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Abstract

We study a class of two-player normal-form games with cyclical payoff structures.
A game is called circulant if both players’ payoff matrices fulfill a rotational symmetry
condition. The class of circulant games contains well-known examples such as Matching
Pennies, Rock-Paper-Scissors, as well as subclasses of coordination and common interest
games. The best response correspondences in circulant games induce a partition on each
player’s set of pure strategies into equivalence classes. In any Nash Equilibrium all strate-
gies within one class are either played with strictly positive or with zero probability. We
further show that, strikingly, a single parameter fully determines the exact number and
the structure of all Nash equilibria (pure and mixed) in these games. The parameter itself
only depends on the position of the largest payoff in the first row of one of the player’s
payoff matrix.
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1 Introduction

Games with cyclical structures are ubiquitous in game theory. Simple examples like Matching
Pennies and Rock-Paper-Scissors are routinely used to illustrate the concepts of mixed strategies
and mixed strategy Nash equilibria in any introductory class to game theory. Beyond their
pedagogical value, these simple examples have a wide range of application in game theory.
Evolutionary game theory is one prominent example and, e.g., the mating strategies of the
common side-blotched lizard have been shown to follow a rock-paper-scissors pattern (Sinervo
and Lively, 1996). A cyclical game structure can be captured by circulant payoff matrices, in
which each row vector is rotated by one element relative to the preceding row vector (Hofbauer,
Schuster, Sigmund, and Wolff, 1980; Diekmann and van Gils, 2009). Games with circulant
payoff matrices have been studied extensively in the literature on evolutionary game theory
(Hofbauer and Sigmund, 1998) and population dynamics (Hofbauer, Schuster, Sigmund, and
Wolff, 1980; Diekmann and van Gils, 2009). Circulant payoff matrices also underly certain
classes of coordination games, starting with matching games, that have been studied in the
literature on symmetries and focal points (Casajus, 2000; Janssen, 2001).!

The class of games we study here is important for at least two fields of applications. First,
the analysis of the convergence properties of various evolutionary dynamics for cyclical game
structures has often focused on uniformly mixed strategies. Games in which this strategy
profile is the unique equilibrium constitute important examples of convergence failure (see,
e.g., Sandholm, 2010, Chapter 9.2.1, pp. 327-330). Still, many games with a cyclical structure
have more than one equilibrium and the non-convergence to one particular equilibrium may
not be conclusive for the convergence properties of the whole system. Second, matching games
and more general coordination games constitute an archetypal framework to analyze features
external to the games’ formal structure. The cyclical game structure provides a framework
where strategies cannot be differentiated according to differences in payoffs. Yet, matching
games are just one particular representation of such symmetric frameworks and many different,
equally appropriate cyclical game structures may exist (see, e.g., Alos-Ferrer and Kuzmics,
2013). A rigorous characterization of the set of Nash equilibria of cyclical game structures in
general is still missing.

The aim of this paper is to bridge these gaps and provide a more general analysis of games
with a cyclical structure. More precisely, we investigate a class of finite two-player normal-form
n X n games we coin circulant games, in which the players’ payoff matrices are circulant. We
also require that the first row of each matrix is ordered. This approach allows us to integrate
classical examples from Game Theory into one single class of games. Well-known games such
as the ones mentioned above, as well as subclasses of common-interest and coordination games
(including matching games) belong to the class of circulant games.

Our results shed new light on the common features shared by these games. Our main
results identify the ezact number of (pure or mixed) Nash equilibria in circulant games. We
also obtain necessary and sufficient conditions for the existence of pure strategy Nash equilibria
and, in case of non-existence, for the uniqueness of the uniformly mixed Nash equilibrium (a
profile which we show to be a Nash equilibrium for all circulant games). As a consequence
of our main results we obtain that the maximal number of Nash equilibria in these games is
exactly 2™ — 1. The number of pure strategy Nash equilibria is either 0, 1, 2, or n. Further,
we are also able to characterize the structure of the set of mixed Nash equilibria. The best
response correspondences induce an equivalence relation on each player’s set of pure strategies.
In any Nash equilibrium all strategies within one equivalence class are either played with strictly

IThe simplest example of a matching game is Heads and Tails. If both players match the strategy of the
other player each player gets a payoff of 1, otherwise each player receives a payoff of zero.



positive or with zero probability. We show how to derive the equivalence classes, allowing for
a characterization of the support of all Nash equilibrium strategies.

Our results also contribute to the literature on the number of Nash equilibria in finite two-
player normal-form n x n games. Provided that such a game is non-degenerate the number
of Nash equilibria is finite and odd (see, e.g., Shapley, 1974). Quint and Shubik (1997) show
that for any odd integer number y between 1 and 2™ — 1, there exists a game with exactly y
Nash equilibria. However, as shown in von Stengel (1997), 2" — 1 is not an upper bound on
the number of Nash equilibria in such games. New upper bounds on the number of distinct
Nash equilibria are established in Keiding (1998) and von Stengel (1999). For the class of
coordination games 2" — 1 is the (tight) upper bound on the number of equilibria (Quint and
Shubik, 2002). Our results show that this is also true for the class of circulant games.

Recently, several other articles have analyzed subclasses of games with a special focus on
different notions of cyclicity. Duersch, Oechssler, and Schipper (2012) consider symmetric two-
player zero-sum normal-form games and define generalized rock-paper-scissors matrices (gRPS)
in terms of best response cycles. In their setting, a game has a pure strategy Nash equilibrium
if and only if it is not a gRPS. Bahel (2012) and Bahel and Haller (2013) examine zero-sum
games that are based on cyclic preference relations on the set of actions and characterize the set
of Nash equilibria. In the former paper, actions are distinguishable, i.e., one specific actions is
the beginning of the cyclic relation, and there exists a unique Nash equilibrium. In the latter,
actions are anonymous, i.e., each action can be seen as the beginning of the cycle without
affecting the relation, and depending on the number of actions the Nash equilibrium is unique
or there exists an infinite number of Nash equilibria.

The remainder of this paper is structured as follows. Section 2 introduces the class of circu-
lant games. Section 3 states the main results and presents a recipe to characterize the support
of all Nash equilibrium strategies for a given circulant game. Section 4 presents generalizations
of circulant games and Section 5 concludes. All proofs are relegated to the appendix.

2 Circulant Games

Let I' = ((S1, S2), (1, m2)) be a finite two-player normal-form game where S; = {0,1,...,n;—1}
denotes player ¢’s set of pure strategies and 7; : S; x Sy — R denotes player ¢’s payoff function
for i = 1,2.2 We will write player i’s payoff function as the n; x ny matrix A; = (al,)res,.ics»
given by ai; = m;(k,1). Thus in both matrices each row corresponds to a pure strategy of player
1 and each column to a pure strategy of player 2. Following the notation in e.g. Alos-Ferrer
and Kuzmics (2013), we will also write m;(s|s’) for player i’s payoff if he chooses a strategy
s and player —i chooses strategy s’. The set of mixed strategies for player i is denoted by
Y. For o, € %;, 0,(s) denotes the probability that o; places on the pure strategy s € S;.
The set of all pure strategies played with strictly positive probability is denoted by supp(o;).
Payoff functions are extended to the sets of mixed strategies through expected payoffs. Given
a mixed strategy o_; of player —i, a best response for player i against o_; is a strategy o;
such that m;(0;|0_;) > m;(ollo_;) for all o} € ¥;. The set of best responses for player i against
a strategy o_; of the other player is denoted by BR;(c_;). A finite two-player normal-form
game is non-degenerate (Quint and Shubik, 1997) if for any mixed strategy o; of player i with
| supp(o;)| = m, player —i has at most m pure strategy best responses against o;. In what
follows I',, denotes a finite two-player normal-form game in which S; = S, = 5™ = {0,...,n—1}.
The following two results are well-known and will be used throughout the paper.

