
Time Window Assignment in
Distribution Networks





Time Window Assignment in Distribution
Networks

Tijdvenstertoekenning in distributienetwerken

Thesis

to obtain the degree of Doctor from the
Erasmus University Rotterdam

by command of the
Rector Magnificus

Prof.dr. R.C.M.E. Engels

and in accordance with the decision of the Doctorate Board.

The public defence shall be held on

Friday 15 November 2019 at 09:30 hours

by

Kevin Dalmeijer
born in Rotterdam, The Netherlands



Doctoral committee

Promotor: Prof.dr. A.P.M. Wagelmans

Other members: Prof.dr. D. Huisman
Prof.dr. G. Desaulniers
Prof.dr. D. Vigo

Copromotor: Dr. R. Spliet

Erasmus Research Institute of Management - ERIM
The joint research institute of the Rotterdam School of Management (RSM)
and the Erasmus School of Economics (ESE) at the Erasmus University Rotterdam
Internet: www.erim.eur.nl

ERIM Electronic Series Portal: repub.eur.nl

ERIM PhD Series in Research in Management, 486
ERIM reference number: EPS-2019-486-LIS
ISBN 978-90-5892-562-6
c©2019, Kevin Dalmeijer

Cover image: Baran Sarigul
Cover design: PanArt, www.panart.nl

This publication (cover and interior) is printed by Tuijtel on recycled paper, BalanceSilk R©.
The ink used is produced from renewable resources and alcohol free fountain solution.
Certifications for the paper and the printing production process: Recycle, EU Ecolabel, FSC R©, ISO14001.
More info: www.tuijtel.com

All rights reserved. No part of this publication may be reproduced or transmitted in any form or by any
means electronic or mechanical, including photocopying, recording, or by any information storage and
retrieval system, without permission in writing from the author.



Acknowledgements

Back in 2014, my motivation for starting a PhD was simple: it sounded like a lot of
fun. Looking back, this turned out to be an excellent prediction. Over the last years,
I have spent hours in front of whiteboards and computer screens to solve challenging
problems with my colleagues, and I have spent hours in front of students to teach
them about topics that I care about. I thoroughly enjoyed this, and I am very grateful
that my PhD has prepared me for a career in which I can keep combining research
and teaching. Many people deserve credit for making this possible and for making
my time at the Erasmus University memorable. I would like to use this opportunity
to thank them.

First, I have to thank my promotor, Albert Wagelmans. Without you, Albert,
I would not be where I am today. You are the one who convinced me to study
econometrics and operations research, the one who hired me as a PhD student, and
the one who helped me to secure a postdoc position at Georgia Tech. I had a great
time working with you and I really appreciate our conversations both about work
and non-work.

During the past five years, I have worked most closely with my copromotor and
daily supervisor, Remy Spliet. Remy, I think you are an amazing supervisor who
truly cares about his students. You have not only taught me how to write papers,
but you have also been a huge influence on my values and beliefs about how research
should be done. I will never forget how you interrupted my presentation to point out
that my results were better than yours, and you encouraged me to emphasize this
fact instead of hiding it. You have given me a lot of freedom during my PhD, and I
am grateful for that confidence you have put in me.

Before a thesis can be defended, there has to be a committee who is prepared
to scrutinize its contents. I want to thank Prof.dr. Dennis Huisman, Prof.dr. Guy
Desaulniers, and Prof.dr. Daniele Vigo for being part of my inner doctoral commit-
tee, and I would like to thank Prof.dr. Wout Dullaert, Prof.dr. Richard Eglese, and

v



vi

Prof.dr. Joaquim Gromicho for completing the opposition. These six professors are
some of the best experts in the field, and I truly admire their work. I am absolutely
honored that you have taken time out of your busy schedules to serve on my doctoral
committee.

The fact that Guy Desaulniers is part of the committee is extra special to me,
because we had the opportunity to actually work together. Guy, I want to thank
you for inviting me to Montréal and for mentoring me. You have taught me more
about column generation than I ever thought there was to know. Next to doing
research together, I really enjoyed playing jeu de tarot and spending time with you
at conferences. I have experienced GERAD as a very inspiring and a very welcoming
group, and I would like to thank everybody who was there for making me feel at
home. My office mate Marilène and her partner Olivier went above and beyond to
involve me in social activities and to teach me about québécoise culture. This meant
a lot to me, and I want to thank you both for that.

In the Netherlands, I was fortunate to work in a group of exceptional people.
We PhD students jokingly referred to our group as the Awesome PhD’s, but I am
completely serious when I say that my colleagues absolutely deserve this title. I want
to thank you, Awesome PhD’s, for actively supporting and helping each other out,
and for being wonderful people in general. In this group, it does not matter whether
you work on maritime logistics or on lot sizing problems: if you need help, your
colleagues are there. This environment is something you create and should be very
proud of. I have also really enjoyed all the events that we organized, ranging from
the PhriDay problem solving meetings to the PhD Game Nights.

I want to give some special attention to the people that I have spent the most
time with in the same office: Harwin, Thomas, Judith, and Rutger. Harwin was
my first office mate, and he is somebody who truly promotes a positive atmosphere
by leading by example. We could talk about anything, ranging from silly jokes to
serious personal topics. After Harwin left, Thomas became my new office mate.
Thomas is one of the most multi-talented people that I know. We did not only
discuss research ideas, but Thomas would also teach me about classical music and
quantum mechanics, to give some examples. I am honored that Thomas has agreed
to be my paranymph, and I am proud to be his paranymph in return. I was never
officially assigned to the same office as Judith or Rutger, but we had no problem
in finding each other’s desks. Judith is a person who is nice to be around, and I
appreciate that you always made time to talk if I needed a break. Rutger and I
started our PhD’s at the same time, and he has been a great support from start to



vii

finish.

As mentioned earlier, teaching has been an important part of my development as
an academic. I want to thank Jan Brinkhuis and Christiaan Heij for inspiring me
to teach, and Paul de Boer for giving me the first opportunity to do so as a student
assistant. I also owe a debt of gratitude to Patrick Groenen. Patrick and I have
taught non-linear optimization together for three years, and he has given me every
opportunity to grow. Next to that, I would like to thank you for our long discussions
on majorization and for all the professional advice you have given me over the years.
After teaching with Patrick, I have taught together with Ilker Birbil. Ilker, it was
a pleasure working with you, and your career advice has been very important to
me. Bas van Goozen has motivated me to improve education by innovation, and I
appreciate our conversations on what education could look like in the future. Finally,
I want to thank all the student assistants that I had the joy of working with, and all
the students that made me enjoy teaching.

Before and during my PhD, I have also been involved with S-ray Diagnostics, a
company that started as a scientific enterprise of the Erasmus University. At S-ray
Diagnostics, scientific research is directly applied in practice, and I learned a lot by
being part of that effort. I want to thank Marco de Haas for allowing me to be part
of the team, and I want to thank Daan, Patrick, Murat, Jeanine, Lisanne, and Ben
for being great S-ray colleagues.

Next to the many people mentioned above, I have met many more incredible
people at the Erasmus University. To prevent that the acknowledgements will be
longer than the remainder of this thesis, I will not thank you one by one. But please
know that you contributed to me being excited to go to work everyday, and I sincerely
thank you for that.

Outside of university, I want to thank my family and friends who have supported
me during my PhD. It feels appropriate to do so in Dutch.

Beste familie en vrienden, ik wil jullie van harte bedanken voor jullie steun de
afgelopen jaren. Het betekent erg veel voor mij dat jullie je interesseren in waar ik
me mee bezig houd en dat jullie me altijd hebben aangemoedigd. In het bijzonder wil
ik mijn oom, tante, en mijn neven, Wouter, Yvonne, Sander en Joris bedanken dat
jullie altijd voor me klaar staan. Ook wil ik mijn grootouders bedanken die helaas
niet bij de verdediging aanwezig kunnen zijn, al weet ik zeker dat ze trots zouden zijn
geweest. Ik mag me ook gelukkig prijzen met mijn fantastische vrienden Maurits,
Wayne, Rafe en Romy. Ik wil jullie bedanken voor jullie steun en afleiding wanneer
ik dat nodig had, en vooral dat jullie het al zo lang met mij volhouden: Maurits al



viii

meer dan 20 jaar!
De drie belangrijkste personen heb ik voor het laatst bewaard. Mijn broer Tim

is de beste broer die ik me kan wensen. Tim, ik ben onwijs trots op je, en ik vind
het fantastisch hoe wij altijd voor elkaar klaar staan. Het is dan ook niet meer dan
logisch dat je ook bij mijn verdediging als paranimf naast me staat. Ook mijn ouders
ben ik enorm dankbaar. Pap en mam, jullie hebben me altijd aangemoedigd eruit te
halen wat erin zit, en jullie hebben er alles aan gedaan om dat mogelijk te maken.
Zonder de steun van jullie drieën had dit proefschrift niet bestaan.



Table of contents

1 Introduction 1
1.1 Time window assignment in an uncertain world . . . . . . . . . . . . . 1
1.2 Problem 1: the TWAVRP . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Problem 2: the DTWAP . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Clarification of contribution . . . . . . . . . . . . . . . . . . . . . . . . 6

2 A branch-and-cut algorithm for the Time Window Assignment Ve-
hicle Routing Problem 9
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Problem definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Branch-and-cut algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 Precedence inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.A Proof of Proposition 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.B Separating precedence inequalities is co-NP-hard . . . . . . . . . . . . 37
2.C Additional tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3 Addressing orientation-symmetry in the Time Window Assignment
Vehicle Routing Problem 45
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2 Mathematical formulation and precedence inequalities . . . . . . . . . 48
3.3 Orientation-symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.4 Branch-price-and-cut algorithm . . . . . . . . . . . . . . . . . . . . . . 60
3.5 Computational experiments . . . . . . . . . . . . . . . . . . . . . . . . 67
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.A Solving the TWAVRP for fixed arc flows . . . . . . . . . . . . . . . . . 75

ix



x

3.B Proof of Proposition 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 78
3.C Additional tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Dynamic Time Window Adjustment 85
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.2 Dynamic Time Window Adjustment Problem . . . . . . . . . . . . . . 89
4.3 Formulations and solution methods . . . . . . . . . . . . . . . . . . . . 92
4.4 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.5 Simple DTWAP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.6 Effect of discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.7 Illustrative example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.A Proof of Proposition 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 119
4.B Properties of the simple DTWAP - Voluntarily Wait . . . . . . . . . . 119
4.C Proof of Proposition 4.8 . . . . . . . . . . . . . . . . . . . . . . . . . . 122
4.D Proof of Proposition 4.9 . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5 Summary and conclusion 131

References 133

Abstract 139

Abstract in Dutch 141

About the author 143

Portfolio 145



Chapter 1

Introduction

In this thesis, we consider assigning time windows to customers in distribution net-
works. The following chapters are quite technical in the sense that they require
familiarity with Operations Research (OR) to be completely understood. However,
our work is motivated by very practical problems that most readers will recognize.

For this reason, I have chosen for a more informal introduction that can be read
by anybody. I will explain the motivation behind the problems that we study, and
I will discuss the key ideas that allow us to solve them. Part of this introduction is
taken from my posts on the Last-Mile Logistics blog: Dalmeijer (2016) and Dalmeijer
(2017).

1.1 Time window assignment in an uncertain world

It is 12.05h and 37 seconds when the doorbell rings. You already know who it is: it
is the delivery man with the parcel you ordered. His arrival is the exact time he said
he would be there.

While this would be perfectly normal in an ideal world, it is simply not possible
in our world filled with uncertainties. For example, the delivery man may be late
due to busy traffic. To deal with such uncertainties, companies assign time windows
to customers, informing them between which times they may expect service. Unfor-
tunately, these time windows are often too wide to be informative, for example from
9am to 5pm.

Such wide time windows allow the distributor to construct efficient routes, but at
the expense of customers satisfaction. Nowadays, more and more companies realize

1



2 Chapter 1

that the satisfaction of their customers is important (Kovacs et al., 2014). This
motivated our work in Chapters 2 and 3, where we use mathematical models to
assign time windows that balance operational costs and customer satisfaction. We
assign smaller time windows, but we do this in such a way that the distributor can
still construct relatively efficient routes.

Another way for distributors to deal with uncertainty is by updating the time
window of delivery throughout the day. This can be done, for example, by sending
text messages to the customers when the delivery man is behind schedule, or by
providing tracking information online. Major logistics companies FedEx, UPS and
DHL all provide such services.

We call these updates dynamic time window adjustments. Dynamic time win-
dow adjustments are common in practice, but have not yet been considered in the
literature. In Chapter 4, we therefore study the following question: when should
customers be contacted, and what should they be told?

In the above, the problems that we study were stated in terms of deliveries to
individual customers. However, similar problems occur in different settings. For
example, one can consider a setting in which deliveries are made from a central depot
to retail stores or pickup points. The methods that we have developed may even be
applied to completely different problems with a similar mathematical structure.

1.2 Problem 1: the TWAVRP

In Chapter 2 and Chapter 3, the Time Window Assignment Vehicle Routing Problem
(TWAVRP, Spliet and Gabor (2015)) is considered. For this problem, we assume that
the demand of the customers is the only uncertain quantity. In other words, it is
known in advance which customers have to be served, but it is not known in advance
how much vehicle space we require for each order. This is the case in retail networks,
for example, where the customers are retail stores which place orders on a regular
basis.

The TWAVRP is the problem of assigning time windows in this setting. We
assign time windows of a given width (e.g., two hours) in such a way that the expected
operational cost is minimized. Chapters 2 and 3 are dedicated to developing methods
to solve the TWAVRP.
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1.2.1 Key ideas of Chapter 2

In Chapter 2, we present our first method to solve the TWAVRP. At the time that
this method was developed, it was able to solve the TWAVRP on average about 200
times faster than the best known method in the literature. Furthermore, we could
assign time windows in larger distribution networks than previously possible.

These computational improvements are due to two key ideas. The first idea is
to use a different mathematical model than the one introduced by Spliet and Gabor
(2015). I will not discuss the differences here, but refer to Chapter 2 instead.

The second idea is to exploit an observation that is similar to the following.
Consider customers A and B, such that it takes five hours to drive from A to B.
Both customers are assigned a time window of two hours in width. We then observe
the following: if A and B are served within their time windows, by the same vehicle,
then the time windows of A and B do not overlap.

For example, customer A may be visited at 1pm within the time window [1pm,
3pm]. The vehicle then arrives at customer B at 6pm, which is within the time
window [5pm, 7pm]. The two time windows in this example indeed do not overlap.
I leave it to the reader to confirm that this is true for any choice of two-hour time
windows.

Although seemingly insignificant, this observation gives us important informa-
tion about the mathematical structure of the TWAVRP. In Chapter 2, we use this
information in different ways to improve our solution method. Also in Chapter 3, we
make use of this observation.

1.2.2 Key ideas of Chapter 3

In Chapter 3, we again consider the TWAVRP. Recall that in Chapter 2, we have
found that the new mathematical model leads to significantly better performance
than the model by Spliet and Gabor (2015). For technical reasons, this surprised
me, and I expected that the model by Spliet and Gabor (2015) still had some hidden
potential.

This prompted the study in Chapter 3, for which we reimplement the method by
Spliet and Gabor (2015) and we identify exactly why the original performance was not
as good as expected: symmetry. If we properly address symmetry, we can obtain the
optimal solution to the TWAVRP by doing only 7.4% of the work, compared to when
symmetry is ignored1. Our new method that addresses symmetry outperforms the

1measured in average number of nodes in the search tree
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method in Chapter 2, and is competitive with the recently published decomposition
algorithm by Subramanyam et al. (2018). Furthermore, we believe that the way in
which we handle symmetry can also be applied to other problems.

I will now illustrate the issue of symmetry with an example problem. This problem
differs from the TWAVRP, but the intuition is the same. There are five customers,
A, B, C, D, and E, who all have to be assigned a time window in the morning, in the
afternoon, or in the evening. Customers A, B, C, and E have to be visited by the
first truck, which is represent by a solid line. Customers A, C, D, and E have to be
visited by the second truck, which is represented by a dotted line.

Figure 1.1: Optimal solution when A is visited in the morning.

Figure 1.2: Optimal solution when A is not visited in the morning.

To determine if it is optimal to visit customer A in the morning, the problem can
be split into two subproblems. For one subproblem, we enforce that customer A is
visited in the morning, and for the other, we enforce that this is not the case. We
then solve both subproblems. Based on which subproblem provides the best solution,
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we can tell whether it is optimal to visit customer A in the morning or not.
The solutions to the subproblems are presented in Figures 1.1 and 1.2, respec-

tively. In both solutions, the trucks travel the exact same roads, just in different
directions. We call solutions like this symmetric solutions.

In hindsight, it would have been more efficient to compute only one of these
symmetric solutions. The other solution can then be obtained by reversing the di-
rections of the routes. It follows that we did unnecessary work because we did not
take symmetry into account.

The key to avoid this additional work is to be careful about how problems are split
into subproblems. In our example, splitting the problem based on the time window
of customer A introduces symmetry. In Chapter 3, we discuss how additional work
due to symmetry can be avoided.

1.3 Problem 2: the DTWAP
In Chapter 4, the Dynamic Time Window Adjustment Problem (DTWAP) is intro-
duced. For this problem, we consider a single delivery man who delivers parcels to
individual customers. The order in which the customers are visited is determined
in advance by some routing software that we have no control over. What makes
the problem interesting, is that we assume that the travel times are uncertain. For
example, the delivery man can be late due to busy traffic.

In this setting, the DTWAP is the problem of answering the following question:
when should customers be contacted, and what should they be told? For example,
we can contact a customer if we expect to be at least 30 minutes late. The customer
can then be told that the time window of delivery is postponed from [1pm, 2pm] to
[1.30pm, 2.30pm].

1.3.1 Key ideas of Chapter 4

When the customers should be contacted, and what they should be told, depends on
the preferences of the customers. Some customers may not care about time window
adjustments, because they will be at home anyways. Other customers may be angry
if the delivery man is only one minute late. These characteristics are captured in
dissatisfaction functions.

In Chapter 4, we derive general properties of the DTWAP, and we present three
different solution methods. We then describe which solution methods can be used,
depending on the dissatisfaction functions. As such, this chapter serves as a guide
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for those who want to solve the DTWAP in a specific setting. To demonstrate this
use, we also discuss an example application.

In Chapter 4, we make use of different insights to analyze the DTWAP. I will
highlight one of these insights, which is based on the dynamic programming principle
(Bellman, 1966). This principle states that future actions should be based on where
you are now, not on how you got there.

Applied to the DTWAP, this leads to the following observation. To determine
optimal dynamic time window adjustments, we only need three pieces of information:

1. The current time.

2. The current location.

3. The current (possibly adjusted) time windows of the customers.

We can thus ignore our previous interactions with the customers, except for the most
recent time windows that we have communicated. This seemingly insignificant fact
is of major mathematical importance, and is used extensively in Chapter 4.

1.4 Clarification of contribution
The chapters of this thesis are self-contained papers that have resulted from my col-
laborations with different authors. The majority of the work in these chapters has
been done independently under close supervision of my co-authors.

Chapter 2. For this chapter, I collaborated with my copromotor, dr. Remy Spliet,
who also acted as my daily supervisor. Apart from minor differences, this chapter
is a direct copy of Dalmeijer and Spliet (2018), which was published in Computers
& Operations Research.

Chapter 3. This chapter is based on the work that I did together with prof.dr. Guy
Desaulniers, while visiting Montréal in 2017. Chapter 3 is an improved version
of our working paper Dalmeijer and Desaulniers (2018). This work is currently
under review at INFORMS Journal on Computing.

Chapter 4. For this chapter, I worked together with my copromotor, dr. Remy
Spliet, and my promotor, prof.dr. Albert P.M. Wagelmans. Chapter 4 is based
on the working paper Dalmeijer et al. (2019), which is currently being prepared
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for publication.

Finally, in Chapter 5, we conclude the main findings of this thesis.





Chapter 2

A branch-and-cut algorithm
for the Time Window
Assignment Vehicle Routing
Problem

Abstract
This chapter presents a branch-and-cut algorithm for the Time Window Assign-
ment Vehicle Routing Problem (TWAVRP), the problem of assigning time windows
for delivery before demand volume becomes known. A novel set of valid inequali-
ties, the precedence inequalities, is introduced and multiple separation heuristics are
presented. In our numerical experiments the branch-and-cut algorithm is 3.8 times
faster when separating precedence inequalities. Furthermore, in our experiments, the
branch-and-cut algorithm is about 200 times faster than the best known algorithm
in the literature. Finally, using our algorithm, instances of the TWAVRP are solved
which are larger than the instances previously presented in the literature.

This chapter is based on Dalmeijer and Spliet (2018).

9



10 Chapter 2

2.1 Introduction
The Time Window Assignment Vehicle Routing Problem (TWAVRP) is the problem
of assigning time windows for delivery to clients in a distribution network when the
demand volume of the clients is uncertain, such that the expected traveling costs are
minimized. Each time window, which we refer to as an endogenous time window,
has a fixed width, and has to be assigned within an exogenous time window. For
example, a two hour endogenous time window is assigned during the opening hours
of a shop. First introduced by Spliet and Gabor (2015), the TWAVRP is inspired by
distribution networks of retailers.

In a retail network, the clients are retail stores which place orders on a regular
basis. It is common that the time windows for delivery are fixed for a long period
of time (e.g., a year). This is convenient for the retailers, as it allows them to
ensure that enough personnel is available to process the delivery. Furthermore, it
simplifies inventory control. Demand is uncertain and fluctuates per delivery. This
results in orders of varying sizes, which become known shortly before the vehicles are
dispatched.

To deal with demand uncertainty, the TWAVRP requires demand scenarios and
their probability of occurrence to be known in advance. Note that if the number of
scenarios is equal to one, the problem reduces to a Vehicle Routing Problem with
Time Windows (VRPTW). Hence, the TWAVRP is NP-hard.

