Asymptotic Theory for Rotated Multivariate GARCH
Models*

Manabu Asai
Faculty of Economics, Soka University, Japan

Chia-Lin Chang
Department of Applied Economics & Department of Finance
National Chung Hsing University, Taiwan

Michael McAleer
Department of Finance, Asia University, Taiwan
Discipline of Business Analytics, University of Sydney Business School, Australia
Econometric Institute, Erasmus School of Economics, Erasmus University Rotterdam
The Netherlands
Department of Economic Analysis and ICAE, Complutense University of Madrid, Spain
Institute of Advanced Sciences, Yokohama National University, Japan

Laurent Pauwels
Discipline of Business Analytics, University of Sydney Business School, Australia

EI2018-38

October 2018

*The authors are most grateful to Yoshi Baba for very helpful comments and suggestions. The first author
acknowledges the financial support of the Japan Ministry of Education, Culture, Sports, Science and Technology,
Japan Society for the Promotion of Science, and the Australian Academy of Science. The second author thanks
the Ministry of Science and Technology (MOST) for financial support. The third author is most grateful for the
financial support of the Australian Research Council, Ministry of Science and Technology (MOST), Taiwan, and
the Japan Society for the Promotion of Science.



Abstract

In this paper, we derive the statistical properties of a two step approach to estimating
multivariate GARCH rotated BEKK (RBEKK) models. By the definition of rotated BEKK,
we estimate the unconditional covariance matrix in the first step in order to rotate observed
variables to have the identity matrix for its sample covariance matrix. In the second step,
we estimate the remaining parameters via maximizing the quasi-likelihood function. For this
two step quasi-maximum likelihood (2sQML) estimator, we show consistency and asymptotic
normality under weak conditions. While second-order moments are needed for consistency of
the estimated unconditional covariance matrix, the existence of finite sixth-order moments are
required for convergence of the second-order derivatives of the quasi-log-likelihood function.
We also show the relationship of the asymptotic distributions of the 2sQML estimator for the
RBEKK model and the variance targeting (VT) QML estimator for the VT-BEKK model.
Monte Carlo experiments show that the bias of the 2sQML estimator is negligible, and that
the appropriateness of the diagonal specification depends on the closeness to either of the
Diagonal BEKK and the Diagonal RBEKK models.

Keywords: BEKK, Rotated BEKK, Diagonal BEKK, Variance targeting, Multivariate GARCH,
Consistency, Asymptotic normality.

JEL Classification: C13, C32.



1 Introduction

The BEKK model of Baba, Engle, Kraft and Kroner (1985) and Engle and Kroner (1995) is widely
used for estimating and forecasting time-varying conditional covariance dynamics, especially in
the empirical analysis of multiple asset returns of financial time series (see the surveys of Bauwens
et al. (2006), Laurent et al. (2012), McAleer (2005), and Silvennoinen and Terdsvirta (2009)),
among others). The BEKK model is a natural extension of the ARCH/GARCH models of En-
gle (1982) and Bollerslev (1986). One of the features of the BEKK model is that it guarantees
the positive definiteness of the covariance matrix. However, BEKK does not satisfy appropriate
regularity conditions, so that the corresponding estimators do not possess asymptotic proper-
ties, except under restrictive conditions (see Chang and McAleer (2018), Comte and Lieberman
(2003), and McAleer et al. (2008)). To cope with this problem, Hafner and Preminger (2009)
showed asymptotic properties for the quasi-maximum likelihood (QML) estimator under moderate

regularity conditions.

As for other multivariate GARCH models, a drawback of the BEKK model is that it contains a
large number of parameters, even for moderate dimensions. To reduce the number of parameters,
the so-called scalar BEKK and diagonal BEKK specifications are occasionally used in empirical
analyses (see also Chang and McAleer (2018)). Recently Noureldin et al. (2014) suggested the
rotated BEKK (RBEKK) model to handle the high-dimensional BEKK model. They suggest
estimating the unconditional covariance matrix of the observed variables in the first step, in order
to rotate the variables to have unit sample variance and zero sample correlation coefficients. In
the second step, Noureldin et al. (2014) consider simplified BEKK models for QML estimation.
We call this procedure two step QML (2sQML) estimation. One of the major advantages of the

RBEKK model is that it can save on the number of parameters in the optimization step, while



another is that it is more natural to consider simplified specifications after the rotation than to

simplify the structure directly without the rotation.

The 2sQML is closely related to the concept of the variance targeting (VT) specification
analyzed by Francq et al. (2011) and Pedersen and Rahbek (2014), among others. The VT-QML
estimation also use the estimated unconditional covariance matrix in the first step, in order to
reduce the number of parameters in the QML maximization step. Pedersen and Rahbek (2014)
show the consistency and the asymptotic normality of the VT-QML estimator under the finite
sixth order moments. As Noureldin et al. (2014) discuss the general framework for the asymptotic
distribution of the 2sQML estimator for the RBEKK model, it is worth examining the detailed

moment condition, as in Pedersen and Rahbek (2014).

