
node are taken into account. In a regression model, usually, only synergistic effects
between two or maximally three variables ave considered. Another difference is that, in
compnting the probability of the outcome from a belief network any available patient
information can be taken into account, When patient information is lacking, the belief
network is still capable of providing an estimate of the outcome. The uncertainty about
the lacking information is automatically incorporated in the probability of the outcome.
Regression models are not flexible in that sense. In principle, for all detevininants in
the model observations should be available. Furthermore, regression models are based
on patient data, whereas belief networks can be quantified with expert estimates, In
problem domains where there is too little data to build a regression model but where
expert knowledge is available, it is thus still possible to model the problem using a
belief network. On the other hand, it is easier to have an impression of the correctness
of the results from a regression maodel than of a belief network. As regression models
are fitted on data, automatically a first validation is cariied out in the form of the
goodness of fit of the model.

As we see from the similarities and differences between belief networks and inftu-
ence diagrams on the one hand and regression models and decision trees on the other
hand, decision-theoretic networks appear to have the ability to become a useful com-
plement to existing decision-analytic techniques. They solve some of the shortcomings
of decision trees and regression models that were discussed earlier. By now, various
medical applications based on decision-theoretic networks are reported in the literature.
Applications that build on the framework of belief networks for knowledge represen-
tation and inference are described in for example [Andreassen et al., 1987, Heckerman
& Nathwani, 1992, Heckerman et ol., 1992, Korver & Lucas, 1993, Shwe et al., 1991,
Peek & Ottenkamp, 1997, Van der Gaag et al., 1999]. Applications using influence
diagrams are found in for example [Andreassen et ol., 1991, Quaglini ef al., 1994].

Although various applications of the framework of decision-theoretic networks have
been developed, until now, no applications are known to have been implemented
in eclinical practice. Probably, the main reason for this is that building a decision-
theoretic network for a complex problem is a difficult and time-consmning task, Be-
lief networks and influence diagrams are usually constructed with the help of experts
in the field of application. Two closely related tasks can be discerned: the con-
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struction of the qualitative part of the network and its snbsequent guantification.
Building the qualitative parl has parallels to designing a model for a more tradi-
tional knowledge-based system [Henrion, 1989, Goldman & Charniak, 1983]. There-
fore, well-known knowledge-engineering techniques can be employed to a large extent
[Schreiber el af., 1994, McGraw & Harbison-Briggs, 1989, Studer et af., 1998]. Detailed
methodologies fur handling specific problems encountered when building decision-
theoretic networks are being developed [Peek & Ottenkamp, 1997]. Although building
the qualitative part of a decision-theoretic network may require considerable effort,
generally this task is considered to be doable. Unfortunately, this does not hold with
regard to the quantitative part of a decision-theoretic network. Quantifying a network
is, in general, considered a hard task,

To quantify a belief network or an influence diagram, a local conditional proba-
bility distribution for each stochastic variable in the network is to be assessed. For
an influence diagram also a set of utilities is to be established. To assess the utili-
ties in an influence diagram, often outcome scenarios have to he evaluated with which
the assessor is not acquainted. This is generally considered to be hard. Moreover,
evaluating the calibration of utility assessments is very difficult, if not practically im-
possible. To quantify the stochastic variables in a decision-theoretic network, often a
very large number of conditional probabilities have to be assessed. The probability
distribution of a stochastic variable in the network is conditioned on its predecessors
in the qualitative part; the number of conditional probabilities to be assessed thus
grows exponentially in the number of predecessors. For most applications abundant
probabilistic inforination is available from Hterature or from slatistical data. How-
ever, it often turns out that this information is not directly amenable to encoding in
a decision-theoretic network [Druzdzel & Van der Gaag, 1995, Jensen, 1995]. Medical
literature, for exampie, often reports conditional probabilities of the presence of symp-
toms given a discase, but not always the probabilities of these symptoms occurring
in the absence of disease. TFurthermore, a substantial number of network variahles
may represent unobservable intermediate disease states for which empirical probabilis-
tic information is difficnlt or impossible to obtain, The majority of the probabilities
required will therefore have to be assessed by domain experts, Subjective probability
assessments, however, are known to suffer from several types of bias and may not be
properly calibrated [Kalneman et al,, 1982]. Although various elicitation techniques
have been designed to avert these problems to at least some extent, the large number of
probabilities required for a decision-theoretic network often prohibits the use of these
rather time-consuming methaods.

In {Van der Gaag et al., 1999), experience with the elicitation of probabiiities for a
belief network for vesophageal carcinoma is described. The experience of the authors
confirms the above-mentioned observations. Initially, the authors started with the elic-
itation of the three thousand probabilities pertaining {o fourty network nodes using
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the well-known methods of the probability scale for marking estimates, the frequency
method and lotteries [Morgan & Henrton, 1990]. Driven by the serious biases observed
and the time required for these methods, they developed a new clicitation techmique.
Their technique is based on the idea of presenting conditional probabilities as fragments
of text and providing a seale for marking estimates with both numerical and verbal
anchaors, In quantifying the network for ventricular septal defects, described in Chap-
ter 3, we encountered similar obstacles as described in [Van der Gaag et al., 1999). In
particular, we experienced the limited value of available data and medical literature,
Furthermore, establishing the probability estimates from the physician invelved was a
time-conswning task.

The problems encountered in the construction and quantification of a helief network
ot influence diagram partly accord with those come across in building a decision tree,
Building the structure of either an influence diagram or a decision tree recuires the
identification of the variables and decision moments relevaut to the decision problem
and their influential relations. Likwise, both for an influence diagram and a decision
tree, utilities have to be assessed by experis, The main difference lies in the seale, or
level of detail, at which a decision problem is modeled. In general, the probabilistic
part of an influence diagram contains far more stochastic variables and, hence, far more
probabilities than a decision tree. Also, usually, far more different oulcome scenarios
are being represented in an influence diagram; a farger amount of utilities thus have
to be assessed. Moreover, aithongh over the years a large number of techniques have
heen developed for supporting the analysis of decision problems using decision trees,
for building influence diagrams or belief networks such methods are as yet lacking. The
research presented in this thesis is motivated by this observation.

1.2 Rationale for this thesis

To enhance the applicability of decision-theoretic networks for clinical decision making,
techniques to assist in their construction and evaluation should be designed. Acknowl-
edging this, the objectives of this thesis are:

¢ The development of eHicient methods for sensitivity analysis of decision-theoretic

networks;

o Exploring the use of sensitivity analysis in building decision-theoretic networks.

As indicated before, in building decision-theoretic networks generally a large num-
ber of parameters, that is, conditional probabilities and utilitics, have to be asscssed.
These assessments inevitably are inaccurate. To evaluate the passible effect of inac-
curacies in a network’s assessments, a sensitivity analysis can be performed. Tor a
decision-theoretic network, sensitivity analysis amounts to varying the assessments for
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one or more parameters of the network’s quantitative part simultaneously and investi-
gating the effects on a probability of interest, on a diagnosis or on a decision computed
from the network [Laskey, 1995, Castille ef ol., 1997b). Upon such an analysis, some
paraimeters wilt show a considerable effect, while others will hardly reveal any influence.

Performing sensitivity analysis of a decision-theoretic network in a straightforward
way, unfortunately, is highly time-consuming. The parameters under study are varied
stepwise and in a systematic way. The effect of these variations on the output of the
network are evaluated by using any standard evaluation algorithm. Ewen for rather
small decision-theoretic networks, the computational burden of this methad of per-
forming sensitivity analysis is consicderable. In fact, it is prohibitive when sensitivity
analysis is to be used for verifying the effect of inaccuracies in, for example, daily med-
ical practice. To be of practical use, therefore, more efficient methods for sensitivity
analysis of decision-theoretic networks are indispensable, In this thesis, more efficient
methods for sensitivity analysis of both belief networks and influence diagrams are
presented. '

Apart from studying the effect of inaceuracies on the network’s output, sensitivity
analysis can also be a useful tool in quantifying decision-theorctic networks, Sensi-
tivity analysis reveals the conditional probabilities and ntilities in a decision-theoretic
network that independently or jointly have a large effect on the ontcome of the net-
work. As such, it can be used to facilitate the quantification of a probabilistic network
by focusing on the most influential assessments. In this thesis, the role of sensitivity
analysis in quantifying belief networks is also investigated.

1.3 OQutline of the thesis

This thesis consists of four different parts. Part I is a general introduetion, Part II
focusses on sensitivity analysis of belief networks, Part IIT extends some of the methods
introduced in part II to infuence diagrams, and in Part TV a general discussion and
summary of the results presented in this thesis is given.

In Chapter 2 of Part I, it is investigated how sensitivity analysis can be used in
making the process of quantifying a belief network more effective. We propose a pro-
cedure of iteratively performing sensitivity analyses of an initially roughly quantified
network. The results from the sensitivity analyses reveal the influential conditional
probabilities in the network upon which subsequent refinement efforts can be focussed.
In Chapter 3, subsequently, this iterative procedure is tested. For the study, a belief
network describing the pathophysiology of the congenital heart disease venéricular sep-
tal defect [Peek & Ottenkamp, 1997) is used. Chapter 4 describes an efficient method
for performing one-way sensitivity analysis of a belief network., The method exploits
the qualitative part of the network to identify conditional probabilities that cannot
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influence the network’s output given a specific set of observed variables. Furthermore,
the method builds upon the property of a belief network that the network’s output can
be expressed as a gquotient of two functions thal are Hnear in a conditional probability
under study in a sensitivity analysis, The observed characteristics of belief networks
allow to reduce the computational burden of a sensitivity analysis considerably. In
Chapter 5, the last chapter ol part II, the method for one-way sensitivity analysis
presented in Chapter 4 is extended to sensitivity analysis with respect to an arbitrary
number of probability assessments in the network. We propose in this chapter to adapt
an existing evaluation algorithm for belief networks such that the functional relation
expressing the network’s output in terms of a subset of conditional probabilities is
easily and efliciently obtained.

In Part III, the method for sensitivity of belief networks presented in Chapter 4 is
extended to include deciston making under uncertainty. First, in Chapter 6 decision
making with belief networks by using the threshold model [Pauker & Iassirer, 1980]
is considered. The focus is on the computation of bonnds between which a network’s
probability assessment can be varied without inducing a change in recommended deci-
sion, The minimum deviation in a probability assessment under study that does induce
a change in the currently recommended decision is taken as a measure of the network’s
robnstness. In Chapter 7, sensitivity analysis of influence diagrams is considered. Sim-
ilar functional relations as presented in Chapter 4 are presented. In general, expected
utility in an inflnence diagram can be expressed as a quotient of two functions that are
linear in either a conditional probability or a ntility in the diagram. These relations
allow for easily computing the minimum deviation in a single probability assessment
{or set of assessments) that would induce a change in recommended decision,

The thesis ends with Part IV, In Part 1V, consisting of Chapler 8, the theoretical
results presented in the thesis are summarized and compared with related research.
Furthermore, relevant expericnce with respect to using sensitivity analysis in building
helief networks is discussed as well as some ideas for further research.
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Chapter 2

Sensitivity analysis: an aid for
belief-network quantification

Abstract

When building a Bayesian belief network, usually a large number of probabilities have
to be assessed by experts in the domain of application. Experience shows that experts
often are reluctant to assess all probabilities required, feeling that they are unable
to give assessments with a high level of accuracy. We argue that the elicitation of
probabilities from experts can be supported to a large extent by iteratively performing
sensitivity analyses of the belief network in the making, starting with rough, initial as-
sessments. Since it gives insight into which probabilities reguire a high level of accuracy
and which do not, performing a sensitivity analysis allows for focusing further elici-
tation efforts. We propose an elicitation procedure in which, alternatingly, sensitivity
analyses are performed and probability assessments are refined, nntil satisfactory he-
haviour of the helief neiwork is obtained, until the costs of further elicitation outweigh
the benefits of higher accuracy, or until higher accuracy can no longer be attained due

to Jack of knowledge.

2.1 Introduction

Bayesian belief networks are widely accepted in artificial-inteHigence research as intu-
itively appealing, valuable representations of knowledge, tailored to domains in which
uncertainty is predominant {Pear], 1988]. A Bayesian belief network basically is a con-
cise representation of a joint probability distribulion, consisting of a ¢ualitative part
and an associated quantitative part. The qualitative part of the network encodes the
variables of importance in the domain that is being represented, along with their in-
[luential intervelationships. The strengths of the velationships between the variables
are quantified by conditional probabilities. These probabilities constitute the quanti-
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tative part of the network. An increasing number of knowledge-based systems nowa-
days builds on the framework of Bayesian belief networks for knowledge representation
and inference, thereby demonstrating the usefulness of belief networks for address-
ing real-life problemn domains; applications range from medical diagnosis, prognosis,
and treatmoent planning, to probabilistic information retiieval [Andreassen ef «l., 1987,
Heckerman & Nathwani, 1992, Bruza & Van der Gaag, 1994],

Baycsian belief networks are usually constructed with the help of domain experts.
Experience shows that, although it may require considerable effort, building the gual-
itative part of a belief network is quite practicable. In fact, building the qualitative
pait has parallels to designing a domain model for a more traditional knowledge-based
system. To a large extent, therefore, well-known knowledge-engineering techniques can
be employed for this purpose [McGraw & Harbison-Briggs, 1989, Studer et al., 1998].
Unfortunately, similar observations do not. hold with regard to the quantitative part of
a Bayesian belief network. Constructing the quantitative part is generally considered
a far harder task, not in the least becanse it tends to consume much more time, It
amounts to assessing various conditional probabilities for the variables represented in
the belief network’s qualitative part. Although for most domains of application abun-
dant probabilistic information is available from literature or from statistical data, it
often turns out that this information is not directly ainenable to encoding in a be-
lief neiwork [Druzdzel & Van der Gaag, 1995, Jensen, 1995]. Medical literature, for
example, often reports conditional probabilities of the presence of symptoms given a
disease, but not always the probabilities of these symptoms occurring in the absence
of disease; moreover, conditional probabilities for unobservable intermediate disease
states are nsually lacking in the literature, The majority of the probabilities required
will therefore have to be assessed by domain experts. The problems encountered when
eliciting probabilitics from experts are widely known [Kahneman et al., 1982]; an ex-
pert's assessiients may for example reflect various biases and may not be properly
calibrated. Acknowledging these problemns, in the field of decision analysis various dif-
ferent techniques hiave been developed for the elicitation of well-calibrated probabilities
from experts [Von Winterfeldt & Edwards, 1986). These techniques, however, tend to
be quite time-consuming, As for a belief network generally a large number of prob-
abilities is required, employing these techniques may not be feasible. For probability
clicitation for Bayesian beliel networks, therefore, supplementary tecliniques are being
sought [Druzdzel & Van der Gaag, 1995, Van der Gaag et al., 1999].

Experience with eliciting probabilitics from domain experts for a Bayesian belief
network shows that experts often are reluctant to assess all conditional prababilities
required [Van der Gaag et af., 1999]. At least part of their uneasiness stems from their
feeling that they are compelled to give exact numbers having a high level of accuracy
while they know they are unable to. In general, however, not every probability assess-
ment will require the same level of accuracy to arrive at satisfactory behaviour of the
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knowledge-hased system that is being developed; some probabilities have more impact
on the system’s behaviour than others. For gaining detailed insight into the level of
accuracy that is required for the various conditional probabilities of & Bayesian belief
network, a sensitivity analysis can be performed [Morgan & Henrion, 1994).

The basic idea of performing a sensitivity analysis of a Bayesian belief network is
to systematically vary initial assessments for the network’s conditional probabilities
over a plausible interval and study the effects ou the behaviour of the system being
developed. Some probabilities are likely to show a considerable effect, while others
will hardly reveal any influence. For the less influential probabilities, the initial assess-
ments may suffice. For the more influential probabilities, however, refinement of the
initial assessments may be worthwhile. For these probabilities, for example, elaborate
elicitation techniques may be applied to obtain a more accurate assessment. Given
the limited and costly time of experts, attention can thus be focused on the proba-
bilities to which the system’s behaviour shows the higlest sensitivity, As assessments
are refined, the belief network under construction may again show various different
sensitivities. To gain insight in these, possibly new, sensitivities, the network can
once again be subjected to a sensitivity analysis, Based upon these observations, we
propose a procedure for eliciting probabilities that builds upon the idea of stepwise
refining probability assessments. The procedure sets out with the clicitation of initial,
probably highly uncertain, assessments for all conditional probabilities required for the
belief network under construction, Starting with these initial assessments, a sensitivity
analysis of the network is performed, upon which the assessments for the most influ-
ential probabilities are refined. Iteratively performing sensitivity analyses and refining
probabilities is pursned until satisfactory behaviour of the belief netwerk is obtained,
until the costs of further elicitation outweigh the benefits of higher accuracy, or until
higher accuracy can no longer be attained due to lack of knowledge,

We would like to note that, when performed straightforwardly, a sensitivity analysis
of a Bayesian beliel network may require considerable computational effort. The com-
putational burden involved, however, can be reduced to a large extent by exploiting
the prohabilistic relationships among the variables that are represented in the beltef
network under study. These relationships allow for distinguishing between conditional
probabilities that may influence the system’s behaviour and those that cannot. In
addition, these relationships induce simple inathentatical functions describing the net-
work’s belraviour in terims of its conditional probabilities (see Chapter 4), Nevertheless,
iteratively performing sensitivity analyses of a Bayesian belief network with respect to
all potentially influential probabilities will remain computationally expensive. Consid-
ering that these analyses are performed only when constructing and validating a belief
network, their computational burden is well sutweighed by their benefits in probability
elicitation.

In this chapter, we outline sensitivity analysis of Bayesian belief networks and dis-
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cuss its use in probability elicitation. In Section 2.2, we intreduce the formalisin of
Bayesian belief networks. We address the consituction of a belief network in Section 2.3.
In Section 2.4, we illustrate the technique of sensitivity analysis. In Section 2.5, we de-
tail our elicitation procedure exploiting sensitivity analysis as an aid for belief-network
quantification. In Section 2.0, we address the computational issues involved in per-
forming a sensitivity analysis of a Bayesian belief network. The chapter ends with
some conelusions and directions {or further research in Section 2.7.

2.2 Bayesian belief networks

Informally speaking, a Bayesian belief network is a representation of domain knowledge.
It consists of a qualitative part and an associated quantitative part. The network’s
qualitative part takes the form of an acyclic directed graph, or digraph, for short.
Each node in this digraph represents a domain variable that takes its value from a
finite set of discrete vatues, In this chapter we will restrict the discussion to binary
variables, taking one of the values true and felse; our results, however, are generalised
straightforwardly to account for variables taking Lheir value from larger discrele sets.
If a variable V' has the value true, we will write »; the notation —v is used to indicate
that V' = false. The aves in the network’s digraph represent influential relationships
among the represented variables. The tail of an arc indicates the cause of the effect
at the head of the arc. Absence of an arc between two variables means that these
variables do not influence each other directly.

For our running example we consider the following fragment of (fictitious and in-
complete) medical information, adapted from [Cooper, 1984]; the example is meant for

Hlustrative purposes only,

“Consider a primary tumour with an uncertain prognosis in an arbitrary
patient, Lt is known that the cancer can spread to the brain and to other
sites. We are interested in Lhe course of the cancer within the next three
vears, especially with regard to the development of a brain tumour and
its associated problems. The probability of a metastatic cancer devel-
oping from the primary tumour is estimated to be (.2. The probability
that the metastatic cancer will be in the brain is also estimated at 0.2,
Also in the absence of metastatic cancer, there is a small probability of
development of a (primary) hrain tumour; this probability is assessed
to be 0.05.

Metastatic cancer may be detected by an inereased level of serum calcium,

In fact, seruin calcium will be increased with probability 0.8 in the pres-
ence of metastatic cancer and only with probability 0.2 in the absence
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of metastatic cancer. It is estimated that a patient will fall into a coma
within the next three years with probability 0.8 in the case that a brain
tumour is present and/or the level of serum caleium is increased, Oth-
erwise, there is only a probability of 0.05 of falling into a coma. Severe
headaches are likely to develop both with a brain tumour, with proba-
bility 0.8, and without a brain tumour, with probability 0.6.”

In this fragment of information, five variables are identified: the presence or absence
of metastatic cancer in a patient {indicated by MC), the presence o absence of a
brain tumour (B}, an increased level of serum calclum (I8C7), a patient falling into a
coma within the next three years ('), and the presence or ahsence of severe headaches
{8H). The relationships amoung these variables are encoded in the digraph depicted in
Figure 2.1, The graph for example reflects, by means of the arc B — SH, that the
presence of a brain tumour is a possible cause of severe headaches,

Fignre 2.1: The digraph of an example Bayesian helief network, encoding information
concerning the presence of a brain tumour and its associated problems in an arbitrary
patient {the meanings of the variables are given in the text).

The absence of the are MC — € in the digraph shown in Figure 2.1 indicates that
the presence or absence of metastatic cancer does not divectly influence whether or not
a patient will fall into a coma within the next tliree years. Metastatic cancer influences
coma only indirectly, through brain tumour and increased total serum calciun. Once
the presence or absence of a brain tumour and the level of serum calciwm kave been
established in a patient, the presence or absence of metastatic cancer no longer influ-
ences the probability of this patient falling into a coma. Metastatic cancer and coma
therefore are conditionally independent given brain tumour and increased total serum
calcinm. For further details on the independences that are read from a belief network’s
qualitative part, we refer the reader to [Pearl, 1988].

The inflitential relationships that are represented in the qualitative part of a Bayesian
belief network generally are probabilistic in nature. To describe the ‘strengths’ of these
relationships, several conditional probabilities are provided. For each node in the net-
work’s digraph, the probabilities of its values are specified, conditional on the varions

k3|
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possible combinations of valnes for its immediate predecessors in the graph. For our
running example, we have the following probabilities:

p(me) = 0.20 ple] b, isc) = (.80

ple|—bise) = 0.80
plb | me) = 0.20 ple]| b,~iscy = 0.80
plb] -me) = 0.05 plc | b, —ise) = 0.05
plisc | me) = 0.80 plshjb) = (.80
plise | ~me) = 0.20 plsh | ~b) = 0.60

¥From the conditional probabilities specified for node £5C), it is readily seen that know-
ing whether or not metastalic cancer is present has a considerable influence on the
probability of an increased level of serum calcium in an arbitrary patient: the relation-
ship between metastatic cancer and increased total serum calcium is a fairly strong
dependence. On the other hand, severe headaches are expressed as being quite com-
maon in both patients with and without a brain tumour; severe headaches therefore
have a low predictive value for the presence or absence of a brain tumour. From the
conditional probabilities specified for node €, we see that in the absence of both a
brain tumour and an increased level of serum calcium, there is only a very small prob-
ability of a patient falling into a coma. The presence of either one of these causes in
an arbitrary patient, however, suffices to render the probability of this patient falling
into a coma in the near future quite high. Note that the two causes do not contribute
to this probability independently: if one of the causes is present, then the presence of
the other cause has no further influence on the probahility of a patient falling into a
coma, The two causes are sald to exhibit a (negative) synergistic influence on their
conninon effect.

The probabilitics associated with the qualitative part of a Bayesian belief network
constitute the network’s quantitative part. An inportant property of the belief-network
formalism is that a network’s quantitative part defines a unique joint probability distri-
bution that respects the independences that are portrayed by the network’s qualitative
part, [Pearl, 1988]. In our examples, we will write Pr o denote the probability dis-
tribution that is defined by a belief network. To explicitly distinguish between the
probabilities that are derived from the distribution and the conditional probabilities
that are specified in the network's quantitative part, we will write p to denote the latter
probabilities.

So far we have treated the probability assessments of a Bayesian belief network
as exact point probabilities. For most applications, however, the initially obtained
assessments will be quite uncertain. To capture this uncertainty, each probability as-
sessment is supplemented with a plausible interval that defines a range of values in
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which the ‘true’ probability lies with reasonable certainty. For our example belief net-
wark, for instance, we assume the plausible interval (0,75 — 0.85) for the assessment
plise | me) = 0.80 for the probability of an increased level of serum caleium in the
prescice of metastatic cancer, indicating that 0.75 < p(ise | me) < 0.85 with reason-
able certainty. Tn the sequel, we will use the following plausible intervals for the various

assessments of our example network:

p(me) (0.1 — 0.35) ple | b, isc): (0.6 — 0.9)
ple|—b,isc) . (0.75 — 0.85)
plb | me) : (0.05 — 0.5) plc| by —ise):  (0.656 —0.85)
p(b| ~me): (0—0.25) ple | =b,—ise) 0 (0 0.1)
plisc | me):  (0.75 — 0.85) plsh | b): (0.65 — 0.9)
plise | ~me): (15— 0.3) p(sh | 0} : (.45 — 0.7)

The plausible intervals for the assessments that are initially obtained for a belief net-
work's conditional probabilities can be quite large. Upon refining the various assess-
ments, as proposed in the sequel, the plansible intervals involved typically become
smaller.

To conclude, associated with the belief-network formalism are procedures for com-
puting probabilities of interest from a belief network and for processing evidence, that
is, for entering evidence into the network and subsequently computing the revised prob-
ability distribution given the evidence [Pear], 1988, Lauritzen & Spiegelhalier, 1988].
These procedures are the basic building blocks for reasoning with a Bayesian belief
network. The details involved are not relevant for the present chapter and therefore
are not reviewed here. We would like to note, however, thai the belief-network for-
malism accommodates for various types of reasoning, among which are diagnostic and
prognostic reasoning. :

2.3 Building a Bayesian belief network

Building a Bayesian belief network for a domain of application involves various tasks.
First, the variables that are of importance in the demain are identified, along with
their values. Since a belief network, as any model, necessarily’is a simplification
of reality, well-founded decisions have to be taken as to which variables and values
should be included in the network and which may be omitted. The important vari-
ables and values are typically identified with the help of experts in the domain un-
der study. We would like to emphasise that this task is not reserved for building
Bayesian belief networks, but instead is quite common in engineering knowledge-based
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systems in general, for which purpose several methodologies and techniques are avail-
able [McGraw & Harbison-Briggs, 1989, Studer ef al., 1998]. Once the variables of im-
portance have been identified, the construction of the qualitative part of the beliel
network commences. For acquiring the topology of the network’s digraph, domain ex-
perts are interviewed. In the interviews, the concept of causality is generally used as
a heuristic guiding principle. Elicited causalities are expressee in graphical terms by
taking the direction of causation for directing arcs. Building on the concept of causality
has the advantage that domain experts may express their knowledge in either causal
or diagnostic direction. Since they are allowed to express their knowledge in a form
they feel comfortable with, the experts’ statements and, hence, the qualitative part of
a belief network, tend to be quite robust [Druzdzel & Van der Gaag, 1995]. The task
of eliciting relationships among variables from domain experts once again has parallels
with engineering knowledge-based systems in general,

After the qualitative part of a Bayesian beliel network has been constructed, its
quantitative part is specified. Quantifying a belief network’s qualitative part amounts
to assessing various conditional probabilities for the represented variables. The assess-
ment of all probabilities required tends to be, if not the hardest, then certainly the
most time-consuming task in building a belief network. Although for most domains
of application abundant probabilistic information is available from literature, it rarely
turns out to be divectly amenable to encoding in a belief network [Druzdzel & Van
der Gaag, 1995]. Medical literature, for example, often reports conditional probabil-
ities of the presence of symptoms given a disease, but not always the probabilities
of these sympioms occurring in the absence ol disease; moreover, conditional proha-
bilities for unobservable intermediate disease states are usually lacking. If literature
does not provide sufficient and reliable probability assessments, estimates may be ob-
tained from statistical data. Experience shows, however, that even if comprehensive
data collections are available, they very seldom contribute to the entive quantification
task [Jensen, 1995, Korver & Lucas, 1993). In a medical data collection, for example,
unobservable intermediate pathophysiclogical siates are typically not recorded. As a
consequence, a targe number of probabilities remain to be assessed by domain experts.

The field of decision analysis offers various techniques for the elicitation of judge-
mental probabilities from experts [Von Winterfeldt & Edwards, 1986, Morgan & Hen-
rion, 1990]. We briefty review the two techniques that are most often used for eliciting
probabilities for Bayesian belief networks. The simplest technique is the use of a mu-
merical probability scale. A probability scale is a horizontal or vertical line with the
endpoints denoting a 0% and a 100% chance, respectively, and a few numerical an-
chors in between, for example to denote a 50% chance; Figure 2.2 illustrates the basic
idea. For each probability required, a domain expert is asked to indicate his or her
assessment on a sepavate scale, In communicating a probability to be assessed to a do-
main expert, the probability is often transcribed verbally in terms of frequencies. The
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Figure 2.2: A numerical scale for probability elicitation,

expert is asked to envisage one hundred cases with a specific confext and assess the
number of cases that exhibit a certain characteristic. For our example belief network,
for instance, the domain expert may be asked to envisage a population of one hundred
arbitrary patients with metastatic cancer and to assess the number of patients from
among this population who will show an increased level of sernm calcium upon exam-
ination. Experience shows that the use of a probability scale along with the frequency
method provides experts little to go by and may resuld in highly inaccurate probability
assessments [Van der Gaag ef of., 1999]. .

A more elaborate technique for the elicitation of judgemental probabilities is the
use of reference Iotteries. A domain expert is presented with a choice between two
lotteries, one of which pertains to a probability to be assessed and the other one serves
as a reference. The reference lottery yields a desired reward with probability p and
a less desired outcome with probability 1 — p. The second lottery yields the same
desired reward if a specific case exhibits a certain characteristic and the less desired
outcome otherwise. For our example belief nelwork, the domain expert is presented, for
instance, with a choice between a reference lottery and the lotfery that yields $10,000
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if a specific patient with metastatic cancer upon examination shows an increased level

of serum calcium and $1 if the level of serum calcium is not increased in this patient;
Pigure 2.3 depicts this choice between lotleries. The domain export is asked to adjust
the value of p in the reference lottery until he or she is indifferent between the two
lotteries. The resulting value of p then is taken to be the conditional probability that
had to be assessed. Expericnce shows that the use of reference lotteries for eliditing
probabilities from domain experts may avert to at least some extent the problems of
bias and poor calibration that are typically found in human probability assessment.
The use of lotteries, however, tends to be quite time-consuming and, in fact, often
turns out to be infeasible for probability elicitation for helief networks as a result of
the large size and complexity of a network in the making.

While the use of lotteries for probahility elicitation on the one hand tends to be
infeasible for quantifying a Bayesian belief netwoik, the use of a probability scale on
the other hand tends to yield assessments that are too much inaccurate. The use
of a probability scale, nonetheless, serves to yield an assessment, be it an inaccurate
one, lor every conditional probability required. In the sequel, we will argue that these
assessments may be used as a starting point for {urther refinement. We will pro-
pose an elicitation procedure in which, starting with uncertain assessments, sensitivity
analyses of a belief network in the making arve performed and assessments are refined
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Figure 2.3: An example reference lottery, tailored to assessment of the conditional
prohability of the presence of an increased level of serum calciuin in a patient with

metastatic cancer.

alternatingly. Our elicitation procedure builds upon plausible intervals capturing the
uncertainties in the various assessments as described in the previous section. Various
techniques are available for acquiring plausible intervals with probability assessments
[Morgan & Henrion, 1990}, The simplest technique is to elicit the plansible intervals
direetly-with the probability assessments from domain experts. An exper! is asked to
envisage one hundred cases with a specific context and provide a lower bound and an
upper bound on the number of cases that exhibit a certain characteristic; these bounds
are selected so that the expert is relatively certain that the true number of cases ex-
hibiting the characteristic lies between the bounds, Plausible intervals thus obtained
may not be very robust. It is not clear, for example, whether {o interpret these intervals
as 90%, 95%, or 180% confidence intervals. To obtain more robust plausible intervals,
more elaborate techiniques are available. These techniques once again tend to he quite

time-consuming and therefore are not reviewed here.

2.4 Sensitivity analysis

Sensitivity analysis is a general 1echnique for studying the effects of the uncertainties in
the parameters of a mathematical model on this model’s outcome [Morgan & Henrion,
1950, Habbema et of., 1990]. For a Bayesian belief network, sensitivity analysis pro-
vides for example for studying the effects of the uncertainties in the assessments for the
network’s conditional probabilities on a probability of interest. There are various differ-
ent types of sensitivity analyses. For a belief network, the simplest type of sensitivity
analysis amounis o systematically varying the assessment for one of the network’s
probabilities while keeping all other assessments fixed. Such an analysis serves to re-
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Figure 2.4: A one-way sensitivity analysis of the example belief network from IFig-
ure 2.1, The effects ol varying the assessments {or the probabilities p(b | me),
p(isc | me), and p{ise | —me), respectively, on the prior probability Pr(c) are shown;
the plausible intervals for the assessments are indicated by shading,.

veal the cffeet of just the conditional probability whose assessment is being varied, on
& probability of interest. A sensitivity analysis in which a single assessment is varied, is
termed a one-way sensitivity analysis. In a fwo-waey sensitivity analysis of a Bayesian
beliel network, two probability assessments are varied simultaneously. In addition to
the separate cffects of variation of the two assessments, a two-way sensitivity analysis
reveals the joint effect of their variation on a probabilily of interesi. In essence, it is
also possible to systematically vary more than two probability assessments at the same
time. The results of such an analysis, however, are often hard to interpret. In this
chapter, we will therefore restriet the discussion to one-way and two-way sensitivity
analyses.

We illustrate performing a one-waey sensitivity analysis of our example belief net-
work. We begin by taking the probability of falling into a coma, Pr(e), for onr prob-
ability of interest. By dding s0, we assess the robustness of the prognosis of falling
into a coma for an arbitrary patient with a primary tumour. Such an analysis may be
useful in predicting, for example, the expected number of patients that will fall into a
coma within the next three years in a population of patients with primary tumounrs.
We address the one-way analyses with respect to the assessments for the conditional
probabilities p(b | me), p(isc | me), and p(ise | —me), respectively. The results of
these three analyses are shown in Figure 2.4, Figure 2.4(a) shows that systematically
varying, from 0 to 1, the assessment for the probability p(b | me) of the presence of
a brain tumour given, with certainty, that a patient has a metastatic cancer, has a
negligible effect on the probability of interest Pr{c): the prior probability of a patient
falling into a coma within the next three years increases from 0.31 to 0.34, approx-
imately, Figure 2.4{h} shows that varying the initial assessment for the probability
plise | me) of an increased level of total serum calcium conditional on the presence
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of a metastatic cancer has a somewhat stronger effect on the probability of interest:
Pr(c) now ranges from 0.22 to 0.34. From Figure 2.4(c), to conclude, it is seen that
varying the assessment for the probability p(isc | =me) of an increased level of total
serum calcium in the absence of a metastatic cancer has an even stronger effect on
Pr(e): the prior probability of a coma ranges from 0.21 to 0.78. Note that the three
analyses reveal a linear relationship between the probability assessment that is being
varied and the probability of interest.

The three example analyses and their resulfs have so far been discussed without
taking into consideration the plausible interval of the probability assessment that is
being varied. To decide whether or not further elicitation efforts are worthwhile for the
three assessments, their plausible range of values needs to be considered, however. By
including the plausible interval for a probability assessment into a one-way sensitivity
analysis, a plausible effect of this assessment on the probability of interest is yielded.
The sensitivity analysis may now show, for example, that a probability assessment that
is not very influential yet is rather uncertain can have a stronger effect on the probability
of interest than a probability assessment that is very accurate and quite influential.
For the three probability assessments under study for our example belief network,
the plausible intervals are indicated in Figure 2.4 by shading. The figure shows that
plausible variation of the assessment for the conditional probability p(ise | —me) has
the strongest eflect on the probability of interest Pr(e). It may therefore be worthwhile
to try and obtain a more accurate assessment for this conditional probability. Varying
the assessments for the probabilities p(b | me) and p(isc | me), respectively, within
their plausible intervals results in a rather small effect on the probability of interest.
We recall from Figure 2.4 that ihe effect on Pr(c) of varying the assessment for p(b |
me) from 0 to 1 is smaller than the effect of varying p(isc | me) from 0 to 1. By
taking the plansible intervals into consideration, however, variation of the assessment
for p(b | me) has the stronger plausible effect. Especially since the plausible interval
for this assessment is quite large, further clicitation efforts may better be directed at
the probability p(b | me) than at the probability p(isc | me). We will return to this
observation in Section 2.5.

We now address a {wo-way sensitivity analysis of a Bayesian belief network. In
a two-way sensitivity analysis, two probability assessments are varied simultaneonsly
to reveal their joint effect on a probability of interest. We illustrate performing a
two-way sensitivity analysis for our example belief network. For our probability of
interest, we once again take the prior probability Pr(c) of an arbitrary patient with
a primary tumounr falling into a coma within the next three years. We address the
analysis with respect to the assessments for the conditional probabilities p(b | me) and
plisc | me). The result of the analysis, varying the assessments under study from 0
to 1 simultaneously, is shown in Figure 2.5, The contour lines in the figure connect
the combinations of values for the two probability assessinents that result in the same
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Figure 2,0: A two-way sensitivity analysis of the example belief network. The joint
effect of varying the assessments for the conditional probabilities p(b | mc) and p(isc |
me) simultaneously on the prior probability Pr{c) is shown by contour lines.

value for the probability of interest Pr{c). The distance between two contour lines
indicates the variation necessary in the two assessments to shift the probability of
interest from one coniour line to another. If the contour lines are very close to one
another, then a small variation in the prdl)ability assessinents under study suffices to
have a strong eflect on the probability of intevest; if, in contrast, the contour lines are
further apart, then the probability of interest is not very sensitive to variation of the
two assessments. We observe from Figure 2.5 that the distances between the contour
lines differ, indicating that varying the assessinents for p(b | me) and p(ése | me)
simultaneously has a joint effect on the probability of interest beyond the effects of their
separate variation; this joint effect is due to the syunergistic influence of the variables
B and f8C on the variable €' outlined before in Section 2.2. We further observe that
the contour lines are closer to one another in the lower left, part of the figure than
in the upper right part. If the assessments for the conditional probabilities p(b | mc)
and p(ise | me) ave both quite small, therefore, their variation will have a stronger
effect. on the probability of interest than if the initial assessments have a higher value.
To variation within the plausible intervals of the assessments p(b | me) = 0.2 and
plise | me) = 0.8, as indicated by shading in Figure 2.5, the probability of interest
shows a relatively low sensitivity. We further observe that the absolute effect of their
joint variation on Pr(c) is not too strong.

In addition to the analysis discussed before, we address another two-way analysis of
our example belief network, this time pertaining to the assessments for the conditional
probabilities p(b | mc) and p(ise | —=me). The result of this analysis is shown in
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Figure 2.6: A two-way sensitivily analysis of the example belief network. The joint
effect of varying the assessments for the conditional probabilities p(b | me) and p(ise |
—me) simultaneously on the prior probability Pr(e) is shown by contour lines.

Figure 2.6. We observe from the figure that the contour lines, once again indicating
values for the probability of interest Pr(c), are equidistant. Equidistance of contour
lines indicates that simultaneously varying the probability assessments under study
has no joint effect on the probability of interest beyond the effects of their separate
variation. The two-way analysis therefore does not provide any information in addition
to the information yielded by one-way analyses for the separate assessments.

In the sensitivity analyses for our example belief network described so far, we have
taken for the probability of interest a prior probability. A seusitivity analysis with
respect to a prior probability of interest ailows for assessing the quality and robustness
of a Bayesian belief network in its reflecting a prior probability distribution for the
domain of application. In the presence of case-specific observations, however, a belief
network may show very different sensitivities. To reveal these sensitivities, a sensitivity
analysis may be performed with respect to a posterior, or conditional, probability. Such
an analysis allows for validating the network’s behaviour for specific cases or profiles,
for example, profiles of typical patient, populations in a medical application.

For our example beliefl network, we have once again performed a one-way sensitivity
analysis, this time taking for the probability of intevest the posterior probability Pr(b |
sh) of the presence of a brain tumour in a patient who is Anown to suffer from severe
headaches. By doing so, we assess the robustness of the diegnosis of a brain tumour
for an arbitrary patient with a primary tumour who is suffering from severe headaches.
We address the one-way analyses with respect to the assessments for the probabilities
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Figure 2.7: A one-way sensitivity analysis of the example belief network. The effects
of varying the assessments for the probabilitics p(me), p{b | ~me), and p(sh | —b),
respectively, on the posterior probability Pr(b | sh) are shown.

p{me), p(b | ~me), and p(sh | -b), respectively. The results of these analyses are shown
in Figure 2.7. Note that, in contrast with the one-way analyses discussed before, the
analyses for the posterior probability of interest reveal a non-lincar relationship between
the probability assessment that is being varied and the probability of interest,

To conclude, we have performed a two-way sensitivity analysis ol our example helief
network with respect to the posterior probability of interest Pt'('b | sh). We address
the analysts of varying the assessments for the conditional probabilities p(d | —me)
and p{sh | &) sinmltaneouslly. The result of this analysis is shown in Figure 2.8, Note
that the contour lines are closest 1o one another in the lower righi part of the figure,
indicating a high sensitivity of the posterior probability of interest to high values for the
probability p(b | =me) and low values for the probability p(sh | b). For variation, within
the plausible intervals of the initial assessments p(b | ~me) = 0.05 and p(sh | b) = 0.8,
as indicated by shading in Figure 2.8, however, the prebability of interest is relatively

stable.

2.5 Sensitivity analysis and probability refinement

Sensitivity analysis of a Bayesian belief network provides for studying the effects of the
uncertainties in the various probability assessments of the network on a probability of
interest, as demonstrated in the previous section. Studying these effecls ean to a large
extent serve to support the elicitation of probabilities, as it gives detailed insight into
the level of accuracy that is required for the various probabilities of the network and
as a result provides for focusing further elicitation efforts. We envisage an elicitetion
procedure in which, alternatingly, sensitivity analyses are performed of a beliel network
in the making and probability assessments arve refined; our procedure is sumimarised in
Figure 2.9. We elaborate on the various different steps of the procedure separately.

41



42

Chapter 2. Sensitivity analysis: an aid for belief-network quantification

1.00

0.80 P

060

pishib)

040

020 4

0.00 0.20 0.40 0.60 0.80- 1.00

plb | - mg)

Figure 2.8: A two-say semsitivity analysis of the example beliel network. The efect
of varying the assessments for the conditional probabilities p(b | ~mc) and p(sh | b)
simultaneously, on the posterior probability Pr(h | sh) is shown by contour lines.

In the first step of the clicitation procedure, initial assessments are acquired for
all conditional probabilities for a belief network in the making. As we have argued
before, for most domains of application, experts will have to provide the majority of
these initial assessments. Applying an efaboraie clicitation technique, such as the use
of reference lotteries, for this purpose may in this phase of the construction of the
belief network be too much time-consuming to be practicable; also, it would take much
more effort than probably necessary, as for several probabilities less accurately obtained
assessments will suffice. The first step of the elicitation procedure therefore aims at
acquiring assessments within ¢ short period of time. To this end, in a limited number
of interview sessions, experts are asked to assess all probabilities required off the top
of their heads, for example using a numerical probability scale. In addition, they
are asked lo indicate plausible intervals along with their assessments, These intervals
should be pessimistic rather than optimistic to ensure tha{ the uncertainties in the
various different assessments are not underestimated. We would like to note that, since
they are allowed to express the uncertaintics in their assessments, experts will tend to
be less reluctant to provide numerical statements than when they feel compelled to
give exact numbers. Instead of eliciting all probabilities required from domain experts,
initial assessments, for at least some of these probabilities, may be obtained from data,
if available. If the data at hand is known to be imperfect, incomplete, or biased, then
the assessments derived should be supplemented with fairly large plausible intervals to
capture the nncertainiies involved.
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Figure 2,9: A procedure for probability elicitation for Bayesian belief networks.

The probability assessments obtained in the first step of the elicitation procedure
will in general be highly uncertain, that is, these assessments will and should have
considerably large plausible intervals. For some of the probabilities, these initial assess-
ments will nonetheless suffice. Other probabilities, however, will require assessments
with a higher level of accuracy. The second step of our elicitation procedure is aimed at
uncovering the latter probabilities, For this purpose, the belief network in the making
is subjected to varvious sensitivity analyses. In these analyses, every single probability
assessment for the network is varied, as is every pair of assessments. The effects of
varying these assessments within their plausible intervals are studied with respect to
one or more prior probabilidies of interest as well as several posterior probabilities of
interest. From these analyses, the probability assessments that induce the largest plan-
sible effects are identified. We would like to note that, if performing all these sensitivity
analyses tends fo be too much time-consuming to be practicable, the analyses can be
restricted to a moderate number of assessments. To this end, experts may be asked
to indicate the probability assessments that are the most, likely to affect a probability
of interest or, alternatively, to indicate a number of conceptually related probability

assessments,
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In the second step of the elicitation procedure, various probability assessments
have been identified that induce a considerably large plausible effect on a probability
of interest. These assessments are potential candidates for further refinement. In the
third step of the procedure, the extent to which these assessments can actually be
refined is determined. The extent to which a probability assessment lends itself to
further refinement depends on the current uncertainty in the assessment, indicated
by the width of its plausible interval, and on the elicitation techniques used to arrive
at the assessment. A probability assessment with a rather small plausible interval
obtained from applying elaborate elicitation technigues may not lend itself to further
refinement. An assessment that is not yet very certain, on the other hand, may be
more easily improved upon. Refinement of such an uncertain assessment, however,
is only actually possible if reliable sources of probabilistic information remain to be
explored; examples of such sources of information include further literature search, the
use of a panel of experts, the use of more elaborate elicitation techniques, and the
study of data, for instance cotlected in a prospective study. From among the potential
candidates for further refinement, therefore, the assessments are identified that have
a considerable plausible interval and for which yet unexplored sources of probabilistic
information are available.

The probability assessinents that have heen selected in the third step of the elici-
tation procedure are assessments that can be refined. To actually refine these assess-
ments, an investment of time and money is required. Not for every assessment may
this investinent be worthwhile, however, In the fourth step of the elicitation procedure,
therefore, 1 is investigated for cach of the selected assessments whether refinement is
cost-effective. The cost-effeetiveness of vefining a probability assessment is determined
by weighing the costs in terms of money and time to be invested with the henefits of
higher accuracy. The henefits of having an assessment of higher accuracy in the belief
network in the making may be a higher accuracy of a computed probability of interest
and an improved performance more in general, For example, for a belief network that
is to be used for diagnostic purposes, performance may be measured as the percentage
of correctly diagnosed cases. Refining a probability assessment for this network would
only be worthwhile if it would increase the number of correet diagnoses. Once a belief
network in the making exhibits satisfactory overall behaviour, refining assessments may
be found to be no longer cost-effective,

The probability assessments that have been identified in the fourth step of the elic-
itation procedure are known to induce a considerable plausible effect on a probability
of interest; moreover, any such assessment can be cost-effectively refined. For these
assesstents, the entive elicitation procedure is recursively repeated. The probabilities
concerned are assessed anew in the first step of the next cycle of the procedure, using
vet unexplored sources of probabilistic information, Since the plausible intervals of

the initial assessments for these probabilitics do not underestimmate the nncerlainties
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involved, refinement is likely to result in smaller plausible intervals for the new as-
sessments. In the second step, once again several sensitivity analyses are performed,
These analyses should not ouly focus on the new assessments, but also on previously
investigated assessments as their effect on a probability of interest upon variation may
have changed as a result of the refinement of the network. In addition, analyses may be
performed with respect to assessments that have not been investigated before. By re-
cursively refining probability assessments, the performance of the belief network in the
‘making is likely to gradually improve. The elicitation procedure is stopped as soon as
the costs of further elicitation outweigh the improvement in the networl’s performance
or higher accuracy can no longer be attained due to lack of knowledge.

To conclude, we wonld like to note that, currently, little practical experience with
the elicitation procedure outlined above is available, We have performed a preliminary
experiment with the procedure in view of a Bayesian belief network for congenital heart
disease (see Chapter 3). Encouraged by the results from this experinent, we are cur-
rently implementing the procedure in the construction of a decision-theoretic network
for treatment planning for patients with oesophageal cancer [Van der Gaag ef al,, 1999)].

2.6 Computational issues

Straightforwardly performing all sensitivity analyses, as described in Section 2.5, for
a Bayesian belief network of realistic size can be quite time-consuming. In principle,
every probahility assessment in the quantitative part of the network is varied system-
atically as is every pair of probability assessments. For every probability, a number of
deviations from the initial assessment are investigated, twenty values per probabilily
not being an exception. For every value or pair of values under study, the probability of
interest is computed from the network. These network eateulations are computationally
expensive. To give some inpression of the number of network computations that may
be required, we address a one-way sensitivity analysis of three small realistic belief net-
works. The well-known ALARM-network for patient monitoring contains 37 nodes, for
which 571 (non-redundant) probability assessments are specified [Beinlich et «f., 1989]
(see Figure 4.2). The wiLsoN-network is a network for the diagnosis of Wilson’s
disease; it specifies 21 nodes and 162 assessments [Kotver & Lucas, 1993, The vsp-
network, to conclude, provides for prognostic assessment. of children with a ventricular
septum defect; this network comprises 38 nodes for which 807 probahility assessments
are specified [Peek & Ottenkamp, 1997} (dee Figure 3.1). If each assessment is varied
from 0 to 1 in steps of 0.1, a onc-way sensitivity analysis of the ALARM-network re-
quires 571« 11 = G281 network computations; the wiLson- and vsD-unetworks require
1782 and 8877 computations, respectively. The computational hurden of performing
all sensitivity analyses for a Bayesian belief network, fortunately, can be reduced con-
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siderably. In general, not every assessment will be investigated in every analysis, as we
have argued before in the previous section. The computational burden can in addition
be further reduced by exploiting the probabilistic relationships among the variables
that are represented in the network’s digraph. In this section, we elaborate on the
latter observation.

The digraph of a Bayesian belief network captures the influential relationships
amoug the represented variables, or conversely, the independences among these vari-
ables. Knowledge of these independences allows for identifying probability assessments
that upon variation cannot affeet a probability of interest. For example, the non-
anceslors of a network’s node of interest that are not observed and do not have any
observed descendants, caunot exert any diagnostic influence on the probability of in-
terest, Varying the probability assessments for these nodes will therefore not have any
effect on the probability of interest. Also, case-specific observations entered into the
network may effectively block influences between nodes. In our example belief network,
for instance, once the presence or absence of a metastatic cancer has been established in
a patient, varying the probability assessments for the node modeling the level of serum
caleium no longer has any influence on the probability of a brain tumour, The nodes
whose assessments upon variation may influence a network’s probability of interest
constitute this probability’s sensitivity set. A sensitivity set depends to a large extent
on the case-specific observations that have been entered into the network. Since the
probability assessments for the nodes that are not included in a sensitivity set under
study cannot influence a networl’s probability of interest upon varjation, these assess-
ments can be excluded from the sensitivity analysis; the analysis can thus be restricted
fo the sensitivity set. To give some impression of the size of a sensitivity set, we ad-
dress again the ALARM-, WILSON-, and vsb-networks. If no case-specific observations
have been entered, the ALARM-network reveals only three assessments from among ils
total of 571 assessments to be influential; the WILSON- and vsD-networks reveal 6 and
151 influential probability assessments, respectively. After entering a typical patient
profile, the number of influential assessments increases to 54, 32, and 491, for the three
networks, respectively. For further details of the sensitivity set and its computation,
the reader is referred to [Conpé & Van der Gaag, 1998),

So far, we have exploited the independences among the variables portrayed by the
digraph of a Bayesian belief network to identify probability assessments that upon
variation cannot influence the network’s probability of interest. The independences
can even be further exploited as they constrain the relation between the network’s
probability of interest and an assessment, or pair of assessments, under study to a
simple mathematical function. In a one-way sensitivity analysis of a Bayesian belief
network, the network’s probability of interest relates to a probability assessment under
study as a quotient of two functions that are linear in this assessment. We reconsider
Figure 2.7 showing for our example belief network the probability of interest Pr(b | sh)
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as a function of the assessinents for the probabilities p{me), p(b | —me), and p(sh | —b),
respectively; for the assessment x = p(b | -»me), for example, this funciion equals

4.4 0.20

Pr(b Jsh) = a + 3.80

Il'a probability assessment under study pertains to a node that is an ancestor of the
node of interest and docs not have any observed descendants, the function expressing
the probability of interest in terms of this assessment reduces to a siimple linear function,
More specifically, if the probability of interest is a prior probability, it relates lincarly to
any of the influential assessments. We consider once again Figure 2.4 showing for our
example belief network the probability of interest Pr(c) as a function of the assessiments
for the conditional probabilities p(b | mc), p(isc | me), and p(isc | ~me), vespectively;
for the assessment @ = p(isc | —me), for example, this function equals

Pr(c) = 0.57 -z +0.21

The properties described above for the functions that are yielded by a one-way sensi-
tivity analysis of a Bayesian belief network, provide for considerably reducing the comr-
putational burden of the analysis. Systematic variation of a probability assessiment is
no longer necessary. The constants in the functional relation between a probability of
interest and a probability assessment under study can he determined by computing this
probability of interest from the network for a small number of deviations from the as-
sessment and solving the resulting system of linear equations. For an assessment that, is
related linearly to the probability of interest, two network computations suffice; for all
other assessments three network computations are required. To give some inipression
of the reduction in computational effort thus attained, we address once again the three
belief networks we have studied. H no case-specific observations have heen entered, the
ALATtM-nelwork reveals only three influential probability assessments. The probability
of interest relates as a linear function to any of these assessments. To compute the
constants in these functions, therefore, 2 -3 = 6 network computations suffice. After
entering a typical patient profile, the network reveals 54 influential probability assess-
ments. To establish the mathematical functions expressing the probability of interest
in terms of any of these asscssinents, 3 - b4 = 162 network compulations are required.
Note that this number of computations is just 3% of the number of computations that
would have heen performed in a straightforward one-way sensitivity analysis of the
network, Table 2.1 summarises these results, along with the results that we have ob-
tained for the wiLSON- and vsD-networks; for the number of computations required,
the table lists the number of computations for systematic variation of all probability
assessinents from a network {variafion), the number of computations lor systematic
variation of just the assessments pertaining to nodes from the sensitivity set for a prob-
ability of interest (set), and the number of computations for determining the constants
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in the mathematical functions relating a probabilily of interest lo an assessment under

study {(functions).

network # influential # computations
(total # probs) | # observations | assessments | variction | set { functions

ALARM 0 S 6281 33 6
(571) 6 54 6281 594 162

WILSON 0 6 1782 GG 12
(162) 4 32 1782 352 96
VSD 0] 151 8877 1661 302
{807) 9 491 88717 5401 1473

Table 2.1: The reduction in compntational effort. ebtained for three different realistic
beliel networks by using the properties of a one-way sensitivity analysis. Note the
decrease in the number of computations in going from column 4 to column 6 (the
meanings of the numbers are given in the text).

For a two-way sensitivity analysis of a Bayesian belief network similar observations
hold as for a one-way sensitivity analysis. As a one-way analysis, a two-way sensitivity
analysis can be restricted to the probability assessments pertaining to the nodes from
a sensitivity set under study. Also, the independences among the variables portrayed
by the network’s digraph once again consirain the relation between the probability of
interest and two assessinents that are being varied to a simple matheimatical function.
The probability of interest relates to two assessments under study as a quotient of two
functions that are bi-linear in these assessments. We reconsider Figure 2.8 showing for
our example belief network the probability of interest Pr(b | sh) as a function of the
probability assessments @ = p(b | ~mne) and y = p(sh | b); the fanction equals '

_ L10005 - 2: -y ~ 0.00056 « 2 + 0.0559 -y — 0.00034

Pr(b | sh
oo | sh) @y — 0.6268 -« + 0.0835 - y + 0.7811

In this function, the terms —0.00056-x and —{.6268- & pertain to the effect of variation
of just the probability assessment p(b | me); the terms 0.0559- and 0.0835-y pertain to
the assessient p(isc | me). The terms .1.}0005-.1:-y and @iy with each other capture the
interaction effect of the Lwo assessments on the network’s probability of interest, These
terms provide information that cannot be revealed by one-way analyses with respect
to the two assessments separately. The mathematical function expressing a network’s
probability of interest in Lerms of two assessments reduces to a simple bi-linear function
for assessments that pertain to nodes that are ancestors of the node of interest and
do not have any obhserved descendants, More specifically, if the probability of interest
is a prior probability, it relates bi-linearly to any pair of influential assessments. We
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consider once again Figure 2.5 showing for our example belief network the probability
of interest Pr(c} as a function of the assessments & = p(h | me) and y = plisc | me);

the function equals
Pric) = =015z y+0.15- 2+ 0.15 -y + 0.194

From this function it is readily seen that the two probability assessments under study
upon variation have a negative interaction eflect on the probability of interest., Not
every pah‘ of probability assessments that are being varied will have an interaction effect
on a probability of interest, however. For example, any two probability assessments
that pertain to incompatible probabilities, in the sense of specifying complementary
valies for the same variable, will not interact. The function expressing the probability
of interest in terms of two such assessments will lack a product term. We consider once
again Figure 2.6 showing for our example belief network the probability of interest
Pr(e) as a function of the assessments x = p{b | me) and y = p(ise | ~mc); note that
the two assessments under study pertain to incompatible probabilities. The function

equals
Pr{e) = 0.03- 2 + 0.57 -y + 0.204

A two-way sensitivity analysis involving assessments for incompatible probabilities does
not reveal any unanticipated effects on a prior probability of interest beyond the effects
shown by one-way sensitivity analyses for the two assessments separately. Any such pair
of assessments can therefore be excluded from the analysis. The properties described
above for the functions that are yielded by a two-way sensitivity analysis of a Bayesian
belief network once again allow for considerably reducing the computational burden of
the analysis, The constants in the functions can again be determined by computing the
network’s probability of interest for a small number of deviations from the assessments
under study and solving the resulting system of equations. The number of network
computations thus required ranges from four to seven per pair of assessments. For an
impression of the reduction in computational effort thus attained, we refer once more
to Table 2.1 and observe that the number of network computations required for a two-
way sensitivity analysis equals the number of computations for a one-way analysis fo
the second power, approximately.

The sensitivity analyses of the three realistic belief networks we have studied, shows
that the computational burden involved can be reduced considerably by exploiting the
probabilistic relationships portrayed by a network’s digraph. This reduction increases
the practicability of the procedure suggested in the previous section for quantifying
Bayesian belief networks.
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2.7 Conclusions and directions for further research

When building a Bayesian belief network, a large number ol probabilities will have to be
assessed by experts in the domain of application. Experience shows that experts often
are reluctant to assess all probabilities required, feeling that they are unable Lo give
assessinents having a high level of accuracy. However, not every prohability in a belief
network in the making needs to be assessed with a high level of accuracy to arrive at
satisfactory behaviour of the network. In this chapter, we have addressed performing a
sensitivity analysis of a belief network to gain insight into which probabilities require a
higher level of aecuracy and which probabilities do not. Insight into which probabilities
are the most influential allows for careful focusing of elicitation efforts. We therefore
believe sensitivity analysis to be a practical aid in probability elicitation for Bayesian
belief networks, We have proposed an elicitation in which sensitivity analysis takes a
central role. In the procedure, alternatingly, analyses of a belief network in the making
are performed and prohability assessments are refined, until satisfactory behaviour of
the belief network is obtained, until the costs of further elicitation outweigh the henefits
of higher accuracy, or until higher accuracy can no longer be attained due to lack of
knowledge. :

Sensitivity analysis of a Bayesian belief network allows for assessing the sensitiv-
ity of a probability of interest to the various probability assessmoents specified in Lhe
network. When performed with respect to a prior probability of interest, a sensitivity
analysis serves to assess the network's quality and robustness in its reflecting a prior
probability distribution. The network’s robustness in modeling a posterior probabil-
ity distribution can be assessed by performing a sensitivity analysis with respect to
a posterior probability of interest, conditional on case-specific observations; such an
analysis may be looked upon as yielding a measure of confidence for the probability of
interest computed from the network for a case under consideration. Sensitivity analysis
therefore serves for both general and case-specific validation of a belief network under
study. :

A one-way sensitivity analysis of a Bayesian belief network reveals the effect of vary-
ing a single probability assessment on a probability of interest. A two-way sensitivity
analysis in addition yields insight into the joint effect of varying two probability assess-
ments simuitaneously, Performing a two-way analysis therefore is particularly useful for
uncovering and studying synergistic influences among prebability assessments. With
a two-way sensitivity analysis, however, it is not possible to reveal higiwr-order syner-
gistic influences involving more than two assessments. For this purpose, a higher-order
sensitivity analysis would be required. Interpreting the results of such an analysis is
often very hard. To be of practical use, appropriate tools need to be designed for this
purpose, :

The computational complexity of performing a sensitivity analysis of a Bayesian
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belief network of realistic size is an issue of major concern. In this chapter, we have
briefly presented several properties that allow for reducing the computational burden
involved to at least some extent. ¥n Chapter 4, we have detailed these and additional
properties that will allow for practical use of sensitivity analysis. Building on these
propetties, we have implemented a prototype tool for performing one-way and two-way
sensitivity analyses of beliel networks. We are currently experimenting with this tool
in view of various real-life Bayesian belief networks.