2We choose to label players’ strategies from 0 to n; — 1 as this will later simplify notation significantly.



Proposition 1 (Best Response Condition, Nash, 1951). Let I' be a finite two-player normal-
form game. Then o; € ¥; is a best response to o_; € ¥_; if and only if for all s; € S;

0i(8:) > 0= m(s;|lo_;) = mz}sxm(s|a_i).
SED;
Proposition 2 (Shapley, 1974; Quint and Shubik, 1997). Let [' be a finite non-degenerate
two-player normal-form game with strategy set Sy = Sy = S. Then
(i) T has a finite and odd number of Nash equilibria.

(i) if T1, Ty C S then T has at most one Nash equilibrium (o1, 09) such that supp(oy) = T}
and supp(oz) = Ts.

Circulant games will be defined through circulant matrices (see Davis, 1979) which we
introduce now.

Definition 1. A matriz A € R"*" is circulant if it has the form

Qo ap Gz - Qp

Qp—1 Qg a; ... Qp—2

A= @n-2 Qap-1 Ao ... Gp_3

ay [¢5) as - -- Qo

and anti-circulant if

ay - Ap—3 0Ap—2 0dp-1

ap - Qp—2 Gp-1 Qo

A= a2 ap—1 Qo ay
p—1 **° Gp—4a Gp-3 Gp—2

Circulant and anti-circulant matrices are hence fully specified by the first row vector. Each
remaining row vector is rotated by one element relative to the preceding row vector. We are
now ready to define a circulant game.

Definition 2. A two-player normal-form game I',, is a circulant game if
(i) each player’s payoff matriz is either circulant or anti-circulant,

(ii) a} >aj >--->al |, and

. 2 2 2 2 2 2 2 2
(ii) either a;_j > a;, @ > -2 Gn_ > a5 > a7 > - > Q7 g OT Qg > G g > >
a%Za%Zai_l2~-~Zai_k+1f0rsomelgk§n.

The parameter k is called the shift of T',,.

The shift describes the position of player 2’s largest payoff in the first row of his payoff
matrix. As we will see later, knowing the shift and the number of pure strategies suffices to
determine the exact number and structure of Nash equilibria in circulant games.

Note that if A; is circulant then a;; = a;_; and if A; is anti-circulant then a;; = a;4; where
the indices are to be read modulo n, e.g. —1 =n—1,n+1 =1, etc. In a circulant game, if player

1’s payoff matrix is circulant then 7 (s|s’) = al,__ and if player 1’s payoff matrix is anti-circulant

S —s
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then m(s|s’) = al, . Similarly if player 2’s payoff matrix is circulant then m(s|s’) = a2_,, and
if player 2’s payoff matrix is anti-circulant then 7s(s|s’) = a2, . Throughout the paper the
sum and difference of two strategies (and the multiplication of a strategy with an integer) in a
circulant game is to be read modulo n.

In a circulant game the entries in the first row of player 1’s payoff matrix (weakly) decrease
when moving from left to right with a} being the unique maximum payoff. The entries in
the first row of player 2’s payoff matrix (weakly) decrease either when moving from the largest
payoff to the right, or when moving from the largest payoff to the left. The shift £ is determined
by the position of the unique maximum payoff in the first row of player 2’s payoff matrix. A
shift of k& = n corresponds to a3 being player 2’s largest payoff. A shift of k = 0 is of course
possible but for notational convenience is formally represented by a shift of £ = n.

Since in a circulant game the sum of the payoffs in each row and each column is constant,
if one player plays the completely uniformly mixed strategy, then all of the other player’s pure
strategies yield the same payoff. An immediate consequence of this is the following.

Lemma 2.1. Let T',, be a circulant game. Then o* = (07, 03) where o7 (s) = 1/n for all s € S™,
1=1,2, is a Nash equilibrium of T',,.

We can classify circulant games according to whether the players’ payoff matrices “rotate”
in the same or in opposite directions.

Definition 3. A circulant game is iso-circulant if the players’ payoff matrices are either both
circulant or both anti-circulant matrices. It is counter-circulant iof one player’s payoff matrix
1s circulant and the other player’s payoff matriz is anti-circulant.

For n = 2 every iso-circulant game is also counter-circulant and vice versa, as any circulant
2 X 2 matrix is also anti-circulant. For n > 3, however, the class of iso-circulant games is
disjoint from the class of counter-circulant games. Iso-circulant games with shift £ = n capture
the class of (weakly ordered) circulant coordination games.

Example 1 (Matching Pennies).

The game given by
A — 1 -1 A — -1 1
- 1) S S R |

is the well-known Matching Pennies game. Both players’ payoff matrices are circulant (and
anti-circulant) and for player 2, a®> | = a? = 1 is the largest payoff. Hence, it is an iso-

circulant (and also a counter-circulant) game with shift k = 1. [(1/2,1/2),(1/2,1/2)] is a Nash
equilibrium of this game. As we will show later it is the unique one.

Example 2 (Rock-Paper-Scissors).
The game given by
321 123
2131, A= 231

132 312
1s Rock-Paper-Scissors. Strategies are labeled such that for player 1, strategy 0is ‘Rock’, strategy
1 s ‘Scissors’, and strategy 2 is ‘Paper’ and for player 2, strategy 0 is ‘Scissors’, strateqy 1
1s ‘Rock’, and strategy 2 is ‘Paper’. Both players’ payoff matrices are anti-circulant and for
player 2, a> | = a2 = 3 is the largest payoff. This is an iso-circulant game with shift k = 1.
[(1/3,1/3,1/3),(1/3,1/3,1/3)] is a Nash equilibrium of this game. As we will see later it is the
UNIQUE One.

A1:



Example 3 (4 x 4 Coordination Game).
The game given by

Alz AQ:

= W N Ot
W DN U =
DO O = W
O W N
= W N Ot
W DN U =
DO O = W
Ot W N

1s an example of an iso-circulant game with shift k = 4 as both players’ payoff matrices are
circulant and for player 2, a>_, = a% = 5 is the largest payoff. The uniform probability dis-
tribution over all pure strategies, [(1/4,1/4,1/4,1/4), (1/4,1/4,1/4,1/4)], constitutes a Nash
equilibrium. It is, however, not the only one. As we will see later, our results immediately
imply that this game has 15 Nash equilibria.

The following two games are examples of counter-circulant games. In both games player 1’s
payoff matrix is anti-circulant and player 2’s payoff matrix is circulant.

Example 4.
4321 1432
3214 2143
A= 2143 |’ Ay = 3214
1432 4321

This is a counter-circulant game with shift k = 3 as for player 2, a>_5 = a} = 4 is the largest
payoff. The uniform probability distribution over all pure strategies [(1/4,1/4,1/4,1/4),(1/4,1/4,1/4,1/4)]
is a Nash equilibrium of this game. As we will see later this game has 3 Nash equilibria.

Example 5.
54321 321514
43215 43215
Ai=|32154], A= 54321
21543 15432
15432 21543

This is a counter-circulant game with shift k = 2 as for player 2, a>_, = a3 =5 is the largest
payoff. The uniform probability distribution over all pure strategies [(1/5,1/5,1/5,1/5,1/5),(1/5,1/5,1/5,
1s a Nash equilibrium of this game. As we will see later this game has 7 Nash equilibria.