In this paper, we show the consistency and asymptotic normality of the 2sQML estimator
for the RBEKK models by extending the approach of Pedersen and Rahbek (2014). For asymp-
totic normality, we need to impose sixth-order moment restrictions, as in Hafner and Preminger
(2009) and Pedersen and Rahbek (2014). We also derive the asymptotic relationship between the
VT-QML estimator for the BEKK and the 2sQML estimator for RBEKK. We conduct Monte
Carlo experiments to check the finite sample properties of the 2sQML estimator, and to compare
the performance of the estimated diagonal BEKK and diagonal RBEKK models. All proofs of

propositions and corollaries are given in the Appendix.

We use the following notation throughout the paper. For a matrix, A, we define A®% = (A® A).
With £1,..., &, the n eigenvalues of a matrix A, p(A) = max;cqy,. ,}|&i] is the spectral radius of
A. The Frobenius norm of the matrix, or vector A, is defined as ||A|| = /tr(A’A). For a positive
matrix A, we define the square root, A/2, by the spectral decomposition of A. By K and ¢, we

denote strictly positive generic constants with ¢ < 1.



2 Rotated BEKK-GARCH Model

As in Hafner and Preminger (2009) and Pedersen and Rahbek (2014), we focus on a simple

specification of the BEKK model that is defined by:

X =02, (1)
Hy=C"+ A*X; 1 X, AY + B*'H; 1 B", (2)
where t = 1,...,T, A* and B* are d-dimensional square matrices, C* is a d-dimensional positive

definite matrix, and Z; (d x 1) is an 4.i.d.(0, I;) sequence of random variables.

We start from the following assumption.

Assumption 1.

(a) The distribution of Z; is absolutely continuous with respect to Lebesque measure on R, and

zero is an interior point of the support of the distribution.
(b) The matrices A* and B* satisfy p((A* ® A*) + (B* ® B¥)) < 1.

By Theorem 2.4 of Boussama et al. (2011), Assumption 1 implies the existence of a unique
stationary and ergodic solution to the model in (1) and (2). Furthermore, the stationary solution
has finite second-order moments, E||X;||?> < oo, and variance V (X;) = E(Ht) = ), with positive

definite 2, which is the solution to:
0 =C*+ A*QA' + B*QB'. (3)

Lemma 2.4 and Proposition 4.3 of Boussama et al. (2011) indicate that the necessary and sufficient
conditions for (3) to have a solution of a positive definite matrix is Assumption 1(b). As in

Pedersen and Rahbek (2014), we obtain the variance targeting specification by substituting C* in



(3) to the model (2), giving:
Hy=Q— A* QA" — B*QB" + A*X,_1X|_|A* + B*H,_B". (4)

Based on the specification, Noureldin et al. (2014) suggested the Rotated RBEKK (RBEKK)
model, which is obtained by setting A* = Q240712 and B* = Q'/?BQ~1/2 in (2), A and B are

d-dimensional square matrices. The transformation yields:
Hy =QY?H,0Y2 H,=(I;—AA — BB')+ AX, X! A"+ BH, B, (5)

with the rotated vector Xt =0V 2X,, which gives E (thg ) = I4. Asdiscussed in Noureldin et al.
(2014), the specification gives an natural interpretation for considering diagonal matrices A and B
for reducing the number of parameters. Rather than the special case with the diagonal matrices,
we consider general A and B for the asymptotic theory. With respect to the initial values, we
consider estimation conditional on the initial values X¢ and H, = h, where h is a positive definite

matrix. By the structure, it is natural to replace Assumption 1(b) with the following:
Assumption 2. The matrices A and B satisfy p((A® A) + (B® B)) < 1.

Lemma 2 in Appendix A.2 shows that Assumption 2 is equivalent to Assumption 1(b).

In the next section, we consider the two step QML (2sQML) estimation for the RBEKK model

(1) and (5), as in Noureldin et al. (2014) and Pedersen and Rahbek (2014).

3 Two Step QML Estimation

Let 0, 0 € §R3d2, denote the parameter vector of the RBEKK model, which is defined by 6 =
(W', XY, where w = vec(Q) and A = (&/, ') with @ = vec(A) and B = vec(B). We also define

the parameter space © = O, x 05 C R¥ x R2¢° As in Hafner and Preminger (2009) and Pedersen



and Rahbek (2014), we emphasize the dependence of H; and H, on the parameters w and A, by
writing Hi(w,A) and H,(w, ), respectively. We also place emphasis on the initial value of the
covariance matrix, h, by denoting Hy(w,A) and H, ,(w,A). Now we restate the RBEKK model

as:
Xy = H(w, N2, Hy(w,\) = QY2H, (w, \)QY2, (6)
H (w,\) = (I; — AA — BB') + AQ™Y2X,_ X! QY24 + BH, |(w,\)B, (7)

with given initial values Xo and H ;(w, ) = h.
As mentioned above, we consider 2sQML estimation which constitutes two steps. In the
first step, we estimate w by the sample covariance matrix, while the second step conducts QML

estimation by optimizing the log-likelihood function for A conditional on the estimates of w. For

the RBEKK model, the Gaussian log-likelihood function is given by:
Lyp(w,\) = 1thhw>\ (8)
with the tth contribution to the log-likelihood given as:
1 1 I rr—1
le(w, X) = =3 log (det (Hyn(w, A)) = 5tr (XeX[H ! (w,0)) (9)
excluding the constant. In the first step, we estimate the unconditional covariance matrix by:
T
w = vec (Q) = vec (T_1 ZXt)Q) ) (10)
t=1
in order to rotate X; and Hy p(w, ) as
Xe=Q2X,, Hyp(@ N

By the definition, we have 7! Zthl thq = I;. The conditional log-likelihood function is given

by:
L

2T2T: [log (det (H, p(w, N))) + tr (XtXt Hw, A))}

t=1



which is equivalent to Ly p(w, A) + 0.57 log(det(€2)). Hence, the second step estimator is given
by:

A =arg max Ly p(w, A). (11)
AG@)\

We derive the asymptotic theory for the 2sQML estimator, which consists of (10) and (11).
Following Comte and Lieberman (2003), Hafner ad Preminger (2009), and Pedersen and Rah-

bek (2014), we make the following conventional assumptions.