To conclude, we would like to note that, currently, we have little practical experience
with our elicitation procedure. We have performed a preliminary experiment, with the
procedure for a Bayesian belief network for congenital heart disease (Chapter 3) and are
currently using the procedure in the construction of a large decision-theoretic network
for treatment planning for patients with oesophageal cancer. The experiences with our
elicitation procedure so far encourage us to pursue this line of research in the future.






Chapter 3

Using sensitivity analysis for
efficient quantification of a belief

network

Abstract

Sensitivity analysis is a method Lo investigate the effects of varying a model’s param-
eters on its predictions. It was previously suggested as a suitable means to facili-
tate quantifying the joint probability distribution of a Bayesian belief network. This
chapter presents practical experience with perforiming sensitivity analyses on a be-
tief network in the field of medical prognosis and treatment planning. Three network
quantifications with diflerent levels of informedness were constructed. Two poorly-
informed quantifications were improved by replacing the most influential parameters
with the corresponding parameter estimates from the well-informed network quan-
tification; these influential parameters were found by performing one-way sensitivity
analyses. Subsequently, the results of the replacements were investigated by comparing
network predictions. It was found that it may be sufficient to gather a limited number
of highly-informed network parameters to obtain a satisfying network quantification,
It is therefore concluded that sensitivity analysis can be used to improve the efficiency

of quantifying a belief network.

3.1 Introduction

The framework of Bayesian belief networks was introduced in the late 1980s [Pearl, 1988]
for reasoning with uncertainty in a mathematically correct manner. It owes much of
its popularity to the use of probability theory combined with an appealing graphieal
represenlation of conditional independence relations. As such, belief networks allow
for explicit and declarative modelling of a problem domain, capturing demain knowl-
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edge that is relevant for solving knowledge-intensive problems [Andreassen et af., 1987,
Heckerman & Nathwani, 1992).

In building a belief network, two closely related tasks can be discerned; the construc-
tion of the graphical part of the network, and its subsequent quantification. Building
the graphical part of a network consists of identifying variables in the domain under
study, and assessing the conditional independence relations that exist between these
variables; these relations are represented by an acyclic, directed graph. The quantifica-
tion of a belief network amounts to assessing a local conditional probability distribution
for each variable in the network. These local distributions uniquely define a joint prob-
ability distribution on the variables discerned, that respects the independence relations
portrayed by the graph. A variable’s distribution is conditioned on its parents in the
graph; the mumber of parameters (conditional probabilities) that need to be assessed
for the distribution grows exponentially in the number of parents. The total number of
parameters that is needed to quantify a belief network may therefore be considerable.
Furthermore, a substantial number of network variables may be hidden from direct
observation; it is then very difficult, if not impossible, to collect quantitative data on
these variables, For these reasons, quantification of a belief network is often considered
a hard task.

To facilitate the quantification of belief networks several methods have been pro-
posed in the literature [Jensen, 1995, Monti & Carenini, 1995, Druzdzel & Van der
Gaag, 1995). In the previcus chapter, we have described how sensitivity analysis can
be used to reduce the quantification effort. Sensitivity analysis is a method to in-
vestigate the effects of varying a model’s parameters on its predictions. For a belief
network, it can reveal which parameters have a large effect on posterior probabilities,
and, therefore, on which parameters the quantification effort should be focused. In
Chapter 2, we propose a procedure of iteratively performing sensitivity analyses of an
initially roughly quantified network, in order to stepwise refine the quantification.

This chapter presents an empirical investigation regarding the viability of this pro-
cedure, As a case study, we selected a belief network that describes the pathophysiology
of ventricular septal defect (VSD), a frequently occurring congenital cardiac anomaly.
It was developed as part of a larger decision-theoretic application for treatment plan-
ning and prognosis in the field of paediatric cardiology [Peek & Ottenkamp, 1997). For
the quantification, we have obtained subjective probability estimates. The use of sub-
jective probabilities is indispensable in domains where there is a shortage of clinical data
and many variables cannot be measured. Unfortunately, this may require a massive
amount of probabilities to be estimated by field experts, a difficult and time-consuming
task. The main objective of our research is to establish whether it is possible to re-
duce the number of parameters that have to be estimated by field experts. That is,
we want to obtain a network quantification that gives predictions comparable to an
expert-quantified network, without having to elicit all the network’s parameters from
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the expert. .

The following procedure was used in the investigation. Three network quantifica-
tions were obtained, differing in the level of informedness of the estimates. The term
informedness refers {0 the knowledge about the problem domain of the person sup-
" plying the estimates; we assume that accuracy of network predictions increases with
the level of informedness. Exiensive sensitivity analyses were performed on all three
network quantifications, yielding a set of most influential parameters. In the two least
informed quantilications, the estimates for these influential parameters were replaced,
stepwise, with the estimates in the quantification of the field expert. The predictions of
the resulting improved quantifications are compared with the predictions of a network
that was completely quantified by the field expert.

Our results show that the procedure contributes to cfficient quantification of a
belief network: if, in a poorly-informed quantification, a limited number of highly
influential parameters arve replaced by more precise estimates, then the network gives
predictions that are comparable to the network that is completely guantified with
precise estimates. This means that we can avoid lengthy elicitation procedures, and
focus the quantification eflort on parameters to which network predictions are found
to be most sensitive when varied.

The chapter is organised as follows, In Section 3.2, we hriefly discuss the problem
of treatment plauning for patients with a ventricular septal defect, and present the
qualitative part of the VSD network. Section 3.3 gives formal backgrounds of sensitiv-
ity analysis in beliel networks, and describes the method of investigation to test the
refinement procedure. Then, in Section 3.4, the results of the sensitivity analyses and
subsequent refinements of the network quantification are presented. Discussion and
conclusions are given in Section 3.5,

3.2 The VSD network

Ventricular septum defect (VSD) is the most frequently occurring congenital heart dis-
ease; approximately 2 to 3 out; of each 1000 infants is born with this cardiac anomaly. It
is a relatively well-understood disorder with many clinical features that are characteris-
tic for congenital heart disease in general. We are currently developing an application
to support the management of VSD patients in clinical practice, based on recently
developed techniques from uncertainty reasoning and decision theory. Our aim is to
deliver a “white-box’ system, in which the user can perceive what is going on, and can
interact by proposing alternatives or adjust admissible treatment plans [Peek, 1999].
The core of the system is formed by a sequence of Bayesian belief networks that model
VSD pathophysiology and its clinical findings at different stages of infant development.
Heart, lungs and vessels are subject to.a number of changes during the first years of
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life, which make it impractical to use the same belief network for each development
stage. Instead, we chose to employ different belief networks for diflerent stages; there
is, of course, substantial overlap between these networks.

In this chapter, we focus on the beliel network that models VSD pathophysiology
for patients aged 3 to 6 months, After a VSD has been diagnosed (usually in the first
weeks of life), the patient is monitored during the subsequent months. The age of 3 to
6 months is crucial from a clinical perspective, as it provides the first opportunity to
establish the severity of disease. It is therefore the point in time where the clinician
will want to assess a preliminary prognosis of the patient’s further development, and
may already want to decide upon the treatment plan that is to be lollowed.

This section deseribes the qualitetive part of the belief network for VSD patients
aged 3-G months. We take this part to comprise the directed graph that models
conditional independence relations between domain variables, and various types of
constraint on the probability distribution modelled by the network, Before we elaborate
on the network itself, we first briefly review the domain under consideration.

3.2.1 V8D

A VSD is an abnormal opening in the ventricular septum, the fibromusecular wall that
separates the heart’s two ventricles [Graham & Gutgesell, 1995]). The main pathophys-
iological consequence of the presence of a VSD is blood flow (“shunt”) from the left
to the right ventricle due to ventricular pressure differences. Left-to-right ventricular
shunting renders typical murmurs that can be heard by auscultation of the heart, and
abnormal vibrations of the heart (called a “thrill”) that can be felt at the chest, The
shunt size, i.e., the amount of blood fowing through the defect, depends primarily on
the size of the defect and the pulmonary vascular resistance. The consequence of shunt-
ing is thai oxygenous blood is recirculated through the lungs. As a result, pulmonary
vascular pressure will rise, and systemic cardiac output will decrease. With large de-
feets, the large shunt size and high pubmonary arterial pressure may lead to heart
failure: the heart is unable to adequately fulfil its primary function, the circulation
of blaod through the hody. Heart failure accounts for most of the typical symptoms
associated with VSDs, such as shortness of breath, feeding problems, oedema, and
growth arrearage., Severe heart failure may result in cardiomegaly (enlarged heart),
hepatomegaly (enlarged liver), and pulmonary infections.

About 70% of all VSDs close spontaneously by normal tissue growth, [Krovetz, 1998],
where small defects are more likely to close spontaneously than large ones. This devel-
opment may take several months or even years, but it precludes the need for surgical
intervention. Unfortunately, continual pulmonary overflow and hypertension may cause
severe, irreversible damage to the pulmonary arierioles; this is termed Fisenmenger’s
reaction, and represents the primary risk to VSD patients. Eisenmenger’s reaction is
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detected at early stages by considering the ratio of pulmonary and systemic vascu-
tar resistances; increasing pulmonary vascular resistance is indicative for the reaction.
However, there exist no means to measure this resistance in clinical practice; it can
only be estimated from related signs. For this reason, early surgical intervention is
recommended for patients with large VSDs that are unlikely to close spontaneously.
The majority of patients with timely repair of uncomplicated VSDs in infancy or early
childhood have an excellent result with no clinical signs or symptoms and apparently
normal life-expectancy |Moller et af., 1991].

For the clinician, the main problem is to decide if and when to submit a patient
to surgery. Usually, the patient’s condition is monitored without surgical intervention
during the first year of life. Puring this period, non-invasive diagnostic tests such as
auscultation and echocardiography are conducied repeatedly to gain insight into the
shunt. size and the pulmonary vascular resistance. When necessary, medical treatment
is given to reduce heart failure. After the first year of life, the risks associated with
surgical intervention have dropped, and a decision whether surgery is necessary is
made. In cases of doubt concerning the state of the pulmonary arterioles, cardiac
catheterisation or pulmonary biopsy may be performed prior to thal decision to obtain
more information on the severity of disease. Therapy is considered completed after
closure of the defect, either spontaneously or by surgical intervention.

3.2.2 Qualitative part of the VSD network

A Bayesian belief network represents a joint probability distribution over a set of
discrete, stochastic variables. Each node in the grapl represents one of the domain
variables, and the absence of an arc between two nodes means that there exists no
direct dependency between the variables represented by these nodes; the variables are
only dependent via intermediate nodes in the graph. In practice, the most commonly
used heuristic to assess a network’s structure is the coucept of causality: an arc is
drawn between two nodes if there is known to exist a direct, causal relation between
the correspouding variables. This often provides a sound overall representation of
probabilistic dependencies in the problem domain.

For the VSD application, a network structure was hand-cralted with the aid of a
field expert, a senior paediatric cardiologist. First, a set of variables jointly describing
the V8D domain was selected, and then the graphical part of the beliel network was
assessed, using causality as the principle modelling heuristic. For a more elaborate
description of this development process, we refer to [Peek & Ottenkamp, 1997]). The
resulting network is depicted in Figure 3.1



56

aort_sten
Jabe

spravelyictar

aoverriding aorta
0%, 247,507,759

valy

by plinlar

apella
e na
pulm sten
cutlet _pos JesEA

A fefy
2 pight

VSD_type

perl memty
+ inlet
+auter

11

(RN puie

§u

shunt
UGS

spont_closurse
yesno

aort_prolapse
Satee, reild,

rulenite, severe
net_defect size
sH, rusdepety,

acrt_regurg
falee, mitd,
madercie, seiere

FDA .

0,0-2
24,5 4rm

pulm regurg paleness d
Yes rey et e .
feeding problema
diast leak murmur yes, rr
o eweating
’ [ fall_Lto_
O .

diast flow murmur

yes,

Figure 3.1:

syat PRV/PLV
<14

14-12

12-14

>4

Chapter 3. Using sensitivity analysis for efficient quantification of a belief network

syst_murmur

thrill

v failura
4 i,
Serate, sireng

LVH

yennr

‘g
pulm vasc_mark

marmal, b reared

The VSD network.

fatse,
crese-decr
wntdeer
T Ladlecr
= and
pulm ark
eyl
fewl
pulm fiow hyp

fakee, nild,
rrederate, severe

. resis ratio

110418
18- 14
1. 12
12
¥ dlast PaP/Pac
=<18
13-14 hepatomegaly
14-12 s ny
> 12
cedema
Fatse, i,
RV _fallure moderate,
rong, ikt severs
moaderate, strong
voussure_cardiaque
yenea
cardiomegaly
<45%,40-50
0-55, 5560,
£0-65,45-70,
>T0
pulm rales
ses,me
dyspnoea
yes.mr

thrive
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Ounce the structure of a belief network has been established, the next task is to
estimate the parameters for the quantitative part of the network; this part encodes a
joint probability distribution over the network’s variables. For the VSD network, which
consists of 38 variables, 1298 parameters are needed to fully quantify the probability
distribution. A significant number of variables cannot be observed in clinical practice,
making it very difficult to obtain estimates of the required parameters. In order to
alleviate the quantification burden for the VSD network, we decided to collect three
types of qualitative information on the probability distributions prior to the precise
estimation of parameters:

1. functional dependencies, modelling deterministic relations between variables,

2. consistency constraints, deseribing which combinations of values cannot occur,
and

3. qudlitative influences, expressing the sign of probabilistic interactions.

Each of these information types can be interpreted as expressing a constraint on one
of the local prohability distributions in the network [Druzdzel & Van der Gaag, 1995].
Below, we elaborate on each of them.

The first type of qualitative information consists of functional dependencies. These
dependencies effectively model deterministic relations, as they express that a variable
"will necessarily take a certain value when its conditioning variables (i.e., its parent
nodes in the graph) have a particular confignration of values. For example, in the V8D
domain, we know that if there is severc aoriic regurgitation (i.e., the acrtic valve is
very leaky), then cardiac auscultation will definitely reveal a {ypical kind of murmnr
(called a leak murmur) during the diastole, the phase of relaxation in the cardiac cycle.
Formally, we have that

p(diast_leak murmur = yes | aort_regurg = severe, pulm regurg = &) = 1,

for any legal value of = for pulm_regurg, the second conditioning variable of diast-
leak.murmur. Furthermore, the probabilities of other values for diast_leak murmur
(in this case only the value no) are 0 under these conditions. For the VSD network, 8
variables were completely described by funciional dependencies; 10 additional variables
were partially described by them. These dependencies, provided by the field expert,
were all assumed to be reliable.

The second type of qualitative information on probability distributions consists of
consistency constrainis, These constraints exclude certain combinations of values that
cannot possibly eccur in practice. For instance, once the pulmonary arterioles have
reached their normal state (6 to 12 wecks after birth), then the pulmonary vascular
resistance cannot exceed 1/4 of the systemic vascular resistance, Formally:

p(resis_ratio > 1:4 | pulm_art = normal) = 0. (3.1)
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For the V5D network, 102 consistency constraints were found, pertaining to 10 different
variables. Overall, 560 parameters were determined by a functional dependency or a
consistency constraint, reducing the nunber of parameters that need estimation to 738,

The third and last type of qualitative information on probability distributions con-
sists of qualitative influences [Wellinan, 1990] A qualitative influence is a synnnetric
property describing the sign of probabilistic interaction between two variables, build-
ing on orderings of these variables’ value domains. A positive (negative) qualitative
influence, indicated by attaching the label ‘+° (*—') to an arc in the graph, expresses
that higher values of the one variable makes higher (lower) values of the olher more
likely, and vice versa. Tor instance, if the amount of blood that flows through the VSD
(the shunt. size) grows, then increasing failure of the left ventricle becomes more likely.
This is expressed by a positive qualitative influence between the variables shunt and
LV _failure:

shunt —» LV_failure (3.2)
which induces the following inequalities:

p(LV_failure = nene | shunt > 2: 1) <
p(LV_failure = none | 1:1 < shunt < 2: 1)

p{LV_failure = modercte | shunt > 2:1)

+p(LV_failure = severe | shunt > 2:1) >
p(LV_failure = moderate | 1 : 1 < shunt < 2: 1)
-+ p(LV_failure = severe | 1:1 < shunt < 2: 1)

p(LV_failure = sewvere | shunt > 2 1) >
p(LV_failure = severe | 1: 1 < shunt < 2:1) .

These inequalities constrain the local probability distribution for the variable LV_fai-
lure. In co-operation with the field expert, a total of 24 positive and 5 negative
qualitative influences was found for the V8D network.

3.3 Quantification and sensitivity analysis

When assessing the quantitative part of a belief network, numerous network parameters
have to be estimated, cither from frequencies found in statistical data, or subjectively
by experts in the field of application, But often such statistical data are difficult,
if not impossible to obtain, and gathering estimates from field experts is very time-
consuming. In this chapter, we experimentally assess the viability of a procedure to
faeilitate the quantification task, proposed in Chapter 2, This procedure, which is based
on performing sensitivity analyses, is reviewed in Section 3.3.1. For the experimental
investigation, where the ¥SD network is used as a case study, we have collected three
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quantifications that differ with respect to informedness of the estimates; these are
described in Section 3.3.2. Furthermore, two variables in the network that are indicative
lor its performance, and five case profiles, describing typical patierns of ohservations,
have been identified; these are described in Section 3.3.3.

3.3.1 One-way sensitivity analysis of a belief network

Sensitivity analysis is a technique to systematically study the effects of variations in
the parameters of a mathematical model on this model’s predictions. It is widely used
in the fields of decision theory and mathematical modelling, [Habbema et ol., 1890,
Morgan & Henrion, 1990, Von Winterfeldt & Edwards, 1986]. For a Bayesian belief
network, sensitivity analysis provides for studying the effects of variations in the esti-
mates of the network’s parameters on one or more posterior probabilities of interest.
As such, sensitivity analysis allows for identifying network parameters that are highly
influential, and should therefore be estimated with the highest accuracy. For less influ-
ential parameters, rough estimates may suffice. Sensitivity analysis can thus be used
to increase the efficiency of quantifying a belief network, as it directs the quantification
cffort towards crucial parameters.

The simplest type of sensitivity analysis is & one-way sensilivily analysis. In a
one-way sensitivity analysis of a beliel network, the estimates of the network’s pa-
rameters are varied one at a time, keeping all others fixed. The analysis then reveals
the separate eflect of variation of a parameter estimate on posterior probabilities. In
this investigation, we used the method for one-way sensitivity analysis proposed in
[Coupé & Van der Gaag, 1998] (see also Chapter 4).

Coupé et al. show that in a sensitivity analysis of a belief network, it is not neces-
sary to vary all network parameters, given a particular posterior probability of interest.
Only a subset of parameters will influence the posterior probability; this subset can be
derived solely from the graphical structure of the network. We will refer to the sensitiv-
ity set as the set of variables whose parameters may be inflnential; the constitution of
this set depends on the evidence entered into the network and the posterior probability
one is interested in. For details concerning the identification of the sensitivity sct, we
refer Chapter 4.

Furthermore, Coupé et al. show that there exist functional relationships between
individual parameters and posterior probabilities in a belief network. Any posterior
probability is a rational polynomial over the parameter under study:
a-x+b . (3.4)

i o v
where @ is the parameter under study, and a, b, and ¢ are real-valued constauts.
Prf=2(V = v | £) is the posterior probability of the value v for the variable ¥ given ev-
idence £. We refer to the right hand side of Eq. 3.4 as a sensitivity function. It is easily

PV =v ¢ =
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secn that systematic variation of the parameter under study is not necessary to deter-
mine its associated sensitivity function: if we compnte the posterior Pri=*(V = v | £)
with three different values for @, the constants in the funclional relationship can be
determmined. These constants are now nsed to calenlate the first order derivative of the

sensitivity functiom:

d o omrprs _are—b ' -
(f.’l:Pl (I =V ’ 6) - (er C)Q (3‘))

If we apply this derivative function to the original parameter estimate, we obtain the
gradient of the sensitivity function at that point. This quantity gives an impression of
the influence of {small} variations in the estimate on the posterior Pr(V = v | £); see
Figure 3.2 for illustratiouns.

As the influences of parameter estimates on posterior probabilities may vary with
the evidence £, sensitivity analyses should be performed for several evidence sets. We
will refer to these sels as cuase profiles: they preferably consist of realistic patterns of
observations. Furthermore, it should be established which postertor probabilities are
indicative for the performance of the belief network. The variables to which these
probabilities pertain will be called the weriables of interest. Both realistic case profiles
and variables of interest depend on the envisionaed application of the belief network

under consideration,

To facilitate the quantification of a beliefl network, Coupé et al. now propose the
following two-stage procedure. After the graphical part of the network has been as-
sessed, a rough quantification is established. Such a rough quantification can be based,
for instance, on a small collection of statistical data, or order-of-magnitude estimates
derived from qualitative descriptions of the relations involved. The second step consists
of porforming one-way sensitivity analyses on the network; this requires the identifi-
cation of several realistic case profiles, and one or more variables of interest. Finally,
those parameter estimates that turn ont to be highly influential are refined. Improved
estimates are obtained, for instance, by gathering more statisticat data on the variables
involved, or by eliciting them from experts in the field. The effort of obtaining highly
accurate parameter estimates is thus limited to a subset of network parameters.

We conclude this section by noting that the refinement of influential parameters in
a given quantification will generally not reduce the sensitivity of posterior probabilities
to parameter variation. A quantification solely comprising highly accurate parame-
ter estimates will often contain just as much influential parameters as a completely
random quantification: there exists no relation between sensitivity and ‘quality’ of a

quantification.
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Figure 3.2: Two sample sensitivity functions. (a) A linear sensitivity function (i.e.,
e = 0). The gradient is independent of the actual point estimate. (b) A nomlinear
sensitivity function. The gradient of the function is computed for the point estimate
(0.25), providing an indication of the influence of small variations in the parameter

estimate on the posterior probability.

3.3.2 Three quantifications of the VSD network

The main question now is: how compares a network quantification obtained by follow-
ing the procedure described above to a network quantification that consists completely
of accurate parameter estimates? Furthermore, what is the efficiency gain, in terms of
quantification effort, yielded by the procedure? This chapter presents an experimental
investigation inlo these issues, using the VSD network as a case study.

To be able to answer the questions above, we have acquired three different quan-
tifications of the VSD network. A total of 738 parameters had to be established. The
following network quantifications were obtained, listed in order of increasing informed-

ness.,
(1, consisting of completely uninformative parameter estimates,

(32, consisting of parameter estimates supplied by a non-expert, on the basis of qual-
itative characterisations of the uncertain relations, and

(33, consisting of parameoter estimates supplied by a field expert.

In network guantification Q1, a uniform probability distribution was used for each vari-
able in the network. The assessed deterministic relations, as described in Section 3.2.2,
were however preserved in this otherwise uninformative network quantification.

63
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For quantification (32, the parameter estimates were provided by a non-medical
researcher who was involved in the construction of the graphical part of the network.
For this quantification, the information on qualitative probabilistic influences between
the variables in the network was used. Where possible, a linear model was assumed for
the dependency between the parameter estimates for a variable and the values of the
parents of that variable. That is, the difference in probability estimates for successive
values of the conditioning parents is taken to he equal. In estimating the required prior
distributions for variables without ascendants in the graph, both medical literature and
qualitative statements of the field expert were used. For the estimated occurrence of
different types of VSD, incidence figures found in the literature were used; for the
various complications of disease, statements such as “common”, “rare”, “very rare”,
given by the field expert during the elicitation of the gualitative part of the network,
were translated to probability estimates, Furthermore, as in quantification QI1, the
deterministic relations were also ensured in quantification Q2. In total, seven hours
were spent on est‘ablishilig this quantification of the VSD network,

For the network quantification 3, parameter estimates were provided by a senior
paediatric cardiologist. For cach distribution, the cardiologist was asked to provide
the expected number of patients out of a hundred with a specific value for the variable
under consideration, given a configuration of its parents in the graph. Initially, the
clinician felt reluctant to give such precise nunbers; he was therefore asked to provide
95% and 50% confidence intervals in addition {0 the point estimates. As the confidence
intervals allowed him to express Lis own wncertainty regarding the estimmates, he felt
more comfortable with this procedure. For a more detailed description of the elicitation
procedure followed, we refer the reader to [Coupé et al., 2000]. The total amount of
time the cardiologist spent on the quantification of the network was approximately
twenty-five hours.

Our objective now was to assess whether it is possible Lo improve quantifications Q1
and 2 up to the level of Q3, where the improvements consist of selective revisions of
influential pm‘ametei‘s. These influential parameters are found by performing one-way

sensitivity analyses of the network.

3.3.3 The variables of interest and case profiles under

consideration

Two vartables of interest were indicated by the field expert to be used in the sensitivity
analyses: the variable shunt and the variable resis_ratio. These are the two most
important variables in the network, in the sense that the patient’s prognosis largely
depends on their values; a clinician usually bases Lis management decisions on estimates
of these variables. We have therefore assumed that the performance of the VSD network
can be measured by testing the aceuracy of predictions for these variables. Tor the
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Evidence profile 1 profile 2  profile 3 pirofiled  profile 5
syst_murmur ne short.decr holo_band holo_band  holo_band
thrill none none none — evident
diast_flowmurmur ne no no yes yes
paleness yes no - no yes
sweating yes no — ne yes
hepatomegaly no ne — — yes
dyspnoea yes no no no yes
feeding problems  yes ne no no yes
fail_to.thrive yes no — no wes

Table 3.1: The case profiles for the VSD network. A maximum of nine observations
is available for every case profile; ‘—' means that the value for that specific variable
is unknown. The profiles are ordered according to the severity of disease. From left
to right the VSD size increases and, therefore, also the likelihood of an unfavourable

3

outcome.

variable shunt, we have focused on the value shunt > 2 : 1, corresponding to a strongly
increased pulmonary blood flow. Continual pulmonary overflow increases the risk of
damage to the pulmonary circulation. For the variable resis.ratio, taking one of
the four values 1:10-1:8, 1:8-1:4, 1:4-1:2, and >>1:2, the value 1:10-1:8 was taken as
the value of interest, This value reflects normal vaseular resistance in the pulmonary
circnlation and therefore corresponds to a favourable situation; the remaining values
for resis_ratio correspond to increasing pulmonary damage.

In analysing the network quantifications, we thus focused on the posterior proba-
bilities

¢ Pr{shunt > 2: 1| profile;) and
e Pr(1:10 < resis ratio < 1:8| profile;),

and their respective sensitivity to parameter variations, where profile; stands for a
particular case profile (i.e., a set of observations}. Five case profiles were selected in
cooperation with the field expert; they are shown in Table 3.1. Execept for profile 1,
each of these profiles reflecls a realistic pattern of observations found in a particular
type of VSD patient. Some profiles provide strong, unequivocal evidence towards
certain predictions and pose no interpretation problems to clinicians in the field. For
instance, profile 2 represents a patient with few, vel compelling findings, providing
strong evidence for a small VSD. In profile &, all symptoms related to a VSD are
present, providing strong evidence {or a large defect. For other p'roﬁles, the prognosis
is more difficult to assess, and therefore more uncertain. Profiles 3 and 4 are less
evident than profiles 2 and 5, and even somewhat contradictory, Typical signs of a
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VSD are absent, but still a holosystolic murmur is audible, which is symptomatic for
the disease, In profile 4, moreover, a diastolic flow murmur is present, increasing the
evidence for a large V8D, The profile that is lisied first, finally, shows many symptoms
comnton for a V5D patient, but necessary findings such as systolic murmur and thrill
are absent; this profile corresponds to a patient not having a VSD, but some other,

unknown disease,

3.4 Results

For each of the network quantifications Q1, Q2, and Q3, the sensitivity of the se-
lected posterior probabilities to variations in the network parameters was analysed.
Subsequently, quantifications Q1 and Q2 were refined by replacing the probability dis-
tribntions of the most influential variables with distributions from quantification Q3.
This section discusses the results of the sensitivity analyses, and the effects of refining
network quantifications, First, in Section 3.4.1, we compare the predictions of the three
network quantifications for the fve case profiles. The results of the sensitivity analyses
are presented in Section 3.4.2. In Section 3.4.3, we detail the refinement procedure,
and compare the predictions of refined network quantifications to the predictions of

quantification Q3.

3.4.1 Predictions of the three network quantifications

For each of the network quantifications and each of the case profiles, the predictions for
the variables shunt and resis_ratio were computed; they are shown in Figures 3.3a
and 3.3b, respectively.

First, consider Figure 3.3a, showing the results for the variable shunt. We see
that all quantifications assign zero probability to a large shunt, given profiles 1 and 2.
This is due to consistency constraints encoded in each of the quantifications: the lack
of loud heart murmurs and thrill precludes existence of a large shuni. These profiles
therefore provide no hasis for comparison here. For the other profiles, we Hnd that the
quantifications (3t through Q3 have increasingly more discriminative power; this is in
line with the increasing level of informedness of the quantifications. Quantification (1
gives the same prediction for each of these profiles, due to the uniform distribuiions
used in this quantification. The predictions of quantifications Q2 and Q3 are more
prouounced and they do provide the same ranking of profiles. For profiles 4 and b, the
predietions from Q2 and Q3 agree well, but for profile 3, however, a large difference
is seen in the predictions. This carresponds well to the fact that profile 3 provides
contradicting observations and is therefore hard to interpret. The field expert indicated,
however, that quantification Q3's prediction was best in line with his intuition for this
profile.
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Figure 3.3: Predictions for the posterior probabilities (a) Pr(shunt > 2: 1 | profile;)
and (b) Pr(1:10 € resis_ratio < 1: 8| profile;) for each of the case profiles, com-
puted from the three network quantifications (0 for 1, ¢ for G2 and o for Q3). The
vertical dotted lines separate VSD profiles with typical characteristics.

Turning to the predictions for the variable resis_ratio, shown in Figure 3.3b, we
see that for each of the quantifications the predictions remain more or less constant
over the case profiles. However, the average level of the posteriors differs consider-
ably per quantification: whereas quantification (J1 assigns a low probability of normal
pulmonary vascular resistance, quantification Q3 is fairly confident about this circum-
stance; quantification Q2 is located in between. These differences can be traced hack
to prior {unconditional} distributions for variables without ascendants in the graph,
which are quite different for the three quantifications. In discussing these results, the
field expert again confirmed the predictions of his own quantification (Q3): at the
age of three to six months, VSD patients nsually have a normal pulmonary vascular

resistance, regardless of the severity of disease.

3.4.2 Results of the sensitivity. analyses

A one-way sensitivity analysis of both posterior probabilities Pr{shunt > 2 : 1| profile;)
and Pr(1: 10 < resis_ratio < 1:8 | profile;) was performed for every case profile, for
each of the three quantifications. From the total of 1298 parameters in the network, 560
parameters that are determined by a functional relationship or a consistency constraint
were excluded from the analysis. Table 3.2 shows the sensitivity of the posteriors given
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Profile a1 Q2 Q3

1 insensitive

shunt 2 insensitive
= 3 0.01172 (87%) 0.01685 (84%) 0.01446 (83%)
>2:1 4 0.01222 (83%) 0.00716 (83%) 0.00882 (85%)
5 0.01256 (82%) 0.00071 (78%) 0.00000 {77%)
1 0.00793 (70%) 0.01230 (80%) 0.02173 (80%)
resis_ratio 2 0.00638 (76%) 0.00058 (77%) 0.01202 (82%)
= 3 0.00483 (88%) 0.00738 (85%) 0.00857 (85%)
1:10—-1:8 4 0.00485 (85%) 0.00726 (83%) 0.00704 (85%)
5 0.00506 (79%) 0.00715 (79%) 0.00732 (78%)

Table 3.2: The sensitivities of the posterior probabilities Pr(shunt > 2: 1| profile;)} and
Pr(1:10 < resis_ratio < 1:8| profile;) to parameter variations, averaged out over
the network parameters considered in the analysis. The percentage of uninfluential

paramelers is given between parentheses.

each case profile, averaged over the 738 parameters considered in the analysis. Between
parentheses, the percentage of uninfluential network parameters is written. The high
percentages itlustrate that there is often a considerable number of network parameters
inside the sensitivity set, that yet turn out to be uninfluential when varied, In Ta-
ble 3.3 the maximum sensitivity found for each case profile and network quantification

is listed.

Profile Q1 Q2 Q3
1 0 0 0
shunt 2 0 0 0
= 3 —-0.73372 —1.07992 1.51122
>2:1 4 —(.73372 —0.38576 —2.68748
o 0.36686 -—0.38789% -0.00020
1 0.48170 -0.55913 -5.19101
resis_ratio 2 0.48170 0.53568 0.95637
= 3 (0.51299 049599  0.95812
1:10—-1:8 4 0.51299  0.48988 —0.82572
5] 0.51299  0.50188 -0.82463

Table 3.3: The maximum sensitivities of the posterior probabilitics Pr{shunt > 2:1 |
profile;) and Pr(1:10 < resis.ratio < 1: 8| profile;).
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Fiist, consider the results for the variable shunt. We recall lrom the previous sec-
tion that for profiles 1 and 2, the posterior Pr(shunt > 2 : 1} profile;) is determined to
be zero by consistency constraints. For this reason, varying paramcters estimates will
not affect the posterior in any of the network quantifications; it is completely insensi-
tive, given these profiles, We therefore restrict the discussion to profiles 3, 4 and 5. We
find that the predictions for shunt in quantifications Q2 and 3 are significantly more
sensitive to parameter variation for profiles 3 and 4 than for profile 5. An explanation
for this pattern exists in the fact that profile 5 provides several independent pieces of
evidence indicating a large shuni; varying individual parameters therefore hardly influ-
ences that prediction. In contrast, profiles 3 and 4 comprise contradicting observations:
although heart murmwrs indicating a large VSD are observed, none of the symptoms
that would then be expected are present. In these cases, varying a single parameter can
change the prediction for the shunt variable considerably. The result is not, found for
the uninformed quantification Q1: as this quantification gives the same prediction for
each case profile, these predictions are almost equally sensitive to parameter variation.

For each case profile and each quantification, we identified the thirty parameters
showing the largest influence on the posterior Pr(shunt > 2 : 1| profile;). The variables
to which they pertain are listed in Table 3.4, in order of decreasing maximum influence
of their parameters. We note that there exists a substantial overlap in the variables
to which highly influential parameters pertain, and therefore the numnber of variables
is much smaller than thirty. Furthermaore, the selections of variables per profile are
roughly the same for all gquantifications. This indicates that the structure of the belief
network considerably affects the sensitivity of posteriors to parameter variation; the
quantification that is used in the analysis is of secondary imporlance.

For quantification Q1, only the prediction variable itself (shunt), and observed,
direct descendants of this variable are selected.! This is not surprising, as the uni-
form distributions used in this quantification eliminate all influences through longer
pathways in the graph when only one parameter estimate is varied at a time, There-
fore, only higher-order sensitivity analyses can reveal the propagation of influences
throngh the graph for this quantification. The selections for quantifications Q2 and
Q3 are supersets of the sclection for quantification (1. Notably, they also comprise
variables at a greater distance ol the shunt variable, and ascendant variables of shunt
in the graph, e.g., defect_size and resis ratio. The distributions of these ascendant
variables represent prevalences of the disease and its complicalions, and are thereflore
influential on the posterior distribution of shunt. We conclude that the selections for
quantifications (32 and Q3 provide more realistic patterns of influential variables.

IThe variable LY failure is functionally determined by its observed descendants and can therefore

itself be regarded as observed.
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Q1 Q2 Q3
profile 3 LV _failure syst_murmur LV failure
diast flowmurmur syst _Pry /Py syst_Pryv/Pry
thrill diast_flow.murmur diast flow murmur
syst_murmur LY failure syst_murmur
shunt thrill pulm_sten
shunt shunt
resis_ratio defact_sizs
PDA '
outlet_pos
thrill
profile 4 LV_failure syst_Ppy/Pryv diast. flow.murmar
paleness syst_murmur LV _failure
diast flowmurmur diast flowmurmur syst Pry/Pry
sweating palensss syst_murmur
syst_murmur swoating pulm_sten
shunt LV failure shunt
shunt paleness
outlet pos sweéating
pulm_sten defoct _size
resis.ratio PDA
outlet_pos
profile 5 diast flowmurmur diast Pyp/FPas diast flow murmur
paleness thrill LV failure
suweating syst Ppyv/Pry sweating
thrill diast_flowv.murmur RV failure
syst_murpur syst_murmur thrill
Lv_failure LV failure . syst.murmur
shunt paleness paleness
sweating V5D type
shunt systPryv/PLv
outlet.pos pulm_sten
pulm_sten shunt
resis ratio

Table 3.4: The variables to which the thirty network parameters pertain that are most
influential to the posterior Pr(shunt > 2 : 1| profile;), for profiles 3, 4, and 5. The
variables are ordered with respect to the maximum influence of their parameters.
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Consider now the results, in Tables 3.2 and 3.3, for the variable resis_ratio. For
this variable, the differences in average and maximum sensitivity between the three
quantifications and five case profiles are very small. This illustrates that there is no re-
lation between the level of inforimedness of a network quantification and the sensitivity
for variations in parameter estimates. Furtherinore, there exists no distinetion hetween
the ‘contradicting’ profiles 3 and 4 and other profiles; this seems to be correct as these
contradictions mainly concern the size of the shunt. At the age of three to six months,
only minor differences between patients with regard to the resistance ratio are to be
expected. For the posterior Pr(1: 10 < resisratio < 1: 8/ profile;}, the variables
pertaining to the thirty most influential parameters were also identified. Due to space
limitations, these results are not shown here. However, similar observations hold as for
the posterior Pr(shunt > 2 : 1 | profile;). Again, the selections of influential variables
per profile are roughly the same for each quantification. Every selection contains the
vartable resis_ratio itself, as well as its direct ascendant in the graph, the variable
pulm_art. The direct descendants diast_P,p/ Py, and shunt also turn out to he very
influential, Furthermore, the selected variables at greater distance from resis_ratio
partially overlap with those variables selected for shunt,

3.4.3 Predictions of the refined network quantifications

Using the results of the sensitivity analyses, quantifications Q1 and Q2 were stepwise
refined with parameter estimates from quantification Q3. Although sensitivity analysis
reveals the influence of individual parameters, we chose to substitute, at every refine-
ment step, all parameter estimales pertaining to a network variable. The motivation
for this approach is that parameter estimates often have little meaning in isolation: it
is their relation with other parameter estimates from the same local distribution that
matters. To select, variables whose parameters are eligible for substitution, the sets of
influential variables per profile (Table 3.4) were compiled to a single, ordered set; the
order was determined by averaging the positions of the variables in the original sets.
With respect to the shunt variable, the following sets were thus compiled:

Voi(shunt) = {diast_flow murmur,LV failure,syst_murmur, {(3.6)
shunt, paleness, thrill, sweating}

Voz{shunt) = {syst_Ppy/Py, syst murmur,diast_{low murmur, (3.7)
LV failure, shunt,resis ratio, thrill, paleness,

sweating, outlet pos,pulm sten,diast Psp/Py,}.
With respeect to the variable resis_ratio, we have

Vqi(resis_ratio) = {resis.ratio,shunt,pulm_art, (3.8)

diast Pyp/Ps,, LV failure, PDA}
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Figure 3.4: The predictions of (a) quantification Q1 and (b) quantification Q2 for the
posterior probability Pr(shunt > 2: 1| profile;), after successive refinement steps. The
dotted horizontal lines correspond to the predictions of quantification Q3.

Vae(resisratio) = {resis._ratio,shunt,pulm.art,LV failure, (3.9)
diast Pyp/Py,, syst_Pyy/Pry, syst murmur,
RV_failure,diast_flow murmur,paleness,

sweating, thrill}

The variables are listed in decreasing order of influence on the respective variables.

The quantifications were stepwise refined by replacing, at step {, all parameter
estimates pertaining to the i variable in the above sets by the corresponding es-
timates from quantification Q3. So, to improve the prediction for shunt, a total
of seven and twelve refinement steps were made for Q1 and (32, respectively. Tor
regig_ratio, a total of six and twelve refinement steps were made for Q1 and Q2.
With each of the refined quantifications, the posteriors Pr(shuat > 2 : 1| profile;} and
Pr(l:10 < resis.ratio < 1:8| profile;) were computed for the various case profile;
these posteriors are plotted in Figures 3.4 and 3.5,

First consicer the refinements for the posterior probability Pr(shunt > 2 : 1 |
profile;). The plots indicate that for both quantifications, the posteriors rapidly shift
towards the posteriors of quantification Q3. For guantification Q1, for example, two
refineinent steps sufflice to approach (33’s predictions. For profile 5, even a single refine-
ment of quantification Q1 (replacing the estimates of the variable diast_flow_murmur)
is enough to nearly reach Q%s prediction. However, the difference between posteriors
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Figure 3.5: The predictions of (a) quantification Q1 and (b) quantification Q2 for the
posterior probability Pr(l : 10 < resis ratic < 1: 8| profile;), after successive refine-
ment steps. The dotted horizontal lines correspond to the predictions of quantification

Q3.

does generally not decrease monotonically. This is most notable with the refinements
of quantification Q2: the posteriors for profiles 3 and 4 show considerable fluctuations
in the first seven steps. Thereafter, they quickly converge to the desired level. Unfor-
tunately, this convergence is not obtained for quantification QI: even after replacing
the distributions of all seven variables with influential pavameters, the posteriors still
deviate from the posteriors of Q3.

Now, we turn to the refinements for the posterior Pr(l: 10 < resis ratio <1:8
| profile;). As before, the posteriors quickly approach the posteriors of quantification
(3. For both guantification Q1 and Q2, three refinement steps suflice to reduce the
difference with Q3’s predictions considerably. After the maximum of six refinement
steps, however, still no convergence is reached for Q1. For quantification 2, the
refined posteriors lie very close to the predictions for Q3 after the maximum of eight
steps.

So far, we have seen that the results of refinements are encouraging. However,
these results pertain to the five profiles that were also used in the sensitivity analyses,
In order to investigate whether the results generalise over more cases, the effects of
refinements were also tested on clinical data. Thirty-six cases were selected from a
database of V5D patients collected at the Leiden University Medical Centre in The
Netherlands., These cases correspond to patients aged 3-6 months having V5D as their
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quantification step mean  max min
Q1 ¢  0.2920 0.6396 0.1178

0.1996 0.8381 0.0002
0.1905 0.8080 0.0000
0.0927 (.3859 0.0001
0.1313 0.5501 0.0042
0.1497 0.5501 0.0022
0.0686 0.3285 0.0000
0.1032 0.3859 0.0001

Q2

Do N DS A N

‘able 3.5: The mean, maximumn and minimum difference with (33 of the refined pre-
dictions of Q1 and Q2 for the variable shunt, for all cases in the database whose
predictions are not determined by a consistency constraint,

primary diagnosis. For each case, the predictions of quantifications Q1 and Q2 both
before and after the refinements were compared with the predictions of guantification
(33. The average, maximum and minimum difference between the predictions from Q3
and both the original and refined predictions from Q1 and Q2 for the thirty-six cases
were computed. In Tables 3.5 and 3.6, these differences for refinement with two, four
and six vartables, respectively, are shown.

For quantification (31, the resnlts show that stepwise refining this qliatitiﬁcat.iml
indeed steadily reduces the differences with the predictions from quantification Q3.
Note, that we do not claim that the predictions for Q3 are reliable. Since no retiable
outcome measurements were available for these thirty-six patients no validation of
the various quantifications was performed., Therefore, we only compare the refined
quantifications with Q3 and aim to obtain a network quantification giving similar
predictions as (33, without using all parameter estimates from Q3.

quantification step mean  max min
Q1 0 0.5186 0.6058 0.0616

2 02089 0.3527 0.2252
4 00412 0.0868 0.0083
6 0.0303 0.0697 0.0002
0 03881 0.778% 0.0410
2 03829 0.7664 0.0223
4
6

Q2

0.4426 09113 0.0024
0.4407 0.8992 0.0035

Table 3.6: The mean, maximum and minimum difference with Q3 of the refined pre-
dictions of Q1 and Q2 for the variable resis_ratio, for all cases in the database whose
predictions are not determined by a consistency constraint,
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Figure 3.6: The effect of refining quantification Q2 for (a) a patient for whom the
procedure is eflective and (b) a patient for whom the procedure gives large fluctuations.

For quantification (32, the results of the refinement procedure are less clear. For
the variable shunt, the mean difference between Q3 and both Q2 and refinements
of 2 indeed show a decreasing trend. However, the orviginal differences between the
predictions from Q2 and Q3 are quite small, making drastic changes impossible. For
resis ratioe, no significant effect of the refinements can be observed. This is an
unsatistying result; future research will have to uncover its causes.

As an example, in Figures 3.6a and b, the detailed results of the refinement proce-
dure are given for two patients, one patient for whom (3 predicts a low shunt and one
patient for whom a high shunt is expected, Figures 3.6a illustrates that the refinement.
procedure may work very effectively. After four refinement steps, the predictions from
(32 have approached (3 considerably. Convergence, however, is reached only after nine
steps. Figures 3.6b shows a patient for whom the refinement procedure originally only
worsens the predictions. This suggests that in applying the refinement procedure to
quantify a network cfficiently, it may be worthwhile to use real patient data for the

sensitivity analyses.

3.5 Discussion and conclusions

Quantifying a Bayesian helief network is a difficult and time-consuming task, precluding
easy application of belief-network technology in practice. However, it has been claimed
that, once the graphical part of the network correctly models the independence relations
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in the domain of application, then the behaviour of Lhe network is insensitive to the
quality of the majority of quantification parameters, [Pradhan et of, 1996]. If this is
true, then a satisfactory network quantification can be obtained by only estimating
a small set of highly inHuential parameters from well-informed sources, and taking
rough estimates for the others, We have presented an empirical investigation into
this elaim, by comparing the predictions of a well-informed quantification with poorly-
informed quantifications, in which only influential parameters were reconsidered, These
influential parameters were identified by performing one-way sensitivity analyses.

The results of our investigation suggest that using a two-step procedure of only
reconsidering influential parameters works: partially refined, poorly-informed quan-
tifications give predictions that are comparable to a well-informed quantification, The
procedure could be repeated severat times depending on the level of informeduess of the
quantification at hand., However, the procedure shows better results for the case pro-
files that were used to identify influential parameters, than for cases from a real-world,
clinical database. We conclude that it is preferable to use a large set of cases when
refining a network quantification. With respect to sensitivity analysis, it was found
that the structure of the belief network considerably affects the influence of parameter
variation to posterior probabilities; the quantification that is used in the analysis is
of secondary importance. Furthermore, our results confirm that there is no relation
between sensitivity of posteriors to parameter variation and the level of informedness
of the quantification at hand,

Throughout the investigation, we have assumed that the structure of the belief
network, as elicited from the field expert, is correct; the same assumption was made
for functional relations and consistency constraints on network variables that were
identified prior to quantification. We helieve that these assumptions have had little
or no impact on the results that were found. When building a real-world applica-
tion, however, critical evaluation of these parts of the network model is also necessary:
sensitivity analyses should not be restricted to numerical information. Furthermore,
the re-quantifications concerned influential parameters that were found by performing
one-way seisitivity analyses. These analyses measure the effects of individual param-
cter variations. Therefore, synergetic effects of varying multiple parameters are not
detected, although they may have an important effect on the network’s predictions,
To reveal such effects, higher-order sensitivity analyses are required.

The method proposed here is not Himited to elicitation of network parameters from
field experts; it is also applicable to parameter elicitation from other sources such as
clinieal data sets or frequencies reported in the literature. In fact, we believe that the
usage of objective statistical sources is indispensable to obtain a network quantification
of sufficient quality. Subjective probability estimates are known to suffer from several
forms of calibration and bias, [{ahneman et al., 1982, and their reliability is therefore
not beyond dispute. Moreover, in the medical field it is often possible to collect datasets
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of reasonable size. The basic procedure investigated, however, applies equally well when
a combination of quantification sources is employed.

To conclude, we believe that sensitivity analysis provides a promising addition to
the methods that exist to facilitate belief network quantification. In future research,
we plan to investigate more sophisticated procedures than the one described here. For

" instance, instead of making a final network quantification on the basis of a single sen-
sitivity analysis, it is probably betfer to have a few alternating steps of sensitivity
analyses and improvements of the quantification. This approach takes into consid-
eration that by each refinement, the set of highly influential parameters is changed.
Furthermore, it may be worthwhile to additionally perfortn higher-order sensitivity
analyses, or even uncertainly analyses, which investigale the joint effect of varying all
network parameters simnltaneously. And finally, the expected accuracy of parameter
estimates, as expressed by confidence intervals, can be involved in the analysis. This is
accomplished by taking the variation of a sensitivity function over a confidence inter-
val instead of over the whole range as a measure of the parameter’s influence. Then,
parameter estimates with high expected accuracy (i.e., having small confidence inter-
vals) will only be reconsidered when the sensitivity function is extremely steep over
the confidence inferval.






Chapter 4

Properties of sensitivity analysis of
Bayesian belief networks

Abstract

The assessments obtained for the various conditional probabilities of a Bayesian belief
network inevitably are inaccurate. The inaccuracies involved influence the reliability
of the network’s output. By subjecting the belief network to a sensitivity analysis with
respect to its conditional probabilities, the reliability of the output can be investigated.
Unfortunately, straightiorward sensitivity analysis of a Bayesian belief network is highly
time-consuming. In this chapter, we show that, by qualitative considerations, several
analyses can be identified as being uninformative as the conditional probabilities under
study cannot affect the network’s output. In addition, we show that the analyses that
are informative comply with simple mathematical functions; more specifically, we show
that the network’s output can be expressed as a quotient of two functions that are lincar
in a conditional probability under study. The constants in this fractional function can
be determined by solving the set of linear equations that results from only a small
number of network computations. These properties allow for considerably reducing
the computational burden of sensitivity analysis of Bayesian belief networks, as will be
illustrated by means of various examples and experiments,

4.1 Introduction

During the last decades much effort in artificial-intelligence research has focused on
modelling and reasoning with uncertainty in knowledge-based systems. As the oldest,
well-founded mathematical theory of uncertainty, probability theory plays a prominent
role in this research effort. Unfortunately, straightforward application of probability
theory in a knowledge-based system leads to prohibitively high computational costs.
Over the years, various attempts have been made to settle this problem, leading, in



Chapter 4. Properties of sensitivity analysis of Bayesian belief networks

the late 1980s, to the framework of Bayesian belief networks. Bayesian belief networks
by now have become widely accepted as intuitively appealing probabilistie models
that are highly valuable in addressing real-life problems in complex domains. Practical
applications of the framework of belief networks are being developed for various problem
domains, most notably in the Reld of medical diagnosis and prognostic assessment
[Andreassen et ol., 1987, Heckerman & Nathwani, 1992].

A Bayesian beliel network basically is a concise representation of a joint probability
distribution on a set of statistical variables [Pearl, 1988]. Tt consists of a qualitative
part and an associated quantitative part. The qualitative part of a betiel network
encodes, in a directed graph, the variables under study, along with their probabilistic
interrelationships. The nodes in the digraph represent the statistical variables, The
digraph’s ares with cach other serve to capture the independences among these vari-
ables: absence of an arc between two nodes indicates that the corresponding variables
do not influence each other directly and, hence, are (conditionally) independent. The
quantitative part of the belief network is a set of conditional probabilities that deseribe
the strengths of the dependences between the variables represented in the qualitative
part: with each node are associated conditional probabilities deseribing the joint influ-
ence of values of the node’s predecessors on the probabilities of the values of the node
itself. A belief network’s qualitative and quantitative part with cach other provide
enough information to uniguely define a joint probability distribution on the statistical
variables nunder Study.' A Bayesian belief network thus allows for computing any (prier
or posterior) probability of interest [Pearl, 1988].

Bayesian belief networks are generally constructed with the help of experts from the
domain of application. Experience shows that, although it may require considerable
effort, building the qualitative part of a belief network is quite practicable. In fact, as
it has parallels to designing a domain model for a more traditional knowledge-based
system, well-known knowledge-engineering techniques can he employed. Assessing the
conditional probabilities for the quantitative part of a Bayesian belief network, however,
is generally found to be a much harder task, not in the teast because of the large
number of assessments required [Druzdzel & Van der Gaag, 1995]. Tn general, various
different sources of information can be exploited for probability assessment, ranging
from databases and literature to human experts, The assessments obtained from these
sources, however, are inevitably inaccurate, due to incompleteness of data and partial
knowledge of the problem under study. Particularly assessments obtained from experts
are known to be highly inaceurate [Kahneman ef of., 1983)].

The inaccuracies in the probability assessments for a Bayesian belief network in-
fluence the reliability of the network’s output. In a medical application, for example,
erroneous diagnoses or non-optimal treatiment recommendations may result from build-
ing upon inaccurate assessments. The reliability of the output of a belief network can
be investigated by studying its robusiness. Robustness pertaius to the extent to which
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the network’s conditional probabilities influence the output when deviations from the
specified assessments are assumed. For gaining detailed insight in output robnsiness, a
Bayesian belief network can be subjected to a sensitivity analysis. In general, sensitivity
analysis of a mathematical model amounts to investigating the effects of the inaccu-
racies in the model’s parameters on its output; to this end, the values of the model’s
parameters are varied systematically [Morgan & Henrion, 1990, Habhema et al., 1990].
For a belief network, sensitivity analysis amounts to varying the assessments for one or
more conditional probabilities of the network’s quantitative part simultaneously and
investigating the effects on a probability of interest or, for example, on a diagnosis or
decision based upon this probability of interest [Laskey, 1995] (see also Chapter 2).
Upon such an analysis, some conditional probabilities will show a considerable effect,
while others will hardly reveal any influewce.

Straightforward sensitivity analysis of a Bayesian belief network, unfortunately, is
highly time-consuming, In the simplest type of sensitivity analysis, for example, for
every single conditional probability of the network’s quaniitative part, a number of
deviations from the specified assessment are investigated. For every value nnder study,
the probability of interest is computed from the network. Even for a rather small belief
network, the analysis thus easily requires tens of thousands of network computations.
By restricting the sensitivity analysis to the conditional probabitities that are expected
to be influential, as indicated for example by a domain expert, the computational
effort required can be reduced. The computational burden still remains considerable,
however, and, in fact, is prohibitive when sensitivity analysis is to be used for verifying
the robustness of a network’s output in, for example, daily medical practice. To be of
practical use, therefore, more efficient methods for sensitivity analysis of helief networks
are indispensable. '

In this chapter, we present an efficient method for sensitivity analysis of Bayesian
helief networks that requnires considerably less computational effort than straightfor-
ward variation of conditional probabilities. Our method bnilds to a large extent on
the qualitative part of a belief network, As the digraph of a network represents the
independences among the siatistical variables involved, it allows for identifying con-
ditional probabilitics thiat upon variation cannot influence the probability of interest.
Analyses with respect to these conditional probabilities are uninformative and can
therefore be excladed from the overall analysis. Experiments on randomly generated
belief networks indicate that the number of analyses that can be thus excluded may
be considerable. In addition, we show that the analyses that are informative comply
with simple mathematical functions. More in specific, we show that the probability
of interest of a belief network can be expressed as a quotient of two functions that
are linear in a conditional probability under study. The constants in this fractional
function determine the sensitivity of the probability of interest to the conditional prob-
ability concerned. We show that computing the constants from the network requires
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just a small number of network computations. These properties with each other allow
for considerably reducing the computational burden and thus for iinproving upon the
practicability of sensitivity analysis of Bayesian belief networks. '

The chapter is organised as follows. In Section 4.2 we briefly review the frame-
work of Bayesian belief networks and detail some of the concepts that will be used
throughout the chapter. We then present the various properties of sensitivity analy-
sis of belief networks outlined above. In doing so, we focus on a one-way sensitivity
analysis, that is, an analysis in which a network’s conditional probahilities are investi-
gated one at a time. In Section 4.3, we discuss the identification of a belief network’s
conditional probabilities that upon variation cannot influence the probability of inter-
est. In Section 4.4, we detail the functional relation that holds between a network’s
probability of interest and a single conditional probability under study. In Section 4.5,
we comment on results obtained from experiments with one-way sensitivity analysis
of randomly generated belief networks. In Section 4.6, we compare onr results with
previous work on sensitivity analysis of Bayesian belief networks. The chapter ends
with our conclusions aund directions for further research in Section 4.7.

4.2 The belief-network framework

A Bayesian belief network basically is a concise representation of a joint probability
distribution on a set of statistical variables. In a belief network, information about the
independences holding among the variables is explicitly separated from the numerieal
cuantities involved in the distribution. To this end, the network comprises a gualita-
tive part and an associated quantitative part, In this section, we briefly review the
formalisin of belief networks; for further details, we refer the reader to [Pearl, 1988).
The qualitative part of a Bayesian belief network is a graphical representation of the
independences holding among the variables in the probability distribution that is being
represented. It takes the form of an acyelic directed graph, or digraph, for short. In
this digraph &, each node represents a statistical variable that can take one of a finite
set of values. Informally speaking, the digraph’s aves model the dependences among
the represented varlables. An arc ¥; — V; to is interpreted as a direct influential or
causal relationship between the variables Vi and Vj; the arc’s direction designates V;
as the effect or consequence of the cause V. More precisely, the absent arcs represent
independencies. Absence of an arc between two nodes means that the corresponding
variables do not influence each other directly and, hence, are (conditionalty) indepen-
dent. In the sequel, we will use wg(V5) to denote the set of (immediate) predecessors,
or causes, of node ¥; in G and use w/,{(14) to denote the set of nodes composed of V;
and all its ancestors; we will use og(V;) to denote the set of (inunediate) successors, or
effects, of node ¥, in G and use o5(V;) to denote the set of nodes composed of V; and
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all its descendants. The following definitions review the probabhilistic meaning that is
assigned to the digraph of a Bayesian belief network more formally.

Definition 4.2.1 Let G = (V(G), A(G)) be an acyelic digraph and let 5 be a chain in
G between the nodes V; and V. We say that s is blocked by the set of nodes Y C V(G),
if either Vi or V; is included in Y, or s conlains three conseculive nodes Xy, Xa, X3,
for which one of the following conditions holds:

1. ares Xi « Xy and Xo — X3 are on the chain s, and Xo € Y
2 ares Xy — Xp and Xo — X3 are on the chain s, and Xag € ¥V;
3. ares X| — Xp and Xy « X3 are on the chain s and of(Xo) NY = @.

In reviewing the concept of a blocked chain, we have distinguished between three
conditions. Figure 4.1 serves as a reference for these conditions; in the two chains
representing the conditions 1 and 2, node X is drawn with shading to indicate that it
is comprised in the blocking set ¥ for the chain at hand,

.Condition 1. .......
Condition 2. (X }——elXo—{Xq}- -
Condition 8. (X, — (Xl { X3}

Figure 4.1: The three conditions for chain blocking.

Building upon the eoncept of blocking, we review the well-known d-separation cri-

terion for sets of chains.

Definition 4.2.2 Let G = (V(Q), A(G)) be an acyclic digraph and let XY, Z C
V(G), The set of nodes ¥ is said to d-separate the sets of nodes X end Z in G,
denoted (X | Y| Z2)4, if for each node V; € X and each node V; € Z, every chain from
Vi to Vi in G is blocked by Y.

The following definition relates the d-separation criterion to the concept of indepen-

dence.

Definition 4.2.3 Let G = (V{G), A(G)) be an acyclic digraph end let Pr be a joint
probability distribution on V(G). Then, G is called an I-map (independence map) for
Pr if for all sets of variables X, Y, Z C V{(G), we have: f (X |Y | Z)%, then X and Z
are conditionally independent given Y in Pr.
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The d-separation criterion thus provides for reading independences from a belief net-
work’s digraph without having to resort to probabilistic computations. We would like
to note that the criterion of d-separation generally is defined for mutually exclusive
sets of nodes only. We have extended the definition to apply to overlapping set of
nodes as well, to provide for reading from a digraph independences for instantiated
(observed) nodes. We take an instantiated nede to be d-separated from any other
node. Qur extension has been inspired by previous work on informational indepen-
dence [Van der Gaag & Meyer, 1998).