3 Main Results

In this section we present the main results on the number and the structure of Nash equilibria
in circulant games. We start by presenting some preliminary lemmata that we require to state
the main results. All proofs are relegated to the appendix.

3.1 Preliminaries

Lemma 3.1. Let I',, be a circulant game with shift k in which player 1’s payoff matriz is
anti-circulant and let d = ged(k,n).

(i) If Ty, is iso-circulant, then in any Nash equilibrium (o1, 02), for all s € S™, o;(s) = 0 if
and only if o;(s +km) =0 for allm =0,...,%5 —1,i=1,2.



(ii) If T, is counter-circulant, then in any Nash equilibrium (o1, 09), for all s € S™, o1(s) =0
if and only if 01(—s + k) =0 and o9(s) = 0 if and only if oo(—s — k) =0

Given an iso-circulant game I, we can define an equivalence relation ~ on the set S™ by
s ~ s' if and only if s = s’ 4+ mk for some 0 < m < % — 1, where d = ged(n, k). Denote the
equivalence class of s € S by I(s). Note that, s'+mik # s'+mpk for all 0 < m; <my < 5 —1.
Hence I(s) = {s + mk|0 < m < % — 1} contains n/d elements and there are d different
equivalence classes. Let I(S™) = {I(s)|s € S™} be the set of equivalence classes. Suppose
player 1’s payoff matrix is anti-circulant. By Lemma 3.1(i) two strategies are equivalent if and
only if in any Nash equilibrium either both are simultaneously played with positive probability
or both are simultaneously played with zero probability.

For a counter-circulant game let C(s) = {s, —s+k} and Cy(s) = {s, —s—k} for all s € S™.
Note that any class Ci(s) contains at least one and at most two elements. It contains one
element if —s+k = s mod n and two elements if —s+k % s mod n. The former occurs if and
only if either 2s = k or 2s = n + k. Thus there is a singleton class if and only if either g esn

or @ € S™, i.e. if either k or (n + k) is an even number. In particular there can be at most
two singleton classes. Similarly, any class Cs(s) contains one element if —s — k = s mod n
and two elements if —s — k # s mod n. The former occurs if and only if either 2s = n — k
or 2s = 2n — k. Thus there is a singleton class if and only if either n — k or 2n — k is an
even number, which holds if and only if either k£ or (n + k) is an even number, i.c. if and only
if £ e 5" or @ € S™. We define C;(S™) := {Ci(s)|s € S"}, i = 1,2. Suppose player 1’s
payoff matrix is anti-circulant. Then, by Lemma 3.1(ii), s’ € C;(s) if and only if in any Nash
equilibrium either both s and s’ are simultaneously played with positive probability or both
are simultaneously played with zero probability. For an iso-circulant game, the set 1(S™) is a
partition of S™ by construction. It can be shown (Lemma B.3 in the appendix) that this is also
true in the case of counter-circulant games and C7(S™) and Cy(S™), respectively.

The following lemma covers the connection between the support of a strategy of player ¢
and the best response of player —: against that strategy.

Lemma 3.2. Let '), be a circulant game in which player 1’s payoff matriz is anti-circulant.

(i) If T, is iso-circulant then if o; € X and I(s) € 1(S™) are such that supp(o;) N I(s) =0
then BR,Z<O'Z) N [(-S) = (Z)

(i1) If T, is counter-circulant then if supp(o_;) N C_;(s) = 0 for C_i(s) € C_;(S™) then

3.2 The Number of Nash Equilibria

Theorem 1. Let I',, be an iso-circulant game with shift k and let d = ged(k,n) denote the
greatest common diwvisor of k and n. Then T',, has 2¢ — 1 Nash equilibria.

Since by definition k& < n, necessarily ged(k,n) < n. It follows that an iso-circulant game
can have at most 2" — 1 Nash equilibria. Further, an iso-circulant game has a unique Nash equi-
librium if and only if ged(k, n) = 1. Together with Lemma 2.1, this implies that if ged(k, n) = 1
then the unique Nash equilibrium is the one where both players place equal probability on each
pure strategy. Some immediate consequences of these results are the following.
Matching Pennies (Example 1) is an iso-circulant game with shift & = 1. Hence, [(1/2,1/2), (1/2,1/2)]
is the unique Nash equilibrium. Rock-Paper-Scissors (Example 2) is an iso-circulant game with
shift £ = 1. Hence, the unique Nash equilibrium is [(1/3,1/3,1/3),(1/3,1/3,1/3)].



Proposition 3. Let '), be an iso-circulant game with shift k. T, has n pure strategy Nash
equilibria if and only if k = n. Further, I',, has no pure strateqgy Nash equilibrium if and only if

By the last proposition an iso-circulant game I',, has either 0 or n pure strategy Nash
equilibria. The 4 x 4 coordination game in Example 3 is an iso-circulant game with shift £ = 4.
As ged(4,4) = 4, by Theorem 1, this game has 2% — 1 = 15 Nash equilibria. By Proposition 3
four of these are in pure strategies.

Theorem 2. Let I',, be a counter-circulant game with shift k.

(i) If n is odd, then T, has ezactly 2" — 1 Nash equilibria.

(i3) If both n and k are even, then ', has exactly 22+ — 1 Nash equilibria.
(iii) If n is even and k is odd, then T, has evactly 22 — 1 Nash equilibria.

It follows that a counter-circulant game can have at most 221! —1 Nash equilibria. Further,
a counter-circulant game has a unique Nash equilibrium if and only if n = 2 and £ = 1. Example
4 is a counter-circulant game with shift £ = 3. As n is even and k is odd, by Theorem 2(iii) the
game has 22 — 1 = 3 Nash equilibria. Example 5 is a counter-circulant game with shift & = 2.
As n is odd, by Theorem 2(i) the game has 23 — 1 = 7 Nash equilibria.

Proposition 4. Let I',, be a counter-circulant game with shift k.

(i) T, has exactly one pure strategy Nash equilibrium if and only if n is odd.

(ii) T, has exactly two pure strateqy Nash equilibria if and only if both n and k are even.
(iii) T, has no pure strategy Nash equilibrium if and only if n is even and k is odd.

In Example 4 n is even and k is odd, hence by Proposition 4(iii) none of its three Nash
equilibria are in pure strategies. In Example 5 n is odd, hence by Proposition 4(i) one of its
seven Nash equilibria is in pure strategies.

It follows from (i) and (ii) in Proposition 4 that the class of counter-circulant games with
even shift is a class of games for which a pure strategy Nash equilibrium always exists.

3.3 The Structure of Nash Equilibria

The next lemma shows that only specific subsets of S™ can arise as the support of a Nash
equilibrium strategy of player 1.

Lemma 3.3. Let '), be a circulant game in which player 1’s payoff matriz is anti-circulant.

(i) If Ty, is iso-circulant then for any union U = |2, I(s7) of elements of I(S™) there
is a unique Nash equilibrium (o1, 09) such that supp(oy) = U. Further, for any Nash
Equilibrium (o1, 0) there is a union U = |, I(s’) of elements of I(S™) such that
supp(oy) = U.

(i) If Ty is counter-circulant then for any union U = |JJ", Ci(s’) of elements of C1(S™)
there is a unique Nash equilibrium (o1, 09) such that supp(oy) = U. Further, for any
Nash Equilibrium (o1, 02) there is a union U = |JI_, C1(s7) of elements of C1(S™) such
that supp(oy) = U.



By Lemma 3.3, there exists a straightforward way to characterize the support of all Nash
equilibrium strategies for a given circulant game. Moreover, once we know what to look for the
weights of the strategies in the support can be easily derived.