Assumption 3.

(a) The process { X} is strictly stationary and ergodic.
(b) The true parameter 8y € © and O is compact.
(c) For XA € ©y, if X # Ao, then H,(wo,X) # H,(wo, Ao) almost surely, for all t > 1.

For Assumption 3(a), Assumptions 1(a) and 2 imply the existence of a strictly stationary
ergodic solution {X;} in the RBEKK model. Regarding Assumption 3(a), one of the conditions
is that the first element in the matrices A and B should be strictly positive, which is a sufficient

condition for parameter identification, as shown in Engle and Kroner (1995).

We now state the following result regarding consistency of the 2sQML estimator.
Proposition 1. Under Assumptions 1(a), 2, and 3, as T — oo, 0 %5 0,.

Assumptions 2(a) and 2(b) imply the finite second-order moments of X;, which are necessary
for estimating © with the sample covariance matrix. As shown by Hafner ad Preminger (2009),
the consistency of the QML estimator for the BEKK model (1) and (2) do not require the finite

second-order moment of X;.

We make the following assumption for the asymptotic normality of the 2sQML estimator.



Assumption 4.

(a) E[||X:]|%] < co.
(b) By is in the interior of ©.

As in Pedersen and Rahbek (2014), we need to assume finite six-order moments in order to
show that the second-order derivatives of the log-likelihood function converge uniformly on the
parameter space. This is different from the univariate case, which only requires finite fourth-order

moments (see Francq at al. (2011)).

Proposition 2. Under Assumptions 1(a), 2-4, as T — oo:
VT (8- 60) % N (0,Q0T0@p)

where

Id2 OdQ x2d2

QO:<_JO_1KO _JO—I >7

with the non-singular matriz Jy and the matriz Ko stated in (A.17), and the non-singular matriz

Ty stated in (A.21), and Q.

Given the asymptotic distribution of 6, we can show the asymptotic distribution of the 2sQML
estimator of (Q, A*, B*) in the VT representation of the BEKK. Define 8 = (w’,A")’, where

A = (a¥,3") with a* = vec(A*) and B* = vec(B*).
Corollary 1. Under the assumptions of Proposition 2, as T — oo:
VI(0" - 65) % N (0, QT35

where

O = Iy O 5242
0 — _Jék—lKS _Jo*—l ’



with the non-singular matriz J§ and the matriz K stated in (A.23), and the non-singular matriz

Iy stated in (A.28).

As implied in the proof of Corollay 1, the asymptotic covariance matrix is equivalent to the one
derived by Theorem 4.2 of Pedersen and Rahbek (2014). Combining Corollary 4.1 of Pedersen and
Rahbek (2014) and Corollary 1, we provide the asymptotic distribution of the 2sQML estimator

for (C*, A*, B*) in the original BEKK model. Define ¢* = vec(C*).

Corollary 2. Under the assumptions of Proposition 2, as T — oo,

& _ o
VT | & —a* | 4 N (0,5 RoQoToQ)RoSo) ,
B -p
where
I — (9(1)/2140961/2)@)2 - (9(1)/230981/2)@)2 Opxqz Ogzxaz
So = —(L + Caa) (% A00*) @ 1) Ip Opxe |-
—(Id2 + Cdd)((Q(l)/2B()Q(l)/2) (= Id) Od2><d2 I

with Ry defined by (A.22).

We can estimate I'g, Kg, and Jy by the sample outer-product of the gradient and Hessian
matrices, as:
B B (RNt JCA
I'= th:7t7ta K = TZK“ J = TZ t
where

. 0%,(0)
0_o ' OAON

A vee(X X)) —w . %1, 1,(0)
i=1{ o, R S
oA |0-6

By Proposition 1, we can estimate Sy and Ry via the 2sQML estimate, 6.

0-6

4 Monte Carlo Experiments

In this section, we illustrate the theoretical results in the previous section via Monte Carlo ex-

periments. We consider bivariate RBEKK models (d = 2) for the data generating processes



(DGPs). As we assume finite sixth-order moments for asymptotic normality, we use the suffi-
cient condition for the BEKK-ARCH models, given in Theorem C.1 of Pedersen and Rahbek
(2014) (see Avarucci et al. (2013) for an extensive discussions on higher-order moment restric-
tions on BEKK-ARCH models). For the sufficient condition, we restrict the parameter to satisfy
p(Af @ Af) < (1/15)1/3 ~ 0.4055. Note that p(Af ® A%) = p(Ao ® Ag) by Lemma 2. We use
H, = I, for the initial value, in order to generate 1" = 500 observations. We set the number of

replications as 2000.