Associated with the qualitative part of a Bayesian belief network are numerieal
quantities that describe the strengths of the dependences among the represented vari-
ables. With each node V; of the network’s digraph G is associated a set of conditional
probabilities p(V; | 7 (V;)) describing the joint influence of the various values for the
node’s (immediate) predecessors ne(V;) on the probabilities of the values of ¥} itself.
These probabilities with each other constitute the quantitalive part of the belief net-
work,

We review the concept of Bayesian beliel network more formally,

Definition 4.2,4 A Bayesian beliel network is e tuple B = (G, P) where

o G = (V(Q), A(G)) is an acyclic digraph with nodes V(G) = {W,...,.V,}, n =1,
and arcs A(G);

e P s a set of conditionad probebilities p(V; | w{(V1)), for all V; € V().

We illustrate the concept of Bayesian beliel network by means of an example that will
be used for our running example throughout the chapter.

Example 4.2.5 We consider the well-known ALARM-network [Beinlich et al., 1989],
ALARM, which stands for A Logical Alarm Reduetion Mechanisin, simulates an anesthe-
sia monitor. The digraph of the network is reproduced in Figure 4.2; for the examples
in the remainder of the chapter, we have indicated the node of intevest, LV failure {left
ventricular failure}, by a double circle and the network’s observable nodes by shading.
From the network’s digrapl, various independences are read. For example, the variable
LY failure is independent of the variable Insuff anest, if no information is available yet;
the two variables become dependent, however, when, for example, the value of the
variable Blood press becomes available. The variables Pulm emb and Heart rafe, on
the other hand, are dependent, bui become independent once a value for SeC02 is
observed, Associated with the nodes of the network are conditional probabilities. For
example, for the node Stroke vol, the following conditional probabilities are specified:

p{Stroke vol = low | Hypovolemia = false A LV failure = folse) = 0.05
p(Stroke vol = normal | Hypovolemia = false A LV failure = false) 0.90
p(Stroke vol = high | Hypovolemia = false A LV failure = false) = 0.05
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Figure 4.2: The digraph of the ALARM beliel network,

=

p(Stroke vol = low | Hypovolemin = true A LV failure = false) = 0.5
p{Streke vol = normal | Hypovolemio = true p LV foilure = fulse) = 0.49

p(Stroke vol = high | Hypovelernia = true A LV failure = false) = 001
p(Stroke vol = low | Hypouolemic = folse A LV failure = true) = 0.95
p(Stroke vol = normal | Hypovolemin = false A LV fuilure = true) = 0,04
p{Stroke vol = high | Hypovolemia = false A LV failure = true) = 0.01
p(Stroke vol = low | Hypovolemia = true A LV failure = true) = 0.98
p{Stroke wol = normal | Hypovolemin = true A LV fuilure = true) = 0,01
plStroke vol = high | Hypovolemia = true A LV feilure = true) = 0.0t

As for this chapter, the specific assessments for the various conditional probabilities

are not of interest, we refrain from further detailing them. 'O

The following proposition states that the conditional probabhilities of a Bayesian belief
network provide all information necessary for uniquely defining a joint probability
distribution on the variables discerned that respects the independences porirayed by the
network’s qualitative part; henceforth, we will call this distribution the joint probability

distribution defired by the network.
Proposition 4.2.6 Let B = (G, P) be « Bayesian belief network. Then,

V(@)= [ p(vi|a6(Vi)

VieV ()

defines a joint probability diséribution Pr on V{G) such that G is an f-map for Pr.

85
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Since the digraph of a Bayesian belief network and its associated conditional proba-
bilities with each other define a unique joint probability distribution on the variables
discerned, any {prior or posterior) probability of interest can be computed from the
network, For this purpose various algorithms are available [Pearl, 1988, Lauritzen &
Spiegelhalter, 1988].

4.3 Uninfluential probabilities in a sensitivity
analysis

Sensitivity analysis is a general technique for studying the effects of the inaccuracies
in the parameters of a mathematical model on this model's output [Habbema et ql.,
1990, Morgan & Henrion, 1990). Sensitivity analysis basically amounts to systemat-
ically varying the values of the parameters of the model under study. In a one-way
sensitivity analysis, the values of the parameters are varied one at a time while kecping
the values of all other parameters fixed. For a Bayesian belief network, a one-way sen-
sitivity analysis amounts to varying the assessment for a single conditional probability
of the network’s quantitative part, As discussed in Chapter 2, the analysis provides
for studying the effects of the inaccuracy in the specified assessment on a probability
of interest.

In essence, in a one-way sensitivity analysis of a Bayesian belief network, the sensi-
tivity of the network’s probability of interest is investigated with respect to every single
conditional probability. Varfous conditional probabilities of a belief network, however,
are known beforehand not to affect the probability of interest upon variation, for ex-
ample because this probability of interest is shielded from their influence by available
observations. These uninfluential probabilities can be readily identified by inspection
of the network’s digraph, that is, without any probabilistic computations. We say that
the probability of interest is algebraically independent of these uninfluential conditional
probabilities. For abbreviation, we will write p « g to denote that the probability p is
algebraically independent of the probability ¢. We would like to note that the phrase
algebraic independence is used to refer to the absence of any effect of varying the assess-
nient for a conditional probability under study on a probability of interest, as induced
by the network’s digraph. Also note that the phrase applies to probabilities whereas
the phrase probabilistic independence pertains to variables. Now, in a one-way sensi-
tivity analysis of a Bayesian belief network, for a conditional probability of which the
network’s probability of interest is algebraically independent, no further investigation
is required. The sensitivity analysis of the network can therefore be restricted to the
concitional probabilities of which the probability of interest is algebraically dependent.
The nodes to which these conditional probabilities refer constitute the sensitivity set

for the node of interest.
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We define the concept of seusitivity set more formally.

Definition 4.3.1 Let B be a Bayesian belief network with the digraph
G = (V(G), A(G)). Let V, € V(G) be the nefwork’s node of interest and let O C V(G)
be the set of observed nodes in G. Now, let G* be the digraph that is constructed from G
by adding an auziliary predecessor Xy to every node V; € V(G). Then, the sensitivity
set for V, given O, denoted Sen(V.,0), is the set of all nodes Vi € V(G) for which
S{XHOHV DG -
From the previous definition we have that the sensitivity set for a node of interest V;
is computed from the digraph of a belief network under consideration by adding an
auxiliary predecessor X; Lo every node V; and thereupon exploiting the d-separation
criterion. The auxiliary predecessor X; of node V; can be looked wpon as capturing
the presence of inaccuracy in the probability assessments for V. If the presence of
inaccuracy in ¥;'s assessments is not d-separated from the node of interest or, in other
words, if V; is not shielded from the inaccuracy by the available evidence, then varying .
the assessments for V's conditional probabilities may influence the probabilities of the
values of V.. 14 is therefore included in Vs sensitivity set. We wonld like to note
that the basic idea of capturing the presence of inaccuracy- by means of auxiliary nodes
has been exploited before [Spiegelhalter, 1989]. We further note that we capture the
presence of inaccuracy rather than the inaccuracy itself by auxiliary nodes.

The following example illustrates our concept of sensitivity set.

Example 4.3.2 We cousider once again the ALARM-network, the digraph of which
is shown in Figure 4.2. We are interested in the diagnostic variable LV foilure; our
probability of interest is the probability that LV feilure = true. We consider the
sensitivity set for the node LV failure given various different sets of observed nodes.

If the set of observed nodes is empiy, that is, when no patient observations are
available, the sensitivity set [or the node LV failure cquals

Sen(LV failure, @) = {LV failure, History}
Upon performing a one-way sensitivity analysis of the a priori belief network, only
the conditional probabilities of these two nodes need he investigated; the conditional
probabilities of all other nodes in the network upon variation cannot influence the
probability of interest.

Now, suppose that we would like to evaluate the sensitivity of the network’s prob-
ability of interest in view of ohservations for the nodes in the set ) = {History, CVP,
TPR, Bleod press, CO}. The sensitivity set for LV failure given O equals

Sen(LV failure, O1) = {LV failure, Hypovolemia, LVED, CVP, Stroke vol,
CO, Insuff, anest, Catecholamine, Heart rate,
Art €02, 850002, PA SAT, Fi0O2, Vent alv, Shunt,
Intubation, Pulm emb}
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From the 37 nodes included in the belief network, the conditional probabilities of only
17 nodes need be investigated in the analysis. We would like to note that, in general,
a sensitivity set does not coincide with the set of non-d-separated nodes for the node
of interest. From the sensitivity set for the node LV failure given O, for example, it is
readily secn that a sensitivity set can inchude both non-d-separated nodes (such as the
node Stroke vol} and d-separated nodes (such as the node CQ); also, the set of nodes
that are not comprised in the sensitivity set can include non-d-separated nodes (such
as the node PCWP) as well as d-separated nodes (such as Blood press).

Now, if in addition to observations for the nodes in the set (3; an ohservation
is assumed for the node SaC02, yielding O, for the new sel of observed nodes, the
sensitivity set for LV failure reduces in size from 17 nodes to 10 nodes:

Sen(LV foilure, O2) = {LV failure, Hypovolemic, LVED, CVP, Stroke vol,
CO, Insuff anest, Catecholamine, Heart rate,
Art €02}

Note that, when a value for the node of interest. LV failure is available, every node in
the anxiliary network for determining the sensitivity set is d-separated from LV failure.
The sensitivity set then is empty, O

In order to prove the claims we have made so far with respect to a sensitivity set, we
will partition a belief network’s set of nodes that are not included in a sensitivity set
under study into three mutually exclusive sets of nodes. We will then show that, for
various different reasons, the conditional probabilities for the nodes included in these
sets upon variation have no effect on the network’s probability of interest.

Definition 4,3.3 Let B be a Buayesian belief network with the digraph G, let V. be the
network’s node of interest, and let O the set of observed nodes, as before. We define -
the sets of nodes Inseny (V,, 0), Inseny(V,, ), and Insens(V,, O), respectively, as

e for every node Vi € wh(V), if {({ViYUae{V)) | O | {V, 1S, then
Vi € Inseny (V;, O);

o for every node V; € VIG)\ n(V.), if {({Vi} Ura(V)) | O | (VD and o&(V5)
O # &, then Vi € Inseny(V,, O);

e for every node V; € V(GY\ wi,(V,), #f a5, (Vi) MO = &, then V; € Inseny(V;, O).

The sets Insen (V,,Q), Insema(V;,Q), and Insenz{V;, O) include nodes to whose con-
ditional probabilities a belief network’s probability of interest is insensitive. Before
ilustrating the three sets of nodes for our running example, we informally address
their meaning. In doing so, we begin by considering the ancestors V; of the node of
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interest V.. We observe that any unblocked chain from V; to 1, be it a direct chain or a
chain via a predecessor of ¥, provides for conveying an influence from 14’s probability
assessments to V.. If no snch chain is present, therefore, varying the assessments for
node ¥; can have no influence on the probability of interest. The set Insem (V;, ()
now includes all ancestors 1 of V; such that V. is d-separated by the available obser-
vations from both V; and 14’s predecessors. We now consider the non-ancestors of the
node of interest, We observe that the probability assessments for a non-ancestor 15 of
V. caunot influence the probability of interest if there are no observations available,
Only an observed descendant of ¥; that induces an influence on V, through ¥, can
cause varying Vi’s probability assessments to affect the probability of interest. The
set. Tnsens{V,, O) now includes all non-ancestors of ¥, that do not have any observed
descendants. The set Tnsena(V;, Q), to conclude, includes the non-ancestors of V; that
happen to have observed descendants yet whose influence is shielded from ¥, by the
available observations: the set includes all non-ancestors V; of V. with at least one
ohserved descendant such that ¥, is d-separated from both V; and V's predecessors,
We illustrate the various seis of nodes defined above by means of onr running

example,

Example 4.3.4 We consider again the ALARM-network, the digraph of which is shown
in Figure 4.2. We are once more interested in the variable LV foilure; for our prob-
ability of interest, we take the probability that LV feilure is true. We recall from
Example 4.3.2 that, if the set of observed nodes is empty, the sensitivity set for the
node of interest LV futlure equals Sen{LV fuilure, @) = {LV failure, History}. The set
of all remaining nodes, that is, the set of all nodes, LV feilure and History excluded,
is partitioned into Lhree sets as defined above. Of these, the sets Insem (LV failure, &)
and Tnseng(LV failure, @) are empty; the set Inseng(LV fatlure, @) includes any node
that is not comprised in the sensitivity set. We consider, as an example, the node Stroke
vol. From Figure 4.2, we see that Stroke vol is not an ancestor of the node of interest LY
failure; turthermore, it does not have any observed descendants, From Definition 4.3.3,
we conclude that the node Stroke vol belongs to the set Inseny(LV foilure, ). Infor-
mally speaking, as the node Stroke vol is not. observed and does not have any observed
descendants, it cannot exert nor pass on any diagnostic influence on the probabilities for
LV failure. The probability of interest Pr(LV failure = true) therefore is algebraically
independent of the conditional probabilities for Stroke wol. A similar observation ap-
plies to any ether node from the set Inseng{LV failure, @).

We now assume that observations are obtained for the nodes in the set O =
{History, CVP, TPR, Blood press, CO}. The sets Inseny (LV failure, O,),
Fnseny(LV fatlure, Oy), and Inseny(LV failure, O)) equal

Insem{LV foilure,01) = {History}
Inseny(LV failure,O1) = {Blood press, TPR, Anaphylasis}
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Inseny(LV failure,0)) = {PCWP, Error low, HR BP, HR EKG, HR SAT,
Brror entr, Bxp 02, Min vol, Vent lung, Pressure,
Vent tube, Kinked tube, Disconnection,
Vent machine, Machine vol, PAP}

We consider, as an example, the node History. This node is a predecessor of the node of
interest LV failure. It is d-separated from LV failure and does not have any immediate
predecessors that are not d-separated from LV failure. From Delinition 4,3.3, therefore,
we have that History is included in the set Insen, (LV failure, Oy). Informally speaking,
as a value for the node History is available, its prior probabilities are irrelevant to the
probabilities for its successor LV failure. The probability of LV failure = true given
the available observations for O thervefore is algebraically independent of the prior
probabililies for the node History. To conchide our example, we consider the node
TPR. From Figure 4.2, we observe that TPR is not an ancestor of the node of inferest
LY failure. The node TPR itsclf as well as its immediate predecessor Anaphyloxis
are d-separated from LV failure given the available observations. Furthermore, the
descendant Blood press of TPR is observed. By definition, we have that the node TPR
is incinded in the set Insemy(LV failure, Oy). Informally speaking, from TPR and its
predecessor Anaphylozis being d-sepavated from the node of interest LV failure, we
find that any diagnostic influence originating from TPR is shielded from LV failure
by the available observations, Therefore, the probability of interest is algebraically
independent of the conditional probabilities for the node TPR, A similar observation
applies lo any other node from the set fnseny(LV foilure, 0)). O

We wonld like to note that for a node of interest V. and any set of observed nodes O,
the three sets Insen (V;, 0), Inseny{V;, 0), and Inseny(V,, ), and the sensitivity set
Sen(V;., O} are mutually exclusive and collectively exhanstive; for a formal proof of this
property, the reader is veferred to the appendix.

In the remainder of this section, we wilt show that the probability of interest of a
Bayesian belief network is indeed algebraically independent of the conditional probabil-
ities of any node that is not included in the sensitivity set Sen(1%, 0) under study. To
this end, we investigate the three sets Insem(V,, @), Insena(V;, O), and Insens(V;, O)
separately and provide for each of these sets a lemma stating algebraic independence
of the probahility of interest for the conditional probabhilities of the nodes in the set at
hand. Our main result is then stated in Proposition 4.3.11, building upon these lem-
mas. The proofs of the three lemmas, although not complicated, are rather elaborate;

“ the full proofs therefore are deferred to the appendix.

In the first lemma, we state that a belief network’s probability of interest for a

node V; given ohservations for nodes O is algebraically independent of the conditional

probabilities of any nade from the set Tnseng(V, O).
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Lemma 4.3.5 Let B be a Bayesian belief network and let Pr be the joint probability
distribution defined by B. Let O be the set of observed nodes and let o denote the
corresponding observations, Let V. be the nefwork’s node of interest. Then, for any
value v, of V;, we have that Pr(v, | o) « p(V; | w(V5)) for every node Vi € Insens(V,, ).

Proof (Sketch). The probability of interest Pr(v, { o) for the belief network B equals

Pr(v, Ao)

Pr(ve | o) = Pr(o)

We recall from Section 4.2 that the joint probability distribution Pr that is defined
by B, can be written as a product of the network’s conditional probabilities. From
the basic property of marginalisation, we now have that both the numerator and the
denominator can be written as a sum of products of conditional probabilities. Tn
these sums, for every unobserved leaf node, there appear as many products as there
are values for this node that differ in this node’s probability only. Summing over
these products amounts to summing out the leaf node by marginalisation. The same
argument applies recursively to all unobserved non-ancestors of ¥, that do not have
any observed descendants, that is, the argument applies to cvery node from the set
Insens(V,, Q). We conclude that the probability of interest is algebraically independent
of the conditional prohabilities of any node from this set, O

We illustrate the property stated in the previous lemma by means of an example.

Example 4.3.6 We consider the belief network from Figure 4.3, which is a small

LV failure

LVED ~"~._

Insens(LV failure, @) .-~~~

-
-
-

. ovp

Figure 4.3: An example belief network, illusirating the property stated in Lemma
4.3.5 for the node of interest LV failure and the emply set of observed nodes; the set
Inseny(LV failure, @) consists of the nodes LVED, OVP, and PCWP.

fragment of the ALARM-network. The possible values of the node LV failure are foil
and no fail; the possible values for each of the nodes LVED, CVP, and PCWP are low,
normal, and high. Our node of interest once again is the node LV failure, indicaled in
the figure by a double circle. We now address the situation where no observations are
available yet and investigate the probability of interest Pr(feil). From Definition 4.3.3,
we find that the set Insenz(LV failure, @) consists of the three nodes LVED, CVP, and
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PCWP. For the probability of interest, we find that

Pr(fail) =

= Z p(PCWP | LVED) - p{CVP | LVED) - p{ LVED | fait} - p(fuil)

{LVED, CVP,
PCWP)

= Z (p(la-w PCWP | LVED) 4 p{normael PCWP | LVED) +

{LVED,CVP}
+ plhigh PCTVP | LVE'D)) . p(CVP | LVED) - p(LVED | fail) - p(fail)

= Y p(CVP|LVED)-p(LVED | fail) - p{fuil)
{LVED,CcVF}

= Z (p{low CVP | LVED) + p(normel CVP | LVED) + p(high CVP | LVED)) .
{LVED}
- p(LVED | fail) « p{fail)

= Y p(LVED | fail) - p(fail)

{LVED}

= (p(low LYED | fail) + p(normel LYED | fail) + p{kigh LVED |fm’l)) - p(fail)

= p(fail}

From this derivation, it is readily seen that the probability of interest Pr(fail) is al-
gebraically independent of the conditional probabilities of the three nodes included in
the set Inseny(LV failure, @).

We now address the situation where the value high is observed for the node PCWP.
This situation is depicted in Figure 4.4, where the node PCWP is drawn with shading
to indicate that its valne has been observed. The set Inseng(LV failure, { PCWP}) is

{ ) LV fuilure

() LVED

Figure 4.4: An example belief network, illustvating the propeity stated in Lemma
4.3.5 for the node of interest LV failure and the set of observed nodes { PCWP}; the
set Inseng(LV failure, {PCWP)}) consists of the single node CVP. ‘
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composed of the node CVP only. For our probability of interesl. Pr(fuail | high PCWP),
we now find that

Pr(fail A high PCWP)

Pr{fail | high PCWP) = Pr(high PCWP)

The numerator in this equation equals

Pr(fail A high PCYWP) =

= Z p{CVP | LVED) - p(high PCWP | LVED) - p(LVED | fail} - p(fail)
{LVED,CVP}

= Z (p(lom CVP | LVED) + p{normal CVFP | LVED) + p(high CVP | LVED)) .
{LVED)
<plhigh PCWP | LVED) - p(LVED | fail} - p(feil)

= Z plhigh PCWP | LVED) . p{LVED | fuil) - p{fail}
{LVED)

The denominator egunals

Pr{high PCWP) =

= Z p{CVP | LVED) . p(high PCWP | LVED) - p(LVED | LV failure)-
{LV failure,
LVED,CVP} . p(LV failure)

= Z p(low CVP | LVED) + p(normal CVP | LVED) + p(high CVP | LVED))-

{LV failure,
LVED) . p(high PCWP | LVED) - p(LVED | LV failure) - p(LV failure)

= Y plhigh PCWP | LVED) - p(LVED | LV failure) - p(LV failure)
{LV failure,
LVED)

We conclude that the probability of interest equals

Pr(fadl | high POWP) =

S plhigh PCWP | LVED) - p(LVED | fail) - plfait)
_ {LVED)
Z plhigh PCWP | LVED) - p(LVED | LV failure) - p{LV failure)

{LV failure,
LVED}

93
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From this derivation, it is readily seen that the probability of interest
Pr{fail | high PCWP) is algebraically independent of the conditional probabilities of
CVP, the only node included in the set Inseny(LV failure, {PCWP}). O

So far, we have shown that a beliel nelwork’s probability of interest for a node V; given
observations for nodes O is algebra‘ically independent of the conditional probabilities of
any node from the set Insens(V,, ). We now praceed by observing that this probability
of interest is also algebraically independent of the conditional probabilities of the nodes
from the set Inseny(V, O).

Lemma 4.3.7 Let B be a Bayesian belief network and let Pr be its joint probability
distribution. Let O be the set of observed nodes with observations o, as before. Let
V. be the netwerk’s node of interest. Then, for any velue v, of V., we have that
Pr{v, | 0) » p(Vi | w(V5)) for every node Vi € Insena(V;, O).

Proof (Sketch). The probability of interest Pr(n, | o) for the belief network B equals
Pr{u, A o)
Pr{o}

Both the numerator and the denominator of this equation can be written as a sum
of products of conditional probabilities from the network. From Definition 4.3.3, we
know that the nodes from the set Inseny(V;, Q) as well as their immediate predecessors
are d-separated from the node of interest V. by the available observations; more in
specific, we know that a predecessor of any node [rom Insen(V,, O) either belongs to
Inseny(V,, O) itself or is an observed node. In hoth the numerator and the denominator
of the above equation, therefore, a term can be isolated that includes all the nodes from
Inseny {1, 0) and no other nodes that are not observed. As this term appears in the
numerator as well as in the denominator, it cancels out. The conditional probahilities
of the nodes from Inseny(V,, O) upon variation therefore do not aflect the probability

Pr(w, | o) =

of interest, O

We illustrate the property stated in Lemina 4.3.7 by means of an example,

Example 4.3.8 We consider the beliel network from Figure 4.5, which again is a smatl
fragment of the ALARM-network. The possible values of the node LV failure ave fail
and no feil; the possible values for each of the other nodes are low, normal, and high.
Our node of interest ance again is the node LV failure. We now address the situation
where the value low has been ohserved for both the nodes €O and Blood press, and
investigate the probability of intevest Pr(fail | low CO A low Blood press). From
Definition 4.3.3, we have that the set Insen{LV failure, { CO, Blood press}) comprises
the node Blood press only. Note that Insens(LV failure, {CO, Blood press}) = @. For
the probability of interest, we find that

Pr(fatl A low CO A low Blood press)

Pr{low CO Alow Blood press)

Pr(fail | low CO A low Blood press) =
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Qn LY failure

. Stroke vol

Insena(LV failure, { CO, Blood press}) .- - - .

- @ Blood pr'e\ss .

s

Figure 4.5: An example belief network, illustrating the property stated in Lemma 4.3.7
for the node of interest LV failure and the set of observed nodes {CO, Blood press};
the set Tnseng(LV fuilure, { CQ, Blood press}) consists of the node Blood press ouly,

The numerator in this equation equals

Pr{fail Alow CO Alow Blood press) =

= Z pllow Bload press | low CO) - p(low CO | Stroke vol)-
{Stroke vol)
- - p(Stroke vol | fail) « p(fail)
= p(low Blood press | low CO) -

. ( Z p(low CO | Stroke vol) - p(Stroke vol | fail) -p(fai!))

{Stroke vot}

The denominator in the equation equals

Pr{low CO A low Blood press) =

= E pllow Blood press | low CO) - p{low CQ | Stroke vol) -

{LV failure,
Stroke vol} « p(Stroke vol | LV fatlure) - p(LV failure)

= p{low Blood press | low CO) -

Z pllow CO | Stroke wol) - p(Stroke vol | LV failure) - p(LV failure)

{LV failure,
Stroke vol}
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We now conclude that the probability of interest equals

Pr(fail | low CO A low Blood press) =

Z pllow CO | Stroke vol) - p{Stroke vol | fail) - p( fail)
{Strake vol}
Z pllow CO | Stroke wol) - p(Stroke vol | LV failure) - p(LV failure)

{LV failure,
Stroke val}

From this derivation, it is readily seen tlat the probability of interest is algebraically in-
dependent of the conditional probahilities of Blood press, the only node that is inchuded
in the set fnseny(LV failure, {CO, Blood press}). U

So far, we have shown thal a belief network’s probability of interest for a nade 1, given
observations for nodes O is algebraically independent of the conditional probabilities
of any node from the sets Inseny(V;,, Q) and Insena(V,, Q). To conclude, we now state
that this probability of interest is also algebraically independent of the conditional
probabilities of the nodes from the set Insen, (V;, O).

Lemina 4.3.9 Let B be a Bayesian belief network and let Py be its joint probability
distribution. Let O be the sel of observed nodes with observations o, as before. Let
V. be the network’s node of interest. Then, for any value v, of V., we have that
Pr(v | 0) » p(V; | m(V2)) for every node V; € Inseny(V,, O).

Proof (Sketch). The probability of intevest Pr(e, | o) for the beliel network B once
again equals
Pr(v,. A o)

Pr(o)
As before, both the numerator and the denominator of this equation can be written
as a sum of products of conditional probabilities from the network. The proof is now
based on canceling out termms from the numerator and the denominator as in Lhe proof
of the previous lemma. From Definition 4.3.3, we know that the nodes from the set
Tnsen (V;, O) as well as their immediate predecessors are d-separated from the node of
interest ¥ by the available observations; more in specific, we know that a predecessor
of any node from Insen; (1, O) either belongs to Insen; (V,, O) itself or is an ohserved
node. In both the numerator and the denominator of the above equation, therefore,
a term can be isolated that includes all the nodes from nsen;(V;,0) and no other
nodes that are not observed. As this term appears in the numerator as well as in the
denominator, it onee again cancels out. The conditional probabilities of the nodes from
Insen (1, O) upon variation therefore do not affect the probability of interest. O

Pe{v, | 0) =

We illustrate the property stated in the previous lenma by means of an example.
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Example 4.3.10 We consider the belief network from Figure 4.6, which again is a
small fragment of the ALARM-network. The possible values of the node LV failure

@ History Ll

—"

Inseny (LV failure, {History\}}\ .

(Y LV failure

Figure 4.6: An example belief network, illustrating the property stated in Lemma 4.3.9
for the node of interest LV fuilure and the set of observed nodes { History}; the set
Insen (LY foilure, { History}) consists of just the node History.

once more are foil and no fai, the values of the node History ave history and no
history. Our node of interest again is the node LV failure. We now address the
situation where the value history is observed for the node History and investigate
the probability of interest Pr(fail | history). From Definition 4.3.3, we have that the
set Insen (LV failure, { History}) consists of the node History only. Note that both
Inseny(LV failure, {History}) and Inseny(LV failure, { History}) are empty. For the
probability of interest, we find that

Pr(fail | history) =

_ Pr{fail A kistory)
= Pr{history)
p{fail | history) - p{history)

Z p(LY failure | history) - p{history)
{LV fatlure}

. plfail | history) - p{history)
= plfail | history) - p(history) + p(no fail | history) - p(history)

plfail | history) - p(kistory)
plfail | kistory) + p{no fail | hislory)) - p(history)

= p{fail | history)

From this derivation, it is readily seen that the probability of interest Pr{fail | history)
is algebraically independent of the prior probabilities of History, the only node that is
included in the set fnsem{LV failure, {History}). O

Building npon the three preceding lemmas, we now state our main result.

Proposition 4.3.11 Let B be o Bayesian belief network and let Pr be its joint proba-
bility distribution. Let O be the set of observed nodes with the observations o, as before.
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Let V; be the network’s node of interest and let Sen(V,, O) be the sensitivity set for V.,
given O. Then, for any value v, of V,, we have that Pr(v; | o) = p(V; | w(V3)) for every
node V; ¢ Sen(V,,0).

Proposition 4.3.11 states that a belief network’s probability of interest is algebraically
independent of the conditional probabilities of any node that is not included in the
sensitivity set under study. From this property, we have that sensitivity analyses with
respect.to these conditional probabilities are nninformative as they will reveal no effect
whatsoever on the probability of interest. These sensitivity analyses, therefore, are to
no avail and can be excluded from the overall analysis. The number of analyses that
can be thus excluded may be considerable, as will be demonstrated in Section 4.5.

4.4 Functional relations in a sensitivity analysis

In the previous section, we have argued that a sensitivity analysis of a Bayesian belief
network can be restricted to the conditional probabilities of the nodes in a sensitivity
set under study: we know that the conditional probabilities of any other node do not
contribute to the probability of interest and upon variation will not show any effect
on this probability. To gain insight into the sensitivity of the probability of interest to
the various conditional probabilities of the nodes that are included in the sensitivity
set, further analysis is required. In essence, for every such couditional probability,
the effect on the probability of interest can be studied by investigating a number of
deviations from the specified assessment. Now, the curve yielded by such an analysis is
not arbitrarily shaped, but instead is strongly constrained by the independences that
are portrayed by the digraph of the network. In fact, the network’s probability of
interest relates as a quotient of two linear functions Lo a conditional probability under
study. As we will argue presently, knowledge of this mathematical function renders
| systematic variation of conditional probabilities in a sensitivity analysis unnecessary.

Proposition 4.4.1 Let B be a Bayesian belief network with the digraph

G = (V(@), A(Q)) and let Pr be the joint probability distribution defined by B. Let O C
V{G) be the set of observed nodes in G and let o denote the corresponding observations,
Let V, be the network’s node of interest and let Sen(V,, Q) be the sensitivily set for V,

given O. Then, for any value v, of V., we have that
a-z+b
Pr L

r(or [ o) cex+td

for every condiltional probubility x = p(v, | 7') of every node V; € Sen(V,, O), where q,
b, ¢, and d are constants that are dependent upon the values vs of V, and 7' of wg{V,).
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Proof (Sketch). The probability of interest Pr(v, | o) for the belief network B equals

) _ Pr(v.A0)
Pl('l)r i O) = W

We recall that the joint probability distribution Pr, that is defined by the network,
can be written as a product of the network's conditional probabilities. From the basic
property of marginalisation, we further have that both the numerator and the denom-
inator can be written as a sum of products of conditional probabilities. By separating,
in these sums, the terms that specify the conditional probability @ under study and
those that do not, it is readily seen that Pr(v, A 0) as well as Pr(o) relate linearly to
x. 0

We illustrate the property stated in Proposition 4.4.1 by means of an example.

Example 4.4.2 We consider the Bayesian belief network from Figure 4.7, which again
is a small fragment of the aLARM-network. The possible values of the node Shunt are
normal and high; the possible values of the node Pulm emb are pulm emb and no pulm
emd, and the possible values of the node PAP are low, normal, and high. Our node
of interest is the node Shunt, indicated in the figure by a double circle. We address

() Pulm emb

PAP € .. . C) Shunt

Figure 4.7: An example beliel network, illustrating the property stated in Proposi-
tion 4.4.1 for the probability of interest Pr(normal Shunt | high PAP) and the condi-
tional probability under study p{high PAP | no pulm emb).

the situation where the value high has been observed for the node PAP, indicated by
shading, and consider the probability ol interest Pr{normel Shunt | high PAP). From
Definition 4.3.1, we have that the sensitivity set Sen{Shunt, {PAP})} comprises all
three nodes from the network. We now investigate the functional relation between the
probability of interest and the conditional probability @ = p(high PAP | no pulin emb)
for the node PAP € Sen(Shunt, {PAP}). For our probability of interest, we find that

r(nermal Shunt A high PAP)
Pr{high PAP)

Pr.(narnml Shunt | high PAP) = P
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The numerator in this equation equals

Pr{normel Shunt A high PAP) =

= Z plhigh PAP | Pulm emb) - p{normal Shunt | Pulm emb) . p{Pulm emb)
{Pulm cmb}

= plhigh PAP | no pulm emb) - p(normal Shunt | no pulm embd) - p(ne pulm emb)

+ plhigh PAP | pulm emb) . p(normal Shunt | pulin emb) - p(pulm emb)

=q-2+b
where ¢ equals

a = p(normal Shunt | no puln emb) - p(no pulm emb)
and b equals

b= p(high PAP | pulm emb) - p(normal Shunt | pulm emb) - p(pulm emb)

The denominator of the probability of interest equals
Pr(high PAP) =

= Z plhigh PAP | Pulm emb) - p(Shunt | Pulm embd) - p(Pulm emb)

{Shunt,
Pulm emb}

Z plhigh PAP | Pulm emb) - p(Pulm emb)
{Fulm emb)

= plhigh PAP | no pulm emb) - p(no pulm emb) 4
+ plhigh PAP | pulm emb) - p(pulm emb)

=¢c o+d
where ¢ equals
e = p(no pulm emb)

and o equals

d = p(high PAP | pulm emb) - p(pulm emb)
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From the previous derivations, it is readily seen that hoth the numerator

Pr{normal Shunt A high PAP) and the denominator Pr(high PAP) of the probability
of interest Pr(normal Shunt | high PAP) relate linearly to the conditional probability
p(high PAP | no pulin emd). The probability of interest therefore relates as a quotient
of two linear functions to this conditional probability. The sensitivity of the probability
of interest with regard to the conditional probability nunder study is now uniquely
determined by the values of the constants a, b, ¢, and d. These values are computed
{from the assessments for the appropriate conditional probabilities in the network:

p(high PAP | pulm emb) = 08
plhigh PAP | no pulm emb) = 0.05
p(normal Shunt | pulm emb) = 0.006
p(normal Shunt | no pulm emb) = 0.905
plpulm emb) = 0.01

We find that

@ = 0.896

b = 0.00076
¢=0.99

d = 0.008

The mathematical function relating the probability of interest Pr(normal Shunt |
kigh PAP) to the conditional probability » = p(high PAP | no pulm emb) therefore
equals

0.896 - = + 0.00076

Pr(normal Shunt | high PAP) = 59~ % 70,008

The function is depicted in Figure 4.8. Note that the probability of interest shows a
high sensitivity for the conditional probability nnder study at the specified assessment
806, O

So far, we have shown that a belief network’s probability of interest relates as a quo-
tient of two linear functions to a conditional probability under study. For a conditional
probability that pertains to a node from the sensitivity set that does not have any ob-
served descendants, this functional relation reduces to a linear function. The following
proposition states this property more formaily.

Proposition 4.4.3 Let B be ¢ Bayesian belief network and lel Pr be its joint probabil-
ity distribution. Let O be the set of observed nodes with the corresponding observations
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Pr{normal Shunt | high PAP)

0
0 02 04 08 08 1
pihigh PAP | no pulm emb}

Figure 4.8: The function relating the probability of interest Pr(normal Shunt |
high PAP) to the conditional probability under study p(high PAP | no pulm emb).

o, as before. Let V. be the network’s node of interest and let Sen(V;, Q) be the sensitin-
ity set for V, given Q. Let V; € Sen(V;, O) with o* (V)N O = @. Then, for any value
vy of Vi, we have that

Pr(v, |o)=a - w+b

for every conditional probability » = plu, | #') of Vi, where o and b are constants that
are dependent upon the values vy of V; and ' of 7wa{V.).

Proof (Sketch). The probability of interest Pr{v, | o} for the belief network B once
more equals

Pr(v. A o)

Pr(v, | 0) = Pr(o)

From the proof of Proposition 4.4.1, we have that the numerator Pr(v, A o) in this
equation relates linearly to the conditional probability & under sindy. Now, with regard
to the probability Pr(o}, we recall from the previcus section that, if no observations are
available for descendants of a non-ancestor, the probability of intervest is algebraically
independent of the conditional probabilities of this node. Likewise, the probability of a
combination of observations is algebraically independent of the conditional probabilities
of any non-ancestor without observed descendants. From this property, we have that
the probability Pr(o) is algebraically independent of the conditional probability  under
study. We conclude that Pr(o)} is a constant with respect to x. O

We illustrate the property stated in the previous proposition by means of an example.

Example 4.4.4 We consider again the belief network from Figure 4.7. Once mote, we
address the situation where the value high has been observed for the node PAP, and
consider the probability of interest Pr{normal Shunt | high PAP). As mentioned in
Example 4.4.2, the sensitivity set Sen(Shunt, {PAP}) comprises all three nodes from
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the network. We now investigate the functional relation between the probability of
interest and the conditional probabitity p(nermal Shunt | pubm emb) for the node
Shunt € Sen(Shunt, {PAP}). Note thai the node Shunt does not have any observed
descendants. For our probability of interest, we once again find that

r(normal Shunt A high PAP)

Pr(normat Shunt | high PAP) = £ Pr(high PAP)

The numerator in this equation equals

Pr(rormal Shunt A high PAP) =

= Z plhigh PAP | Pulm emb) - p(normal Shunt | Pulm emb) - p{Pulm emb)
{Pulm cmt}

= plhigh PAP | pulm emb) - p(normal Shunt | pulm emb) - p(pulm emb) +

+ plhigh PAP | no pulm emb) - p(normel Shunt | no pulm emd) - p(no pulm emb)

=a b
where ¢ equals

a' = plhigh PAP | pulm emb) - p(pulm emi)
and ¥ equals

b = phigh PAP | no pulm emb) - p(normal Shunt | no puln emb) - p(no pulm emb)

The denominator of the probability of interest equals

Pr{high PAP) =

= Z plhigh PAP { Pulm emb) - p(Shunt | Pulm emb) - p(Pulm emb)

{Shunt,
Pulm emb}

= Z plhigh PAP | Pulm emb) - p(Pulm emb)
{Pulm emb} .

plhigh PAP | puim emb) - p(pulm emb)+

i

+ plhigh PAP | ne pulmn emb) - p{no pulm emb) =
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The previous derivations show that the denominator Pr(high PAP) of the probability of
interest does not depend on the conditional probability under study p(normal Shunt |
pulm emb). The numerator Pr(normal Shunt A high PAP) relates linearly to this
conditional probability, We conclude that our probability of interest relates linearly to
the conditional probability under study:

o -+
I

Pr{normal Shunt | high PAP) = =a-z+b

The sensitivity of the probability of interest with regard to the conditional probabil-
ity under study is now uniquely determined by the values of the constants ¢ and .
These values again are computed from the assessments for the appropriate conditional
prohabilities in the network, as specified in Exaimple 4.4.2. We find that

a = {L139

b=0.779
The linear function relating the probability of interest Pr(nermal Shunt | high FAP)
to the conditional probability p{rormel Shunt | pulm emb), denoted by z, therefore
equals

Pr(normal Shunt | high PAP) =0.139 . 2 +0.779

The function is depicted in Figure 4.9. O

1 T T T T
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Pr(normal Shunt | high PAP)

0 ) 1 : )
0 02 04 06 08

pinommat Shuat | pu'm emb)

Figure 4.9: The function relating the probability of interest Pr(normal Shunt |
high PAP) to the conditional probability under study p(normal Shunt | pulm emb).

We would like to note that, in the special case where none of the nodes in a Bayesian
belief network are abserved, Proposition 4.4.3 implies that the network’s probability
of interest relates linearly to ewery conditional probability of every node from the
sensitivity set under study.
Corollary 4.4.5 Let B be @ Bayesian belief network and let Pr be its joint probability
distribution. Lel V. be the network’s node of interest and let Sen(V,, &) be the sensi-
tivity set for V. given the empty set of observed nodes. Let V; € Sen(V,, ). Then, for
any value v, of Vi, we have that

Pr(v, o) =a-a+b



4.4. Functional refations in a sensitivity analysis 105

Jor every conditional probability x = p(vs | #') of Vi, where « and & are constants that
are dependent upon the valves v, of V, and w' of 7o (V).

In the foregoing, we have argued that a belief network’s probability of interest relates to
a conditional probability under study by a simple mathematical function. Knowledge
of this function allows for considerably reducing the computational burden of a one-way
sensitivity analysis of a Bayesian belief network as only the constants in the function
need be known. These constants can be determined by computing the probability of
interest. from the network for a small nrumber of values for a conditional probability
under study and solving the resulting system of equations; systematic variation of
the conditional probability is then no longer necessary. For a conditional probability
that is related linearly to the probability of interest, two network computations suffice;
for all other conditional probabilities, three network eomputations are required. The
following examiple illustrates the basic idea.

Example 4.4.6 We consider again the belief network from Figure 4.7. As in Ex-
ample 4.4,2, we investigate the functional relation hetween the probability of interest
Pr{normal Shunt | high PAP) and the conditional probability © = p(high PAP |
no pulm emb). We recall that this function equals

a-x+b

Pr{normal Shunt | high PAP) = e d

In Example 4.4.2, we have determined the values of the constants a, b, ¢, and ¢ by
expressing every constant in terms of conditional probabilities from the network and
subsequently filling in the appropriate assessmenis. The functional relation can be
determined more efficiently, however, by computing the probability of interest from
the network for three different values of the conditional probability nnder study. Note
that three network computations suffice since the constani e can be eliminated froin
the above cquation, yielding

ozl

Pr{normal Shunt { high PAP) = P

Using the three values # = 0.2, 2 = 0.4, and 2 = 0.6 Tor the conditional probability
under study and the assessments for the other conditional probabilities as specified in
Example 4.4.2, we find by computing the probability of interest Pr(normal Shuni |
high PAP) from the network, the values

Pr(normal Shunt | high PAP)z=0> = 0.87356
Pr(normal Shunt | high PAP);—04 = 0.88897
Pr(rormal Shunt | high PAP)y—os = (.59424
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From these values, we now obtain the three linear equations

0.2 M | b E f ! f o — i — 0

% - 0.8?306 = 0.2 sl "{“ b - 0.8 356 R 0.2 " 0.8 306

(7 0 4(1 4’(?’ 0-8889! = 04.a + b - 0.888 - cl 0-4 ) 0'888

0.6 al b ! ! 1‘)4“!4 S 8!}424 = 0
0.6 - ¢ - 0.89424 = 0.6 -q + b — 0.8 ' C 0'6 ’ U'

Solving this system of linear equations gives

a’ = (.905
b = 0.00061
¢ = 0.00789

It is readily verified, by dividing the values of the constants e, b, and o specified in
Example 4.4.2 by the value of the constant ¢, that the mathematical function yielded
coincides with the function found in Example 4.4.2. O

4.5 Experimental results

In the previous sections, we have detailed various properties that allow for reducing the
computational burden of a one-way sensitivity analysis of a Bayesian belief network. In
Section 4.3, we have argued that a belief network’s probability of interest is algebraically
independent of the conditional probabilities of any node that is not included in the
sensitivity set under study. As sensilivity analyses with respect to these conditional
probabilities are uninformative, they can be excluded from the overall analysis; In
Section 4.4, we have argued that for any conditional probability, that pertains to a node
that is included in the sensitivity set, a small number of network computations suffice
to determine the sensitivity of the probability of interest with regard to a conditional
probability under study. Systematic variation of conditional probabilities then is no
longer necessary. Now, to gain insight into the effect of exploiting these properties, we
have condncted several experiments on randomly generated Bavesian belief networks.
In these experiments, we have investigated, for various different sets of networks, the
number of nodes in the sensitivity set under study and the number of nodes whose
conditional probabilities are related linearly to the probability of inferest, as these
numbers reflect the computational burden of a network’s sensitivity analysis.

In each experiment, we have generated a set of one thousand connected acyclic
digraphs; for details of the graph-generator used, we refer the reader to [Van der Gaag,
1994]. We have generated various sets of digraphs with ffiy nodes each, comprising
fifty, seventy five, one hundred, one hundred and fifty, two hundred, and two hundred
and fifty arcs, respectively. As our investigations are concerned with the digraph of a
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Bayesian belief network only, we have refrained from guantifying the generated digraphs
with conditional probabilities. For each digraph from every set, we have randomly
selected a single node of interest and & observed nodes, where, for the various sets of
digraphs, & is varied from zero to thirty by steps of two nodes,

To study the behaviour of our method on Bayesian belief networks that have been
developed for different types of application, we have also generated various sets of
digraphs for which a dingnostic and a prognoestic bias, respectively, have been used
in the selection of the node of interest and of the observed nodes. For diagnostic
applications, we have assumed that a heliel network’s node of interest tends to he
located in the upper part of the digraph, whereas the observed nodes are likely to be
situated in its lower part.. For prognostic applications, on the other hand, we have
assumed that the node of interest tends to be located in the lower part of the digraph
and the observed nodes in the upper part. The two biases have been realised as a two-
stage selection. The selection of a node of interest in the lower part of a digraph, for
example, starts with selecting a single auxiliary node in a random fashion. The node
of interest is then selected from among the nodes that are assigned a lower number
in a topological ordering of the digraph than the auxiliary node, For computational
reasons, the maximnm number of observed nodes considered with the diagnosiic and
prognostic biases, respectively, has been limited to sixteen nodes.

In each experiment, we have determined, for every digraph, the number of nodes in
the sensitivity set for the selected node of interest given the set of observed nodes under
study, and the number of nodes whose conditional probabilities are related linearly to
the probability of interest. The results are summarised in Figure 4.10. Figure 4.10(a)
and Figure 4.10(b) pertain to the digraphs for which no bias has been used in the
selection of the node of interest and of the observed nodes. Figure 4.10{a} shows the
average number of nodes in the sensitivity set, plotted against the number of observed
nodes; the six curves pertain to the sets of digraphs with different numbers of ares,
Figure 4.10{b) shows the average number of nodes, from the sensitivity set, whose con-
ditional probabilities are related linearly to the probability of interest. Figure 4,10(c)
and Figure 4.10(d) depict the same information for the digraphs for which a diagnostic
bias has been used in the selection of the node of interest and of the observed nodes;
Figure 4.10(e) and Figure 4.10(f) show the information for the digraphs for which a
prognostic bias has been used.

To discuss the results obtained from our experiments, we start by considering the
average number of nodes in the sensitivity set for digraphs for which the node of inter-
est and the set of observed nodes have been selected randomly, From Figure 4.10{a),
we see that the average number of nodes in the sensitivity set increases at first, with
an increasing number of observed nodes. This property is readily explained by ob-
serving that, initially, only observations for ancestors of the node ol interest, that is,
only ohservations for nodes from the sensitivity set, allow for diminishing the set’s
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Figure 4,10: The average number of nodes in the sensitivity set under study and the
average number of linearly related nodes; for various sets of networks without any bias
{figures (a) and (b)), with a diagnostic bias (figures (¢} and (d))}, and with a prognostic
bias (ligures (e} and (f)), respectivety.
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size. For all other nodes in the digraph, an observation will either have no effect or
increase the size of the sensitivity set. In the digraphs under consideration, the node
of interest will, on average, be located in ‘the middle’ of the digraph. The number of
ancestors of this node will, on average, be smaliler than its number of non-ancestors.
The tendency of additional observations for the ancestors of the node of interest to
decrease the size of the sensitivity set will therefore be outweighed by the tendency
of additional observations for its non-ancestors to increase the sensitivity set’s size.
Now, for a still further increasing number of observed nodes, the increase in size of
the sensitivity set diminishes. In fact, when roughly eighteen observed nodes have
been selected, additional observations cause the sensitivity set to decrease in size, This
property s explained by observing that a new node can only be inserted into the sen-
sitivity set if one of its descendanls is selected as an observed node where it had no
observed descendants before. The more observed nodes have been selected, however,
the fewer nodes remain without observed descendants. On the other hand, additional
ohservations for nodes from the sensitivity set will serve to decrease the set’s size. For
larger numbers of observed nodes, the sensitivity set will be quite large and the latter
tendency will therefore outweigh the former, resulting in an overall decrease in the
size of the sensitivity set. Figure 4.10{a} further reveals that a larger number of arcs
in a belief networl’s digraph will result in a larger sensitivity set. This property is
explained by observing that, in a digraph with more ares, the node of interest is likely
to have more ancestors, resulting in a larger sensitivity sel to begin with. Moreover,
a larger number of arcs will, on average, result in a larger number of chains between
a node under consideration and the node of interest. To block the influence of this
node’s conditional probabilities on the probability of interest, thai is, to exclude the
node from the sensiiivity set, on average, a larger number of observations is required.
For a fixed nuinber of observed nodes, therefore, an increase in the number of arcs
leads to an increase in size of the sensitivity sel.

Ve now consider the average number of nodes, from a sensitivity set under study,
whose conditional probabilities are refated linearly to the selected probability of in-
terest. From Figure 4.10(b}, we see that this number diminishes with an increasing
number of observed nodes, This property is readily explained by observing that only
the conditional probabilities of ancestors of the node of interest thai do not. have any
observed descendants, are related linearly to the probability of interest. The more
observed nodes have been selected, the fewer ancestors of the node of interest remain
without observed descendants and, hence, the smaller the number of nodes whose con-
ditional probabilities are related lnearly to the probability of interest. Figure 4.10{b)
further shows that, for a fixed nnmber of observed nodes, the number of linearly related
nodes inereases with an increasing number of ares, which conforins with the tendenecy
of the number of ancestors of the node of interest to increase with the number of ares.

We proceed with addressing the results from our experiments with digraphs for
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which a diagnostic bias has been used in the selection of the node of interest and of
the set of ohserved nodes. From Fignre 4.10(c) and Figure 4.10(d), we see that these
digraphs show tendencies similar to those shown by digraphs for which no bias has
been used. The initial increase in the size of the sensitivity set with an increasing
number of observed nodes, however, is stronger and reaches a higher maximum for
the digraphs with a diagnostic bias than for the digraphs for which no bias has been
used. This property is readily explained by once more observing that, initially, only
observations for ancestors of the node of interest allow for diminishing the size of the
sensitivity set. Siuce the node of interest in digraphs with a diagnostic bias is, on
average, situated higher in the digraph than in unbiased digraphs, its ratio of the
number of ancestors to the number of non-ancestors will, on average, be smmaller. As
a result, the tendency of additional observations for non-ancestors to increase the size
of the sensitivity set is even more dominant in digraphs for which a diagnostic bias
has bheen used than in digraphs without any bias, The smatler number of ancestors
further accounts for the stronger decreasge of the number of nodes from the sensitivity
set whose conditional probabilities are related linearly to the probability of interest, as
revealed in Figure 4.10(d).

We now consider the results from our experiments with digraphs for which a prog-
nostic bias has been used in the selection of the node of interest and of the set of
observed nades, Figure 4.10{c) suggests that the size of the sensitivity set for these di-
graphs remains reasonably constant with an increasing number of observed nodes. The
tendency of additional observations for the ancestors of the node of interest to decrease
the size of the sensitivity set is therefore balanced, in these digraphs, by the tendency
of observations for its non-ancestors to increase the sensitivity set’s size. We feel that
this property is the coincidental result of the ‘degree’ of prognostic bias we have used,
We expect that a more extreme location of the node of interest and of the observed
nodes in the digraphs under study, that is, a larger ratio of the number of ancestors
{o the number of non-ancestors, will lead to a decrease in the size of the sensitivity
set with an increasing number of observations. In fact, further experiments, using a
three-stage selection for a prognostic bias, have met this expectation. Figure 4.10{e)
further shows that the size of the sensitivity set increases with an increasing nunber
of arcs, as we have seen before for the digraphs without any bias as well as for the
digraphs for which a diagnostic bias has been used. Similar tendencies as for unbiased
and for diagnostic digraphs are also scen in Figure 4.10(f) with respect to the number
of nodes from the sensitivity set whose conditional probabilities are related linearly to
the probability of interest.
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4,6 Previous work

Sensitivity analysis is a general, well-known technique for studying the effects of the
inaccuracies in’ the parameters of a mathematical model on the model’s ontput; it
is widely used in mathematical modelling in various different domains of applicalion
IMorgan & Henrion, 1990, Habbema ef af., 1990, Dippel el al., 1992, Helton, 1993,
Doubilet et al., 1985]. As more and more Bayesian belief networks are being developed
for real-life applications, interest in sensitivity analysis of belief networks is increasing,
In this section, we review previous work on sensitivity analysis of beliel networks. In
doing so, we do not intend to give an exhaustive overview of the state of the art. We
merely discuss the results from related work and compare it with the results that we
have presented in this chapter,

In her work on sensitivity analysis of Bayesian belief networks, K. Blackmond
Laskey has been mativated, as in fact we have been, by the observation that straightfor-
ward, systematic variation of the assessments of a network’s conditional probabilities is
too much time-consuming to Lie of practical use. She has developed an eflicient method
for analytically computing fivst-order approximations of exact analyses [Laskey, 1995].
Her method sets ont by identifying, in a belief network under study, conditional proba-
bilities that upon variation have no effect on a probability of interest. Laskey suggests
two procedures for this purpose. She suggests that the assessment of every single
conditional probability be varied over a small number of values, serving to reveal all
conditional probabilities that have no inflnence on the probability of interest. For an
alternative procedure, she observes that some uninfluential probabilities can be identi-
fied using graphical considerations. For this purpose, she inlroduces a concept similar
to our sensitivity set; in fact, our notion of sensitivity set has been inspired to a large
extent by her coneept. Laskey’s method excludes the identified uninfluential condi-
tional probabhilities from further analysis. For the remaining conditional probabilities,
the effect of variation on the network’s probability of interest is measured by a so-called
sensitivity value. A sensitivity value is the partial derivative of the probhability of in-
terest with respect to a conditional probability nnder study, A sensitivity value thus
provides an approximation of the effect of small deviations from the probahility’s as-
segsinent on the probability of interest. Laskey presents two procedures for analytically
computing sensitivity values; these procedurcs build upon the propagation algorithm
by Lauritzen and Spiegelhalter and upon Monte Carlo sampling, respectively. Com-
pared to straightforward variation of conditional probabilities in a sensitivity analysis,
Laskey’s method requires considerably less computational eflort.

In her method, Laskey has introduced a powerful concept upon which we have
built our concept of sensitivity sei. She suggests, as we do, to construet, from a
belief network’s digraph, an auxiliary digraph in which a predecessor X is added to
every node V. She proceeds by observing that, if the auxiliary predecessor X; of
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a node V; is d-separated from the auziliary predecessor X, of the node of interest
V;, then sensitivity analyses with respect to the conditional probabilities for node V;
are uninformative as these probabilities cannot infHuence the probability of interest
upon variation. Her observation, unfortunately, is incorrect, as il can declare several
conditional probabilities to be not influential while in fact they are. For example, from
her ohservation, we would conclude that, if no observations are available as yet, the
conditional probabilities of all ancestors of the node of interest 7, are uninfiuential,
since ({X3} | @ | {X, )7 for all ¥; € «*(V;) \ {V;}. To show that this conclusion
is incorrect, we give an example from the ALARM-network. We are interested in the
probahility that the node LV failure takes ihe value {rue when no observations are
available as yet. For the probability of interest, we Lave that

Pr{fail) = p(fail | history) - p(history) + p(fail | no history) - p(no history)

which reveals that the probability of interest is algebraically dependent upon the prob-
abilities of the nodes History and LV failure. Since, in the ahsence of observations,
the auxiliary predecessor of the node History is d-separated from the auxiliary prede-
cessor of LV failure, building upon Laskey's observation would incorrectly declare the
prior probabilities of the node History to be uninfluential, With the various lemmas
presented in Section 4.3 of this chapter, we have shown that our concept of sensitivity
set provides for correctly identiflying uninfluential nodes.

As mentioned before, Laskey’s method of computing sensitivity values requires
considerably less computational effort than straightforward variation of probability as-
sessments for studying sensitivity. The method, however, provides insight in the effect
of small deviations from a probability’s assessment only: as Laskey indicates, when
larger deviations are considered, the quality of the approximation may break down
rapidly. For the ALARM-network, Figure 4.8 illustrates how an approximation may
fail to reveal the extent of the sensitivity of a probability of interest Lo a conditional
probability under study. The figure shows the effect of variation of the assessment for
the conditional prabability p(high PAP | ne pulm emb) on the probability of interest
Pr(normal Shunt | high PAP). 'The assessment specified for the conditional proba-
hility under consideration is 0.05. TFor variation of this assessment to higher values,
the derivative of the sensitivity function does not chanpe rapidly. The derivative at
the specificd assessment therefore provides a good approximation of the effect on the
probability of interest for larger values. However, even a slight shift in the specified
assessment to a smaller vahie has a very large effect on the derivative of the sensitivity
lunction. The approximation therefore does not suffice, We feel that exact sensitivity
analysis of a Bayesian belief network is to be preferred to approximate analysis.

We hriefly review two other methods for sensitivity analysis of Bayesian belief net-
works that take a different approach than our method. In [Chang & Fung, 1995] and
[Castillo et af., 1997b], the idea of symbolic propagation in belief networks is exploited
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for studying sensitivity. Instead of yielding a single number as the standard propaga-
tion algorithms do, a symbolic propagation algorithm yields an algebraic expression
for a network’s probability of interest in terms of all conditional probabilities in the
network. From this expression, the sensitivity of the probability of interest to a condi-
tional probability under study is readily computed, basieally by filling in the specified
assessments for all other conditional probabilities. A disadvantage of .bui]ding upon
symbolic propagation is that it is quite time-consuming. We therefore feel that meth-
ods for sensitivity analysis that build upon the faster standard propagation algorithms
are preferred. In [Spiegelhatter, 1989], a method for sensitivity analysis of Bayesian
belief networks is presented that builds upon an explicit specification of the inaccura-
cies in a network’s conditional probabilities. As in our method, an auxiliary graph is
constructed from the digraph of a belief network by adding an auxiliary predecessor to
every node, The auxiliary predecessor now captures second-order distributions for the
conditional probabilities of its successor. Using standard propagation algorithms, the
effects of the specified inaccuracies on a probability of interest are readily computed.
A disadvantage of this method is that it requires an explicit specification of the inaceu-
racies in a beliel network’s probability assessments. As second-order distributions for
the specified asscssments often are not available, assumptions on the nature of the in-
accuracies have to be made that may not be realistic. We would like to note that with
our method for studying sensitivity no assumptions with regard to the inaccuracies
involved are necessary,

While in this chapter we have focused on sensitivity analysis of Bayesian belief
networks, we would like to note that the reliability of a belief network’s output can
in addition be studied by subjecting the network to an wncerteinty analysis. In an
uncertainty analysis of a belief network, the assessments of all conditional probabili-
ties of the network’s quantitative part are varied simultaneonsly. To this end, for each

~conditional probability, values are drawn from some probability distribution. Uncer-
tainty analysis of a Bayesian belief network serves to reveal the overall reliability of
the network’s output. Uncertainty analysis, however, yields less insight into the effect
of single conditional probabilities than sensitivity analysls does. Previous experiments
with uncertainty analysis of Bayesian beliel networks have led to the suggestion that
belief networks are highly insensitive to inaccuracies in the assessments of their condi-
tional probabilities [Hemvion ef al,, 1996, Pradhan et al., 1996]. In these experiments,
performed on belief networks for diagnostic applications, a measure of the reliability
of a network’s diagnosis is obtained by assuming a log-normal distribution for every
conditional probability, having the initially specified assessment for its mean, and sub-
seqiiently averaging over the probability of the true diagnosis for various diagnostic
situations. Unfortunately, when using probability distributions to model inaceuracies
in the assesstents for a network’s conditional probabilities, it is not the average of the
probabilities of the true diagnosis that reflects the effects of these inaccuracies, but the
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varialion in these probabilities. Tn addition, we would like to note thai the reported
results are based on experience with a single belief network only, in which the condi-
tional probability distributions have been simplified using noisy-OR and noisy-MAX
assumptions. From the results reported so far for uncertainty analysis of Bayesian belief
networks, therefore, no decisive conclusions can be drawn. We feel that the sensitivity
of a network’s probability of interest to the various conditional probabilities involved
will vary from application to application. In fact, the results of the sensitivity analyses
of a Bayesian belief network for congenital heart disease, as presented in Chapter 3,
show that a network’s conditional probabilities can have a large effect on a probability

of interest.