The TWAVRP differs from common Stochastic Vehicle Routing Problems, where
client demand is revealed only on arrival at the client, and only smaller recourse
actions are considered, e.g., to perform a return trip to the depot (Gendreau et
al., 1996). For the TWAVRP, determining the recourse action requires solving a
VRPTW, which is already NP-hard. To be able to deal with demand uncertainty,
the TWAVRP assumes demand scenarios and their probabilities of occurrence to be
known in advance.

An increasing number of companies focus on achieving consistent service with
their deliveries (Kovacs et al., 2014). Also in the scientific literature, we see the same
trend towards consistency considerations in routing, as can be seen in the recent
survey by Kovacs et al. (2014). In this survey, three main pillars of consistency are
described: arrival time, person-oriented and delivery consistency, and the TWAVRP
is categorized within the first. Our study adds to the limited amount of research done
so far on exact methods for solving routing problems with consistency considerations.

Among the routing problems with consistency considerations, the TWAVRP is
in particular closely related to two specific models. Firstly, the TWAVRP is similar
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to the Consistent Vehicle Routing Problem (ConVRP) introduced in Groër et al.
(2009). The ConVRP does not only impose consistent arrival time but also requires
the same driver to service the same client. Another closely related model is the
Vehicle Routing Problem with self-imposed time windows, as introduced by Jabali
et al. (2015). In their paper, the authors assume demand to be given while travel
times are uncertain.

The TWAVRP is a generalization of both the Capacitated Vehicle Routing Prob-
lem (CVRP) and the VRPTW, and hence similar solution methods can be used.
In a recent survey, Baldacci et al. (2012) mention that there are three formulations
that have been most successful when used to solve the CVRP. Two of them make
use of flow variables (Laporte et al. (1985), Baldacci et al. (2004)), while the third
is a set partitioning formulation (Balinski and Quandt, 1964). For the VRPTW, a
set partitioning formulation in a branch-price-and-cut algorithm is very successful
(Desaulniers et al., 2008). To solve the TWAVRP, Spliet and Gabor (2015) also
introduce a branch-price-and-cut algorithm based on a set partitioning formulation,
which allows for instances with up to 25 clients and three demand scenarios to be
solved to optimality within a one hour time limit. Similarly, Spliet and Desaulniers
(2015) solve the DTWAVRP, the discrete time window variant of the TWAVRP.

In this chapter, we present a new flow formulation for the TWAVRP that is of
polynomial size in the number of clients and scenarios. This formulation is based on
the MTZ-inequalities in Miller et al. (1960) and the 2-commodity flow formulation
in Baldacci et al. (2004). Based on this formulation, we construct a branch-and-
cut algorithm that is faster than the algorithm in Spliet and Gabor (2015). This
new algorithm does not only allow for obtaining solutions faster, but also allows for
solving larger instances of the TWAVRP, making it applicable to larger networks
than previously possible.

One of the factors that contributes to the success of the branch-and-cut algorithm,
is the introduction of a novel class of valid inequalities specifically designed for the
TWAVRP: the precedence inequalities. We identify pairs of routes in different scenar-
ios that cannot be selected simultaneously for any feasible time window assignment.
Because time windows are not fixed in advance, identifying such pairs is a main chal-
lenge, which we address. We subsequently create valid inequalities using these pairs,
similar to the valid inequalities designed by Ascheuer et al. (2000), which disallow
infeasible paths for the Asymmetric Traveling Salesman Problem with Time Win-
dows (ATSPTW). We show that separating precedence inequalities is co-NP-hard
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and present several separation heuristics to find violated inequalities.

The remainder of this chapter is structured as follows: in Section 2.2, we present the
formulation that is used in our branch-and-cut algorithm. In Section 2.3 we present
the branch-and-cut framework. Section 2.4 is dedicated to the precedence inequalities
and heuristics for separating them. Our numerical experiments and their results are
presented in Section 2.5. In the final section, we write our conclusions and present
some directions for further research.

2.2 Problem definition

In this section, we first formally introduce the TWAVRP. Then, we present a mixed
integer linear program to solve the problem.

Consider a set of n clients V ′ = {1, 2, ..., n}. Furthermore, location 0 represents
the starting depot and location n + 1 the ending depot. Let V = V ′ ∪ {0, n + 1}
represent the set of all locations. The directed graph G on vertex set V and with
arc set A is used to represent our distribution network. Arc set A consists of all
arcs leaving the starting depot, (0, i) for i ∈ V ′, all arcs entering the ending depot,
(i, n+ 1) for i ∈ V ′, and all arcs between the clients in V ′.

For each directed arc (i, j) ∈ A a travel cost cij and a travel time τij is given. The
travel costs are assumed to be non-negative, cij ≥ 0, and to adhere to the triangle
inequality, cij + cjk ≥ cik. We assume the same properties for the travel times.
Moreover, we require all travel times to be strictly positive, the reason for this is
highlighted later.

Let ui be the width of the time window that has to be assigned to client i ∈ V ′.
We refer to this time window as the endogenous time window of client i, as opposed
to the exogenous time window of client i which defines the interval in which the
endogenous time window should be chosen.

The exogenous time window of each client i ∈ V ′ is fixed and given by the interval
[si, ei], with ei − si ≥ ui. Furthermore, the opening hours of the starting depot are
given by [s0, e0] and the opening hours of the ending depot are given by [sn+1, en+1].

We assume that we have access to an unlimited number of homogeneous vehicles,
each with capacity Q. To model demand uncertainty, consider a finite set of possible
demand scenarios Ω and corresponding probabilities pω such that

∑
ω∈Ω pω = 1. The

demand of client i ∈ V ′ in scenario ω ∈ Ω is given by 0 < dωi ≤ Q.
We now formally state the TWAVRP: find both 1) an assignment of the endoge-
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nous time windows within the exogenous time windows and 2), for every demand
scenario, a routing of the vehicles adhering to the capacity constraints, and consis-
tent with the assigned endogenous time windows, such that the expected routing cost
is minimized.

2.2.1 Mixed integer linear program

Next, we present a new mixed integer linear programming formulation for the TWAVRP,
based on the MTZ-inequalities in Miller et al. (1960) and the 2-commodity flow for-
mulation in Baldacci et al. (2004). First we introduce the decision variables. The
time window decisions are given by the continuous variables yi for i ∈ V ′, which
indicate the starting times of the endogenous time windows. That is, the endogenous
time window of client i is given by [yi, yi + ui]. As the endogenous time window has
to be within the exogenous time window, we require yi ∈ [si, ei − ui].

The vehicle routes are determined by the binary flow variables xωij for (i, j) ∈ A,
which are equal to one if a vehicle travels from i to j in scenario ω. The continuous
variable tωi indicates at what time client i ∈ V ′ receives delivery in scenario ω ∈ Ω.

For notational convenience, we introduce the arc set Ā. Let Ā be the set of arcs
A to which the arcs (i, 0) and (n + 1, i) have been added for all i ∈ V ′. To model
capacity, we use a formulation similar to the one used in Baldacci et al. (2004), but
applied to a directed graph. We introduce the flow variables zωij for all (i, j) ∈ Ā,
ω ∈ Ω. Its interpretation depends on the direction the arc is traversed, as given by
the x-variables. If zωij follows this direction (xij = 1), it represents the total vehi-
cle load when traveling from client i to client j. If it follows the opposite direction
(xji = 1), zωij represents the leftover capacity on the vehicle when traveling from
client j to client i. If the connection between i and j is not used (xij = xji = 0), zωij
is zero.

We provide the following mixed integer linear programming formulation:

min
∑
ω∈Ω

pω
∑

(i,j)∈A

cijx
ω
ij (2.1)

s.t.
∑

j∈V ′∪{n+1}

xωij = 1 ∀i ∈ V ′, ω ∈ Ω (2.2)

∑
i∈V ′∪{0}

xωij = 1 ∀j ∈ V ′, ω ∈ Ω (2.3)

zωij + zωji =
(
xωij + xωji

)
Q ∀(i, j) ∈ Ā, i < j, ω ∈ Ω (2.4)
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∑
j∈V

(zωji − zωij) = 2dωi ∀i ∈ V ′, ω ∈ Ω (2.5)

∑
j∈V ′

zω0j =
∑
i∈V ′

dωi ∀ω ∈ Ω (2.6)

∑
j∈V ′

zωn+1,j =

∑
j∈V ′

xω0j

Q ∀ω ∈ Ω (2.7)

∑
j∈V ′

zωj0 =

∑
j∈V ′

xω0j

Q−
∑
i∈V ′

dωi ∀ω ∈ Ω (2.8)

tωj − tωi ≥ τijx
ω
ij + (sj − ei)(1− xωij) ∀i ∈ V ′, j ∈ V ′, ω ∈ Ω (2.9)

s0 + τ0j ≤ tωj ∀j ∈ V ′, ω ∈ Ω (2.10)

tωi + τi,n+1 ≤ en+1 ∀i ∈ V ′, ω ∈ Ω (2.11)

tωi ≥ yi ∀i ∈ V ′, ω ∈ Ω (2.12)

tωi ≤ yi + ui ∀i ∈ V ′, ω ∈ Ω (2.13)

yi ∈ [si, ei − ui] ∀i ∈ V ′ (2.14)

xωij ∈ B ∀(i, j) ∈ A,ω ∈ Ω (2.15)

zωij ≥ 0 ∀(i, j) ∈ Ā, ω ∈ Ω. (2.16)

The objective (2.1) is to minimize the expected traveling costs over all scenarios.
Constraints (2.2) and (2.3) are the flow conservation constraints. Constraints (2.15)
make sure all flows are integral.

Vehicle capacity is modeled by Constraints (2.4)-(2.8) and (2.16), which are based
on the 2-commodity flow formulation in Baldacci et al. (2004). Constraints (2.4)
relate opposing arcs: when either (i, j) or (j, i) is used, the corresponding z-variables
sum to the vehicle capacity.

Constraints (2.5) can be seen as flow conservation constraints for the z-variables:
before visiting the client, the load is dωi units more than afterwards. After visiting,
the empty space is dωi units more than before. Hence, the total difference in both
flows is equal to 2dωi . The total vehicle load, capacity and excess capacity in the
system are constrained by (2.6)-(2.8). Constraints (2.6) set the total vehicle load
equal to the total demand of all clients, and Constraints (2.7) set the total capacity
equal to the number of used vehicles multiplied by the vehicle capacity. The total
excess capacity of all vehicles leaving the starting depot is set by Constraints (2.8).
Finally, we enforce vehicle capacity to be respected by constraining all empty space
on the vehicles to be non-negative, as is done in Constraints (2.16). For more details
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on these constraints, see Baldacci et al. (2004).

Constraints (2.9)-(2.14) deal with the time windows. Constraints (2.9) are the
MTZ-inequalities that model the time-of-service (Miller et al., 1960). If a vehicle
travels from client i to client j in scenario ω ∈ Ω, then xωij = 1 and hence tωj −tωi ≥ τij ,
i.e., the time-of-service increases with at least the travel time from i to j. If no vehicle
travels from i to j in scenario ω, then xωij = 0 and the constraint reads tωj −tωi ≥ sj−ei,
which always holds as tωj ≥ sj and tωi ≤ ei. Note that the MTZ-inequalities eliminate
cycles, because we have assumed that τij > 0 for all (i, j) ∈ A.

Constraints (2.10) guarantee that vehicles can only leave the starting depot after
it opens and Constraints (2.11) ensure that vehicles arrive at the ending depot before
it closes. Constraints (2.12) and (2.13) enforce that each client is served within its
endogenous time window, while Constraints (2.14) make sure these endogenous time
windows are within the exogenous time windows.

2.2.2 Remarks

In the above formulation, we model capacity using constraints that are based on the
2-commodity flow formulation in Baldacci et al. (2004). The MTZ inequalities are
used to model time-of-service. Other formulations for capacity and time-of-service
have been considered as well, including several adaptations of models for the CVRP
(Baldacci et al., 2004) and the ATSPTW (Ascheuer et al., 2001).

Preliminary testing with all our combinations of capacity constraints and time-of-
service constraints in a branch-and-cut algorithm showed that the best performance is
achieved by the combination of the 2-commodity flow formulation to model capacity
and the MTZ-inequalities to model time-of-service. This may seem surprising, as in
general the MTZ-inequalities typically do not contribute to strong bounds in the LP
relaxation. For our instances, however, we have seen that this is compensated for by
the relatively strong formulation for capacity.

The MTZ-inequalities require no additional variables and only n(n + 1)|Ω| con-
straints. This allows for a branch-and-cut strategy in which we process the nodes
of the search tree faster than in all other alternatives we considered. Using the 2-
commodity flow formulation to model capacity yields a good trade-off between the
number of variables and constraints, and the strength of the formulation.
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2.3 Branch-and-cut algorithm

In this section, we present our branch-and-cut algorithm. First, we present valid
inequalities from the literature, which we use to strengthen the LP-bound of (2.1)-
(2.16). Next, we introduce our branching strategy. In Section 2.4 we separately
introduce the novel precedence inequalities.

2.3.1 2-cycle elimination

The current mixed integer linear program ensures that no integer feasible solution
contains cycles. Explicit cycle elimination, however, may still strengthen the LP-
bound.

As there are only a quadratic number of 2-cycles in a given graph, we can eliminate
all 2-cycles with a relatively small number of constraints. We do so by adding all of
the following inequalities to the formulation:

xωij + xωji ≤ 1 ∀i ∈ V ′, j ∈ V ′, ω ∈ Ω. (2.17)

2.3.2 Rounded capacity inequalities

The capacity inequalities are well-known valid inequalities for the VRPTW, and
thus may be applied directly to the TWAVRP per scenario. Let λωS be the minimum
number of vehicles required to satisfy the demand of all clients in S ⊆ V ′ in scenario
ω. The capacity inequalities are given by∑

(i,j)∈A|i∈S,j∈V \S

xωij ≥ λωS ∀S ⊆ V ′, |S| ≥ 2, ω ∈ Ω. (2.18)

That is, we require for each subset S ⊆ V ′ that the total number of vehicles leaving
S is sufficient to satisfy all demand in S.

Calculating λωS requires solving a bin-packing problem, which is NP-hard in gen-
eral. Hence, as is commonly done, we only consider the weakened inequalities in which
λωS is replaced by the bin-packing lower bound d

(∑
i∈S d

ω
i

)
/Qe. These valid inequal-

ities are known as the rounded capacity inequalities. Simply adding all rounded
capacity inequalities is not efficient, but when used in a branch-and-cut algorithm,
they can be very effective (Baldacci et al., 2012).
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We add the following |Ω| inequalities to the formulation:

∑
i∈V ′

xωi,n+1 ≥
⌈∑

i∈V ′ d
ω
i

Q

⌉
∀ω ∈ Ω. (2.19)

These inequalities put a lower bound on the number of vehicles that have to be used
per scenario. Preliminary experiments suggest that adding these inequalities from
the beginning and adding the other rounded capacity inequalities in a cutting plane
fashion speeds up our branch-and-cut algorithm. To find violated rounded capacity
inequalities, we use the separation algorithm from Lysgaard (2003). Details on this
algorithm can be found in Lysgaard et al. (2004).

2.3.3 Branching strategy

In the formulation in Section 2.2.1, we require each xωij to be binary. However, we
show that it is sufficient to require that all xωij ∈ [0, 1], that xωij is binary for all
arcs connected to one of the depots, and furthermore that xωij + xωji is binary for all
i, j ∈ V ′(i 6= j). We define the following integrality conditions:

xω0j ∈ B ∀j ∈ V ′, ω ∈ Ω, (2.20)

xωi,n+1 ∈ B ∀i ∈ V ′, ω ∈ Ω, (2.21)

xωij + xωji ∈ B ∀i < j, i ∈ V ′, j ∈ V ′, ω ∈ Ω, (2.22)

xωij ∈ [0, 1] ∀(i, j) ∈ A,ω ∈ Ω. (2.23)

Proposition 2.1. All integer feasible solutions to (2.1)-(2.14), (2.16), (2.17), (2.19),
and (2.20)-(2.23) satisfy

xωij ∈ B ∀(i, j) ∈ A,ω ∈ Ω. (2.15)

Proof. See Appendix 2.A.

Proposition 2.1 suggests that for any i, j ∈ V ′ instead of branching on whether a
single directed arc is used, we may also branch on whether a connection between i
and j (regardless of direction) is used. This decision can be made per connection, as
xωij ∈ B and xωji ∈ B together imply xωij + xωji ∈ B, xωij ∈ [0, 1] and xωji ∈ [0, 1]. That
is, Proposition 2.1 is still applicable if for some connections we branch on both xωij
and xωji and for the other connections we branch on xωij + xωji.
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Branching on xij means that we partition the feasible region in two parts. In the
first part it is assumed that j is visited directly after i by the same vehicle. In the
other part we assume j is not visited directly after i. Knowing whether j is visited
directly after i has important implications for the time-of-service variables tωi and tωj .
The value (sj − ei) in the MTZ-inequalities is essentially a big-M, hence fractional
values of the flow variables cause the time constraints to be very weak or inactive.
When xωij = 1, however, we have tωj ≥ tωi + τij . Especially when τij is big, this
inequality has a big effect on the time-of-service variables.

If the value of τij is close to zero, this argument no longer holds, whether xij = 1
or xji = 1 is not that important for the time-of-service variables. For the capacity
constraints it is important to know whether i and j are visited by the same vehicle,
but it is less important to know in which order this happens. Hence, it makes sense
to branch on xij + xji to split the feasible region in two parts: one part in which j
is visited directly after i, or the other way around, and one part in which there is no
direct connection between i and j.

To take these effects into account, we introduce the parameter ρ ∈ [0, 1]. Then, for
the fraction ρ of all arcs with the shortest travel time, we branch on the connections.
For the other arcs, we branch on xωij and xωji separately. In our implementation, we
leave the choice for which arc or connection to branch on to the MIP solver CPLEX.
Note that ρ = 0 corresponds to always branching on individual arcs. If ρ = 1, we
always branch on connections. In our computational experiments, we vary ρ to find
a good compromise between the number of variables and the strength of the LP
relaxation.

2.4 Precedence inequalities

Through the assignment of time windows, the TWAVRP connects the VRPTWs
corresponding to each of the scenarios. The valid inequalities discussed earlier apply
separately to the VRPTWs in each scenario. In this section, we present a novel set
of valid inequalities, the precedence inequalities, in which each inequality involves
multiple scenarios. First, we make some important observations.

If we want to visit first i and later j, both within their respective time windows,
then we have to leave i after yi, and arrive at j before yj+uj . Let τ̄ij be the maximum
time between these visits, for all i, j ∈ V ′. That is, we define τ̄ij = (yj +uj)− yi and
similarly τ̄ji = (yi + ui)− yj . It follows that τ̄ij + τ̄ji = ui + uj .

Now consider a solution to the TWAVRP for which in scenario ω there is a route
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visiting first i, and later j. Furthermore, assume there is a different scenario ω′ with
a route visiting first j, and later i. It follows that the time taken to get from i to j
in one scenario, plus the time taken to get from j to i in another scenario, can be at
most the sum of the widths of the time windows, ui + uj .

We formalize this in Observation 2.2. Let Ap be the set of arcs used by path p in
G and let Pij be the set of all elementary paths in G starting at i ∈ V and ending
at j ∈ V .

Observation 2.2. For given vertices i, j ∈ V ′ (i 6= j), for any integer feasible
solution to the TWAVRP in which both path p ∈Pij is used in scenario ω ∈ Ω and
path q ∈Pji is used in scenario ω′ ∈ Ω the following holds:∑

(k,l)∈Ap

τkl +
∑

(k,l)∈Aq

τkl ≤ ui + uj . (2.24)

To construct valid inequalities based on Observation 2.2, we make use of Theorem
(4.5) in Ascheuer et al. (2000), which we restate for the TWAVRP as the following
lemma.

Lemma 2.3. For any integer feasible TWAVRP solution, a set of clients S ⊆ V ′

and two vertices i, j ∈ V ′\S (i 6= j), a single vehicle visits i first, then all clients in
S and then j consecutively in scenario ω ∈ Ω if and only if:∑

l∈S

xωil +
∑
k∈S

∑
l∈S

xωkl +
∑
k∈S

xωkj + xωij = |S|+ 1. (2.25)

Lemma 2.3 gives us a criterion for testing whether there is a path visiting client i,
then visiting a subset of other clients, and then visiting client j. Combining this
lemma with Observation 2.2 allows us to formulate the precedence inequalities.

Let us denote by (S : T ) the set of arcs in A which start in S and end in T , for
vertex sets S and T . If S or T is a singleton, we just write the element, e.g. (i : T ).
For notational convenience we introduce the sets S(i, j) = {S | S ⊆ V ′\{i, j}} for all
i, j ∈ V ′. That is, S(i, j) is the set of all possible subsets of clients not containing
clients i and j. When traveling from i to j, visiting exclusively clients from S, only
the arcs in (i : S) ∪ (S : S) ∪ (S : j) ∪ (i : j) are relevant. Therefore, we introduce
F(i, S, j) = {F | F ⊆ (i : S) ∪ (S : S) ∪ (S : j) ∪ (i : j)}, which for given i, j ∈ V ′

and S ∈ S(i, j) is the set of all possible subsets of these arcs.
Furthermore, let δij(S, F ) be the shortest possible travel time from client i ∈ V ′

to client j ∈ V ′, visiting all clients in S ∈ S(i, j) in between, using only arcs from
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set F ∈ F(i, S, j). If no such path exists δij(S, F ) =∞. We then arrive at the main
theorem for the precedence inequalities:

Theorem 2.4. Precedence inequalities: For given scenarios ω, ω′ ∈ Ω (ω 6= ω′),
given clients i, j ∈ V ′ (i 6= j), given vertex set S ∈ S(i, j), corresponding to clients
visited in scenario ω, and vertex set S′ ∈ S(j, i) corresponding to clients visited
in scenario ω′, and given arc sets F ∈ F(i, S, j) and F ′ ∈ F(j, S′, i) such that
δij(S, F ) + δji(S′, F ′) > ui + uj, the following are valid inequalities:∑

(k,l)∈F

xωkl +
∑

(k,l)∈F ′
xω
′

kl ≤ |S|+ |S′|+ 1. (2.26)

Proof. This is a direct application of Observation 2.2. Lemma 2.3 shows that Obser-
vation 2.2 is contradicted if and only if

∑
(k,l)∈F x

ω
kl +

∑
(k,l)∈F ′ x

ω′

kl = |S|+ |S′|+ 2.
By integrality of the x-variables, the theorem follows.

