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Abstract

One of the most widely-used multivariate conditior@atility models is the dynamic conditional
correlation (or DCC) specification. However, thalarlying stochastic process to derive DCC has
not yet been established, which has made problertaiderivation of asymptotic properties of
the Quasi-Maximum Likelihood Estimators (QMLE). Bate, the statistical properties of the
QMLE of the DCC parameters have purportedly beenvel@ under highly restrictive and
unverifiable regularity conditions. The paper shdtet the DCC model can be obtained from a
vector random coefficient moving average procesd, gerives the stationarity and invertibility
conditions of the DCC model. The derivation of D&€@m a vector random coefficient moving
average process raises three important issues|lawsd: (i) demonstrates that DCC is, in fact, a
dynamic conditional covariance model of the retushecks rather than a dynamic conditional
correlation model; (ii) provides the motivationhieh is presently missing, for standardization of
the conditional covariance model to obtain the domahl correlation model; and (iii) shows that
the appropriate ARCH or GARCH model for DCC is lthsa the standardized shocks rather than
the returns shocks. The derivation of the reguyladonditions, especially stationarity and
invertibility, should subsequently lead to a sd@lidtistical foundation for the estimates of the DCC
parameters. Several new results are also deriveduriovariate models, including a novel
conditional volatility model expressed in termsstdndardized shocks rather than returns shocks,

as well as the associated stationarity and invgtyilconditions.

Keywords: Dynamic conditional correlation, dynamic condi@brcovariance, vector random

coefficient moving average, stationarity, inveilitlgi asymptotic properties.
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1. Introduction

Among multivariate conditional volatility model$ya dynamic conditional correlation (or DCC)
specification of Engle (2002) is one of the mostely used in practice. Both multivariate
conditional correlations and the associated camaki covariance models, are very useful for
determining optimal hedging strategies, volatilggillovers and causality in volatility among
financial commodities. These issues are especiallyortant in energy finance, where the
relationships among fossil fuels, such as oil, @al gas, and carbon emissions, are crucial for
public and private policy making (see, for exam@bang and McAleer (2017), Chang, McAleer
and Tansuchat (2011), and Chang, McAleer and W20i1y7)).

The two alternative models that have been usedywideestimating and forecasting multivariate
conditional correlations and conditional covariambave been based on: (i) the diagonal and full
BEKK models of Baba et al. (1985) and Engle andni€rq1995), which have been derived from
an m-dimensional vector random coefficient autagsgive process (see McAleer et al. (2008) and
section 2 below)); and (ii) the DCC model, whichswaiesented without an underlying stochastic

specification in Engle (2002).

The basic DCC modelling approach has been as fsll@)yvestimate the univariate conditional
variances using the GARCH(1,1) model of Bollers(@986), which are based on the returns
shocks; and (ii) estimate what is purported to Ihe tonditional correlation matrix of the
standardized residuals. The first step is entiaghjtrary as the conditional variances could jgst a

easily be based on the standardized residuals gteess as will be shown in Section 4 below.

A similar comment applies to the varying conditiboarrelation model of Tse and Tsui (2002),
where the first stage is based on a standard GARQHodel using returns shocks. The second
stage is slightly different from the DCC formulatias the conditional correlations are defined
appropriately. However, no regularity conditions presented, and hence no statistical properties

are given.



The DCC model has been analyzed critically in a Inemof papers as its underlying stochastic
process has not yet been established, which has pratdlematic the derivation of the asymptotic
properties of the Quasi-Maximum Likelihood EstimatqQMLE). To date, the statistical

properties of the QMLE of the DCC parameters hasenbderived under highly restrictive and

unverifiable regularity conditions, which in essermnounts to proof by assumption.

This paper shows that the DCC specification cawoliiained from a vector random coefficient
moving average process, and derives the conditmmstationarity and invertibility of the DCC
model. The derivation of regularity conditions slibsubsequently lead to a solid statistical

foundation for the estimates of the DCC parameters.