4.7 Conclusions

The assessments obtained for the various conditional probabilities of a Bayesian belief
network are inevitably inaccurate, due to incompleteness of data and partial knowl-
edge of the problem under study. The inaccuracies in these probability assessnients
may severely compromise the reliability of the network’s output. To gain insight into
the reliability of a probability of interest computed from a belief network, the network
can be subjected to a sensitivity analysis. A sensitivity analysis can be performed by
systematically varying the assessments for one or more of the network’s conditional
probabilities simuttaneously. We have argued that even for a rather small belief net-
work such a straightforwardly performed analysis is highly time-consuming. In Lhis
chapter, we have shown that, by qualilative considerations pertaining to a helief net-
work’s digraply, various conditional probabilities can be identified that upon variation
cannot influence the network’s probability of interest. Analyses with respect to these
probabilities are uninformative and can therefore be excluded from the overall analy-
sis. More specifically, we have shown that a sensitivity analysis of a Bayesian belief
network can be restricted to the conditional probabitities of the nodes from the sen-
sitivity set for the network’s node of interest. Excluding uninformative analyses can
lead to a considerable reduction in the computational burden of a sensitivity analysis,
as is evidenced by the results from the experiments we have perforined on randomly
generated belief networks, We have further shown that for sensitivity analyses that are
informative, simple mathematical functions exist expressing the network’s probability
of interest in terms of the conditional probabilities under study. Knowledge of these
functions allows for even further reduction of the computational burden of a sensi-
tivity analysis, as only the constants in the functions need be determined, rendering
systematic variation of conditional probabilities unnecessary.

In this chapter, we have focused attention on a one-way sensitivity analysis of a
Bayesian belief network in which the network’s conditional probabilities are investi-
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gated one at a time. For such an analysis, we have detailed the mathematical function
expressing the network’s probability of interest in terms of a single conditional prob-
ability. More specifically, we have shown that, in general, the probability of interest
relates as a quotient of two linear functions to a conditional probability under study.
In essence, it is also possible to investigate the effect of simultancous variation of two
or more conditional probabilities. Such a higher-order sensitivity analysis can, just
as a one-way analysis, be restricted to the conditional probabilities of the nodes that
are included in the sensitivity set for a belief network’s node of interest. Aoreover,
for higher-order sensitivity analyses also simple mathematical functions exist between
a network’s probability of interest and the conditional probabilities under study, Al-
though not reported in this chapter, we have detailed the functions that hold in a
two-way sensitivity analysis in which conditional probabilities are studied pairwise,
These functions comprise terms for the separate effects of cach of the two conditional
probabilities being investigated as well as terms for their joint effect. More specifically,
the probability of interest, in general, relates as a quotient of two bi-linear functions
to the probabilities under study. The more conditional probabilities of a belief net-
work are investigated simultaneously, the more involved the mathematical functions
will be. We feel that the results of higher-order sensitivity analyses in which three or
more conditional probabilities are studied simultaneously will in general be very hard
to interpret,

In the near future, we envision further experiments with our method of sensitivity
analysis on real-life Bayesian belief networks. In these experiments, we would like
to study the reliability of belief network’s output in general. Also, we would like to
evaluate in more detail the effect of the location of the node of interest and of the
observed nodes in a network’s digraph. In addition, we envision Further investigation
of the properties of sensitivity analysis, both from a theoretical and an experimental
poiut of view. Our experiments so far on randomly generated belief networks and on
the ALARM-network have shown considerable computational savings. Molivated by
these initial results, we hope to he able to arrive at a generally applicable, practicable
method for sensitivity analysis of Bayesian belief networks.

Appendix

In the Sections 4.3 and 4.4 of this chapter we have presented various properties of
sensitivity analysis of Bayesian belief networks. In Section 4.3, we have introduced the
concept of a sensitivity set for a network’s node of interest given available observations.
We have shown that the conditional probabilities of the nodes that are not included
in a sensitivity sct under consideration ipon variation cannot influence the probability
of interest. For the nodes that are included in the sensitivity set, we have shown in
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Section 4.4 that the probability of interest relates to the conditional probabilities of
these nodes as a quotient of two linear functions, So far, we have presented these
properties with short, intuilive proofs. In this appendix, we provide full proofs for the
various different properties.

It order to prove that a belief network's probability of interest for a node V; is alge-
braically independent of the conditional probabilities of any node that is not included
in a sensitivity set Sen(V,,0) under consideration, we have partitioned, in Defini-
tion 4.3.3, the set of remaining nodes into the three sets Insen, (V,, O}, Inseny(V,, O},
and fnseny(V;, O). In the following lemma, we show that these three sets and the
sensitivity set arc mutually exclusive and collectively exhaustive,

Lemma A.1 Let B be a Bayesian belief network with the digraph G = (V (&), A(G)).
Let Vi, € V() be the network’s node of interest and let O C V() be the set of observed
nodes in G, Let Sen(V,, O) be the sensitivity set for V, given O and let Insen (V, 0),
Insena(V,, ), Inseny(V,, O), and Sen(V,, Q) be defined as in Definition 4.3.8. Then,

e Insen;(V,, 0) N Insen;(Vi, ) =&, for all i, = 1,2,3 with i £ j;
o V(G)\ Sen(V,,0) = U, 54 Insen;(V;, 0).

Proof. From Pefinition 4,3.3, it is readily seen that the sots'Insen;(If;, 0}, Insens(V4, ),
and Inseny(V,, O) are mutunally exclusive. In our proof, we therefore focus on the second
property stated in the lemma,

To prove that V(G)\ Sen(V;, 0) = U, , 5 Tnseny(V;, O}, we have to show that any
node that is included in one of the sets Tnsen{(V;, 0), is not included in Sen(V;, O),
and vice versa, To show that a node ¥} is not included in the set Sen(V;,0), we
construct from the belief network’s digraph G the auxiliary digraph &* as defined
in Definition 4.3.1 and show that in G* any chain from V;'s auxiliary predecessor
Xj to the node of interest V. is blocked by 0. We now begin by showing that
Uiz1,2,3 Tnsemi(V;, O) C V(G)\ Sen(V;, 0):

o We assume that Insem (5, O) U Insena{V,, Q) # @ and consider a node V; €
Insen, (V;, OYU Insemy(V,, ). We observe that, in the digraph &, any chain from
this node V; to node V¥, includes either a predecessor or a successor of Vj; in
the auxiliavy digraph G7, therefore, any chain from V;'s auxiliary predecessor
A to node V, equally includes either an(other) predecessor or a successor of V).
Now, for node ¥, we have by definition that (({V;} Ung(V;)) | O | {V:})&.
From {({Vi;} Una(V;) | O | {V.})&, we have that, in the digraph ¢, any chain
V: = - ¥, from V; to V. that includes a successor of 1}, is blecked by Q. In the
auxiliary digraph G*, therefore, any chain X; — V; — - ¥ from X; to V. that
includes a successor of ¥}, is blocked by . From {({V;} Uwa(V;)) | O | {V.DE,
we further have that, in G, any chain 1% -+ 14 from a node % € m(V}) to node



4. Appendix 117

V. is blocked by . In G*, therefore, any chain X; = V; « V... 1] from X;
to V. that includes a node ¥, € ng(15), is blocked by O. We conclude that
(X511 O] {V.}ye.. By definition, we have that V; € V(G) \ Sen(V;, O).

o We assume that Insenz(1;, 0) # @ and consider a node V; € Insens(V,, Q). For
this node 1/}, we have by definition that V; € V(G)\#5(V,) and o§,(V;) N O = @.
Irom these properties, we have that, in the digraph ) any chain from node
V; to node 1V, cither includes a predecessor ¥, of ¥; or includes a descendant.
Vin € a&(V;) with two incoming ares for which o5 (V;,) N O = @. In the auxiliary
digraph G*, any chain X -+ V; ¢ V-V, from Vj's auxiliary predecessor X
to node V. that inclndes an(other) predecessor ¥ of 1}, is blocked by O because
o&(V;) N O = @. Furthermore, in G*, any chain X; - V; = ... — Vi o ¥,
from X; to V; is blocked by O because o5{1,) N O = @. We conclude that
{X;} 1O {V,})&.. By definition, we have that V; € V(G)\ Sen(14, O).

From the previous observations, we conclude that Ui=1,2,3 Insen;(V,,,0) C V(G)\
Sen(V,, O); note that the property trivially holds for the case where Insen;(V,, 0) = @,
i=1,2,3

We proceed by showing that V{(G)\ Sen(V,, 0) C |, 5 5 Insen;(V;, O). We assume
that V(&) \ Sen(V;,0) # @; the property trivially holds otherwise. We now cousider
anode V; € V(G) \ Sen(V;, O). For this node Vj, we have by definition that {{X} |
O | {V,})é.. We distinguish between two cases, the case where V; € w5(V,) and the
case where V; & wi (V)

o We assume that V; € n&,(¥;). Trom ({X;} | O | {V,})%., we have that, in the
auxiliary digraph G*, any chain X; — V; — -V, from X; lo ¥, that includes
a successor of 1}, is blocked by O. We conclude from this observation that, in
the digraph &, any chain V; — ...V, from V; to ¥, is blocked by O. Note
that from V; € wi(1,), we have that there exists at least one (directed) path
Vi ==V, from V; to ¥, in G. From this path being blocked, we conclude
that 65{V;) N O # @. Now, from ({X;} | O | {V,})&., we further observe that,
in the digraph G* any chain X; = V; ¢ ¥V, from X; to V,, thal includes
an(other) predecessor Vi of 1}, is blocked by O. From o3(V;} N O # & and the
previous observations, we have that, in G, any chain V4 - - -V, from a predecessor
Vi of V; to V. is blocked by O. We conclude that {({V;} Ua;(V))) | O | {Vihi
and, hence, that V; € Insen; (17, O).

o We assume that V; ¢ 75(1,). We once more distinguish between two cases, the
case where o;,(V;) N O = @ and the case where (1) N O # @

— We assume that of(V;) N O = &, By definition, we have that V; €
Inseng(V;, O).
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— We assume that o5(V;) N O # @. From {{X;} | O | {V;}}§., we have
that, in the auxiliary digraph G*, any chain X; = ¥; — -V} from X;
to ¥, that includes a successor of 1}, is blocked by 0. We conclude from
this ohservation that, in the digraph &, any chain V; — .- ¥, from V;
to ¥, is blocked by O. From ({X;} | O | {V;})é., we further observe
that, in the auxiliary digraph G*, any chain X; — V; « V-V, from
X; to V. that includes an(other) predecessor Vi of V, is blncked'by Q.
From o4 (V;) N O # @ and the previous observations, we have that, in the
digraph G, any chain V.- V. from a predecessor ¥, of Vj to 1, is blocked
by O. We conclude that {({V;} Un&(V)) | O | {1 and, hence, that
Vi € Insena(V;, O).

From the previous considerations we conclude that V; € [J_, 4 fnsen;(1;, 0)
and, hence, that V(G)\ Sen(V;,0) C U, o5 Insens(V;, O).

From V(G) \ Ser{V;,0) C U, 05 Inseni(Ve, O) and U, 4 4 Insens(V, 0) C V(G)\
Sen(V;, 0) we conclude that V(G) \ Sen(V;,0) = lJ_, o4 Insen;(V;, O), as stated in
the lernma. O

In Section 4.3, we have provided the three lenunas 4.3.5, 4.3.7, and 4.3.9, stating
that the probability of interest of a Bayesian belief network is algebraically indepen-
dent of the conditional probabilities of the nodes included in the sets Inseni(V;., O),
Tngeny(Vy,, O), and Insens(V;,0). We will provide formal proofs for these lemmas
shortly. Before doing so, however, we introduce the concept of a sensitivity ordering
of the nodes of a belief network's digraph that will be used throughout the proofs,

Definition A.2 Let B be a Bayesian belief network with the digraph G = (V(G), A(G))
where V(G) = {V,...,Vu}, n > 1. Let V. € V(G) be the network’s node of interest

~and let O CV(G) be the set of observed nodes in G. Let Sen{V,, O) be the sensitivity
set for WV, given O and let Insen (V;, ), Tnseny(V;, Q), and Inseny(V;, O) be defined
as in Definition {.8.9. Let + : V(G) «— {1,...,n} be a total ordering on V(G), such
that

o for any two nodes Vi, V; € V() with V; = V; € A(G),
we have ¢(V;) < ,,(Vj)’.

o for any two nodes V; € Insen (V;, Q) U Sen(V;, 0), V; € Insens(V,, O), we have
(1) < V);

e for any two nodes V; € Inseny(Vy, 0), Vi € Insens(V;, O}, we have t(V;) < «(V;).

Then, ¢ is o sensitivity ordering of G with respect to V, and O.
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For any node of interest and any set of observed nodes, there exists a sensitivity ordering
of a belief network’s digraph. Any such sensitivity ordering is a topological ordering of
the digraph at hand,

Lemma A.3 (cf. Lemma 4.3.5) Let B be a Bayesian belief network with the digraph

= (V(G), A(G)). Let Pr be the joint probability distribution defined by B. Let O C
V((") be the set of observed nodes in G and let o denote the corresponding observations.
Let V. € V() be the network’s node of interest. Then, for any valve v, of V., we have
that Pr(v, | 0) o p(Vi | wa(V1)) for every node Vi € Insens (14, O).

Proof. Let ¢ be a sensitivity ordering of & with respeet to ¥, and O, Without loss of
generality, we assume that the nodes in G are indexed by their ordering number, that
is, we assume Lhat ¢(15) = {; we take n > 1 to be the number of nodes in G. From
the rule of marginalisation, we have that the probability of interest Pr(w, | o) can be
written as

> Pe(({Vi,..., V) N ({3 U O)) A vy A o)
VLoV M35 JUO)

S PH{({Vi...,¥u}\O) Ao)

{M.w Ve NO

Pr(v, | 0) =

In the above equation, we have used the notation } ;. to indicate summation over
all possible values of the variables in the set W. In the following, we will also use
the notation |_,; this notation is used Lo indicate that in the preceding formula the
variables in the set X {ake the combination of values 2. Now, using the property stated
in Proposition 4.2.6 for the probability distribution Pr defined by the neiwork, we find

that

I »WilmeVid |, _
i=1,.,n o

Pr(o, | o) = (Vi Y NV JUO) O=¢
3 p(V; | melV)
{Vi,-.Va N0 i=1.un O=o

From the definition of sensitivity ordering, we have that the nodes in the set
Inaeny(V,, O) have the highest ordering numbers in the network’s digraph; without loss
of generality, we assume that nseng(V;, Q) includes the nodes Vy1,..., ¥, Now,

Y (( 11 p(vztfrc(%)))'( II p(mvrc(m))))
Vi, Vi y i=rm+l,..,r ' i=1,...,in

(v

> (( 0w mn)(ﬂ P 700 ))))
{1, Va0 Jj=m+l,..n j=Ll,..,m O—o

Ve

a

=1

a

Pr(v, | o) =
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From Definition 4,3.3, we know that the set Insens(V], Q) does not include any nodes
from the set {V;} U O, that is, ({V;} U O) N {(Vpyr,...,Vp} = &, Since our sen-
sitivity ordering is a topological ordering, we further know that (U, ., 7e(V)) N
{Var1y - -, Vu} = @. Using these abservations, we find that

Pr(v; | o) =

> (( > I1 p(mlfra(vf-)))v II p(wlm(m)) "

(¥, P {Vimttn Vo i=m+lo,n i=1,.,m
({v:}u0o)

> (( STl p(t&!m(m»)-n p(mm(vm) |
=0

Ve ¥n WO AN Vi1 Vi } izt L i=le,m

The rule of marginalisation now implies that the sum termns in parentheses in the
eguation above equal one; for node 1, marginalisation gives

3 I[I  sVilma(a) =

{Vm+1,...,[’n} =410

= > ((mem ) 11 P(Vilﬂc;(Vi)))

{Vmt1nVaoa} {al iI=m+l,..,n-1

- Z H p(V | me(VE))

{Vm+l ;---'Vngi) i=m+iaan-t

Recursively repeating this argument for the nodes V,_1, ..., Vpy results in
& g 4 n ] m+

> I silwetw) =1

{Vmt1senVn } i=mt1a0n
We conelude that

> 11 oVl =V, )Vr=vr

ViV N JU0) i=1m O—0o

[T v 17y |.

VvV NO i=1,m 0o

Pr(v; | 0) =

which shows that the probability of interest Pr(v, | o) is algebraically independent of
the conditional probabilities of any node from the set Insen;{1, 0), as stated in the
lemina. O

So far, we have shown that a belief networl’s probability of interest for a node ¥, given
observations for nodes O is algebraically independent of the conditional probabilities of
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any node from the set Inseng(V,, 3). We now proceed by showing that this probability
of interest is also algebraically independent. of the conditional probabilities of the nodes
from the set Insens (17, Q).

Lemma A.4 (cf. Lemma 4.3.7) Let B be o Bayesian belief network with the digroph
G = {V(G), A(G)). Let Pr be the joint probubility distribution defined by B, Let O C
V(G be the set of ebserved nodes in G and let o denote the corresponding observations.
Let V., € V() be the network’s node of interest. Then, for any value v, of V;, we have
that Pr(v, | 0) o p{V; | ma(V;)) for every node V; € Insem(V;,0).

Proof. Let ¢ be a sensitivity ordering of G with respect to V. and O. Without loss
of generality, we assume that Fnseny(V,,0) = @. Also without loss of generality,
we assume that the nodes in & are indexed by their ordering number, that is, we
assume that (V) = i. We take n > 1 to be the number of nodes in &. From the
definition of sensitivity ordering, we have that the nodes in Insens(V,, ) have the
highest ordering numbers in the digraph; we assume that, Insen, (17, O) consists of the
nodes Vi1, ..., V. For owr prebability of interest Pr(v, | 0}, we find that

5 [T etvilactv) )| I pMilneti) )|, _,
{Vi,- 5, Vo I\ i=m+1,.4n i=1,..,n Or;or

{=}luo)

> (( 11 P(le"TG{Vj}))'( 11 P(leer(Vj))))
{1,V O j=m+l,.,n j=1,.,m

Since our sensitivity ordering is a topological ordering of @, we know that
Uictn Te(V) 0 {Vigy ..V} = @, Since V. & Inseny(V;,0) by definition, we
also have that V. & {Vinp1,..., Vi }. Using these observations, we find that

Pr(vr | @) =

U=0

Pr(u, | o) =
) (( > 1T P(VilﬂG(Vs)))' p{Vslﬂ'G(VE))) .
e Vol AP a N0 i=mitLe = O=o
_ %)
3 M I »vil=etv) ) p{V; | ma (Vi)
{Vi,.Vm JAO {Vint 1oV WO Jj=t+l..n j=lgm O=a

Now, from Definition 4.3.3, we have that the nodes V,,41,..., V, from the set
Inseny (¥, O) and their predecessors are d-separated from the node of interest V.. Any
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predecessor of a node ¥, i = m+1,...,n, therefore, is either inchuded in Inseny (17, 0)
itself or is an observed node. We conclude that ({J,_,,,  7e(V)) N ({V,.... Va}\
({V.} UO)) = @. The probability of interest can now be m;tteu as

Pr{u, | 0) =

2 Il s®ilme )| 20 1T »tVilme(v)
{(Vin+1, Ve NO i=mt1,.0m Vi, VB T=henm -
({vjvo) Q=4q

( > Il ”“’f"”"“’f’))'( > I #ime0 )))
{11

Vet Ve NO J=m+1,..n T Vm O J=1.m

>, I AEED)

_ M Ve N{V o) i=lgm g"::’
> p(V; | na(V5))
{V Va WO i=l..,m O—o

which shows that the probability of interest Pr(v, | o) is algebraically independent of
the conditional probabilities of any nade from the set Inseny(V,, 0), as stated in the
lemma. O

"~ So far, we have shown that a belief network’s probability of interest for a node 1, given
observations for nodes O is algebraically independent of the conditional probabilities
ol any node from the sets Inseny(V,, O} and Inseny(V,, O). To conclude, we now prove
that this probability of interest is also algebraically independent of the conditional
probabilitics of the nodes from the set Insen, (V,, O).

Lemma A.5 (cf. Lemma 4.3.9) Let B be a Buayesian belief network with the digraph
G = (V(Q), A(G)). Let Pr be the joint probability distribution defined by B. Let O C
V(@) be the set of observed nodes in G and let o denote the corresponding observations.
Let V. € V(@) be the network’s node of interest, Then, for eny velue v, of V,, we have
that Pr(v, | 0) o p(V; | ma(V)) for every node V; € Inseny (Ve, O).

Proof. Without loss of generality, we assume that Insens(V;, O) = @ and Inseny (17, O)
= 4, From these assumptions and Lemma A.1, we have that V(@) = Sen(V,,0) U
Insem(V;, 0). Let the nodes from Sen(V;, Q) be called ¥4,...,V,, and let the nodes
from Insen; (17, O) be called V,,q1,..., V,, n > 1; note that, in contrast with the proofs
of the previous lemmas, the nodes are not indexed by their ordering number according
to some sensitivity ordering of G, For our probability of interest Pr(v, | 0), we now
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3 IT oVl 7a(¥) |- p(Vilma(V)) |||, _,
P N1 )U0) \Ni=m L =l 0=o
3 I 2=y IT »¥ 1 7atvy)
{M ¥ VO J=m+l,..n i=lm d=o

TFrom Definition 4.3.3, we have that the nodes Viyg,. .., V, from the set Insem{V,, Q)
and their predecessors are d-separated from the node of interest V.. Any predecessor of
anode Vi, i = m+1,...,n, therefore, is either included in Insen, (1, O} itself or i% an
observed node. We conclude that (U, _, 7e{V)IN{{V1,. .., Vi \N({WF}UO)) =

In addition, for every node V;, i = 1,...,m, [rom Scn(l’}.,()), we have that any
predecessor that is included in the set Insen (17,0} is an observed node. Hence,
Uizt 76 (V) 0 ({Viegr, -, Va} \ O) = 2. Building upon these observations, the
probab;hty of interest can be written as

find that

Pr{v, | 0) =

Pr(u, | ) =

( > 1 p(Vsifra(Vi)))- > IT »tvil =e(vi))
{1,

{ Vgt Va AO immdln LoV i=l,..,m
» Fm

m (30 o
> T »vilma(vi)) ) > | IEEAARRS)
{Vat1 Vo WO f=mtlan {1, Ve NG di=Lam O—0o

3 || AR L)) N

_ ViV BNV JU0) i=1,.,m O—o

(Vi | wa(Vi))
VM,V NO b Oco

which shows that the probability of interest Pr(v, | o} is algebraically independent of
the conditional probabilities of any node from the set Insen,(V;, ), as stated in the
temma. O

In the foregoing, we have shown that a belief nelwork’s probability of interest is alge-
braically independent of the conditional probabitities of any node that is not included
in the sensitivity sei. under consideration.. We now show that the probability of interest
relates to any conditional probability for a node from the sensitivity set as a quotient
of two linear functions.
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Proposition A.6 (cf. Proposition 4.4.1) Let B be a Bayesian belief network with the
digraph G = (V{G), A(G)} and let Pr be the joint probability distribution defined by
B. Let O C V(G) be the sel of observed nodes in G and let o denote the correspond-
ing observations. Lel V. be the network’s node of interest and let Sen(V;, O} be the
sensitivity set for V, given O. Then, for any value v, of V., we have that

: a-x+h
Pr{v, | 0) = ———
(o [ 0) crx+d
Jor every conditionel probability x = p(v, | %) of every node V, € Sen(V,,0), where a,
b, ¢, and d are constants that are dependent upon the values vy of V, and «' of wg{Vy).

Proof. The probability of interest Pr(v, | o) for the beliel network B equals

Pr{v, A o)
Pr{o)

Without loss of generality, we take the nodes of the helief network B to be 1,...,V,,
n 2 1. For ease of exposition, we assume all variables in the network to be binary,
taking one of the truth values frue and false. We will use »; to denote the proposition
thiat the variable V; takes the value frue; V; = false will be denoted as —y. We will
retnrn to our assumption of binary variables at the end of the proof. We now consider a
node V; from the sensitivity set. Sen(1;, O) under study. Without loss of generaliiy, we
investigate the sensitivity of the probahility of interest with regard to the conditional
probability p(v, | 7") for this node, where #' is a specific combination of values for the
nodes from the set 7 (14). For the numerator Pr{v, A o) of the prabability of interest,
we find that

Pi(v, | 0) =

Pr(v, A o) =

= > IT »(vilme(vi))

{Vl"" )Vn}\ i:]'l'“:n
({.luom

T

Iy

Ve=u
O=o0

= ¥ IUAEUA R | AR D)
{44, W i=1l.,n, Vo=
({v:luo) ifs O—o
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= > plesia) [ pVil7a(V)) Hu =
(V1o Va A i=1,....m O=u
{v Vlusa(e)u0) ite Va=1vs
ag(Va) = '
+ >, (L=plos|#0) [ pVilac(Vi)} | v =u
(4, ¥ i=l,...,0 O=o
({1} Una(Vs) U O) i#s L

oy p(Ve lma(Va)) - 1] p(¥i | ma(¥)

{Vio o i=1...,n V, =
({v-}u 0y, i#s ofar
ralVa) # B

The first texm in the above sum of three assembles all products that specify the con-
ditional probability p(vs | #'). The second term gathers all producis specifying the
complement, p(-w, | #'), of the conditional probability under study, Note that this
term, as the [irst one, depends on the value of p(v, | #'). The third term, to conelude,
collects the remaining products; these products specily for the node 1, a conditional
probability that has another combination of values than ' for its conditioning part.
Note that the third term docs not depend on the value of the conditional probability
under study. Writing & for p(v, | #'), we find that

Pr(v, Aoy =a-xz+b

where

a = > I Vil medv) ||y =,
(Vo Vo )\ i=1..,0m -

(¥ Va} Ung(Va) L Q) i#s Va=vs

ag{Vs) = n'

B > II il mctvi) ||v =

RSN LAY = 1.0, O=o

({V, Vel U g (V) U O) i#s Vo =,
aa(Ve) = '
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and
b o= > I pWilwei)) [|v=u
Vi, Vo 1\ i=1,....n, 0 =0
(V. Va} Una(V:) L O) i#s Ve = o,

ra(Va)=a

i Z ( H Vi ’ﬂ'G(Vi))) S

Vi, .. Vo i=1,..n S
{vluo),
aa(Ve) £

Note that the constants ¢ and b are related to the conditional probability under study

but are not dependent upon its value,

For the denominator Pr{o) of the probability of interest, we analogously find that

Pl‘(o) =
= > plos |y T pvi ] 7e(1)
¥ L W i=1,...,r, VZ“U
({Vs}ume(VsluO) i#£s W;(li;: .
+ >, (L=ps |« II eV 7a(Vi)
Vi,V 1\ i=1l,...,n, gs::oﬁu
({"”,JUFT(,'(‘@)UO) t£s 7{[;({’5);;’
DY pVelmeVay- T pilwa(W)
(M, 1)\ 0, =1,
ma{Vs) # ' i#s 0=o0
=c-axt+d

once more writing x for the conditional probability under study. For the constants ¢
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and d, we have that

3 I »Vilmcvi)

O
I

=
Vi, 1 A Pl v fu
. & — Us
{Wstumre{in)uQ) i#£s rg{i) = af

_ Z I st wavi))

Ve Vo P=1,..,m, N
(Vv ag(¥a)u o) i#s (V) — 7t
and
d = > 1T p0% | we(v))
=0
{1\ i=1...m, " — =
({¥}unc(iz)uo) its (V) = &

Py IT »(%w6()

{Vl,...,\’n}\o, i=1,.,n O=0
TG(Va) #
From the previous observations, we conclude that the probability of interest Pr(v, | 0}
equals
a x+b

Prlorlo) = T

where 2, @, b, ¢, and d arve as above,

In our proof so far, we have assumed all variables in the beliel network B to be
binary. We would like to note that the proof can be generalised to non-binary vari-
ables, provided that {for varying the value of a conditional prohability p(v, | #') for a
node V; from the sensitivity set under study, the ratio of any pair of complementary
probabilities p(v} | @'} and p(v? | #') for this node is kept fixed. O

So far, we have shown that a belief network’s probability of interest relates as a quo-
tient of two linear functious to a conditional probability under study. For a conditional
probability that pertains to a node from the sensitivity set that does not have any
observed descendants, this functional relation reduces to a linear function.

Proposition A7 (cf. Proposition 4.4.3) Let B be a Bayesian belief network with the
digraph G = (V{G), A(G)) and let Pr be the joint probability distribution defined by
B. Let O C V(G) be the set of observed nodes in G and let o denote the corresponding
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observations. Let V, be the network’s node of interest and let Sen(V,, Q) be the sen-
sitivity set for V, given Q. Let V, € Sen(V,, O) with o*(V;) N O = @. Then, for cny
value v, of V., we have that

Pr(v.loy=a-z+b

for every conditional probability x = p(v, | 7') of Vi, where a and b are constants that
are dependent upon the values v, of V, and @' of wa{V.).

Proof. The probability of interest Pr(w, | o} for the belief network B once more equals

Pr{u, A o)

Pr(v; | 0) = Pro)

From the proof of Proposition A.G, we have that the numerator Pr(v, A o) in this
equation relates linearly to the conditional probability  under study. More formaliy,

we have that
Pr(v, Ao)=d -a+V

where ¢’ and ' are constants as specified in the proof of the proposition.

Let + be a sensitivily ordering of G with respect to V, and O. Without loss of
generality, we assume that the nodes in G are indexed by their ordering number, that
is, we assume that +(V;) = {; we take n > 1 to be the number of nodes in 7. For ease
of exposition, we further assume all variables in the network to be binary, taking one
of the truth values frue and felse. We will once more nse v; to denote the proposition
that the variable V; takes the value frue; V; = false will be denoted as —v;, Our proof
can be generalised to non-binary variables as indicated in the proof of Proposition A.G.
We now consider a node V; from the sensitivity set Sen(1;, O) under study, Without,
loss of generality, we assume that the set ¢*(V;) consists of the nodes V,..., ;. We
investigate the sensitivity of the probability of interest with regard to the coneditional
probability p(u, | @') for the node V, where 7' is a specific combination of values for
the nodes from 7 (V). For the denominator Pr{o) ol the probability of interest, we
find that

Pr(o) = . p(Vi | me(V3)) =

M VNG iSagn O=o

= I pitrevi) |4 11 »Vilme(v)

(VRO \\ =80 i=Lys—1 O

Since out sensitivity ordering ¢ is a topological ordering, we know that
(Uisy,. s ma(Vi)} 0 {4, ..., ¥} = @. In addition, we have that ¢”*(V,) N0 = @ and,
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hence, that {V,...,V,} N O = @. Building upon these observations, we find that

Pro)= ), >, 1T »lmet |- I p(Vilwe(v)

{Vl r-st—l}\O {Vs:-nlvn} =80 i=1,.,8—1 O=o

The rule of marginalisation now implies that the sum terin in parentheses in the equa-
tion above equals one. We conclude that

Prio) = ), I pVilwa(v)
{VipaVea N0 d=las—1 0o

=¢

From this derivation, we have that Pr(o) is a constant with respect to the conditional
probability under study z. For our probability of interest, we now find that

TR
Pr(v, |0) =2 ETL ; +b

=a-z+b

' !
where ¢ = & and b = % 0






Chapter 5

A computational architecture for
n-way sensitivity analysis of
Bayesian networks

Abstract

A probability computed from a Bayesian network relates to the parameters of the net-
work by a simple mathematical function. A prior probabhility can be expressed as a
multilinear function in the network's parameters; a posterior probability is a quotient
of two such functions. These functions serve to yield insight into the robustness of
a Bayesian network and thus constitule the basis for a sensitivity analysis. Sensitiv-
ily analysis amounts to establishing the coefficients in the functions under study. Tn
the past, various methods for sensitivity analysis have been suggested. Most of these
methods are very much demanding from a computational poini of view. In this chap-
ter, we present a new and efficient method. The method builds upon a junction-tree
representation of a Bayesian network for its computational architecture. It computes
the coefficients of the sensitivity functions under study by propagating and combining
vectors of (partially computed) coefficients through the junction tree.

5.1 Introduction

A Bayesian network is a concise representation of a joint probability distribution on
a set of statistical variables. It can be used for computing the prior or posterior
probability of any variable in the network in view of the currently available evidence.
To that end, various methods for propagating evidence in a Bayesian network have
been developed [Pearl, 1988, Lauritzen & Spiegelhalter, 1988)].

A Bayesian network of realistic size contains a considerable number of conditional
probabilities; these probabilities are the network’s parameters. The parameters of a
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Bayesian network are typically assessed hy experts in the domain of application or may
be estimated from data. Due to, for example, problems of bias and poor calibration
or lack of sufficient, reliable, data, the estimates obtained tend to be inaccurafe. In-
aceuracies in a network’s parameters may influence the reliability of the probabilities
of interest computed from the network. An integral part of investigating a network’s
reliability is to study its sensitivity. The sensitivity of a Bayesian network refers to the
effect on a probability of intercst of changes in the estimates for one or more of the
network’s parameters; to study network sensitivity, a sensitivity analysis is carried out.

Basically, sensitivity analysis of a Bayesian network amounts to systematically vary-
ing the estimates for one or more parameters in the network simultaneously and investi-
gating the eflects on a probability of interest. Varying one parameter estimate at a lime
is called a one-way sensitivity analysis. It serves to reveal the independent effect of the
parameter under study on a probability of intervest. The term n-way sensitivity analysis
is used to indicate that n, n > 1, network parameters are varied simultanecusly. It
reveals how the n parameters interact in their effect on a probability of interest. In
clinical deciston analyses [Habbema et al., 1990, Dippel ef al., 1992], it is customary
to perform a two-way or three-way sensitivity analysis as well as a one-way sensitivity
analysis, since it yields additional insight in a model’s robustness, The results of such
an analysis are relatively easy to interpret and can be represented graphically. Higher
order sensitivity analyses arve uncommon since their results are harder to interpret.
However, for generality, we consider in this chapter the situation in which an arbitrary
number of i parameters is varied.

The most straightforward way of performing a sensitivity analysis of a Bayesian
network is to vary the parameters under study stepwise and in a systematic way. The
cffect of these stepwise variations on the probability of interest is evaluated by using
any standard propagation algorithm. For larger networks and for sensitivity analyses
involving more than one parameter, such a straightforward approach is computation-
ally nnfeasible. In recent years, various researchers have addressed the computational
complexily of performing a sensitivity analysis [Laskey, 1995, Castillo et al., 19974,
Coupé & Van der Gaag, 1998, Ijerulff & Van der Gaag, 2000]. Most currently avail-
able methods exploit the property that a probability of inlerest computed from a
Bayesian network relates to the parameters of the network by a simple mathematical
function; a prior probability can be expressed as a multilinear function in the network’s
parameters and a posterior probability is a quotient of two such functions. Performing
a sensitivily analysis then amounts to establishing the coeflicients in these sensitiv-
ity functions. At this moment, the method developed by E. Castillo et ol. (1997) to
compute the required coeflicients is the mosi efficient method available. For each co-
efficient, a different combination of values for the parameters under study is asssumed
and subsequently the probability of interest is computed from the network. As a result,
a system of linear equations is oblained which is solved to give the required coefficients,
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In this chapter, we present a new method for n-way sensitivity analysis of Bayesian
networks. Qur method builds upon the computational architecture of a junction tree
derived from a Bayesian network and is closcly related to standard junction-tree prop-
agation. In fact, the algorithm presented is an adaplation of a standard propagation
algorithm. Instead of potential functions as in standard propagation, the messages sent
between the cliques in the junction tree are vectors of (partially computed) coefficients,
These coefficients are processed locally per elique and are combined and accumulated
to yield the coeflicients in the required n-way semsitivity function that deseribes the
probability of interest in terms of the n parameters under study.

Our algorithm for n-way sensitivity analysis is more efficient than currently available
methods., So far, the most efficient method for n-way sensitivity analysis has been
presented by Castillo ef al, (1997). T its simplest form, our method is comparable to
theirs with respect to computational efficiency. However, an advantage of our method is
that it is integrated in an existing propagation scheme, thereby providing a framework
that can be easily extended and further optimized. In this chapter, we discuss some
optimizations of the basic algorithm, such as the determination of the optimal root Lo
start the algorithm. Furthermore, with our method it is not necessary to solve systems
of linear equations, as is the case in the inethod by Castillo ef al..

The chapter is structured as follows. In Section 5.2, some preliminaries of Bayesian
networks, junction trees, and propagation in junction trees are presented. The prop-
erties of sensitivity analysis of a Bayesian network are reviewed in Section 5.3, Sec-
tion 5.4, then, deseribes our algorithm for computing the coefficients in an n-way
sensitivity function. Section 5.5 deals with the determination of the optimal clique
in the junction tree to start the computation of the required coefficients. Some op-
timizations of our method are briefly discussed in Section 5.6. In Section 5.7, we
review related work on sensitivity analysis of Bayesian networks, compaie our method
to [Castillo et al., 1997b] and discuss possible optimizations of both our method and
the method by Castillo et of., The chapter ends with seme conclusions in Section 5.8,

5.2 Bayesian networks and junction trees

A Bayesian nelwork basically is a concise representation of a joint probability distribu-
tion on a set of statistical variables [Pearl, 1988]. Information about the independences
holding among the variables is explicitly separated from the wmmerical quantities in-
volved in the distribution. To this end, the network comprises a qualitative part and
an associated quantitative part.

The qualitative part of a Bayesian network BN is a graphical representation of the
independences holding among the variables in the probability distribution that is being
represented. I takes the form of an acyelic directed graph G with nodes V(). In this
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digraph, each node 14, i = 1,...,r, r > 1, represents a statistical variable that can
take one of a finite set of values. In the sequel, the set of possible values of variable 14,
called the universe of ¥, will be indicated by Qy,. Any subset of variables W C V()
has associated a universe {4y that is defined as the Cartesian product of the universes
of all variables from W, that is, iy = Xyewily. An element from a universe will
be termed a configuration. In the remainder of the chapter, formmla will generally be
stated as schemata involving variables. Froin such schemata multiple instantiations
can be obtained by filling in configurations for the variables involved.

The set of ares in the digraph of a Bayesian network models the independences
amoug the represented variables. Informally speaking, we take an arc V; — Vj to
represent a direct influential or causal relationship between the variables V; and Vj
the arc’s dirvection designates V; as the effect or consequence of the cause ¥, Absence
of an arc between two nodes means that the corresponding vartables do not influence
each other directly and, hence, are {(conditionally) independent.

Associated with the qualitative part of a Bayesian network are numbers that de-
scribe the strengths of the influential relationships among the represented variables.
With ecach node V; of the network’s digraph is associated a set of conditional proba-
bility distributions describing the joint influence of the various values for the node’s
(immediate) predecessors 7(V;) on the probabilities of the valies of this node itself, that
is, with each node V; are associated conditional probability distributions p(V; | =(V4)).
A conditional probability p(v; | «'), for a specific value v; € Qy; and a configura-
tion 7' € Q,qpy, is termed a perameler of the network., The conditional probability
distributions jointly constitute the quantitative part of the network.

We illustrate the concept of Bayesian network by means of an example that will be
used as a running example throughout the chapter.

Example 5.2.1 Consider the Bayesian network shown in Figure 5.1a. The network
pertains to the statistical variables ¥, i = 1,...,8. From the network’s digraph various
independences are read [Pearl, 1988]. For example, variable V4 is dependent on variable
V1; when evidence on the value of variable 14 becomes available, however, V| and ¥}
beeome independent. If the value of variable Vg is not observed, the variables 5 and V7
are independent of each other, Ohserving Vg, however, induces a dependence between
Vg and 14, Associated with the variables in the network are the conditional probahility
distributions p(V; | w(14)}. We assine that the variables in our example network are
binary. "That is, they either take the value true, denoted by w;, or false, denoted by —wy.
In Figure 5.1a, for each variable the estimates for the required conditional probabilities
are shown, From the conditional probabilities for the variable 1% we see, for example,
that the probability that V4 takes the value true is high, unless both parents ¥; and V,
are false, D

The conditional probability distributions of a Bayesian network provide all informa-
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Figure 5.1: (a) An example Bayesian network and (b) the triangulated moral graph
obtained from this network.

tion necessary for uniquely defining a joint probability distribution on the variables
discerned that respects the independences portrayed by the network’s qualitative part.
Hence, from the network, any (prior or posterior) probability of interest can be com-
puted. For this purpose various algorithms arve available [Pearl, 1988, Lauritzen &
Spicgethalter, 1988, Shachter, 1986, Shafer & Shenay, 1990, Jensen et al., 1990),

The algorithin for evidence propagation developed by S.L. Lauritzen and D.J.
Spiegelhalter forms the basis of the method for sensitivity analysis that is presenfed in
this chapter. This algorithin and and its underlying computational architecture, the
Junction tree [Jensen et al., 1990}, are therefore reviewed briefly. The algorithm trans-
forms a Bayesian network into an equivalent undirected representation. ‘To this end,
the network’s digraph is transformed into a frianguleied moral graph. A triangulated
graph is an undirected graph in which no cycle of length four or more exists without
a shortcut. The transformation of a Bayesian network’s graph G into a triangulated
moral graph H involves three steps. First, arcs are added to G such that the {original)
predecessors of each node in V(G} are connected. As a result, all pairs of variables
that may influence each other directly are connected. In the second step, the direction
of the arcs are dropped. Now, an undirected representation of the independences in
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the probability distribution is obtained. The third, and last, siep consists of cutting
short each cycle of length four or more hy adding an edge. Note that, in general, an
acyclic digraph allows several different triangulated morat graphs. Tn the following, an
illustration of this transformation is given.

=

Example 5.2.2 Consider once more the digraph & depicted in Figure 5.1a. The
undirected graph in Figure 5.1b is a triangulated moral graph for G, O

A triangulated moral graph H has associated local potential functions on small sets
of variables to arrive at a representation of the joint probability distribution on the
problem domain. These potential functions will be detailed shortly. The triangulated
moral graph together with the potential functions allows for an efficienl propagation
algorithm, in which the computations to be performed are local to these small sets of
variables. For that purpose, the computational architecture of the junction tree is used
[Jensen et al., 1990].

A junction tree T for a triangulated moral graph H includes for its nodes the
mazsimal cligues Uy i =1,.. k. A cligue of a graph H is a subgraph I in H, such that
any two variables in [ are connected by an edge. Clique [ in H is a maximal clique if
there is no clique in H larger than I that properly contains 7. Tn the sequel, we will
use the term clique to denote a maximal clique. For case of exposition, furthermore,
we will write U; to denote both the clique itself and the set of variables in U;. The
intersections between the cliques U, i = 1,... k, in T give rise to the tree's edges. These
edges satisfy the following property: for any two cliques U;, U; € T and each clique Uy
on the (unique) path from U; to U; in T, we have that U; N U; C Uy. Associated with
each edge (U, U;) is the clique intersection of U; and U;. These clique intersections
are called separators and will be denoted by S;, [ < k. Usually, a triangulated graph
allows various different junction trees,

With each cliqﬁe Ui in the junction tree, a potential function ¢y, is associated.
These potential functions capture probabilistic information about the variables in-
volved and are obtained from the conditional probability distributions from the original
Bayesian network BN, The potential linction ¢y, of U; is a product of probability
distributions. To compose this product, the probability distributions of each variable
in the original network BN are assigned to a clique under Lthe following conditions; a
probability distribution can only be assigned to a cligue that includes both the variable
to which this distribition pertains as well as the predecessors of this variable and every
probability distribution can be assigned to one clique only. Consider a clique U to
which the conditional probability distributions p(V; | #(V;)) of the nades V; from a set
W C U; are assigned. The potential function ¢y, then equals

$u(U) = ] o(Vi [7(%))

Vew

We illustrate this with our running example.
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Figure 5.2: The junction tree obtained from the network in Figure 5.1a.

Example 5.2.3 Consider onee more the digraph from Figure 5.1a. Figure 5.2 shows a
Jjunction tree for this network, constructed from the triangulated graph in Figure 5.1b.
The ovals represent the cliques and the boxes indicate the separators, The conditional
probability distributions for the variables in the Bayesian network are assigned to the
cliques in the junction tree. The conditional probability distributions for node V4, for
exaniple, are attached to clique [/, Therefore, all the individnal parameters from these
conditional probability distributions arve located in clique Uy only. O

The junction tree is taken as a computational architecture for processing evidence
and for computing an updated probability distribution from a Bayesian network. The
cliques in the tree are viewed as autonomous objects and the tree’s edges are looked
upon as bi-directional communication channels. Throngh the communication chan-
nels, the cliques seud each other messages providing information about the represented
joint probabilit}f distribution and about the evidence entered in the tree, Each clique
is able to compute the (updated) marginal probability distribution on its variables
from its local marginal distribution and the information it receives from its neighbours
[Jensen, 1996]. A cligue is allowed to send a message over the edge to a neighbouring
clique only if it has received a message from all its other neighbours; it then is said
to be triggered. Initially, all leal cliqnes are triggered and there is always a Uriggered
clique until a message has been passed in both directions over all edges. The compu-
tations can be organised as rooled propagation: a clique is chosen as the root of the
junction tree and the message passing is directed to and from the root. First, there
is an inward propegation in which all messages are directed at the root; subsequently,
messages are sent from the root towards the leaves, called outwaerd propagation. Before
propagating messages through the tree, first the evidence available is entered in the
tree. To that end, the values of the observed variables are kept fixed in the potential
functions associated with cach clique,
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To Further detail the propagation of information in the juuction tree, we focus on
Shafer-Shenoy propagation [Shafer & Shenoy, 1990]. All separaters in the junction tree
are looked upon as having two mail boxes, one for each direction. Consider a clique
U; with neighbouring separators Sy, +, Siyy» £ 2 0, and a clique U; that is connected
with U; through the separator S,,,. Clique U; computes its message to U; via Sy,
written ¢y, _, Sigyr? by multiplying, for each configuration v € Qy,, its marginal potential
¢y, (1) with the message ¢S;j~>U;(3j)s where s; € Qgij, s; and u specify the same values
for the variables in Sj, that is, sj Au=w,and j =1,...,¢

¢t (1) = b () - ] qg.s'iﬁyi(sj)

il

The resulting function ¢, is projected onto Sy, ,, that is, ¢y, 1s marginalized over all

4

variables that are not in 5j,,,. The result is the message Puios,,, to Us via S

93(;'.4.5;1+1(51+1) = z ¥, ()
ISy ALY

The message, a function over the variables in Sj,,, is placed in the appropriate mail box.
When message passing has stopped, the two mail boxes of each separator contain two
such functions. The marginal distribution over the variables in any clique U; can now
be computed by multiplying, for each configuration w € Qy,, the potential ¢y, () with
all incoming messages. To obtain the probability distribution over one specific variable
Vi, the marginal distribution of a clique containing V. is projected onto V.. To obtain
the probability of the evidence, the marginal probability distribution of any clique Uj
is'marginalised over all variables in that clique. To obtain the marginal probability
distribution over the variables in a separator S, for each configuration s € Qg, the
messages in the two mail boxes are multiplied. In the following, inward propagation
towards a chosen root, clique R, is described in psendocode. At root R, the probability
of the evidence Pr{e) is computed by marginalising the marginal distribution of B over
all variables in R.
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The propagation algorithm amounts to the following:

procedure propagate (1 e, R)
step 1 anter evidence e into the clique tree T
until root R in T is triggered do
for each triggered clique U; do
step 2 for each configuration u € {ly, do
for each configuration s; € {ls, with s;Au=u do

compute ¢ (u) = iy, {u) - H éS;jan(Sj)

=1t
od;
od;
step 3 project ¢y, (Us) onto Sy, giving Bisiys (Sten )
step 4 send ¢uos,,,, 50 Siy,
od
od;
step b for sach configuration r € (}; do

for each configuration s; € {lg, with g;Ar=r do
E J Rj 3

compute Pr(r,e) = ¢n(r) - [ &su-nlss)
i=1.k
od
od;
step 6 compute Pr{e) = Z Pr(re);
reflp
end

In the following, we illustrate evidence propagation in a junction tree with our

running example.

Example 5.2.4 Consider again the junction tree in Figure 5.2. Suppose the variable
Vi is observed to take the value vz, Furthermore, assume that we are interested in
the posterior probability that the variable 14 takes the value vg, that is, we want to
compute Pr{vg | »}. To that end, we perform an inward propagation towards clique
Uy in Figure 5,2, The outward propagation {rom U, towards the leaves is omitted. We
only need the incoming messages in Uy to compute Pr{yg | vg) because %5 is located in
[/;. For the computation of several posterior probabilities simultaneously, an outward
propagation should he performed too.

First, the evidence V3 = vg s entered in the junction tree. This accords with step
1 of procedure propagate. Then step 2 to step 4 of propagate are carried out for
all triggered cliques until no triggered cliques remain. Initially, only leaf cliques are
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triggered. We start by computing the message gﬁgl_,sl that leaf U; sends to separator
51. Step 2 is omitted since U] is a leaf node for which there are no incomning messages.
In step 3, the local potential function ¢y, in clique U is projected onto separator Sy,

that is, we sum over the vahues of the variable ¥}:
Prrss (Ve Va) = p(Va | 1) - p(Va | w1)  p(en) + p(Va | —on) - (Ve | —n) - p(-o)

For the four combinations of values for ¥, and V3, the function values ¢y, g, (va, va),
Ouyo s i 2, U3)y By, (v, 1), and gy, g, (—ve, —vs) are sent to clique T via 5
(step 4). Represented as a table, separator 5 receives

EENEN
vy || 0.63 | 18
-y [ 0016 | 0.04

Note that, since ¢y, s, is sent on to clique Us, ¢u,s, = dg,ou,. For the message

from clique U to Sy we find,
Puass (Vo) = plvs | Vi) + p(-us | V) = 1

Represented as a table, t,%;,-HS? equals

[2£3 1

3 1

The message ¢y, 5, from Uy to Sy is computed in the same way as ¢y, 5, and ¢y, 5,
Recall ithat the variable V; is observed to take the value vg. @y -.g,(V5) then equals

Ug 0.34
g 0.56

To compute the message from Uy to Sy, 1he marginal potential function ¢y, (¥, V3, Vi) =
p(Vy | Vo) of chque Uj is multiplied with the incoming messages ¢y, ,5,(V2, ¥3) from
Sy (step 2) and subsequently projected onto S; (step 3). That is,

buiy sy (Va, Vi) = p(Vi | 02) - Gy o (09, Vo) + p(Va | ) + sy s, (-0, V3)

Represcuted as a table, the message is

! U3 alin)
vy || 0.261 | 0.072
-y | 0,519 1 0.148
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At cligue U/y the messages from the three separators Sy, 3, and Sy are available. The
probability distribution over the variables Vi, Vi and V4 from Uy with the evidence
Vs = v is now computed by carrying out step 5 of procedure propagate;

Pr(Vs AVIA Ve Ats) = Gun(Va, Vi, Vo) - b (V5) - dugorsy (Vi Vi) - s, (V)
(Ve 1 V3, V) - b5 (Va) » G (Vas Vi) - G (V)

Represented as a table Pr(14 A Wy A V5 A vg) equals

{

U3 -3

Uy , g Vy , Tty
v || 0.0799 | 0.1412 | 0.0196 [ 0.0151 |
g || 0.0146 | 0.0581 | 0.0081 | 0.0580 |

As we are interested in Pr(vg | vg), we marginalize over the variables ¥4 and Vi, to give
Pr(vg, vg} = 0.2557 |

and

Pr{-ug, vg) = 0.1388

The posterior probability of interest Pr{vg | vg), now, is the quotient of Pr{vs A vs)
and the probability of the evidence Pr(vg). This latter probability is obtained by
marginalization of Pr(V; A ug) over V. So,

Pr(vg, vs) Pr{vg, vg) ~0.2557

= e = 0.6482
Pr(ug) Pr{ug, va) + Pr(—ug, vg)  0.3945 0.6

Pr(vg | ug) =

N

5.3 Sensitivity analysis of a Bayesian network

Sensitivity analysis is a technique to systematically study the effects of variations in the
parameters of a mathematical model on this model’s outcome. The technique is widely
used in the fields of decision theory and mathematical modelling to investigate the
possible consequences of inaccuracies in a model’s parameters [Habbema et al,, 1990,
Morgan & Henvion, 1990, Von Winterfeldt & Edwards, 1986]. For a Bayesian network,
sensitivity analysis provides for studying the effects of vaviations in the estimates for
an arbitrary subset of parameters in the network on a prior or posterior probability
computed from the network. As such, sensitivity analysis of a Bayesian network allows
for identifying network parameters that independently or jointly have a large effect
on a probability of interest. The results of such an analysis can be used to mecasure
the robustness of the network to parameter variation and to guide refinement of the
network by pointing out highly influential parameters. In this chapter, we present a
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method for performing sensitivity analysis of a Bayesian network in an efficient way.
To that end, we review here relevant work on sensitivity analysis.

In its most general form, in a sensitivity analysis the estimates for n network pa-
rameters are varied stepwise in a systematic way, while the estimates for the remaining
network parameters are kept fixed. This is termed an n-way sensitivity analysis, It
reveals the joint effect of variation of the n parameters under study.

When varying the estimate for a parameter under study, the estimates for the net-
work’s parameters that pertain to the same conditional probability disiribution have
to be adjusted such that the sum of all parameter estimates in this distribution again
cquals one, The parameters that have to be adjusted are called co-varying parame-
ters for the parameter under study. Assume, that we have a parameter under study
a = p(b; | #') that pertains to the value b; of the variable B and the configuration «'
for the pareunts of B, The possible values for the variable B arc by,..., 0, k& > 1. The
co-varying parameters for & then are the conditional probabilities p(b; | 7'), j # ¢. The
sum of the estimates for the co-varying parameters, here called the residual probability,
equals 1 — z. Now, in varying the estimate for x, the estimates for these co-varying
parameters are adjusted by the ratio of the new residual probability 1 — o and the
orviginal residual probability 1 — p(b; | #'). Considering p(b; | #') as a function of z,
denoted p(b; | 7')(z), we have that

plby | ") () = pb; | ') ﬁ?@i—)

I more than one parameter from the same probability distribution is taken as a param-
eter under study, the residual probability equals one minus the sum of the estimates
for these parameters,

Under the assumption that systematic variation of network parameters is car-
ried out as described above, any prior probability can be expressed as a multilin-
ear function in the n network parameters under study; a mmitilinear function in n
parameters is a sum of products of ail possible subsets of those parameters. Any
posterior probability is a quotient of two multilinear functions [Castillo el al., 1995,
Coupé & Van der Gaag, 1998]. The functional relation describing a probability of in-
terest in terms of n parameters under study is termed an n-way sensitivity function,

Suppose, we are interested in the posterior probability Pr(a | €) for some specific
value o of variable 4 and evidence e. Assume, furthermore, that we take for the
parameters under study the n network parameters X = {wg,..., 251}, 7 > L. Recall
that, by definition, Pr(e | €) = Pr(aAe)/ Pr(e). Both the numerator, Pr(eAe), and the
denominator, Pr{e), in this equation can be expressed as a multilinear relation in the
parameters Ty, . .., ¥,-1. For cach multilinear relation 2°~! coefficients are required. In
studying the robustness of Pr(« | ) with respect to variations in the n parameters under
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study, it suffices to establish for Pr{aAe) and Pr(e) the values of these 2%~! coeflicients.
In the following, we illustrate determining these coefficients with owr running example.

Example 5.3.1 Consider the junction tree of Figure 5.2. As in Example 5.2.4, we
assume that for the variable ¥4 the value v is observed. The probability of interest
again is the probability that the variable V4 takes the value vy, In the following, the
sensitivity of Pr(ws | vg) to variations in the estimates for the network parameters
vo = plus | vg, v7), 21 = plug), and xp = p(ey | —wy) is investigated. In the remainder of
the chapter, the notation Pr(vg | vs) (o, @1, @2}, refering to the expression for Pr{vs | vs)
in terms of xg, 21, and x,, will be omitted if there is no doubt that the functional form
rather than the function value is meant. The general formn of the relationship between
Pr(vg | vs) and mp, 21 and zp then is,

Prlus.
Pr(vg | vg) = —w—)})(:(‘;;is =

_ Cotoraxgtep-antegeael) oy ¥4 6s - Boiy +0gt Bidg + 07 BpE1Ta
do+dy g+ dy-2 Hdyowgny Hdy 2y Hdy o wery + di v + dy - pwy o

In studying the robustness of Pr(vs | ) to variations in the estimates for g, 2
and z9, it suffices Lo establish the value of ali coefficients in the functional relation of
Pr(ug | vs). We start with the computation of the coefficients dj, 7 = 0,...,7. To
that end, we compute the probability Pr{wvg) from the junction tree for eight diffevent
combinations of values for @y, @y and @,; for the remaining network parameters, the
estimates specified in Figure 5.1a are taken. Computing for each selected combination
of values for {ug, 2,22} the probability Pr(vs)(zy,ei,eep, we find for example

Pr(vg)io.40.404) = 0.4865
Pr{vs}io.6,0.4,0.4) 0.5453
Pr( ”8}{0.4,0.6,0.-1} = 0.466G5
Pr(us)o.s0400) = 0.4858
P"(Us){n.ej,o.s,o.-q} = 01.5b47
Pr(vs)psos0sy = 0.5452
Pr(va)a0600) = 0.4658
Pr(wg) sesos; = 0.0048

Substituting the left hand side in each of the equations above with do +dy > @9 + o -
oyt dyoxp ey dy oy tdsowgowy dg o my - e+ dy g -y ¢ e and filling in the
appropriate values for ay, xy, and 25 gives a system of multi-linear equations., Solving
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this system, yields the coefficients

dy = 0.5279

(f; = 0

d; = -(0.3882
dy = 0.7206
diy = —0.0035
(l,«; = {

dy = -0.0140
d; = 0.0350

‘The coefficients ¢;, ¢ = 0,...,7 are determined analogousty. We find for g, €1, ¢, ca,
¢4, €5, Cg, and ¢ the values 0.3603, 0, —0,3603, 0.7206, 0.0175, 0, —0.0175, and 0.0350,
respectively. The relationship of Pr{vg | vg) with g, @1 and @y thus equals

Pr{vg | vg) =

_ 0.3603 — 0.3603 - 2 + 0.7206 - ag2; + 00175 - @0 — (L0175 - 229 + 0.0360 - 2at102

05279 70,3882 -, +0.7306 - wpay — 0.0036 - 75 — 0.0140 - 7120 + 0.0350 - zpwy 0
O

From the example, it is readily seen that a muléilinear function in X = {=g, ..., 2,1 },
in general, contains a term for every possible subset X' € X of these parameters.
This term is the product of the parameters in X’ and a coefficient ¢. In the following,
we define a coding for the coefficients in an n-way sensitivity function that serves to
uniquely identify the subset X’ of parameters to which it pertains, In the method
for sensitivity analysis, presented in Section 4, this coding is required to trace the
parameters under study that are taken into account at any time during propagation in
a junction tree, Now, the product of the parameters from the subset X' can be written
as a product of ol parameters in X, by ralsing the parameters a; € X’ to the power
one and the parameters a3 € X \ X’ to the power zero, that is,

ITw=(IT2)( 11 «)

1 EXNT reX’ TIEXNA\XN!

With every possible subset X’/ C X thus is associated a set of exponents, one for each
parameter in X. The exponent for a parameter #; is indicated by ¢;. To identify
that the coeflicient ¢ pertains to subset X', a subscript is given to c. To that end, the
exponents ¢, i = 0,...,n~1, encocding X' in terms of X are placed one after the other,
starting from ¢,_; upto e;. A binary number, bin{e,_1,...,¢), results. This binary
number provides a unique code for the subset X', The same holds for the decimal
number dec(e,_q,...,&) into which bin(e,_1,. .., €} can be translated. Consider, for
example, the subscripts of the coefficients ¢; and d;, 4,7 = 0,...,7, in Example 5.3.1.
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For the product of parameters 22y, we can write adzlz). Placing the exponents e,
€1, and g for xo, x; and @y, respectively, one after the other, we obtain the binary
number 110, which stands for the decimal number 6. The coeflicients corresponding
with @) « @9, thus are indicated by ¢; and d.