Consider first the case of an iso-circulant game with n and k, and let d = ged(n, k). We
can transform the game so that player 1’s payoff matrix is anti-circulant (see Lemma A.1(i)
in the appendix). Recall that by Lemma 3.1(i) the circulant structure of the payoff matrices
allows us to define an equivalence relation on the set of pure strategies S™ for each player. For
a pure strategy s € S", the corresponding equivalence class I(s) = {s +mk|0 <m < 5 — 1}
contains n/d elements and there are d different equivalence classes. In any Nash equilibrium
all strategies within one equivalence class are either played with strictly positive or with zero
probability. It follows from Lemma 3.3(i) that in any Nash equilibrium the support of either
player’s strategy is the union of classes in I(S™) = {I(s)|s € S™} and further that for any such
union of classes in I(S™) there is a unique Nash equilibrium in which player 1’s strategy has
this union as its support. Further, if the mixed strategy profile (o1, 03) is a Nash equilibrium
with supp(a1) = -, I(s7) for some strategies s',...,s™ € S then by Lemma 3.2(i) it follows
that supp(os) = JJ~, I(—s’). The actual probabilities for each pure strategy of course depend
on the actual payoffs, however, the structure of the supports is the same for all iso-circulant
games with the same shift and the same number of pure strategies.

Let us revisit the 4 x 4 Coordination game from Example 3. We can transform this game so
that both payoff matrices are anti-circulant (see Table 1 and Lemma A.1(i) in the appendix). In
this game n = k = d = 4 and hence there are four (singleton) classes: 1(0) = {0}, I(1) = {1},
I1(2) = {2}, and I(3) = {3}. Each class is part of a (pure strategy) Nash equilibrium in which
supp(oy) = I(s) and supp(oz) = I(—s), and there are four such combinations. For instance,
in one Nash equilibrium player 1 plays the strategy s = 1, i.e. chooses support I(1) and player
2 plays s = 3, chooses support I(—1) = I(3). Analogously, the three remaining pure strategy
Nash equilibria are given by the profiles (0,0), (2,2), and (3,1). Further, each union of two
classes is part of a (mixed strategy) Nash equilibrium in which supp(o;) = I(s') U I(s?) and
supp(os) = I(—s') U I(—s%). There are six such combinations, e.g., in one Nash equilibrium
player 1 puts positive probability only on 7(0) and /(1) and player 2 puts positive probability on
I(—0)UI(—1) =1(0)UI(3). The probabilities are easily derived from the corresponding indif-
ference conditions and the Nash equilibrium strategy profile is [(1/4,3/4,0,0), (3/4,0,0,1/4)].
Similarly, there are four Nash equilibria in which the support of player 1’s (and player 2’s)
strategy is the union of three classes, e.g., [(1/4,1/4,1/2,0), (1/2,0,1/4,1/4)]. Finally, there
is one Nash equilibrium where player 1’s (and player 2’s) strategy put positive probability
on all four equivalence classes, i.e. plays a completely mixed strategy: [(1/4,1/4,1/4,1/4),
(1/4,1/4,1/4,1/4)].3

Consider now the case of a counter-circulant game with given n and k. We can transform
this game so that player 1’s payoff matrix is anti-circulant (see Lemma A.1(ii) in the appendix).
Recall that by Lemma 3.1(ii) we can define an equivalence relation on set of pure strategies
for each player. For all s € S let C4(s) = {s, —s + k} denote the corresponding equivalence
class of player 1 and Cy(s) = {s, —s — k} the one of player 2. Note that any class C}(s), Cs(s)
contains at least one and at most two elements. It follows from Lemma 3.3(ii) that in any Nash
equilibrium the support of player 1’s strategy is a union of classes in C1(S™) = {C}(s)|s € S™}
and that for any union of classes in C(S™) there is a Nash equilibrium in which the support of
player 1’s strategy has this union as its support. Further, if (o1, 03) is a Nash equilibrium with
supp(o1) = UL, C1(s’) for some strategies s',...,s™ € S™ then by Lemma 3.2(ii) it follows
that supp(o2) = ;L Ca(—5’).

Let us revisit the game in Example 4. Here, n = 4 and k = 3. There are two classes for

3Table 1 in the appendix contains the remaining Nash equilibrium profiles.



player 1: C1(0) = C1(3) = {0,3} and C;(1) = C1(2) = {1,2}. Correspondingly there are two
classes for player 2: C5(0) = Cy(1) = {0,1} and C»(2) = C»(3) = {2,3}. There are two Nash
equilibria in which the support of player 1’s (and player 2’s) strategy consists of a single class,
e.g. [(1/4,0,0,3/4),(1/4,3/4,0,0)]. Further there is one equilibrium in which both players play
the completely mixed strategy [(1/4,1/4,1/4,1/4).*

4 Generalizations

By our definition there are games that are not circulant games, but can be transformed into
one by a simple relabeling of strategies. We chose to exclude those games from our definition
for ease of exposition. However, the results presented above also apply for these games.

It is not necessary to insist on each row containing the same entries. All our proofs go
through if payoffs are transformed in a way that preserves the order of entries in each row and
in each column of the payoff matrices.

Example 6. In the 3 x 3 game with payoff matrices

3.1 1.9 0.8 0.7 2.2 3.5
A;=11509 34 |, A =1 18 26 0.1
0.5 3.2 2.1 3.0 0.5 2.8

the order of payoffs in each row and in each column is the same as in Rock-Paper-Scissors
(Example 2). The proof of Theorem 1 can easily be generalized to this case to show that this
game has a unique Nash equilibrium. As the sum of payoffs in each row is not constant, however,
the unique Nash equilibrium is not the strategy profile in which both players play the uniformly
mixed strategies.

In this sense, our results on the number and the structure of Nash equilibria only depend
on the order of payoffs in the rows and columns of the payoff matrices.

Our results further generalize to coordination games in which players obtain a strictly pos-
itive payoff if and only if they use the same strategy and a payoff of 0 otherwise i.e., so-called
games of pure coordination. The resulting payoff matrices are of the form

a 0 O 0 a 0 O 0

0 a; O 0 0 a; O 0
A= 0 0 a 0 1, Ay= |0 0 a 0

0O 0 0 - ap_ 0O 0 0 - ap_

Proving that such games have 2" —1 Nash equilibria works analogously to the proof of Theorem
1.
5 Conclusion

In this paper we introduce and investigate a class of two-player normal-form games we coin cir-
culant games. Such games have a straightforward representation in form of circulant matrices.

4Table 2 in the appendix shows the Nash equilibria and the equivalence classes for the two counter-circulant
games we introduced in Example 4 and 5.
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Each player’s payoff matrix is fully characterized by a single row vector, which is rotated to
obtain the rest of the matrix. All circulant games have a Nash equilibrium where players ran-
domize between all pure strategies with equal probability (uniformly mixed Nash equilibrium),
but might have many other pure and mixed Nash equilibria.

The circulant structure underlying the payoff matrices has interesting implications. First,
the best response correspondences induce a partition on each players’ set of pure strategies
into equivalence classes. In any Nash Equilibrium all strategies within one class are either
played with strictly positive or with zero probability. Second, there exists a simple one-to-one
correspondence between the players’ respective equivalence classes. If some player puts zero
probability on one class, the other has one corresponding equivalence class he plays with zero
probability. Finally, a single parameter k fully determines the strategy classes and the relation
between the players’ classes. The parameter itself only depends on the position of the largest
payoff in the first row of a player’s payoff matrix. For a given circulant game, knowing k and
the number of pure strategies n suffices to calculate the exact number of Nash equilibria and
to describe the support of all Nash equilibrium strategies. As an immediate consequence of our
main results we establish 2 — 1 as the tight upper bound on the number of Nash equilibria in
these games.