The derivation of DCC from a vector random coeéfiti moving average process raises three
important issues: (i) demonstrates that DCC ifadt, a dynamic conditional covariance model of
the returns shocks rather than a dynamic conditicoarelation model; (i) provides the
motivation, which is presently missing, for stardization of the conditional covariance model to
obtain the conditional correlation model; and (@jows that the appropriate ARCH or GARCH

model for DCC is based on the standardized shatksrthan the returns shocks.

The remainder of the paper is organized as folldwsection 2, the standard ARCH model is
derived from a random coefficient autoregressivecess to provide a background for the
remainder of the paper. The multivariate countérppARCH is derived from a vector random
coefficient autoregressive process, which will explintuitively how the univariate results of
Marek on a random coefficient moving average pre@ be extended to an m-dimensional
vector counterpart. In Section 3, the DCC modegdressented and discussed. Section 4 presents
and discusses a new vector random coefficient ngoairerage process that will be used as an
underlying stochastic process in order to deriveCDGeveral new results are derived for the
associated univariate models, including a novetidmmal volatility model expressed in terms of
standardized shocks rather than returns shocksyedls as the associated stationarity and
invertibility conditions. In section 5, DCC is densgirated to be derived from the vector random
coefficient moving average process. The conditionstationarity and invertibility of DCC are

derived in Section 6. Some concluding commentgmen in Section 7.



2. Random Coefficient Autoregressive Process

This section presents the underlying stochastioragtessive processes for univariate and
multivariate GARCH processes, as compared withntlativariate moving average process for
the multivariate DCC process in the following sestiConsider the following random coefficient

autoregressive process of order one:

gt = ([tgt—l +,7t (1)
where
¢t - “d (O’U) ’

n, ~iid (0,&), independent ofg} .
The ARCH(1) model of Engle (1982) can be derive(sage Tsay (1987)):
h =E(& |1,) = wtas’,. 2)

where h, is conditional volatility, and,_; is the information set at tintel. The use of an infinite

lag length for the random coefficient autoregressprocess leads to the GARCH model of
Bollerslev (1986).

The diagonal and full BEKK models of Baba et aB&%) and Engle and Kroner (1995), though
not the Hadamard BEKK and full BEKK models, cardegived from a vector random coefficient

autoregressive process (see McAleer et al. (2088)jhe statistical properties of vector random



coefficient autoregressive processes are well kndim statistical properties of the parameter
estimates of the ARCH, GARCH, and diagonal BEKK eilsdare straightforward to establish.

. DCC Specification

This section presents the DCC model, as given gief2002), which does not have an underlying
stochastic specification that leads to its deroratiet the conditional mean of financial retures b

given as:
Yo = E(Y [ 1y) +é 3)

where Y, = (Yy . Ym)'s Yi = AlogP, represents the log-difference in stock pric€s)( i =

1,...m, 1, is the information set at timel, andé&, is conditionally heteroskedastic. Without

distinguishing between dynamic conditional covare@siand dynamic conditional correlations,

Engle (2002) presented the DCC specification as:
Q =W-a-pQ+an .+ A, )

Where6 is assumed to be positive definite with unit elate@long the main diagonal, the scalar

parameters are assumed to satisfy the stabilitgiton, a + 5 < 1, the standardized shocks,
N =y, Nw)', Which are not necessarilg, are given agy, = &, /4/h, ,andD, is a diagonal
matrix with typical element/h, , i = 1,...m. If m is the number of financial assets, the

multivariate definition of the relationship betwegnand s, is now given ass, = D7, .



Define the conditional covariance matrix §fasQ, . As themx1 vector,s,, is assumed to be
iid for all m elements, the conditional correlation matrix/pfis given byl,. Therefore, the

conditional expectation of the covariance matrixaé defined as:

Q =Dl b,. (5)

Equivalently, the conditional correlation matrix,, can be defined as:

r’( = Dt_l Q’( Dt_l : (6)

Equation (5) is useful if a model df, is available for purposes of estimatiQy, whereas

equation (6) is useful if a model ¢}, is available for purposes of estimatihg.