Using the notations introduced above, the relationship between a posterior proba-
bility of interest Pr(a | €) and the parameters zq,...,2,_) can be written as

S (o 11 )

frk=dec(en~ 155 i=0,,,.,n—1
Pr(a|e) = (En=tymitod
. R3]
> (o IT =)
Iid=dec{en—1,0€0) F=hoan—1

5.4 An efficient method for computing n-way
sensitivity

In this section, we outline our method for obtaining the coefficients in a sensitivity
function expressing the prior probability of the evidence in a Bayesian network in
terms of an arbitrary subset of network parameters. As was seen in Example 5.3.1,
the computation of the coefficients in the n-way sensitivity function of a posterior
probability proceeds analogously; it is built from the n-way sensitivity functions of two
prior probabilities. We start, in Section 5.4.1, by giving an example of the method,
using the junciion tree introduced in Section 5.2. In Section 5.4.2, then, a formal
description of the method is given,

5.4.1 An illustration

The method that we present in this section is closely related to standard propagation
methods for evidence propagation in a junction tree. Our method can in fact be seen as
a varlant of these methods. In a junction tree, the probability of the available evidence
is computed by performing one imward propagation to some arbitrary clique aud sub-
sequent marginalization over all variables from that clique (see Section 5.2). For this
inward propagation, standard algorithms send messages taking the form of potential
functions. These messages can be represented as tables, containing in each entry a
single numerical value. The algorithm we propose in this chapter closely follows the
basic idea of these propagaiion algorithms. In our method, instead of numerical num-
bers, expressions are being propagated through the junction tree. The idea resembles
symbolic propagation; in our method, however, the use of a specific encoding renders

the propagation of symbols unnecessary.
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The potential function used in standard evidence propagation are tables of reals;
in our method, these tabtes are replaced by tables of vectors of coeflicients. For each
value of a potential function, the corresponding vector lable has an entry that contains
a vector of coefficients which expresses this function value in terms of the parameters
under study in the junction tree. The messages in onr method are the vector tables
corresponding to the messages in standard evidence propagation. Following the nota-
tion introduced in Section 5.2, a local potential function ¢y, (U;) for clique U; has an
associated vector table 1y, (U;). A message éUi._,S‘.j (Sy;) from clique U; to separator Sy

in standard evidence propagation corresponds to a message Pr7,..s; (S;,) in our method.
)

Example 5.4.1 We illustrate the idea of propagating vector tables with the example
junction tree in Figure 5.2. We again assumme that for the variable Vg the value vy is
observed, The prior probability of inferest is the probability of the evidence, Pr{uvg).
We are interested in the sensilivity of Pr(vs) to variations in the estimates for the three
network parameters @y = p(vg | vg, v7), 21 = p(v7), and @2 = p(vs | =), To that end,
the coeffictents i the multilinear function expressing Pr(vg) in terms of 2y, z; and xy
are determined. The form of this multilinear function is

Pr(e) = ep+er-a2g+ca-at+6a- ol + €q - L9 + €5 - Toy
+ g T1W + O - BT T2 (51)

Our method starts with an initialization step; for each clique U; in the junction tree,
a local vector table ¥y, (U;) is derived from the potential function ¢y, (I;). For cliques
U; that do not contain any of the paranieters under study, g, (U;), in essence, equals
oy, (U;); each function value in ¢y, (U;), however, is taken as a vector with one element
in 4y, (U;). Since cliques Uy, Uz and Uy do not contain any of the three parameters
under study, we thus hasically have that gy, (0h) = éu (U1}, thy, (Us) = éu,(Us),
and ¥y, (U} = ¢p,{Uy). Clique Us contains the parameters @y and z;. Under the
instantiation V4 = vg, potential function ¢y, (Us) in terms of 2y and ) is:

T | & [ =o ]

!
ve || wa-w | 05-(1— :r:l)j

}i\u{; 05-m [0.6-(1-m)

Each entry in this table is a multilinear function in 2 and x;. The general shape of the
various different entries is eq(Us)-+oy (Us)-wo+ca(Us) 1 +e3(Us) gy or, alternatively,
2 bk dec(er o) (ck(U5)-Hi:0=1 :vf‘). The notation ¢x(Us), & = 0,..., 3, is used to indicate
that the coeflicient e, which is a constant with respect to the parameters @y and x;,
may differ for the clique Uy from configuration to configuration. Each entry in the
table can be encoded by a vector of coefficients, (co(Us), e1(Us), c2(Us), ea(Us)), where
cach coefficient pertains (o a specific product of parameters from {xp, 21}. The vector
table iy, (Us) corresponding to ¢y, (Us) then becomnes
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g Uy ity
N 0,0,0,1) |(0.5,0,—0.5,0)
g || (0,0,0.5,0) | (0.6,0,-06,0)

Clique Us, finally, contains the parameter @; under study, Writing the potential fune-
tion ¢y, (Us) in terms of ay gives: ' :

[ Uy g
Uy 1.2 T
—ug 0.8 [1—ay

Note that, as the potential function ¢y, (Us) does not depend on the values of ¥; in
U3, this table holds for both V3 = w3 and 1 = —w3. Each vahue of ¢y, (U3) is a linear
function in z,, with the geneval shape ca(Us) + 1 (Us) sy o0 ) deelea) ((‘;\(Ug) . ”‘2)
Encoding each value of ¢y, (I5) as a vector of coefficients (e(Us), e1(Us)) gives the
following vector table 4, {U3):

v | (0.2,0)] (0,1)
vy || (08,09 | (1,—1)

Note, that for clique U, the local numbering of the coefficients does not coincide with
the global numbering of coefficients in Equation 5.1. The subscript 1 of ¢;{ty), for
example, would refer to the product x{#lz) = @ in the global numbering. During
propagation of vector tables in the junction tree, therefore, the order number of the
highest ordered parameter to which the vectors pertain should be sent along with the
table. It serves to identify, at each time during propagation, which parameters of the
set of all parameters under study are considered.

[nitialization of the junction tree has now taken place. Propagation of vector tables
follows. We assume that, from the leaves of the junction tree, an inward propagation
towards clique [Jy is performed, that is, clique Uy is taken as the root of the tree. Each
leaf computes from its local vector table the message it should send to its neighbouring
separator(s). If this vector table equals the clique’s potential function, because it does
not contain any parameler under study, this message will basically be the same as in
standard evidence propagation, Neither leaf U) nor Us contain any of the parameters
Zpy 7 Or 2. The messages 'J’ulasl from /) to S; and 'J)UQ_;SZ from U, to S, therefore,
equal (,ih)yl_,gl and QASUHSZ, respectively. So J’UHSl equals
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Uy g
v || (0.63) | (0.18)
“up || (015) | (0.04)

and ¥, s, equals

Uz (1)
by (1)

Leaf Uy contains the parameters a;p and @, To compute the message from clique
Uy to separator Sy in standard evidence propagation, the potential function of Uy is
projected onto Sy {cf. step 3 of the procedure propagate). From a coneeptual point
of view, our method is equivalent to standard propagation in a junction tree. Therefore,
to compute the inessage lf%ﬁ s, from Uy to Sy, the vector table iy, is projected onto Sy,
Projection of a vector table amounts to vector summation of the appropriate vectors
of coeflicients. From the table iy, , the vectors in the entries that specify for 1§ the
value v are added and similarly for value —vg. The result is

g (05, 0, _0.5, 1)
-5 || {0.6,0,—0.1,0)

The coefficients in the vector table y, g, (Ss) are cy(Sy), ¢1(Sy), ex(Sy), and ¢3(Sy)
refering to the multilinear relation ¢p(Sy) + e1(Sa) - o + €2(Ss} - wy + ¢3(Sy) - To21.
For cliqques in the junction tree that are not leaves, the local vector table is multi-
plied with the incoming messages (conform step 2 of the procedure propagate) before
projection onto the nexl separator. Multiplication of a local vector table ¥y, (U;) with
an incoming message 'JJS..F\U‘.(S,-J,) proceeds as follows. Assume thal we have that
o, (Th) = {co{Th)s . .. er(U;)) and z,?JS‘j_,Uf(S,-J.} = (co(Sy;), .-+ s €m(Sy;)). For each con-
figuration u € Qy, and s € Qg with s A = w, the vector product of Wy {u) and

1/35‘.]_%{,-‘(5), indicated by ¥y, (u) % -i,t’a)_qij_ﬁyi(s), equals

b, (1) 'l/?’s,»jaui (s) = (eolu)y...,cx(u}) * (co(s), ..., cn(s)) =

(ca(u) »eo(s), ... cplte) = e (8), er(u) - cols), . .. cp (1) - e (8))

Note that the multiplication is not commutative, that is, 1y, (1) *-zﬁsijﬁy,.(s) is not nec-
essarily equal to 'f@sijﬁsu,-(s) * iy, (1), To obtain the global ordering on coefficients at
the root of the junction tree, the following ovder of multiplying a vecior table oy, (1)
with incoming messages l,/,;ga.j o § = 1,...,%, is taken. The messages -rf:_gl.)__,ul. are or-
dered from j = 1 to j = ¢, according to the descending number of their highest ordered
parameter. For each configuration v € {p,, and 5; € QS‘.J_ yd=4 . 8 with s;Au = u,
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the multiplication is defined as follows:

vo ) Bl s, sws) =

J=lt

= (o (o, () #2hs, suds0)) = sy (2)) 5 5 P, v (30)

Consider now clique Uz in our running example. The local vector table oy, is
multiplied with the message l,'?’.s';—)aj coining from S). Since the message ?,"Als,_,{fs comes
from a part of the junction trec where no parameters under study reside, this vector
table contains in each enlry a single coefficient ¢(S)). For each configuration u & {1y,

and s € Qg with u A s = u equals:

Yoy (1) # s, (9) = ) = Py 5,(5)
= (eo(),ea()) = {e(s)) =
= (eo(te) - e(s), cr(ut) - e(s)} =
= (ep(u), ci(x))

For example, the vector {0.15,—0.15) in the product for Lhe confipuration -, vz, 7y
is obtained after multiplication of the vector (1, —1) in ¥y, (—a, v3, ~vq) with the co-
efficient 0.15 in ‘J’UHEA (=2, v3); note that this is equivalent to multiplying the linear
function 1 — xy with the constant 0.15. The vector table iy, * ‘z,fA;UHSl equals:

Uy =ity

U3 f iy Uy , i3

vy | (0.126,0) | (0.036,0) [ (0,0.15) (0,0.04)
Sy || (0.504,0) | (0.144,0) | (0.15, =0.15) | (0.04, —0.04)

To obtain the message tf)ya_, 55, finally, this vector table is projected onto Sz, giving the
following table with in each entry a veclor of coefficients (ep(Ss), €1(53)):

T "
v | (0.126,0.15) | (0.036,0.04)
Sy || (0.654, —0.15) | (0,184, —0.04)

At clique Uy, now, all messages from neighbonring separators are available, This
clique can therefore compute the coeflicients in the n-way sensitivity fanction expressing
Pr{e) in terms of the parameters @y, 21, and @3 under study. To that end, the local
vector table 1y, is multiplied, subsequently, with the messages 1,7)_:;2_,[;4, z,r'ﬂlg&ﬂuu and
'@544%. As the message Py,-s, equals unity, it has no effect on iy,. Multiplication
with the messages 'l,d?)gr.,ul and l,f;sqqm is carried out in the order of decreasing number
of the highest ordered parameter. Thus, ¥y, is first multiplied by -z,t'nJga,_m,. For each
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configuration v € Qy, and s € Qg with s A v = w, Py, (0) = (e(u)) Is multiplied by
sy (8) = (co(s), e1(s)) giving iy, (u) = (chlu), & (1)) = (e(w) - co(s), () - e1(s))

A iy
Uy ~g 13 ] -y
ve || (0.1134,0.135) | {0.0288,0.032) | (0.5232,—0.12) | (0.0552, —0.012)
Sug || (0.0126,0.015) | (0.0072,0.008) | (0.1308, —0.03) | (0.1288, —0.028)

Note that the coefficients in iy, (Us) refer to a linear relation in ,.
Multiplying the vector table ¢y, with 1,17)54411“ finally, proceeds as follows, For each
configuration u € Qy, and s € f2g, with s A u = u, we compute

Py, (1) * hs,np, (s) =
(chlu) - ca(s) , o) -er(s), epla) - eafs) , ey(n) - eals),

i (u) - co(s) , €i{u) - ei(s), €\ (x) - eafs) , € (u) - es(s))
(co(u) s efu), e3u}, u), ei(u), (), cgu), 7))

This vector refers to the coefficients yielded by multiplication of the two multilinear

I COBIEIE

l=dee(e1,¢a) i=0,1

v, ()

Il

functions

2

hik=deele2}

(ci. {2z) - .1:5-2) .

Il

() ats)- IT 1)

i=0,1,2

2

ko ko= declez)
r o =
decfey, en)

2.

kik=dec(cz,e1,60)

I

(c}:(-u) . H :‘z:f‘)

i=0,1,2
Note that each s.ubscript for the new coefficients ¢f{u), k = 0,...7, refers to the product
of a specific subset of parameters in {xg, 1, x2}. This is achieved by placing the binary
number of a coefficient in ¢f, to the right of the binary number of the coefficient
in ¥y, 5, with which it is multiplied. The vector table g, (Uy) resulting from this

multiplication now equals

vy -
va -y va ] -y
5 ]| (0.057,0,—0.057,0.113, | (00140, _0.0L1, 0,029, | (0.262,0, 0.262,0.523, | (0.028,0, —0.028,0.655,
0.068,0, ~0,068,0.135) | 0,016,0,—0.016,0.032) | —0.06,0,0.06,—0.12) | —0.006,0, 0.000, —0.012)
—vs || (0.8076,0,—0.0013,0, | (0.0043,0,—0.0007,0, {0.078,0, _0.033,0, {0.077,0, —0.0013, 0,
0.009, 0, --0.0015,0) 0.0048, 0, —0.0008,0) —0.018,0,0.603,0} —-0.017,0,0.0028,0)

The vector table % (U;) now contains the coefficients in the multilinear function ex-
Ty
pressing Pr(V3, Vi, Vg, ve) in terms of the parameters 2o, 1, and a;. To obtain from
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by, (Us) the function expressing Pr(vg) in terms of aq, @1, and wy, all entries of ), (Uy)
ave added. This gives the vector (0.5279, 0, —0.3882, 0.7206, —0.0035, 0, —0.0140, 0.0350)
which indicates that

Pr(vg) = 0.5279 — 0.3882 - &y + 0.7206 - woxry — 0.0035 - @y
—0.0340 - zy29 + 0.0350 . zpx 172

O

5.4.2 Formal description of the method

In this section, we formally detail our method for computing the coefficients in the
n-way sensitivity function expressing a prior probahility of evidence in terms of the
parameters under study @g,...,7,_1. We begin by introducing some concepts and
notational conventions. Then, we sketch the method in pseudocode. From this sketch,
it will be evident that the method closely resembles standard evidence propagation,
We therefore focus atlention on the steps in our method that differ from standard
evidence propagation. We show that this difference basically lies in the representation
of information. At any time during propagation, a translation of potential functions
into vector tables and vice versa can be made.

The following notation is used, As in Section 5.2, for a clique U; in & junction
tree 7', the neighbouring separators are indicated by S;,, j = 1,...,1 + 1; we assume,
without loss of generality‘that. Si4 18 the separator to which Uj is to send a message
and that the incoming messages Ij}s'.j‘}[j'., i=1...,t are ordered according to the
descending number of their highest ordered parameter. For root R of junction tree T,
we indicate the neighbouring separators by Sg,, = 1,..., k. The coefficients in the
n-way sensitivity function to be computed are indicated by (co,...,con1). R is used
to indicate the root of 7. The notation Ty, indicates the subtree of T rooted at Uj;
that is, U; lies on the (unique} path from R to any clique U; € Ty,.

The parameters under study in T are ordered according to a perameter ordering.

Definition 5.4.2 Let T be a junction tree with the cligues U(T) and let R € U(T)
be the root of T. Let X = {ag,..., w01} be the set of parameters under study. Lel
o: X «—{0,...,n—1} be a total ordering on X, such that

e for any two parameters ¥, %; € X with @; in U and x; in U, for which it holds
that U’ lies on the (unique) path from R to U, we have o(z;) < ofx;);

e for any cligue U, for the subset of parameters X' C X located in Ty, we have

that max{e(x;) | z; € X'} — min{o{z;) | 2; € X'} = |X'| ;

Then, o is a parameter ordering of X with respect lo R.



152 Chapter 5. A computational architecture for n-way sensitivity aralysis

Informally speaking, the parameters are ordered in su¢h a way that their order num-
bers increase from the leaves towards the root and that at any clique the total set of
parametets in the subtree rooted at this clique is consecutively numbered. A parame-
ter ordering of the parameters under study in a junction tree is not unique; within a
chique, the parameters under study can be ordered arbitrarily and between cliques in
general also various different possibilites exist. The purpose of a parameter ordering is
to allow for identifying to which subset of parameters the coefficients in a vector table
pertain at cach point during propagation. When successively mnltiplying a local vector
table with incoming vector tables, the binary subscripts of the incoming coefficients
are placed to the right of the binary subscript of each coefficient resulting from the
multiplication so far. For every coefficient at the root then, antomatically, a subscript
is obtained whose binary nuinber indicates to which subset of parameters under study
it pertains. This idea was also presented and applied in Example 5.4.1,
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Now, in pseudocode our method amounts to the following.

procedure vector-propagation (T,e, R, X)

step 1 enter evidence ¢ into junction tree T';
step 2 order the set X of n parameters under study from 0 to n—1;
step 3 for each node U; in T do  {(initialization)
derive 3y, from ¢y,
od;

until reot R in T is triggered do
for each triggered clique U; do
step 4 for each configuration u € {ly, do
for each configuration s; & QS.-J-
with s; Au=wu, j=1,...1, do
compute 1y, (1) = Yy, (u) * Jf s, ouls))

=1t
od
od;

step & project W, (Us) onto Sy, giving "r"]UsHSa't_,_, (Sip s
step 6 send t,bU:._,Sle to Siys

with the number of the highest ordered parameter

od
od;

step 7 for_each configuration r € {lz do

for each configuration s; € {ls,,
with $;Ar=v, j=1,...k, do
compute W(r) = pu(r) + Bl s, -rls)
I=thouk
od
od;
step 8 compute {cg,...,Com_y) = Z We(r)
rEtR
end

Using the parameter ordering as introduced in Definition 5.4.2, we first focus on the
initialization phase {conform step 3 of the procedure vector-propagation). In the
initialization phase, the vector table ¢y, for clique Uy is derived from the local potential
function ¢y,. We formally define 3y, and then show that ¢y, and 1y, basically contain
the same information; filling in the values for the parameters under study in U; in the
multilinear relation represented by the coeflicients in iy, gives ¢y,
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Definition 5.4.3 Let T be ¢ junction tree and let U; be o cligue in T, Let ¢y, be
Us’s local potentiol function. Let X = {xo,...,2m1} be the set of parameters under
study that are localed in Uy, m > 1; for each parameter a;, § = 0,...,m — 1, lel p;
be the value for x; as specified in T. Lel {€g,...,em-1} be the set of exponents that
is associated with {xg,..., 2,1}, as introduced in Section 6.8. For each configuration
u € Qyy, the sel X is partitioned into three subsets of parameters X%, X3_ o, and

Klpers wheve for each wy = p(v | 7), §=0,...,m = 1, we have that
5 € Npar if wvATAu=u
;€ N _iar if vAu=false and 7 Au=u

Xeoo= X\ (X% UXE

ether var (‘G*l’ﬂ)')

Then, the vector table ¥y, of U; is defined, for each configuration v € Sy, by

v () = (colu), ..., egm_y {u))

where for each & with k — dec(eu_y, ..., €0) we have that

ep(u) =10 , if there is an x; € X, with ¢ =10
or an x; € XJy),., with e, =1
and
' : [ARD) :
exfu) = (71}11(.&) . i , otherwise
(I 20 C I a-»))
IfEX\“'ar 'T‘E‘\rc"!ofuxr
where D(k) = Z €.
j:l‘f E“"cuo— var

We recall that the coefficients in a vector iy, () specify the multilinear relation of the
potential function value ¢y, () in terms of the parameters ay,..., 2, ;. Informally
speaking Definition 5.4.3 now states that a coefficient ¢ (1) in 1y, (1) equals zero if it
pertains to a subset of parameters thal cannot co-oceur in the configuration w of U
As the configuration u matches all the parameters from X}, any coefficient indicating
a subset of parameters that does not contain all the parameters from X[, equals
zero. Similaily, as configuration 1 does not match any parameter from XY, any
coefficient for a subset of parameters that does include a parameter from X, .. equals
zero. The remaining coefficients are obtained from the potential function value g, (1)
by factorizing out the parameter values of the parameters under study that concord
with u. Since the values of all parameters from X are contained in ¢y, (u), these
parameter values are factorized out by simply dividing ¢y, (u) by H.r,» exy,. Dir For each

parameter from X2 the parameter value of a co-varying parameter is contained

co—uar?

in ¢y, (u). Recall from Section 5.3 that for a parameter 2; taking vatue py, the value pj



5.4. An efficient method for computing n-way sensitivity 155

of a specific co-varying parameter equals pj{z) = pj - }%; = fi-(t —x). To factorize
out of ¢y, (¢) the parameter values for parameters ; from X% _,. ., we thus divide by
Hne‘\,t&%uw (1—p;). Note that in doing this, the fraction f; for the co-varying parameter
of a; € X¥,_ . matching u is contained in ex(u). The sign of a coeflicient ¢ depends
on the number of parameters from N2 _, .. in the subset of parameters to which it
pertains,

In the following proposition, we will show that 3y, in essence is equivalent to ¢y,
Filling in, for a specific configuration u € {3y, the values of the parameters under study
residing in U; in the multilinear relation represented by by, (u) yields the potentiat
function value ¢y, (1), Therefore, ¢y, and ¥y, (1) basically give the same information.

Proposition 5.4.4 Let T be ¢ junction tree and let U; be a cligue in T. Lel ¢y, be
Ui’s loeal potential function, Let X = {ag,..., 2,1} be the set of parameters under
study that are located in Uy, m > 1; for each parameter ©;, 7 =0,...,m—1, let p; be
the value for x; as specified in T'. Let g, {(Us) = (eo{TR), ..., com 1 (U5)) be Uy’s vector
table s defined above. Then, for each configuration u € Qu,, we have that

by (u) = > (ck(u)- 11 p;j)

kik=dec{ens~1,..4€0) J=0,..,m-1

Proof. Without loss of generality, we assume that the subsets X7, X2 _ ., and
Niner of X equal {zg,... 271}, {27,...2n-1}, and {@4, ... 2m_1}, for some f o > 1,
respectively. For each configuration v € Qg,, we use the notation fy, (u){zo, ..., Tn-1)
to indicate the multilinear function in of @, ..., ,,_1 specified by 1y, (u); that is,

Jo (@) (0, - T 1} = > (ck('u) I ef )
kik=dec(¢m—_1,...,€0) j=0,...,m—1

We will now show that fi,(u)(po, ..., Pm—1) = dy,{u). By substituting in the function
fu, (1) every coeficient ¢x(u) with the expression for ci(u) as defined in Definition 5.4.3
and subsequently filling in the values p; for the parameters z;, § = 0,...,m — 1, we
find :

Su, (W) (pay .. s pm1) =

o, (1) , e,-)

= X (o I
kk = dec(tm_1,. .., €0) ( H pl') ' ( H (1 71}5)) J=0,.qm—1
€0y o0y €p—1 = 1, Xy TsENG var
€hyrinstm—1 =0

where D(k) = Z =€+ te1

JugelXl, o,

Now, since the exponents e,...,¢, | equal zero, the product Hj:h,...,m—lpjj equals
one. Multiplication with one has no effect, so this product can be left cut from the
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expression for fi (¢)(po, ..., Pm—1)- Substituting, furthermore, XY and X% . with
{wg,...wp1}, and {zy,. .. 2y}, respectively, gives

Jo(w)(@oy .oy Pmet) =

(=1)ferttasy) . gy, (u)

I e e )
k:k=dee(ep_q,... ), ( ]),.) ' ( (1 o ps)) i=0,.,h—1
[ TERRY 7 281 =1 r=0,,..,f—1 s=fnnt—1

e . : : . . G .
Since the expouents e, ..., €1 equal one, we have that Hj:o,.,.,fqu = HJ':O....,f—lpj'

So,
fUi ('u)(p[?: v st—l) =
Cpodeg_ ¢U|' (‘”) C;
_ (1)t I )
(k5kfffc§j,>..,if)( ( H {1 h Ps)) j:j,lz[,h—l ’ )

s=f,h—1

pu, (1) ‘ (g betent) | i
( H (1—ps)) (k:kﬂ\"(%;l,,..,cf)(( R j—f,l..—[.,hllj))

s=fnnlt—1

We focus attention on the term Ek?k:(kc{ch_l,...,e_,) ((—1)(”*‘“*‘4‘*—1) . Hj:f,...,h—l p?) and
show that it equals [,_, (1 —ps). The product [[,_ (1 —ps} can be written
as a sum of products, Writing P for the set {py,..., 1}, each product in this sum
is composed from parameter valnes from P and a constant which equals either one
or minus one. The constant pertaining to a specific subset P’ C P equals one if the
cardinality of /', denoted || P'||, is even; it equals minus one if || 7’| is add. So, the
constant equals (—1)”}"”. As was introduced in Section 5.3, the product of a subset of
parameter values P' can be written as a product of all parameter values in P where
each py € P’ is raised to the power one, ¢ = 1, and each p; € I’ is raised to the power
zero, ¢ = 0. Writing || 7’| in terms of the exponents, that is, | P} = ¢f + -+« + &y,

we find

[I a-w= Y (cnwrea T )

I=frh—1 kik=dec(ep_1,€f) i=frh—1
We conclude that
Jo.()(pos . pim—t) = du{u)

0
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In the proof of Proposition 5.4.4, we have shown that, for each configuration u €
0y, the vector table ¢y, (u) for clique U; contains the coeflicients describing ¢y, ()
in terms of the parameters under study in U;. During propagation, the vector table
1y, is multiplied by various other vector tables. Before proceeding, we formally define
the multiplication of veclor {ables, called the vector product; the vector product was
informally introduced in Example 5.4.1.

Definition 5.4,5 Let each Wi, i = 1,...,¢, £ > 1, be a sef of variables and let each
(W), = 1,00, t, be a vector table over the wariables in Wi, The veclor product
Flics,. o (Vi) of these vector tables equals

FL i0013) = (- (0 000:) e da(I02)) w s (195)) - 90 (192))
28 DI ¢
where for every two vector tables 1 (W;) and ; (W, ) with i (Wi) = (ei(W3), -+ -5 €, (W)
and (W) = (¢, (W), ..., i, (W5)), for cvery configuration w; € Qu, and w; € Oy,
the wector product iy (uy) + 9 (w;) equals

hi(ws) = ¥ (w;) =
= (i (W), - -y ci (i) = {5 (s}, .y €5, ()
= (e3 (1) - ejo(wy), - - -, i (wi) - Cil{wj)» eiy () - ejows), i (wi) - o5, (wy))

This vector product is used in wmultiplying vector table iy, for clique U; with the in-
coming messages ‘IJ:‘SU Sy from cliques Sy, § = 1,...,¢ (conform step 4 of procedure
vector-propagate). The resulting vector table iy, basically contains the same in-
formation as the potential function QS’Ul, resulting from standard propagation; for each
configuration u € Oy, ¥y, (1) contains precisely the coefficients in the multilinear func-
tion describing the potential function value ¢, (1) in terms of the parameters under
study in subtree Ty,. Filling in the specified values for the parameters in Ty, in the
multilinear function represented by iy, (u) gives ¢y, (u). Below, this is detailed for a
clique UJ; receiving one incoming message,

Propoesition 5.4.6 Let T' be @ junclion tree and lel U; be a cligue in T. Let ¢y, be
U;’s local potential function. Let X = {2q,...,2m_1}, m > 1, be the set of parameters
under study thet ere located in Ty,, ordered as in Definition 5.4.2; for each parameier
x5, §=0,...,m—1, let p; be the value for x; as specified in T Lel Yy, be the vector
table wssociated with ¢y,. Let S be @ neighbouring separator for Uy, let QES"—;Ui(uS) be
the message from S Lo U; in standard propagation and let ‘lf:‘s..,gl.(S) be the vector table
associated with ¢s_u,{S). For each configuration v € Qy, and s € Qg with s Au = u,
let ¢y, (u) = o, (1) - s su,(s) and let thy, () =y, (1) * s, (s} Then,

do= > (dw- I )

kik=dec(€m 1 y€0) J=0,..,n—1}
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where

(colu)s .. . ey (W) = ¥, (u)

Proof. Without loss of generality, we assume the parameters under study in clique U
tobexy,...,#n_1 and the parameters in Ty, \U; to be @, ..., &y_y. We assume that, for
each configuration u € Qy,, ¥y, (1) = (co(ae}, .. ., cam—s 1 (1)) and, for each configuration
5 € Qy, s,,(8) = (co(s), ..., e9r_1(s)). Furthermore, for cach configuration u €
Qu,, we use fy, (1)(zg, ..., 2n_1) 1o indicate the multilinear function in @g,...,Tm 1
specified by #j; (u), that is,

Ju. (W0, - Tt = Z ((;f(u) ) H ‘vfij)

Bl=declen_1.4e0) J=0,...m~1
where (ep(u), ..., e (1)) = iy, (v). We will now show that fy, (u)(pg, ..., Pm-1} =
By, (u). From oy (u) = oy, (u) * s, (s) we find that
(co(t)s-v s hm_y (1)) =

(eo(te)y ..oy cam-s_y (@)} % (co(s), . .y cor i (8)) =
(eo(u) - eg(s),. .., colu) - ey (), 1 (1) - co(s), ..., camr_i{u) - cor_y{s))

t

. (w)

Il

or alternatively,

) = exfa) - e (s)
where for each & = dec(ep_1,...,€;) and &' = dec(ef_y, ..., ), { equals
dec(€n_i, ..., €). The expression fy,(u)(o,...,2n 1) can therefore be written as

fo () (o, Bpmy) =

-y RN CIORECRIS | IR | )

kik=dec(ern—1y0ef)  ETh'=dee(eg_1,..0) J=fgm—1 {=0,.,f—1
(X faw T ) (% (we IT )
kik=dec(em—1,e 1) J=fieam=1 K'ikt=dec(eg_1,.460) I=0,.,f—1

%

Filling in the value p; for pavameter x;, j = 0,...m—1, we find for fy, (u){(po, ..., Pm—1)
that ' ’

Ju () (pos oy pmar) =

(k:k:dﬂz (a0 I p?‘))-( P CIO | p:f))

{em—1,00¢y) J=fm-1 Atk =dec(ey_1,..0€0) 1=0,...f—1
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From proposition 5.4.4, we know that the two factors of this multiplication are the
two mulilinear relations expressing ¢y, (1} and ¢gy;(s) in terms of the parameters
Ty ooy ¥mo1 and xg, ..., Ty, Tespectively. So,

fo)po, s pmt) = ¢U;('”)‘¢7’S—r0-(3)
= gy (u)

(W]

In Proposition 5.4.6, we have shown that for a clique U; receiving an incoming
message -r,t’h)sﬁ,U,., the vector product of Uy's vector table iy, with ‘szgﬂUi, that is iy,
gives for each configuration v € {y, the coeflicients describing ¢y, in terms of the
parameters under study in subtree Ty,. Now, proposition 5.4.6 can be extended to
apply to multiple incoining messages. For a clique U; receiving the messages 'fj)_t,'ij_}(j’.,
J = 1,...t for each configuration v € y, and 5; € Slgi.j, with s; A 4 = u and
J=1,...,t, the vector product thy,{u;) « }l;_, Qasija{Ii(.Sj) gives ¥y, describing ¢y,
in terms of the parameters in 7j,. Since this extension is straightforward, we will not
detail this any further.

In step b of the procedure vector-propagation, the veclor table tf, is projected
onto the separator S;,,, to which a message is te be sent. This step corresponds to
step 3 of the standard propagation procedure. In standard propagation, the potential
function yy, is projected onto separator S, by marginalizing over all variables that
are not contained in 5, ,. Similarly, ¢, is projected onto S,,, by marginalizing over
all variables that are not in Sy, ,. For i, , this amounts to adding the vectors of
coefficients in the entries specifying the same configuration for Sy, . Adding vectors
of coeflicients is done by straightforward vector summation. The resull of projection
onto Sy, of ¢, and ¢, is the message éU,._,S,.m(s) and ‘zﬁuﬁﬁ-im (s), respectively.
Below, we show that, for a specific configuration s € Q, |, ¥uiss,,, (s} contains
the coefficients that describe qu_,g, " {s) in terms of the parameters under study in
Ty, filling in the specified values for the parameters in Ty, in the multilinear Functmn

represented by LIJU,_,S,H () gives géU_)qul(e).

Proposition 5.4.7 Let T' be a junction tree and lel U; be a cligue in T, Let X =
{®o,. . w1}, m 2 1, be the parameters under study in subtree Ty, ordered as in
Definition 5.4.2; for each parameter x;, j = 0,...,m — 1, let p; be the value for
x; as specified in T. Let ¢l (U;) be a potential function for U; and let iy, (U;) be
the wvector table associated with r,b{,( 5. Let S be a neighbouring separator of Uj
and let py, ,s(S) = 2ovps PulUi) be the messages from U to S. Let by s(S) be
2ouns Yo, (Ui}, Then, for each configuration s € Qs, we have that

O ED DR CTO R ) BF))

kik=dec(tm—1,n€0) Jj=0,..,.m—1
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where

(co(s)s - s eom1(8)) = thus-a5(s)

Proof. For each configuration s € Qg, we use fs{s)(zg,...,2m-1) to indicate the

multlinear function in terms of @y, ..., Tm_1 specified by the coefficients in iy, (s},

that is

B o)=Y (et [ «7) (5.2)
kik=dec(em—i,..,t0} J=0.m—1

where (cos), ..., cam_1(8)) = ty,s(s). We will now show that fs(s)(po,...,Pm 1) =

b, >5(s). By definition, the vector table y, ., 5(s) equals Eufenu_\s Wy, (1 As) Without

loss of generality, we assume that 9}, (u) = (co(t), ..., ean_1()). The coefticients cx(s),

k=0,...2" — 1 can be written as -

Z (col' As)y . . eom (1’ A s))

(co{s)y .y cam1(3))

U'EQU!.\S
- ( Z Cﬂ(ul A S)} ey Z Cgm_;(ur A S))
U,EQU,-\S U,EQITi\S

that is
ex(s) = Z cr(u' A s)
u'EQU‘.\S
for ¥ =0,...2™ — 1. Substituting this expression for ¢;(s) in Equation 5.2, we find for
fs(s)(wo, ..., @n_y) that

o) = X (X awng)-( 1 «))

Kk declem—_t,..tp) u'eflgas F=0,..m1

> (Z (ck(‘u’/\s)- 11 tj’))

Eik=dec(emn1nen) W ERL N5 J=0,,m—1
= ) ) epf{u’ A s) - H iy
k E &

u’EQ(ri\g kik=dec(em—1y€0) i=0,..,m—1

By definition, the multilinear relation between brackets is the expression of ¢y, () in
terms of the parameters #y,...%y-;. [illing in the value p; for parameter x;, j =
0,...m— 1, we find for fs(s)(pa,..-,Pm_1)

fs(s)(])(], v 1pm~l) - Z {é;}r‘(‘li‘ A .5‘)

’ o
ii EQUi\b

= ¢[I,-—>S{3)
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After one inward propagation of vector tables from the leaves to the root R of a junetion
tree T, at root R all incoming messages are available. Now, in step 7 of procedure
vector-propagation, the vector table yp of I is multiplied with these messages. This
corresponds to step 5 in procedure propagate. For a specific configuration » € g,
the resulting vector ¥(r) contains the coeflicients that describe Pr(r, e} in terms of
all parameters under study in 7. Since this step is very similar to step 4 in procedure
vector-propagation, we will omit a forinal deseription of this multiplication.
Finally, in the last step, step 8, of procedure vector-propagation, all vectors in ¥
are added. This corresponds, in standard evidence propagation, to the computation of
the probability Pr(e) from the marginal probability distribution Pr(R, €} over the vari-
ables in R, The resnlt of the summation Z (1) in procedure vector~propagation

reilp
thus is the vector of coefficients (cq, . . ., cyn-1) deseribing Pr{e) in terms of all param-

eters @p,..., %, under study in the junction tree. Technically, this last step is the
saie as step & in vector-propagation; it will not be further detailed.

5.5 Finding the optimal root

In the previous section, it is shown that the coefficients in an n-way sensitivity function
expressing the probability of the evidence in terins of n of the network’s parameters
can be established by performing one imward propagation of vector tables towards any
root. The location in the junction tree of the clique that is chosen as the root of pro-
cedure vector-propagate determines the number of computations that is required to
obtain these coeflficients. We call that clique the optima! rooi, for which the number
of computations te be performed is minimized, The optimal root is determined with
respect to a specific computation scheme for establishing the requived coefficients. In
Section 5.4, we have presented the scheme vector-propagate. More efficient com-
putation schemes exist; in particular with respect to the order of multiplying incom-
ing messages and marginalizing over variables, optimizations of the scheme vector
propagate can be achieved. In Section 5.6, possibilities for optimization are discussed
briefty. The root which is optimal for our computation scheme vector-propagate is
nol, necessarily optimal for other computation schemes. In this section, we discuss the
identification of the optimal raot for procedure vector-propagate, We first introduce
the basic idea; subsequently, the idea is itlustrated using onr running example.

For procedure vector-propagate, the number of computations that is required to
obtain the coeflicients in a sensitivity function from a root R in junction tree T equals
the sum of the number of computations required for each step in this procedure. In
establishing the total number of computations for a root R, we assume that initializa-
tion of the junction tree has already taken place; the number of computations required
for the initialization is independent of the chosen root and is therefore not relevant in
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determining the optimal root, The total number of computations Ng(T) required if
R is the root of vector-propagate then is the sumn of the number of computations
performed at each clique U; in steps 4 and § of procedure vector-propagate and the
computations at root R in steps 7 and 8 of vector-propagate.

The nunther of computations N(U;) lor a clique U; consist of the number of mult-
plications M (T;) required for multiplying #y, with the messages 'l,’T)S;jAU“ i=h..
(step 4) and the number of additions A(U;} required for projecting #y; onto Sy,
{step 5). Both concern floating point operations, in the sequel called flops. From Ex-
ample 5.4.1, it will be clear that the number of flops N{U;) depends on the size of clique
U;, denoted size(U;), the number of parameters under study in U;, denoted n(l7;), and
the number of parameters nnder study in the incoming vector tables “j’Ssj oix, denoted
n(Si;, Uiy, § = 1,...,¢. 'Fhis latter information is not locally available at clique Uy;
separators Si;, j = 1,...,t, provide this information. For every clique U; in T, where
U; # R, N(U;) is determined. In a similar way, for root R the number of flops N(R) is
determined. N(R) again depends on size(R), n(R) and n(Sg,, R), j = 1,..., k. The
total number of flops Np(T) to obtain the required coefficients from R then equals
N(R) + ZU‘_U\R N(TY).

To know the number of parameters under study n(Sg,, R), j = 1,...,k, in the in-
coming vector tables of R, each neighbouring clique U; of £ shounld send the number of
parameters under stndy in sublree Ty, to f. This can be formulated recursively; each
clique U; in T sends the number of parameters under study in subtree Ty, denoted
n(Us, Sipy1)s t0 Siyyy. As such, the computation of Ng(T) itself can be formulated ve-
cursively, that is, the idea of propagation in a junction tree is again exploited. Starting
from the leaves of T, each triggered clique U; sends to 5, the number of parameters
under study in subtree Ty, and the number of flops done so far, The number of param-

- eters n(U;, Sy,,,) is obtained by adding n(U;) to the incoming numbers of parameters
n(Sy,Ui), § = 1,...,t. The number of flops done so far, denoted N(U;, Si,,,), is the
sum of N{U;) and the incoming numbers of flops N(S;,U}), i = 1,...,t. In going
from the leaves of T to R, now, the total number of flops Np(T) is accumulated. In
pseudocode, the computation of Np(7") amount to the following,.
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procedure compute-flops (T,e, R, X)

begin

_—uﬁ root R in T is triggered do
for each triggered clique U; do

step 1 compute N(U;) = M(U;) + ALR);

step 2 compute N{Uy, Sy,,) = N(U)+ > NSy, Ui);
=1t

step 3 compute n{U;, S,,,) = n(l:) + n(Sy, Ui);
J=tot

step 4 send N(U;,5,,,) and n{l;, S;,,,) to S,

od
od;

step 5 compute N(R)= M(R)+ A(R);
step 6 compute Ng(T)= N(R) + Z SR),
=1,
end.

By taking every clique in T as the root of procedure compute-flops, the clique
that minimizes the number of computations to establish the coefficients in the required
sensitivity function is found. This elique is the optimal root for procedure vector
propagate. Note that, instead of repeating compute-flops for every clique in 7', it
is more efficient to extend the procedure such that Ny, (T') is computed for all cliques
U; simultaneously, To this end, the propagation of numbers of flops and numbers of
parameters is not stopped when the root of compute-flops is reached, but coniinues
until a full inward and outward propagation has been performed. Then, at each clique
U; in T the incoming numbers of flops and parameters are given and this clique can
compute the total number of fops Ny, (T') required io establish all coefficients from U;.
Since the idea is relatively straightforward, it will not be detailed further. Below, we
illustrate the computation of the optimal root for our running example.

Example 5.5.1 Consider again our running example in Figure 5.2. As in Exam-
ple 5.4.1, we focus on the probability Pr{ug) of the evidence V = vg and we are
interested in the sensitivity of Pr(us) to variations in the estimates for the three net-
work parameters g = p{vg | v, v7), ¥ = plv7), and zo = plvy | ~va). Lo that
end, the coefficients in the multilinear function expressing Pr(vg) in terms of xp, x;
and 24 are determined from procedure vector-propagate. Before applying procedure
vector-propagate, however, the optimal root to start the procedure is established
from procedure compute-flops. First, we compute the number of flops if the required
coeflicients are established using clique Uy as root of T; we perform compute-flops
(T, g, U4, {:E[),.'L‘l,:b‘g}).

From the leaves of the junction tree, an inward propagation towards clique Uy is
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performed. Each leaf U; computes front its size and its number of parameters under
study the number of flops required to compute the vector table it should send to its
neighbouring separator. Leaf U} does not contain any parameter under study; n(U;)
equals zero. The size of Uy, size(T7), is the product of the number of values for the
variables in Uy; size(U;) = 2-2-2 = 8, From n{l1) and size(L1), it is known that vector
table 2y, consists of eight entries each containing one coefficient (2"(U1}), Projecting
Wy, onto S) amounts to marginalizing over variable ¥} with size(V]) = 2, giving the
vector table ‘LEU; L5, with size(Sy) = 4. The number of additions A(LA) required for
this operation equals four, Leaf {J; thus sends to separator 5| the messages;

N({h,5) = A(lh) =4

and

n{lh,S) =n{l)) =0

Similarly, cligue Us senrls‘ to Sy the information that
N(Uy, 53) = A{Uy) =2

and

n(Us, S2) =n(lh) =0

Leaf U; contains the two parameters ap and x,. Since Vg is observed, the size of
clique Uy is four. The vector table ¥y, thus consists of four entries each containing
four coefficients. Projecting iy, onto separator Sy, with size(S;) = 2, then requires
eight additions; A({/;) = 8. We thus find

N(Us, 83) = A(Us) = 8
and
n(Us, Sy) = n(Us) = 2

For a clique U that is not a lcaf, the vector table ¥y, should be multiplied with
the incoming vector tables before projection onto the separator to which a message is
to be sent, The number of flops performed by U; then is the sum of the number of
multiplications M (I;) required for this first step and the number of additions 4(U;)
for the latter. Consider clique U; containing the parameter ay; n{Us) = 1. The size of
clique Uy is eight. The vector table iy, thus consist of eighi entries each containing
two (2°Y3)) cocfficients. #y, is to be multiplicd with the incoming vector table J,SHUS,
which equals 1,/3{;14,91 and contains n{l/|, 5;) = 0 parameters under stndy. The two
coefficients in each of the eight entries in 3y, have to be muliiplied with the one
coefficient in the appropriate entry in l}";_q]_,(js. As such, M(U3) equals 8-2-1 = 16.
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The resulting table ¢y, , again consisting of eight entries with each two coefficients, is
projected onto Sz, with size(Ss)} = 4. This requires eight additions; A(Us;) = 8. For
the total number of local computations at clique Uy we thus find

N{U) = MU+ A(U) =16+8=24

Adding this to the incoming number of flops N(Sy, Us) = N (U1, 51) = 4 gives
N(Us, S3) = N(Us) + N(Sy, Uy) = 28

The total number of parameters under study accumulated so far is

n(Us, S3) = n(Us) + n(S,,Us) =1

At cligue Uy, the root of procedure compute-£flops, now, for each neighbouring sep-
arator Se, S, and Sy, the number of flops required to compute the incoming messages
%"’9,; STy l,"lbﬁul, and l,f}c;, Ly, in procedure vector-propagate is available. Further-
more, Uy receives the number of parameters n{Se, Uy), n(Ss, Us), and n(Sy, /;) in each
of these messages. At root Uy then the number of multiplications M(U;) required to
multiply the vector table iy, with these incoming vector tables can be determined. Ve
assume that vy, is multiplied with the incoming vector tables in order of increasing
total nnmber of parameters in each table. That is, we consider first multiplication
with szgz_,,U“ then with z,r’AJ.q3_,(;,1, and finally with ‘l’!:;‘c,‘.1—}U.1v Recall that size(U;) = 8
and n(Uy) = 0. The message g, 7, contains no parameters under study, As such,
for each of the eight entries in 1y, cach single coefficient is multiplied with the one
coefficient in the appropriate entry in -1,352_,{;_,. This requires 8- 1+1 = 8 multiplications.
Message tf)gan;u, contains one parameter under study, corresponding to two coefficients
in each entry. Subsequent multiplication with this message thus requires 8-1.2 = 16
multiplications. The vector table resubting from the multiplication so far has eight
entries each containing two coefficients; it is nultiplied with ?,"A)gi_,m. This requires
8 2-4 = 64 nmltiphcations. In total thus M{U,) = 88. After the multiplication of ¢y,
with all incoming vector tables, again a vector table with eight. entries results. Fach
entry now conlains 20(U) ., gn(Sa0) L gn(Sntia)  gn(S3Us) — 8 coefficients. Marginalizing
over all variables in Uy thus requires (size{Us) — 1) - 8 = 56 additions; A(U,) = 56. For
root U7y thus a total of N(Uy) = MUy} + A(Us) = 88 + 56 = 144 flops are required.
Adding this to the incoming number of flops gives

I\TUi (T) = I\T(U4) + }\F(Sg, U4) -+ I\I(S";, U;) + IV(S.;, U4) =144+ 2+ 28 4+ 8= 182
The total number of parameters under study in 7' evidently equals
r(T) = n(Uy) + +n(Ss, Uy} 4 n(83, Ug) + (S, Uy) =0+ 0+14+2=3

Now, procedure compute-flops has been carried out with clique Uy as root.
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Figure 5.3: The example junction tree from Figure 5.2, in which one full propagation
of munbers of fleating point operations (flops) and numbers of parameters has been
performed. At each clique, then, the number of flops required to compute each incoming

vector table is available.

By repeating the procedure for every clique in the junction tree T in Figure 5.2,
for each clique {/;, i = 1,...,5 the number of flops Ny, (T') required to compute the
coefficients in the three-way sensivity function of Pr{ug) in terms of the parameters
xp = plug | v, v7), 1 = plug), and e = p{vy | —w2) is obtained. As was noted earlier,
instead of repeating compute-flops for every clique U; in T, the mimber of flops can
also be computed for all cliques simultaneously. This is done by performing a full
(inward and outward) propagation of mimbers ol flops and numbers of parameters.
In Figure 5.3, the result of such a full propagation is shown. At each clique, now,
the number of flops required to compnte all incoming messages is available, With
this information each clique U; computes the total number of flops Ny, (T} required to
compute all coefficients in the three-way sensitivity function. In Table 5.1, the numbers
Ny, (1), i =1,...5, are shown .

Table 5.1 shows that clique Us requires the minimum number of flops for computing
all coefficients in the three-way sensitivity function expressing Pr(vs) in terms of 2y,
%1, and a9, when the computation scheme of procedure vector-propagate is used.

Now, we show that by optimizing procedure vector-propagate slightly, another
optimal root results. In procedure vector-propagate, the vector table ¥y, of U is
first multiplied with all incoming messages hefore marginalization takes place. I is
more efficient, however, to alternate the multiplication by incoming messages with
marginalization over variables as soon as this is possible. For clique Uy, for exam-
ple, it is possible to marginalize over variables ¥y and V, after by, is multiplied with
?,/;5‘2“;(]4 and ‘t]),qa_)(,r_l. Marginalization over these two variables can be carried out be-
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-clique U; | Ny, (T)
Uy 282
U, 220
Uy 206
Uy 182
Uy 122

Table 5.1: The number of floating point operations {flops} required to compute the
coefficients in the three-way sensitivity function of Pr(vg) in terms of the parameters
ap = plug | v, u7), 71 = p(u7), and x93 = p(vy | ~wg). The computation scheme used is
procedure vector-propagate.

fore multiplication with -J;SJ_”“ since this message is not a function of these variables.
Mnltiplication of ¥y, with t,f:_s-z_,m and 1,:’353_,“4 requires A {0f;) = 24 multiplications.
Subsequent marginalization over V3 and V) requives 4, (Uy) = 12 additions, Now, the
resulling vector table with two entries each containing two coeffcients is multiplied
with ?;'354_,[;4 and marginalized over V. This requires AMo{lfy) = 16 multiplications and
A; (Uy) = 8 additions. In alternating multiplications and additions at Uy thus a total of
N'(Uy) = 60 flops are required. In that case, Ny, (7)) = 98 compared to Ny, (T) = 182
in Table 5.1. Assuming that multiplication by incoming messages and marginalization
over variahles is carried out alternatingly, we find for each clique U, i = 1, ..., 5, the
number of fHops Ny (T) as given in Table 5.2. The minimum number of flops is now
found for clique Uy, O

clique U; | Ny (T)
U 282
Uy 164
Us 150
Uy 98
Us 122

Table 5.2: The number of floating point operations (fops) required to compute the
coefficients in the three-way sensitivity function of Pr(vg) in terms of the parameters
wg = plvg | w6, v7), T = plvz), and @2 = p(vy | 1»}. The computation scheme used
is procedure vector-propagate in which order of multiplying incoming messages and
marginalizing over variables is optimized. '
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5.6 Optimizations

In Section 5.4, we have presented the basic idea of computing the coefficients in a
sensitivity function by propagating veetor tables through the junction tree. In pseu-
docode, procedure vector-propagate presents a computation scheme for obtaining
these coefficients, Althoungh it reflects the basic idea, this scheme is not optimized
with respect to computation time. In this section, we will discuss several possibilities
for increasing the efficiency of the basic computation scheme. PFirst, we will focus on
efficient computation of the messages that are propagated through the junction tree.
It eoncerns optimising step 4 and 5 in procedure vector-propagate, This was also
briefly touched upon in Section 5.5, Subsequently, we discuss the acquisition of a
factorized form of the sensitivity function under study. A factorized form of the sen-
sitivity function can, for example, be obtained by omitting the computations at the
root of the junction tree (step 7 and 8 in procedure vector-propagate}, The number
of computations required for a factorized sensitivity function is smaller than for the
unfactorized form and the information contained in the sensivity funclion is equivalent.
Finally, we focus on exploiting independence relations induced by evidence to reduce
the number of computations. Firstly, if there is evidence that causes the junction tree
to fall apart in two or more independent subgraphs, the sensitivity function is a prod-
uct of the functions obtained from cach subgraph separately. Secondly, evidence for
separator variables may allow for postponing the multiplication with incoming vector
tables. In the following, the above mentioned possibilities for improvement will be
discussed briefly without going into technical details.

In procedure vector-propagate, the message of a clique Uf; to separator S;,,, is
computed by first multiplying vy, with each incoming message -zf;sij ou; for separator
Si;, 7 =1,..., ¢, and subsequently projecting the resulting vector table onto 5;,,,. In
Section 5.5, it was already noted that first carrying out all multiplications and after
this all marginalizations is not efficient. It is far more efficient to marginalize over a
variable as soon as this is possible. We can marginalize over a variable when #y, has
been multiplied with all incoming messages that are a function of this variable. In
doing this, the total number of entries in a vector table that is stepwise multiplied with
incoming messages is kept at a minimum, thereby reducing the number of multipli-
cations required for subsequent incoming messages. Note that the idea of alternating
muitiplications and marginalizations is not limited to its use in propagating vector ta-
bles. Tt also increases the efficiency of standarvd propagation, This has been shown by
[Shenoy, 1996]. To alternate multiplications and marginalizations in an efficient way,
P. Shenoy proposes to coaustruct from a junction iree a binary junction tree in which
each cligqne receives at most three incoming messages.

A second way to increase the efficiency of computing message 'L?J(]i_,_g,.'_'_l from U;

to S, is to order the incoming messages according to increasing total amount of

i1
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their parameters; ¥y, is first multiplied with the incoming vector table that contains
the smallest total number of parameters and for subsequent incoming vector tables
this number increases. Using this constraini on the ordering of incoming vector tables
decreases the number of multiplications in step 4 of procedure vector-propagate.
Basically, incorporating this constraint means that the ordering of incoming messages
according to descending number of their highest ordered parameter, as assumed in
Section 5.4, corresponds to increasing total number of their parameters. In the param-
eter ordering o defined in Section 5.4, this additional constaint can be incorporated by
enforcing that for each two neighbouring cliques of U, denoted U and U, for which it
holds that I7 lies on the path from U/ and U to R and for which hold that X' and X"
denote the subsets of parameters contained in Ty and Tyw, respectively, we have that
max{o(2;) | z; € X'} > max{ofx;) | #; € X"} if |X'| < |X*|. Now, using this latter
constraint in combination with the use of binary junction trees allows for computing
zf)u‘._)sim efficiently.

Until now, we have focussed on computing the 2" coeflicients in an unfactorized n-
way sensitivity function. Instead of computing these 27 coefficients, it is also possible
to obtain the coefficients for a factorized form of the sensitivity function, First, we
discuss the possibility Lo establish a factorized n-way seunsitivity function from the root
of procedure vector-propagate. Basically, a factorized n-way sensitivity function at
root A is obtained by omitting any computations at R; as such, the vector table iig
and the incoming messages gﬁgnjﬂyi, § = 1....,k, are kept as they are. The factors
in the factorized n-way sensitivity function are the multilinear relations established by
the coefficient in each entry of these vector tables. The sensitivity function is a sum
of products of the appropriate factors. We will illusirate this using Example 5.4.1 in

Section 5.4.

Example 5.6.1 Consider again the three-way sensitivity analysis discussed in Exam-
ple 5.4.1. We are interested in the seusitivity of the probability of the evidence Pr(vg)
to variations in the estimates for the three network parameters xg = plvs | vg, v7),
@1 = plug), and @y = p(vs | —we). To that end, in Example 5.4.1, the coeflicients
in the unfactorized multilinear function expressing Pr{vg) in terms of g, #, and 2
are determined from root Uy. Here, we focus on the factorized form of the sensitivity
function that is built from the multilinear functions established by the coefficients in
vector table ¥y, and the incoming vector tables ‘JJSHU,,, @BSHU“ and &344[14. For each
configuration v € g, the multilinear function expressing the probability Pr (e, vg) in
terms of xp, m, and =z is the product of the maltilinear functions established by the
cocfficients in ¥y, (1), -217)52_,(;_1(3), ‘1!:*33%{,-4(3’) and zﬁgaqu (s") where uA s A g As" = u.
Using the vector tables given in FExample 5.4.1, we find for u = v3, vy, s

Pr(vs, vy, v5, vg) = 0.9+ (0.126 + 0.15m5) - (0.5 — 0.5x; + wexy)
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Adding the factorized expressions of Pr(u, vg) for all v € Qg,, we find the factorized
multilinear function expressing Pr(wvg) in terms of wg, ), and my;

Pr(vg) = Prlvs, vy, vs, vs) + Pr(—wy, vy, vg, va) + Pr(vs, =g, vg, va)
+ Pr(=ws, ~vg, v, vg) + Prius, vy, v, vg) + Pr(—wg, vy, ~vg, va)
+ Pr(vg, my, —, V) + Pr{—wg, —wy, =g, vg)
= 0.9-(0.126 + 0.152) - {0.5 — 0.5y + 2e71)

+ 0.8+ (0.036 + 0.042) - (0.5 — 0.5z, + 2o21)

+ 0.8 (0.654 — 0.15x4) - (0.5 — 0.5z + gy )

+ 0.3 (0.184 — (.045) - (0.5 — 0.51; + 2g1)

401+ (0.126 + 0.155) - (0.6 — 0.1a)

+ 0.2 (0.036 + 0.04wy) - (0.6 — 0.12y)

+0.2- (0.654 — 0.15) - (0.6 — 0.1a;)

+ 0.7+ (0.184 — 0.043) - (0.6 — 0.1z,)

]

From the example, we see that a factorized form of our three-way sensitivity func-
tion contains more coefficients than the unfactorized three-way sensitivity function.
However, for a larger number of parameters under study, in general, the factorized
form of the n-way sensitivity function will contain less coeffcients, Moreover, the num-
ber of computations required to obtain the factorized form is smaller without any loss
of information.

In general, for a factorized sensitivity function to be uselul for interpretation it
should not contain too many different factors. This can be established by taking as
a root a clique with a limited number of incoming messages and with a limited size.
Another possibility is to take a sufliciently small separator as root. In that case, we
perform an inward propagation to this separator and compose the factorized sensitivity
function from the messages coming from hoth directions., We again iHlustrate this with
the sensitivity analysis presented in Example 5.4.1.

Example 5.6.2 Counsider again the three-way sensitivity analysis of Pr(vs) with re-
spect {o variations in the estimates for the three network parameters 2y = p{vg | vg, v7),
x = p(v7), and xy = pluy | —wn), as disenssed in Example 5.4.1. In Example 5.4.1,
an inward propagation to Uy is performed. With the incoming messages -1;’332_,34, and
tf)_qs_.,,m at Uy, this clique can compute its message qflm_,& to separator Sy, This is
done by marginalizing the product ¥, = (3, * ths, o1, ) * Yy ur, OVEY the variables 1
and V. From the vector table ¥, given in Example 5.4.1, it can be seen that &34434

equals

Ve =ws | (0.7206,0.035)
Ve = —wg | (0.2794, —0.035)
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Now, from this message and the message iy, s,, at Sy a factorized form of the three-
way sensitivity function expressing Pr(vg) in terms of xg, 2, and @ can be composed;

Pr(ug) = Prive, vs) + Pr(—uvs, vg)
= (0.7206 + 0.035%,) - (0.5 — 0.5 + @ow1)+
+(0.2794 — 0.035z3) - (0.6 — 0.1x,)
0

Obtaining a factorized form of the sensitivity function by omitting multiplication
with incoming messages, as was done above at the root of a junction tree, can be used
recursively. That is, recursively the junction tree is split in subgraphs each containing
their own root at which a factorized function of the parameters in that subgraph is
computed. Further research is required to establish the benefits of this approach. We
expecl that this approach saves a considerable nuimber of computations.

Finally, we discuss the use of independence refations induced by evidence to im-
prove the efficiency of computing an n-way sensitivity function. By enlering evidence
in the junction tree, it may occur that several subgraphs of the junction tree become
independent. By independence of two subgraphs H, and Hy, we mean that the prob-
ability distribution over variables in H, is independent of any of the variable values or
parameter values in Hy, and the other way around. A junction tree falls apart in sev-
eral independent subgraphs when all variables in one or more separators are observed,
Now, the n-way sensitivity function is a product of the sensitivity functions in these
independent subgraphs. Since propagation of vector tables can now be restricted to a
set ol smaller snbgraphs, the total mumber of computations needed to obtain all coetf-
ficients is much smaller than by applying procedure vector-propagate on the whole
Jjunction tree.

Evidence in the junction tree may also be nseful to postpone or avoid multipli-
cations. Carrying out the multiplication of a vector table associated with clique U
by an incoming message is only needed if this message is a [nnction of a variable
over which we have to marginalize in order to compute the message of elique U to
the next separator. Otherwise, the multiplication can be postponed. In that case,
the message from U/ to the nexi separator is not a single vector table but a set of
veclor tables. This idea is known as lesy evaluation and is presented in detail in
IMadsen & Jensen, 1998, Madsen, 1999]. Although postponing the multiplication of
vector tables leads to the propagation of a set of vector tables, it saves computations,
mainly by keeping the lengths of the vectors of coefficienis in each vector table at a

ninimuim.
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5.7 Related research

K. Blackmond Laskey (1995) focuses on one-way sensitivity analysis of a Bayesian net-
work. She presents an efficient method for analytically computing sensitivity values,
that is, first-order approximations of one-way sensitivity analyses. A sensitivity value
captures the approximate effect of sinall variations in the parameter's estimate on the
probability of interest. Compared to straightforward variation, Laskey’s method re-
quires considerably less computational effort. The method, however, provides insight
in the effect of small variations only: as Laskey indicates, when larger variations are
considered, the quality of the approximation may break down rapidly. As the esti-
mates for a Bayesian network’s parameters often are highly inaccurate, we prefer exact
sensitivity analysis. '

In [Chang & Fung, 1995] and [Castillo et al., 1997a], a different approach is taken
to sensitivity analysis of Bayesian networks. The idea of symbolic propagation for
sensitivity analysis is exploited. Instead of yiclding a single number as the standard
propagation algorithms do, a symbolic propagation algorithmn yiclds an algebraic ex-
pression for a network’s probability of inlerest in terms of all parameters in the network.
From this expression, the sensitivity of the probability of interest to a parameter under
study is readily computed, basically by filling in the specified estimates for all other
parameters. This method ecan be used for one-way sensitivity analysis as well as for
higher order sensitivity analyses. A major disadvantage of building upon symbolic
propagation is that it is time-consuming. Methods for sensitivily analysis that build
upon the faster standard propagation algorithms are therefore pireferable.