It is possible to generalize this result by redefining δij(S, F ) to be the minimum
travel time to visit client i, all clients in S and then client j using only arcs of F , but
only using paths that can be feasible when considering the exogenous time windows.
We choose not to present this generalization, as we consider an application in which
the exogenous time windows are in general very wide. The proposed generalization is
then unlikely to add much value, while making it more complex to identify violated
inequalities.

Clearly, the number of possible precedence inequalities is exponential in the num-
ber of clients. Hence, it is not efficient to add all precedence inequalities to the
formulation directly. Instead, we separate the precedence inequalities in a cutting
plane fashion. Note that exact separation of the precedence inequalities is difficult, as
finding violated precedence inequalities is co-NP-hard, which is proven in Appendix
2.B. For this reason, we separate subsets of the precedence inequalities exactly, and
we present heuristics for more general precedence inequalities.

Before we consider these subsets, we state the following two lemmas, which will
be useful when deriving our separation algorithms. We provide a lower bound on the
flow in F for violated inequalities and we show that for every violated inequality F
is cyclic or F contains an elementary (i, j)-path visiting all vertices in S.

Lemma 2.5. Let ω, ω′ ∈ Ω, i, j ∈ V ′, S ∈ S(i, j), S′ ∈ S(j, i), F ∈ F(i, S, j) and
F ′ ∈ F(j, S′, i) correspond to a violated precedence inequality, for a feasible solution
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to the LP relaxation of the formulation (2.1)-(2.16), (2.17) and (2.19). Then both∑
(k,l)∈F

xωkl > |S| (2.27)

and ∑
(k,l)∈F ′

xω
′

kl > |S′|. (2.28)

Proof. By definition of F(i, S, j) all directed arcs in F point to vertex j, or to a
vertex in S. Thus, by the flow conservation constraints it follows that the total flow
in F is bounded by |S| + 1. Hence, we have

∑
(k,l)∈F x

ω
kl ≤ |S| + 1 and similarly∑

(k,l)∈F ′ x
ω′

kl ≤ |S′|+ 1. From Theorem 2.4 it follows that for a violated precedence
inequality

∑
(k,l)∈F x

ω
kl+

∑
(k,l)∈F ′ x

ω′

kl > |S|+ |S′|+ 1. Combining these facts proves
the lemma.

Lemma 2.6. Let ω, ω′ ∈ Ω, i, j ∈ V ′, S ∈ S(i, j), S′ ∈ S(j, i), F ∈ F(i, S, j) and
F ′ ∈ F(j, S′, i) correspond to a violated precedence inequality, for a feasible solution
to the LP relaxation of the formulation (2.1)-(2.16), (2.17) and (2.19). Then F

contains a cycle or F contains an elementary (i, j)-path through all vertices of S.
Also F ′ contains a cycle or F ′ contains an elementary (j, i)-path through all vertices
of S′.

Proof. We prove this statement for F , as for F ′ the proof is analogous. If F contains
a cycle, the lemma holds. Next, we assume F is acyclic. Moreover, we assume that
F does not contain an elementary path from i to j through all vertices of S, and we
show that this leads to a contradiction.

Because F is acyclic, the vertices of S can be relabeled v1, v2, . . . , v|S| such that
if l < k then (vk, vl) /∈ F (see Kahn (1962)). By assumption, there is no elementary
path from i through all v1, v2, . . . , v|S| to j. Hence, there exists an integer g ∈
{1, 2, . . . , |S| − 1} such that there is no arc from vg to vg+1.

Let U1 = {i, v1, v2, . . . , vg−1} and let U2 = {vg+2, vg+3, . . . , v|S|, j}. By construc-
tion, we have that∑

(k,l)∈F

xωkl =
∑

(k,l)∈
(
U1:(U1∪vg∪vg+1∪U2)

)⋂
F

xωkl +
∑

(k,l)∈
(

(vg∪vg+1∪U2):U2

)⋂
F

xωkl

≤ |U1|+ |U2| = |S|. (2.29)

This follows because the total outflow of the vertices in U1 is bounded by |U1| due
to the flow conservation constraints. Similarly, the total inflow of the vertices in U2
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is bounded by |U2|. Hence, it follows that the total flow captured by F is bounded
by |U1|+ |U2| = |S|.

This contradicts Lemma 2.6, which states that
∑

(k,l)∈F x
ω
kl > |S|. Thus, our

assumption that F does not contain an elementary path from i through S to j is
false. Hence, we have proven that F contains a cycle, or contains an elementary
(i, j)-path visiting all clients in S.

2.4.1 Path precedence inequalities

The first subset of precedence inequalities we consider, is the subset for which F and
F ′ both form a single elementary path, which we refer to as the path precedence
inequalities. We make use of the following proposition:

Proposition 2.7. For any integer feasible solution to the TWAVRP:∑
(k,l)∈Ap

τkl +
∑

(k,l)∈Aq

τkl > ui + uj =⇒
∑

(k,l)∈Ap

xωkl +
∑

(k,l)∈Aq

xω
′

kl ≤ |Ap|+ |Aq| − 1

∀(i, j) ∈ A, p ∈Pij , q ∈Pji, ω ∈ Ω, ω′ ∈ Ω. (2.30)

Proof. This is a direct application of Theorem 2.4 with F = Ap and F ′ = Aq.
Note that δij(S, F ) =

∑
(k,l)∈Ap

τkl, as following the path p is the only way to visit
all vertices in S using only vertices in F . Analogously, δji(S′, F ′) =

∑
(k,l)∈Aq

τkl.
Finally, note that |S| = |Ap| − 1 and |S′| = |Aq| − 1, and hence |S| + |S′| + 1 =
|Ap|+ |Aq| − 1.

Proposition 2.7 defines valid inequalities for paths only, instead of for arbitrary sets
of vertices and arcs. Note that the precedence inequality is completely determined
by the two scenarios and the two paths. Next, we show some properties of the path
precedence inequalities. These properties are then used to prove that for a given
solution to the LP relaxation, all violated path precedence inequalities can be found
in polynomial time.

Lemma 2.8. All violated path precedence inequalities adhere to the following two
inequalities: ∑

(k,l)∈Ap

xωkl > |Ap| − 1, (2.31)

∑
(k,l)∈Aq

xω
′

kl > |Aq| − 1. (2.32)
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Proof. This is a direct application of Lemma 2.5 with F = Ap and F ′ = Aq.

Lemma 2.9. Let p and q correspond to a violated path precedence inequality. Path
p in graph G contains at most one arc (k, l) for which xwkl ≤ 1

2 . Path q contains at
most one arc (k′, l′) for which xω′k′l′ ≤ 1

2 .

Proof. Suppose p has m ≥ 2 arcs for which xωkl ≤ 1
2 . This implies

∑
(k,l)∈Ap

xωkl ≤
|Ap| − 1

2m ≤ |Ap| − 1. Hence (2.31) is not satisfied. It follows that p has at most one
arc for which xωkl ≤ 1

2 . The proof for path q is analogous.

Proposition 2.10. All violated path precedence inequalities can be found in polyno-
mial time.

Proof. To find all violated path precedence inequalities, we generate an exhaustive
list of candidate paths from i to j which meet the necessary condition given by
Lemma 2.9. If we do the same for all candidate paths from j to i, we can check for
all combinations of the candidates whether (2.30) is violated.

To generate a list of candidates, we first use Lemma 2.9, which states that for
scenario ω ∈ Ω a candidate uses at most one arc for which xωkl ≤ 1

2 . Starting at i,
the path thus first uses a (possibly zero) number of arcs for which xωkl > 1

2 , followed
by zero or one arcs for which xωkl ≤ 1

2 . After that, we visit another (possibly zero)
number of arcs for which xωkl > 1

2 before we reach j.
By the flow conservation constraints, the total outflow and the total inflow of

a vertex are both equal to one. Hence, at each vertex there can be at most one
incoming arc and one outgoing arc for which xωkl >

1
2 . This implies there is at

most one elementary path leaving i for which all arcs have an x value larger than 1
2 .

Analogously there is at most one elementary path entering j for which all x values
are larger than 1

2 . Finding these two elementary paths takes O(n2) time, as the paths
contain O(n) vertices, and, for a single vertex, determining which arc has value larger
than 1

2 takes O(n) time.
All candidate paths from i to j can thus be constructed by starting in i, following

the arcs with x values larger than 1
2 up to a certain point after which an arc with

x value less or equal to 1
2 is taken to arrive at the path of arcs with x values larger

than 1
2 that arrives at j, which is followed until we reach j. That is, without loss

of generality we sequentially visit the vertices i = v1, v2, . . . , vf , wg, wg−1, . . . , w1 = j

for integers f and g between 1 and n.
For given f and g, the total flow of the candidate path is given by

∑f−1
i=1 xvivi+1 +

xvfwg +
∑g−1
i=1 xwi+1wi , and the total travel time is given by

∑f−1
i=1 τvivi+1 + τvfwg +
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∑g−1
i=1 τwi+1wi

. By precalculating the summations for all f and g in O(n2) time, this
part only takes constant time.

For each scenario, there are O(n2) combinations of f and g. We thus find O(|Ω|n2)
candidates from i to j. Then, we check for all combinations of candidates from i to
j and candidates from j to i if the condition in Proposition 2.7 is satisfied. Per
combination, this takes constant time, as we only sum the predetermined values of
total flow and total travel time. There are O((|Ω|n2)2) such combinations. As we
repeat the procedure for all combinations of two vertices i and j, the total time
complexity is O(|Ω|2n6).

2.4.2 Tournament precedence inequalities

In the previous section, we have introduced the path precedence inequalities, which
are precedence inequalities based on elementary paths. In this section we present
a broader subset of the precedence inequalities, in which both (S, F ) and (S′, F ′)
represent a directed acyclic graph, which leads to stronger valid inequalities. Fur-
thermore, we show that to satisfy all these valid inequalities it is sufficient to restrict
ourselves to those directed acyclic graphs F and F ′ obtained by taking the transitive
closures of an elementary path. The transitive closure of a set of arcs F ⊆ A in graph
G, is defined as follows:

trcl(F ) := {(k, l) ∈ A : l can be reached from k using only arcs in F} . (2.33)

These inequalities are similar to the tournament constraints of Ascheuer et al.
(2000), hence we call this class the tournament precedence inequalities. In Ascheuer
et al. (2000), the tournament inequalities are introduced for the ATSPTW, which
are obtained by bounding the total flow on the transitive closure of a simple path
which violates (exogenous) time window constraints or cannot be extended without
violating time window constraints. Next we present the tournament precedence in-
equalities, discuss how to separate them, and show that if all tournament precedence
inequalities are satisfied then so are all precedence inequalities based on directed
acyclic graphs.

Proposition 2.11. For any integer feasible solution to the TWAVRP:∑
(k,l)∈Ap

τkl+
∑

(k,l)∈Aq

τkl > ui+uj =⇒
∑

(k,l)∈trcl(Ap)

xωkl+
∑

(k,l)∈trcl(Aq)

xω
′

kl ≤ |Ap|+|Aq|−1
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∀(i, j) ∈ A, p ∈Pij , q ∈Pji, ω ∈ Ω, ω′ ∈ Ω. (2.34)

Proof. This is a direct application of Theorem 2.4 with F = trcl(Ap) and F ′ =
trcl(Aq). Observe that taking the transitive closure of an elementary path yields
a directed acyclic graph, which contains only a single path visiting all vertices.
In particular, δij(S, F ) = δij(S, trcl(Ap)) = δij(S,Ap) =

∑
(k,l)∈Ap

τkl. Similarly,
δji(S, F ) =

∑
(k,l)∈Aq

τkl. Note that |S| = |Ap| − 1 and |S′| = |Aq| − 1, and hence
|S|+ |S′|+ 1 = |Ap|+ |Aq| − 1.

Corollary 2.12. If a path precedence inequality is violated, then its corresponding
tournament precedence inequality (by taking transitive closures) is violated as well.

Proof. Follows directly from Proposition 2.11, the non-negativity of the x variables
and F ⊆ trcl(F ) for all F ⊆ A.

As a result, we can find violated tournament precedence inequalities by separating
path precedence inequalities. However, not all violated tournament precedence in-
equalities can be found in this way. Hence, to separate all tournament precedence
inequalities, we next present another algorithm.

First, per scenario, we make a list of all elementary paths in G, not involving the
depot vertices. By definition, each tournament precedence inequality is characterized
by two elementary paths and two scenarios. Hence, after we generate the lists, we
can separate the tournament precedence inequalities by combining elementary paths
from the lists, and checking the condition given in Proposition 2.11 for each pair.

To construct the list per scenario we use a procedure similar to that described in
Ascheuer et al. (2001) to detect violated tournament constraints for the ATSPTW.
We enumerate all paths but backtrack as soon as

∑
(k,l)∈trcl(Ap) x

ω
kl ≤ |Ap| − 1.

It is suggested in Ascheuer et al. (2001) that only a polynomial number of paths is
generated this way, which would imply that our separation routine, involving multiple
scenarios, also requires only a polynomial number of iterations.

We have mentioned that, for separating tournament precedence inequalities, re-
stricting to transitive closures of elementary paths still allows us to capture all prece-
dence inequalities based on directed acyclic graphs. We state this formally in the
following lemma.

Lemma 2.13. Let ω, ω′ ∈ Ω, i, j ∈ V ′, S ∈ S(i, j), S′ ∈ S(j, i), F ∈ F(i, S, j)
and F ′ ∈ F(j, S′, i) correspond to a precedence inequality, for a feasible solution to
the LP relaxation of the formulation (2.1)-(2.16), (2.17) and (2.19). Furthermore,
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assume F and F ′ are acyclic. If all tournament precedence inequalities are satisfied,
then this precedence inequality is also satisfied.

Proof. As F is assumed to be acyclic, by Lemma 2.6 it contains an elementary path
p ∈ Pij through all vertices of S. By definition of the transitive closure, it follows
that F ⊆ trcl(Ap). Analogously we have F ′ ⊆ trcl(Aq) for some q ∈ Pji visiting all
vertices of S′.

We have
∑

(k,l)∈F x
ω
kl +

∑
(k,l)∈F ′ x

ω′

kl ≤
∑

(k,l)∈trcl(Ap) x
ω
kl +

∑
(k,l)∈trcl(Aq) x

ω′

kl ≤
|S|+ |S′|+ 1, as all tournament precedence inequalities are assumed to be satisfied.
It follows that if all tournament precedence inequalities are satisfied, each precedence
inequality based on directed acyclic graphs is satisfied as well.

2.4.3 Additional strategies

We have discussed two subsets of the precedence inequalities with corresponding
separation strategies. There are, however, some additional strategies that can be
utilized.

Note that both the separation algorithm for the path precedence inequalities and
the separation algorithm for the tournament precedence inequalities first generate
a list of viable candidates i, j ∈ V , S ∈ S(i, j) and F ∈ F(i, S, j) per scenario,
after which all combinations of candidates are checked to find violated inequalities.
An additional strategy is to opportunistically alter these candidates when combining
them to create stronger inequalities.

Recall that one way to do this, is by separating path precedence inequalities and
taking transitive closures, resulting in tournament precedence inequalities (Corollary
2.12). Another strategy is to complete F by adding arcs. That is, let F ∗ be the
maximum cardinality element of F(i, S, j). By definition, F ∗ = (i : S) ∪ (S : S) ∪
(S : j). Note that F ∗ is not acyclic, and hence in general δij(S, F ∗) 6= δij(S, F ).
Furthermore, δij(S, F ∗) is hard to calculate.

Therefore, we introduce an easy to calculate lower bound on δij(S, F ∗). Note that
any violated precedence inequality found while using this lower bound is valid for the
actual value of δij(S, F ∗) as well. It is well known that the weights of a minimum
spanning tree can be used as a lower bound on the length of the shortest elementary
path visiting all vertices. It thus follows that:

δij(S, F ∗) ≥ min
k∈S
{τik}+ MST(S) + min

k∈S
{τkj}, (2.35)

in which MST(S) represents the weight of the minimum weight spanning tree of an
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undirected complete graph with vertex set S and edge weight min{τkl, τlk} for each
edge (k, l).

We consider the following strategies. First, separate either path precedence in-
equalities or tournament precedence inequalities. The path precedence inequalities
may be converted to tournament precedence inequalities. Each resulting tourna-
ment precedence inequality corresponds to sets i, j ∈ V ′, S ∈ S(i, j), F ∈ F(i, S, j),
S′ ∈ S(j, i) and F ∈ F(j, S, i). Now try whether a violated precedence inequality
can be obtained by replacing F by F ∗ and/or F ′ by F ′∗, using the lower bounds on
travel time given by (2.35). If so, use these stronger valid inequalities.

2.5 Numerical experiments

In this section we present the results of our numerical experiments to test the ef-
fectiveness of our new formulation, the precedence inequalities and the branching
strategy. Furthermore, we present experiments in which our algorithm is compared
to the branch-price-and-cut algorithm of Spliet and Gabor (2015).

All experiments are run on an Intel i7 3.5GHz computer with 16GB of RAM. To
allow for a fair comparison between algorithms, we restrict all experiments to a single
thread on a single core. As a basis for our implementation, we use the commercial
solver CPLEX version 12.5, with default settings. We disable all CPLEX’s built in
valid inequalities, so we can more accurately test the effect of the valid inequalities
discussed in this chapter.

Our own valid inequalities will be generated in a callback, which is called each time
the LP relaxation has been solved, or re-solved after adding valid inequalities. In this
callback we separate rounded capacity inequalities and precedence inequalities, and
only afterwards the LP is resolved. We use the built-in ‘traditional branch-and-cut’
in combination with our own branching strategy as discussed in Section 2.3.

For our branch-and-cut algorithm we use the 64 bit version of CPLEX, which
allows for the full 16GB of memory to be used. The algorithm of Spliet and Gabor
(2015) requires less memory, and hence we use the 32 bit version of CPLEX, which
gives a slightly better performance.

We use a one hour time limit per instance in all experiments. From prelimi-
nary tests we have found that almost every instance is unsolvable within the time
limit without separating rounded capacity inequalities, so we separate those in all
experiments.
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2.5.1 Test-instances

First, we introduce the different sets of test-instances which we use for our numerical
experiments.

2.5.1.1 Small instances

We use forty instances introduced by Spliet and Gabor (2015). These instances are
randomly generated instances, inspired by a Dutch retail chain. The set contains
ten instances of 10, 15, 20 and 25 clients, respectively. The clients are uniformly
distributed over a square with sides of length five. Both the starting depot and the
ending depot are located in the center of the square. The travel cost and the travel
time in hours between two points in the square is equal to the Euclidean distance.

Each instance includes three demand scenarios, each with equal probability of
occurrence. The average demand is about 1/6 vehicle load. The exogenous time
windows are rather wide: On average the exogenous time window of the client has
width 10.8, compared to an endogenous time window width of 2.

2.5.1.2 Large instances

To be able to test our branch-and-cut algorithm on larger instances as well, we have
generated fifty additional instances in the same way that the small instances have
been generated. That is, we created ten instances of 30, 35, 40, 45 and 50 clients
respectively. All instances are available online.

2.5.2 Branch-and-cut experiments

Next, we compare the branching strategies and the separation algorithms for the
precedence inequalities, using the forty small instances. We consider six differ-
ent strategies to separate precedence inequalities, which have been detailed in Sec-
tion 2.4.3:

N Do not separate precedence inequalities.

P Separate path precedence inequalities.

P2T 1) Separate path precedence inequalities.
2) Turn them into tournament precedence inequalities.

P2C 1) Separate path precedence inequalities.
2) Turn them into tournament precedence inequalities.
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3) Complete F and/or F ′ by adding additional arcs and add corresponding
violated precedence inequalities if they are found.

T Separate tournament precedence inequalities.

T2C 1) Separate tournament precedence inequalities.
2) Complete F and/or F ′ by adding additional arcs and add corresponding
violated precedence inequalities if they are found.

For the branching strategy, we conduct experiments for ρ ∈ {0, 0.1, ..., 1}. Recall that
this corresponds to a strategy in which we branch on connections for the the fraction
ρ of arcs with the shortest travel time. For the other connections, we branch on arcs.

In Table 2.1 we have reported solution times for all combinations of separation and
branching strategies. These numbers are aggregated values obtained by computing
the average over the forty instances. All instances were solved to optimality.

Seconds Separation strategy
ρ N P P2T P2C T T2C
0.0 31.8 27.2 20.2 18.6 33.9 36.2
0.1 13.7 10.4 7.1 7.6 8.2 8.7
0.2 13.5 5.7 9.3 5.4 9.3 7.3
0.3 13.2 6.8 6.5 5.5 7.5 8.8
0.4 12.0 10.1 6.3 6.9 8.4 8.0
0.5 11.1 7.2 5.7 6.5 8.7 7.8
0.6 18.0 9.3 8.8 4.8 7.6 7.0
0.7 10.4 8.5 7.9 6.8 10.2 7.8
0.8 21.4 9.8 9.9 7.1 9.9 10.6
0.9 12.3 9.5 8.7 5.3 8.6 6.0
1.0 22.5 11.9 9.6 6.2 9.0 5.4

Table 2.1: Average solution times for various strategies.