The class of circulant games contains a large variety of games with cyclical payoff structures
including well-known games such as Matching Pennies, Rock-Paper-Scissors or subclasses of
coordination and common interest games. We shed new light on the features these games have
in common focusing on the circulant structure of their payoff matrices. For example, Matching
Pennies is not only the two-strategy variant of Rock-Paper-Scissors. Beyond their common
zero-sum properties the two games belong to the same sub-class of circulant games. Both are
characterized by k = 1 and the only Nash equilibrium is the uniformly mixed one. The common
denominator that connects these games is the balanced payoff structure induced by the circulant
matrices with a shift of & = 1. Moreover, this reinterpretation is robust in the sense that only
relative payoffs matter. We can write down many variants of Rock-Paper-Scissors, including
asymmetric evaluations of wins or losses and variants that cannot be transformed into zero-sum
games. Yet, the balanced structure is preserved and the best players can do is to randomize
between all pure strategies with equal probability.
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A Transformation of Games

Lemma A.1. (i) Let T, be an iso-circulant game in which both players’ payoff matrices are
circulant. There is a permutation of row vectors that fixes the first row in both matrices
and transforms both players’ payoff matrices into anti-circulant matrices.

(i) Let T, be a counter-circulant game in which player 1’s payoff matriz is circulant. There
1s a permutation of row vectors that fizes that first row in both matrices and transforms
player 1’s payoff matriz into an anti-circulant matrix and player 2’s matrixz into a circulant
matriz.

Proof. (i) A matrix A is anti-circulant if and only if A = PC, where C' is a circulant matrix
and

10---000
00---001
00---010

P=1loo0o---100
01---000

(Davis, 1979, p. 162, Corollary). The matrix P switches rows ¢ and n+ 1 — i and fixes the first
row. Using this result, we obtain that PA; and PA, are anti-circulant matrices since both A,
and A, are circulant matrices.

(ii) Using the matrix P defined as in (i), we obtain that PA; is anti-circulant (Davis, 1979,
p. 162, Corollary). As A, is anti-circulant, Ay = PC' for some circulant matrix C' (Davis, 1979,
p. 162, Corollary). Hence PA, = P(PC') and since P = P~! (Davis, 1979, p.28, equ. (2.4.22)),
we obtain that PA, is a circulant matrix.

B Proofs of Main Results

We remind the reader that the sum and the difference of strategies in a circulant game as well
as multiplications of integers with strategies are read modulo n. Central to the proofs of our
main results is Proposition 5 below.

Proposition 5 identifies sufficient conditions under which the number of Nash equilibria of
a finite two player normal-form game can be calculated by merely identifying one parameter of
the game. Under the hypotheses of Proposition 5, each Nash equilibrium strategy of a player
corresponds to one specific combination of elements of a partition of that player’s strategy set.
Moreover, for each possible combination of elements of the partition there exists exactly one
corresponding Nash equilibrium strategy. The parameter necessary to determine the number
of Nash equilibria is the cardinality of the partition.

The proof of Theorem 1 (Theorem 2) first establishes that iso-circulant (counter-circulant)
games satisfy the hypotheses of Proposition 5. Once this is done, determining the cardinality
of the partitions is merely a counting exercise.

Proposition 5. For the two-player normal-form game T',, let S, = {[sli]s € S"} and Sy =
{[s]a|s € S™} be partitions of S™ such that |S1| = [Sa2|. If Ty, S1, and Sy satisfy
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(a) for all Nash equilibria (o1, 09), and all s,s" € S™, if s € [s]; then o;(s) = 0 if and only if
oi(s") =0,

(b) for all o; € %, i = 1,2, supp(o;) N [s]; = O for [s]; € S; implies BR_;(0;) N [—s]_; = 0,

(c) for all s € S™, T, has a Nash equilibrium (oq,09) with supp(o1) = [s]; and supp(oq) =
[_8]27

then

(i) for any M C S; T, has a unique Nash equilibrium (o1, 03) with supp(oy) = Upspiemlsh

(i) Ty has exactly 25 — 1 Nash equilibria.

Proof. (i) Given § # M C S let —M = {[—s]s|[s] € M} C and let T'™ be the reduced game
where player 1’s set of strategies is [y, c)/[s] and player 2’s set of strategies is Uy, cp/[—5]2
(and the payoff functions are restricted accordingly).

Claim A: Let M’ C M C S; bea nonempty subset of S; and let (o' ,0'2 ") be a completely
mixed Nash equilibrium of TM". Then (cr1 , o)1) defined by ol ( ) = oM (s) if [s], € M’ and
oM (s) = 0 otherwise, and o' (s) = o3 (s) if [s], € —M’' and ¢}’(s) = 0 otherwise is a Nash
equilibrium in '™,

Since (o}, o3") is a completely mixed Nash equilibrium of '™’ all strategies in Upgrenr [=52

yield the same payoff for player 2 against 0. By hypothesis (b), since supp(c}!) = U[S]e A1)

no strategy outside U[she wv|—5]2 can be a best response for player 2 against o}’. Analo-

gously all strategies in U[s]le a8 vield the same payoff for player 1 against o5’, and since

supp(a)! ) = — U em[—sl2, no strategy outside [y, cpp (st is a best response for player 1
against ¢!, Hence, by Proposition 1, (oM, )?) is a Nash equilibrium in T'™. This proves the

claim.

Claim B: For any () # M C S}, the reduced game I'’ has exactly one completely mixed
Nash equilibrium.

Let ) # M C S; be such that |[M| = m. We will prove the claim by induction over m.
Note first, that by hypothesis (b), in any Nash equilibrium (o, 03) of M supp(oy) is a union
of elements of M.

For m = 1, this follows by hypothesis (c). For m > 1, by induction hypothesis we obtain that
for all () # M’ C M the reduced game I'" has a unique completely mixed Nash equilibrium. By
Claim A, for every () # M’ C M there is a Nash equilibrium (o7, ¢37) in TM with supp(c?) =
Upsjear[s]- As by Proposition 2(ii) for any § # M' C M there can be at most one Nash
equilibrium (o4, 09) in TM with supp(o;) = M’ we obtain that there is exactly one such Nash
equilibrium. This implies that ' has at least 2™ — 2 Nash equilibria.

Suppose there is no completely mixed Nash equilibrium in M. Then I'M has exactly 2™ —2
Nash equilibria. From hypotheses (a) and (b) it follows that I',, is non-degenerate and hence that
'™ is non-degenerate. By Proposition 2(i) '™ must have an odd number of Nash equilibria,
which contradicts the fact that 2™ — 2 is even. Hence there is at least one completely mixed
Nash equilibrium and again because I'M is non-degenerate by Proposition 2(ii) there is exactly
one. This proves the claim.

By Claim B, for ) # M C S;, T™ has exactly one completely mixed Nash equilibrium
(oM o). By Claim A, this induces a Nash equilibrium (oy,0%) in T, with supp(o;) =

Ugenrlsli- Any Nash equilibrium (o7, 03) # (01, 02) with supp(o7) = Uy, cp 81 would induce
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a completely mixed Nash equilibrium in TY different from (o, 03"), a contradiction. Hence

I[',, has exactly one Nash equilibrium (o4, 02) WitE supp(o1) = Uy, em[sh-

(ii) From (i) it follows that for any () # M C S, there is a unique Nash equilibrium (o, o)
in I, such that supp(o1) = Ujg,eprlsli- Further, by hypothesis (a), for any Nash equilibrium
(01,09) of T, there is ) # M C S; such that supp(o;) = U[s]leM[S]l' As S, has 2511 — 1

nonempty subsets, I',, has exactly 2511 — 1 Nash equilibria.