In view of equations (5) and (6), as the matribequation (4) does not satisfy the definition of a

correlation matrix, Engle (2002) uses the followstgndardization:

R =(diag(Q,))"*Q (diag(Q)) ™ (7)

There is no clear explanation given in Engle (2G62)he standardization in equation (7) or, more

recently, in Aielli (2013), especially as it doast satisfy the definition of a correlation matras

given in equation (6). The standardization in eiquef7) might make sense if the matf were
the conditional covariance matrix &f or 77, , though this is not made cleéris worth noting

that the unconditional covariance matrix&Qfis not analytically tractable.

Despite the title of the paper, Aielli (2013) aldoes not provide any stationarity conditions for
the DCC model, and does not mention invertibilitgeed, in the literature on DCC, it is not clear

whether equation (4) refers to a conditional cauaze or a conditional correlation matrix,



although the latter is presumed. Some caveatsdiegaDCC are given in Caporin and McAleer
(2013).

. Vector Random Coefficient Moving Average Process

The random coefficient moving average process lvdlpresented in its original univariate form
in section 4.1, as in Marek (2005), with an extengb its multivariate counterpart in section 4.2,
in order to derive the univariate and multivariedaditional volatility models, respectively.

4.1 Univariate process

In an interesting paper, Marek (2005) proposedhaali moving average model with random
coefficients (RCMA), and established the conditidas stationarity and invertibility. In this
section, we extend the univariate results of M4&€l05) using an m-dimensional vector random
coefficient moving average process of orgewhich is used as an underlying stochastic process
to derive the DCC model, and prove the stationaaityg invertibility conditions. Several new
results are also derived for the associated urmtearmodels, including a novel conditional
volatility model expressed in terms of standardigbdcks rather than returns shocks, as well as

the associated stationarity and invertibility cdiuohs.

Consider a univariate random coefficient movingrage process given by:
& =00+, (8)

wherer, ~ iid (0,). The sequenc{aﬂ} IS supposed to be independentpf,7,,/,.q;--. Which
is called the Future Independence Condition, witle@n zero and varianee. It is also assumed

to be measurable with respectltg where |, is the information set generated by the random



variable, {¢ &_, }. Furthermore, it is assumed that the procesg {s stationary and invertible,

such thatp, U1, . For further details, see Marek (2005).

Without the measurability assumption {)ﬁ} it would be difficult to obtain results on the
invertibility of the model. However, an importamesial case of the model arises wt{éﬁ Isiid,
that is, not measurable with respectl{g in which case the conditional and unconditional

expectations ok, are zero, and the conditional varianceepfis given by:

h=E( |1u) =w+an, 9)

which differs from the ARCH(1) model in equatior) (@ that the returns shock is replaced by the

standardized shock. This is a new result in thelitmmal volatility literature.

As 7, ~iid (0,&), the unconditional variance &f is given as:
E(h)=(01+a)«.

The use of an infinite lag length for the randonefticient moving average process in equation
(8), with appropriate restrictions df) , would lead to a generalized ARCH model that diffeom

the GARCH model of Bollerslev (1986) as it woulglece the returns shock with a standardized

shock.

The univariate ARCH(1) model in equation (9) is taomed in the family of GARCH models
proposed by Hentschel (1995), and the augmented@ARodel class of Duan (1997).

It can be shown from the results in Marek (2008} thsufficient condition for stationarity is that
the vector sequenog = (17,,6/,_,)" is stationary. Moreover, by Lemma 2.1 of Marek(Q®) a

new sufficient condition for invertibility is that:



Ellogé,|| <0. (10)

The stationarity o, = (/7,,6/],.)' and the invertibility conditiin equation (10) are new results

for the univariate ARCH(1) model given in equat{®h as well as its direct extension to GARCH

models.