We see that strategies P2T and P2C are the best performers for most choices
of ρ. Setting ρ 6= 0 yields a positive effect for all separation strategies, although
the exact value of ρ does not seem to be that important. In the remainder of the
experiments, we will use the combination of ρ = 0.6 and P2C, as this combination
yields the lowest average solution time on our test set. If we compare the solution
time of the combination of ρ = 0.6 and P2C to the solution time of the combination
of N and ρ = 0, we see that introducing the precedence inequalities and the branching
strategy together yields a factor 6.6 improvement in solution time.
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If we allow CPLEX to use up to eight threads and if we enable all the default cuts,
the combination of N and ρ = 0 results in an average solution time of 9.7 seconds
per instance. This is a significantly better than the original 31.8 seconds, as shown
in Table 2.1. However, the combination of P2C and ρ = 0.6 still results in a better
average solution time of 4.8 seconds, and only requires a single thread and none of
the default CPLEX cuts.

In Table 2.2, results of using the different separation strategies are presented for
ρ = 0.6. The rows present the average solution time in seconds, the average number
of visited nodes of the search trees, the average number of precedence inequalities and
rounded capacity inequalities added, and the percentages of the total solution time
used for the separation of the precedence inequalities and for the rounded capacity
inequalities. The last row displays for how many out of the forty instances the used
separation strategy yielded the shortest computation time. If multiple strategies
have the same solution time (rounded to milliseconds), they are all counted as best
strategies.

N P P2T P2C T T2C
Seconds 18.0 9.3 8.8 4.8 7.6 7.0
Nodes 2,481 1,406 1,144 537 848 696

Precedence inequalities 0 117 107 66 97 101
Rounded capacity inequalities 575 426 413 341 405 390

% of time sep. prec. 0.0% 5.4% 6.2% 4.4% 8.0% 8.0%
% of time sep. cap. 2.7% 3.3% 3.0% 2.7% 3.0% 2.6%

Best strategy 6/40 9/40 9/40 14/40 7/40 14/40

Table 2.2: Average branch-and-cut statistics for various separation strategies (ρ =
0.6).

If we look at the total solution time, it becomes clear that all strategies yield an
improvement over strategy N. Based on the tested instances, strategy P2C yields the
lowest computation time; a factor 3.8 better than strategy N.

Looking at the number of nodes in the search trees, we see that all strategies allow
the number of nodes to be greatly reduced compared to strategy N. We see that, on
average, using T2C allows for the largest number of violated precedence inequalities
to be found per node in the search tree. Still, strategy P2C is more effective. This
observation cannot be explained by the increase in separation time alone; the average
time spend per instance on separating precedence inequalities is 0.2 seconds for P2C,
and 0.6 seconds for T2C.
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There are two other effects that may explain the difference between P2C and
T2C. First, as more precedence inequalities are found, larger LP relaxations have to
be solved, which takes more time. Second, as more precedence inequalities can be
found, it can happen that the LP relaxation is resolved more often. It seems that
this additional work does not add much value over P2C.

Table 2.2 shows that P2C is the best strategy for 14 of the test-instances. For
T2C, this number is the same. Looking at the disaggregated data (Table 2.5 in
Appendix 2.C) we see that for the instances with 20 clients, T2C is the best strategy
5 out of 10 times, while P2C is never the best strategy. For the instances with 25
clients, however, P2C is the best strategy 5 out of 10 times, while T2C is the best
only once.

Surprisingly, after processing only the root node, per instance there is almost no
difference in lower bounds between strategy N and the other strategies. For instance
32, P2C is able to close the root gap, where the other strategies remain with a gap of
0.27%. For four other instances, differences between lower bounds of at most 0.04%
are observed. Finally, for 35 out of the 40 instances, the lower bounds are exactly
the same for all six strategies.

The power of the precedence inequalities really shows further down in the search
tree. Indeed, their inclusion decreases both the solution time, and the number of
nodes in the search tree, as can be seen from Table 2.2. This could be explained
by the nature of the precedence inequalities: they disallow certain combinations of
paths. If a solution is very fractional, not many paths can be detected, and hence
the precedence inequalities are of little use. Deeper in the tree, where more variables
are fixed, they become more effective.

2.5.3 Comparison with branch-price-and-cut

Next, we compare the performance of our branch-and-cut algorithm, using strategy
P2C and ρ = 0.6, to the performance of the branch-price-and-cut algorithm in Spliet
and Gabor (2015).

To this end, we run their implementation on the same computer as on which our
algorithm is run. The computation times are thus directly comparable. The results
we present are based on their branch-price-and-cut algorithm with 2-cycle elimination
and adding rounded capacity cuts, which is the solution method in Spliet and Gabor
(2015) yielding the best average time performance on the test set.

The results per instance can be found in Table 2.3. Per instance, data is provided
on five different categories, both for the branch-price-and-cut algorithm (BP&C) and
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the branch-and-cut algorithm (B&C). The columns labeled ‘Seconds’ indicate the
times in seconds for solving the instance to optimality, the maximum time allowed
being one hour. The columns ‘Nodes’ state the number of nodes of the search tree
that have been explored during that time. When the algorithm terminates, the
percentual deviation from the optimum is given in the column ‘Optimality gap’. A
value of zero indicates the problem was solved to optimality. The column ‘Root gap’
shows a similar value, indicating the optimality gap after processing only the root
node. The optimality gap and the root gap are calculated ex-post, using the actual
optimal value. Finally, the column ‘Value’ gives the optimal objective value for that
instance.

What immediately stands out is the enormous decrease in computation time of
our new algorithm with respect to the previous algorithm. The instances that can
be solved to optimality by the branch-price-and-cut algorithm, can be solved to
optimality by the branch-and-cut algorithm 89.6 times faster on average. In total, 9
instances cannot be solved to optimality by the branch-price-and-cut algorithm after
a total of 9 hours of computation time. With the branch-and-cut algorithm, all these
instances can be solved to optimality in 137.9 seconds. Hence, this is a speedup of
at least a factor 234.9.

The new algorithm is faster for all tested instances by at least a factor 7.6 and even
up to a factor 2997 for instance 21. If we consider the time necessary to attempt to
solve all instances combined, the total time decreases from 37,255.3 seconds in total
to 192.1 seconds; a speedup factor of 193.9. We point out that this difference is not
the result of using rounded capacity cuts, as both the branch-and-cut algorithm and
the branch-price-and-cut algorithm use these valid inequalities.

It can be seen that an advantage of the branch-price-and-cut algorithm is the
stronger LP bound it provides, as for almost all instances the root gap is smaller
than the gap given by the branch-and-cut algorithm. However, this strength is less
apparent in the remainder of the search tree, as on average the branch-and-cut al-
gorithm processes only twice the number of nodes in the branch-price-and-cut algo-
rithm. There are some extreme instances, however, where processing a lot of nodes
is necessary, e.g., instances 12 and 36. Here, we observe that the branch-and-cut al-
gorithm is able to process a large number of nodes in little time (14000+ in less than
40 seconds for instance 12). The branch-price-and-cut algorithm generates stronger
bounds, but cannot process enough nodes in the given time to solve the problem.
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Seconds Nodes Optimality gap Root gap Value
Inst. Clients BP&C B&C BP&C B&C BP&C B&C BP&C B&C B&C

1 10 0.7 0.0 1 1 0 0 0 0 17.65
2 10 121.9 0.1 483 18 0 0 0.17 0.28 15.56
3 10 3.7 0.0 1 1 0 0 0 0 17.42
4 10 28.5 0.1 193 6 0 0 0.14 0.14 18.51
5 10 2.3 0.3 2 42 0 0 0 0.34 16.07
6 10 1.5 0.0 2 1 0 0 0 0 18.00
7 10 4.9 0.0 4 1 0 0 0 0 17.02
8 10 3.5 0.1 29 21 0 0 0.65 0.96 23.89
9 10 3.0 0.0 7 1 0 0 0 0 20.31

10 10 5.9 0.0 5 1 0 0 0 0 16.31
11 15 87.4 0.1 22 1 0 0 0 0 17.78
12 15 3,600.0 39.1 889 14,037 0.15 0 0.67 2.36 27.10
13 15 3,600.0 2.6 684 587 0.59 0 1.10 1.78 29.37
14 15 58.0 0.2 45 1 0 0 0 0.03 23.18
15 15 29.4 0.6 36 11 0 0 0 0.17 24.15
16 15 92.4 0.3 98 1 0 0 0.10 0.17 21.03
17 15 22.9 0.1 15 1 0 0 0 0 22.04
18 15 105.3 0.8 98 124 0 0 0.20 0.47 22.30
19 15 133.3 1.3 133 210 0 0 0.56 0.97 26.52
20 15 41.6 0.4 28 11 0 0 0 0 22.11
21 20 3,600.0 1.2 864 48 0.02 0 0.57 1.11 28.08
22 20 152.3 9.0 62 658 0 0 0.03 0.19 29.80
23 20 99.6 0.4 40 1 0 0 0 0.12 30.30
24 20 112.2 1.7 27 58 0 0 0.03 0.86 24.16
25 20 3,600.0 6.9 712 389 0.08 0 0.61 1.09 29.84
26 20 65.4 0.2 16 1 0 0 0 0 29.72
27 20 85.5 0.3 24 1 0 0 0 0 26.48
28 20 106.5 1.1 36 11 0 0 0 0.08 26.14
29 20 65.5 0.5 17 1 0 0 0 0.05 26.61
30 20 45.1 0.3 4 1 0 0 0 0 26.36
31 25 610.9 2.3 121 20 0 0 0.13 0.57 31.43
32 25 840.0 1.3 164 4 0 0 0.07 0 30.71
33 25 3,600.0 9.4 413 395 0.33 0 0.45 1.03 33.71
34 25 193.2 11.1 36 391 0 0 0 0.33 33.34
35 25 640.0 6.1 119 201 0 0 0 0.85 29.05
36 25 3,600.0 39.3 1,662 1,733 0.13 0 0.43 1.49 30.50
37 25 3,600.0 22.4 278 1,472 0.29 0 0.29 0.43 28.68
38 25 3,600.0 9.7 1,259 337 0.12 0 0.30 0.59 35.69
39 25 3,600.0 7.2 2,294 219 0 0 0.50 0.94 32.55
40 25 1,093.2 15.2 521 471 0 0 0.30 0.62 32.14
Average 931.4 4.8 286.1 537.2 0.04 0 0.18 0.45 25.29

Table 2.3: Comparison of branch-price-and-cut and branch-and-cut.
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2.5.4 Performance on larger instances

As our branch-and-cut algorithm is able to solve all 40 test-instances used in Spliet
and Gabor (2015), we also test our algorithm on larger instances, as introduced in
Section 2.5.1. Recall that these instances are generated in a similar way as the first
forty instances. The only difference is that the number of clients is larger: between
30 and 50.

In Table 2.4 we report results for the instances with 30 and 35 clients. This table
is structured in the same way as Table 2.3. The column ‘Value’ is replaced by the
columns ‘Lower bound’ and ‘Upper bound’, as not all instances can be solved to
optimality. The reported root gaps are no longer ex post, but based on the best
known upper bound.

It can be seen that all but one of the instances with 30 clients can be solved to
optimality within one hour of computation time, and for the remaining instance we
find a solution with an optimality gap of 1.66%.

The instances with 35 clients are more difficult: 6 out of the 10 instances can be
solved to optimality within one hour. The remaining instances have an optimality
gap of less than 1.32%.

The instances with 40, 45 and 50 clients cannot be solved consistently by our
branch-and-cut algorithm, which proves optimality of the found solution for only two
of these instances in one hour of computation time. In Table 2.6 in Appendix 2.C, we
report the results for these instances, including best found lower and upper bounds.
The instances with 40 clients have optimality gaps below 2.09%. The instances with
45 clients have optimality gaps between 0.48% and 7.12%. The instances with 50
clients have optimality gaps between 3.09% and 7.23%.

2.6 Conclusion
In this chapter we present a compact formulation for the TWAVRP based on the
2-commodity flow formulation introduced by Baldacci et al. (2004) and the MTZ-
inequalities introduced by Miller et al. (1960). We use this formulation in a branch-
and-cut algorithm in which rounded capacity cuts are separated in each node of the
search tree.

To further improve the performance of our algorithm, we introduce a branch-
ing rule and a novel class of valid inequalities: the precedence inequalities. These
TWAVRP specific inequalities are hard to separate in general. Therefore, we intro-
duce exact separation algorithms for two subsets, the path precedence inequalities
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Inst. Clients Seconds Nodes Optimality gap Root gap Lower bound Upper bound
41 30 137.0 3,281 0 1.99 36.38 36.38
42 30 3,600.0 40,701 1.66 3.48 34.16 34.74
43 30 187.6 8,317 0 1.91 35.48 35.48
44 30 60.6 1,296 0 1.46 35.88 35.88
45 30 110.8 4,158 0 1.78 35.55 35.55
46 30 7.7 165 0 0.58 37.47 37.47
47 30 17.8 292 0 0.70 32.54 32.54
48 30 357.9 9,657 0 1.84 36.32 36.32
49 30 930.3 24,789 0 2.34 35.30 35.30
50 30 30.7 710 0 0.72 40.27 40.27
51 35 18.2 114 0 0.78 43.46 43.46
52 35 14.0 69 0 0.06 41.84 41.84
53 35 3,600.0 32,201 1.32 2.86 44.54 45.14
54 35 3,600.0 50,601 0.87 3.06 41.20 41.57
55 35 68.5 983 0 0.68 37.92 37.92
56 35 3,600.0 42,289 0.92 2.58 44.08 44.49
57 35 3,600.0 31,201 0.44 1.85 40.65 40.83
58 35 127.9 1,871 0 0.89 41.22 41.22
59 35 245.1 2,485 0 0.93 43.43 43.43
60 35 443.3 6,655 0 1.32 42.27 42.27

Table 2.4: Result for the branch-and-cut algorithm on instances 41 to 60.

and the tournament precedence inequalities. Furthermore, we extend these algo-
rithms to separation heuristics for general precedence inequalities. Using the branch-
ing rule and separating precedence inequalities makes our algorithm 6.6 times faster.

The new algorithm is superior to the best known algorithm in the literature, the
algorithm of Spliet and Gabor (2015), for all tested instances. Overall, an average
speedup factor of 193.9 is achieved.

Finally, we test our algorithm on larger instances. Of the instances with 30 clients,
9 out of 10 instances could be solved to optimality within the one hour time limit.
For the instances with 35 clients, we found the optimal solution for 6 out of 10 in-
stances. The instances that could not be solved to optimality all have an optimality
gap of less than 1.66%. Instances with 40 clients and more, however, could not be
solved to optimality consistently.

In this chapter, we compare our results to the branch-price-and-cut algorithm of
Spliet and Gabor (2015). Even without the use of precedence inequalities, our algo-
rithm shows a substantial speedup over the branch-price-and-cut algorithm. It it still
interesting, though, to investigate the effect of incorporating the precedence inequal-
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ities in a branch-price-and-cut algorithm. Similarly, it is interesting to see how the
precedence inequalities would perform on the DTWAVRP. Proposition 2.7 explains
which paths directly exclude each other. When the paths themselves are variables
in the formulation, as is the case in a set partitioning formulation, this proposition
might be used to derive stronger valid inequalities.

Another interesting topic of further research concerns algorithms for separating
precedence inequalities. In the future, TWAVRP algorithms would benefit from new
algorithms for separating the remaining class of precedence inequalities, correspond-
ing to directed cyclic graphs.

Appendix

2.A Proof of Proposition 2.1

Proposition 1. All integer feasible solutions to (2.1)-(2.14), (2.16), (2.17), (2.19),
and (2.20)-(2.23) satisfy

xωij ∈ B ∀(i, j) ∈ A,ω ∈ Ω. (2.15)

Proof. Constraints (2.20) and (2.21) state that xω0j , xωj,n+1 ∈ B for all j ∈ V ′. Next,
we will prove that if xωij = 1 with i ∈ V ′ ∪{0} and j ∈ V ′, then there exists a unique
k ∈ V ′ ∪ {n+ 1}, k 6= i such that xωjk = 1.

Suppose that xωij = 1 for some i ∈ V ′ ∪ {0} and j ∈ V ′. Due to the flow
conservation constraints xωlj = 0 for all l 6= i and furthermore there exists a vertex
k ∈ V ′ ∪ {n + 1} such that xωjk > 0. If k = n + 1, then by integrality of the flows
going into the depot, we have xωjk = 1 and by the flow conservation constraints
we have xωjl = 0 for all l 6= k. Finally, suppose k 6= n + 1. Note that k 6= i as
xjk > 0 while xji = 0 because xij +xji = 1. Constraints (2.22) and (2.23) state that
xωjk + xωkj = 1 and since xωlj = 0 for all l 6= i, it follows that xωjk = 1. Using again the
flow conservation constraints, xjl = 0 for all l 6= k.

We know that all flows out of the depot are equal to one. We have just proven
that any vertex in V ′ with a single inflow of 1 also has a single outflow of 1. It follows
that all flows between the depots are of size 1.

What remains to be proven is that all clients are contained in the integral flows
between the depots. Because of the flow conservation constraints (2.2)-(2.3), the
only other possibility is that there exists a cycle, given by edges (1, 2), (2, 3), ..., (k−
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1, k), (k, 1) such that for each arc (i, j) in this cycle we have xωij + xωji = 1. Using the
flow conservation constraints (2.2)-(2.3), we have that all arcs adjacent to this cycle
have zero flow. Constraints (2.4) and (2.16) together state that if xij +xji = 0, then
zij = zji = 0. Hence, if a cycle exists, (2.5) contains the following constraints:

zωk,1 − zω1,k + zω2,1 − zω1,2 = 2dω1
zω1,2 − zω2,1 + zω3,2 − zω2,3 = 2dω2

...

zωk−1,k − zωk,k−1 + zω1,k − zωk,1 = 2dωk

Summing these constraints gives 0 = 2
∑k
i=1 d

ω
i > 0, which is a contradiction. Hence,

all clients are contained in the integer flows between the depots. It follows that all
x-variables are integer and that (2.15) is satisfied.

2.B Separating precedence inequalities is co-NP-
hard

We prove that separating precedence inequalities is co-NP-hard. First, we present a
brief outline of the proof.

We construct a specific instance of the TWAVRP and a corresponding optimal
solution to the LP relaxation of (2.1)-(2.16), (2.17) and (2.19). This optimal solu-
tion to the LP relaxation is an instance of the separation problem of finding violated
precedence inequalities. We will refer to this instance as instance I. Next, we charac-
terize this instance of the separation problem as a decision problem. Finally, we show
that separating precedence inequalities is co-NP-hard. We show this by a polynomial
time reduction from Euclidean TSP.

TWAVRP instance
Consider n ≥ 4 clients, travel times τij adhering to the triangle inequality, and
endogenous time window widths ui. Let τmax be the maximum of the given travel
times, and let umax be the maximum of the given endogenous time window widths.

We set si = 0 and ei = 2τmax + umax for all locations i ∈ V and we define two
scenarios Ω = {1, 2}, both with probability 0.5 of occurring. In both scenarios, we
set the demand of every client equal to 1. The vehicle capacity Q is set equal to
n. We set all travel costs equal to zero, such that any feasible solution to the LP
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relaxation is also an optimal solution.

Solution to the LP relaxation
Next, we describe an optimal solution to the LP relaxation. We start with setting
the x-variables. For scenario 1, set x1

1i = x1
ij = x1

in = 1
n−2 for all i = 2, 3, . . . , n − 1

and j = 2, 3, . . . , n − 1 (i 6= j) and set x1
01 = x1

n,n+1 = 1. All other x-variables for
scenario 1 are set to zero.

For scenario 2, we set x2
01 = x2

n,n+1 = 1− 1
n−1 . Furthermore, we set x2

0i = x2
i,n+1 =

1 for all i = 2, 3, . . . n − 1. Moreover, we set x2
0n = x2

1,n+1 = 1 and x2
n1 = 1

n−1 . The
remaining flow variables are set to zero.

As an example, Figures 2.1 and 2.2 present the flows given by the x-variables
when n = 4.
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Figure 2.1: Flows given by the x-variables in scenario 1 when n = 4.
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Figure 2.2: Flows given by the x-variables in scenario 2 when n = 4.

Next, we also present an assignment for the z-variables. For scenario 1 we set z1
01 =

z1
n+1,n = n. Furthermore, we set z1

1i = z1
ni = n−1

n−2 and z1
i1 = z1

in = 1
n−2 for all

i = 2, 3, . . . , n − 1. Finally, we set z1
ij = n

n−2 for all i = 2, 3, . . . , n − 1 and j =
2, 3, . . . , n− 1 (i 6= j). All other z-variables are set to zero.

For scenario 2 we set z2
01 = n−2

n−1 , z
2
10 = n − 2, z2

0n = n
n−1 , z

2
n0 = n − n

n−1 ,
z2

1n = 1, z2
n1 = 1

n−1 , z
2
n+1,1 = n, z2

n+1,n = n(n−2)
n−1 and finally z2

0i = 1, z2
i0 = n− 1 and
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z2
n+1,i = n for all i = 2, 3, . . . , n− 1. All remaining z-variables are set to zero.

Finally, set yi = τmax for all i ∈ V ′ and tωi = τmax for all i ∈ V ′ and all ω ∈ Ω.
It is straightforward to check that the described variables give a feasible solution

to the LP relaxation of (2.1)-(2.16), (2.17) and (2.19). As all costs are equal to zero,
this solution is also optimal. By definition, our optimal solution to the LP relaxation
is an instance of the separation problem. In the remainder, we refer to this instance
of the separation problem as instance I.

Characterization as a decision problem
Next, we characterize instance I of the separation problem as a decision problem.
First, we prove the following lemma.