The use of symbolic propagation for sensitivity analysis, however, led E. Castillo
et al. to recognize the mathematical form of the function relating a probability
of interest to the network's parameters [Castillo ef o, 1995]; later, this functional
form was analytically derived for a one-way sensitivity analysis of a Bayesian net-
work [Coupé & Van der Gaag, 1998] (see also Chapter 4). In general, the function
expressing a probability of interest in terms of n parameters is a quetient of two
multilinear functions, Exploiting this knowledge, standard propagation algorithms
[Pear], 1988, Jensen et al., 1990, Shafer & Shenoy, 1990] can be used to obtain the co-
efficients in this function. Castillo et al. (1997} were the first to propose a method for
this purpose. For the parameters under study, various different combinations of values
are assumed; one different combination of values for each coefficient is required. For
each combination of values, the probability of interest is computed from network using
a standard propagation method. As a result, a system of linear equations is obtained
which is solved to give the required coefficienis, This method is far more eflicient
than straightforward sensitivity analysis, However, the nuinber of network computa-
tions required inereases exponentially with the number of parameters considered in the

analysis.
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for a one-way sensitivity analysis, U. Kjerulll and L.C. van der Gaag (2000) present
a substantial computational improvement of the methods discussed above. They sug-
gest using the computational architecture of a junction tree to obtain the coefficients
in the functions expressing a probability of interest in terms of every single parameter
in the network. Just one inward and two outward propagations in the junction trec ave
needed to obtain the one-way sensitivity analyses with respect to all parameters in the
network., Basically, the idea is to compute the coeflicients for each parameter under
study within the clique in the junction tree in which the parameter resides. Currently,
this is the most efficient method for performing a one-way sensitivity analysis of a
Bayesian network.

In [Kjmrulf & Van der Gaag, 2000], it is noted that their method for one-way sen-
sitivity analysis can be extended to higher order sensitivity analyses if the parameters
considered are loeated in the same clique. Fven if the parameters do not satisfy this
restriction, though, the method can be exploited for higher order sensitivity analy-
ses. A two-way sensitivity analysis with respect to two parameters located in different
cliques, for example, can be directly derived from the functions describing the one-way
sensitivity analyses with respect to each parameter independently. So, one propagation
suffices for all one- and two-way sensitivity analyses. For four-way sensitivity analysis,
the function describing the relation between the probability of the evidence and the pa-
rameters under consideration contains sixteen coefficients. One propagation gives eight
coefficients derived from the two cocflicients in the one-way sensitivity functions of each
parameter. From a second propagation with different values for all four parameters,
the remaining cight cocfficients are oblained. Tn general, then, 2°~!/n propagations
are needed for an n-way sensitivity analysis. The method is eflicient with respect to
the number of propagations required. Note, however, that the task of solving equations
for determining the coeflicienis is not a local matter, whereas the computation of the
coeflicients is loeal in the method by U. Kjmrulff and L.C. van der Gaag and in the
method presented in this chapter.

As in [Kjeerulff & Van der Gaag, 2000], the method we present in this chapter
builds upon the compntational architecture of a junction tree. We focus on n-way
sensitivity analysis of a Bayesian network using local computations only. Above, we
have described two methods for n-way sensitivity analysis. In the following, we will
compare the efficiency of the method by E Castillo et al. to ours.

In the method presented by Castille ef ol., basically one inward propagation is
needed for every combination of values assumed for the n parameters under study.
The more parameters are considered simultaneously, the more involved the system
of linear equations that should be solved will he. To slightly increase the efficiency
of this method, the system of equations can be simplified by taking the values for
each parameter under study to be either zero or one. To further evolve this relatively
straightforward way of carrying out the method by Castillo et al.,, the order in which
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parameter values are varied can he optimized. When a parameter value is varied, this
change needs to he propagated only through the relevant subgraph of the junction
tree. Therefore; there exists an optimal order to vary parameter values. This order
depends on the location of the root of the junction tree to which we perform an inward
propagation and on the location of the parameters under study. For a given root, the
optimal order of varving parameter values roughly corresponds to the order in which
parameters are encountered in poing from this reot to the leaves of the tree. Alter-
natively, but in essence equnivalent, varying parameter values and performing inward
propagations can be formulated as parellel propagation. With parallel propagation, we
mean that each separator and clique receive messages (tables) for each combination of
values for all parameters that reside in the the subtree ‘outwards’ from that scparator
or clique, When preparing a message from this separator or cligue further 'inwards’ to
the root of the junction tree, the local table has to be combined with every combination
of tables coming from the outside.

This *parallel way of carrying out the method proposed by Castillo et al. closely
resembles the method proposed in this chapter. Instead of sending 2™ tables from a
separator S inwards, where m is the number of parameters outside S, in our method
we send one table with in every entry a vector containing 2™ coefficients. A difference
between parallel propagation and our method is that, in our method, we do not need to
solve systems of linear equations. As our framework for sensitivity analysis is based on
local computations only, furtlier optimizations in the computation of the coefficients
are easily incorporating, In Section 5.6, several possibilities for optimizations were
presented. Some of these optimizations, though, can also be used to optimize parallel
propagation. At this point, it is difficult to draw decisive conclusions with respect to
the benefits and drawhbacks of the three approaches for n-way sensitivity analysis that
are now available. As a next step, extensive experimentation is required.

5.8 Discussion and conclusions

In building Bayesian networks, sensitivity analysis plays an important role, as it allows
for investigating the robustness of the output of the network for variations in one or
more network parameters. Until now, however, techniques for performing sensitivity
analysis of a Bayesian network are computationally expensive. This fact is the hasic
motivation for the research presented here.

This chapter describes a new method for efficient n-way sensitivity analysis; we
focus on efficiently computing the coefficients in an n-way sensitivity function express-
ing a prior probability in the network in terms of n network parameters under study.
Our method exploits the computational architecture of a junction iree derived from
the Bayesian network under consideration. The method is closely related to standard
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propagation algorithms. In standard propagation, messages taking the form of poten-
tial functions are propagated through the junction tree. A potential function value
is a single numerical number, In our method, vector tables of partially computed co-
efficieitts arve propagated through the junction tree. With each potential function in
standard propagation a vector table in our method is associated. For a specific valie
of this potential function, the corresponding vector table contains the coefficients ex-
pressing this potential function value in terms of the parameters under study in the
junction tree. By performing a single inward propagation of vector lables towards a
chosen rool in the junction tree, all coefficients required for the sensitivity function of
interest are accumulated.

In comparing our method to the method currently available for sensitivity analysis
{Castillo et al., 1997b], we have argned that our basic algorithm performs equally well
as a slightly optintized version of their method. Implementing the optimizations sug-
gested in this chapter increases the efficiency of our method. In particular, using the
optimal root as a starting point of our algorithm reduces the number of computations
to be performed. On the other hane, we have argued that the method by Castillo ef
al. can also be optimized considerably. However, in our method it is not necessary to
solve systems of linear equations while this is required in the method by Castille ef
af.. Furthermore, we hriefly introduced an extension of the method by U. Kjerulf and
L.C. van der Gaag (2000). This method needs only a limited number of propagations
in a junction tree to obtain an n-way sensitivity function. However, it is also necessary
to to solve systems of linear equations, To compare the various methods with respect
to computational efficiency, now thorough experimentation is needed.

In this chapter, we have focussed on the multilinear relation of a prior probability
in a Bayesian network in terms of a number of network parameters under study. This
can be easily extended to obtain the function describing a posterior probability in
terms of the network parameters under study., From the definition of a conditionat
probability, we know that any posterior probability can be written as a quotient of
two prior probabilities, Therefore, basically, our method is carried out twice. The
second run of the method will generally be more efficient than the first run, since the
propagation has to he carried out only in these parts of the junction tree in which new
evidence is entered or evidence is removed.

Note, that our method closely resembles symbolic propagation in a junction tree.
However, due to a specific encoding of the symbols, that is, the parameters under
study, we do not need to propagate the synihols themselves. Our method provides for
performing synibolie propagation using numerical propagation algorithms only, In the
past, symmbolic propagation has also heen used to perform sensitivity analysis of a belief
network [Chang & Fung, 1995, Castillo ef al,, 1997b|. These approaches, however, re-
quired symbolic manipulations, which are much slower than numerical manipulations,
Therefore, our method is much mare efficient. than these approaches,



176 Chapter 5. A computational architecture for ri-way sensitivity analysis

Until now, our method has not heen extensively tested., Therefore, we do not yet
have a clear picture of the strengths and weaknesses of the method. For this purpose,
experimental investigation is required which will be undertaken in the near future. We
believe, however, that our method has the potential of a valuable tool for performing

sensitivity analysis of a Bayesian network.
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Chapter 6

Sensitivity analysis for threshold
decision making with Bayesian

belief networks

Abstract

The probability assessments of a Bayesian belief network generally include inaccuracies.
These inaccuracies infhience the reliability of the network’s output. An integral part
of investigating the output’s reliability is to study its robustness. Robustness pertains
to the extent to which varving the probability assessments of the network influences
the output. It is studied by subjecting the network to a sensitivity analysis. In this
chapter, we address the issuc of robustness of a belief network’s output in view of the
threshold model for decision making. We present a method for sensitivity analysis that
provides {or the computation of bounds between which a network’s assessments can be
varied without inducing a change in recommended decision.

6.1 Introduction

‘Bayesian belief nelworks are widely accepted in artificial intelligence as intuitively
appealing representations of domain knowledge. A Bayesian belief network basically is
a concise representation of a joint probability distribution. It encodes, in a qualitative,
graphical part, the variables of importance in the domain that is being represented,
along with their probabilistic interrelationships; the strengths of these relationships are
guantified by conditional probabilities, that with each other constitute the network’s
guantitative part, The increasing number of knowledge-based systems that build upon
the framework of Bayesian belief networks for knowledge representation and inference,
clearly demonstrate its usefulness for addressing complex real-life problem domains in
which uncertainty is predominant. Most notably, applications are being realised in the
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medical domain, for diagnosis, prognostic assessment, and treatment planning.

Bayesian belief networks are generally constructed with the help of experts from the
domain of application. Experience shows that, although it may require considerable
effort, bnilding the qualitative part of a belief network is quite practicable. In faet, as
it has pavallels to designing a domain model for a more traditional knowledge-based
system, well-known knowledge-engineering technigues can be employed. Constructing
a belief network’s quantitative part is generally considered a far havder task, not in the
least because it tends to be much more time-consuming. [t amounts to assessing various
conditional probabilities for the variables represented in the network’s qualitative part,
Although, for most application domains, probabilistic information is available from
literature or froin statistical data, it often turns out that this information does not
provide for estimating all probabilities required [Druzdzel & Vau der Gaag, 1995]. For
most domains, therefore, many prohabilities remain to be assessed by domain experts.
Upon eliciting judgemental probabilities from experts, various problems of bias and
poor calibration are typically encountered [Kahneman el ol., 1982]. The probability
assessments obtained for a beliel network as a consequence tend to be inaccurate.

The inaccuracies in the probability assessmenis of a Bayesian helief network influ-
ence the reliability of its oulput. An integral part of investigating the reliability of
a network’s output is to study its robustness. Robustness pertains to the extent to
which varving the probability assessments of the network influences its output. For
gaining detailed insight in outpul robustness, a Bayesian belief nelwork can he sub-
jected lo a sensitivity analysis [Coupé & Van der Gaag, 1998]. Sensitivity analysis is
a general technique for investigating’ the effects of the inaccuracies in the parameters
of a mathematical model on the model’s output [Morgan & Henrion, 1990]. The basic
idea of performing a sensitivity analysis of a belief network is to systematically vary
the assessments for the network’s conditional probabilities and study the effects on the
output. Upon such an analysis, some conditional probabilities will show a considerable
impact, while others will hardly reveal any influence.

In this chapter, we address the issue of output robustness of a Bayesian belicf net-
work in view of applications in which the ontput is used for deciston making. To this
end, we focus on the threshold model for decision making. Althongh generally appli-
cable, this madel is used most notably for patient management in medical applications
[Pauker & Kassirer, 1980]. With the threshold model, an attending physician decides
whether or not to gather additional information from diagnostic tests and whether or
not. to give treatment hased upon the probability of disvase for a patient nunder consid-
eration. The robustness of the output of a belief network now pertains not just to the
probability of disease compnted from the network, but also to the decision for patient
management based upon it. For some conditional probabilities, varying their assess-
ment may have a considerable effect on the probability of disease and yet not induce a
change in patient management; for other probabilities, variation may have little effect
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on the probability of disease and nonetheless result in a different management decision,
Studying the eflects of varying the assessments for the network’s conditional probabili-
ties on the probability of disease therefore no tonger suffices for establishing robustness:
the effects on the recommended decision need also be taken into consideration.

To provide for stndying output robustness of a Bayesian belief network in view ol
the threshold model for decision making, we enhance the hasic method of sensitivity
analysis with the computation of upper and lower bounds between which a belief net-
work's assessments can be varied without indncing a change in recommended decision.
Informally speaking, the more a belief network’s probability assessments can be varied,
the more robust the decision based upon the network is.

The chapter is organised as follows. In Section 6.2, we briefly review the formalism
of Bayesian beliel networks, In Section 6.3, we ottline the threshold model for decision
making. In Section G.4, we detail the basic method of sensitivity analysis and its
enhancement for Lhreshold deecision making. The chapter ends with some eonclusions

and direetions for further research in Section 6.5.

6.2 Bayesian belief networks

A Bayesian belief network basically is a representation of a joint probability distribution
on a set of statistical variables {Pearl, 1988]. It consists of a qualitative part and an
associated quantitative part. The network’s qualitative part takes the form of an acyclic
directed graph, or digraph, for short. Each node in this digraph represents a statistical
variable that takes its valne from a linite set of discrete values. In this chapter we will
restrict the discussion to binary variables, taking one of the values true and folse. If a
variable 1 has the value frue, we will write »; the notation - is used to indicate that
V = false. The arcs in the digraph represent the influential relationships among the
represented variables. The tail of an arc indicates the cause of the cffect at the head
of the are. Absence of an arc between two variables means that these variables do not
inflnence each other directly and, hence, are conditionally independent.,

For our running example we consider the [ollowing fragment of (fictitious and in-
complete) medical information, adapted from [Cooper, 1984]:

Consider a primary twmour with an uncertain prognosis in an arbitrary
patient. The cancer can metastasize to the brain and Lo other sites.
We are interested in the course of the cancer within the next few years,
especially with regard to the development ol a brain tumour and its
associated problems. Metastatic cancer (denoted MC) may be detected
by an increased level of sernmn calcium (FSC). The presence of a brain
tumour () may he established from a CT scan (CT). Severe headaches
{SH) are indicative of the presence of a brain tumour. Both a brain
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tumour and an increased level of serum caleium are likely fo cause a
patient to fall into a coma (€) in due course.

In this fragment of information, six statistical variables are identified. The influential
relationships among these variables are encoded in the digraph depicted in Figure 6.1.
The digraph for example reflects, by means of the arc B — §H, that the presence of a

Figure 6.1: The digraph of an example belief network; it expresses information con-
cerning the presence of a brain tumour and ils associated problems in an arbitrary

patient.

brain tumour is a possible cause of severe headaches.

The relationships among the variables that are represented in the qualitative part
of a Bayesian beliel network basically ave probabilistic dependences, The strengths
of these dependences are described by conditional probabilities: for each variable, ihe
probabilities of its values are specified conditional on the varions possible combinations
of values for its parents in the digraph. For our running exaniple, we assume the

following probabilities:

p(b | me) = 0.20 plme) = 0.20 plet | &)= 0.95

p(b | —me)= 0.05 plet | -b) = 0.10
' ple] b, ise) = 0.80

plisc | me) = 0.80 ple|—b,isc) = 0.80 p{sh | b) = 0.80

plise ) ~me) = 0.20 plc| b, —isc) =  0.80 plsh | =b) = 0.60
ple | -b,—ise) = 0.05

The probabilities specified for the variable ISC, for example, express that knowing
whether or no{ metastatic cancer is present has a considerable inftuence on the proba-
bility of an increased level of serum caleium in an arbitrary patient. The relationship
between metastatic cancer and increased total serum calchm therefore is a strong de-
pendence, On the other hand, severe headaches are expressed as quite comrmon in hoth
patients with and without a brain tumour. Severe headaches thus have a low predictive
value for a brain tumour. The probabilities with cach other constitute the network’s

quantitative part.
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The qualitative and quantitative parts of a Bayesian belief network with each other
uniquely define a joint probability distribution. A belief network therefore allows
for the computation of any probability pertaining to its variables. For this purpose,
various algorithms are available, that provide for computing probabilities of inlerest
and for processing evidence, that is, for entering observations into the network and
subsequently computing the revised probability distribution given these observations
[Pearl, 1988, Lauritzen & Spiegelhalter, 1988]. The details of these algorithms are not
relevant for the present chapter.

6.3 Threshold decision making

in the medical domain, Bayesian beliel networks are often used for diagnostic pur-
poses. A diagnostic belief network typically comprises one or more variables modeling
the presence or absence of disease, various variables modeling findings and results from
diagnostic tests, and a number of intermediate variables modeling unobservable patho-
physiological states. In our example network, for instance, the variable B models the
disease of interest, heing the presence or absence of a brain tumour; the variable MC
models an unobservable state and the remaining variables capture findings and test re-
sults. A medical diagnostic belief network is used for compnting a most likely diagnosis
for a patient given his or her presentation findings and test results.

The most likely diagnosis for a patient, along with its uncertainty, is generally taken
by an attending physician to decide upon management of the patient. The physician
may decide, for example, to start treatment rightaway. For our running example, the
physician may decide to perform neurosurgery if a brain tumour is indicated. Alterna-
tively, the physician may defer the decision whether or not to treat the patient until
additional diagnostic information has become available, for example from a CT scan.
Or, the physician may decide to withhold treatment altogether. To support choosing
ainong these decision alternatives, the threshold model for patient mranagement can he
used,

The threshold model for patient management, or for decision making more in gen-
eral, builds upon various threshold probabilities of disease [Pauker & Kassirer, 1980].
The treatment threshold probability of disease, written P*(d) for disease 4, is the prob-
ability at which an attending physician is indifferent between giving treatment and
withholding treatment. If, for a specific patient, the probability of disease Pr{d) ex-
ceeds the treatment threshold probability, that is, if Pr{d) > P*{d), then the physician
will decide to treat the patient as if the disease were known to be present with certainty.
Alternatively, if Pr{d) < P*(d), the physician will basically withhold treatment from
the patient.

As a consequence of the uncertainty concerning the presence of disease in a patient,
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additional information from a diagnostic test may affect an attending physician’s basic
management decision. If the probability of disease exceeds the treatment threshold
probability, then interpreting a negative test result may result in an updated probabil-
ity of disease below the threshold probability. Alternatively, if the pretest probability of
disease falls below the treatment threshold probability, a positive test result may raise
the probability of disease to a value above the threshold probability. To reckon with
such effects, the threshold model {or patient management includes another two thresh-
old probabilities. The no treatment-test threshold probebility of discase, written P~ (d),
is the probability at which the attending physician is indifferent between the decision
to withhold treatment and the decision to obtain additional diagnostic information.
The test-treatment threshold probability of discase, written P*(d), is the probability
at which the physician is indifferent between obtaining additional information and

starting treatment rightaway.

| 1o treat Pil(d) test P+'(d) treat |
1 I 1
5] no treat P* (d) treat 1

Figure 6.2: The threshold model for patient management, indicating three threshold
probabilities and the various decision alternatives at a physician’s disposal.

Figure 6.2 summarises the basic idea of the threshold model for patient manage-
ment. As long as the diagnostic test under consideration has not been performed, a
physician has three decision alternatives at his or her disposal. If the probability of
disease Pr(d) for a patient falls below the no treatment-test threshold probability, that
is, if Pr(d) < P~(d), then the physician will withhold treatment from the patient with-
out gathering additional diagnostic information. If the probability of disease exceeds
the test-treatment threshold probability, that is, if Pr(d) = P*(d), then the plysician
will start treatment rightaway. Otherwise, that is, if P=(d) < Pr{d) < P*(d), the
physician will perform the diagnostic test. After testing, there are only two decision
alternatives left. If the updated probability of disease for the patient exceeds the treat-
ment threshold probahility, the physician will start treatment; otherwise, treatment
will be withheld from the patient,

The treatment threshold probability of disease P*(d) nsed in the threshold model
is typically established by a physician after carefully weighing the various utilities in-
volved. These ntilities pertain to the presence or absence of disease on the one hand
and giving or withholding treatment on the other hand. From the expected utilities for
giving and withholding treatment in view of the nncertainty concerning the presence of
disease, the probability of disease at which the physician is indifferent between the two
decision alternatives is readily determined; the basic idea is illustrated in Figure 6.3{a).
For our running example, the physician will typically take into consideration the life
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expectancy for a patient, with and without a brain tumour, and the patient’s atti-
tude towards impaired health states; we assume that the physician sets the treatment
threshold probabilily of a brain tumour at 0.15. The two threshold probabilities P~(d)
and P*(d) for deciding whether ot not to perform a diagnostic test are established
from the test’s characteristics. For our example, the physician will typically weigh the
discomfort of a CT scan for a patient against the additional diagnostic information

1o Lreat

cxpected
utility

erpecled
ulility

Pr(d) Pr(d}

{a) (b)

Figure 6.3: The hasic idea of establ.ishing the treatment threshold probability of disease,
(a), and the no treatinent-test and test-treatment threshold probabilities, (b).

¢

yvielded by the scan; we assume that the physician sets the no treatinent-test threshold
probability of a brain tumour at 0.045 and the test-treatment threshotd probability at
0.56. The basic idea of establishing these two threshold probabilities is illustrated in
Figure 6.3(h). '

Although we have discussed the threshold model for decision making in a medical
context, we would like to note that the model’s use is not restricted to the medical
domain but in fact is broadly applicable.

6.4 Sensitivity analysis for threshold decision

making

In the introduction, we have argued that the various probability assessments of a
Bayesian belief network tend to be inaccurate. To gain insight into the effecis of the
inaccuracies involved, a belief network can be subjected to a sensitivity analysis. In
Section 6.4.1, we outline sensitivity analysis of a Bayesian belief network with regard
to a probability of interest. In Section 6.4.2, we address sensitivity analysis of a helief
network in view of threshold decision making,
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6.4.1 Sensitivity analysis of a Bayesian belief network

For a Bayesian belief network, sensitivity analysis amounts to systematically varying
the assessments for the network’s conditional probabilities and investigating the effects
on a probability of interest [Coupé & Van der Gaag, 1998]. In essence, for every condi-
tional probability of the network, a number of deviations from the original assessment.
are investigated. For every investigated value, the probability of interest is computed
from the network. The results thus obtained refecl the probability of interest as a
function of the conditional probability under study.

We illustrate performing a sensitivity analysis of our example belief network, taking
the prior probability of the presence of a brain tumour in an arbitrary patient for the
probability of interest. The effects of varying the assessments for the probabilities
plme) and p(b | —me) on this probability of interest are shown in Figure 6.4, Figure
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Figure 6.4: A sensitivity analysis of the example belief network; the effects of varying
the assessmients for the probabilities p(imc), (a), and p(b | =me), (b), on the prior
probability of disease Pr(b) are shown.

G.4(a) shows that systematically varying, from ( lo 1, the assessment for the probability
p(mc) of the presence of metastatic cancer has a rather small effect on the probability
of interest: Pr{b) increases from 0.05 to 0.20. Figure 6.4() shows that varying the
assessment for the conditional probability p(b | ~me} of the presence of a brain tumour
in the absence of metastatic cancer has a much stronger effect: Pr{h) now ranges
from 0.04 1o 0.84. As long as no further information is available about the degrees
of inaccuracy in the asscssments for the two probabilities under study, we conclude
that the probability of interest is more robust with regard to the assessment for the
probability p(mec) than with regard to the assessment for p(b | —me).

A sensitivity analysis of a Bayesian belief netwvork with regard to a prior probability
of interest allows for assessing the robustness of the network in its reflecting a prior
probability distribution for the domain of application. In the presence ol case-specific
observations, however, a belief network may very well show different sensitivities. To
reveal these, a sensitivity analysis can be performied with regard to a posterior probabil-
ity of interest. Snuch an analysis allows for investigating the robustness of the network’s

output for specific cases or for case profiles.
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We once again perform a sensitivity analysis of our example belief network, this
time taking for the probability of interest the posterior probability Pr(b | sh) of the
presence of a brain tumour in a patient who is knowmn to suffer from severe headaches.
By deing so, we assess the robustness of the diagnesis of a brain tumour for an ar-
hitrary patient with severe headaches, The effects of varving the assessments for the
conditional probabilities p(b | ~me) and p(sh | —b) on the posterior probability of
interest are shown in Figure 6.5. Figure 6.5(a), when compared with Figure 6.4(b),
reveals that the observation that a patient suHers from severe headaches has little im-
pact on the robustness of the probability of disease with regard to the assessment for
p(b| —me). Figure 6.5(b) shows that varying the assessment for the conditional prob-
ability p{sh | —b) can have a cousiderable effect on the posterior probability of disease;
small deviations from the original assessment 0.60 have little effect, however.
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Figure 6.5: A sensitivity analysis of the example belief network; the effects of varying
the assessments for the conditional probabitities p(b | —~me), (a), and p(sh | —b), (b),
on the posterior probability of disease Pr(b | sh) are shown.

in a sensitivity analysis of a Bayesian belief network, the relation between a prob-
ability of interest and a conditional probability under study is a simple mathematical
function. In general, the probability of interest relates to a conditional probability un-
der study as a quotient of two linear functions, For the posterior probability of intervest
Pr(d | 0), given some observations o, and a conditional probability #, we have that

a-x+b

Pr(d | o) = cot ]

where @, b, e, and f are constants. For an example, we reconsicer Figure 6.5(b} showing
for our belief network the posterior probability of interest Pr(b | sh) as a function of
the conditional probability # = p(sh | —b); this function equals

0.06957

Pr{b|sh) = ———
(blsh) = =70 06967

If the conditional probability under study pertains to a variable without any observed

descendants, that is an ancestor of the variable of interest in the network’s qualitative

part, the mathematical function reduces to a linear function. For the probability of
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interest and a conditional probability @ as indicated, we then have that
Pr(d|o) =a -z +b

where ¢ and b are constants. In particular, a prior probability of interest relates
linearly to any conditional probability from the network. Tor an example, we reconsider
Figure 6.4(b} shewing for our belief network the prior probability of interest Pr(h) as
a function of the conditional probability = = p(h | ~mc); the function equals

Prih) =08 -2+ 0.04

The constants it the mathematical functions involved in a sensitivity analysis of a
Bayesian belief network are readily determined by computing the probability of interest
from the network for a small number of values for the conditional probability under
stucty and solving the resutting system of linear equations. For further technical details,
we refer the reader to [Coupé & Van der Gaag, 1998].

6.4.2 Sensitivity analysis in view of threshold decision making

Sensitivity analysis of a Bayesian belief nelwork with regard to a probability of in-
terest yields a functional relation between this probability of interest and every single
conditional probhability from the network, These relations indicate how the probahility
of interest will shift upon varying the assessments for the various conditional proba-
bilities. For a probabhility of interest that is used in the threshold model for decision
making, not every shift is significant. In fact, ounly a shift that results in a different
decision recommendation is of interest. In sensitivity analysis in view of threshold de-
cision making, therefore, we have to take the various threshold probabilities employed
into consideration. To this end, we enhance sensitivity analysis of a Bayesian belief
network with the computation of upper and lower bounds between which the network’s
assessments can be varied without inducing a change in decisioi.

The compntation of bounds on variation of a belief network’s probability assess-
nents builds upon the mathematical functions that we have detailed before, relating a
probability of interest to the network’s conditional probabilities. Once again focusing
on patient management, we begin by considering a probability of disease Pr(d | o) and
a conditional probability & to which it is linearly related, that is, we have

Pr{d|o)=a-x+b
for some constants ¢ and b, For case of exposition, we assume that Pr(d | o) increases
with increasing values for x; we will return to this assumption presently. I, in view of
the threshold model, the probability of disease indicates withholding treatment, that is,

if Pr(d | o) < P~ (d), then the decision will remain unaltered as long as the conditional
probability x is smaller than the value 2~ that is computed from

a-a +b=P7(d)
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More precisely, the decision to withheld (reatment remains nnaltered for any value of
the conditional probability 2 within the interval {—cc,27) N[0, 1]. If the probability of
disease on the other kand indicates starting treatment rightaway, that is, if Pr(d | 0) >
P*(d), then the decision will remain unaltered as long as the conditional probability
x is greater than the value x+ that is computed from

a-at b= Ptd)

More precisely, the decision to start treatment rightaway remains unaltered for any
value of the conditional probability = within the interval (a%,+o00) N {0,1]. If the
probability of disease indicates testing, thai is, if P=(d) < Pr{d | 0) < PH{(d), then
“this decision will be the same for any value of the conditional probability @ within the
interval [27, 211 [0, 1).

So far, we have addressed the computation of hounds on the variation of a condi-
ttonal probability that is related linearly to the probability of disease. For a conditional
probability that is related to the probability of disease by a quotient of two linear fune-
tions, bounds on vartation are computed in a similar fashion. We have further assumed
so far that the probability of disease increases with increasing values of the conditional
probability @ under study. With this assumption, we have implicitly assumed that
¥~ < a7, For a conditional probability # of which increasing values serve to decrease
the probability of disease, we have that @~ > @%, Using this observation, the bounds
derived above are readily adjusted.

We illustrate the computation of bounds on variation for our example belief net-
work; we recail from Section 6.3 that the three threshold probabilities of disease have
been set at PH(b) = 0.15, P~() = 0.045, and PH{b) = 0.56. We begin by acdress-
ing the robustness of the decision for management of an arbitrary patient. From our
belief network, the prior probability of disease is computed to be Pr{b) = 0.08. For
this probability, we have that P=(b) < Pr(d) < PH(b). Using the threshold maodel for
patient management, {herefore, the physician will decide to gather additional informa-
tion from a CT scan. We investigate the robustness of this decision by computing an
upper and lower bound on variation of the assessment for the conditional probability
@ = p(b | =me), The lower bound 2~ on varjation is computed from

Pr(d) = 0.8 - &~ + 0.04 = 0.045
vielding @~ = 0.00625; the upper bound 2% on variation is computed from

Pr(b) = 0.8 - &+ + 0.04 = 0.56

vielding #% = 0.65. For any value of the conditional probability p(b | —imne) within
the interval [0.00625,0.65], therefore, the decision to géther additional diagnostic in-
formation will remain nnaliered. Since the conditional probability under study has
been assessed at 0.05, we conclude that the decision is fairly robust with regard to this
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assessment; variation of the assessment to smaller values, however, may change the
decision to the recommendation to withhold treatment without gathering additional
diagnostic information.

To conclude, we address the robustness of the management decision for a patient
with a primary tumour who is known to suffer from severe headaches. From our belief
network, the posterior probability of disease is computed to be Pr(b | sh) = 0.1039.
For this probability, we observe that P~(b) < Pr{b|sh) < P*(b). The physician
will therefore order a CT scan for the patient. We investigale the robustness of this
deeision by computing the upper and lower bound on variation of the assessment of the
conditional probability 2 = p(sh | -b). Note that the probability of disease decreases
with increasing values for this conditional probability, The lower bound ™ on variation

is computed from

0.06957

e Y
o+ 006057 o0

Pr(b | sh} =
yielding x¥ = 0.1938. Upon computing the upper bound x~ on variation, we find a
value greater than one. For any value of the conditional probability p(sh | —b) within
the interval [0.1938, 1], therefore, the decision to gather additional diagnostic infor-
mation for the patient will remain unaltered, Since the conditional probability under
study has been assessed at 0,60, we conclude that the decision is quite robust with

regard to ihis assessment,

6.5 Conclusions

The probability assessments of a Bayesian belief network tend to be inaccurate, The
belief network as a consequence will yield inaccurate output. I the network’s output
is used for decision making, its inaccuracy influences the reliability of a decision that is
based wpon it. Anintegral part of investigating reliability is to study output robustness,
To investigate the robustness of a belief network’s output in view of threshold decision
making, we have presented an enhanced method for sensitivity analysis that provides
for the computation of upper and lower bounds between which a network’s assessments
can be varied without inducing a change in decision,

We have addressed the issue of robustness in view of a simplified threshold model
for decision making, involving binary variables and a single diagnostie test. The more
general threshold model addresses variables that have multiple diserete values and
provides for selecting among multiple tests. Our method of sensitivity analysis will he
further elaborated upon for use with this mnore general model. Although often used in
practice, the threshold model is a simple model for decision making, With a Bayesian
belief network, more complex models can be used. More specifically, a belief network
can be extended to an influence diagram to provide for addressing more elaborate
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trade-ofls in decision making. The results put forward in this chapter hold unabhatedly
for influence diagrams. In the near future, we hope to extend our method of sensitivity
analysis for decision making to apply to influence diagrams.






Chapter 7

Properties of sensitivity analysis of
influence diagrams

Abstract

For an influence diagram, simple mathematical functions exist that express expected
utility in terms of one or move conditional probabilities or utilities from the diagram.
These functions provide for performing efficient sensitivity analysis of an influence di-
agram. The sensitivity of the expected utility of each decision alternative to variations
in one or two conditional probabilities or utilities under study is established by comput-
ing the required constants in the mathematical functions. To obtain these constants
only a limiled number of evaluations of the diagram is required. Now, relating the
mathematical functions for all decision alternatives to each other, provides for inves-
tigating the sensitivity of the recommended decision, that is, the decision alternative
with maximum expected utility. As a measure of the sensitivity of the recommended
decision, we propose the minimum deviation. The minimum deviation is the smallest
change in the assessment(s) for one or two probabilities or ufilities under study that
leads to a chauge in the recommended decision.

7.1 Introduction

The field of decision making under uncertainty has been receiving considerable atten-
tion within artificial-intelligence research over the past decade, The feld is concerned
with the basic problem of determining, from among various different decision alterna-
tives, the alternative that best meets a decision maker’s preferences in view of uncer-
tainty. Decision making under uncertainty builds for its mathematical foundation on
probability theory and utility theory for describing and reasoning with the uncertainties
and preferences involved in a decision problem [Von Neumann & Morgenstern, 1944,
Raitfa & Schlaifer, 1961]. For formally representing decision problems, various for-
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malisms have been designed. One of these formalisms is the formalism of influence
diagrams [Howard & Matheson, 1981},

An influence diagram is a concise representation of a decision problem involving
uncertainty, It consists of a qualitative part and an associated quantitative part, The
qualitative part of an influence diagram takes the form of a divected praph composed
of various types of node and arc. The chance nodes of an influence diagram model
the statistical variables involved in the represented problemy; the arcs among these
nodes with each other capture the indepencdences among the corresponding variables.
The decision nodes of the diagram represent the decision variables from the problem
undet study, each representing a choice among various deeision alternatives; the arcs
between these nodes indicate the order in which decisions are taken. The utility node,
to conclude, summarises the possible outcome scenarios of the represented problem;
its incoming arcs indicate the decision and chance variables whose values influcnce the
problemy’s outcome. The quantitative part of an influence diagram is composed of con-
ditional prohabilities and utilities. The conditional probabilities basically describe the
strengths of the dependences between the statistical variables. The utilities express
the decision maker’s preferences for the various possible ouicome scenarios, An influ-
ence diagram’s qualitative part and quantitative part together provide for computing,
for each decision node, the most preferred decision alternative, that is, the decision
alternative with maximuin expected utility {Shachter, 1986).

Influence diagrams are generally constructed with the help of experts from the do-
main of application. Experience shows that building the qualitative part of an influence
diagram is relatively straightforward. Assessing the various difterent conditional prob-
abilities and utilities for the quantitative part, however, is generally considered a much
nrore diffieult and time-consuming task. For most applications, available data collee-
tions do not provide for assessing all probabilities required [Druzdzel & Van der Gaag,
1995]. Many probabilities have to be assessed therefore by domain experts. Although
various elicitation technigues have been designed to avert the problems of bias and
poor calibration iypically found in judgemental probabilities, elicited from humans,
the large number of probabilities required for an influence diagrain often prehibits the
use of these rather lime-consuming methods., The assessment of utilities is generally
found to be an even harder task than probability assessment. Often, utilities have to
be associated with outcome scenarios with which the assessor is not acquainted. In
contrast with probability assessments, moreover, evaluating the calibration of utility
assessments is very difficult, if not practically impossible, From the above observations,
we conclude that both the probability assessments and the utility assessments obtained
for an influence diagram are prone to inaccuracy.

The inaccuracies in the various probability and utility assessments of an influence
diagram may influence the reliabitity of the diagram’s output. In a medical applieation,
for example, non-optimal treatment recommendations may result from building on in-



7.1. Intreduction 195

accurate assessments, An integral part of investigating the veliability of an influence
diagram’s output is studying its sensitivity [Morgan & Henrion, 1990]. In gencral, sen- .
sitivity analysis of a mathematical model amounts to investigating the effects of the
inaccuracies in the model's parameters by varying the values of the parameters in
a systematic way [Morgan & Henrion, 1990, Habbema et al., 1990). For an influence
diagrain, sensitivity analysis amounts to varying the assessments for one or more con-
ditional probabilities or utilities simultaneously and investigating the effects on the
preferred decision atternative, thal is, the decision alternative with maximum expected
utility. Informally speaking, the more the assessments can be varied without inducing
a change in the mosl preferred decision alternative, the less sensitive the outcomne of
the diagram is to inaccuracies.

Unfortunately, as a result of the usually large number of conditional probabilities
and utilities involved, performing a sensitivity analysis of an influence diagram in
a straightforward manner is computationally unfeasible. Even the simplest type of
sensitivity analysis in whicli one assessment. at a time is investigated, easily requires
tens of thousands of computations: for every single conditional probability and every
utility, a number of deviations from the specified assessment is investigated and for
every such deviation the most preferred decision alternative needs to be computed. To
be of practical use, more efficient methods for sensitivity analysis are required.

In this chapter, we present an efficient method for sensitivity analysis of influ-
ence diagrams. Our method builds upon properties of influence diagrams that render
straightforward variation of conditional probabilities and utilities unnecessary. We
show that there exist simple mathematical functions expressing the expected utility
of a decision alternative in terms of one or more conditional probabilities and utilities
from the diagrain. Computing the constants in these mathematical [unctions sulfices
to cstablish the sensitivity of the expected utility of a decision alternative to variations
in the asscssments of the influence diagram under study. We further show that these
functions provide for the computation of the minimum deviation from the original as-
sessments required to induce a change in the most prelerred decision alternative, The
minimum deviation required is indicative of the sensitivity of the diagram’s output to
inaccuracies in its various assessments.

The chapter is organised as follows. In Section 7.2, we review the formalisin of
influence diagrams and introduce our running example. In Section 7.3, we provide
some background on sensitivity analysis. In Section 7.4, we discuss various properties
of an influence diagram that serve to reduce the computational burden of a sensitivity
analysis with respect to its conditional probabilities; in Section 7.5, we extend these
properties to include the utilities of a diagram. TIn Section 7.6, we briefly discuss
sensitivity analysis with respect to both conditional probabilities and utilities. The
chapter ends with our conclusions and directions for further research in Section 7.7,
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7.2 TInfluence diagrams

An influence diagram is a concise representation of a decision problem involving un-
certainty. In this section, we review the basic formalism of influence diagrams; for
a more elaborate introduction, we refer the reader to [Howard & Matheson, 1981,
Shachter, 1986].

In an influence diagram, gnalitative information describing the structure of the
represented decision problem is explicitly separated from the gquantitative information
involved. The qualitative part of an influence diagram is an acyclic directed graph & =
(V(G), A(G)) with nodes V(G) and ares A(G). The set of nodes V() is partitioned
into three disjoint sets of nodes that capture variables having diflerent meanings in the
represented problem. A chance node is a node representing a statistical variable that
takes a value from among a finite set of values, The set of all chance nodes will he
denoted C{G}. A decision node is a node that models a decision variable or moment
of choice for the decision maker. A decision variable is a variable that represents the
variotts different decision alternatives or actions at the decision maker's disposal; the
value of a decision variable is under direct control of the deeision maker. In the sequel,
we will restrict the discussion to influence diagrams with just a single decision node D,
The third type of node in an influence diagram is the utility node. The utility node
represents the various different ontcome scenmios that may arise from the decision
alternatives and serves to encode the desivability of these scenarios to the decision
maker. The utility node is unique and will be denoted U.

The set A(G) of ares in the digraph of an influence diagran is equally partitioned
into disjeint subsets. The arcs between the chance nodes with each other encode the
independences among the represented statistical variables. Informally speaking, we
take an arc C; = C; to represent a direct influential or causal relationship between
the statistical variables C} and Cj; the are’s direction designates C; as the eflect or
consequence of the cause C;. Absence of an arc between two chance nodes means Lhat
the corresponding variables do not influence each other directly and, hence, are (condi-
tionally) independent. An arc from the decision node into a chance node expresses an
influence on the represented statistical variable, exerted by the decision maker through
his choice for the decision variable at hand. The incoming arcs of the decision node
are generally referred to as informational arcs. An informational arc froin a chance
node into the decision node indicates that the corresponding statistical variahle must
have been observed at the time the decision is made. Absence of an arc from a chance
node into the decision node means that the decision maker need not necessarily have
observed the value of the corresponding variable. An incoming arc for the utility node
indicates that the variable or decision represented by the node at the tail of the arc
directly affects expected utility, The utility node does not have any outgoing arcs.

The quantitative part of an influence diagram is composed of conditional probabil-
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ities and utilities. With each chance node € € C{(F), having the set mo{C}) for its
{immediate} predecessors, is associated a set of conditional probabilities p(Cy | 7a(C))
describing the joint influence of the values of the nodes in 7 (Ch) on Lhe probabilities
of the values of ¢, With the utility node U is associated a set of wtilities u(wg(U))
specifying for each combination of values for the set me(U) of predecessors of U, a
mimber expressing the desirability of this value combination to the decision maker.
We define the concept of an influence diagram more formally; we would like to recall
that we restrict our discussion to influence diagrams involving a single decision node

only,
Definition 7.2.1 An influence diagram is « tuple 1D = (G, p, u) where

o (= (V(G), A(G)) is un acyelic digraph with nodes V(G) = C(GYu {D} U {U}

where

— (@) is the diagram’s set of chance nodes;
— D is the diagram’s decision node;

— U is the ntility node;
and arcs A(G) with og(U) = &;

o p is a set of conditional probubilities p(C; | wa(Ch)), for ofl C; € C(G), where
7g(C;) is the sel of predecessors of C; in G

o u is a sel of utilities u{na(U)).

We illustrate the concept of influence diagram by means of an example that will be

used for our running example throughont the chapter.

Example 7.2.2 We consider a small, highly simplified influence diagram for patient-
specifie therapy selection for oesophageal carcinoma.

As a consequence of a lesion of the oesophageal wall, for example as a rvesult of
frequent reflux, a carcinoma may develop in a patient’s oesophagus. An ocesophageal
carcinoma has various characteristics that influence its prospective growth and possible
infiltration into neighbouring structures. These characteristics include the Location of
the carcinoma in the vesophagns, the Length of the carcinoma, and its macroscopic
Shape; the location and length of the carcinoma are established from a Guastroscopic
examination of the oesophagus. Oesophageal carcinoma, unfortunately, is associated
with a poor Life expectancy. The presence of an oesophageal carcinoma in addition
influences a patient's quality of life. For cxample, dependent upon its length and
macroscopic shape, an oesophageal carcinoma may block the Passege of food through
the oesophagus, with considerable Weightloss as a consequence. In the presence of
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Necrosis (serious decay of tissue), moreover, may an oesophageal carcinoma give rise to
a Fistule (an infiltration, resulting in an open connection) into the trachea and bronchi.
In the presence of a fistula, food, upon swallowing, may enter into the patient’s trachea,
causing choking and extensive coughing,

While establishing the presence of an oesophageal carcinoima in a patient is rela-
tively easy, the selection of an appropriate therapy is a far harder task. The effects
aimed at by instilling a therapy include removal or reduction of the patient’s primary
tumour and an improved Passage after therapy of food through the cesophagus. The
various different therapeutic alternatives available differ in the extent to which these
effects can be attained. Instiliation of a therapy further is expected to be accompanied
not just by beneficial effects hut also hy various, possibly serious, complications. The
effects and complications to be expected from a therapy depend on the characteris-
tics of the patient’s carcinoma and need be weighed carefully before deciding upon a
specific therapy for the patient,

In our simplified influence diagram, we consider the possible effects and compli-
cations of just three therapeutic alternatives; these are a surgical removal of the oe-
sophagus, positioning an endoprosthesis or stent into the cesophagus, and withholding
treatment. A surgical procedure is aimed at removal of the primary tumouwr and, thus,
at a prolonged life expectancy. Only if upon surgery all tumour cells are removed and
no Residua! caneer remains, will a prolonged life expectancy be attained for the patient.
The procedure brings a high mortatity risk, especially for older patients. Positioning a
prosthesis in the oesophagns is aimed primarily at an improved quality of life after ther-
apy. The prosthesis serves to improve the passage of food through the oesphagus and,
in the presence of a fistula, in addition serves to cover the fistula, thereby alleviating
associated problems. Positioning a prosthesis, however, is not without risk. Especially
if a patientl’s carcinoma is associated with necrosis can positioning the prosthesis cause
a Perforation of the oesophageal wall; also, a patient may suffer from Migration of the
prosthesis.

The digraph of the simplified influence diagram representing the deciston problem
of therapy selection for oesophageal carcinoma is shown in Figure 7.1. The chance
nodes are depicted as circles, the decision node is represented by a box, and the utility
node is drawn as a hexagon.

Associated with each chance node in the inHuence diagram is a set of conditional
probabilities describing the joint influence of values for its predecessors on the probabil-
ities of its own values. For example, for the chance node Necrosis, the diagram specifies
the following conditional probabilities for the presence of serious decay of tissue in the
oesophageal wall, indicated by the value yes:
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Figure 7.1: The digraph of the Oesophagus inflnence diagram,

Pr(Necrosis = yes | Shape = polypoid, Length < 6em) = 0
Pr(Necrosis = yes | Shape = polypoid, Length > Gem) =  0.25
Pr{Necrosis = yes | Shupe = scirrheuns, Length < bem) = 0
Pr(Necrosis = yes | Shape = scirrheus, Length > Gem) = 0,10 -
Pr(Necrosis = yes | Shape = wlcerating, Length < 6cm) = 0

Pr(Necrosis = yes | Shape = ulcerating, Length > 6em) = (.85

For the influence diagram, a total number of 217 probabilities have been specified.

With the utility node of the influence diagram is associated a set of utilities, speec-
ifying for each combination of values for the node’s predecessors a number indicating
desirability. For example, for a patient in whoin treatment has not resulted in a pro-
longed life expectancy the diagram specifies the following utilities:

u(Life expectancy = same, Passage after therapy = improved, Migration = no) = 0.80
u{Life expectancy = same, Passage after therapy = improved, Migration = yes) = 0.75
‘u{Life expectancy = same, Passage after therapy = same, Migration = no) = 0.60
u{Life expectancy = same, Passage after therapy = same, Migration = yes) = 0.35
u(Life espectancy = same, Passage after therapy = worse, Migration = no) = 0.20
u{Life expectancy = same, Passage after therapy = worse, Migration = yes) = 0.056

For the diagram, a total number of 18 utilitics have been specified. O

The conditional probabilities of an influence diagram provide all information necessary
for uniquely defining a joint probability distribution on the statistical variables in the
diagram that respects the independences portrayed by the diagram’s qualitative part.
This property is stated more formally in the following proposition. The notation |y_,
is used to indicate that, in the preceding formuia, the variables in the set X take the
combination of values .
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Proposition 7.2.3 Let ID = (G, p, u) be an influence diagram with the chance nodes
C(G) and the decision node D. Then, for each decision alternative d; of D,

PH(C@),D=d))= [] »(C:|me(C)

D=d;
CieC{n) 4

defines a joint probability distribution Pr on C(G) that respects the independences por-
trayed by the digraph G.

From the previous proposition, we have that the part of an influence diagram that
is induced by its chance nodes provides for probabilistic inference conditional on any
decision alternative. By taking the various utilities associated with the utility node
into consideration, the diagram provides for computing the decision allernative with
maximum expected wutility. This property is stated more formally in the following

proposition.

Proposition 7.2.4 Let ID = (G, p,u) be an influence diagram with the chance nodes
C(G), the decision nede DD, taking one of the velues dy, ..., d,,, m > 1, and the utility
node U. Let O C V(G) be the set of observed chance nodes in G and let o denote
the corresponding observations. Then, the decision alternative with mazimum ezpected
wtility, denoted d .-, equals

tyar = argd e{?rmxd }(en(D =d; |0 = o))
J Lanstyn

where, for each decision alternative d; of D, we have that

eu(D=d; |0=0)= 3 Prir(U) | D,0) u(ne(U)) 1n 4,
ag(li) O=¢
In the following, we illustrate compnting the preferred decision alternative for our

example influence diagram.

Example 7.2.5 We consider the Oesophagus influence diagram from Figure 7.1. We
are interested in the decision alternative with maximum expected utility for a ninety-
two year old patient who has not suffered from any weightloss and in whom the absence
of necrosis and a fistel have heen established; the observations for the set of observed
variables O = {Age, Weightloss, Necrosis, Fistula} will be indicated by o. We start
by computing the expected utility of positioning an endoprosthesis in the patient’s
oesophagus., From Proposition 7.2.4, we find that

eu(endoprosthesis | o) = Z Pr{m (U} | endoprosthesis, o) - u{n({/))
w{l7)

where the set w{U) comprises the chance nodes Life ezpectancy, Passage after therapy,
and Migration. The posterior probabilitics Pr(Life expectancy, Passage after therapy,
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Migration | endoprosthesis, o) are computed from the diagram for all values of the three
variables involved. The variables Life expectancy and Passage after therapy take the
values improved, seme, and worse; the variable Migration takes the values yes and
no. Positioning an endoprosthesis in a patient’s oesphagus only serves to improve the
passage of food and has no effect on life expectancy. The posterior probabilities of the
outcome scenarios involving an improved or worsened life expectancy therefore equal
zero. Now, inserting the computed posterior probabilities and the various utilities
involved in the equation above, we find

eu{endoprosthesis | o) =

= Pr{LE=s, Pass = i, Migr = no| endoprosthesis, o) - u{ LE=s, Pass = i, Migr = no)
+ Pr(LE=s, Puss = i, Migr = yes| endoprosthesis, o) - u(LE=s, Pass = i, Migr = yes)
+ Pr(LE=s, Pass = s, Migr = no | endoprosthesis, o) - u{ LE=s, Pass = s, Migr = no)
+ Pr{LE=s, Pass = s, Migr = yes | endoprosthesis, 0} - u(LE=s, Pass = s, Migr = yes)
+ Pr(LE=s, Pass = w, Migr = no | endoprosthesis,a) - w(LE=s, Puss = w, Migr = no)
+ Pr(LE=s, Pass = w, Migr = yes | endoprosthesis, o) - u{LE=s, Pass = w, Migr = yes)

i

If

=0.283 - 0.8 4 0.0230 - 0.75 4+ 0.458 - 0.6 + 0.0372 . 0.35 4 0.175 - 0.2 + 0.0142 - 0.05

= 0.567

abbreviating the names of the variables and values for readability. For the two decision
alternatives surgery and no treatment, we analogously find

eulsurgery | 0) = 0.495
and
euw{no treatment | 0) = 0.6

From the expected utilities for the three decision alternatives, we have that for our
ninety-two year old patient the decision alternative to refrain from treatment has max-
imum expected utility and, hence, is the preferred decision alternative. O

For computing from an influence diagram the decision alternative with maximum ex-
pected utility, various different, algovithms are available [Shachter, 1986, Cooper, 1988].
The algorithm by R.D. Shachter operates divectly on an influence diagram by recur-
sively reducing the diagram and combining probabilities and utilities [Shachter, 1986].
The atgorithm by G.F. Cooper, on the other hand, transforms an influence diagram into
a Bayesian belief network and subsequently performs probabilistic inference [Cooper,
1988]. Since in the sequel we will build uponr Cooper’s algorithin, we briefly summarize
its essence.

The basic idea of Cooper’s algorithm is 1o transform an influence diagram into
a Bayesian belief network by converting both the decision node and the utility node
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into a chance node and transforming the utitity function to a probability function. In
converting the decision node 1) into a chance node, its incoming ares are removed. The
various decision alternatives dy,...,dy, m > 1, of the decision node are taken for the
new chance node'’s values. These values are assigned an even probability distribution.
The utility node is converted into a hinary chance node taking one of the truth values
true and folse. Withoul loss of gencrality, we asswine that the utilities for the diagram’s
utility node He hetween zero and one, where zero is the utility for the worst possible
outcome scenario and one is the utility for the best outcome scenario. For the chance
node U modeling the original wtility node, a set of conditional probabilities p(UV |
7e(U)) is defined with

p(U = true | ma(U) = u(me(U))

For any decision alternative d;, j = 1,...,m, the posterior probability Pr(D = d; |
U = true,0 = o) given the observations o and given the instantiation tree for U
can now be shown to be equal to the expected utility ew(D = d; | O = o) of d;.
Determining the decision alternative that maximises expected utility therefore amounts
to establishing the decision alternative that yields the maximum posterior probability
given the available observations and the value #rue for U.

7.3 Sensitivity analysis

Sensitivity analysis is a general technique for investigating the effects of the inaceura-
cies in the parameters of a mathematical model on this model’s output [Habbema et
al., 1990, Morgan & Henrion, 1990]. The analysis basically amounts to systematically
varying the values of a number of parameters of the model under study and computing,
for each of the combinations of values considered, the outcome of the model. For an
influence diagram, sensitivity analysis amounts to varyving the assessments for one or
more conditional probabilities or utilities, termed parameters, of the diagram’s quan-
titative part simnlianeously. The eHect of these variations on the expected utility of
each decision alternative and, in particular, on the decision alternative with maximum
cxpected utility is studied, In fact, the effect of varving assessments on the decision
alternative with maximuin expected utility can be established from the observed effect
of these variations on the expected ntility of each alternative. Having established the
relation between the expected utility of each alternative and the parameters under
st.udy, it can be computed how much the original assessments for these parameters
should be changed to alter the decision alternative with maximum expected utility
from the formerly prefeired alternative to any other alternative. We are interested
in determining the minimum deviation in the parameter assessments that causes this
change in preferred decision. This minimum deviation is & measure of the robustness
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of the inflnence diagram to inaccuracies in its parameters; it gives an indication of the
diagram’s reliability.

The simplest type of sensitivity analysis is a ene-way sensitivity analysis. In a one-
way sensitivity analysis of an influence diagram, the assessments for the conditional
probabilities and utilities in the diagram are varied one at a time, keeping all other
assessments fixed. A one-way sensitivity analysis thus reveals the independent effect
of deviation from the assessment of a single conditional probability or utility. To
assess the joint effect of various conditional probabilities and utilities together, higher
order sensitivity analyses arc required. In this chapter, we discuss fwe-way sensitivity
analysis, in addition to one-way sensitivity analysis. In a two-way sensitivity analysis,
the assessments for two conditional probabilities or utilities are varied simnltaneously,
keeping all others fixed. Such an analysis reveals how the two parameters under study
interact in their effect on expected utility. In principle, a three-way or higher order
sensitivity analysis is also possible. However, the results of such an analysis are hard
to interpret. In clinical decision analysis, it is customary to perform one- and two-way
sensitivity analyses; the results of these analyses can be represented graphically and
are, therefore, easier to use.

In principle, in a one-way and two-way sensitivity analysis of an infHuence dia-
gram, every single assessment and every pair of assessments in the diagram is in-
vestigated. The analysis can be carried out by simply varying the assessments step-
wise using a sufficiently large number of steps and, subsequently, evaluating the in-
fluence diagram for each step. However, such a straightlorward sensitivity analysis
is far too time-consuming, Even for rather small influence diagrams, easily tens of
thousands of evaluations would be required. Until now, to our knowledge, no efforts
have been undertaken to increase the efficiency of performing a sensitivity analysis of
an influence diagram, For belief networks, however, an efficient method is available
[Castillo et el., 1997h, Coupé & Van der Gaag, 1998] (see also Chapter 4). As influ-
ence diagrams are closely related to belief networks, we briefly review this method. It
forms the hasis of the research presented in this chapter.

In a sensitivity analysis of a belief network, the effect of varying parameter assess-
ments on'a prior or posterior probability computed from the network is investigated.
With respect to the results of such an analysis, Coupé and Van der Gaag, and Castille
et al. identified two important properties. Firstly, the independences reflected by the
qualitative part of a belief network allow for identifying, by simple visual inspection,
conditional probabilities that cannot affect the probability of interest in the network.
These conditional probabilities can be excluded from the sensitivity analysis. Secondly,
the remaining conditional probabilities relate to the probahility of interest as a quotient
of two multilinear functions. We will detail this shortly.

Coupé and Van der Gaag use the term sensitivity sef to refer to the set nodes whose
conditional probabilitics may affect the probability of interest. To identify the sensi-
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tivity set, they propose constructing an auxiliary graph. To that end, to every node in
the nefwork an auxiliary parent is added. Intuitivély said, an auxiliary node represents
the inaccuracy in the conditional probabilities of its child. Then, the sensitivity set
for the neode of interest, that is, the node to which the probability of interest relates,
consists of those nades in the network for which the auxiliary parent is not d-separated
from the auxiliary parent of the node of interest. For details in d-separation, we refer
the reader to [Pearl, 1988]. The remaining auxiliary nodes are d-separated from the
auxiliary parent of the node of intercst and, as such, their conditional probabilities
do not affect the probability of interest. Note that, in addition to these uninfluential
probabilities that are identified by qualitative considerations only, there are conditional
probabilities that cannot affect the probability of interest because they specify values
that do not correspond with the observations.

As the conditional probabilities for nodes in the sensitivity set may infuence the
probability of interest, it is useful to perform a sensitivity analysis with respect to these
probabilities. When varying the assessment for a conditional probability under study
in a sensitivity analysis, the assessments for the network’s probabilities that pertain to
the same conditional probability distribution have to be adjusted such that the sum
of all probability assessments in this distribution again equals one. The assessments
that have to be adjusted are called co-varying probabilities for the probability under
study. Assume, that we have a probability under study = = pla; | #') that pertains
to the value ¢; of the variable A and the configuration #' for the pavents of A. The
possible values for the variable A ave ¢y, ..., ar, & > 1. The co-varying probabilities for
@ then are the conditional probabilities pla; | 7'}, § # & The swn of the assessments
for the co-varying probabilities, here called the residuad probability, cquals 1 — 2. Now,
in varying the assessment for x, the assessments for these co-varying parameters are
adjusted by the ratio of the new residual probability 1 — @ and the original residual
probability 1—p(a; | 7). Constdering p(a; | 7') as a lanction of x, denoted p(a; | 7'){),

we have that

11—

ey | ') (@) = play | ) - = plas [

for all j = 1,...,k, j # i. If more than oune probability from the same probability
distribution is investigated in a sensitivity analysis, the residual probability equals one
minus the sum of the assessiments for these probabilities.

Under the assumption that systematic variation of the network’s probabilities is
carried out as described above, in general, a probability of interest can be expressed as
a quotient of two muttilinear functions in an arbitrary number of probabilities under
study [Castillo ef al., 1997, Coupé & Van der Gaag, 1998]. For one-way sensitivity
analysis, we then find a quotient of two Iunctions linear in the single probability under
study, Writing ’r(V|o) for the posterior prohability of the node of interest 1V given
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the observations o and # for the conditional probability under study, we have that

a-x+b

Pr(Vio) = e +d

For a two-way sensitivity analysis with respecl 1o the conditional probabilities 2: and
¥, the relation is

a-axyt+hortc-ypt+d
c-ay+f-atg-yth

Pr(V]o) =

Coupé ef ol and van der Gaag show that, for nodes in the network that are not
observed and have no observed descendants, the relation between the probability of
interest and one or two of their conditional probabilitics is simply linear or bilinear,
respectively.

The two properties of sensitivity analysis of belief networks reviewed above allow
for considerably more efficient sensitivity analysis than by performing straightforward
variation of assessments, Nodes that are not in the sensitivity set are excluded from
the analysis and for the remaining conditional probabilities it suffices to establish the
coefficients in the functional relation. To establish these coeflicients only a limited
nuuiber of network evaluations is required; one for each coeflicient, This gives a system
of linear equations which is easily solved to give the required coefficients.