In the first experiment, we consider the following structure in (5):

Q0:<801 0><1 P0><801 0>, A0:<A0,11 0 )’
0  so2 po 1 0 502 0 Apo
with By = Oax2. We consider two kinds of parameter sets:

DGP1:  (so1,502) = (1,0.9), po=0.5, (Ao,11,A022)=(0.6,0.4),

DGP2:  (so1,802) = (0.8,1.1), po=—0.3, (Ao11,40,22) = (0.6,-0.3),
which are used to obtain (Cf, Af) for the DGPs by (1) and (2). The values of (9, Ap) and the
corresponding values of (Cj, Aj)) are given in Table 1 and Table 2, respectively. While DGP1
describes the positive unconditional correlation, DGP2 uses the negative correlation. By the
specification, we can verify that p(A§ ® Aj) = 0.3969. From this setting, we examine the finite
sample property of the 2sQML estimator for (2, A). Table 1 shows the sample mean, standard
error, and root mean squared error of the 2sQML estimator. Table 1 indicates that the bias of

the estimators is negligible, even for T' = 500.

We also check the effects of the transformation from (Q, A, B) to (C’*, A, B*), as shown by
Corollary 2. Table 2 shows the sample mean, standard error, and root mean squared error of the

transformed estimator. As in Table 1, the bias of the estimators is negligible.



We examine the effects of the diagonal specification for the BEKK and RBEKK models when
the true model is full BEKK. For this purpose, we consider several measures for checking the
distance from the diagonal BEKK and RBEKK models to the full BEKK model. Define the

non-diagonal indices as:

v =||A* — diag(A")|| + | B* — diag(B*)|| (Diagonal BEKK),

N = HA* — Ql/2diag(sz—1/2A*Ql/2)9—1/2H + HB* - Ql/Qdiag(Q_1/2B*QI/Q)Q_I/QH (12)

(Diagonal RBEKK),

where diag(Y) creates a diagonal matrix from a square matrix Y. By the non-diagonal indices,
we can calculate the theoretical distance of the diagonal BEKK and RBEKK models. For the
remaining measures, we use the estimated values of the parameters of the diagonal BEKK and
RBEKK models. The maximized log-likelihood Lz, (9) is used, as is the average of the Frobenius

norm of the difference of conditional covariance matrices:

T
1 .
T > HHt,h(O) - Ht,h(ao)H :
t=1
Note that the last measure uses the true values used in the DGPs.

By using these measures, the following Monte Carlo simulations investigate the effects of the
diagonal specification for the BEKK and RBEKK models when the true model is full BEKK. For

this purpose, consider the specification for (4) with Bj = Oax2:
A = wDy + (1 — w)Q 2Dy 2, (13)

for 0 < w < 1, where Dy and D; are diagonal matrices. When w = 1, the specification reduces to
the diagonal BEKK model, while it becomes the diagonal RBEKK model for w = 0. Except for

these endpoints, the full BEKK specification gives a non-diagonal structure for Af in (4) and Ay

10



in (5). For the specification in (4), the non-diagonal indices give linear functions of w:

)

o= E(1—w), €= Hﬂé/QDQQgW ~ diag(QL/2 Doy /%)

)

’YZ) = {rw, fT = HDl - Q(l)/Qdiag(QO_1/2D19(1)/2)Q(;1/2

so as to calculate the theoretical distances. Consider the parameter settings for the DGPs as:

DGP3w : (Qo,Ao) in DGPl, with D1 == D2 == Ao in (13),

DGP4,, : (20, Ao) in DGP2, with D1 = Dy = Ag in (13).
Set w = 0,0.1,...,1 to examine 11 cases, with T" = 500, and the number of replications set to
2000. We estimate the diagonal RBEKK model by the 2sQML method, while VT-QML is used

for the diagonal BEKK model.

Figures 1 and 2 show the sample means of the average bias for the conditional covariance
matrices and the sample means of the maximized log-likelihood function for DGP3 and DGP4,
respectively. As expected from the structure, the superiority of the diagonal models depends on
the structure of the true BEKK model. If w is closer to zero, the diagonal RBEKK model is
preferred. The non-diagonality indices are

DGP3, : 7w = 0.0106(1 — w), ~,, = 0.0155w, crossing at wh = 0.406,

DGP4, : 7 = 0.0203(1 —w), A% =0.0221w, crossing at w' = 0.479,
and these theoretical values of w! correspond to the intersections shown in Figures 1 and 2, re-
spectively. Note that the Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) lead to the same conclusion, as the numbers of parameters in these two models are the

same.

5 Conclusion

For the RBEKK-GARCH model, we have shown consistency and asymptotic normality of the

2sQML estimator under weak conditions. The 2sQML estimation uses the unconditional covari-

11



ance matrix for the first step, and rotates the observed vector to have the identity matrix for
its sample covariance matrix. The second step conducts QML estimation for the remaining pa-
rameters. While we require second-order moments for consistency due to the estimation of the
covariance matrix, we need finite sixth-order moments for asymptotic normality, as in Peder-
sen and Rahbek (2014). We also showed the asymptotic relation of the 2sQML estimator for
the RBEKK model and the VT-QML estimator for the VI-BEKK model. Monte Carlo results
showed that the finite sample properties of the 2sQML estimator are satisfactory, and that the

adequacy of the diagonal RBEKK depends on the structure of the true parameters.