Lemma 2.14. If instance I contains a violated precedence inequality, then the only
violated precedence inequality is given by (using the notation of Theorem 2.4) i = 1,
j = n, S = {2, 3, . . . , n−1}, F = (1 : S)∪ (S : S)∪ (S : n), S′ = ∅ and F ′ = {(n, 1)}.

Proof. By definition, F ′ cannot contain arcs involving the depot vertices. Therefore,
considering the assigned values of the x-variables in scenario 2, we have that the arc
(n, 1) is the only arc with non-zero flow that may be in F ′. Hence,

∑
(k,l)∈F ′ x

2
kl = 0

if (n, 1) /∈ F ′ or 0 <
∑

(k,l)∈F ′ x
2
kl = 1

n−1 < 1 if (n, 1) ∈ F ′. By Lemma 2.5 we
have that

∑
(k,l)∈F ′ x

2
kl > |S′| ≥ 0. Thus, (n, 1) is contained in F ′. Using that∑

(k,l)∈F ′ x
2
kl < 1 and

∑
(k,l)∈F ′ x

2
kl > |S′| it follows that |S′| = 0 and hence S′ = ∅.

As S′ = ∅ and (n, 1) ∈ F ′, it follows that i = 1, j = n and F ′ = {(n, 1)}. It remains
to be shown that S = {2, 3, . . . , n− 1} and F = (1 : S) ∪ (S : S) ∪ (S : n).

Suppose by contradiction that S ∈ S(1, n) is such that |S| ≤ n − 3. In this
case, the largest set F ∈ F(1, S, n) is given by F = (1 : S) ∪ (S : S) ∪ (S : n).
Therefore, the number of arcs in F is bounded by |1 : S| + |S : S| + |S : n| =
|S| + |S|(|S| − 1) + |S| = |S|(|S| + 1). For instance I, all these arcs have flow
equal to 1

n−2 . It follows that
∑

(k,l)∈F x
1
kl ≤ |S|(|S| + 1) 1

n−2 for all S ∈ S(1, n) and
F ∈ F(1, S, n). Recall that

∑
(k,l)∈F ′ x

2
kl = 1

n−1 and |S′| = 0. Using |S|+ 1 ≤ n− 2
we derive

∑
(k,l)∈F x

1
kl +

∑
(k,l)∈F ′ x

2
kl ≤ |S|(|S| + 1) 1

n−2 + 1
n−1 ≤ |S| + |S

′| + 1
for all |S| ≤ n − 3. By Theorem 2.4, the corresponding precedence inequality is
not violated, which is a contradiction. It follows that |S| = n − 2, which implies
S = {2, 3, . . . , n− 1}.

Finally, we show that F = (1 : S) ∪ (S : S) ∪ (S : n) by contradiction. Suppose
that F 6= (1 : S) ∪ (S : S) ∪ (S : n). Recall that S = {2, 3, . . . , n − 1} and thus
|S| = n − 2. Therefore, |F | ≤ |S|(|S| + 1) − 1 = (n − 2)(n − 1) − 1. Hence,∑

(k,l)∈F x
1
kl +

∑
(k,l)∈F x

2
kl ≤ ((n− 2)(n− 1)− 1) 1

n−2 + 1
n−1 = n− 1− 1

n−2 + 1
n−1 ≤
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n − 1 = |S| + |S′| + 1, which is a contradiction of the precedence inequality being
violated. It follows that F = (1 : S) ∪ (S : S) ∪ (S : n).

Hence, the only potentially violated precedence inequality is given by i = 1, j = n,
S = {2, 3, . . . , n − 1}, F = (1 : S) ∪ (S : S) ∪ (S : n), S′ = ∅ and F ′ = {(n, 1)}. By
assumption, a violated precedence inequality exists, hence, this is the only one.

The next corollary follows from Lemma 2.14 and characterizes instance I of the
separation problem as a decision problem.

Corollary 2.15. Instance I contains a violated precedence inequality if and only if

δ1n(S, F ) > u1 + un − τn1 (2.36)

with S = {2, 3, . . . , n− 1} and F = (1 : S) ∪ (S : S) ∪ (S : n).

Proof. Assume instance I contains a violated precedence inequality. By Lemma
2.14, i = 1, j = n, S = {2, 3, . . . , n − 1}, F = (1 : S) ∪ (S : S) ∪ (S : n), S′ = ∅
and F ′ = {(n, 1)}. By Theorem 2.4 all precedence inequalities satisfy δ1n(S, F ) +
δn1(S′, F ′) > u1 + un. Substituting δn1(S′, F ′) = δn1(∅, {(n, 1)}) = τn1 then gives
(2.36).

For the reverse implication, let S = {2, 3, . . . , n−1}, F = (1 : S)∪(S : S)∪(S : n),
S′ = ∅ and F ′ = {(n, 1)} and assume that δ1n(S, F ) > u1 + un − τn1, which is
equivalent to δ1n(S, F ) + δn1(S′, F ′) > u1 + un as shown earlier. Similar as in the
proof of Lemma 2.14, we have

∑
(k,l)∈F x

1
kl+

∑
(k,l)∈F ′ x

2
kl = |S|(|S|+1) 1

n−2 + 1
n−1 =

n− 1 + 1
n−1 > |S|+ |S

′|+ 1. Hence, by Theorem 2.4, we have that i, j, S, F , S′ and
F ′ define a violated precedence inequality.

The decision problem is co-NP-complete
Next, we show that the decision problem δ1n(S, F ) > u1+un−τn1 is co-NP-complete.
First, we note that the decision problem is in co-NP. A polynomial certificate for the
NO-answer is given by a path from 1 to n visiting all vertices of S and using only
arcs of F , of length u1 + un − τn1 or less. Next, we show that the decision problem
is co-NP complete. We show this with a reduction from Euclidean TSP.

Consider the Euclidean TSP problem: given n distinct points in Euclidean space,
determine whether there exists a tour visiting all vertices with total travel time α
or less. The travel time between two points is given by their Euclidean distance.
Let these travel times be τij . Clearly, the travel times are positive and satisfy the
triangle inequality.
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Next, we show that the Euclidean TSP problem can be reduced to answer-
ing a polynomial number of instances of the complement of the decision problem
δ1n(S, F ) > u1 + un− τn1. For every edge (k, l) we do the following. Without loss of
generality, relabel the vertices such that k = 1 and l = n. Now construct an instance
I of the separation problem by using the same n and t, and by arbitrarily choosing
ui ≥ 0 for all i ∈ V ′ in such a way that u1 + un = α. Next, determine whether
δ1n(S, F ) ≤ u1 + un − τn1, which is the complement of δ1n(S, F ) > u1 + un − τn1.
If for any (k, l) the answer is Y ES, this implies that there exists a tour of length at
most u1 + un − τn1 + τn1 = α, and hence the answer to the Euclidean TSP problem
is Y ES. If the answer is NO for all (k, l), it follows that it is impossible to construct
a tour that is sufficiently short. Hence, the answer to the Euclidean TSP problem is
NO.

As the number of edges is polynomial, we solve the Euclidean TSP problem by
answering the complement of the decision problem δ1n(S, F ) > u1 +un− τn1 a poly-
nomial number of times. As Euclidean TSP is NP-complete (Papadimitriou, 1977),
it follows that answering δ1n(S, F ) > u1 + un − τn1 is co-NP-complete.

Separating precedence inequalities is co-NP-hard
Finally, consider a separation algorithm that returns a violated precedence inequality
if one exists, or returns that no violated precedence inequality exists. Now use this
separation algorithm on instance I. By Corollary 2.15, there is only one potential
precedence inequality in I that may be violated. Hence, if a violated precedence
inequality is found, it is established that δ1n(S, F ) > u1 +un− τn1, for a given S and
F . Since determining whether δ1n(S, F ) > u1 +un−τn1 is co-NP-complete, it follows
that the problem of separating precedence inequalities is co-NP-hard in general.

2.C Additional tables
Below, we present additional tables.
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Seconds
Inst. Clients N P P2T P2C T T2C

1 10 0.0 0.0 0.0 0.0 0.0 0.0
2 10 0.6 0.1 0.1 0.1 0.1 0.1
3 10 0.0 0.0 0.0 0.0 0.0 0.0
4 10 0.8 0.1 0.1 0.1 0.1 0.1
5 10 0.2 0.1 0.1 0.3 0.1 0.1
6 10 0.0 0.0 0.0 0.0 0.0 0.0
7 10 0.0 0.0 0.0 0.0 0.0 0.0
8 10 0.4 0.1 0.1 0.1 0.2 0.1
9 10 0.0 0.0 0.0 0.0 0.0 0.0

10 10 0.0 0.0 0.0 0.0 0.0 0.0
11 15 0.1 0.1 0.1 0.1 0.1 0.1
12 15 68.0 143.2 95.5 39.1 60.8 63.8
13 15 8.7 3.9 3.7 2.6 4.1 3.0
14 15 0.2 0.2 0.2 0.2 0.7 0.7
15 15 1.6 0.5 0.9 0.6 0.5 0.6
16 15 0.9 0.3 0.3 0.3 0.3 0.3
17 15 0.1 0.1 0.1 0.1 0.1 0.1
18 15 1.7 0.8 1.7 0.8 2.2 1.7
19 15 0.7 0.7 0.8 1.3 1.3 1.3
20 15 0.2 1.2 0.7 0.4 0.7 0.4
21 20 1.2 1.1 1.2 1.2 1.1 1.2
22 20 8.1 1.9 5.9 9.0 5.9 1.3
23 20 0.3 0.4 0.4 0.4 0.4 0.5
24 20 1.8 2.1 3.5 1.7 3.6 1.7
25 20 13.5 12.2 7.1 6.9 8.3 4.4
26 20 0.3 0.3 0.3 0.2 0.3 0.2
27 20 2.1 0.4 0.4 0.3 0.5 0.3
28 20 1.1 1.0 1.2 1.1 1.2 1.1
29 20 0.6 0.5 0.5 0.5 0.5 0.5
30 20 0.2 0.3 0.3 0.3 0.3 0.3
31 25 12.0 15.7 18.2 2.3 5.0 15.0
32 25 5.5 4.3 8.0 1.3 2.8 5.3
33 25 35.3 9.2 37.8 9.4 11.3 14.4
34 25 2.6 8.4 2.3 11.1 2.4 15.8
35 25 26.6 4.6 15.1 6.1 19.0 6.2
36 25 33.9 39.0 31.9 39.3 31.5 47.7
37 25 339.9 42.7 70.7 22.4 75.4 23.6
38 25 79.4 12.9 14.5 9.7 17.7 23.2
39 25 51.3 35.5 10.1 7.2 17.1 37.0
40 25 20.5 27.0 18.3 15.2 27.2 6.7
Average 18.0 9.3 8.8 4.8 7.6 7.0

Table 2.5: Solution times for various strategies, using ρ = 0.6.
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Inst. Clients Seconds Nodes Opt. gap Root gap Lower bound Upper bound
61 40 3,600.0 17,282 2.09 3.29 45.38 46.35
62 40 550.3 8,479 0 1.08 48.35 48.35
63 40 3,600.0 36,554 0.23 1.83 44.38 44.48
64 40 3,169.7 18,069 0 1.88 43.75 43.75
65 40 3,600.0 37,915 0.77 2.22 43.13 43.46
66 40 3,600.0 32,601 1.22 2.79 44.14 44.68
67 40 3,600.0 27,201 0.67 1.89 46.64 46.96
68 40 3,600.0 16,210 1.76 2.88 44.23 45.02
69 40 3,600.0 17,822 1.88 3.25 42.39 43.20
70 40 3,600.0 16,901 0.68 1.76 42.71 43.00
71 45 3,600.0 5,741 4.36 5.08 49.52 51.78
72 45 3,600.0 9,201 2.69 3.40 50.73 52.13
73 45 3,600.0 14,001 0.48 1.70 41.50 41.70
74 45 3,600.0 4,789 1.23 2.18 47.25 47.84
75 45 3,600.0 9,501 2.19 2.90 48.77 49.86
76 45 3,600.0 6,401 7.12 7.61 48.38 52.09
77 45 3,600.0 12,064 2.13 2.87 50.09 51.18
78 45 3,600.0 8,501 3.58 4.18 52.02 53.95
79 45 3,600.0 20,601 1.58 2.71 47.45 48.21
80 45 3,600.0 10,097 1.99 2.75 49.57 50.57
81 50 3,600.0 5,898 3.46 4.08 56.81 58.85
82 50 3,600.0 5,701 3.19 3.85 51.50 53.20
83 50 3,600.0 4,001 5.31 5.61 57.45 60.67
84 50 3,600.0 4,401 7.23 7.71 52.31 56.38
85 50 3,600.0 3,146 4.17 4.92 53.74 56.07
86 50 3,600.0 3,585 5.63 6.14 51.68 54.76
87 50 3,600.0 6,611 3.09 3.65 52.47 54.14
88 50 3,600.0 6,801 3.68 4.39 54.82 56.91
89 50 3,600.0 4,001 3.71 4.06 59.23 61.51
90 50 3,600.0 4,901 3.15 3.69 57.68 59.55

Table 2.6: Results for the branch-and-cut algorithm on instances 61 to 90.
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Addressing orientation-symmetry
in the Time Window Assignment
Vehicle Routing Problem

Abstract
The Time Window Assignment Vehicle Routing Problem (TWAVRP) is the problem
of assigning time windows for delivery before demand volume becomes known. This
implies that vehicle routes in different demand scenarios have to be synchronized,
such that the same client is visited around the same time in each scenario. For
TWAVRP instances that are relatively difficult to solve, we observe many similar
solutions in which one or more routes have a different orientation, i.e., the clients
are visited in the reverse order. We introduce an edge-based branching method com-
bined with additional components to eliminate orientation-symmetry from the search
tree, and we present enhancements to make this method efficient in practice. Next,
we present a branch-price-and-cut algorithm based on this branching method. Our
computational experiments show that addressing orientation-symmetry significantly
improves our algorithm: the number of nodes in the search tree is reduced by 92.6%
on average, and 25 additional benchmark instances are solved to optimality. Fur-
thermore, the resulting algorithm is competitive with the state-of-the-art. The main
ideas of this chapter are not TWAVRP specific and can be applied to other vehicle
routing problems with consistency considerations or synchronization requirements.

This chapter is based on Dalmeijer and Desaulniers (2018).

45
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3.1 Introduction
We consider the Time Window Assignment Vehicle Routing Problem (TWAVRP),
the problem of assigning time windows to clients in a distribution network before
the demand of the clients is revealed. It is assumed, however, that a list of possible
demand scenarios and corresponding probabilities is given. The TWAVRP asks for
an assignment of time windows to the clients and, for each scenario, a set of feasible
routes that adhere to the assigned time windows and the scenario specific demand,
such that the expected cost of distribution is minimized. That is, each client is as-
signed a single time window, which should be respected, regardless of which scenario
occurs. Each assigned time window, or endogenous time window, is of fixed width.
Furthermore, the endogenous time windows must fall within given exogenous time
windows.

The TWAVRP was first introduced by Spliet and Gabor (2015), and was inspired
by distribution networks of retail chains. In this setting, the clients are retail stores
that are supplied from a central depot and the exogenous time windows represent
the opening hours of the stores. In retail, stores are often assigned a time window
that does not change for a longer period of time (e.g. one year). The TWAVRP
was introduced to assign time windows in this setting, taking the uncertainty of the
future demand into account.

Spliet and Gabor (2015) present a branch-price-and-cut (BPC) algorithm to solve
TWAVRP instances with up to 25 clients and three demand scenarios, within one
hour of computation time. Spliet and Desaulniers (2015) present a BPC algorithm
for the DTWAVRP, a variant of the TWAVRP where each endogenous time window
is chosen from a discrete set of options. With their exact method, the authors are
able to solve instances of similar size as the instances by Spliet and Gabor (2015),
and they present a heuristic for larger instances. Another variant of the TWAVRP
is the TWAVRP with time-dependent travel times, for which a BPC algorithm is
presented in Spliet et al. (2018).

In Chapter 2, we have introduced a branch-and-cut (BC) algorithm for the
TWAVRP, which makes use of a new class of valid inequalities; the precedence in-
equalities. This algorithm solves the benchmark instances introduced by Spliet and
Gabor (2015) on average about 200 times faster than the original BPC algorithm,
and allows for instances with up to 35 clients and three demand scenarios to be
solved.

Subramanyam et al. (2018) present a scenario decomposition algorithm to solve
strategic time window assignment vehicle routing problems. The decomposition re-
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sults in multiple vehicle routing problems which can be solved in a “black box”
fashion. When applied to the TWAVRP, their algorithm outperforms the BC algo-
rithm presented in Chapter 2 and instances with up to 50 clients and three demand
scenarios are solved to optimality.

For an increasing number of companies, client satisfaction has become a priority,
as satisfied clients provide a better lifetime value. As client satisfaction is often the
result of consistent service, various types of consistency have been considered in the
literature (see Kovacs et al. (2014) for a recent survey). In the case of the TWAVRP,
clients are always visited within the assigned time window, which can be classified
as time-consistency.

A problem closely related to the TWAVRP is the Consistent Vehicle Routing
Problem (ConVRP), introduced by Groër et al. (2009). Where the TWAVRP only
imposes time-consistency, the ConVRP is more restrictive and imposes both time-
consistency and driver-consistency, i.e., each client should always be visited by the
same driver. Lian (2017) presents a branch-and-price algorithm for the ConVRP, in
which driver-consistency is enforced in the pricing subproblem. Subramanyam and
Gounaris (2018) focus on the single vehicle variant of the ConVRP, and present a
decomposition algorithm.

The TWAVRP can also be seen as a vehicle routing problem with operation syn-
chronization constraints (Drexl, 2012). That is, the routes in the different scenarios
have to be synchronized, such that the visits to a client (the operations) in different
scenarios are at approximately the same time.

It is well known that symmetry has a negative impact on branch-and-bound
algorithms, as it can lead to multiple branches for which symmetric optimal solutions
are computed. In this chapter, we introduce the concept of orientation-symmetry and
we show that orientation-symmetry has a big impact on both the algorithm by Spliet
and Gabor (2015) and the algorithm presented in Chapter 2.

We then propose an edge-based branching method combined with additional com-
ponents to eliminate orientation-symmetry from the search tree. The first additional
component is an algorithm to find the best solution to the TWAVRP out of a set of
orientation-symmetric solutions. We make use of the precedence inequalities to speed
up this algorithm and make it efficient in practice. The second additional component
is a novel constraint that is used to cut off groups of orientation-symmetric solutions.

For the TWAVRP, branching only on the edge flows is not sufficient to explore
the whole search tree, as opposed to several other vehicle routing problems where
this is the case (e.g., the symmetric Capacitated Vehicle Routing Problem). By
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combining edge-based branching with the additional components, we are able to
solve the TWAVRP while addressing orientation-symmetry.

Based on our method to address orientation-symmetry, we construct a BPC al-
gorithm to solve the TWAVRP to optimality. Our computational experiments show
that addressing orientation-symmetry significantly improves our algorithm: the num-
ber of nodes in the search tree is reduced by 92.6% on average (from 145.0 to 10.7),
and 25 additional benchmark instances are solved to optimality. Furthermore, the
resulting algorithm is competitive with the scenario decomposition algorithm by Sub-
ramanyam et al. (2018).

Our experiments also show that addressing orientation-symmetry improves the
BC algorithm presented in Chapter 2. Finally, we conduct experiments on instances
with additional clients and instances with additional demand scenarios.

This chapter is structured as follows. In Section 3.2, we present the set-partitioning
formulation for the TWAVRP. We also state the precedence inequalities, as they
will be used in a later section of the chapter. In Section 3.3 we define orientation-
symmetry and present an edge-based branching method combined with additional
components to eliminate orientation-symmetry from the search tree. Section 3.4
presents the BPC algorithm, and Section 3.5 details our computational experiments.
In the final section, we give a conclusion and present some directions for further
research.

3.2 Mathematical formulation and precedence in-
equalities

In this section, we present the set-partitioning formulation for the TWAVRP in-
troduced by Spliet and Gabor (2015) and the precedence inequalities proposed in
Chapter 2.

3.2.1 Set-partitioning formulation

The TWAVRP is defined on a graph G = (V,A) with V = {0, 1, . . . , n+ 1}. Vertices
0 and n + 1 correspond to the depot and are referred to as the starting depot and
the ending depot, respectively. The other vertices correspond to the n clients. For
convenience, let V ′ = {1, . . . , n}. The set A consists of all arcs from the starting
depot to the clients, all arcs between clients, and all arcs from the clients to the
ending depot. Each arc in (i, j) ∈ A is associated with a cost cij and a travel time
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τij . Both the costs and the travel times are non-negative and satisfy the triangle
inequality. Service times at the clients are included in the travel times by adding the
service time at client i to the travel time of all outgoing arcs.

The demand uncertainty is modeled through Ω, a finite set of demand scenarios.
Each demand scenario ω ∈ Ω occurs with probability pω. Naturally,

∑
ω∈Ω pω =

1. For client i ∈ V ′, demand in scenario ω ∈ Ω is given by dωi ≥ 0. This is a
slight generalization of the assumption by Spliet and Gabor (2015), who assume that
demand is strictly positive. Let V ′ω ⊆ V ′ be the set of clients with non-zero demand,
i.e., the clients that have to be visited in scenario ω. We have access to an unlimited
number of identical vehicles with capacity Q. For all i ∈ V ′ and ω ∈ Ω, we assume
that dωi ≤ Q.

Each vertex i ∈ V is associated with an exogenous time window with starting
time si ≥ 0 and ending time ei > si. Vertices 0 and n+1 both refer to the depot and
thus s0 = sn+1 and e0 = en+1. Each client i ∈ V ′ has to be assigned a time window
of given non-negative width ui, which has to be within the exogenous time window.
Service must start, but not necessarily complete, within the assigned time window.