The following lemma is required in the proofs of Lemmata 3.1 and 3.2.

Lemma B.1. Let '), be a circulant game with shift k in which player 1’s payoff matriz is
anti-circulant.

(i) For all oy € ¥y and all s € S™ if 05(s) =0 then —s ¢ BRy(03) .

(i) If Ty, is iso-circulant, then for all o1 € X1 and all s € S™ if o1(s) = 0 then (—s — k) ¢
BRQ(Ul) .

(i1i) If 'y is counter-circulant, then for all oy € ¥y and all s € S™ if 01(s) =0 then (s — k) ¢
BRQ(Ul) .

Proof. (i) Let o9 € ¥ be such that o9(s) = 0 for some s € S™. Since player 1’s payoff matrix is
anti-circulant 7 (s|s') = al, . We will show that there exists a strategy for player 1 that yields
a strictly higher payoff against oy than strategy —s. Let [ := min{s < I’ < s+n—1[o3(I') > 0}.
Since n > 1 the set {s <1’ < s+ n —1|os(l') > 0} is non-empty and [ exists. By construction
of [, 09(s) = -+ = 03(l — 1) = 0. We claim that 7 (—s|oy) < m(—l|oz). To see this, note that

s+n—1
T1(—slo2) = Z oa(t)a;
t=I

and

s+n—1
m(=llo2) = > oa(t)ay ;.
t=l

Comparing these payoffs for ¢ = [ we obtain that a} , = a} > a} , = aj_,, where the
strict inequality holds by part (ii) of Definition 2. Further, for | < t < s+ n — 1 we have
0<t—I1<t—s<n-—1and hence that a} , > a] . again by part (ii) of Definition 2. Since
by construction of I, o5(1) > 0 we obtain 7 (—s|os) < m(—l|oy) which proves the claim. Hence
—S ¢ BRl (0’2).

(ii) Let oy € ¥ and s € S™ be such that o1(s) = 0. Since player 2’s payoff matrix is anti-
circulant, my(s|s’) = a?_ , for s,s’ € S. Since T',, is a circulant game, by part (iii) of Definition

s'+s
2either a2 _, >a2_, > >ai  >a5>ai > ->a’ , 0rai , >ai_,_>--->aj>
ag > a’_y > -+ >a’_,.,. We will only prove the result for the former case as the proof for

the latter works analogously .

Let [ :=min{s < ' < s+n — 1|oy(I') > 0} which exists since {s <! < s+n — 1|oy(I') >
0} # (. Then o1(s) = -+ = o01(l — 1) = 0. We claim that m(—s — k|oy) < ma(—1 — k|oy). To
see this, note that
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and

s+n—1
mo(—l = klos) = D or(t)ai .
t=1

For t = [ we have a? , , = a2 , > a , , = a}_, ,, where the strict inequality holds by
part (iii) of Definition 2. Further, for [ <t < s+mn —1 we have a} , , > a? , , by part (iii) of
Definition 2 since t—l—k <t—s—k, -k <t—l—k <n—k—1,and -k <t—s—k <n—k—1.
Since by construction of I, o1(I) > 0 we obtain that my(—s—k|oq) < me(—I —k|oy) which proves
the claim. Hence (—s — k) ¢ BRy(01).

(iii) Let oy € ¥y and s € S™ be such that oy(s) = 0. Since player 2’s payoff matrix is

circulant, my(s|s’) = a?_, for 5,8 € S. Since T, is a circulant game, by definition either
Up g > Gn_pypq = 00 2 Gp g 2G5 2 GF 2 o0 2 Gp g OF Gp > Gp g = o0 2 af >
ag > a2y >--->a;_, . We will only prove the result for the former case as the proof for
the latter works analogously. Let | := min{s < I’ < s+ n — 1|oy(I') > 0} which exists since
{s <l <s+n—1o1(I')) > 0} # 0. Then oy(s) = --- = 01(l = 1) = 0. We claim that

ma(s — kloy) < ma(—1 — k|oy). To see this, note that

s+n—1
mo(s —kloa) = > oi(t)al .,
t=I

and

s+n—1
mo(l — klos) = > oi(t)ai .
t=l

For t = we have a? , , =a? , >a?> , ,=a*, ;. Further, for [ <t < s+n —1 we have

a? ., > a?_ ., by part (iii) of the definition of circulant game since | —k —t > s — k — t,
—k>l—-k—t>-n—k+1,and -k > s—k—t > —n — k + 1. Since by construction
of [, o1(l) > 0 we obtain that m(s — k|oy) < ma(l — k|oy) which proves the claim. Hence
(S - ]{3) ¢ BRQ(O'l).

O

Lemma B.1 allows us to rule out certain strategies as best responses for player ¢ if player
—1 plays some strategy with zero probability in the case that player 1’s payoff matrix is anti-
circulant. By (i) if player 2 plays a strategy s with probability 0 then for player 1 strategy
—s cannot be a best response. Similarly, (ii) and (iii) state that if in an iso-circulant (counter-
circulant) game player 1 places probability 0 on strategy s then —s — k (s — k) cannot be a
best response for player 2.

We are now ready to prove Lemmata 3.1 and 3.2. It follows from Lemma 3.1(i) and Lemma
3.2(i) that iso-circulant games satisfy hypotheses (a) and (b) in Proposition 5. Analogously,
Lemma 3.1(ii) and Lemma 3.2(ii) establish that counter-circulant games fulfill (a) and (b) in
Proposition 5.
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Proof of Lemma 3.1. (i) The “if” part is trivial. To see the “only if” part let (o1, 02) be a Nash
equilibrium of I';, and let s € S™ be such that oq(s) = 0. By Lemma B.1(ii), o9(—s—k) = 0 and
consequently by Lemma B.1(i) o1(s + k) = 0. Iterating this argument yields o;(s + mk) =0
for all m = 0,...,5 — 1. If 02(s) = 0 the argument works analogously.

(ii) By Lemma B.1(i) and (iii) for any Nash equilibrium (oy, 02) and any s € S™ we obtain

o1(s) =0=03(s —k)=0=01(—s+k)=0

and
o1(—=s+k)=0= 09(—s) =0=0y(s) = 0.

Analogously, for player 2, we obtain
09(s) =0=01(—s) =0=09(—s—k)=0

and
oy(—s—k)=0=o1(s+ k) =0= 0a(s) = 0.

O

Proof of Lemma 3.2. (i) First, let s € S™ be such that supp(o;)N1(s) = 0. By Lemma B.1(ii),
—s—(m+1)k ¢ BRy(oy) forall0 <m <n/d—1. As {—s—(m+1)k|0 <m <n/d—1} = I(—s)
we obtain BRy(oq) N I(—s) = 0.
Next, let s € S™ be such that supp(o2)NI(s) = (). By Lemma B.1(i), —s—mk ¢ BR;(o2) for
all0 <m <n/d—1. As {—s—mk|0 <m <n/d—1} = I(—s) we obtain BR;(02)NI(—s) = 0.
(i) If supp(o_;) NC_;(s) = 0 for C_;(s) € C_;(S™), then, since C_;(s) = {s, —s+ (—1)""1k},
by Lemma B.1(i) and (iii), —s,s + (—1)"'k ¢ BR;(0_;). Hence BR;(0_;) N Ci(—s) = 0.