As an extension of the dynamic conditional correlation (DCC) model of Engle (2002), Noureldin
et al. (2014) suggested the rotated DCC models (for a caveat about the regularity conditions un-
derlying DCC, see McAleer (2018)). We may apply the rotation for different kinds of correlation
models suggested by McAleer et al. (2008) and Tse and Tsui (2002). Together with such exten-
sions, the derivation of the asymptotic theory for the rotated models is an important direction for

future research.

12
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Appendix

A.1 Derivatives of Log-Likelihood Function

Although Pedersen and Rahbek (2014) demonstrate the derivatives with respect to Q, A*, and B*,
they are not applicable as A* and B* in (2) depend on Q!/2 and Q~/2 in the RBEKK model (6)
and (7), respectively. Related to this issue, we need the following lemma to show the derivatives

of the log-likelihood function.

Lemma 1.
" =@ en) + (woa)]
W —-[(0e 1) + (Lo GRS

Proof. By the product rule, it is straightforward to obtain:

ow Ovec (91/2(21/2)

Ovec (91/2)
ow’ ow’ '

ow’

_ [(QW ® Id> + (Id ® 91/2)]

Since Q2 is positive definite, we obtain the result. A similar application produces:

ovec (Q_l) _ ovec (9_1/29_1/2) _ [(Q_l/z ®Id) N (Id ®Q_1/2)}

ovec (9_1/2)
ow' ow’ '

ow’

By the derivative of the inverse of the symmetric matrix shown by 10.6.1(1) of Liitkephol (1996),

we obtain the second result. (J

The gradient and Hessian of the log likelihood function are given by:

T4+00" 0006

0Ly 10l Ly 12T: 02,
08 T p 0000
Applying the chain rule and product rule, we obtain:
ﬁlt . BveC(Ht)’ 8lt

00 00  Ovec(H;)
2 2 / / 2 (A].)
0 lt . 0 VGC(Ht) 8115 8vec(Ht) 0 lt Gvec(Ht)
69169] N 89159] aVeC(Ht) 891 Ovec(Ht)avec(Ht) 89]
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where 0; (i = 1,...,3d?) is the ith element of 6,

ol 1 1
Tfi = 5 H '+ SHT X XH

021, 1 . ) e (A.2)
Ovec(H;)Ovec(Hy) 2 {(H X Xe) @ Loy = {la® (Hy XtXt)}] (Hy )2,

[T —
The first equation of (A.2) uses 10.3.2(23) and 10.3.3(10) of Liitkephol (1996), while we applied

10.6.1(1) for the second equation.

By Lemma 1, the product rule, and the chain rule, we obtain the first derivatives:

Ovec(Hy) _ [(Ql/zﬂt 2 Id) 4 (Id 2 Ql/Zﬂtﬂ [<Q1/2 ®Id) T (Id ® Ql/zﬂ_

ow’
®2 Jvec(H,)
1/2 t A3
+ (Q ) ow' ' (4.3)
Ovec(Hy) _ <Q1/2)®2 avec(/ﬂt)’
oN oX
and
Ovec(H. ovec(H,_ ;) _ _
au(;/t) = po 2 ) e [([d®9 VX, X )+ (7YX, XL, ®Id)}
~1
% [(Q—1/2 ®Id) i (Id ®Q—1/z)] (9_1)®2’
Ovec(H,) Ovec(H, ;) _ _
e~ BT ({0 - e 1) (A-4)
+ <I A{Q*WX X0V g }) C
d® t—1X4_1 d dd;

Ovec(H
vl ) pyon ) | (5 (311 4 (s B (- 1) Cos

where Cgyq is the commutation matrix, which consists of one and zero satisfying vec(A’)

Cyqvec(A).

Similarly, the second derivatives of H; are given by:

0?vec(Hy) 19 H H -1 .
2D (2= o I, o Ol/2=t O2e7 I, & 0L/2 ©)
&uiawj I:( awi ® d) + a® (%;Z- {< ®© d) + ( a® )] €
®2 §%vec(H,)
02y =t j=1,...,d°
@2 Jvec(H,) (i,j=1,...,2d%)

Ovec(Hy) _ (91/2)

OO, OO,
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&*vec(Hy) 12 Hy 12 Hy 1/2 12171 )
D, _KQ aAi@’I“)Jr(Id@Q m)} (2@ 1)+ (aeat?)] e,

®2 9%vec(H,)
QL/2) T ) =1,....2d% j=1,....d
+( ) 8)\Zaw] (l b ) 7] ) b )7

where e\9) is a d? x 1 vector of zeros except for the jth element, which takes one. We have omitted

the derivatives of H,.

A.2 Proof of Proposition 1

To prove the consistency of the 2sQML estimator, we need to accommodate the estimate of €2 in
A* = QY2 40712 and B* = QY/2BO~1/2 by modifying the proof of Theorem 4.1 of Pedersen and

Rahbek (2014).

Before we proceed, we show the equivalence of Assumptions 1(b) and 2.