In this chapter, a route refers to a pair (P, t), with P an elementary path in G

from the starting depot to the ending depot, and t a vector of times at which service
starts at the clients. We define tir to be the time at which service starts at client i
if route r is used. To allow for a concise formulation, tir is defined to be equal to
zero for all clients i that are not in the path P corresponding to route r. For each
ω ∈ Ω, R(ω) is the set of all feasible routes in scenario ω. Route r is feasible in
scenario ω if the exogenous time windows and the vehicle capacity are respected, and
only clients with non-zero demand are visited (i.e., clients in V ′ω). For all routes r
and clients i we define air to be equal to one if client i is served by route r, and zero
otherwise. Similarly, let bijr be equal to one if arc (i, j) is contained in route r, and
zero otherwise. The cost of route r is given by cr.

For each client i ∈ V ′ the variable yi indicates the start of the endogenous time
window. As the endogenous time window is of fixed width ui, it follows that the
time window ends at yi + ui. Recall that each endogenous time window should be
contained in the exogenous time window, and hence yi ∈ [si, ei − ui].

The route variables θωr give the contribution of route r ∈ R(ω) to the solution in
scenario ω. The flow on arc (i, j) in scenario ω is given by the flow variables xωij . We
obtain a feasible solution to the TWAVRP if all flow variables are integral, even if the
route variables are fractional. This follows from the fact that a convex combination
of routes corresponding to the same path is feasible.
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Given this notation, the TWAVRP can be expressed as the following set-partitioning
model:

min
∑
ω∈Ω

pω
∑

r∈R(ω)

crθ
ω
r , (3.1)

s.t.
∑

r∈R(ω)

airθ
ω
r = 1 ∀ω ∈ Ω, i ∈ V ′ω, (3.2)

∑
r∈R(ω)

tirθ
ω
r ≥ yi ∀ω ∈ Ω, i ∈ V ′ω, (3.3)

∑
r∈R(ω)

tirθ
ω
r ≤ yi + ui ∀ω ∈ Ω, i ∈ V ′ω, (3.4)

yi ∈ [si, ei − ui] ∀i ∈ V ′, (3.5)

θωr ≥ 0 ∀ω ∈ Ω, r ∈ R(ω), (3.6)

xωij =
∑

r∈R(ω)

bijr θ
ω
r ∀ω ∈ Ω, (i, j) ∈ A, (3.7)

xωij ∈ {0, 1} ∀ω ∈ Ω, (i, j) ∈ A. (3.8)

The objective function (3.1) is to minimize the expected cost of distribution.
Constraints (3.2) ensure that in each scenario, every client with non-zero demand
is visited exactly once. Note that clients with zero demand are never visited, due
to our definition of R(ω), the set of feasible routes in scenario ω. Constraints (3.3)
and (3.4) guarantee that in each scenario, the time of service for each visited client
is within the endogenous time window. Constraints (3.5) define the continuous vari-
ables that indicate the starting times of the endogenous time windows. The route
variables are defined by Constraints (3.6) and are linked to the flow variables by
Constraints (3.7). Finally, Constraints (3.8) state that the flow variables are subject
to binary requirements.

Recall that each route r consists of a pair (P, t). As waiting is allowed, and t is a
continuous vector of times of service, it follows that the number of routes, and thus
the number of variables in the above formulation, is typically infinite.

3.2.2 Precedence inequalities

The precedence inequalities are inequalities based on the following fact. Consider an
integral solution to the TWAVRP that contains route r = (P, t) ∈ R(ω) in scenario
ω and route r′ = (P ′, t′) ∈ R(ω′) in scenario ω′. Assume that there exist two client
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vertices i, j ∈ V ′ such that P contains a subpath p from i to j and P ′ contains a
subpath p′ from j to i. Let Ap and Ap′ be the arc sets of p and p′, respectively. It
then holds that ∑

(k,l)∈Ap

τkl +
∑

(k,l)∈Ap′

τkl ≤ ui + uj . (3.9)

This fact follows from the following observation. For route r to visit both i and
j within their endogenous time windows, client i should be served after time yi and
client j should be served before time yj + uj . Hence, an upper bound on the time
between the visits to i and j is given by yj + uj − yi. That is,

∑
(k,l)∈Ap

τkl ≤
yj + uj − yi. Analogously, route r′ implies that

∑
(k,l)∈Ap′

τkl ≤ yi + ui − yj . By
adding up these two inequalities, yi and yj cancel, and Inequality (3.9) follows.

Though not presented in Chapter 2, it is straightforward to extend this idea to the
case where the depot is involved. Define an endogenous time window for the depot
that has the same width as the exogenous time window. That is, define u0 = e0−s0.
Now for a subpath p of P from i = 0 to j ∈ V ′ and a subpath p′ of P ′ from j ∈ V ′

to n+ 1, Inequality (3.9) holds by the same argument as before.
In Chapter 2, we use inequalities of the form (3.9) to derive the precedence in-

equalities. In this chapter, we only state the path precedence inequalities, a subclass
of the precedence inequalities.

Consider a pair of elementary paths p and p′, as described above, such that
Inequality (3.9) does not hold. Furthermore, consider a pair of distinct scenarios
ω, ω′ ∈ Ω. The path-precedence inequalities can then be stated as:∑

(k,l)∈Ap

xωkl +
∑

(k,l)∈Ap′

xω
′

kl ≤ |Ap|+ |Ap′ | − 1. (3.10)

As p and p′ are chosen such that Inequality (3.9) does not hold, it must be that∑
(k,l)∈Ap

xωkl < |Ap| or
∑

(k,l)∈Ap′
xω
′

kl < |Ap′ |. By integrality of the x-variables,
Inequality (3.10) follows.

3.3 Orientation-symmetry
Given a feasible solution to the TWAVRP, it is often possible to find another feasible
solution by first changing the orientation of one or more routes, and then reassigning
the endogenous time windows. Changing the orientation of a route here means that
the clients are visited in the reverse order. E.g., if we change the orientation of a
route in scenario ω that starts at the depot, visits clients 1, 2 and 3, and then returns
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to the depot, we obtain a route in scenario ω that starts at the depot, visits clients
3, 2 and 1, and then returns to the depot.

If one feasible solution can be turned into another feasible solution by changing
route orientations and reassigning the endogenous time windows, then we say that
these solutions are orientation-symmetric. Reassigning the endogenous time win-
dows may indeed be necessary: by changing the orientation of one or more routes,
the current endogenous time windows can become infeasible. If the arc costs are
symmetric, then orientation-symmetric solutions have the same objective value.

We now present an example of two orientation-symmetric solutions. Consider an
instance of the TWAVRP with four clients and two demand scenarios. Every arc has
a travel time of one and all endogenous time window widths are set to zero. Recall
that the start of the endogenous time window of client i ∈ V ′ is given by yi.

It can be seen that Solution 1 (Figure 3.1) and Solution 2 (Figure 3.2) are
orientation-symmetric solutions. Solution 1 can be turned into Solution 2 by re-
versing the route visiting clients 3 and 4 in scenario 1, reversing the route visiting
clients 3, 4 and 2 in scenario 2, and by reassigning the endogenous time windows.

(a) Scenario 1 (b) Scenario 2

Figure 3.1: Example solution 1.

(a) Scenario 1 (b) Scenario 2

Figure 3.2: Example solution 2.
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Out of the forty benchmark instances introduced by Spliet and Gabor, instances
12, 36 and 37 are among the most difficult to solve with both the algorithm by Spliet
and Gabor (2015) and the algorithm presented in Chapter 2. Interestingly, these
instances all contain a number of orientation-symmetric optimal solutions: 11, 112
and 40, respectively.

It is well known that the presence of symmetric solutions has a negative impact
on the performance of branch-and-bound methods, which may in part explain why
instances 12, 36 and 37 are difficult to solve. In the remainder of Section 3.3, we pro-
pose an edge-based branching method, combined with additional components, that
ensures that orientation-symmetric solutions are always in the same branch, thereby
eliminating orientation-symmetry in the search tree. In Section 3.5 we show compu-
tationally that addressing orientation-symmetry improves algorithmic performance.

3.3.1 Eliminating orientation-symmetry

We make the distinction between (directed) arcs and (undirected) edges. An edge
between i and j, with i < j and i, j ∈ {0}∪V ′, is denoted by [i, j]. Note that we use
square brackets for edges and parentheses for arcs.

Each edge [i, j] corresponds to at most two arcs in A. When i and j are client
vertices (i, j ∈ V ′), edge [i, j] corresponds to the arcs (i, j) and (j, i), if they exist.
When i is the depot vertex (i = 0) and j is a client vertex (j ∈ V ′), edge [0, j]
corresponds to the arcs (0, j) and (j, n + 1), if they exist. We use E to denote the
set of all edges.

Let the variable zωij represent the total flow on edge [i, j] ∈ E in scenario ω ∈ Ω.
The flow on an edge in a given scenario is obtained by summing the flows on the
corresponding arcs in the same scenario. For example, for edge [1, 3] ∈ E in scenario
ω we have zω13 = xω13 + xω31, assuming that both arcs (1, 3) and (3, 1) exist.

Observation 3.1. The edge flows of any feasible solution to the TWAVRP are inte-
gral and correspond, per scenario, to disjoint undirected elementary paths that start
and end at the depot.

If branching decisions are based on zωij , then orientation-symmetric solutions al-
ways end up in the same branch. This follows from the fact that, by definition,
orientation-symmetric solutions have the same edge flows. In Spliet and Gabor (2015)
and in Chapter 2, branching decisions are based on xωij instead of zωij .

To solve the TWAVRP, it is insufficient to branch on fractional zωij variables only.
Recall that a solution with integral arc flows corresponds to a feasible solution to the



54 Chapter 3

TWAVRP. However, if the edge flows are integral, the arc flows may be fractional.
In general, we do not obtain a feasible solution to the TWAVRP if the arc flows are
fractional, even if the edge flows are integral and correspond to disjoint undirected
elementary paths. Undirected paths do not properly represent the passing of time.
As a result, we cannot guarantee that the endogenous time windows are satisfied.

Consider a node in the search tree for which we compute a solution to the linear
programming (LP) relaxation of (3.1)-(3.8). If the edge flows are not integral, we
branch on the variable zωij that corresponds to the non-depot edge that has flow
closest to 0.5. It can be shown that if the non-depot edges have integral flows, then
the depot edges also have integral flows. If the edge flows and the arc flows are both
integral, we have obtained a feasible solution to the TWAVRP and the current node
can be pruned by integrality. Finally, if the edge flows are integral and the arc flows
are fractional, we use Procedure 1 to continue the search.

Procedure 1 Processing a node with integral edge flows and fractional arc flows

1: Solve a restricted TWAVRP in which the edge flows are fixed to their current
values.

2: if Restricted TWAVRP is feasible and has cost lower than the incumbent solution
then

3: Make the optimal solution to the restricted TWAVRP the incumbent solution.
4: end if
5: Add a constraint to forbid the current integral edge flows.

In Step 1, we solve a restricted TWAVRP in which the edge flows are fixed. By
definition, solutions that have the same edge flows are orientation-symmetric. Hence,
solving the restricted TWAVRP amounts to finding the best solution among a set of
orientation-symmetric solutions. In Section 3.3.2 we present an algorithm for solving
the restricted TWAVRP.

In Step 5, a constraint is added to forbid the current integral edge flows. This
constraint forces at least one of the zωij variables to take a different value. On the
other hand, solutions to the TWAVRP with different integral edge flows should not
be cut off. In Section 3.3.3, we present this nontrivial constraint.

Note that we do not assume that the arc costs are symmetric. If they are sym-
metric, however, then the objective value can be obtained directly from the edge
flows. It follows that if the restricted TWAVRP is feasible, we obtain an incumbent
solution with cost equal to the lower bound of the current node. As a result, the
current node can immediately be pruned by optimality.
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3.3.2 Solving the restricted TWAVRP with fixed edge flows

In this section, we present an algorithm for solving the TWAVRP with fixed edge
flows. We will refer to this problem as the restricted TWAVRP. From Observation 3.1
it follows directly that if the edge flows do not correspond to disjoint undirected
elementary paths, then there does not exist a solution to the TWAVRP that is
consistent with the fixed edge flows. We therefore assume without loss of generality
that the integral edge flows can be represented by m disjoint undirected elementary
paths.

It follows that the restricted TWAVRP can be seen as a TWAVRP on a re-
stricted arc set, and can thus be solved by any algorithm for the TWAVRP. In this
section, however, we exploit the fact that all solutions to the restricted TWAVRP are
orientation-symmetric to construct an algorithm that is more efficient in practice.

To obtain arc flows consistent with the fixed edge flows, all m undirected paths
must be given an orientation. First, arbitrarily assign a default orientation to each
of the undirected paths. Then, for all k ∈ {1, . . . ,m}, let the variable ok be equal to
1 if the orientation of path k is equal to the default orientation, or −1 otherwise. For
single client paths, we set ok = 1 without loss of generality. Note that the edge flows
zωij and the path orientations ok together define the arc flows xωij . For example, if
edge [1, 3] in scenario ω is on path k, then the value of ok determines whether xω13 = 1
or xω31 = 1.

We can now enumerate all possible assignments of the ok variables. Each assign-
ment (o1, o2, . . . , om) ∈ {−1, 1}m defines the arc flows of a potential solution. When
the arc flows are fixed, the MIP formulation in Chapter 2 reduces to a linear pro-
gram, which can be solved to find a feasible solution to the TWAVRP if one exists.
In Appendix 3.A we propose an alternative method to solve the TWAVRP for fixed
arc flows that does not rely on linear programming.

When all possible assignments of the ok variables have been enumerated, we have
either found the minimum cost solution to the restricted TWAVRP, or we have proven
that no solution exists. Hence, we have solved the restricted TWAVRP, as required.
Recall that for instances with symmetric costs, all orientation-symmetric solutions
yield the same objective value. In that case, the enumeration can be stopped after
the first feasible solution has been found.

3.3.2.1 More efficient enumeration

The enumeration algorithm presented above enumerates all 2m route orientations.
Some assignments of the ok variables, however, lead to violated path precedence
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inequalities. As the path precedence inequalities are valid, these assignments cannot
lead to a feasible solution to the TWAVRP and can thus be ignored. In this section,
we use this observation to significantly reduce the number of route orientations that
has to be enumerated.

We introduce a conflict graph to represent conflicts between the ok variables due
to violated path precedence inequalities. The vertex set of the conflict graph is given
by {1, . . . ,m}, in which vertex k corresponds to ok.

The edges of the conflict graph correspond to violations of the path precedence
inequalities. Recall that ok and ol define the arc flows on paths k and l, respec-
tively. This implies that for given values of ok and ol we can test for a violation of
Inequality (3.10). If ok 6= ol results in a violated path precedence inequality (i.e.,
both (ok, ol) = (1,−1) and (ok, ol) = (−1, 1) result in a violation), then k and l are
connected by a positive edge: an edge with value 1. If ok = ol results in a violated
path precedence inequality (i.e., both (ok, ol) = (1, 1) and (ok, ol) = (−1,−1) result
in a violation), then k and l are connected by a negative edge: an edge with value
−1. If neither case is applicable, then edge [k, l] does not exist.

An assignment of the ok variables is said to be conflict-free if for every edge [k, l]
the value of okol is equal to the edge value. If the conflict graph contains a positive
edge [k, l], we require ok = ol in a conflict-free assignment. Similarly, for a negative
edge [k, l], we require ok 6= ol for the assignment to be conflict-free.

Figure 3.3 presents an example of a conflict graph which allows for different
conflict-free assignments. Positive edges are shown as dotted lines and negative
edges are shown as solid lines. One of the conflict-free assignments is given by
o1 = o2 = o4 = o5 = 1 and o3 = o6 = −1.

1

2

3

4 5

6

Figure 3.3: Example of a conflict graph.

Observation 3.2. Only a conflict-free assignment of the ok variables can lead to a
feasible solution to the TWAVRP.

Observation 3.2 follows directly from the definition of a conflict-free assignment:
if an assignment is not conflict-free, then at least one path precedence inequality is
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violated. As the path precedence inequalities are valid, it follows that the current
assignment of the ok variables cannot lead to a feasible solution to the TWAVRP.

The conflict graph contains a positive edge if both (ok, ol) = (1,−1) and (ok, ol) =
(−1, 1) result in a violated path precedence inequality. Note that if the travel times
are symmetric, it follows from (3.9) and (3.10) that (ok, ol) = (1,−1) leads to a
violation if and only if (ok, ol) = (−1, 1) leads to a violation. A similar result is
true for the negative edges. When solving asymmetric instances, it can be benefi-
cial to use a directed conflict graph that considers the pairs (ok, ol) = (1,−1) and
(ok, ol) = (−1, 1) separately. However, as we focus on instances that are difficult due
to symmetry, we do not present this extension here.

The conflict graph can be constructed in polynomial time. This follows from the
fact that a feasible solution contains at most |Ω|n paths. Hence, there are O(|Ω|2n2)
vertex pairs, and for each pair, at most four possible assignments of (ok, ol) have to be
tested for violated path precedence inequalities. As path precedence inequalities can
be separated in polynomial time (Chapter 2), the conflict graph can be constructed
in polynomial time.

By Observation 3.2, only a conflict-free assignment of the ok variables can lead
to a feasible solution to the TWAVRP. Hence, after constructing the conflict graph,
the next step is to enumerate all conflict-free assignments.

First, we modify the conflict graph by replacing each positive edge [k, l] by a
dummy vertex that is connected to both k and l by negative edges. Note that this
forces ok = ol, just like the original positive edge. Figure 3.4 shows the result of
modifying the conflict graph presented in Figure 3.3. Clearly, there is a bijection
between the conflict-free assignments of the original graph and those of the modified
graph. It follows that it is sufficient to find all conflict-free assignments in the modified
conflict graph.

1

2

3

4 5

6

Figure 3.4: Example of a modified conflict graph.

In the modified conflict graph, adjacent vertices are connected by a negative edge,
and must thus be assigned different values. If we associate the value 1 with the color
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red, and the value −1 with the color blue, then every conflict-free assignment in the
modified conflict graph corresponds to a vertex coloring using at most two colors.

It is well known that we can use breadth-first search to either find a two-coloring,
or to find an odd cycle, which proves that no two-coloring exists (e.g., see Kleinberg
and Tardos (2006), Chapter 3.4). This algorithm takes polynomial time.

When a single two-coloring is known, we can easily find additional two-colorings
by switching the roles of red and blue in any of the connected components. In fact,
all two-colorings can be obtained in this way. This follows from the fact that any
connected graph allows for at most two distinct two-colorings.

In conclusion, we can now enumerate all two-colorings of the modified conflict
graph, or equivalently, enumerate all conflict-free assignments of the original conflict
graph. The number of conflict-free assignments is equal to two to the power of
the number of connected components of the conflict graph. Note that this can be
significantly smaller than the total number of possible assignments, which is equal
to 2m.

If no conflict-free assignment can be found, we obtain an odd cycle in the modified
conflict graph. This cycle indicates which undirected paths cause the TWAVRP to
be infeasible. In Section 3.3.3, we use this information to strengthen the constraint
that forbids the current integral edge flows, which is added in Step 5 of Procedure 1.

3.3.3 Cutting off integral edge flows

In this section we present constraints that cut off the current integral edge flows. A
constraint of this type is needed in Step 5 of Procedure 1. As in the previous section,
we assume that integral edge flows are represented by disjoint undirected elementary
paths. Let the current edge flows be given by zωij = z̄ωij for all [i, j] ∈ E and ω ∈ Ω.

Figure 3.5 gives an example of the edge flows in a single scenario. Vertices 1 up
to 7 correspond to the clients, and vertex 0 corresponds to the depot. This example
contains three disjoint undirected elementary paths. Note that client 1 is contained
in a single client path. By definition zω01 = xω01 +xω1,n+1, and hence in the example we
have z̄ω01 = 2. The other undirected paths contain multiple clients. As these paths
are elementary, it follows that the corresponding edge flows are equal to one.

To obtain a constraint that cuts off the current integral edge flows, we make use
of the more general Proposition 3.3. For a given subset of edges with non-zero flow,
Proposition 3.3 provides an inequality that can only be satisfied by changing at least
one of the flows on the selected edges. For technical reasons we impose that if a
depot edge is selected that is part of a path with multiple clients, then the adjacent
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Figure 3.5: Example current edge flows z̄ωij for a given scenario ω.

non-depot edge is also selected.
Let Ê ⊆ E be a set of edges. Given a pair of clients i, j ∈ V ′ (i 6= j) we

define λÊij to be the number of depot edges in Ê that are incident to i or j. That
is, λÊij = |{[0, i], [0, j]} ∩ Ê|. Given this notation, Proposition 3.3 can be stated as
follows.

Proposition 3.3. Let the current integral edge flows be given by z̄ωij for all [i, j] ∈ E
and ω ∈ Ω. For each scenario ω ∈ Ω, let Eω ⊂ E be any subset of edges with non-
zero flow in scenario ω, satisfying the following technical condition: if [0, j] ∈ Eω

and z̄ω0j = 1 then Eω contains an edge adjacent to [0, j]. Then, the constraint

∑
ω∈Ω

 ∑
[i,j]∈Eω

zωij +
∑

[i,j]∈Eω|i,j∈V ′
λE

ω

ij z
ω
ij

 ≤∑
ω∈Ω

 ∑
[i,j]∈Eω

z̄ωij +
∑

[i,j]∈Eω|i,j∈V ′
λE

ω

ij z̄
ω
ij

−1

(3.11)
is violated by an integral edge flow if and only if zωij = z̄ωij for all [i, j] ∈ Eω and
ω ∈ Ω.

Proof. See Appendix 3.B.