O

The following Lemma B.2 establishes that iso-circulant games fulfill hypothesis (c) in Propo-
sition 5 and is used in the proofs of Theorem 1 and Proposition 3.

Lemma B.2. Let '), be an iso-circulant game in which both players’ payoff matrices are anti-
circulant. For every s € S™, there is a Nash equilibrium (oq,02) such that supp(oy) = I(s) and

supp(02) = I(~s).

Proof. Given 5 € S", define o1(s) = d/n for all s € I(5) and o5(s) = d/n for all s € I(—3).
By construction supp(o;) = I(3) and supp(os) = I(—35). By Lemma 3.2(i), no strategy outside
I(3) can be a best response for player 1 against oy and no strategy outside I(—3) can be a
best response for player 2 against o;. Further, m(s|og) = E;ﬁgl Lags5pmr = mi(s'|o2) for all
s,s" € I(3) and analogously my(s|oy) = ma(s'|oq) for all s,s" € I(—3). Proposition 1 yields that
(01,02) is a Nash equilibrium of T',,.

We are now ready to prove Theorem 1 and Proposition 3.
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Proof of Theorem 1. If T',, is an iso-circulant game in which both players’ payoff matrices are
anti-circulant then by Lemma 3.1(i), Lemma 3.2(i) and Lemma B.2, T, and S; = S, = I(S™)
as defined in section 3.1 then satisfy the hypotheses of Proposition 5. As |I(S™)| = d, it follows
that T',, has 2¢ — 1 Nash equilibria. If ', is an iso-circulant game in which both players’ payoff
matrices are circulant, there is a permutation of row vectors that transforms both players’
payoff matrices into anti-circulant matrices while fixing the first row in both matrices (Lemma
A.1(i)). This permutation, which is essentially a relabeling of the players’ strategies, does not
affect the number of equilibria. Hence, the proof is complete.

O

Proof of Proposition 3. Note first that if both players’ payoff matrices are circulant then by
Lemma A.1(i) the game can be transformed into a different version of the same game in which
both players’ payoff matrices are anti-circulant by a permutation of row vectors. Since such a
permutation does not affect the number of pure strategy Nash equilibria, we assume wlog that
both players’ payoff matrices are anti-circulant.

To see the “if” part suppose k = n. Then by construction, each class I(s) is a singleton set
and there are n disjoint classes. Hence by Lemma B.2, I',, has at least n pure strategy Nash
equilibria. By Lemma 3.1(i), in any pure strategy Nash equilibrium (o1, 09), supp(o;) = I(s)
for some s € S and hence IT',, has exactly n pure strategy Nash equilibria.

To prove the “only if” part let I',, have n pure strategy Nash equilibria and let (s1, $2) be one
of them. By Lemma 3.1(i), /(s1) must be a singleton set. By construction, I(s;) is a singleton
set if and only if k = n.

This proves the first part of the theorem.

To see the second part, note that by construction of the classes I(s) is a singleton set if and
only if £ = n for any s € S. Further by Lemma 3.1(i) and Lemma B.2, I';, has a pure strategy
Nash equilibrium if and only if there is a singleton equivalence class I(s). Hence, I';, has no
pure strategy Nash equilibrium if and only if k£ # n.

0

Before we can turn to the proofs of Theorem 2 and Proposition 4 we require a couple
more preliminary lemmata. One hypothesis in Proposition 5 requires the sets S; and S to be
partitions of the strategy set. While this is true by construction for 7(S™) in the case of iso-
circulant games, the following Lemma B.3 shows that the C;(S™) and C5(S™) form a partition
of S™.

Lemma B.3. Let I, be a counter-circulant game. Fori = 1,2 the set C;(S™) is a partition of
S

Proof. We will prove the result for ¢« = 1 as the proof for i = 2 works analogously. Since
s € Cy(s) for all s € S", it follows that (J, g, C1(s) = S™. If there is 5 € Cy(s) N Cy(s') for
some s, s € S™, then then since 5 € C(s) either s = sor s = —s+k. If 5 = s then C;(s) = C;(3).
Ifs=—s+kthen —s+k=s—k+k =s. In any case it follows that C(5) = Ci(s). Using
the same argument one obtains C(5) = C4(s’) and hence that C}(s) = Cy(s').
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The following Lemma B.4 establishes that counter-circulant games fulfill property (c) in
Proposition 5.

Lemma B.4. Let '), be a counter-circulant game in which player 1’s payoff matrixz is anti-
circulant and let o = (01, 09) € 31 X Xa.

(i) Ci(s) is a singleton set if and only if C_;(—s) is a singleton set.

(i) For every s € S™, there is a Nash equilibrium (o1, 09) such that supp(oy) = C1(s) and
supp(02) = Ca(—s).

Proof. (i) Suppose that C;(s) is a singleton. By construction, s = —s+ (—1)""'k mod n which
is equivalent to —s = s+ (—1)’% mod n. This holds if and only if C'"_;(—s) is a singleton.

(ii) Note that this follows from (i) and Lemma 3.2(ii) if C'(s) is a singleton set. Hence,
suppose that C1(s) = {s, —s + k} contains two elements. Then, by (i), Co(—s) = {—s,s — k}
contains two elements and neither 2s = k nor 2s = n + k. Choose o1(s) as the solution to
ra?,, + (1 —x)a?, = za?, + (1 — x)a3, o, i.e.

(o — Uy
(o = Uy + 0oy — 5y,

ai(s) =

By definition a?_, is player 2’s largest payoff implying that a3, ,, —a? , < 0 since 2s # n+k
and that a2 _,, —a?_, < 0 since 2s # k. Hence o4(s) €0, 1[.
Choose o5(—s) as the solution to zaj + (1 — x)aj,_, = zal, . + (1 — x)ay, ie.

1 1
Ay — Qog_;

o3(—s) = |
ap — Ay, +ag — aly
By definition a} is player 1’s largest payoff. Hence as 2s # k a} —ad, , > 0 and a} —
alye., > 0 implying that oo(—s) €]0,1[. By Lemma 3.2(ii) and Proposition 1, (01,09) is a
Nash equilibrium.

O

The set C7(S™) is a partition of the strategy set for player 1 while Cy(S™) is a partition of
the strategy set for player 2. By Lemma 3.2(ii) a class C(s) of player 1 “corresponds” to a class
Cy(—s) of player 2 in the sense that if player 1 puts probability 0 on all strategies in C(s) then
none of the strategies in Cy(—s) are a best response for player 2 and vice versa. Part (i) of
Lemma B.4 states that two corresponding classes contain the same number of elements. By (ii)
for every class (' (s) there is always a Nash Equilibrium such that player 1’s strategy has this
class as its support while player 2’s strategy has support Cy(—s). The equilibrium constructed
to prove (ii) is such that player 1 chooses his strategy (with support C(s)) such that player
2 is indifferent between all strategies in Cy(—s) (and vice versa). As I', is a non-degenerate
game, by Proposition 2(ii) this is the unique equilibrium (oq, 02) such that supp(oq) = Ci(s)
and supp(og) = Co(—s).

We are now ready to prove Theorem 2 and Proposition 4.