As belief networks are closely related to influence diagraimns, the properties described
for belief networks can be used in developing an efficient. method for sensitivity analysis
of influence diagrams. In the previous section is has been mentioned that an influence

“diagram can be transformed to a belief network using Cooper’s transformation. Of the
resulting beliel network only the probability distribution of Lhe utility node is mean-
ingful. The expected utility of a specific decision alternative in the influence diagram
equals the posterior probability of the value #frue {or the utility node conditional on
this decision alternative. The coucept of the sensitivily set now altows for identifying
conditional probabilities that do not affect expected utility. Furthermore, for one- and
two-way sensitivity analysis of an influence diagram, equivalent functional relations
hold as given above. This allows us to efficiently compute the effect of varying proba-
bility assessments on the preferred decision alternative, that is, it allows for efficiently
computing the minimumn deviation required to change this initially preferred decision
alternalive to any other alternative. In the next section, we focus on computing the
minimuny deviation in one or two of a diagram’s conditional probabilities to change
the preferred decision alternative. In section 5, this is done for sensitivity analysis
with respect to the utilities in an influence diagramn. As for the utilities in an influence
diagram, the functional relations observed obey additional constraints compared to
the functional relations in terms of conditional probabilitics, we will discuss sensitivity
analysis with respect to utilities in more detail.
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7.4 Sensitivity analysis with respect to
probabilities

As indicated in the previous section, the concept of sensitivity set can be used to identify
the conditional probabilities in an influence diagram that cannot atfect expected ntility.
More precisely, in the belief network derived from this influence diagram, these are the
conditional probabilities pertaining to the nodes that are not in the sensitivity set of
the utility node. We use the notation Sen(l/, {3, 0}) to indicate the sensitivity set of
the utility node given the set of observed nodes O and the instantiated decision node
3. The following example illustrates the concept of the sensitivity set in an influence

diagram,

Example 7.4.1 We consider once again the Oesophagus diagram. We are interested
in the set of nodes whose conditional probabilities may influence expected utility of
any of the decision alternatives. To thai end, we first construct the belief-network
representation of the Oesophagus diagram.

Now, consider a patient aged ninety-two who has no fistel and an impaired passage.
This patient has also been observed to have no neciosis. The sensitivity set for the
node Utility given the set of observed nodes O = { Age, Fistula, Necrosis, Passage} and
the decision node Therapy equals

Sen{ Utility, {O, Therapy}) = { Migration, Life expectancy, Passage after
therapy, Perforation, Residual, Passage, Length, Shape, Fistula,

Necrosis, Loeation}

Upon performing a sensitivity analysis of the Oesophagus diagram, therefore, the con-
ditional probabilitics for these eleven nodes nead be investigated. The probabilities
pertaining to the nodes Age, Gastro length, Gustro location, and Weight loss have no
influence on expected utility. Nole, that the nodes that are not in the sensitivity set
are nol necessarily d-separated from the utility node. Given the sei of observed nodes
O, for example, we see that the uninfluential node Weight loss is d-separated from the
node Utility, but the node Gastro location is not d-separated. Since Gastro location is
not observed and has no observed descendants, however, this node cannot exert any
diagnostic influence via its parent Locetion on utility. O

For the conditional probabilities of an influence diagram, there exist simple [unctions
describing the relation between expected utility and a single conditional probability
that is varied in a one-way sensitivity analysis. These functions are the same as in a
beliel network. In a one-way sensitivity analysis, expected utility is a quotient of two
functions depending linearly on a conditional probability under study. We illustrate

this with an example.
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Example 7.4.2 We consider again the Oesophagus diagram. For the patient intro-
duced in Example 7.4.1, we have investigated the sensitivity of the recommended ther-
apy. From BExample 7.4.1, we have that the probabilities for the nodes Age, Gastro
length, Gastro location, and Weight loss have no effect on expected utility. The condi-
ttonal probabilities for the remaining nodes may be influential. Now, upon performing
a sensitivity analysis of the Oesophagus diagram, it became clear that expected utility
and the recommended decision are hardly effected by varying the conditional prob-
abilities in the diagram independently, Carefully studying both the stracture of the
diagram and its probability assessments revealed that the sirength of the observaiions
blocks the influence of many conditional probabilities. For conditional probabilities
that do affect expected utility, the eflective change in the expected utility of each de-
cision alternative docs mostly not lead to a change in recommended decision. These
findings result from the fact that we chose Lo simplify the original Oesophagus diagram
considerably in order to obtain a practical example with a limited nnmber of variables.
In this small network, shown in Figure 7.1, observations easily cause blocking of in-
fluences. Sensitivity analyses of the original network, however, did reveal the typical
curves that describe expected utility in terms of a conditional probability, To illistrate
these typical effects here, we modified our patient profile; we assume the variable pas-
sage to be unobserved. Instead, we take the observation no for the variable Weight
loss. Although the resulting profile is not a realistic patient profile, we will use it
througlout the example to illustrate our theoretical results.

Now, for a patient aged ninety-two wlho has no fistel, no weight loss and no necrosis,
only the three nodes Age, Gastro length, Gastro location are not included in the sensi-
tivity set of the utility node given the set of observed nodes O = {Age, Fistula, Necrosis,
Passage}. The conditional probabilities for the remaining nodes in the diagram may
affeet expected utility. We now investigate the functional relation between expected
utility and the conditional probability = = p( Weight loss = no | Passage = impaired)
for the node Weightloss € Sen(Utility, {O', Therapy}). We will write o for the combi-
nation of values for the observed nodes. For each treatment alternative, in Figare 7.2,
the relation between expected utility and the conditional probability under study is
shown. From Figure 7.2, we see that the expected ulility of posilioning an endopros-
thests in the patients cesophapgus shows a relatively high sensitivity for the conditional
probability p( Weight loss = no | Passuge = impaired) at the original point esti-
mate of 0.1, Varying this estimates with less than +0.1 changes the decision alter-
native with maximum expected utility from no treatment to endoprosthesis. As an
endoprosthesis is positioned in the eesophagus with the primary objective to improve
the passage of food through the cesophagus, this result is not surprising. Increasing
p(Welght loss = no | Passage = impaired) not only increases the chance for a patient
with an impaired passage to keep his normal weight, but also increases the chance that
a patient with normal weight, that is, a patient who is apparently not seriously affected
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Figure 7.2: The functions relating the expected utilities for the decision alternatives
endoprosthesis, surgery, and no trectment to the conditional probability under study
@ = p(Weight loss = no | Passage = impaired).

by the tumour, has indeed an impaired passage. As such, no weight loss is no longer a
contraindication for positioning an endoprostlesis,

In formula, the functional relation between the expected utility of positioning an
endoprosthesis and the probability  is

0,7050 - & + 0.0696
-+ 01470

eu{endoprosthesis | o) =

For the decision alternatives surgery and no treatment, the functionat relations are

0.5353 - & + 0.0688
culsurgery | o) = x 01470

and

0.6-2+0.0882

eu{no trentment | 0) = oI 0.6
x4,

The constants in these relations can be determined by evaluating the diagram three
times for three different values of the probability under study z. The resulting system of
linear equations is solved to give the required constants [Conpé & Van der Gaag, 1998).

o ‘

Int a two-way sensilivity analysis, expected utility is a quotient of bilinear functions in
two conditional probabilities under study. The following example illnstrates two-way
sensitivity analysis of the Qesophagus diagram.

Example 7.4.3 We discuss a two-way sensitivity analysis of the Oesophagus diagram,
that is, we investipate the effect of varying two conditional probabilities simultaneously
on expected utility, We take the same observations o for the set of observed nodes O
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Figure 7.3: The functions relating the expected utility of the decision alternatives
endoprosthesis (a) and surgery (b} to the conditional probabilities under study @ =
p(Weight loss = no | Passage = impaired) and y = p(Length < 6 cm). The original
assessments for x and y, indicated by triangles, are (.1 and 0.3, respectively.

as in Example 7.4.2. The two probabilities under study are p(Weight loss = no |
Passage = impaired) and y = p{Length < 6 cm).

In Figures 7.3a and b, the relation between expected utility and the two probabilities
uncter study is shown for the decision alternative Lo position an endoprosthesis in
ihe oesophagus and for the alternative to perform surgery. The expected utility of
no treatment is not aftected by varying any of the two probabilities under study; it
invariantly takes the value 0.6, The contour lines in the figures connect combinations
of values for the two probabilities under study that result in the same value for the
expected utility, Note that the distances between the contour lines difler, indicating
that varying the two probabilities simultaneously has a joint effect on expected utility
beyond the effects of their separate variation,

Comparing the two figures reveals that, whatever combination of values the two
conditional probabilities take, the expected utility of positioning an endoprosthesis is
always larger than the expected value of operating. Using furthermore the knowledge
that the expected utility of no treatment is 0.5, we see from Figure 7.3a that changing
the value of p{Length < 6 em) to values lower than abont 0.08 changes the decision
alternative with maximum expected utility from 1o treatnient to endopresthesis. Sim-
ilarly, changing the value of p(Weight loss = no | Passage = impaired) to values
higher than about 0.2 changes the preferred decislon from no treatment to endopros-
thesis. This latter effect was also observed in Example 7.4.2, Figure 7.2. 1t is related
to the predictive value of observing ne weight loss for a patient with a tumenr in the
oesophagus. The former eflect simply describes that, as the chance of having a large
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tumour increases, it becomes more favourable to position an endoprosthesis compared
to 1o treatment, This is explained as follows; the larger a tumour in the oesophagus
is, the larger the chance becomes that it will cause problems for the passage of food.
An endoprosthesis thus becones more desirable.

In formula, the relations between expected utility and 2 and y are

0.7050 - @ - y + L7565 - & + 0.3974 - y -+ 0.0751
@y + 24915 - w0 + 0.8588 -y + (0.1528

eu(endoprosthesis | o) =

0.7216 -2 -y + 12778 - & + 0.4288 - y + 0.0635
@y + 24915 - 2+ 0.8588 - iy + 0.1528

en{swgery | 0) =

and
0.6 y+14949. & +0.5153 -y + 00017 _ 5
ey + 24915 2 +0.8588 -y + 0.1528

eu(no treatment | o) =

So far, we have focused on the functional relations that lhold hetween expected
utility and each single conditional probability or each pair of conditional probabilities
in an influence diagram. These lunctional relations describe the effect of one or two
conditional prohabilities on each decision alternative in isolation. As tie outcome of
interest in an influence diagram is the decision alternative with highest expected utility,
studying the effect of varying one or two probabilities on each decision alternative in
isolation does not suffice. The effects of variations on all decision alternatives are Lo
be considered in relation to each other. For this purpose, we focus on the minimum
deviation. The minimum deyiation is the smallest change in the assessment(s) for
one or two probabilitics under study that leads 1o a change in the preferred decision
alternative,

We start with the computation of the minimum deviation in a one-way sensitivity
analysis. We observe that the expected utility of each decision alternative can be
represented as a line or curve. Now, exploiting the functional form of these curves,
their points of intersection can be computed, The values of the probability under
study at the intersections are called crifical walues. The minimum deviation now is
the smallest change in the original assessment for the probability under study that
is required to reach a critical value. If the probability under study surpasses this
eritical value, the preferred decision alternative changes to the alternative to which the
line pertains that intersects with the lne for the formerly preferred alternative. The
tfollowing proposition details the computation of the minimumn deviation more formally.

Proposition 7.4.4 Let [ D be an influence dicgram as defined in Definition 7.2.1. Lel
D be the diagram’s decision node taking one of the values {dy, ..., dy}. Let O be the set
of observed nedes and let o denate the corresponding observations. Let Sen(l/, {D,0})
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be the sensitivity set for ulility node U given D and O, and let x = plc, | ©') be a
conditional probubility perieining fo node Cs € Sen(U, {D,0}). Let e, b, ¢, and ¢ be
constants such that the expected utility of the preferred decision alternative dpa, equals
a-T+b
Eu(dmam ' O) = m
For each d; € {dy,...,dv}, di # dypaz, let a;, by, c;, and e; be constants such that the
expected uwtility of d; equals '
a~ 0 .’1: b<
eu(d; | 0) = G- L+
(W OR )
Then, the minimum deviation A requived to chonge the decision alternative with

mazimum expected utility is

. b—b
Apin = min (- L)
dieD a—
da'#dmar

where g 1s the origina assessment of ¥ and 0 <@g + Apin < 1.

Proof. In the following, we first, show that the denominators in the expressions for
et{dypa; | 0) and eu(d; | o) in terms of @ are equal, up to a constant factor. The
minimum devialion in the parameter @ required to change the decision alternative
with maximum expected utility then is given by the difference between the original
assessmient for @ and the point of intersection of the two curves for eu(t., | 0) and
eu(d; | o).

Using Cooper’s transformation, the expected utilities of the decision alternative
thnar and any other alternative d; can be written as

PI(U = true, dmaz'a 0)

7.1
Pll(dmai:s O) ( )

eu(thyar | 0) = Pr(U = true | dygr, 0) =

and

Pr{U = true, d;, 0)
Pr{d;, 0)

where Pr is the joint probability distribution defined by the belief network that results

from Cooper’s transformation of 7D, From Proposition 7.2.3 and the property of

marginalization, we have that both the numerator and the denominater in the above

en(d; | o) = Pr(U = true | d;,0) = (7.2)

equations can be written as a sum of products of conditional probabilitics. I the two
denominators, most conditional probabilities in the products are the same, Only those
probabilities differ that pertain to the chance node D) or the direct descendants of D.
For computing Pr{dpqr, ¢) and Pr(d;, 0), the joint probability distribution of the belief
network is marginalized over all variables except those contained in {I},0}. Since,
by convention, none of the descendants of D is observed, marginalizing over these
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variables antounts to multiplying by one. Conditional probabilities pertaining to these
unobserved descendants therefore have no effect on Pr(d ez, 0) and Pr{d;, o). As for the
prior probabilities pertaining to node I itself, il is easily seen that all terms i both the
numerator and the denominator in cach of the two cquations above contain the prior
probability of the chosen valne for 1. This prior probability therefore cancels out in
the division. We conclude that the denominators in the lunctional relation expressing
et(dypee | 0) and eu(d; | 0) in terms of 2 are the same up to a constant factor; as such
the constants in the denominator can be taken the same, that is, ¢ = ¢; and e = ¢;,
Now, the critical value of 2, denoted 2.4, for which the expected utilities of tyyqr

and d; are equal can be computed from

a- oy +b R s b;
C @it T 0 CrXepif + €

We find that
h— b,’

 —

Tt = —

Tn order to change the decision alternative with maximum expected utility from d,,;¢; to
d;, the original assessment xy for parameter v shonld be varied more than the deviation
A; required to obtain equal expected utilities for both alternatives,

b—b;

a— a;

Ai = Epryg — g = — g
The minimum deviation Ay, that changes the decision alternative with maximum
expected utility from dy,, to an other decision alternative, now, is the mininnnn of
the deviations A; required for each decision alternative d;, d; # dipgr-

. b b
Amin = 1111 (-m _ 3;0)
die D a— @
di # dmax

We illustrate computing the minimum deviation in one-way sensitivity analysis of

an influence diagram with our running example.

Example 7.4.5 Consider the one-way sensitivity analysis of the Oesophagus diagram
that is presenied in Example 7.4.2. In the example, the functional refations expressing
expected utility in terms of the conditional probability » = p(Weight loss = no |
Passage = impaired) are given. In Figure 7.2 these functions are represented graph-
ically; the figure shows that increasing the assessment of @ can change the preferred
decision alternative from no treatment o endoprosthesis.
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Now, the critical value @, for which the expected wtilities of endoprosthesis and
no treatment are equal can he computed from the functional relations describing
eu(endoprosthesis | o) and eu(no treniment | o) in terms of .

0.7050 - ey + 00696 0.6 - weryy + 0.0882
Terie + 01470 O Dt + 01470
Solving this for xe yields g = —(0.0882 — 0.0696)/(0.6 — 0.705) = 0.177. In
othier words, if the original assessment. of (L1 for x is increased by at least 0.077, then

the preferred decision alternative changes from no treafment to endeprosthesis. The
recommended decision is thus quite sensitive to changes in the assessment for 2. O

To determine the minimum deviation for two probabilities under study in a two-way
sensitivity analysis, a similar procedure is adopted. The functional relation between
the expected utility of each decision alternative and the two conditional probabilities
under study can be represented as a surface, Now, exploiting the functional form
of these surfaces, their intersection lines can be computed. These intersection lines,
called critical lines, connect the combination of values of the probabilities under study
for which the expected utilities of two decision alternatives are equal. The minimum
deviation then is the smallest change in the original assessments of the prohahilities
under study that is required to reach a critical line. The minimum deviation thus is a
vector whose length is the distance from the point indicating the original assessments
perpendicular to that line, Tf two probabilities under study are varied by less than the
mininmm deviation, the preferred decision alternative remains the same. For variations
targer than the minimum deviation, the preferred decision may change. However,
whether or not the preferred decision alternative actually changes depends not only on
the length of the vector representing the minimum deviation but also on the direction

of this vector.

Proposition 7.4.6 Let I D be an influence diagram as defined in Definition 7.2.1. Let
D be the diagram’s decision node taking one of the volues {dy, ..., dp}. Let O be the set
of observed nodes and let o denote the corresponding observations. Let Sen(U, {D, O})
be the sensitivity set for utility node U given D and O, and let @ = ple, | @') and
y = pley | 7") be conditional probabilities perteining to nodes Cy, Cy € Sen(U, {D, O}).
Leta, b, ¢, e, f, g, b, and [ be constants such that the expected utility of the preferred
decision alternative i,,., &

a-xytbaxteyte

feo-y+goath-y+i

For each o; € {dy, ..., di}, di # dieey et a;, by, iy €5, fiy g5, By and I be constants
such that the expected utility of d; equals

Eu('flu'mr. | 0) -

Yy b eateytoe
firwytgi-azthi-u+l

ew(d; | o) =
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Then, the minimum deviation required to change the preferred decision elternative from
dmer to any other decision alternative equals Apyin where

|Aminll =  min  [|A)
di€ D

d;i # dinax

and where, for each d;, we have that

Terit — &
Az’ — crit 0
Yerit — Yo

where x5 is a solution te

Yo+ (Terit = o) - “fﬁ = f{%erit)
with
Fla)=— (b=b) x+(e—e)

(o —a;) x4+ (e— )

and Yoy equals f{xew), and xy and 4y are the original assessments for x and y, re-
spectively, ‘

Proof. Similarly to the proof of Proposition 7.4.4, it can be shown that the constants
£ g, h, and [ are equal, up to a constant factor, to the constants f;, g, ft;, and {;. As
such, the critical line at which the expected utilities eu{diar | 0) and eudd; | o) are

equal is expressed by
a-x-y+bhatcyte=a-z-y+h-axte-yte

Writing y in terms of x, we find

(b—b) & —(e—g)
(a—w) x={(c—¢c)

For ease of exposition, we write f(x) to denote this function. Now, in order to change
the decision alternative with maximum expected utility from dye, to di, the original
assessments for @ and y should be varied until they lie on this critical line. The
minimum change in x and y required is given by the distance perpendicular to the
critical line. The line through (zq, yp) perpendicular to the critical line is
Floom) e
Y=Y+ &%) 7§
f'(z)

where f(x) is the derivative of f{z). This perpendicular line and the critical line
intersect at the critical point (Zeri, Yorn), Where Ty is a solution to

-1
Yo + (:Etl'if — .‘L‘()) . m = f(il:crif)
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and Y = f(2eu). Now, to change the preferred decision from d,,,,, to d;, the original
assessments for the probabilities a and y thus need to be varied by at least w4 — @
for probability # and ¥, — yo for probability y. The minimum deviation for decision

alternative o; is the vector

Berit —
Ai — crit 0
Yerit — Yo

The minimum deviation required to change the preferred decision alternative from dga,
to any other alternative then is given by A;, where A; pertains to the decision alterna-
tived;, i =1,..., &, d; # diner, for which the length || A ;)] of vector A; is minimized. O

In the following, we illustrate the computation of the minimum deviation for a
two-way sensitivity analysis of the Oesophagus diagram,

Example 7.4.7 Consider the two-way sensitivity analysis of the Oesophagus diagram
discussed in Example 7.4.3. The probabilities under study are x = p(Weight loss =
no | Passage = tmpaired) and z = p(Length < G cm). Trom the example, we
saw that no ftreafment is the prefered decision alternative at the original assessments
of 0.1 and 0.3 for @ and y, respectively. By varying the assessments, the preferred
decision alternative may change {0 endoprosthesis, but never to operation. Now, we
are interested in the minimum deviation in 2 and y required to change the preferred
decision from no freatment to endoprosthesis. The expected utilities for these two
decision alternatives are equal if

0.7060 - & - + 1.7565 - 2 -+ 0.3074 - 3y + 0.075F 0.6+ -y + 1.4949 - & + 0.5153 - y + 0.0917

Ty +24915 -7 1 0.8588 -y + 0.1628 @y + 2.4015 - 5 + 0.8588 - y + 0.1528

or

0.262 - & — 0.0166
0.105 -2 — 0.118
This expression represenis the critical line hetween no {reatment and endoprosthesis.

y:

It 1s shown in Figure 7.4.

Now, the minimum distance from (&, ¥y} to the critical line between no treatment
and endeprosthesis is in the direction perpendicular to this critical line. Thus, we
construct a line perpendicular to the critical line, through the original assessments xp
and !

' (0.105 - x — 0.118)2
N 0.0292

This perpendicular line and the critical line intersect at the critical point (e Yerit)

y=03+(x—-01):

where 2.4 is a solution to
{0105 - gt — 0.118)2  0.262 - wepq — 0.0165

0.0292 T 0105wy — 0.118

034 (z—0.1)-
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Figure 7.4: The critical line where the expected utility of positioning an endoprosthesis
and no treatment are equal. Left from this line, the optimal decision is to treat. At
the right of this line the optimal decision is to position an endoprosthesis.

Solving this quartic equation gives two imaginary and two real solutions. Only one
real solution lies between zero and one, namely 2, = 0.176. Filling in 2. in the
equation for the critical line gives g = 0.298. The minimum deviation then equals

Amin = (?BCri.! — Loy Yerit — y[)) = (0076, 0002)

The minimum distance from (wq, yo} to the critical line thus is /(0.076% + 0.0022) =
0.076. Recall from Example 7.4.5 that the minimum deviation when varying only & is
0.078. O

The properties of one- and two-way sensitivity analysis with respect to the probabilities
in an influence diagram, as presented in this section, allow for considerably reducing the
computational burden of such an analysis. The functional relations between expected
utility and one or two conditional probabilities in the diagram can be established with a
limited number of diagram evaluations. Furthermore, these functions can be exploited
o efficiently compule the minimum deviation in one or two conditional probabilities
for which the decision alternative with maximum expected utility changes {from the
formerly preferred decision alternative to another alternative. This minimum devia-
tion is a measure of the sensitivity of the diagram to variation of the assessments for
its conditional probabilities. From the example of the computation of the minimum
deviation in two-way sensitivity analysis, however, it will be obvious that the com-
putation of the minimum deviation becomes very complicated if several conditional
probabilities are considered simultancously in a sensitivity analysis. In general, the
problem amounts to determining the minimum distance of a point in an n-dimensional
space to a surface in this space that satisfics a number of constraints. In Chapter &,
we address computing the constants that establish the shape of the surface efficiently.
To determine the minimum distance, efficient methods are still being sought.
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7.5 Sensitivity analysis with respect to utilities

In a one- and two-way sensitivity analysis with respect to the utilities of an influence
diagram, in principle, the effect on expected utility of varying every single utility and
every pair of utilities is investigated. As the utilities in an influence diagram correspond
with the conditional probabilities of the utility node in the belief network derived from
the diagram by Cooper’s transforination, sensitivity analysis with respect to utilities,
in principle, is equivalent to sensitivity analysis with respect to probabilities. However,
there are several differences. Firstly, unlike for the couditional probabilities in an
influence diagram, it is not possible to exclude utilities from the analysis on the basis
of the digraph of the diagram. Since the utility node is the node of interest in the belief
network derived from an influence diagram and is uninstantiaied, it is comprised in the
sensitivity whatever observations are considered. As all utilities pertain to the utility
node, each single utility may thus affect expected utility as well as the preferred decision
alternative. Secondly, the functional relation expressing expected utility in terms of one
or two ulilities of the diagram is considerably simpler than this relation for conditional
probabilities. Sensitivity analysis with respect to the utilities of an influnence diagram
can therefore be carried out very efficiently. Finally, and most importantly, unlike the
diagram’s probabilitics, the set of utilities usually contains an underlying structure.
This is ealled a preference structure on the possible outcomes of the decision problem;
in a sensitivity analysis with respect to utilities, the various asswnptions concerning
this preference structure may be studied in detail.

This section is structured as follows. In Section 7.5.1, the essentials of multi-
attribute utility theory (MAUT) are given. Multi-attribute utility theory is concerned
with the specification of a utility fnction establishing preferences over ontcomes that
are deseribed in terms of more than one attribute, The simplest type of utility fune-
tion, in which holistic assessments are used, is presented. Furthermore, it is discussed
how the utility function can be obtained from combining component utility functions,
One specific form of such a combined utility function, the additive utility function, is
detailed. In Section 7.5.2, then, one- and two-way sensitivity analysis with respect to
holistic utility assessments is discussed. In Section 7.5.3, we discuss one- and two-way
sensitivity analysis with respect to the components of the additive ntility function.

7.5.1 Multi-attribute utility theory

Multi-attribute wiility theory provides a framework for cstablishing a utility function.
A utibity function reflects preferences over outcomes, The possible outcomes of a de-
cision problem can usually be expressed in terms of a nunber of atiributes that are
directly refated to the objectives to be achieved. In a complex medical decision prob-
lem, for example, often the quality of life has to be weighed against the gain in life
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expectancy that can be obtained. The atiributes that measure the different objec-
tives have to be combined info a single-valued utility function. This single-valued
utility function provides for computing the preferred decision alternative; it is the
alternative that maximizes the utility function [Von Neumann & Morgenstern, 1944,
Chernoff & Moses, 1959, Raiffa & Schlaifer, 1961].

In principle, it is possible Lo specify the utility of each possible combination of values
for all attributes that jointly describe an outcome, as a whole. A wtility for a combi-
nation of values for all attributes is called a holistic utility [{eeney & Raiffa, 1976]. A
set. of holistic utitities, jointly representing the utility function for the problem under
stucdy, reflects the preferences of the decision maker. However, in a holistic utiity fanc-
tion, the structure of these preferences is only implicitly given. Oflen, it is possible
ta explicitly detail the preference structure of a decision maker, To that end, a utility
funetion is constructed in which the preferences over values are detailed for cach at-
tribute separately. A utility function for a single attribute is called a component utility
function. The overall utility function, called a malti-atiribute utility function, now, is a
combination of these component utility funetions, Such a multi-attribute utility func-
tion gives insight into the preferences for each attribute separately, in the importance
of each attribute to the overall utilities, and in possible interactions between attributes.
In general, a multi-attribute utility function w(1,,. .., W,) takes the form

w(W, .. W) = Fla(Vy),. . u(V,))

where Wy, i = 1,--+, ¢, are the attributes that jointly describe the possible outcomes
and u(1;) are the corresponding component utility functions, In [Keeney & Raiffa,
1976}, various types of combination funetion are discussed together with the conditions
under which they are valid, Here, we will discuss the form that is used most, that
is, the additive utility function. The additive utility funclion assumes no interaction
hetween the various attributes. For a specification of the required conditions and other
details, we refer the reader to [Keeney & Raifta, 1976).

The additive utility function takes the following form:

w(Wiy o W)= > k()
=10

Each component utility function «(1¥), i = 1, -+, ¢, i3 normalized such that the utility
of the least preferred value of attribute 1, w?, equals zero, that is u(w?) = 0, and the
utility of the most preferred value, wf, equals one, that is, w(w}) = L. Furthermore, the
multi-attribute utility function is normalized by u(wy, ..., wl} = 0 and u(wy}, ..., w}) =
1. The scaling constants are given by b = w(w(,...,w),, wf,wd,,...,w)), i =
1,-++,q; they add up to one to ensure normalisation of the muiti-attribute utility
function,

in the following, we present an additive utility function for the Oesophagus diagram
that is based on component utility functions for the various attributes involved.
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Example 7.5.1 We consider again the Oesophagus diagram from Figure 7.1. From
the figure we see that the possible outcoines considered are determined by the three
attributes Life ezpeciancy, Passage after therapy, and Migration. Now for each of
these three attributes, a component utility function, describing the preferences of each
of its values, has been assessed. As the variable Migration has only two values, the
utility function is straightforward; the utility of the least preferred value yes is zero
and the utility of the most preferred value no is one. For the variable Life expectancy,
the utility of the value same relative to the utilities of the least preferred value worse
and the most preferred vahie improved has been established at 0.5. For the variable
Pussage after therapy, taking the values improved, same and worse, the utility of the
intermediate value same is assessed to be (L8, We thus have

u{Life expectancy = improved) = 1
u{Life expectancy = saine) = 0.50

u{Life expectancy = worse) =

u{ Passage after therapy = improved) = 1
u{Passage after therapy = same) = 0.80
u{ Passage after therapy = worse) = 0
u(Migration = no) = 1
u(Migration = yes) = 4

For combining these three utility functions into one multi-attribute ntitity function,
three scaling constants, kg, kpar, and kyr, describing the importance of the attributes
Life expectancy, Passage after therapy, and Migration, respectively, have been assessed
at:

kre= 075
kpar = 0.24
kar = 6.01

The multi-attribute utility function for the Oesophagus diagram has been fully specified
by these component utility functions and scaling constanis. As an example, we establish
the utility of an improved life expectancy with the same passage of food through the
oesophagus as prior to thevapy and no problems of migration;
u{Life expectancy = improved, Passage after therapy = same, Migration = no) =
= kg - u(Life expectancy = improved) + kpar - w{Passage after therapy = same)
+ kag - u{Migration = no)
=075-14+024-0.84+001-1=09
[l

A major advantage of the use of a multi-attribute utility function compared to a holis-
tic utility function is the fact that sensitivity analysis can be performed on the separate
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componenis of the function. As such, sensitivity analysis can reveal the effect of vary-
ing preference assumptions and can indicate which components of the utility function
are responsible for inaccuracies in expected utility and in the preferred decision alter- -
native. For the additive utility fuuction, in a sensitivity analysis the effect of varying
assessments for the component ntility functions and scaling constants is investigated.
if a holistic utility function is specified, it are the holistic utility assessments that will

have to be varied in the sensitivity analysis.

7.5.2 Holistic utility estimates

Sensitivity analysis with respect to holistic utilities in an influence diagram amounts
to varying the assessments for one or more of these utilities systematically and keep-
ing the other ones fixed. We recall that upon transforming an influence diagram to
a heliefl network, the ntilities for the utility node become the conditional probabilities
for associated chance node in the belief network. As discussed in Section 7.3, in a
belief network, the relation between a probability of interest and a conditional proba-
bility pertaining to an unohserved node without observed descendants is simply linear.
The relation between expected utility in an influence diagram and a holistic utility is
therefore linear. We illustrate this with an example.

Example 7.5.2 We consider again the Oesoplagus diagram in which the observations
o for the ninely-two year old patient also addressed in previous examples are enterved,
We investigate the functional relation belween expected utility and the utility 2 =
w(Life expectancy = same, Passege after = same, Migration = no}. In Figure 7.5,
the effect of varying « on the expected utilities of positioning an endoprosthesis in the
oesophagus, of surgery and of refraining from treatment is shown. From the figure,
we see that varying the utility @, having as initial assessment the vahte (.6, to smaller
values can change the decision alternative with maximum expected utility from no
treatment. to endoprosthesis and even to surgery. This illustrates that, as the value
attached by the decision maker to a situation where there is no knprovement nor
deterioration decreases, it hecomes more desirable o treat.
In formula, the relation between expected utility and @ is

en{endoprosthesis | o) = 0.4579 - 2 + 0.2925
eu(surgery | o) =0.1329 - & + 0.4156
and

cu(no treaiment | o) = x
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Figure 7.5: The relation hetween the expected utility of the decision alterna-
tives endoprosthesis, surgery, and ne treatment and the holistic utility under study
w{Life expectancy = same, Passage after = same, Migration = no).

As is the case for two conditional probabilities pertaining to an uncbserved node with-
oul ohserved descendants, the relation between expected ntility and two holistic utility
assessments is bilinear. However, two different holistic utilities specify values for the
predecessors of the utility node that necessarily exclude each other, that is, two differ-
cnt utilities refer to different outcomes that can never oceur simultaneously. As such,
the functional relation describing expected utility in terms of two holistic utilities can-
not contain an interaction term. In general, thus, for two holistic utilities 2 and 7, a
deciston alternative d;, and observations o, we find that

eu(dilo)=a-x+b-y+c

We give an example of a two-way sensitivity analysis with respect to two holistic
utilities for the Oesophagus diagram. '

Example 7.5.3 We consider again the Qesophegus diagram in which the observations
o have been entered. We are interested in the sensitivity of expected utility to the two
holistic utilities & = u(Life expectancy = same, Passage after = same, Migration =
no) aud y = u(Life expectancy = same, Passage after = improved, Migration =
no). In Figure 7.6, the effect of varying the assessments for the two utilities on the
expected utility of positioning an endoprosthesis of surgery and of refraining from
treatment is shown. The figures show that hoth holistic utilities have an (independent)
effect on the expected utilities of the decision alternatives endoprosthesis, operation,
and no {reatment., As there is no interaction between the two holistic utilities under
study, the contour lines connecting combinations of values for these utilities that give
the same expected utility arve pavallel. PFigure 7.6a shows that varying utility x has
a larger effect on the expected utility of positioning an endoprosthesis than utility
y. On the expected utility of surgery, the effect of varying = and y is comparable.
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Figure 7.6: The functions relating the expected utility for the decision alterna-
tive endoprosthesis, surgeryto the utilities under study @ = u{Life expectancy
same, Passege ofier = same, Migration = no) and y = u(Life expectancy =
same, Passage after = improved, Migration = no).

il

Figure 7.6¢ shows that the holistic ntility y has no effect on the expected utility of no
treatment; i1 only depends on the value of 2. At the original values of the two holistic
utilities under study, » = 0.6 and y = 0.8, the alternative no treafment has the highest
expected uiility. Comparing the three figures, furthermore, reveals that decreasing the
assessinent for 2, increasing the assessment for y, or both decreasing @ and increasing
y simultaneously may change the preferred decision alternative to endoprosthesis and
eventuaily to surgery. Increasing the assessments for both # and y may change the
decision allernative to endoprosthesis, but never to surgery.
In formula, the effect of 2 and ¥ on expected utility is,

eu{endoprosthesis | 0) — 0.4579 - x + 0.2833 - y + 0.0658
ew{surgery | o) = 0.1329 -2 + 0.1243 - y + 03161

and
eu{no treatment | 0) — x

]

From the example of two-way sensitivity analysis with respect to holistic utilities, we
saw that the contour lines connecting combinations of valnes for the utilities that give
the same expected utility are equidistaut. TFhis reflects that there is no interaction be-
tween two holistic utilities, as is also expressed hy the general functional form describing
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expected ntility in terms of two utilities. As such, a two-way sensitivity analysis with
respect to utilities is simply a combination of two one-way sensitivity analyses. In
essence, such a two-way sensitivity analysis contains no new information, althongh it
does give a compact representation of the joint effect of two utilities.

Using the functional relations in one- and two-way sensitivity analysis, the mini-
mum deviation in one or two holistic utilities nuder study that causes a change in the
preferred decision alternative can be computed. For one-way sensitivity analysis with
respect to a utility, the computation of the minimum deviation is completely analogous
to the computation of this deviation for one conditional probability under study. The
minimum deviation for one conditional probability was detailed in Proposition 7.4.4.
We illustrate the computation of the minimum deviation for a utility with an example.

Example 7.5.4 Consider the one-way sensitivity analysis discussed in Example 7.5.2,
From Figure 7.5, we see that varying the assessment for the holistic utility x =
w(Life expectancy = same, Passage affer = same, Migration = no) to smaller
values causes the preferred decision alternative to change from ne freatinent to endo-
prosthesis. Using the functional relations presented in Example 7.5.2, we find that the

expected utilities for both treatment alternatives are equal if
0.4579 Lerit 40,2925 = Terit

Solving this equation gives x5 = 0.54. The original assessment for z is 0.6. The
minimum deviation in o that causes a change in the preferred decision alternative thus
is —0.06. As such, we conclude that the recommended decision alternative is quite
sensitive to changes in u{ Life expeclaney = same, Passage after = same, Migration =
no). O

The computation of the minimum deviation for two conditional probabilities that
are varied in a two-way sensitivity analysis is detailed in Proposition 7.4.6. In a two-way
sensitivity analysis with respect to holistic utilities, the computation of the minimum
deviation is somewhat simpler, This is a resull of the fact that holistic ntilities cannot.
interact in their effect on expected utility.

Proposition 7.5.5 Let ID be an influence diagram as defined in Definition 7.2.1. Let
D le the diagram’s decision node tuking one of the values {d\,...,di}. Let O be the
set of observed nodes and let o denote the corresponding observations. Lef x = u(a')
and y = u(a”) be twe holistic utilities pertwining to the wiility node U. Let a, b, and ¢
be constants such that the expected utility of the preferred decision alternative g, is

et{tper |0) = -2+ b-y+e

For each 5 € {dy,...,dz}, di # dyay, let @, b, and ¢; be constants such that the
expected wtility of d; equals

eu(d; o) =a; - x + b y+o
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Then, the minimum deviation required to change the preferred decision alternative from
ez to any other decision alfernative equals Ny, where

”Aminlf = min “Ax”
d,’ D

d; # dinar

and where, for each d;, we have

a— d;
Ay =\ :
! (b—b,-)

with

e —a) e+ (0= bi) o+ (c— )

A= (0 — )2+ (b—b;)?

and @y and yo are the original values for x and y.

Proof. The proof of this proposition is very similar to the proof of Proposition 7.4.6.
Using the functional relations expressing expected utility in terms of the two holistic
utilities under study, we find for the critical line

by (a_”i)'-'v‘i‘(c—c,-)
T (b — b}

Substituting f(x) in the proof of Proposition 7.4.6 with this expression gives the above-

mentioned minimum deviation. O

The following example ilustrates the computation of the minimum deviation in two
holistic utilities that causes a change in the preferred decision alternative,

Example 7.5.6 Consider again the two-way sensitivity analysis of the Oesophagus
diagram presemted in Example 7.5.3. The two utilities under study are

@ = u(Life expectancy = same, Passage after = same, Migration = no) and

y = u(Life expectancy = same, Passage after = improved, Migration = no). At the
original assessments for 2 and y, that is, at 2y = 0.6 and yy = 0.8, the expected utilities
for endoprosthesis, surgery and no treatment are .567, 0.495, and 0.6, respectively.
From Example 7.5.3, we saw that varying the assessments for 2 and y first changes
the preferred decision allernative from no treatment to endoprosthesis and eventually
to surgery. The miniinuin deviation thus concerns changing the optimal decision to
endoprosthesis. The expecled utilities of no treatment and endoprosthesis are equal if

0.4579 - & + 0.2833 -y + 0.0658 = »
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or alternatively
—0.5421 - © 4+ 0.2833 -  + 0.0658 = 0

This expression represents the critical line between the decision alternatives no freat-
ment and endoprosthesis. Now, the minimum distance from {@g, o) to this critical line
is the distance perpendicular to this line, The line perpendicular Lo the eritical line is

given by

T T —0.5421
x| o Y 0.5
y Yo 0.2833
The value of A for which the critical line and the perpendicular tine cross is given by

—0.5421 - (g + A+ —0.5421) + 0.2833 « (yp -+ A - 0.2833) + 0.0658

Solving this equation for A gives —0.088, The minimum deviation thus equals

Amin = —0.088 . —05421 . 004?6
0.2833 0.0249

Note that the preferred decision alternative thus is very sensitive to changes in x and
.yl D

In this section, we have assumed that, when varying ene or two holistic utilities, the
remainder of the utilities is kept fixed at their original values. This is not very realistic,
as the remaining utilities concern ouicomes that are closely related to the outconies
for which the utilities are varied. As such, the remaining utilities should co-vary; a
higher order sensitivity analysis is required. This lies outside the scope of this chapter.
However, we will briefty come back to this in the next section.

7.5.3 The additive utility function

In this section, we assume the utility function in an influence diagram to be an additive
utility function. Explicit knowledge of the preference structure allows for varying, in
a sensitivity analysis, not the utilities themselves but rather the various component
utilities and scaling constants. As such, the results of a sensitivity analysis reveal the
effect of varying assumptions on the preferences over the values of each single attribute
and the importance of each attribute.

As for a holistic utility, a one-way sensitivily analysis with respect to either a
component utility or a scaling coustant again shows a linear relation. Although a
component utility refers to several outcomes, namely all outcomes that specily the
same value for the attribute to which the component utility under study pertains,
it aflects expected utility linearly, This is a result of the fact that, in general, an
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overall utility depends Huearly on a component utility under study and that expected
atility, in Lturn, depends linearly on each overall utility, For a scaling constant the same
holds. In a two-way sensitivity analysis with respect to two component utilities or two
-scaling constants, the functional relation is bilinear without an interaction term. As
shown for two holistic utilities, two component utilities or two scaling constants cannot
interact as they refer to different outcomes that cannot oceur simultaneously. For a
two-way sensitivity analysis with respect to both a component utility and a scaling
constant, however, an interaction term is ineluded; in the additive utility function, the
overall utility of an outcome is a sum of the product of component utilities and scaling
constants. These relation are detailed in the following proposition.

Proposition 7.5.7 Lef 1D be an influence diagram as defined in Definition 7.2.1.
Let D be the diagram’s decision node toking one of the values {dv,...,dy}. Let O
be the set of observed nodes and let o denote the corresponding observations. Let the
utility funetion u(Wy,..., W) over the variables {W1, ..., W,} € a(U), be additive.
Let w(W3), i = 1,...,q, be the component utility function for variable Wi, and lel ky,
i=1,...,q, be the corresponding scaling constants. Then, for any value d. of D, we
have that '

o eu(D =d, | 0) = a-x+b, for cvery component utility x = u(w;) of each variable
W;, where a and b are constants reluted to the value w; of W;; o similar property
holds for every scaling constant x = k; of variable W;, j=1,...,q;

e cu(D=d, fo)=a-z+by+c, for every puir of component uiilities x = ufw;)
and y = u(wm) for Wi and Wy, jym=1,...,q, where a, b, and ¢ are constants
related to the values w; of W; and wy, of Wiy a similer property holds for every
peir of scaling constants 2 = k; and y = ki, of each puir of variables W; und Wp,;

e eu{(D=d. |o)=a-ay+b-x+c y+d, for every component uiility v = u(w;)
for Wy, j =1,...,q, end scaling constan! ky, for W,,, m=1,...,q, where a, b,

¢, and d are constants related to the velues w; of W,

Proof. In the following, we show that the first of the abovementioned propertics holds.
Fhe remaining properties are proven analogously.

From Section 7.5.2, we know that expected utility can be expressed as a bilinear
function in two holistic utilities. This bilinear function contains no interaction terms.
Generalising this functional relation to all overall utilities for node U, we find that
expected utility can be expressed as a multilinear function without interaction terms

in all overall utilities. That is,

eu(d, | o) = Z gy, * U(WL, . W) (7.3)

Ui youeyitlg
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where Fyy, v, are constants that depend on the combination of values for all vartables
Wi,..., W, Each utility w(wy,...,w,) is the weighed sum of the component utilities
ufw),... u(w,), that is,

wlwy, ooy we) = kyulwn) + koufws) + oo+ kyu(wy)

From this sum, we have that varying component utility u(w;) linearly affects all overall
utilities for which 1¥; takes the value w;. That is, w(Wh, ..., Wiog, w5, Wiy, ..., W)
takes the foom A . w + B where @ = u(w;), A = k;, and B is built from the compo-
nent udilities and scaling constants for all parents of U/ except ;. Overall utilities
for which node TV; takes a value other than w; are constant with respect to variations
in w(w;). From Equation 7.3, we then see that, as each utility w(w — 1,...,w,), in
general, depends linearly on the component utility u(w;) under study, expected utility
also depends linearly on wu(w;). Using a similar argument, it is casily seen that the
same holds for a scaling constant &, under study. 0

As noted in the previous section, a two-way sensitivity analysis without an interac-
tion term provides no additional information to two one-way sensitivity analyses with
respect Lo the component utilities or scaling constants under study. Except for the
purpose of compactly representing information, we may thus refrain from performing
such a two-way sensitivity analysis. A two-way sensitivity analysis with respect to both
a component utility and a scaling constant, on the other hand, contains an interaction
for the two parameters varied. In that case, a two-way sensitivity analysis is useful to
reveal the joint effect of the two parameters in addition to their separate effect.

Using the functional relations that hold between expected utility and one or two
component utilities and /or scaling constants, the minimuin deviation in the assessments
for these component utilities and scaling constants that changes the recommended
decision can be easily computed. For the first functional refation in Proposition 7.5.7,
the minimum deviation is computed as in Proposition 7.4.4. For the second and third
functional relation, the minimum deviation is computed as in Proposition 7.5.5 and
Proposition 7.4.6, respectively, Tn the following, we give an example of one- and two-
way sensitivity analysis with respect to component utilities and secaling constants in
the additive utility function of the Ocsophagus diagram,

Example 7.5.8 Consider again the Qesophagus diagram, depicted in Figure 7.1. We
investigate the sensitivity of expected utility in view of the observations o for the
ninety-two year old patient addressed in previous examples. For the utility node of
the diagram, an additive utility function has been established; this utility function
is given in Bxample 7.5.1. We first investigate the sensitivity of expected utility for
the component utility @ = u{Life expectancy = same) for the parent Life cxpectancy
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Figure 7.7: The relation between the expected utility of the decision alterna-

tives endoprosthesis, surgery and no treatment and the component atility @ =
u(Life expectancy = same) (a) and the scaling constant y = kg (b), respectively.

of Utility. In Figure 7.7a, the effect of varying z on the expected utilities of the
decision alternatives endoprosthesis, surgery and no treatment is shown. At the original
assessment for 2, ag = 0.5, the alternative no treafment has the highest expected
utility, However, the recommended decision alternative is very sensitive to changes in .
Varying 2 to only slightly smaller values changes the preferred decision alternative from
no treatment to surgery. This signifies that,'as the value attached by the decision maker
to an unchanged life expeclancy decreases slightly compared to the value attached to
an increased life expectancy, the benefits of performing surgery, that is, expected years
of life gained, outweigh the risks of an operation.
In formula, the relation hetween expected utility and » is

eu{endoprosthesis | 0) = 0.743 - 2 + 0.179
eu(surgery | o) = 0.226 -2 + 0.451

and
en{no treatment | o) = 0.750 - 2 + 0,202

From these linear functions, the minimum deviation in o that changes the preferred
decision alternative from no freatment lo eperation can be computed, The critical
value at which the expected utilities of the two alternatives are equal is 2, — 0.48.
Thus, the minimum deviation in z 1s 0.02.

Now, we investigate the sensitivity of expected uiility with respect to a scaling con-
stant in the additive utility function, We take y = kpp for the parent Life expectancy as
the sealing constant under study. In Figure 7.7h, the relation between expected utility
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Figure 7.8: The joint effect of the component utility @ = u(Life expectancy = same)
and the scaling constant y = ki on the expected utility of the decision alternatives

endoprosthesis, surgery and no treatinent.

and y is shown. The figure shows that, whatever value y takes, the decision alternative
no treatment has the highest expected utility. Although expected utility is affected
by the importance attached to the three objectives of the decision problem, namely
to improve life expectancy, to improve the passage of food and to avoid migration of
the endoprosthesis, the recommended decision remains unaltered whatever values are

taken for the scaling constants.
In formula, the relation between expected utility and y is

eu{endoprosthesis | o) = —(.223 - x + 0.718

en(surgery | o) = —0.257 - 2 + 0,757

and

ew(no treatment | o) = —0.308 - 1 + 0.808

Finally, we consider a two-way sensitivity analysis in which & and y are varied
simultancously. The effect of the joint variation of component utility = and scaling
constant y on expected utility is shown in Figure 7.8. [n formula, the depicted relations

are given hy

eu{endoprosthesis |0) =099 -x-y— 0.718- y + 0.718

ew{surgery | o) = 0301 -2y — 0.408 - y + 0.757
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and
eu(no treatment | 0) = z -y — 0.808 - y + (.808

At the orginal values for @ and y, xy = 0.5 and yy = 0.75, the expected utilities of
positioning an endoprosthesis in the oesophagus, of performing surgery and of not
treating are 0,551, 0.564, and 0.577, respectively. At the original assessments, thus, 5o
treatment is the preferred decision. Froin the figures, now, it is difficult to establish the
effect. on the preferred decision of jointly varying & and y, as the expected utilitics of
all three decision alternatives hardly differ. Using the functional relations, we start by
computing the minimum deviation in & and y that is required to change the preferred
decision from ne treafment to surgery. The expected utilities for these two decision

alternatives are equal if
0302y — 0408 -y + 0757 =2y — 0.808 -y 4+ 0.808

or alternatively

- ~0.0514

YT T0.699 4 — 0.40
This is the expression for the critical line between no treatment to surgery. Now, we
compute the minimum distance from (g, 1) perpendicular to this critical line. The
line through the original assessments zp and jyy perpendicular to the critical line is
given by
(0.699 - v — 0.40)?

0.0359

This perpendicular line and the critical line intersect at the critical point {@e,i, Yernt)

y =075+ (x —0.5) —

where .. i8 a solution to

(0.699 - oy — 0407 —~0.0514
0.0359 0699 &y — 0.40

0.75 + (ﬂ‘lcn‘f - 05) v

Solving this quartic equation gives two imaginary and two real solutions, Only one
of two real solutions for . gives a value of y. that lies between zero and one,
namely @, = 0.475. Filling in x4 — 0.47 in the equation for the critical line gives

Herie = 0.7563. The minimum deviation then equals
A= (chrii — &0y Yerit — y()) = (0(}25, 0003)

The minimum distance from (xg,yo) to the eritical line thus is \/m =
0.025. ‘

Computing the intersection of the critical line between no treatment and endopros-
thesis and its perpendicular line throngh (g, yo) reveals that there is no sclution for
@ and y between zero and one. As such, the preferred decision alternative can never
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change to endoprosthesis as a result of jointly varying the assessments for # and y. The
miniinum deviation thus is A,,;, is (0.025,0.003) and it refers to a change in recom-
mended decision alternative from no freatment to surgery. We see that the preferred
decision alternative is very sensitive to variation in the assessments for x and y. 1J

Recall from the previous section that, in varying holistic utilities in a sensitivity
analysis, all remaining utilitics are kept fixed ai their original values. As this is un-
realistic, higher orvder sensitivity analysis is needed. Varying a component utility or a
scaling constant, however, does not only affect one overall utility, but siimultaneously
affects all utilities for the outcomes to which this component utility or scaling constant
refers, As such, a one- or two-way sensitivity with respect to component utilities or
scaling constanis can, in fact, be seen as a higher order sensitivity analysis with respect
to all affected overall utilities. As such, sensitivity analysis with respect to the com-
ponents of a multi-attribute utility function is a more realistic investigation into the
effect of varying preference assumptions on expected ntility and on the most preferred

decision alternative,

7.6 The joint effect of probabilities and utilities

Until now, we have addressed the sensitivity of an influence diagram to variations in
either one or two of the diagram’s conditional probabilities or in one or two utilities, We
showed that expected untilily can be expressed as a quotient of two functions that are
linear or bilinear in one or two probabilities, respectively. For one or two utilities, we
have shown that this relation is simply linear or bilinear. In addition Lo considering the
diagram’s probahilities and utilities in isolation, it may also be worthwhile investigating
the joint effect of varying a conditional probability and utility simultaneously. From
Proposition 7.2.4, we have that expected utility is a weighed sum of the utilities of
the diagram; each ntitity for a speeific outcome is weighed by the posterior probability
of that outcome. The posterior probability of a specific outcome can, in general,
he expressed as a quotient of Lwo functions Hnear in a conditional probability under
stndy, The denominator in this expression refers to the probability of the observations
in the diagram and is therefore the same whatever outcome is considered. Expected
utility thus is a sum of products, where each product is a quotient whose numerator
is bilinear in the conditional probability under study and whose denominator is linear
this conditional probability. Moreover, the denominators in each produet are the same.
In general, thus, the relation between expected utility of a decislon alternative d;, given
observations o, and a conditional probability @ and utility ¥ under study is

a-xy+b-wte-y+d
erx+ f

eu(d; | 0) =
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Figure 7.9: The joint effect of the conditional probability x = p(Weight less =
no | Passage = impaired) and the holistic utility y = w(Life capectancy =
same, Passage afier = same, Migration = no) on the expected utility of the decision
alternatives endoprosthesis, surgery and no treatment.

Exploiting these functional relations for the expected utitity of each decision alterna-
tive, in the same way as presenied in Section 7.4 the minimum deviation in both the
conditional probability and utility under study that leads to a change in the preferred
decision alternative can he established. As extending the results from previous sections
to sensitivity analysis with respect to both probabilities and utilities is straightforward,
we refrain from giving technical details, We restrict the discussion to an illustration
taken from the Oesophagus diagram.

Example 7.6.1 Consider the Oesophagus diagram. We again investigate the sensi-
tivity of the recommended decision for the ninety-two year old patient who was also
addressed before. The two parameters under study in the network are the conditional
probability @ = p(Weight loss = no | Passage = impaired) and the holistic util-
ity ¥y = u(Life expectancy = same, Passage cfier = same, Migration = no). In
Figure 7.9, the joint eflect of varying probability = and utility y simultancously on
the expected utilities of positioning an endoprosthesis in the oesophagus, performing
surgery and not treating the patient is shown. At the original assessments for o and y,
xp = 0.1 and 3y = 0.6, the decision alternative no treafment has the highest expected
utility. Varying @ to larger values while keeping y fixed at its original assessment leads
to a change in preferred decision alternative from no freatment to endoprosthesis. This
was also seen from Example 7.4.2, where a one-way sensitivity analysis with respect to
this conditional probability is discussed. Likewise, as in the one-way sensitivity analy-
sis presented in Example 7.5.2, Figures 7.9a, b, and ¢ show that varying y to smalter
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values at x = 0.1 leads to a change in preferred decision from no treaiment to endopros-
thesis and finally even to surgery. Simultaneously increasing ' and decreasing y affects
the preferred decision in a similar way. To measure the sensitivity to joint variation
of # and y, we compute the minimum deviation required to change the recommended
decision from no treatment to endoprosthesis and from no trectment to surgery. We
use the fnctional relations describing expected utility in terms of x and y;

02312y + 0567w+ 0.089 - y + 0.0156
a x4 0,147

eu{endoprosthesis | o)

~ 0.0355 - x-y +0.51d - +0.029 .+ y + 0.0517
N x+ 0.147

eu(surgery | o)
eu(no lreatment | o) = y

After having established the ervitical line between no treatment and endoprosthesis and
between ne treatment and surgery, the minimum deviation in 2 and y to reach these
critical Hnes from the original point (xy, o) is computed;

At = (eris — o, Yerit ~ o) = (0.028,0.033)
for changing the recommended decision from no freatment to endoprosthesis and
Ay = (Terit — B0, Yerie — Yo) = (0.023,0.116)

for changing the recommended decision from no treatment to surgery. The length
of vector A; equals 0.043 and the length of vector Ay equals 0.118. The minimum
deviation thus is Ay = () and it refers to a change in recommended decision alter-
native from no trealment to endoprosthesis. We conchude that the preferred decision
alternative is quite sensitive to variation in the assessments for x and y. O

7.7 Conclusions

The assessments for the various parameters in an influence diagram, that is, the dia-
grant’s conditional probabilities and ntilities, inevitably are inaccurate. These inaccu-
racies influence the reliability of the diagramm’s ontput. An integral part of investigating
the reliability of an influence diagram is to study its sensitivity, To this end, a sensi-
tivity analysis of the diagram is carried out. A sensitivity analysis can be performed
by varying the assessments for one or more of the diagram’s parameters systemati-
cally, Unfortunately, for influence diagrams of realistic size, this approach is too timne-
consuming, In this chapler, we have shown that sensitivity analysis of an influence
diagram with one decision node can be carried out more efficiently by exploiting its

properties.
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We have discussed that, by qualitative considerations, conditional probabilities can
be identified that cannot affect expected utility in the diagram. As such, these con-
ditional probabilities also have no effect on the output of the diagram, that is, the
optimal decision or decision with maximmum expected utility. A sensitivity analysis
with respect to these probabilities can thus be omitted, Furthermore, we showed that
expected utility can be expressed as a simple mathematical function in the parame-
ters varied in a sensitivity analysis. We detailed these functions for one- and two-way
sensitivity analysis in which one and two pavameters, respectively, are varied simulia-
neously. In general, expected utility relates to a single conditional probability under
study via a quotient of two functions linear in this probability. For two conditional
probabilities under study, expected utility can be expressed as a quotient of two bi-
linear functions in the two probabilities. For the utilities in an influence diagram, the
[unctional relations are simplified. Expected utility can be expressed as a linear func-
tion in one utility under study and as a bilinear function in two utilities under study.
These functional relations allows for increasing the efficiency of performing a sensitivity
analysis of an influence diagram considerably; to establish the diagram’s sensitivity, is
suffices to establish the constants in these functions,

As the output of an influence diagram is a recommended decision, studying the effect
of varying parameter assessments on the expected utility of each decision alternative
in isolation does not suffice, We are interested in how much a parameter or pair
of parameter assessments can be varied without inducing a change in recommended
decision. In this chapter, we introduced the minimwm deviation as a measure of the
sensitivity of the diagram’s output. It is the smallest change in the assessient(s) for
one or two parameters under stndy that leads (o a change in recommended decision.
We showed that this minimum deviation is easily obtained from the functional relations
expressing the expected utility of each decision alternative in terms of the one or two
parameters under study.

In this chapter, we have limiled ourselves to studying the sensitivity of the output
of an influence diagram for variations in a single parameter assessment or in a pair of
parameter assessments. As such, the effect of interaction between at most two parame-
ters is covered. To obtain insight into higher order interactions between the parameters
in an influence diagram, higher order sensitivity analyses are required. However, the
results of a sensitivity analysis in which more than two parameters are varied simul-
taneously are difficult to interpret; the resnlt are not easily represented graphically.
Moreover, the more parameters are considered, the more involved the functional rela-
tions expressing expected utility in terms of these parameters are. Although an efficient
method Lo establish the constants in these functions is given in Chapter 5, it is not
clear how to use these functions to compute the minimum deviation efficiently. This
issue deserves attention in future reseavch.

Finally, in this chapter, we focused on influence diagrams with one decision node.
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To obtain a more general method for sensitivity analysis, our results should be extended
to influence diagrams containing several decision nodes. In an influence diagram with
more than one decision node, the relation between expected utility and one or more
parameters in the diagram is not given by a single continuous function but by a contin-
uous function that is defined intervalwise. Methods for sensitivity analysis of influence
diagrams with several decision nodes still have to be developed. The resnlis presented
in this chapter provide the building blocks for developing such a general method.
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Chapter 8

General discussion

Decision-theoretic networks are a potentially valuable framework for modeling and snp-
porting medical decision making, but methodologies for their construction and cval-
uation are needed. In this thesis lwo objectives were pursued; the development of
efficient methods for sensitivity analysis of decision-theoretic networks and investigat-
ing the applicability of these methods for efficiently quantifying a decision-theoretic
network., In Section 8.1, the fist objective is addressed. The vesults achieved with
respect to this objective are snmmarized and discussed in the light of préviously pub-
lished work in this field. Furthermore, with respect to this first objective, we point out
somne issies that to our opinion require additional research. In Section 8.2, in a similar
way, the second objective is addressed. The chapter ends with some broader directions
for further rescarch in the field of decision-theoretic networks i1 Section 8.3.