To illustrate Proposition 3.3, we construct an inequality for the example in Fig-
ure 3.5. Note that λEω

ij can be seen as an additional weight that is assigned to
non-depot edges that are adjacent to depot edges. To forbid the current flow on
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Eω = {[0, 2], [2, 3], [0, 3]}, we obtain the constraint (zω02 + zw23 + zw03) + 2zω23 ≤ 4. The
edge [2, 3] gets additional weight (λEω

23 = 2) because it is adjacent to two depot edges
in Eω. This additional weight is necessary: the constraint zω02 + zw23 + zw03 ≤ 2 (ob-
tained by setting λEω

ij = 0) would cut off the current solution but is not valid, as it
would also cut off the solution zω02 = zω03 = 2.

To obtain a constraint that cuts off the current integral edge flows, we can now
apply Proposition 3.3. For each scenario ω ∈ Ω, choose Eω to be the set of all edges
with non-zero flow in scenario ω. Proposition 3.3 then provides a constraint that can
be used in Step 5 of Procedure 1. For example, the scenario shown in Figure 3.5
contributes zω01 + (zω02 + zω23 + zω03) + 2zω23 + (zω04 + zω45 + zω56 + zω67 + zω07) + zω45 + zω67

to the left-hand side of this constraint and 14 to the right-hand side. The technical
condition in Proposition 3.3 is satisfied because the edges with non-zero flow make
disjoint undirected elementary paths.

It is often possible to add a constraint that is stronger than the one proposed in
the previous paragraph. Recall from Section 3.3.2.1 that if there is no conflict-free
assignment, we obtain a cycle of conflicting undirected paths. These paths conflict
due to the path precedence inequalities.

Let a conflict edge be an edge that is contained in at least one of these path
precedence inequalities. It can be seen that if we replace each path in the conflict by
its smallest subpath containing all conflict edges, then the conflict remains.

It follows that, for each scenario ω ∈ Ω, we may choose Eω to represent these
smallest subpaths. For example, if [2, 3], [4, 5] and [6, 7] are conflict edges in Fig-
ure 3.5, then we can choose Eω = {[2, 3], [4, 5], [5, 6], [6, 7]}. If necessary, additional
edges may be added to Eω to ensure that the technical condition is satisfied. As the
selected edge flows lead to a conflict, Proposition 3.3 provides a valid inequality.

The constraint that we construct based on the conflict is stronger than the con-
straint that we obtain in case that no conflict is found. This follows from the fact
that the latter only cuts off the current integral edge flows, while the former can also
cut off other integral edge flows that would generate the same conflict in the conflict
graph.

3.4 Branch-price-and-cut algorithm

In this section we present the proposed BPC algorithm to solve the TWAVRP. First,
we detail how we solve the LP relaxation of (3.1)-(3.8) with column generation. Next,
we discuss the route relaxations that we use and the valid inequalities that we apply.



Chapter 3 61

We end this section with an overview of the BPC algorithm.

3.4.1 Column generation

The name branch-and-price is due to Barnhart et al. (1998), who introduce the term
for branch-and-bound algorithms that make use of column generation to solve the
LP relaxations. In our case, model (3.1)-(3.8) can be seen as the integer master
problem, which contains a huge number of variables. Its LP relaxation, given by
(3.1)-(3.6), is referred to as the master problem. The master problem is solved by
column generation.

Column generation is iterative. In each iteration we first solve a restricted master
problem (RMP), which is obtained by restricting the master problem to a subset of
the variables. Next, we solve a subproblem, the pricing problem, to obtain variables
with negative reduced costs that can be added to the RMP. If no variable with
negative reduced cost can be found, the solution to the RMP is an optimal solution
to the master problem.

For all ω ∈ Ω and i ∈ V ′ω, let βωi , γωi ≥ 0 and δωi ≤ 0 be the dual variables
corresponding to Constraints (3.2), (3.3) and (3.4), respectively. For convenience, let
πωi = γωi + δωi . Note that both βωi and πωi are unrestricted. The reduced cost c̄ωr
corresponding to the route variable θωr can now be expressed as

c̄ωr = pwcr −
∑
i∈V ′ω

βωi a
i
r −

∑
i∈V ′ω

πωi t
i
r. (3.12)

Recall that air = 0 and tir = 0 if client i is not visited by route r. Hence, in
Equation (3.12), we can sum over all clients in V ′ω. The pricing problem is to find a
route variable θωr for which c̄ωr is negative.

Note that the pricing problem decomposes into a separate problem for each sce-
nario. For a given scenario ω ∈ Ω, we model the pricing problem as an Elementary
Shortest Path Problem with Resource Constraints (ESPPRC) and linear node costs.

Let Gω = (Vw, Aw) be the subgraph of G that is obtained by removing all clients
with zero demand and all adjacent arcs. The goal is to find a minimum cost elemen-
tary path in Gω from the starting depot to the ending depot such that both vehicle
capacity and the exogenous time windows are respected. Note that we may reduce
the size of the arc set Aω by removing arcs that are infeasible due to capacity or time
constraints, without affecting any of the feasible paths in Gω.

To each arc (i, j) ∈ Aω we assign the cost c̄ij(tj) = pwcij − βωj − πωj tj if j ∈ V ′ω
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and c̄ij(tj) = pwcij otherwise, with tj the time at which vertex j is visited. It follows
that a path with negative costs corresponds to a route with negative reduced cost.
Note that c̄ij(tj) depends linearly on tj , which is a decision variable in the pricing
problem.

Liberatore et al. (2011) encounter a similar pricing problem in the context of the
Vehicle Routing Problem with Soft Time Windows and they present a bi-directional
labeling algorithm for solving it. To solve the pricing problem of the TWAVRP, we
implement a mono-directional variant of their algorithm with a simplified dominance
rule.

Labeling algorithms maintain a set of labels that each corresponds to a path
starting at the depot. These paths are extended along all arcs, which results in new
labels being generated according to the extension functions. Labels that are infeasible
are eliminated. Furthermore, a dominance rule is applied to eliminate labels that are
non Pareto-optimal. Eventually, we obtain a set of feasible elementary paths from
the starting depot to the ending depot that includes the shortest elementary path.

Next, we present the definition of the labels, the extension functions and the
dominance rule. Our notation is consistent with Contardo et al. (2015), to which we
refer for more information on labeling algorithms for vehicle routing problems.

A label is given by a tuple L = (i, c̄(T ), d, τ, U, p), where i ∈ Vω is the end vertex
of the path associated with L, c̄(T ) is the cost function that returns the minimum
possible cost of the path if i is visited at or before time T , d is the cumulative vehicle
load, τ is the earliest arrival time in i, U ⊆ V ′ is the set of clients that are visited
by the path or that are unreachable due to capacity or time constraints, and p is
the predecessor label of L, i.e., the label that has been extended to obtain L. The
components of label L are denoted by i(L), c̄(L, T ), d(L), τ(L), U(L) and p(L),
respectively.

The function c̄(L, T ) is defined on the domain T ∈ [τ(L), ei(L)], where ei(L) is
the ending time of the exogenous time window of vertex i(L), the end vertex of the
path associated with L. It is shown by Ioachim et al. (1998) that c̄(L, T ) is convex,
non-increasing and piece-wise linear in T . Hence, c̄(L, T ) can be represented by a
list of coordinates.

The initial label is given by L = (0, 0, 0, s0, ∅, ∅). A label for which i(L) = i can
be extended to a label L′ over the arc (i, j) ∈ Aω if j /∈ U(L). For the extended
label, i(L′), d(L′), τ(L′), U(L′) and p(L′) are given by the following straightforward
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extension functions:

i(L′) = j (3.13)

d(L′) = d(L) + dωj (3.14)

τ(L′) = max{sj , τ(L) + τij} (3.15)

U(L′) = U(L) ∪ {j} ∪ {k ∈ V ′ω|d(L′) + dωk > Q ∨ τ(L′) + τjk > ek} (3.16)

p(L′) = L. (3.17)

The label L′ is feasible if d(L′) ≤ Q and τ(L′) ≤ ej .
Next, we give the extension function for c̄(L′, T ). Let T ∗ ∈ [τ(L′), ej ] be the time

at which vertex j must be visited to minimize the cost of the path corresponding to
L′. If vertex j is visited at time tj then vertex i must be visited at or before time
tj − τij . Furthermore, vertex i must be visited at or before time ei. It follows that

T ∗ = arg min
tj∈[τ(L′),ej ]

{c̄(L,min{tj − τij , ei}) + c̄ij(tj)}. (3.18)

Hence, T ∗ can be determined by minimizing a one-dimensional, convex and piece-
wise linear function. This is straightforward, as there is always a minimum at one of
the breakpoints of the function or at one of the two boundaries of the domain.

If vertex j must be visited at or before some time T , Ioachim et al. (1998) show
that it is optimal to visit vertex j at time tj = min{T, T ∗}. It follows that the
extension function for c̄(L′, T ) is given by

c̄(L′, T ) =

c̄(L,min{T − τij , ej}) + c̄ij(T ) if τ(L′) ≤ T ≤ T ∗

c̄(L,min{T ∗ − τij , ej}) + c̄ij(T ∗) if T ∗ ≤ T ≤ ej .
(3.19)

To reduce the number of labels, we apply a dominance rule to remove non Pareto-
optimal labels. We say that label L1 dominates label L2 if all of the following
conditions are met:

i. i(L1) = i(L2)

ii. c̄(L1, T ) ≤ c̄(L2, T ) ∀T ∈ [τ(L1), ei(L1)] ∩ [τ(L2), ei(L2)]

iii. d(L1) ≤ d(L2)

iv. τ(L1) ≤ τ(L2)

v. U(L1) ⊆ U(L2).
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Conditions (i)-(v) imply that L2 is not Pareto-optimal for any T ∈ [τ(L1), ei(L1)]∩
[τ(L2), ei(L2)] (Liberatore et al., 2011). By Condition (i) we have that ei(L1) = ei(L2)

and by Condition (iv) we have that τ(L1) ≤ τ(L2). Hence, Conditions (i) and (iv)
together imply that [τ(L1), ei(L1)] ∩ [τ(L2), ei(L2)] = [τ(L2), ei(L2)]. It follows that
L2 is not Pareto-optimal for any T ∈ [τ(L2), ei(L2)], which is the complete domain of
c̄(L2, T ). As such, label L2 can be eliminated.

With our dominance rule, label L1 can only dominate label L2 if c̄(L1, T ) ≤
c̄(L2, T ) for all T in the intersection of the two domains. The dominance rule pre-
sented by Liberatore et al. (2011) also allows L1 to dominate L2 on a subinterval
of [τ(L1), ei(L1)], which results in more labels being eliminated. The advantage of
our dominance rule is that comparing labels is easier, as no subintervals have to be
determined. Furthermore, if the exogenous time windows and the travel times are all
integers, it can be shown that the breakpoints of c̄(L, T ) are integer (Ioachim et al.,
1998). This improves the numerical stability of the algorithm.

3.4.2 Route relaxations

Enforcing elementarity in the pricing problem can result in a large amount of Pareto-
optimal labels, because there are 2n possible subsets of the clients. To reduce the
number of labels, elementarity is often (partially) relaxed and cyclic routes are al-
lowed to be added to the RMP. For a cyclic route r = (P, t), air is the number of
times that client i ∈ V ′ is visited, bijr is the number of times that arc (i, j) ∈ A is
used and tir is the sum of all the times at which client i ∈ V ′ is visited.

Adding cyclic routes to the RMP may decrease the value of the lower bound
provided by (3.1)-(3.8). In an integral solution to the TWAVRP, however, cyclic
routes cannot be selected due to Constraints (3.2). It follows that the branch-price-
and-cut algorithm remains exact.

We incorporate the ng-route relaxation introduced by Baldacci et al. (2011) and
the Strong Degree Constraints (SDCs) introduced by Contardo et al. (2014). Both
have been used to solve various vehicle routing problem. E.g., the ng-route relaxation
has been applied to the TWAVRP with Time-Dependent Travel Times by Spliet et
al. (2018) and the combination of ng-route relaxation and SDCs has been shown to
be effective for the Vehicle Routing Problem with Time Windows by Contardo et al.
(2015).

We initialize the ng-route relaxation with neighborhoods of size 10. As proposed
by Roberti and Mingozzi (2014), we allow for dynamically adding clients to these
neighborhoods to further eliminate cycles. The number of times that a client can be
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added to a neighborhood is limited to 5 per scenario. If cycles remain after increasing
the neighborhoods, we add at most 30 SDCs per scenario, as long as they are violated
by at least 0.05.

To use the ng-route relaxation and the SDCs, both the RMP and the labeling
algorithm have to be modified. These modifications are not TWAVRP specific and
are detailed in Contardo et al. (2015).

3.4.3 Heuristic pricing

To speed up the column generation algorithm we make use of heuristic dynamic
programming as described by Desaulniers et al. (2008), among others.

At first, we ignore arcs that do not seem promising according to their reduced
cost. The reduced cost of an arc (i, j) ∈ Aω in scenario ω ∈ Ω is given by c̄ij(tj) =
pwcij − βωj − πωj tj if j ∈ V ′ω and c̄ij(tj) = pwcij otherwise. For each vertex, we sort
the incoming and outgoing arcs by reduced cost, ignoring the time-dependent term.
Then, we keep for each vertex the ξ incoming arcs with the least reduced cost and
the ξ outgoing arcs with the least reduced cost, where ξ is a preset parameter equal
to 10, and increased to 15 if no negative reduced cost columns can be found.

Second, we ignore some of the resources when using the dominance rule. This
simplifies the pricing problem, which can now be solved quickly by our labeling
algorithm. If the labeling algorithm identifies a route with negative reduced cost, it
can be added to the RMP.

If no more routes with negative reduced cost can be found, we take back into
account some of the arcs and some of the resources that we previously ignored.
Eventually we solve the full pricing problem, and as a result our column generation
algorithm remains exact.

3.4.4 Valid inequalities

In this section we introduce the valid inequalities that we use as cutting planes to
strengthen the lower bound of (3.1)-(3.8).

The first class of valid inequalities that we use is the rounded capacity inequalities,
or the capacity cuts for short, which are known to be effective for vehicle routing
problems (Baldacci et al., 2012). The capacity cuts are given by

∑
(i,j)∈Aω|i∈S,j∈Vω\S

xωij ≥
⌈∑

i∈S d
ω
i

Q

⌉
∀ω ∈ Ω, S ⊆ V ′ω, |S| ≥ 2. (3.20)
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The left-hand side of Inequality (3.20) is the total arc flow from the clients in
a given subset S to the other vertices, which is an upper bound on the number of
vehicles visiting the clients in S. This follows from the fact that the same vehicle can
enter and exit S multiple times. The right-hand side of Inequality (3.20) is a lower
bound on the number of vehicles that is required to satisfy the demand of the clients
in S.

We use the heuristic separation algorithm by Lysgaard (2003) to find violated
capacity cuts. The details of this algorithm are presented in Lysgaard et al. (2004).
Any inequality defined on the x-variables can be included in the master problem
without complicating the pricing problem, see Desaulniers et al. (2011) for details.

Next to the capacity cuts, we make use of the three client subset-row inequalities
(3SR-inequalities), which is a subclass of the more general class introduced by Jepsen
et al. (2008). The 3SR-inequalities can be expressed as follows:

∑
r∈R(ω)

⌊∑
i∈S a

i
r

2

⌋
θωr ≤ 1 ∀ω ∈ Ω, S ⊆ V ′ω, |S| = 3, (3.21)

that is, for each subset of three clients, there can be at most one route that visits at
least two of them.

3SR-inequalities can readily be added to the master problem, but they do com-
plicate the pricing problem as their duals cannot be incorporated in the modified arc
costs. Such inequalities are said to be non-robust (Pessoa et al., 2008). Jepsen et al.
(2008) detail how the labeling algorithm can be modified to allow for 3SR-inequalities
in the master problem. This involves introducing additional resources to correctly
model the reduced cost.

Each time that the master problem is solved to optimality, we first add all capacity
cuts with a violation of at least 0.05. After adding the capacity cuts, the master
problem is resolved. If no capacity cuts can be added, we try increasing the ng-route
relaxation neighborhoods and adding SDCs, as discussed in Section 3.4.2. If neither
can be done, we add per iteration at most ten 3SR-inequalities with a minimum
violation of 0.1.

We do not add precedence inequalities as valid inequalities. The precedence
inequalities are used in Section 3.3.2.1 to create a conflict graph for the restricted
TWAVRP, and in Section 3.3.3 to derive stronger constraints to cut off integral
edge flows. Preliminary experiments showed that if we already address orientation-
symmetry, then adding precedence inequalities as cutting planes does not have a
significant effect on the performance of our algorithm.
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3.4.5 Branching

We explore the nodes of the search tree using best-first search. We first try to
branch on the number of vehicles used in a given scenario. Next, we use our edge-
based branching method combined with additional components, as introduced in
Section 3.3.1, to address orientation-symmetry. Note that branching on the number
of vehicles does not introduce orientation-symmetry into the search tree because
orientation-symmetric solutions use the same number of vehicles.

To address orientation-symmetry as in Section 3.3.1 we either branch on a frac-
tional edge or we add a constraint to forbid the current integral edge flow. Enforcing
that the edge [i, j] ∈ E is not used in scenario ω ∈ Ω is achieved by removing the
edge from the pricing problem. To force flow on edge [i, j] ∈ E in scenario ω ∈ Ω
we use the constraint zωij = 1. The constraints that are used to cut off the integral
edge flows are also stated in terms of zωij . By definition, constraints in terms of the
z-variables can be rewritten in terms of the x-variables, and can thus be added to
the master problem without complicating the pricing problem.

3.5 Computational experiments

The BPC algorithm is implemented in GENCOL, which is a general purpose solver
for solving routing and scheduling problems through decomposition and column gen-
eration. GENCOL is coded in C and C++.

All experiments are run on a server with an Intel Xeon E3-1226 v3 3.30GHz
processor and 16GB of RAM. For a fair comparison with earlier work we use only a
single thread and we set a time limit of one hour per instance for all experiments.
All linear programs are solved with the commercial solver CPLEX version 12.6.3.
To prevent problems with numerical stability of the simplex method, we enable the
numerical emphasis setting.

3.5.1 Test instances

We make use of the benchmark instances for the TWAVRP as introduced by Spliet
and Gabor (2015) and extended in Chapter 2. These instances are available in the
vehicle routing problem repository VRP-REP (Mendoza et al., 2014).

In total there are 90 benchmark instances, consisting of ten instances with 10
clients, ten instances with 15 clients, etc., up to 50 clients. These clients are uniformly
distributed over a square with sides of length five. The starting depot and the ending
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depot are both located at the center of the square. The travel costs and the travel
times in hours are given by the Euclidean distances between the locations.

Each instance contains three demand scenarios with the same probability of oc-
currence. The demands of different clients are uncorrelated and the average demand
is about 1/6 of the vehicle capacity. The exogenous time windows have a width of
10.8 hours on average, while the endogenous time windows have a width of two hours.

To also be able to test our algorithm on larger instances, we extend the instance
set that was used in Chapter 2. The new instances are generated in the same way, but
contain more clients and demand scenarios. The extended instance set are available
on VRP-REP.

3.5.2 Comparison with other algorithms

We first test our BPC algorithm on the benchmark instances of Chapter 2 and we
compare our results. Note that the results in Chapter 2 were obtained on an Intel i7
3.5GHz processor, which is comparable to, if not better than, the processor that is
used for the results in this chapter.

The results are summarized in Table 3.1 and the full table is presented as Table 3.5
in Appendix 3.C. The algorithm presented in Chapter 2 is denoted by BC. The BPC
algorithm presented in this chapter is denoted by BPC+OS to stress the fact that
this algorithm addresses orientation-symmetry.

The columns labeled ‘Seconds’ state the average times in seconds to (attempt to)
solve the benchmark instances to optimality, with a maximum time of 3600 seconds
allowed per instance. The number of nodes in the search tree that have been explored
during this time is given by the ‘Nodes’ columns.

The ‘Optimality gap’ columns present the percentage gap between the optimal
objective value and the lower bound after the algorithm terminates. Similarly, ‘Root
gap’ presents the percentage gap between the optimal objective value and the lower
bound after processing the root node. If the optimal objective value is unavailable
we use the best known upper bound from either BC or BPC+OS to calculate the
gaps. Finally, the columns labeled ‘Solved’ state the total number of instances that
could be solved within one hour of computation time.

Table 3.1 shows that for the given benchmark instances, BPC+OS outperforms
BC. By using BPC+OS instead of BC, the average solution time is decreased by 78%.
All instances that can be solved by BC can also be solved by BPC+OS (Table 3.5).
Additionally, 29 instances that could not be solved in Chapter 2 are now solved to
optimality. Only four of the benchmark instances remain unsolved.
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BC and BPC+OS use different strategies to solve the TWAVRP. BC has a rela-
tively weak LP relaxation that is easy to calculate, while BPC+OS relies on a strong
bound that takes more computational effort to determine. It is thus no surprise that
BPC+OS explores less nodes and has smaller root gaps than BC. What is interest-
ing to observe, however, is how big these differences are. The average root gap for
BPC+OS is only 0.10% and on average only 10.7 nodes have to be explored to close
this gap. This is in contrast to the 1.39% average root gap for BC, which requires
7,358.9 nodes on average to close the gap.

Next, we compare the solution times of BPC+OS with those of the scenario
decomposition algorithm by Subramanyam et al. (2018). The computational experi-
ments by Subramanyam et al. (2018) are based on the same benchmark instances and
are performed on an Intel Xeon E5-2687W 3.1GHz processor using a single thread.
As such, the computation times allow for a fair comparison. For convenience, the
solution times reported by Subramanyam et al. (2018) are available in Table 3.6 in
Appendix 3.C.