4.2 Multivariate process

Extending the analysis given above to the multataricase and to a vector random coefficient
moving average (RCMA) model of ordpr we can derive a special case of DG, namely
DCC(p,0), as follows:

& ‘Z iW/h-j 1 (11)

where €, and/7, are botmx1 vectors andd, , j = 1,...,p are randommxm matrices,
independent o#},_;,7,,/},.1,---- Under Assumption 1, it is possible to derive twnditional

covariance matrix o€, in equation (11):
Assumption 1:

() E( (1) =0, E(2.' |,) = Q.
(i) The random coefficient matriceéﬁt have the following properties: For gH1,...,p,

t=1,...,T, it is assumed thatE(g, |l,4) = 0, E(, \fjm | 1i2) = A WA, for

jmn ’

appropriate matrices, , and A, that form the conditional covariance matrix@f

,and E(8 \Fsm' |1:41) =0, 1 # j,and/ors #t.

ismn

10



This is similar to Proposition 1 of McAleer et €2008) in that the conditional covariance matrix

is given by

p
H, =E(g& 1) =Q +ZAiI7t-J,7t-J Ai'
j=1

j=1

E(vedH,)) :(Im +Zp:Aj DAijec(Q).

This approach can easily be extended to includeregtessive terms. For example, in a model

analogous to GARCH.g), namely:

p q
H, =Q +ZA|’Z—i’7t—iA'+z B/H,_B;’
i1 =

q
where the parameter matrics are such that the maximum eigenvalueEBj 0B, is smaller
j=1

than one in modulus, it follows that:

E(veqH,)) :[|m—i5j DBJ} [|m+iAj DAiJvec(Q).

The derivation given above shows that, as compaittdthe standard DCC formulation, which is
not based on an underlying stochastic procesdehds to its derivation, the formulation given
above permits straightforward computation of theamditional variances and covariances via the

derived models in equations .

It should also be noted that in Aielli’'s (2013) iadiion of the standard DCC model, it is possible

to calculate the unconditional expectation of @ematrix, as in equation (4), but this is not equal

to the unconditional covariance matrix ef , which is analytically intractable. This is an

11



additional advantage of using the vector randonffictent moving average process given in the

above equations, as will be shown explicitly in thiowing section

. OnelLineDerivation of DCC

In this section, the DCC model will be derived franvector random coefficient moving average
process as the underlying stochastic proced, Iin equation (11) is given as:
0, = Al

jtims

with A, ~iid 0,@,), j=1,...p,

where A, is a scalar random variable, then the conditicogriance matrix can be shown to be:

P
H =E(e& [14)=Q+> a,n._n.; . (12)
j=1

The DCC model in equation (4) is obtained by lettim — o in equations (11) and (12), setting
a; = a B, and standardizingd, in equation (12) to obtain a conditional correatmatrix. For

the case = 1 in equation (12), the appropriate univariatedsttonal volatility model is given in
the new model in equation (9), which uses the stahzed shocks, rather than standard ARCH in

equation (2), which uses the returns shocks.

The derivation of DCC in equation (12) from a veecgmdom coefficient moving average process
is important as it: (i) demonstrates that DCCnsfact, a dynamic conditional covariance model
of the returns shocks rather than a dynamic canditi correlation model; (ii) provides the
motivation, which is presently missing, for stardiaation of the conditional covariance model to
obtain the conditional correlation model; and (@jows that the appropriate ARCH or GARCH
model for DCC is be based on the standardized shatker than the returns shocks.

12



It is worth noting that the derivation of the DCdel using the underlying vector random
coefficient moving average process is not arguduetanique as the latter has not been shown to
be a necessary condition. However, to date thesdoban no derivation of the DCC model from
an underlying stochastic process that leads teitsvation.

. Derivation of Stationarity and Invertibility of DCC

The formulation of DCC given in the previous segti® more natural than the standard treatment
as it can be derived from an underlying stochgsticess which leads to its derivation, and can
be also analyzed in terms of mathematical andsstal properties, such as stationarity,

invertibility, and existence of moments.

This section derives the stationarity and invelitypconditions for the DCC model in Theorem 1,

based on Assumption 2:
Assumption 2. E [log ||®t—k||]< Iog\/p_m (13)

where|©, | is the Frobenius norm, ar@, is given by:

Hlt - HZt Hpt

1 0 0
O, =

0 1 0

Theorem 1. A sufficient condition for stationarity is that thector sequence:

v, =1, glt”t—l""’ept,]t—p)‘

13



is stationary. Furthermore, under Assumption 2,vbetor random coefficient moving average

processg, , is invertible.