Lemma 2. For the RBEKK model defined by (4) and (5), it can be shown that:
p((A*® A")+ (B*® B*)) = p((A® A) + (B® B)).
Proof. Noting that
(A*® A*) + (B*® B*) = (QY? @ QY?) {(A® A) + (B® B)} (02 0 Q~1/?),

5.2.1(8) of Liitkephol (1996) indicates that the eigenvalues of (A* ® A*) + (B* ® B*) are the same

as those of (A® A) + (B ® B), which proves the lemma. [J
By the ergodic theorem under Assumption 3(a) and E[||X:||?] < oo, as T — 0o, we obtain:
w & wq. (A5)

For the consistency of ;\, we apply the technique used in the proof of Theorem 4.1 of Pedersen

and Rahbek (2014). For this purpose we first give the following lemma.
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Lemma 3. Under Assumptions 1(a), 2, and 3, as T — oo,

sup |Lr(wo, A) — Ly p(@, A)| =2 0. (A.6)

AEO )

Proof. We can apply the technique used in the proof of Lemma B.1 of Pedersen and Rahbek

(2014), by considering bounds regarding H,. By recursion, we obtain:

s Han ) = e (L 4
— 2yi 4 ®2 @2 (H—1\22 9 (A7)
(B®2)iA® {(Q 12 (e }vec (Xii 1 Xy 1) + (B®2)vec (H,y — h).
=0
By Proposition 4.5 of Boussama et al. (2011), the assumption, p (A%? + B®?) < 1 on ©, indicates
P (B®2) < 1 on ©. Hence, for any i and for some 0 < ¢ < 1:
Sup H (B®?) H < K¢ (A.8)

PYSIC

For equation (A.7), by the compactness of ©, (A.5), and (A.8), we obtain:

sup ||vec (H(wo, A)) — vee (H, (@, N))|| < K¢' 4+ 0(1) aus., (A.9)
AEO )

as T'— o0, as in (B.16) of Pedersen and Rahbek (2014). We can also show:

sup [ H; (@, )| < sup ||,k @,0)]| < K,

AEO, ’ 6€0O ’ (A.lO)
s |12 600 3] < ] < 1

AEO, 6€0 ’

by the approach used in (B.13) of Pedersen and Rahbek (2014).

Now, we turn to the difference of the likelihood function as in (A.6). By the technique of the

proof of Lemma B.1 of Pedersen and Rahbek (2014), we obtain:

sup |Lp(wo, A) — Ly p(w, A)|

AEO )
< llog det(Qg
det(Q)

o (Gt e )

=1 G@)\



tr (XX (17 0, 3) — H @) )|

1 I
—i——z sup

T t=1 AEOH
det(Qo) N
< |lo - K E sup ||H,(wo,A) — H; (w0, A
o ‘ & ( det () >| =1 AE@pA H Hwo, 2) 7t’h( )H

T
Zsup | Hi(wo, A) — Hin(e, M) |l

IAG)\

Noting that:

vec (Hy(wo, X)) — vec (Hy p(w, A))
(Q®2 Q®2> vee (H,(wo, N)) + Q%2 (vec (H,(wo, ) — vec (H, (@, A)))

and (A.9), we obtain:
1 <& 1
~ ¢ ¢ 2
i Lr(0.3) = L@ V] £ Kg: 30+ K SR (1) s

AEO,
As in the proof of Lemma B.1 of Pedersen and Rahbek (2014), it is shown that (A.6) holds

By the structure of the RBEKK model as a special case of the BEKK model, Lemmas B.2-B.4
, and 3. Using Lemma B.2

of Pedersen and Rahbek (2014) also hold under Assumptions 1(a),

with the above Lemma 3 and the definition of 5\, we obtain

)

ot m

Lr(wo, A) < Elli(wo, A)] +

E[lt(wo, Ao)] < LT(wo, }\0) + g,
LT,h((I), 5\) < LT(wo, X) + g,

Y

ot ™

LT(w(), Ao) < LTJL(G), )\0) +

A~

)+

O‘(\(‘f)

Ly p(@,Xo) < Ly (@

for any € > 0 almost surely for large enough T. Hence, for any € > 0

[l (wo, Ao)] < E[ls(wo, A)] +&.

By applying the arguments of the proof of Theorem 2.1 in Newey and McFadden (1994), it follows

that as 7' — 00, A == Xg. Combined with (A.5), we obtain as T' — oo, 8 <= 6,
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A.3 Proof of Proposition 2

For notational convenience, let Hy = Hi(wg,Ag). We use the following lemma to show the

asymptotic normality of the 2sQML estimator.

Lemma 4. Under Assumptions 1(a), 2-4, as T — oo,

T

f( 8LTE‘;0’;’0°)/8/\ ) = \}T;Tt(u)o,)\o)vec (Z:2] - 1)) +0p(1),  (A1D)

where

T+ (wo, Ao)
Cownra \ [ (OF) e = a5 B 1 - 5 (207 )
Bt {wWo, Ao % [Z;’io(B(?z)ithfi(wo,)\o)} (Q(1)/2H0_tl/2)®
(A.12)
with

Ni(wo, M) = [Ao(@ 2 X, X105 % — L) @ L] + [T @ A0(95* X, X105 % = )| Cua, s

Ni(wo, Xo) = [Bo(Hoy — 1) @ I4] + [I4 ® Bo(Hoy — 12)] Caa-

Proof. By (A.4), we obtain:

ovec(Hy) = i ovec(Hy) = i
T’Ot = ;;(3?2) Ni—1-i(wo, Ao), T,Ot = ;;(36@2) Ni—1-i(wo, Ao)-

Hence, by (A.1)-(A.3), we obtain the result for T dLr(wo, Ag)/OX stated in (A.11).