8.1 Efficient sensitivity analysis of decision-

theoretic networks

Sensitivity analysis is an important technigue for investigating the robustness of a
mathematical model with respect to variations in its parameter assessments, [For
decision-theoretic networks to be of praetical use for elinical decision support, tech-
nigues for performing sensitivity analysis are essential. Performing a sensitivity anal-
ysis of a decision-theoretic network of realistic size in a straightforward manner, that
is, by varying a number of network parameters (conditional probabilities and utilities)
systematically over a plausible interval, is computationally not feasible. The main task
i developing methods for sensitivity analysis of a decision-lheoretic network, therelore,
is to limit computation time, In Section 8.1.1, we review the methods that were devel-
oped in this thesis for efficient sensitivity analysis of helief networks. In Section 8.1.2,
likewise, the methods developed for influence diagrams and belief networks enhanced
with the threshold model for decision making, are reviewed.
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8.1.1 Sensitivity analysis of belief networks

In Part 1T of this thesis, efficient methods for sensitivity analysis of belief networks
are addressed. Chapter 4 focuses on one-way sensitivity analysis of a belief network;
in a one-way sensitivity analysis of a beliel network, a single probability assessment
is varied at a time while keeping all the other assessments fixed. The effect of these
variations on a probability of interest, computed from the network, is investigated.
We showed that there arve several properties of one-way sensitivity analysis of a belief
network that can be exploited to perform such an analysis more efficiently than by
straightforward variation of all probability assessments, Firstly, the independences
represented by the qualitative part of a belief network allow for identifying conditional
probabilities that cannot influence the network’s probability of interest. Secondly,
conditional probabilities that may affect the prohability of interest are found to relate
to the probability of interest via a quotient of two functions that are linear in this
probability. A one-way sensitivity analysis of a belief network cau thus be performed
by focusing on the influential probabilities and for these, the coefficients in the function
relating the probability of interest Lo each single network probability can be determined
from a small number of network evaluations. The compntational gain achieved by using
these properties is considerable, In our experience, computation time is reduced hy
about a factor ten, compared to straightforward variation of probability assessments.

The computational gain is discussed in more detail in Chapter 2.

In Chapter 5, n-way sensitivity analysis of a belief network is addressed. In an
n-way sensitivity analysis, the joint effect of #, r > 1, network probabilities on the
probability of interest is studied by varying the assessments for these probabilities si-
multaneously. The relation between a probability of interest in a belief network and n
network probabilities again is a simple fnction. A prior probability can be expressed
as a multilinear function in the n network probabilities; any posterior probability is a
quotient of such multilinear functions [Castillo et ef., 1997h]. To assess n-way sensitiv-
ity, it suffices to determine the coefficients in these multilinear functions. An efficient
and elegant method for n-way sensitivity analysis has been designed. The method
builds upon the junetion tree representation of a helief network for its computational
architecture, Basically, the method presented is an adaptation of a standard evidence
propagation algorithin. The messages sent through the junction tree are vectors of co-
cflicients. These coefficients are processed locally per clique in the junction tree and are
accumulated to yield the coefficients in the required n-way sensitivity function, describ-
ing the probability of interest in terins of the n probabilities under study. Although at
present, our method has not been tested on large real-life belief networks, we believe
that it has the potential to become a valuable tool for performing sensitivity analysis,
The method provides a framework for sensitivity analysis, elegantly integrated in an
existing propagation scheme, that is easily extended and further optimized.



8.1. Efficient sensitivity analysis of decision-theoretic networks 241

With respect to one-way sensitivity analysis, in the past other researchers have un-
dertaken efforts to develop efficient methods tailored to the belief-network framework.
In Chapter 4, most of these methods are reviewed and compared to onr own work,
Here, we will not repeat this elaborate comparison. However, one issue deserves some
more attention. In [Henrion et of, 1996] and [Pradhau et of., 1996}, it is stated that
the output of a belief network is highly insensitive to inaccuracies in the assessinents
of their conditional probabilities. Their statement. is remarkable, in particular since it
contradicts experience in classical decision analysis based on deeision trees. Moreover,
their conviction is a possible cause of the fact that currentiy little research is done on
this topic. However, as a measure of robustness, they used the average probability
of true diagnosis, resulting from varying conditional probability assessments by draw-
ing a value from a predefined probability density function (a second-order probability
distribution of the inaccurate parameter assessment). It is not the average probabil-
ity of true diagnosis, though, which measures robustness, but the variation in these
probabilities. Therefore, from their investigation, it is not possible to draw conclusions
with respect. to the robustness of their network. Tn our experience, in fact, inaccura-
cies in a helief network’s conditional probabilities can have a very large effect on the
outcome of the network, The mumber of conditional probabilitics that is highly influ-
ential, however, is limited. Tn Chapter 3, we showed that some eighty percent of the
probabilities in the VSD network have little or no effect on the probability of interest.
Among the influential probabilities, on the other hand, the gradient of the probability
of interest reached a maximum of five. So while, on average, the effect may be small,
inaccuracies in the crucial network probabilities can have serious consequences. Similar
observations were done for the Oesophagus network [Van der Gaag et al., 1999]. They
found that some fifty percent of the probabilities were influential, with a maximum
gradient around seven, From their investigation, Pradhan ef al. concluded that in
constructing a belief network, it is important to establish the structure of the network
well; the conditional probabilities are only of minor importance. From our experience
with the VSD network, we indeed found that the structure of the network is crucial. It
determines, for a large part, which conditional probabilitics are influential. We would
thus like to add to the conclusion of Pradhan ef of. that, in addition lo assessing
the structure of the network carefully, it is important to accurately assess the most
influential probabilities. To our opinion, therefore, sensitivity analysis should be given
a prominent role in building belief networks.

In Chapter 2, we analysed the computational gain achieved by exploiting the prop-
erties of one-way sensitivity analysis of belief networks, instead of simply varying prob-
ability assessments. We found, as also stated above, that an increase in efficiency
in the order of a factor ten is obtained. Owr method was implemented in Allegro
Common Lisp as an extension of Ideal, and network evaluation was carried out using
Jensen clustering [Jensen, 1996]. Using this implementation, on a Sun Sparc Ultra 5,
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360 MHz, a full one-way sensitivity analysis of the VSD network, with 38 nodes and
738 probabilities, for a specific set of observations required between seven and thirteen
minutes. For the Oesophagus network, with 40 nodes and almost 1000 probabilities,
between five and twenty minutes were needed for a full one-way sensitivity analysis.
Unlike straightforward sensitivity analysis, which may lake hours of computation time,
our method thus is of practical use, even as part of a belief network application running
in a medical setting.

A even more efficient method for one-way sensitivity analysis of belief networks has
been developed by now. Building on our idea of exploiting the properties of sensitivity
analysis of belief networks, U. Kjaerulff and L.C. van der Gaag developed a method
for sensitivity analysis that uses the computational architecture of the junction tree
[Kjmralfl & Van der Gaag, 2000]. Basically, the idea is to compute the coefficients in
the functional relation between the probability of interest and each single network
probabhility in the clique in the junction tree in which the conditional probability under
study resides. To our knowledge, this is the most efficient method for performing
one-way sensitivity analysis of a belief network that is currently available. As one-
way sensitivity analysis is now well feasible for belief networks, fnrther research eflorts
should be directed towards other techniques useful in building belief networks, rather
than on developing even’ more efficient methods for one-way sensitivity analysis. This
issue is addressed in Section 8.3, -

With respect to n-way sensitivity analysis of belief networks, an extensive coinpar-
ison with related research is given in Chapter 5. Here, we briefly review the work hy
E. Castillo et al., as it is closely related to our work. Using symbolic propagation to
perform sensitivity analysis, . Castillo et al. recogiized the mathematical form of the
function expressing a probability of interest in a belief network in terms of the con-
ditional probabilitics in the network [Castillo el al,, 1995); the function expressing a
probability of interest in terms of n parameters, called an n-way sensitivity function, is
a quotient of two multilinear functions. Note that, in Chapter 4, we analytically derived
this functional form for one-way sensitivity analysis of a belief network. Exploiting this
knowledge, in [Castillo ef «l., 1997h] an algovitiun for computing the coefficients in an
n-way sensitivity function is proposed. Their method is nearly identical to our method
for one-way sensitivity analysis. First, the structure of Lhe belief network is used to
identify those conditional probabilities that may affect the probability of interest and
those that cannot. Subsequently, for the influential conditional probabilities, they pro-
pose computing the coefficients by assuming different combinations of values for these
probabilities. One different combination of values for each coeflicient is required. For
each combination of vahies {he belief network is evaluated using any standard propa-
gation method. As a result, a system of linear equations is obtained which is solved to
give the required coeflicients.

The method we present in Chapter 5 builds on the ideas put forward by Castillo el
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al.. As discussed in Chapter 5, in its most simple form, our method performs equally
well as the optimal version of the method presented by E. Castillo et af.. The substan-
tial advantage of our method, however, is that it is integrated in an existing propagation
scheme, It therefore provides a framework for sensitivity analysis that can be easily -
extended and optimized, Moreover, any optimization of the propagation algorithm for
junction trees automatically benefits the efficiency of our method for n-way sensitivity
analysis. In Chapter 5, we briefly presented various possibilities for optimizing our
method. In the Muture, these possibilitics should be investigated in move detail and in-
tegrated in our method. As the computational complexity of n-way sensitivity analysis
inereases exponentially with the number of conditional probabilities considered in the
analysis, such optimizations are particularly useful when larger number of conditional
prohabilities are considered simnltaneously.

Finally, until now, our method for n-way sensitivity analysis has been tested on
small artificial belief networks only. Also, only small numbers of probabilities under
study were considered. Therefore, it is 100 early to conclude upon the strengths and
weaknesses of our method. In the near future, sensitivity analyses of the VSD network
and the Oesophagus network will give more insight into the characteristics of our

method.

8.1.2 Sensitivity analysis of influence diagrams

In Parl Hi, the methods presented for sensitivity analysis of a helief network are ex-
tended to include decision making under uncertainty. In Chapier 6, sensitivity analysis
of a belief network in view of the threshold model for decision making is addressed.
Building on the properties presented in Chapter 4, a method for sensitivity analysis is
presented that provides for the computation of bounds between which a network’s pa-
rameter assessments can be varied without induecing a change in recommended decision,
Basically, the method amounts to the following. Using, for example, expert opinions,
various threshold probabilities of disease are established that divide the probability
scale into intervals where a specific decision alternative is optimal. For example, the
treatment threshold probability of disease is the probability at which the expert is
indifferent. between treating and not treating. For higher probabilities of disease, the
patient is given treatment and for lower probabilities, treatment is withheld, Now, us-
tirg the method proposed in Chapter 4, the functional relation between the probability
of discase and a specific conditional probability under study is established. Combining
this functional relation with the threshold probabilities of disease alows for the com-
puiation of the minimum deviation in the assessment(s) under study that does induce
a change in the currently recommended decision. For smaller deviations, the proba-
bility of disease computed froimn the network does not pass an established threshold
probability; the recommended deeision thus remains the same as at the original value
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of the probability under study. For larger deviations, the preferred decision changes.
The minimum deviation, which is easily computed using this method, is a measure of
the robusiness of the belief network in view of the threshold model for decision making.

In Chapter 7, sensitivity analysis of influence diagrams is considered. In a sensi-
tivity analysis of an influence diagram, the parameters to be considered consist of the
conditional probabilities pertaining to the stochastic variables in the influence diagram
and the utilities pertaining to the utility node. We showed that, for all parameters in
an infuence diagram, similar propertics hold as for the conditional probahilities in a
belief network. In an influence diagram, expected utility can be expressed as a quo-
tient of two functions linear in a single parameter under study. As for helief networks,
these properties provide for efficiently performing sensitivity analysis of an influence
diagrain, Using these functional relations, larthermore, the minimum deviation in a
single probability assessment (or set of assessments) that would induce a change in
recommended decision can be computed. To that end, the functional relation between
each possible decision alternative and the probability under study is established. These
relations are used to compute at which deviation of the probability under study the
expected utility of the currently preferred decision alternative equals the expected util-
ity of any other alternative. If the probability under study is varied more than the
miinimmu of these deviations, the preferred decision changes. Again this minimum
cdeviation provides a measure of the robustness of the hifluence diagram. Chapter 7
presents, to our knowledge, the firsl investigation into efficient methods for sensitivity
analysis of influence diagrams. Until recently, no such methods were available.

Sensitivity analysis of a belief networks enhaneced with the threshold model for deci-
ston making closely resembles sensitivity analysis of influence diagrams, Both provide
for the computation of bounds between which a parameter assesstent can be varied
without inducing a change in recommended decision; the measure of robustness is the
minimumn deviation. In a belief network enhanced with the threshold model for deci-
sion making, however, sensitivity analysis is performed with respect lo the conditional
probabilities in the belief network only. Inaccuracies in the decision model cannot be
investigated as they ave iimplicitly integrated in the threshold probabilities of disease.
This concerns the risks and benefits of the decision alternatives cousidered, the utilities
by which they are weighed, and the typical risk behaviour of the assessor of the thresh-
old probabilities. In an influence diagram, these elements of {he decision model are
explicitly represented. Sensitivity analysis of an influence diagram, therefore, allows
for investigating the effect on the preferred decision of inaccuracies in all these elements
independently.

in the introduction of this thesis, the similarities and differences between influence
diagram and decision trees were discussed. We noted that any inflnence diagram can be
translated into a decision tree and vice versa. As such, the functional relation hetween

expected utility and a set of parameters under study in an influence diagram holds
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ecuivalently in a decision tree. To our knowledge, these functional relations in decision
trees have never been nsed in the way we propose for influence diagrams. Clearly, this
is a result of the difference in scale between the two represeniations. Wlhereas sensi-
tivity analysis of an influence diagram is nearly hinpossible without efficient methods,
sensitivity analysis of decision trees can be carried oul by straightforward variation of
probabilities and utilities, We would like to stress, however, that the type of relations
we found are not unique to inflience diagrams.

In this thesis, the study of sensitivity analysis of influence diagrams has been lim-
ited to exploiting the functional relations hetween expected utility and the diagram’s
parameters in order to compute the minimum deviation {or one or tweo parameters.
To compute the functional relations in an influence diagram for higher order sensitiv-
ity analyses, the imethod for n-way sensitivity analysis devetoped for belief networks
can be applied. To that end, the influence diagram is then first transformed to a be-
lief network [Cooper, 1988]. It has not been investigated, however, how to determine
the minimumn deviation in higher order sensitivity analyses efficiently, The problem
amounts to determnining the minimum distance ol a point in n-dimensional space to a
surface in this space. For this problem, probably, a quite different approach from the
one presented in Chapter 5 has to be taken. Furthermore, in this thesis, we focused
on influence diagrams with one decision node. To obtain a more general method for
sensitivity analysis, our results should be extended to inltuence diagrains containing
several decision nodes. In an influence diagram with inore than one decision node, the
relation between expected utility and one or more parameters in the diagram is not
given by a single continuwous function but by a continuous function that is defined in-
tervalwise. Methods for sensitivity analysis of influence diagrams witl several decision

nodes still have to be developed.

8.2 Using sensitivity analysis in building a belief

network

In this section, the second objective of this thesis — using sensitivity analysis for effi-
ciently ¢quantifying a decision-theoretic network — is addressed. In Chapter 2, for this
purpose, an iterative procedure is suggested. Although the procedure focuses on effi-
cient quantification of a belief network, it applies equally well to influence diagrams.
The procedure sets out with initial, probably highly inaccurate, assessments for all
probabilities in a belief network nnder construction. These assessients are, for exam-
ple, obtained from experts. Subsequently, a sensitivity analysis of the beliel network is
performed to obtain insight into the possible effects of the inaccuracies involved. Some
probabilities are likely to have considerable impact while others will hardly reveal any
influence. For the less influential probabilities, the initial assessments may snffice. For
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the more influential one, refinement may be required. To that end, more elaborate elic-
itation techniques to obtain unbiased, sufficiently accurate assessments from experts
or statistical data can be employed. We envisage a procedure of iteratively performing
sensitivity analyses and refining probabilities until satisfactory behaviour of a helief
network in the making is obtained, uutil the costs of further quantification efforts out~
weigh the benefits of higher aceuracy, or until higher acenracy can no longer be attained
due to lack of knowledge. In Chapter 3, an empirical investigation into the viability
of such a procedure was presented. The results of this investigation will be reviewed
in Section 8.2.1. Subsequently, in Section 8.2.2, it is argued that sensilivity analysis
can he also used for detecting errors in the qualitative part of a belief network. This
idea originates from experience with performing sensitivity analyses of a belief network
developed for the diaguosis of Wilson’s disease. Finally, in Section 8.2.3 we propose
to apply the above-mentioned uses of sensitivity analysis to handle the problems en-
countered in building & belief network for ovulatory disorders. The topics discussed in
Sections 8.2.2 and 8.2.3 were not covered before in this thesis,

8.2.1 Efficiently quantifying a belief network

In Chapter 3, the results of a preliminary evaluation of the quantification procedure
proposed in Chapter 2 are presented. As a case study, the VSD network was cho-
sen. For the quantification of the VSD network, subjective probability assessments
were obtained. The main objective was to establish whether it is possible to reduce
the number of probabilities that have to be estimated by experts by using the above-
mentioned procedure. To that end, three network quantifications with different levels
of ’informedness’ were constructed. The term informedness refers to the level of ex-
pertise of the person supplying the assessments. Two poorly informed quantifications
were improved by replacing the most influential probabilitics with the corresponding as-
sessments [rom the well-informed (expert} quantification. The influential probabilities
were fonnd by performing one-way sensitivity analyses, The results of the replacements
werce investigated by comparing network predictions.

The results of our investigation suggest that a two-step procedure of only improving
influential probability assessments leads to satisfactory results: partially refined, poorly
informed quantifications give predictions that are comparable to a well-informed quan-
tification. Ideally the two-step procedure should be repeated several times. Instead
of making a final network quantification on the basis of a single sensitivity analysis,
it is probably better to have a few alternating steps of sensitivity analyses and im-
provements of the quantification. This approach takes into consideration that by each
refinement, the set of highly influential probabilities may change.

Furthermore, the accuracy of probability assessments can be involved in the pro-
cedure. As a measure of accuracy a confidence interval can be assessed, either by
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an expert or from data. To allow for incorporating confidence intervals estimated by
experts, the Bayesian interpretation of a confidence interval is taken, that is, the 2%
confidence interval of a network probability is the interval within which the real value
of probability is supposed to lie with a certainty of 2%. These confidence intervals are
taken into account in a sensitivity analysis by using the variation of a sensitivity anal-
ysis’ curve over a confidence interval instead of the gradient at the original assessment
as a measure of the probahility’s influence. Then, probability assessments with high
expected accuracy (i.e., having small confidence intervals) will only be reconsidered
when the sensitivity analysis’ curve is extremely steep over the confidence interval.

We would like to note thal in the investigation of Chapter 3 a rather artificial
situation was created, in which the best quantification was the one provided by an
expert. For real applications, the usage of objective statistical sources is likely to
be indispensable to obtain a sufficiently reliable network quantification. Moreover, in
the medical field it is often possible to collect databases of considerable size. Note,
thercfore, that the proposed procedure is not limited to the use of subjective expert
assessments,

Currently, a second evaluation of the procedure is being carried out. It con-
cerns the quantification of an influence diagram for treatment planning in patients
with oesophageal carciroma [Van der Gaag et o, 1999, The influence diagram is de-
veloped at the department of Computer Science of Utrecht University in coopera-
tion with the department of Internal Medicine of the Netherlands Cancer Institute.
Since the quantification procedure has not yet been completed, it is too early to
draw decisive conclusions, However, the resulis so far are encouraging. In partic-
ular, the builders of the model designed a new method for rapid and easy elicita-
tion of the initial probability assessments with which the iterative procedure sets out
[Renooij & Witteman, 1999, Van der Gaag el af., 1999], The method presents the con-
ditional probabilitivs as fragments of text and provides a scale for marking assessinents
with both numerical and verbal anchors. Furthermore, the authors are presently work-
ing on a method for combining expert assessments in order Lo refine the network on
the basis of the results of the sensitivity analyses. Finally, from their experience with
the construction and quantification of an influence diagram for eesophageal carcinoma,
L.C. van der Gaag ef el found that obtaining the required utilities for an influence
diagram is a task at least as difficult as obtaining all probability assessments. I seems
therefore worthwhile to focus future research efforts into the development of an efficient

clicitation method for utilities.

8.2.2 Detecting modeling errors

The resnlts of a sensitivity apalysis may reveal errors in both the gualitative and
quantitative part of a belief network. This was concluded from elaborate sensitivity
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analyses of a belief network for the diagnosis of Wilson’s disease. Wilson's disease is
a recessively inherited disorder of the liver. Ii is associated with low levels of serum
caeruloplasmin and progressive copper accumulation in the liver. Eventually, the ca-
pacity of the hepatocytes to store copper is excceded and release into the blood and
uptake in extraliepatic sites occurs, causing extrahepatic disease, In adult lite, Wilson's
disease almost invariably presents with neurclogical manifestations, such as personality
change and, if not treated, dementia. In patients who are diagnosed early, treatment
can usually improve the liver function and stop further progression of the disease. Pa-
tients presenting with serious symptoms, such as hepatic failure or cirrhosis have a
poor prognosis. A belief nétwork for the diagnosis of Wilson's disease was derived from
a rule-based expert system for the diagnosis of disorders of the liver and the biliary
tract, [Korver & Lucas, 1993].

Extensive sensitivity analyses of the network, for varions different patients, revealed
some typical features of the network. Most striking was the fact that for cases that
should be easy to diagnose, in particular, patients presenting with Kayser-Fleischer
rings, varying each probability in the network from zero to one could not raise the
postertor probability of Wilson's disease much. The maximum value attained for the
posterior probability remained too low considering the strength of the evidence. Ac-
knowledging this phenomenoun, the builders of the model dramatically increased the
prevalence of Wilson’s disease in the network to oue in two hundred, which is very
high even for an internal medicine clinic. Lower prevalences would result in even lower
posterior probabilities for patients presenting with clear evidence of Wilson’s disease.

These findings suggest that the independence relations belween the relevant vari-
ables are not correctly modeled. From careful inspection of the qualitative part of the
network, we deduced that a possible reason for the observed phenomenon could he
mnissing arcs hetween variables in the network., For example, the diagnostic strength
of the observation of Kayser-Fleischer rings in the network would increase significantly
if there is more than only one mechanism related to Wilson’s disease that can cause
this observation. Currently, in the network, Kayser-Fleischer rings is mocleled to be re-
lated to Wilson's discase through elevated levels of copper concentration ouly. Adding,
for example, a direct causal link between the variable Wilson’s disease and Kayser-
Fleischer rings, circumventing the variable hepatic copper, inercases the diagnostic
value of observing these rings.

Another reason for the low posterior probabilities found may be missing variables
representing other disorders that may cause similar symptoms as Wilson's disease. In
particulaf, adding variables that represent causes of high hepatic copper, other than
Wilson’s discase, and the possible effects of these causes can increase the impact of
observing Kayser-Fleischer rings. Having observed Kayser-TIPleischer rings then induces
a dependence between the likelihood of having Wilson’s disease versus these other
causes. If additional evidence renders the other causes unlikely, Kayser-Fleischer rings
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become a strong indication for Wilsow’s disease. As other causes of increased copper
levels, it could be considered to add variables for chronic cholestosis and primary
cirrhosis to the network, 7

A second characteristic of the network that was revealed by the sensitivity analyses
is the high number of extreme assessments for many probabilities in the network. With
at extreme assessment, a zero or one is meant. As a result of these extreme asscss-
ments a large percentage of the probabilities cannot influence the posterior probability
of having Wilson's disease. In fact, what happens is that in the presence of ohser-
vations for leal variables, these exireme assessments cause informational blocking of
intermediate variables. Since most of the variables in the network for Wilson's disease
that contain these extreme assessments are naturally continuous variables, it is unlikely
that a chosen threshold dividing the range of values into low and high shonld produce
such extreme probabilities. Using more moderate estimates in the network might well
result. in more acceptable posterior probabilities,

From this experimental investigation, we conclude that sensitivity analysis not only
provides an aid in the efficient quantification of a belief network but. also in the strue-
turing of the network. We gave an example of the contribution of sensitivity analysis’
results in detecting missing ares or variables and in revealing possible ervors in the con-
ditional probabilities of the network, We assume that there are more characteristics of
a belief network that can be studied from a sensitivity analysis’ results. This requires
further investigation. It would be valnable to develop a kind of protocol that structures
the various characteristics that can be discovered by performing a sensitivity analysis
and that describes how to interpret the results found, Note, that such a protocol would
nol fust apply to belief networks, but to influence diagrams as well,

8.2.3 * Using sensitivity analysis to improve a belief network

for ovulatory disorders

In Sections 8.2.1 and 8.2.2, it was argued that sensitivity analysis can be used to
facilitate the quantification of a decision-theoretic network and to detect modeling
errors. In the following, we will discuss how these two usages of sensitivity analy-
sis can be exploited to improve an initial beliel network for ovulatory disorders. An
ovulatory disorder js a disturbance in the menstrual cycle of a woman, T refers to
the absence of a cycle, called umenorrhoen, or a cycle of 35 days or more, called
oligomenorrhoea. One subclass of cycle disturbances, referred to as WHOIH (accord-
ing to the criteria of the World Health Organization) is characterized by normal
concentrations of the hormones FSH (follicle stimulating hormone) and E; (oestro-
gen). In this group, typical findings are a high concentration of androgens and LH
(lutinizing hormone), and large ovaries containing many immature follicles. In or-
deor to provide optimal treatment of WHOII patients wishing to have children, it
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is important to know the chance of nnassisted coneeption and the expected effect
of various treatments. For this purpose, various statistical prediction models have
been developed [Fanser et al., 1992, Fauser & Van Heusden, 1997, Imant ef of., 1998,
Imani et ol., 2000, Collins et «l., 1995, Snick et al., 1997].

Recognizing that the f{aclors describing the functioning of the hormone system
are strongly causally related, it was suggested that the problem domain of ovulatory
disorders can be modeled with a belief network., The expected advantage of using a
belief network is that prediction is not limited to only one outcome variable of interest
at a time. In one belief network, various outcomes of interest can be combined, for
example, unassisted conception, ovulation, assisted conception, tife birth. A pilot study
into the feasibility of building such a belief network was undertaken at the Department
of Public Health (Center for Clinical Decision Sciences) of the Erasmus University
in Rotterdam in cooperation with the Department of (Gynaecology from the Dijlzigt
Hospital in Rotterdam. Although currently only preliminary results are available, the
modeling efforts undertaken yield useful insights into typical problems encountered.

[nitially, the problem of modeling ovulatory disorders in WHOII patients was tack-
led by graphically representing hormonal changes. Indeed, the interaction between
various endocrine features can be described in terms of causal inflnences, However,
modeling hormonal changes in the menstrual cycle, which consists of numerous stim-
utarory and feedback loops, resulted in directed cycles in the network’s graph. This
lead to the recognition that the problem should be viewed from a different perspec-
tive. Instead of medeling the functioning of the hormone system, its dysfunctioning
should be the basis for the belief network. For prediction and treatment planning,
it is relevant how variables ave related in this dyslinctioning hormone system. In the
field of arlificial intelligence, in fact, this question whether to model proper functioning
or dysfunctioning is an ongoing discussion [De Kleer & Williams, 1989, Poole, 1989].
Although the decision to model the dysfunctioning of the hormone system indeed pro-
vided progress in the elicitation of the belief network’s qualitative part, it also brought
a second problem to the fore: a lack of detailed and agreed-upon knowledge, as is the
case for many medical problems.

The dysfunctioning of the hormone system is, as yet, only partly understood. Con-
sider for example the pelyeystic ovary syndrome (PCQS), which is by far the largest
group within WHOIL As the name indicates, it concerns a syndronie, that is, the clin-
ical picture is described in terms of the clinical features through which it manifests
itself, rather than in terms of the underlying disease process. The reason is that there
are multiple diseases that may canse the syndrome. Possible causes are mainly {found
in the ovaries, but also in the brain, This lack of detailed biological knowledge makes
it a difficult task to construct a reliable belief network,

At this point, we have the following steps in mind to improve upon the current
version of the network. Firstly, the network should he quantified with rough, probably
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inaccurate, probability assessments given by experts in the field. For this purpose,
the method described in [Renooij & Witteman, 1999] can be employed. Subsequently,
with the method described in Chapter 4, the set of conditional probabilities that are
uninfluential given a specific patient profile can be established. Feedback of these un-
influential probabilities to the expert will hopefully result in the identification of errors
in the qualitative part of the network; probabilities indicated to be uninfuential while,
in fact, the experts expect them to be important can be used to identify missing arcs.
After adding these missing arcs to the network, a sensitivity analysis can be performed.
We suggest to start with the simplest type of sensitivity analysis, a one-way sensitivity
analysis, as was also proposed in Chapter 2. The results of this analysis will indicate
the most influential probabilities. These again should match the expectations of the
experts and can be used, as was discussed in Section 8.2.2, lo identify modeling errors
in the qualitative part as well as the guantitative part. At a later stage, probably,
higher-order sensitivity analysis can be carried out, to identify interactions between
variables. Finally, since a considerable amount of data on ovulatory disorders is avail-
able, these data can be used to refine influential probabilities and/or to validate the
predictions of the helief network., As discussed in Chapter 2, the steps described above
can be carried out iteratively, to gradually improve the network,

8.3 Topics for future research

Until now, relatively little research has licen done into the development of techniques
that support the construction and evaluation of decision-theoretic networks. In clinical
decision analysis, a large body of such technigues are avatlable to build more classical
decision models, such as decision trees. To support the use of decision-theoretic net-
works, the concepts and techniques of the field of decision analysis should therefore
be translated to the framework of decision-thcoretic networks, In this thesis, we have
focused attention on the technique of sensitivity analysis. Efficient methods tailored
to the framework of decision-theoretic networks have been developed and it has been
investigated how sensitivity analysis can support the construction, and in particular
the quantification, of a network. We helieve that the research in this thesis provides
both new and useful methodologies. However, the work only is a first step in making
decision-theoretic networks a practical framework for medical decision support. Other
concepts deserving attention are, for example, uncertainty analysis, the expected value
of perfect. information and the expected value of perfect control.

Uncertainty analysis amounts to varying the assessments for ofl parameters of the
networl’s quantitative part simultaneously. To this end, for each parameter, values
are drawn {rom some continuous probability distribution [Morgan & Henrion, 1990].
The result of an uncertainty analysis is a continuous, second-order probability distri-
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bution of the network’s output, that is, a probability of interest or expected utility. It
reveals the overall uncertainty in the output. Apart from this estimate of overall un-
certainty in the output, the results of an uncertainty analysis also allow for establishing
the percentagewise contribution of the uncertainty (assumed to take the specific form
of a chosen probability distribution) in the separate parameters to the overall uncer-
tainty. Uncertainty analysis of a decision-theoretic network is very time-consuming.
Usually, tens of thousands of values are drawn for each uncertain parameter; the
output thus also has to be computed from the network tens of thousands of times
[Pradhan et al., 1996, Henrion ef ol 1996}, It would therefore be valuable to have ef-
ficient methods for uncertainty analysis of decision-theoretic networks, Possibly, the
properties of sensitivity analysis of networks that are presented in this thesis provide a
useful basis. It might be possible, for example, to find mathematical relations express-
ing uncertainty in the output in terms of the nncertainties in the network's parameters.
In that way, the number of network computations could be reduced to just those that
are required teo establish the valnes of the coefficients describing the continuous, second-
order distribution of the output from the coefficients in the distributions of the sampled
network parameters. '

An approach for investigating uncertainty in the network’s output that is related
to uncertainty analysis is presented in [Spiegelhalter, 1989]. As in our method, D.J.
Spiegelhalter proposes to construct an auxiliary graph from the graph of a belief net-
work by adding an auxiliary parent to every node. The auxiliary parent now captures
the uncertainty in, the conditional probabilities of its child by discrele second-order
distributions. Using standard propagation algorithing, the effects of the specified un-
certainties on a probability of interest are readily computed. In fact, the result of this
analysis is a discrete, second-order probability distribution of the probability of inter-
est in the network. As the way in which uncertainty is represented and quantified in
this method is equivalent to the way influential relationships between slochastic vari-
ables are represented and quantified in a belief network, the properties we describe in
Chapter 4 apply equally well to these uncertainty nodes. As such, for this manner of
investigating uncertainty, the functional relations holding in a belief network between a
probability of interest and network prebahilities can be exploited to develop an efficient
method.

With respect to the concepis of expected value of perfect information and ex-
pected value of perfect control, currently, no methods are available. In [Howard, 1990,
Matheson, 1990 elaborate descriplions are given of the practical value of these con-
cepts. Associated algorithms tailored to the framework of decision-theoretic networks,
however, are stili to he developed. _

Apart from integeating existing decision-analytic techniques in the framework of
decision-theoretic networks, it is important to investigate how statistical data can be
used in constructing and guantifving a decision-theoretic network. Until now, the
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focus has been on exploiting expert knowledge in building networks. However, in
particular in the medical ficld, large collections of valuable statistical data are avail-
able. This data can be exploited to build the structure of the network [Buntine, 1996,
Cooper & Herskavits, 1992) or to quantify a network. Using statistical data to quantify
a decision-theoretic network has, until now, been proven to be difficult. Usually, essen-
tial information is missing to estimate precisely those probabilities that are required
in the network. It would be useful to develop methods that allow to incorperate the
data withont requiring a full specification of the probability distribution; that is, the
data are used to formulate constraints on the joint. probability distribution represented
by the network. This issue has been addressed in [Druzdzel & Van der Gaag, 1995].
Furthermore, it may be possible to use statistical data in parts of a decision-theoretic
network for which expert knowledge is lacking. For example, if the structure of a part
of the network is difficult to establish hecause the influential relations between the
variables concerned are unclear, but statistical data are available for those variables,
then the network can be enhanced with a (logistic) regression model for that specific,
problematic part. Looking back at the problems encountered in building the structure
of a behel network {or ovulatory disorders, this idea may provide help.

Finally, practical experience with building decision-theoretic networks for clinically
relevant problems is very important. Firstly, carefully evaluating experience will guide
research efforts as it reveals problematic issues for which techniques are still lacking.
Secondly, only such experience will give detailed insight into the added vatue of decision-
theoretic networks in clinical practise. It would be interesting to evaluate how decision-
theoretic networks perforin in clinical practise compared to, for example, decision trees,
deciston rules or logistic regression models. Another interesting issue is how clinicians
experience the nse of decision-Lheoretic networks for medical decision support. In
my opimon, especially these latter research questions concerning the applicability of
decision-theoretic networks constitute the challenge in future research in this field.
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Summary

PART I

Deciston-theoretic netwaorks

To support medical decision making, a wealth of techuniques is available. Recently,
there is an increasing interest in decision-theoretic networks. There are two types of
decision-theoretic network, termed belief networks and influence diagrams. Both types
of network are used to construct a model of reality. A belief network is a model of the
relations hetween a mumnber of events and states. Il is used to compute the probability
that a certain event will occur (prognosis) or that a specific state is true (diagnosis).
An influence diagram is a model of a decision problem in which various risks and
benefits have to be weighed in a situation of uncertainty. An influence diagram is used
to compuie an optimal decision.

Mathematieally, both types of network consist of a graphical structure and a set of
parameters, T a belief network, the graphical structure consists of nodes and arrows.
ach node in the graph corresponds to a chance variable. When there is an arrow
between two nodes, the variable at the head of the arrow is an cffect of the variable
at the tatl of the arrow. For each variable in the graph, the probability of its values
are given for every possible combination of values for its 'parents’ in the graph, These
probabilities are the parameters of a helief network. Irom a belief network, the proba-
bility of any variable can be computed. Suppose, for example, that we have a specific
patient for whom the values of some of the variables in the network are observed. From
the belief network, then, the probabilities of the values of the remaining variables can
he computed for this patient. This gives, as an outcome of the network, a diagnosis or
& prognostic assessment.

Influence diagrams resemble belief networks. In addition to chance variables, an
influence diagram countains decision nodes and a utility node. The decision nodes
represent the various decisions that have to be taken in the decision problem: that is
addressed. The utility node represents the possible outcomes (in terms of, for exam-
ple, mortality and morbidity) of the decision problem and their associated utilities.
These utilities are the values that the decision maker attaches to the outcomes of the
decision problem. Thus, the parameters in an influence diagram are, in addition to
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the conditional probabilities for the chance nodes, the utilities belonging to the utility
node. From an influence diagram, the expected alue, also called expected utility, of
each decision or sequence of decisions can be computed. The outcome of the diagram
is the optimal decision for a specific patient; it is the decision for which the expected
utility is maximal.

Traditional decision-anelytic techniques

In statistical analysis and decision analysis, techuiques exist that perform similar tasks
as decision-theoretic networks. Regression analysis, for example, provides a formula
that is used 1o compute a probability of interest using a set observations for the pa-
tient under consideration. Decision trees are used to compute, for a specific patient,
the optimal decision in a decision problein. Regression techniques and decision trees
are widely used in decision analysis nowadays. They are practical toels that are reta-
tively easy to understand and to work with in medical practise. However, when large
and complicated problems are considered, for example, with complex interactions be-
tween variables, decision trees and regression models may fall short. Decision-theoretic
networks can handle these problems because of their compact graphical representation,

Problems concerning the use of decision-theoretic networks

Until now, the number of decision-theoretic networks in use for supporting medical
decigion making is limited. This is mainly due to the fact that building these networks
is difficult, The most problematic part is the guantification of the network, that is,
finding the required assessments for all paramelers. Usnally, not enongh patient data is
available to estimate all parameters. Medical experts can also provide the assessments,
but this is a time-consuming task and the resulling assessments may be quite inaccu-
rate. To increase the practicability of decision-theoretic networks, therefore, methods
for efficient quantification are needed.

A second problem in using decision-theoretic networks f01 medical applications is
the fact that, presently, there are not many techniques that support the analysis of
decision-theoretic networks. For example, an important. aspect of a model for decision
support is the robustness of the results and recommendations of the inodel to inac-
curacies in the model’s parameters. Robustness can be investigated with a sensitivity
analysis. In a sensitivity analysis, the assessments for one or more inaccurate parame-
ters in a model are varied simultancously over a plausible interval and the effect of these
variations on the outcome of the model is studied. If varying a parameter assessment
over its plausible interval has a large effect on the outcome of the model, it is important
to know its value accurately. For decision trees, techniques for sensitivity analysis are
available, but these techniques are too time-consuming for decision-theoretic networks.
To make decision-theoretic networks a practical tool for medical decision support, it is
thus important to develop an efficient technique {or sensitivity analysis,
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The rationale for this thesis

The two issues described above provided the motivation for the research presented
in this thesis. Efficient methods for sensitivity analysis of decision-theoretic networks
were developed and it was investigated how the technique of sensitivity analysis can
be used to facilitate the quantification of such networks. In the following, the research
presented in this thesis is summarized.

PART II

In Chapters 2 to 5, constituting Part I of this thesis, the focus is on belief networks,
Chapters 2 and 3 address the use of sensitivity analysis to facilitate the quantification of
a belief network and Chapters 4 and 5 present efficient methods for sensitivity analysis.

Using sensitivity analysis to quantify o belief network efficiently

To quantify a belief network efficiently, we develop in Chapter 2 an iterative procedure.
Our procedure sets out with a network that is quantified roughly, that is, only a limited
amount of time is spent on the assessment of the parameters and these assessments can
be very inaccurate. Subsequently, a sensitivity analysis of the network is performed.
The results are used to discriminate between parameters that are highly influential
and parameters that are not. Since the assessments for the influential parameters
are crucial to the outcome of the network, they should be estimated with care. The
following step of the procedure therefore is to refine these assessments. The refinement
can, for example, be achieved by using advanced techniques to obtain assessments
from experts, to collect data or to conduct a lterature study. The resulling refined
assessments are supposed to be more accurate thau the original assessments. 'The
two steps of semsitivity analysis and parametor refinement should be repeated until
satisfactory behaviour of the network is obtained.

In Chapter 3, the quantification procedure of Chapter 2 is tested using a belief
network describing the pathophysiology of the congenital heart disease known as ven-
tricular septal defect. For the network, three quantifications were obtained. These
quantifications differ with respect to the level of expertise of the person who sup-
plies the assessments for the network’s parameters. 'The supposedly best quantifcation
was given by an expert cardiologist. The other quantifications were improved upon
by applying two steps of the quantification procedure. First, the inftuential parame-
ters in each network quantification were identified by performing sensitivity analyses,
Subsequently, these influential parameters were refined by stepwise replacing the corre-
sponding assessments with the assessmenis from the expert quantification. The results
of the replacements were investigaled by comparing network predictions for a nuinber
of different patient profiles with the predictions of the network in which ell parameters
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were estimated by the expert. It was found that it may be suflicient to gather a limited
munher of accurate assessments to obtain an adeguate neiwork quantification.

Efficient methods for sensilivity analysis

In Chapter 4 and 3, efficient methods for sensitivity analysis are presented. The naive
way to perform a sensitivity analysis of a belief network is to vary parameter assess-
ments stepwise and in a systematic way. For every step, the outcome of the belief
network is to be computed. As evaluating a network is computationally expensive,
performing sensitivity analysis in this way is far too thne-consuming to be of practical
use.

Chapter 4 locuses on one-woy sensitivity enalysis of a belief network, In a one-
way sensitivity analysis, the effect of inaccuracies in a single parameter assessment
is studied. Our method for one-way sensitivity analysis uses the information that is
contained in the graphical structure of the nelwork. For a given patient, for whom
cerlain variables are observed, the structure of the network reveals the paramecters
that cannot influence the network’s outcome. These parameters can be excluded from
further analysis. Furthermore, we showed that, due to the siructure of the network,
the outcome is a simple mathematical function of the one parameter that is varied in
a one-way sensitivity analysis. Knowing the form of this function, sensitivity analysis
simply amounts to establishing the coefficients in this lunction. These two properties
make one-way sensilivity analysis of a belief network computationally far more efficient.

In Chapter 5, our method for one-way sensitivity analysis is extended to sensitivity
analysis with respect to an arbitrary number of parameters. Sensitivity analysis in
which a number of parameters are considered together reveals possible interactions
between the inaccuracies in the assessments for these parameters. For example, it
may happen thai varying two parameter assessments independently has no effect on
the outeome of the network, whereas the outcome changes dramatically if the two
parameter assessments are varied at the same time, In a sensitivity analysis in which
several parameters are considered siniltaneously, it can he shown that the outcome
of the network again is a simple function of these parameters. To know the joint
effect of these parameters, it is therefore sufficient to establish the coeflicients in this
function. In Chapter 5, we construct a computational framework that is used to collect

all information in the network that is necessary to compile the required coefficients.

PART III

In Part I11, consisting of Chapters 6 and 7, the focus is on decision inaking, that is, on
influence diagrams and on belief networks that are used for decision making,
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Sensttivity analysis of belief networks enhranced with the threshold model

Belief networks can be used for decision making by using the threshold model. An
expert sets, for exainple, a threshold probability for operation mortality, such that the
patient is operated if his operation mortality, computed from the helief network, is
below the threshold and not operated il his operation mortality is above the threshold.
Sensitivity analysis of a beliel network used for decision making, now, shows whether
inaccuracies in a parameter assessment can change the decision that is recommended.
As a measure of sensitivity, we introduce the concept of the minimum deviation; it
is the minimum change in a probability assessment under study that does induce a
change in the currently recommended decision. In general, the smaller the minimum
deviation for a parameter, the more important it is to know the assessment of that
parameter accurately. In Chapter 6, we show how to compute the minimum deviation
efficiently, using the method for sensitivity analysis presented in Chapter 4.

Sensitivity analysis of influence diagrams

In Chapter 7, decision support with influence diagrams is considered. The outcome of
an influence diagram is an optitnal decision, that is, the decision that has the maximum
expected value {or expected utility). Sensitivity analysis of an influence diagrain serves
to find out whether changing the value of one or more parameter assessments can
change the optimal decision. In Chapter 7, we use again the concept of the minimum
deviation as a measure of sensitivity. We present a method that efficiently computes, for
each parameter independently, this minimum deviation for changing the recommended
decision. The method is closely related to the method in Chapter 4. In fact, similarty to
our method for sensitivity analysis of belief networks, we exploit, the fact that expected
utility in an influence diagram is a simple mathematical function of a parameter that

is considered in a sensitivity analysis.

PART IV

The work presented in this thesis focuses on the technique of sensitity analysis. We de-
veloped efficient methods that make sensitivity analysis of decision-theoretic networks
feasible. Furthermore, it is described how sensitivity analysis can be used to facilitate
the diffienlt. task of quantifying a network, As such, this thesis brings decision-theoretic
networks one step closer to their practical use in medical decision making. However,
much work remains to be done before decision-theoretic networks will be a commonly
used decision-analytic tool. Additional techniques supporting their construction and
evaluation, such as lechniques for uncertainty analysis and for validation, should be
designed, And last but not least, there is the great challenge to obtain practical expe-
rience with building decision-theoretic networks for clinically relevant problems and to
evaluate their merit in daily medical practise,






Samenvatting

DEEL 1

Besliskundige netwerken

Om medische beslissingen te onderstennen is er een scala aan technieken beschikbaar,
Sinds kort is er een toenemende interesse in besliskundlige netwerken, Er «ijn twee typen
besliskundige netwerken, het belief network, wat ook wel vertaald wordt met probabitis-
tisch netwerk, en het influence diagram, hier vertaald met beslisdiagram. Beide typen
netwerken worden gebruikt om een model van de realiteit te maken. Een probabilistisch
netwerk is een model van de relaties tussen een aantal toestanden en gebeurtenissen.
Het wordt gebruikl om te berekenen wat de kans is dat een bepaalde toestand werke-
lijkheid is (diagnose} of dat een bepaalde gebeurtenis zich zal voordoen {prognose).
Een beslisdiagram is een model van een heslisprobleem waarin een aantal voors en
legens afgewogen moeten worden in een onzekere situatie. Een beslisdiagram wordt
gebruikt om uit te rekenen wat de optimale beslissing is.

Wiskundig gezien bestaan beide typen netwerken uit een grafische structuur en
een set parameters. In een probabilistisch netwerk bestaat de grafische structuur uit
knopen en pijlen. Elke knoop correspondeert met een kansvariabele. Een pijl tussen
twee knopen betekent dal de variabele aan de kop van de pijl een effect is van de
variabele aan de staart van de pijl. Voor etke variabele is de kans op elk van zijn waarden
gegeven, en wel voor elke combinatie van waarden van de ‘ouders’ van deze variabele in
de grafische structuur. Beze kansen zijn de parameters van een probabilistisch netwerk.
Met het netwerk kan de kansverdeling van elke variabele uitgerekend worden. Laten
we bijvoorbeeld een specifieke patiént nemen van wie we de waarden weten voor een
aantal variabelen in het netwerk, Uit het netwerk kan dan, voor deze patiént, de kans
uitgerckend worden op de waarden van de overgebleven variabelen. Als uitkomst van
het netwerk leverl dit dan een diagnostische of prognostische schatting op.

Beslisdiagrammen lijken op probabilistische netwerken. Behalve kansvariabelen he-
vat een beslisdiagram beslisknopen en een utiliteitsknoop, De heslisknopen vertegen-
woordigen de verschillende beslissingen die genomen moeten worden in het desbetref-
fende beslisprobleem. De utiliteitsknoop vertegenwoordigt de mogelijke uitkomsten
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van het beslisprobleem (in termen van, bijvoorbeeld, mortaliteit en morbiditeit) en
de daarmee geassociéerde utiliteiten. Dese utiliteiten geven weer welke waarde de
besliskundige hecht aan de vitkomsten van het beslisprobleem. De parameters in een
beslisdiagram zijn dus, hehalve de kansen voor de kansvariabelen, de utiliteiten be-
horende bij de utiliteitsknoop. Met een beslisdiagram kan de verwachte waarde, ofwel
verwachte utiliteit, berekend worden van elke beslissing of elke reeks beslissingen. De
uitkomst van een bheslisdiagram is de optimale beslissing voor een gegeven. patiént; het

is die beslissing waarvoor de utiliteit maximaal is.

Traditionele besliskundige technieken

In de statistiek en de bestiskunde bestaan technicken die vergelijkbare taken uitvoe-

ren als besliskundige netwerken. Regressicanalyse levert bijvoorbeeld een formule op
die vervolgens gebruikt wordt om de kans waarin men geinteresseerd is uit te reke-
nen aan de hand van een set van waarnemingen voor een specifieke patiént. Ileslis-
bomen worden gebruikt om de oplimale beslissing in een beslisprobleein uit te rekenen.
Regressietechnieken en beslisbomen worden veel gebruikt in de huidige besliskunde.
Het zijn praktische methoden die relatief makkelijk te begrijpen ziju en waarmee in
de medische praktijk goed gewerkt kan worden. Wanneer het echter gaat om zeer
ingewikkelde problemen, bijvoorbeeld problemen waarbij er een complexe interactie
tussen de verschillende variabelen is, schicten beslishomen en regressiemodellen soms
tekort. Besliskundige netwerken zijn in dat geval geschikt vanwege hun compacte

grafische weergave van hel probleem.

Problemen betreffende het gebruik van besliskundige nelwerken

Tot nu {oe is het aantal besliskundige netwerken dat gebruikt wordt ter ondersteuning
van medische beslissiugen zeer beperkt. Dit, komt met name doordat deze netwerken
moeilijk te bouwen zijn. Het meest lastige is de kwantificatic van een netwerk, dat wil
zeggen, het vinden van de benodigde schattingen voor alle parameters. Meestal zijn
er niet genoeg patiénigegevens beschikbaar om alle parameters te schatten. De schat-
tingen knnnen dan gegeven worden door experts. Dit is echier een tijdrovend karwei
cn de resulterende schattingen kunnen zeer onnauwkeurig ziju. Om de bruikbaarheid
van besliskundige netwerken te vergroten zijn er dus methoden nodig voor efficiénte
kwantificatie.

Een tweede probleem in het gebruik van besliskundige netwerken voor medische
tocpassingen is het feit dat er op dit mament niet veel technicken beschikbaar zijn die
de analyse van besliskundige netwerken ondersteunen. Een belangrijk aspect is bijvoor-
beeld de robuustheid van de resultaten van een beslissingsondersteunend model voor
onnauwkeurigheden in de parameters van het model. De robuustheid van een wiskundig
modet kan onderzochi worden met een sensitiviteitsenalyse. In een sensitiviteitsanalyse
worden de schattingen voor één of meer parameters gelijktijdig pevariéerd over een aan-
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nemelijk interval en wordt het effect van deze variaties op de uitkomst van het netwerk
bekeken, Als het varigren van een parameter een groot effect heeft op de uitkomst van
het model is het belangrijk de waarde van deze parameter nauwkeurig te kennen. Voor
beslishomen bestaan er technieken voor sensitivitcitsanalyse, maar deze technicken
zijn t¢ tijdrovend voor besliskundige netwerken. Om van besliskundige netwerken een
bruikbaar instrunent te maken voor de onderstenning van medische beslissingen is het
belangrijk een efficiénte techniek voor sensitiviteitsanalyse te ontwikkelen,

De motivering voor dit preefschrift

De twee bovenstaande aspecten vormen de motivatic voor het onderzoek dat in dit
proefschrift is beschreven. Enerzijds zijn er efficiénte methoden voor sensitiviteitsana-
Iyse van besliskundige netwerken ontwikkeld en anderzijds is onderzocht hoe de tech-
niek van sensitiviteitsanalyse gebruikt kan worden om de kwantificatie van dergelijke
netwerken te vergemakkelijken. Hieronder volgt een samenvatting van het onderzoek

dat beschreven is in dit proefschrift.

DEEL II

Deel {1, bestaande uit de hooldstukken 2 tot en met 5, richt zich op probabilistische
netwerken. De hoofdstukken 2 en 3 hebhen betrekking op het gebruik van sensitivileits-
analyse om de kwantificatie van een probabilistisch netwerk te vergemakkelijken. In
de hoofdstukken 4 en 5 worden efficiénte methoden voor sensitiviteitsanalyse gepresen-

teerd.

Efficiénte kwantificatie van een probubilistisch netwerk

In hoofdstuk 2 is een iteratieve procedure ontwikkeld om een probabilistisch netwerk
efficiént te kwautificeren. De procedure start met een netwerk dat slechts grof gekwan-
tificeerd is. Dat wil zeggen dat er maar een beperkte hoeveellieid tijd besteed is aan
het schatten van de parameters en dat deze schattingen erg onnauwkeurig kunnen zijn.
Vervolgens wordt er een sensitiviteitsanalyse van het netwerk uitgevoerd. De resul-
taten van deze analyse worden gebruikt om onderscheid te maken tussen parameters
die erg invloedrijk zijn en parameters die dat niet zijn. Aangezien de schattingen
voor de invloedrijke parameters eruciaal zijn voor de uitkomst. van het netwerk moeten
ze zorgvuldig geschal worden. De volgende stap van de procedure richt #ich daarom
op het verfijnen van deze schattingen. Deze verfijning kan bijvoorbeeld bereikt wor-
den door het gebruik van geavanceerde technieken voor het verkrijgen van schattingen
van experts, Andere mogelijkhieden zijn het verzamelen van data of het uitvoeren
van een literatunrstudie. De zo verkregen verfijude schattingen worden verondersteld
nauwkeuriger te zijn dan de originele schattingen. De twee stappen van sensitiviteits-
analyse en het verfijnen van parameters moeten herhaald worden totdat een voldoende
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poed functionerend netwerk verkregen is.

In hoofdstuk 3 wordt de kwantificatieprocedure van hoofdstuk 2 getest, Hiervoor
wordt een netwerk gebruikt dat de {ysiologie beschrijft van de congenitale hartafwij-
king vertrikelseptumdefect, Er werden drie kwantificaties van het netwerk verzameld
die van elkaar verschillen wat betreft de deskundigheid van de persoon die de parame-
terschattingen gaf. De best veronderstelde kwantificatic werd gegeven door een expert,
een cardioloog. De andere twee kwantificaties werden verbeterd door twee stappen van
de kwantificatieprocedure toe te passen. Allereerst werden de invleedrijke paramcters
in elke kwantificatie geidentificeord door hel uitvoeren van een seusitiviteitsanalyse.
Vervolgens werden deze invloedrijke parameters verfijnd door de desbetreffende schat-
tingen stapsgewijs te vervangen door de schattingen uit de expertkwantificatie. Het re-
sultaal van de vervangingen werd voor cen aantal verschiilende patiéntproficlen onder-
zocht. De voorspellingen van elk verfijnd netwerk werden vergeleken met de voorspellin-
gen van het netwerk waarin alle parameters door de expert waren geschat, Uit deze
studie werd geconcludeerd dal hiet voor het verkrijgen van cen adekwate netwerkkwan-
tificatie waarschijnlijk voldoende is om een beperkt aantal nauwkeurige schatiingen te

verzamelen.

Efficiénte methoden voor sensitiviteitsanalyse

In hoofdstuk 4 en 5 worden efficiénte methoden voor sensitiviteitsanalyse gepresen-
teerd. De meest eenvoudige manier om sensitivileitsanalyse van een probabilistisch
netwerk uit te voeren is door het stapsgewijs en systematisch variéren van parameter-
schattingen. Bij elke stap wordt de uitkomst van het netwerk berekend. Aangezien
het evalueren van een probabilistisch netwerk veel computertijd vergt, is het uvitvoeren
van een sensitiviteitsanalyse op deze manier te tijdrovend om nog praktisch bruikbaar

te zijn.

Hoofdstuk 4 richt zich op één-wegs sensitiu-r'teitsanalﬁse van cen probabilistisch
netwerk. Met een één-wegs sensitiviteitsanalyse wordt het effect van onnaonwkeurighe-
den in één enkele parameterschatting bestideerd. Onze methode voor één-weys sen-
sitiviteitsanalyse gebruikt de informatie die intrinsiek in de grafische strucluur van
een probabilistisch netwerk besloten ligt. Uit de structunr van het netwerk kan, voor
een gegeven patiént, afgeteld worden welke parameters de nitkomst van hel netwerk
niet kunnen beinvioeden, Deze parameters kunnen verder buiten beschouwing gelaten
worden. Voorts hebben we laten zien dat de uitkomst, dankzij de structunr van het
netwerk, een simpele wiskundige functic is van de ene parameter die gevariéerd wordt
in cen één-wegs sensitiviteitsanalyse. Kennis van de vorm van deze functic reduceert
het uitvoeren van een seusitiviteitsanalyse tot het bepalen van de coiifficiénien in deze
functie. Deze twee eigenschappen maken één-wegs sensitiviteitsanalyse aanziendijk ef-

ficiénter.
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In hooldstuk 5 wordt onze methode voor één-wegs sensitiviteitsanalyse uitgebreid
naar sensitiviteitsanalyse met betrekking tot een willekeurig aantal parameters. Een
sensitiviteitsanalyse waarin een aantal parameters tegelijk gevariéerd wordi, laat mo-
gelijke interacties zien tussen de onnauwkeurigheden in de schattingen voor deze para-
meters. Het kan bijvoorbeeld gebeuren dat het variéren van twee parameters on-
athankelijk van elkaar geen effect heeft op de uitkomst van liet netwerk, terwijl de
uitkomst drastisch verandert wanneer de twee parameters tegelijkertijd gevariéerd wor-
den. In een sensitiviteitsanalyse met hetrekking tot een willekeurig aantal parameters
kan wecerom aangetoond worden dat de uitkomst van het netwerk cen eenvoudige
functie is van deze parameters. Om het gemeenschappelijk effect van deze parameters
te meten is het dus voldoende om de coéfficiénten in deze functie te bepalen. In hoofd-
stuk 5 construeren we een rekenkundig raamwerk dat gebrnikt wordt om alle informatie
in het netwerk die nodig is om de gewenste coéfficiénten te berekenen te verzamelen.

DEEL IIT

Deel 111, bestaande uit de hoofdstukken 6 en 7, richt zich op beslisdiagrammen en
probabilistische netwerken die gebruikt worden voor besliskunde.

Sensitiviteitsunalyse van besliskundige probabilistische netwerken

Probabilistische netwerken kunnen voor besliskunde gebruiki, worden door ze uit te
breiden met het drempelwaarde model. Een expert bepaalt een drempelwaarde voor,
bijvoorbeeld, de operatiemortaliteit. De patiént wordt geopereerd als #ijn operatiemor-
taliteit, berekend uit het netwerk, lager is dan deze drempelwaarde, Als de operatiemor-
taliteit hoger is dan deze drempelwaarde wordt de patiént niet geopereerd. Sensi-
tiviteitsanalyse van een besliskundig probabilistisch netwerk laat zien of onnauwkeurig-
heid in de schatting van ecn parameter de aanbevolen beslissing kan veranderen. Als
eenl maat van sensitiviteit introduceren we het concept van de minimale deviatie; dit
is de minimale verandering in een kansschatting die cen verandering in de huidige aan-
bevolen. bestissing veroorzaakt. In het algemeen geldt dat hoe kleiner de minimate
deviatie voor een parameter is, des te belangrijker het is de waarde van die parameters
nauwkeurig te kennen. In hoofdstuk 6 laten we zien hoe deze minimum deviatie ef-
ficiént berekend kan worden door gebruik te maken van de methode die in hoofdstuk 4

gepresenteerd is.

Sensitiviteitsanalyse van beslisdiagrammen

In hoofdstitk 7 komt beslissingsondersteuning met behulp van beslisdiagrammen aan
bod. De uitkomst van cen beslisdiagram is een optimale heslissing. De optimale beslis-
sing is die beslissing waarvoor de verwachte waarde (of verwachte utiliteit) maximaal is.
Sensitiviteitsanalyse van een beslisdiagram heeft tot doel om erachter te komen of het




276 Samenvatting

variéren van één of meer parameterschattingen de optimale beslissing kan veranderen.
In hoofdstuk 7 wordt wederom het concept van de minimale deviatie als maat. voor de
sensitiviteit gebruikt. We presenteren een efficiénte methode die voor elke afzonderlijke
paraineter uitrekent wal de minimale deviatie is die nodig is om de optimale beslissing
te doen veranderen. De methode vertoont veel overcenkomsten met de methode in
hoofdstuk 4, We maken gebruik van liet feit dat. de verwachte utiliteit in een beslisdia-
gram een eenvoudige wiskundige functie is van de parameter die onderzocht wordt in

de sensitiviteitsanalyse.

DEEL IV

In het onderzoek dat heschreven is in dit proefschrift ligt de nadruk op de technick van
sensitiviteitsanalyse. We hebben efficiénte methoden ontwikkeld die sensitiviteilsana-
lyse van besliskundige netwerken haalbaar maakt. Verder hebben we onderzocht hoe
sensitiviteitsanalyse gebruikt kan worden om het kwantificeren van een netwerk te
vergemakkelijken. Dit proefschrift brengt besliskundige netwerken hiermee één stap
dichiter bij het praktische gebrnik in de medische hesliskunde. Er is echier nog veel
werk te verzetten voordat besliskundige netwerken een algemeen gebruikt besliskundig
instrument zullen zijn. Aanvillende technieken die hin bouw en evaluatie ondersteu-
nen, zoals technieken voor onzekerheidsanalyse en technicken voor validatie, mocten
nog ontwikkeld worden. Tenslotie ligt er de grote nitdaging om praktische ervaring op
te doen met het honwen van besliskundige netwerken voor klinisch relevante problemen

en om hun toegevoegide waarde in de medische praktijk te evalueren.
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