Proof: The proof of stationarity is similar to that givabove for the univariate random coefficient
moving average process. For invertibility, notettha

n, =& _jZZHit”t-i
which can be written as:
where

,7'[ = (’7t”7t—l""”7t—p+l)' and gt = (gt’gt—17""£t—p+1)l'

Hence,

n-1 j n-1
= j:O(D@t_kﬂja_j +(D@HJI7H-

Now let:

n j
7o z(ﬂeje .

Consider

14



1

1
=Zlog———
1759 om

fio-Jr-

Iog

t-k

FII/L o

2'09\/—||@tk||+ logrllnt ol

O[] - Elog o <0

\/_”@

as Elog|©, <+ pm, by assumption. This implies that-7" O[] -0 and, hences, is

asymptotically measurable with respect @ {,&,_, ... }, and &, is invertible. .

The derivation of the sufficient conditions fortedaarity and invertibility of the DCC model in
Theorem 1 makes it more viable and understandalplieaictice, and contributes toward a statistical

analysis of the model for practical purposes, asufised in Section 1.

Note that a sufficient condition for equation (i8}jhat:

P 2

YE|6,| <m (14)
=1
as E log | <logE

\/—IIO rll@tkll

“logE— L Jiue [ +(p-9m
9E ol o

15



1 P
100 EJp_m,Z}H@ﬁHZ +(p-1)/p

1 P
< Iog\/p—m; Euejtuz +(p-1/p

< 0.

The condition given in equation (14) may be easiahieck in practice than the condition given
in equation (13). The simplicity and convenience ofisggpn (13) may be important for the

practical implementation of the DCC model.

For the special cas@; =A;l,,, with A, ~iid (O,a;), j=1, ..., p, discussed in Section 5

above, the condition in equation (14) simplifies te tmell-known condition on the long-run

persistence to returns shocks, namely:

p p
ZlE/ﬁt zzlaj < 1.
j= j=

. Conclusion

The paper was concerned with one of the most widelg-useltivariate conditional volatility
models, namely the dynamic conditional correlation@&C) specification. As the underlying
stochastic process to derive the DCC model has nbegn established, this has made problematic
the derivation of the asymptotic properties of the @WMesximum Likelihood Estimators (QMLE).
To date, the statistical properties of the QMLE & EXCC parameters have been derived under

highly restrictive and unverifiable regularity conditgmn short, proof by assumption.
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The paper showed that the DCC specification coulditained from a vector random coefficient
moving average process, and derived the sufficienbstaity and invertibility conditions of the
DCC model. The derivation of the regularity conditiostsould eventually lead to a solid
foundation for the statistical analysis of the QMLEraates of the DCC parameters.

Several new results were also derived for univariate mpdecluding a novel conditional
volatility model that was derived from an underlyingivamiate random coefficient moving
average process, and was given in terms of standarshoe#s rather than returns shocks, as well

as the associated stationarity and invertibility ¢bons.

The derivation of DCC from the underlying vector randooefficient moving average process
demonstrated that DCC is, in fact, a dynamic conaliticovariance model of the standardized
shocks rather than a dynamic conditional correlatiodehbased on returns shocks, as presumed
in Engle (2002). Moreover, the derivation of the DCC miqutovided the motivation, which is
presently missing, for standardizing the conditionalatiance model to obtain the conditional
correlation model. The standardization of the estimB®t€& models in practice does not satisfy
the definition of a correlation matrix, which has alwdgeen problematic in interpreting the DCC

model (see, for example, Caporin and McAleer (2013)).

The derivation of the DCC model also showed thatgheropriate ARCH or GARCH model for
DCC is based on the standardized shocks rather theamethrns shocks. The derivation of
regularity conditions should subsequently lead tolal statistical foundation for the QMLE of

the appropriate univariate specifications that undérkeDCC model.
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