Now, we consider w in the vector form as:

*ﬂ\*—‘

T T
Z ( 1/2> vec (Z:2] — 14) + vec (1{ ZH0t> , (A.14)

t=1

(i

with

zi: ):( i) vec@zT:Hot).

’ﬂ \



Furthermore,

’ﬂ \

=[5

T

Z > = vec(I — ApAf, — BoBy)
n (Aoggl/ 2) ( ZXtX’ L (xoxy - Xﬂ({))
+ B ?vec ( ZHOt Hoo Hocr)) ;

yielding:

(5

’ﬂ \

T
Z ) (Ip — BE®) ™! vee(T — AgA) — ByBj)

— _ ®2 1
+ (Ip — BE?) 1<AOQO 1/2) <w+ L ee(xox; —XTX£)> (A.15)

+ (I — BY?) ' BE? Tvec(HOO Hyp).
As p(B$?) < 1, it follows that (Ig2 — BSM) is invertible.
After inserting (A.14) in (A.15), we can transform the equation to obtain:
1 A7 - B (9,) 6
= vec(I — AgAf, — BoBy)

@2 —1/2\®2 1 d 71/ -
+ (Le - B§?) (257) Z( ) vec (Z:2) — 1)

1
[(A 05 1/2) Tvec(XoXO XrX{) + B§? Zvec(Hog — Hop)
which gives

o= (93/2)@“" 1= a5 = B 1 = 57) (97)

1

Mq

(1 1/2) vec (2,2) — 1)
t:l

+ (o)) - a9 - By

_ 1
|:<A Q 1/2> TVGC(XOXO XTX;) + B(?vaec(ﬂoo — EOT)
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For any € > 0, by the Markov’s inequality:

_ ®2 1] 1
P (H (AOQO Y 2) ——vec(Xo X)) — X7X]) + BE*——vec(Hyy — Hyy) 0,

>Q<Kmmw
VT VT

N

as T'— oo, which yields:

®2 _ ®2
@ —wo= (%) 11— 452 - B (I - B (9 %)

2

T
1 1/2\® ~1/2
X 7 tgl (HOt/ ) vec (242 — 1a) + 0p(T 2.

Therefore, (A.11) holds. O

We use the approach in the proof of Proposition 4.2 of Pedersen and Rahbek (2014). By
Assumption 4(b) and the definition of X in (11), we apply the mean value theorem in order to

obtain:

_ OL7 1 (wo, Ao)

0 oA

+ Erp(07)(@ — wo) + Jra(8)(A = Xo), (A.16)

where
OLrn(wo, Ao) _ OLrp(w, )
oA oA 0-0,
azLT,h (w> )‘)
OO’ 0-0""

o 82LT,h (wa )‘)

with 87 between 6 and 6. Instead of L7 p(w, ), we also use Ly (w, A) to denote L7 (wg, Ag)/OA,

K7(0"), and J7(0"). Moreover, define:

. 82lt<W, >‘) - 82lt(w7 A)

By the techniques used in the proofs of Lemmas B.5-B.7 of Pedersen and Rahbek (2014), under

Assumptions 1(a), 2-4, we show that:

82lt(w )\)
E s 7\ A A1l
k% %wjﬂ<w (19
82LT(w }\) 82115((0 )\) a.s.
9 _ E ? A].
oo | 00;00, [ 00,00, } 0 (A.19)
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for all 4,5 = 1,...,3d?, and that .Jy is non-singular. With the consistency of 9, the above results

imply that JT(OT) is invertible with probability approaching one.

As a straightforward extension of Lemma B.11 of Pedersen and Rahbek (2014), we can show

that:
OLT p(wo,Ao)  OL7r(wo, Xo) \| »
T ) —
‘f ( 23y Y =0
fori=1,...,2d%, and
sup OLr(w, A) B Plin(w,N)| as. 0,
AEO, 00,00, 00;00;

fori,j =1,...,3d?. Applying the above result to (A.16) that J7(87) is invertible with probability

approaching to one, we obtain:

VT (8 -60) = ( —JT_l(é—?)QKT(OT) —?}1;?(231) ) ﬁ( 8I€c(:}w,_)\o;%))\ ) (L)

By (A.19) and Proposition 1:

( Id2 Od2><2d2 ) & ( Id2 Od2><2d2 > )
—IpNONEr(0T) — 5 (8 R

By the same argument used in the proof of Lemma B.10 of Pedersen and Rahbek (2014), as

T — oo:
T
\/1? ; T (wo, Ag)vec (ZtZt, — Id) i> N(0,Ty), (A.20)
where
Lo = B [Ty(wo, Mo)vec (212 — 1) (vee (%] — L)) Th(wo, X)), (A.21)

with Yy (wp, Ag) defined by (A.12). By Lemma 4, (A.20), and the Slutzky theorem, we can obtain

the asymptotic normality of the 2sQML estimator.
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A.4 Proof of Corollary 1

By the definition of A* and B* and the rule of vectorization, a* = (272 @ QY/?)a and B* =

(Q~Y2 @ 0Y/2)8. Hence, 8* = RO, where:

- Ip  Ogxop _( (Q@12el?) O g2 52
= < OQdZXd2 P ’ P= Od2><d2 (971/2 ® 91/2) . (A22)

Note that P’ = P and R’ = R. We also define Py and Ry which correspond to the true value €.