Proof of Theorem 2. If I',, is a counter-circulant game in which player 1’s payoff matrix is anti-
circulant and player 2’s payoff matrix is circulant then by Lemma B.3, C;(S™) and C3(S™) as
defined in section 3.1 are partitions of S™. Further, by Lemma B.4(i), |C1(S™)| = |C2(S™)| and
by Lemmata 3.1(ii), 3.2(ii), and B.4(ii), T',,, S; = C1(S™), and Sy = C5(S™) satisfy properties
(a)-(c) in Proposition 5 and hence I, has 2/1(5")l — 1 Nash equilibria.
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To prove (i)-(iii) it hence suffices to determine |C;(S™)|. Note that any class C;(s) contains
either one or two elements. It contains one element if and only if —s + k = s which occurs if
and only if either 2s = k or 2s = n + k. Further, there are at most two singleton classes.

(i) If n is odd, then either n—k is odd (if £ is even) or 2n—k is odd (if k£ is odd). Hence there
is one singleton class in C(S™) and since all other elements of C}(S™) contain two elements,
IC1(SM)|=(n—-1)/2+1=(n+1)/2.

(ii) If both n and k are even, then both k and n + k are even and k/2,(n + k)/2 € S™.
Hence there are two singleton classes in C}(S™) and since all other elements of C1(S™) contain
two elements, |C1(S")| =(n—2)/24+2=(n+2)/2.

(iii) If n is even and k is odd, then n+k is odd and hence neither k£/2 € S™ nor (n+k)/2 € S™.
Hence there is no singleton class and hence all elements of C(S™) contain 2 elements, implying
that |C1(S™)| =n/2 =n/2.

If T',, is a counter-circulant game in which player 1’s payoff matrix is circulant and player
2’s payoff matrix is anti-circulant, there is a permutation of row vectors that transforms player
1’s payoff matrix into an anti-circulant matrix. Applying the same permutation of row vectors
to player 2’s payoff matrix yields a different version of the same game in which strategies are
differently labeled and player 1’s payoff matrix is anti-circulant and player 2’s payoff matrix
is circulant (Lemma A.1(ii)). This permutation does not affect the number of Nash equilibria
and hence the proof of Theorem 2 is complete.

O

Proof of Proposition 4. Note first that if player 1’s payoff matrix is circulant then by Lemma
A.1(i) the game can be transformed into a different version of the same game in which player
1’s payoff matrix is anti-circulant by a permutation of row vectors. Since such a permutation
does not affect the number of pure strategy Nash equilibria, we assume wlog that player 1’s
payoff matrix is anti-circulant.

(i) By Lemmata 3.1(ii) and B.4(ii), I',, has one pure strategy Nash equilibrium if and only
if one of the classes C'(s) is a singleton set, which by construction happens if and only if n is
odd.

(ii) By Lemmata 3.1(ii) and B.4(ii), I, has two pure strategy Nash equilibria if and only if
two of the classes (' (s) are singleton sets, which by construction happens if and only if both n
and k are even.

(iii) By Lemmata 3.1(ii) and B.4(ii), I';, has no pure strategy Nash equilibrium if and only
if none of the classes C'(s) is a singleton set, which by construction happens if and only n is
even and k is odd.

Finally, we prove Lemma 3.3.

Proof of Lemma 3.5. (i) To see the first part, let M = [J/_, I(s7) be a union of elements of

I(S™). By Lemma 3.1(i) and Lemma B.2, T, and S; = Sy = I(S") as defined in section 3.1
then satisfy the hypotheses of Proposition 5. Hence, there is a unique Nash equilibrium (o, 09)
with supp(oq) = M.

To prove the second part, let (01, 09) be a Nash equilibrium. By Lemma 3.1(i), supp(oy) is
a union of elements in I(S™).

(ii) Too see the first part, let M = |Ji”, C1(s?) be a union of elements of C'y(S™). By Lemma
B.3, C1(S™) and C5(S™) as defined in section 3.1 are partitions of S™. Further, by Lemma B.4(i),
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|C1(S™)| = [C(S™)| and by Lemma 3.1(ii), Lemma 3.2(ii), and B.4(ii), T, S = C1(S™), and
Sy = Cy(S™) satisfy properties (a)-(c) in Proposition 5. It follows that there is a unique Nash

equilibrium (o4, 09) with supp(oy) = M.
To prove the second part, let (07, 02) be a Nash equilibrium. By Lemma 3.1(ii), supp(oy)

is a union of elements in Cy(S™).
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Appendix C: Tables
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Table 1: Fzamples of iso-circulant games.

Matrix Player 1

Matrix Player 2

Shift &
ged(n, k)
Number of Equilibria

Equivalence Classes

Nash Equilibria
Pure

Support 2 Classes

Support 3 Classes

Support 4 Classes

Matching Pennies Rock-Paper-Scissors

5 4 3 2
(1) (20 15
L322 2 5 4 3
(1 123 130
1 1 4
1 1 4
1 1 15
1(0)={0} 1(0)={0} 1(0)={0}
I(1)={1} I(1)={1} I(1)={1}
1(2)={2} 1(2)={2}
1(3)~{3}
S1 = O, So = 0
S1 = 1, So = 3
S1 = 2, So = 2
S1 = 3, So = 1
o = (1/2,1/2) or = (1/4,3/4,0,0)
oy = (1/2,1/2) oy = (3/4,0,0,1/4)
o1 = (1/2,0,1/2,0)
oy = (1/2,0,1/2,0)
o1 = (3/4,0,0,1/4)
o5 = (1/4,3/4,0,0)
o1 = (0,1/4,3/4,0)
o5 = (0,0,1/4,3/4)
o1 = (0,1/2,0,1/2)
oy = (0,1/2,0,1/2)
7y = (0,1/4 3/4,0)
o1 — (1/4,1/2,0,1/4)
s = (1/4,1/2,0,1/4)
01 = (1/27071/471/4>
oy = (1/4,1/4,1/2,0)
o1 = (0,1/4,1/4, 1/2)
02 = (0,1/4:1/4,1/2)
o = (1/4,1/4,1/4,1/4
oy = (1/4,1/4,1/4,1/4

4 x 4 Coordination
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Table 2: Ezamples of counter-circulant games.

Example 4
4 3 2 1
Matrix Player 1 ;) % le ;,1
1 4 3 2
1 4 3 2
Matrix Player 2 ?) % le ?1
4 3 21
Shift k 3
n 4
Number of Equilibria 3
Equivalence Classes
Player 1
Singleton
2 Elements C1(0) = C1(3) = {0, 3}
Ci(1) = Ci(2) = {1,2}
Player 2
Singleton
2 Elements C5(0) = Cy(1) = {0, 1}
C2(2) = C2(3) ={2,3}
Nash Equilibria
Pure
Support 1 Class mixed oy = (1/4,0,0,3/4)
oo = (1/4,3/4,0,0)
o1 =(0,3/4,1/4,0)
oo = (0,0,1/4,3/4)
Support 2 Classes oy = (1/4,1/4,1/4,1/4)
02 = (1/47 1/47 1/47 1/4)

Support 3 Classes

Example 5

— N0 W e Ot
U DD O
A~ CT— oW
A~ QO — Ot QO TN
CODND = U DD QO Ut =

DO = O~ WO
— Ot N
Tl WO N =

~ oo

3/5,0,2/5,0,0)
3/5,0,0,2/5,0)
0,0,0,4/5,1/5)
0,1/5,4/5,0,0)
/5,1/5,1/5,0,0)
/5,0,0,1/5,1/5)
5,0,2/5,1/5,1/5)
5,1/5,1/5,2/5,0)
,2/5,0,2/5,1/5)
11/5,2/5,0,2/5)
,1/5,1/5,1/5,1/5)
,1/5,1/5,1/5,1/5)

U‘U‘ OO\\ W W —~—~ —~—
|
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