By Proposition 2 and the delta method, \/T(é* —6;) 4N (0, RyQoT'0QyR).

In the following, we will show the equivalence of the asymptotic covariance matrix. First,

consider the second derivatives of the tth contribution to the likelihood function in order to

obtain:
OXN* Ow! OANOw'’ ONFONY OXNON
Define
* a2lt % 82lt
Ko=E (m) - S =E (m) ‘ (A.23)

Then, we obtain K = Po_lKo and J§ = P0_1J0P0_1. For @) defined by Corollary 1:

. Iy Oz x 242 Iy Oqz x242 Iz Ogyoge \ _
@ = ( Osprne P Iy gt Oppnye P )~ FoQofo.
(A.24)

Next we define some quantities, as in Lemma B.8 of Pedersen and Rahbek (2014), as:
T (wo, Ap)
TS, (w0, Aj) (1 = (43)%2 = (B5)) " (1 = (B)*?) (1) ) (A.25)
= | Taeo ) | =] SEBDP Mo ) (57T
15 (wo, A) 1 [Zio((BE)k)@Q)thflfi(wO,Ag)]/ (Ho—tl/2>®2
with

Mi(wo, A) = [A§(Xe X] — Qo) ® Ig] + [Ia ® AG(Xe X, — Q)] Ca,
i (A.26)
Mt(wo, )\8) = [BS(HOt — Qo) & Id] + [[d & BS(H@t — QQ)] Cya.
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We show that:

Y7 (w0, A5) = Ry ' Te(wo, Ao), (A.27)

Noting that:
* * 1/2 —1/2
Ipp — (A)®2 — (By)®2 = (/)®2 [Ip — AS? — BE?] (2, /%)%2,
* —1/2
Ip — (B)®® = ()/*)®(1p — BY?)(9,/)=?,

we can verify that Y7, (wo, Aj) = YTwt(wo, Ao)-

For T3 (wo, Ag) and T, (wo, Aj), we obtain:
. i - i ~1/2 g 1/2 i N—1/2
(B354 = [ Bo2 %)%2| = [0 (B§2) (25 )% = (@52 (B§?)' (2 /)2
By 9.3.2(5)(a) of Liitkephol (1996), (951/2 ® 9(1)/2)Cdd = C’dd(Q(l)/2 ® 951/2). Hence

My (w0, Af) = (/) P2N, (wo, M) (2 @ 95 /),

Miwo, A§) = (/*) % Ni(wo, 2) (" © 05 7).
Combining these two results, we show that Y}, (wo, Ap) = (Qém@Qal/z)Tm(wo, Ao) and Y7, (wo, Ay) =
(QF? ® Q)Y gy (wo, Ao). Hence, (A.27) holds.
Define:
I'p=FE [T;‘(wo, Xo)vec (Z2:2] — 14) (vec (Z:Z, — Id))/ T (wo, Ay |, (A.28)

from which we obtain T = Ry 'T¢Ry'. Combined with (A.24), it follows that RoQol'0QpRo =

Qiryy O
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Table 1: Finite Sample Properties of 2sQML Estimator for the RBEKK-ARCH Model

DGP1 DGP2
Parameters | True Mean Std. Dev. RMSE | True Mean  Std. Dev. RMSE
Q11 1.00 0.9998 0.1085 0.1085 | 0.640 0.6413 0.0725 0.0725
Qo1 0.54 0.5391 0.0671 0.0671 | —0.264 —0.2650 0.0383 0.0383
Qoo 0.81 0.8090 0.0662 0.0662 | 1.210 1.2093 0.0843 0.0843
Aqq 0.60 0.5882 0.0642 0.0652 | 0.600 0.5892 0.0675 0.0683
Aoy 0.00 0.0018 0.0614 0.0614 | 0.000 —0.0004 0.0623 0.0623
Ao 0.00 0.0007 0.0622 0.0622 | 0.000 —0.0003 0.0617 0.0617
Ao 0.40 0.3925 0.0702 0.0706 | —0.300 —0.2988 0.0741 0.0741

Table 2: Finite Sample Properties of 2sQML Estimator for the BEKK-ARCH Model

DGP1 DGP2
Parameters True Mean  Std. Dev. RMSE True Mean  Std. Dev. RMSE
CH 0.6579  0.6561 0.0577 0.0577 | 0.4149 0.4143 0.0383 0.0383
C3, 0.3964  0.3934 0.0471 0.0472 |—0.2104 —0.2091 0.0438 0.0438
C5o 0.6625  0.6568 0.0527 0.0530 | 1.0958  1.0836 0.0812 0.0821
Al 0.6249  0.6129 0.0784 0.0793 | 0.6212  0.6108 0.0709 0.0716
A3y 0.0706  0.0703 0.0724 0.0724 | —0.1644 —0.1634 0.0970 0.0970
Al —0.0794 —0.0777 0.0845 0.0845 | 0.1187  0.1175 0.0484 0.0484
A5, 0.3751  0.3678 0.0859 0.0862 | —0.3212 —0.3204 0.0771 0.0771
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Figure 1: Comparison of Diagonal Specifications for the BEKK and RBEKK Models: DGP3
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Figure 2: Comparison of Diagonal Specifications for the BEKK and RBEKK Models: DGP4
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