With the scenario decomposition algorithm, it takes 207.2 seconds on average
to (attempt to) solve the benchmark instances to optimality. In total, 89 out of
the 90 instances are solved to optimality within one hour of computation time. For
BPC+OS, the average solution time is 309.5 seconds, and 86 instances can be solved
to optimality. If we only consider the instances that are solved to optimality by both
algorithms, the average for the scenario decomposition is 129.1 seconds, compared to
156.5 seconds for BPC+OS.

The scenario decomposition algorithm has the best solution time for 69 instances,
while BPC+OS has the best solution time for 24 instances (note that the numbers
do not sum to 90 due to draws). The instances for which BPC+OS has better
performance tend to be large: out of the 20 largest instances, BPC+OS is faster
than the scenario decomposition algorithm for eight of them.

We conclude that our BPC algorithm is competitive with the state-of-the-art
when orientation-symmetry is properly addressed. The scenario decomposition al-
gorithm uses several elements as described in Pecin et al. (2017) that have not yet
been added to our BPC algorithm, including bidirectional labeling, variable fixing,
route enumeration, and limited-memory subset row cuts. Adding such elements to
BPC+OS is likely to improve performance further. Combining the two algorithms to
get the best of both worlds is not trivial and may be an interesting topic for future
research.
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3.5.3 Effect of addressing orientation-symmetry

In this section we consider the isolated effect of addressing orientation-symmetry. To
this end, we also adapt BC to address orientation-symmetry (denoted by BC+OS)
and we test BPC+OS without addressing orientation-symmetry (denoted by BPC).

For BPC we add precedence inequalities in the same way as for BC (see Chap-
ter 2). For BC+OS we do not add precedence inequalities; preliminary experiments
suggest that adding precedence inequalities does not improve performance when ad-
dressing orientation-symmetry. The four algorithms are compared in Table 3.2, which
summarizes data from Table 3.6 in Appendix 3.C.

Seconds Solved
Clients BC BC+OS BPC BPC+OS BC BC+OS BPC BPC+OS

10 0.1 0.0 0.3 0.2 10 10 10 10
15 4.6 1.1 22.5 2.3 10 10 10 10
20 2.2 0.4 364.4 2.5 10 10 9 10
25 12.4 3.4 751.5 11.6 10 10 8 10
30 544.0 461.6 1894.7 70.6 9 9 5 10
35 1531.7 1208.3 1514.3 421.4 6 7 6 9
40 3252.0 3069.3 2548.0 542.6 2 2 4 9
45 3600.0 3600.0 2203.2 705.8 0 0 6 9
50 3600.0 3600.0 3002.8 1028.7 0 0 3 9

Avg. 1394.1 1327.1 1366.8 309.5 57/90 58/90 61/90 86/90

Table 3.2: Comparison between BC, BC+OS, BPC and BPC+OS on the benchmark
instances of Chapter 2.

Table 3.2 shows that, for the given instances, addressing orientation-symmetry
has a positive effect on the performance of both BC and BPC. For BC the average
solution time decreases from 1394.1 seconds to 1327.1 seconds. Note, however, that
the average is heavily influenced by the instances that cannot be solved before the
time limit. If we only consider the instances that can be solved by both BC and
BC+OS, we actually see a decrease of 37.5% in average solution time (Table 3.6).

For BPC, addressing orientation-symmetry clearly has a bigger effect: the average
solution time decreases from 1366.8 seconds to 309.5 seconds. Furthermore, we see
that the number of instances that can be solved to optimality increases from 61 to
86.

If we compare BC with BPC we observe that BC outperforms BPC if the number
of clients is at most 30. For 35 clients or more, BPC has a better performance on
average. If we compare BC+OS with BPC+OS we see that instances with up to



72 Chapter 3

25 clients only take a short time to solve, and for instances with 30 clients or more,
BPC+OS outperforms BC+OS.

One of the reasons that BPC+OS is so effective, is because addressing orientation-
symmetry significantly reduces the amount of nodes that have to be processed. For
BPC+OS, the average number of nodes that is processed for each benchmark in-
stance is only 10.7, while for BPC the average is 145.0. This shows that orientation-
symmetry is indeed prominent, and that properly addressing orientation-symmetry
reduces the required computational effort.

3.5.4 Instances with additional clients

We have shown that the BPC algorithm that addresses orientation-symmetry can
solve 86 out of the 90 benchmark instances of Chapter 2. To test the limits of our
algorithm, we also perform computational experiments with the extended instance
set. In this section, we first increase the number of clients while keeping the number
of demand scenarios constant at three. In the next section, we increase the number
of scenarios.

The results for instances with 55 clients up to 65 clients are presented in Table 3.3.
We have chosen to only report the optimality gap and the root gap for instances that
are solved to optimality. Note that we do not put effort into generating good upper
bounds: the upper bound is only updated when we encounter a feasible solution. As
such, the optimality gap and the root gap are uninformative if the problem is not
solved to optimality.

Based on Table 3.3 we conclude that our algorithm cannot consistently solve the
benchmark instances with more than 50 clients. We manage to solve four out of the
ten instances with 55 clients, two out of the ten instances with 60 clients, and a single
instance with 65 clients.

Only a small number of nodes can be processed within the one hour time limit.
The long time per node is due to the more complicated pricing problems, but also
due to the many valid inequalities that are added. In Section 3.5.3 we have seen
that addressing orientation-symmetry reduces the number of nodes that have to be
processed. This becomes even more important as the time spent per node increases.

3.5.5 Instances with additional scenarios

In this section we test the performance of our algorithm when the number of demand
scenarios increases. We consider instances from the extended instance set with 10
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Inst. Clients Seconds Nodes Optimality gap Root gap
91 55 3600.0 17 - -
92 55 3600.0 17 - -
93 55 3600.0 38 - -
94 55 3600.0 7 - -
95 55 306.0 10 0 0.01
96 55 2082.7 9 0 0.06
97 55 1938.0 21 0 0.09
98 55 3600.0 5 - -
99 55 3216.5 25 0 0.14
100 55 3600.0 8 - -
101 60 3600.0 16 - -
102 60 2042.6 7 0 0.04
103 60 3600.0 5 - -
104 60 3600.0 15 - -
105 60 3600.0 19 - -
106 60 358.4 1 0 0
107 60 3600.0 5 - -
108 60 3600.0 16 - -
109 60 3600.0 5 - -
110 60 3600.0 14 - -
111 65 3600.0 2 - -
112 65 3600.0 13 - -
113 65 3600.0 3 - -
114 65 3600.0 7 - -
115 65 2742.1 7 0 0.02
116 65 3600.0 7 - -
117 65 3600.0 12 - -
118 65 3600.0 3 - -
119 65 3600.0 13 - -
120 65 3600.0 7 - -

Table 3.3: Computational results for BPC+OS on instances with 55 up to 65 clients
and three demand scenarios.
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clients up to 50 clients, and with either three, five or seven demand scenarios.
The results of this computational experiment are summarized in Table 3.4. For

two of the instances with five scenarios, CPLEX reported that one of the linear
programs could not be solved due to numerical issues. These instances have been
reported as unsolved with a solution time of 3600 seconds.

Seconds Solved
Clients 3 scen. 5 scen. 7 scen. 3 scen. 5 scen. 7 scen.

10 0.2 0.5 0.9 10 10 10
15 2.3 364.2 1033.4 10 9 8
20 2.5 14.7 56.0 10 10 10
25 11.6 398.2 1294.7 10 9 7
30 70.6 514.5 1281.1 10 9 8
35 421.4 899.5 2531.8 9 9 5
40 542.6 1547.0 2926.9 9 7 5
45 705.8 2507.2 3308.5 9 5 1
50 1028.7 3427.2 3600.0 9 1 0

Avg. 309.5 1074.8 1781.5 86/90 69/90 54/90

Table 3.4: Computational results for BPC+OS on instances with 10 up to 50 clients
and three up to seven demand scenarios.

As expected, Table 3.4 shows that the complexity of the TWAVRP increases with
the number of scenarios. Out of the 90 instances with three scenarios, 86 instances
can be solved to optimality in one hour of computation time. For five scenarios and
seven scenarios the number of solved instances is 69 and 54, respectively.

Our algorithm can solve almost all instances with five scenarios and up to 35
clients in one hour of computation time. Out of the instances with seven scenarios,
more than half of the instances up to 30 clients can be solved to optimality.

3.6 Conclusion
In this chapter we define orientation-symmetry for the TWAVRP and we observe that
orientation-symmetry is common, especially for instances that are difficult to solve by
exact methods. To overcome the problem of orientation-symmetry, we introduce an
edge-based branching method combined with additional components that eliminates
orientation-symmetry from the search tree. We then present a branch-price-and-cut
algorithm to solve the TWAVRP while addressing orientation-symmetry.
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Our computational experiments suggest that addressing orientation-symmetry
significantly improves the BPC algorithm. On the benchmark set, the average so-
lution time decreases from 1366.8 seconds to 309.5 per instance, and 25 additional
instances are solved to optimality. Addressing orientation-symmetry also greatly
reduces the number of nodes in the search tree: the average number of nodes per
instance decreases from 145.0 to 10.7, or by 92.6%. The resulting algorithm is com-
petitive with the scenario decomposition algorithm by Subramanyam et al. (2018).

Our experiments also show that addressing orientation-symmetry improves the
BC algorithm presented in Chapter 2. Finally, we report computational results on
instances with additional clients and instances with additional demand scenarios.

For future work it can be interesting to consider heuristics based on the current
algorithm. Another direction for further research is to analyze how many demand
scenarios are sufficient to obtain a good time window assignment under various as-
sumptions about the demand distribution and the structure of the network.

Finally, we remark that the main ideas in this chapter are not TWAVRP specific
and may be applied to other vehicle routing problems with consistency considerations
or synchronization requirements. The algorithm that we propose for the restricted
TWAVRP (Section 3.3.2) is based on a conflict graph. By redefining the conflict
graph, the same algorithm can be used to solve the restricted version of other prob-
lems. Proposition 3.3 provides a general constraint to cut off integer edge flows, which
is not unique to the TWAVRP. Given the benefit of addressing orientation-symmetry
in the TWAVRP, applying our method to other problems is an interesting direction
for further research.

Appendix

3.A Solving the TWAVRP for fixed arc flows

In this section we present a simple algorithm for solving the TWAVRP for fixed arc
flows, which does not rely on linear programming.

For each scenario, we assume that the arc flows are integral and give m disjoint
directed elementary paths from the starting depot to the ending depot. This implies
that a potential solution consists of m routes. The k’th route is given by rk =
(Prk

, trk
) and is used in scenario ωk. Note that Prk

follows directly from the arc
flows. As Prk

is known, we also know airk
for all i ∈ V ′ωk

and bijrk
for all (i, j) ∈ Aωk

.
By definition, θωk

rk
= 1 for all k ∈ {1, . . . ,m} and all other route variables are equal
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to zero.
Furthermore, we assume that the routes are such that, per scenario, the capacity

constraint is satisfied and that each client is visited exactly once. If one of these con-
ditions does not hold, we can immediately conclude that the TWAVRP is infeasible
for the given arc flows.

Given these assumptions, the goal is to find values for tjrk
for all k ∈ {1, . . . ,m},

j ∈ V ′ωk
and values for yj for all j ∈ V ′ωk

such that the routes rk = (Prk
, trk

) are
feasible and the Constraints (3.2)-(3.8) are satisfied. For convenience, let t0rk

be the
time that the vehicle assigned to route k leaves the depot and let tn+1

rk
be the time

that the vehicle returns to the depot.
We present Algorithm 2 for solving the TWAVRP for fixed arc flows. This algo-

rithm repeatedly calculates a lower bound tjrk
on the final value of tjrk

, and updates
tjrk

accordingly. The TWAVRP is proven to be infeasible for the given arc flows if
the lower bound on tjrk

exceeds the upper bound of value ej . The loop ends after
an iteration in which none of the tjrk

values are updated. Finally, values for yj are
calculated.

Algorithm 2 Solving the TWAVRP for fixed arc flows

1: Set t0rk
= s0 for all k ∈ {1, . . . ,m}.

2: Set tjrk
= 0 for all k ∈ {1, . . . ,m} and j ∈ Vωk

\ {0}.
3: updated = true
4: while updated is true do
5: updated = false
6: for k = 1, . . . ,m do
7: for (i, j) ∈ Prk

do
8: tjrk

= max{sj , tirk
+ τij ,maxl∈{1,...,m} tjrl

− uj}
9: if tjrk

> ej then
10: return “Problem infeasible”
11: else if tjrk

< tjrk
then

12: tjrk
= tjrk

13: updated = true
14: end if
15: end for
16: end for
17: end while
18: Set yj = max{sj ,maxl∈{1,...,m} tjrl

− uj} for all j ∈ V ′ωk
.

In Steps 1 and 2 the values of tjrk
are initialized. Vehicles are set to leave the

depot at time s0. If client j is not contained in route rk then, by definition, tjrk
= 0.
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Hence, we initialize with the value zero and we only update tjrk
if j is contained in

route rk.

In Step 8 we determine tjrk
, which is a lower bound on the final value of tjrk

.
Note that (i, j) ∈ Prk

, which implies that route rk first visits i ∈ Vωk
and then visits

j ∈ Vωk
immediately after. For a route to be feasible, we require that sj ≤ tjrk

≤ ej

if client j is contained in route rk. Hence, tjrk
≥ sj . Furthermore, we require that

at least time τij has passed between the visits to i and j. As the current value
of tirk

is a lower bound on its final value, it follows that tjrk
≥ tirk

+ τij . Time
maxl∈{1,...,m} tjrl

is the latest time that j is visited in any of the scenarios. Due to
the width of the endogenous time window, the earliest time that j can be visited is
maxl∈{1,...,m} tjrl

−uj . Hence, tjrk
≥ maxl∈{1,...,m} tjrl

−uj . Combining the three lower
bounds shows that tjrk

as defined in Step 8 is a lower bound on the final value of tjrk
.

Finally, we need to show that Algorithm 2 produces a feasible solution if the
TWAVRP is feasible for the given arc flows. If the algorithm does not return “Prob-
lem infeasible” we know that sj ≤ tjrk

≤ ej for all k ∈ {1, . . . ,m} and all j contained
in route rk. The requirement that tjrk

≥ tirk
+ τij if (i, j) ∈ Prk

is enforced in Step 8.
It follows that all rk = (Prk

, trk
) are valid routes.

It remains to show that Constraints (3.2)-(3.8) are satisfied. By assumption,
Constraints (3.2), (3.6), (3.7) and (3.8) are already satisfied. In Step 18 we assign
values to the yj variables. It follows immediately that yj ≥ sj for all j ∈ V ′ωk

.
Because all routes are valid, we have tjrk

≤ ej for all k ∈ {1, . . . ,m}. It then follows
that yj = max{sj ,maxl∈{1,...,m} tjrl

− uj} ≤ max{sj , ej − uj}. By definition of the
parameters, ej − uj ≥ sj and thus yj ≤ ej − uj for all j ∈ V ′ωk

, which shows that
Constraints (3.5) are satisfied.

The while-loop only terminates when tjrk
≥ tjrk

for all k ∈ {1, . . . ,m} and all
j contained in route k. From Steps 8 and 18 it follows that tjrk

≥ yj , and thus
tjrk
≥ tjrk

≥ yj , if j is contained in route k. It follows that Constraints (3.3) are
satisfied.

By Step 18 we have that yj+uj = max{sj+uj ,maxl∈{1,...,m} tjrl
} ≥ maxl∈{1,...,m} tjrl

≥ tjrl
for all l ∈ {1, . . . ,m} and all j contained in route l. It follows immediately that

Constraints (3.4) are satisfied.

We conclude that Algorithm 2 terminates with a feasible solution if one exists
and states that the problem is infeasible otherwise.
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3.B Proof of Proposition 3.3
Proposition. Let the current integral edge flows be given by z̄ωij for all [i, j] ∈ E and
ω ∈ Ω. For each scenario ω ∈ Ω, let Eω ⊂ E be any subset of edges with non-zero
flow in scenario ω, satisfying the following technical condition: if [0, j] ∈ Eω and
z̄ω0j = 1 then Eω contains an edge adjacent to [0, j]. Then, the constraint

∑
ω∈Ω

 ∑
[i,j]∈Eω

zωij +
∑

[i,j]∈Eω|i,j∈V ′
λE

ω

ij z
ω
ij

 ≤∑
ω∈Ω

 ∑
[i,j]∈Eω

z̄ωij +
∑

[i,j]∈Eω|i,j∈V ′
λE

ω

ij z̄
ω
ij

−1

(3.11)
is violated by an integral edge flow if and only if zωij = z̄ωij for all [i, j] ∈ Eω and
ω ∈ Ω.

Proof. It is trivial that if zωij = z̄ωij for all [i, j] ∈ Eω and ω ∈ Ω, then Constraint (3.11)
is violated. It remains to prove the converse implication: if Constraint (3.11) is
violated for an integral edge flow then it must be that zωij = z̄ωij for all [i, j] ∈ Eω and
ω ∈ Ω.

Partition each Eω into u <∞ sets Eω1 , Eω2 , . . . , Eωu such that every non-depot edge
is in the same partition as its adjacent depot edges. By definition, λEω

ij is the number
of depot edges in Eω that is adjacent to i or j. Hence, by the choice of partition,
λ
Eω

k
ij = λE

ω

ij if [i, j] ∈ Eωk and λE
ω
k

ij = 0 otherwise. It follows that Constraint (3.11) is
equivalent to

∑
ω∈Ω

∑
k∈{1,...,u}

 ∑
[i,j]∈Eω

k

zωij +
∑

[i,j]∈Eω
k
|i,j∈V ′

λ
Eω

k
ij z

ω
ij

 ≤
∑
ω∈Ω

∑
k∈{1,...,u}

 ∑
[i,j]∈Eω

k

z̄ωij +
∑

[i,j]∈Eω
k
|i,j∈V ′

λ
Eω

k
ij z̄

ω
ij

− 1. (3.22)

The partition of Eω can be chosen such that every Eωk belongs to one of the following
five classes:

1. Eωk = ∅.

2. Eωk = {[0, j]} for some j ∈ V ′ and z̄ω0j = 2.

3. Eωk = {[i, j]} for some i, j ∈ V ′ and z̄ωij = 1.

4. Eωk consists of the edge [i, j] and one adjacent depot edge. That is, either
Eωk = {[0, i], [i, j]} and z̄ω0i = z̄ωij = 1, or Eωk = {[0, j], [i, j]} and z̄ω0j = z̄ωij = 1.
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5. Eωk consists of the edge [i, j] and two adjacent depot edges. That is, Eωk =
{[0, i], [0, j], [i, j]} and z̄ω0i = z̄ω0j = z̄ωij = 1.

That such a partition is possible follows directly from Observation 3.1 and the con-
ditions stated in Proposition 3.3.

Lemma 3.4. If Eωk belongs to one of the five classes, then∑
[i,j]∈Eω

k

zωij +
∑

[i,j]∈Eω
k

λ
Eω

k
ij z

ω
ij ≤

∑
[i,j]∈Eω

k

z̄ωij +
∑

[i,j]∈Eω
k

λ
Eω

k
ij z̄

ω
ij . (3.23)

Furthermore, equality holds if and only if zωij = z̄ωij for all [i, j] ∈ Eωk .

Proof. For the first class, Eωk = ∅, the result is trivial. For the second class, Inequal-
ity (3.23) reduces to zω0j ≤ 2 for which the lemma trivially holds. The third class is
also trivial: in this case, Inequality (3.23) reduces to zωij ≤ 1.

For the fourth class, we assume Eωk = {[0, i], [i, j]} and z̄ω0i = z̄ωij = 1. The proof
for Eωk = {[0, j], [i, j]} and z̄ω0j = z̄ωij = 1 is analogous. Inequality (3.23) now reduces
to zω0i + 2zωij ≤ 3. If we have zωij = 0, then the left-hand side of this inequality is
maximized by choosing zω0i = 2, which gives value 2. If we have zωij = 1, then client
i is not contained in a single client path in scenario ω, which implies that zω0i 6= 2.
It follows that the left-hand side is maximized by choosing z0i = 1, which gives the
value 3. Hence, Inequality (3.23) is satisfied for all integral edge flows and we have
equality if and only if z0i = 1 = z̄0i and zij = 1 = z̄ij .

The fifth class is given by Eωk = {[0, i], [0, j], [i, j]} and z̄ω0i = z̄ω0j = z̄ωij = 1.
Inequality (3.23) then reduces to zω0i + zω0j + 3zωij ≤ 5. If zωij = 0 then we maximize
the left-hand side by choosing zω0i = zω0j = 2, which results in the value 4. If zωij = 1
then zω0i 6= 2 and zω0j 6= 2. Hence, the left-hand side is maximized by choosing
zω0i = zω0j = 1, which results in the value 5. It follows that Inequality (3.23) is
satisfied for Eωk and we have equality if and only if z0i = 1 = z̄0i, z0j = 1 = z̄0j and
zij = 1 = z̄ij .

By assumption, Constraint (3.11) is violated. Equivalently, Constraint (3.22) is
violated. By integrality of the edge flow variables this implies
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∑
ω∈Ω

∑
k∈{1,...,u}

 ∑
[i,j]∈Eω

k

zωij +
∑

[i,j]∈Eω
k
|i,j∈V ′

λ
Eω

k
ij z

ω
ij

 ≥
∑
ω∈Ω

∑
k∈{1,...,u}

 ∑
[i,j]∈Eω

k

z̄ωij +
∑

[i,j]∈Eω
k
|i,j∈V ′

λ
Eω

k
ij z̄

ω
ij

 . (3.24)

Lemma 3.4 then implies that for every ω ∈ Ω and k ∈ {1, . . . , u} Inequality (3.23)
holds with equality. By the same lemma this implies that zωij = z̄ωij for all [i, j] ∈ Eωk .
As Eω1 , . . . , Eωu partition Eω, it follows that zωij = z̄ωij for all [i, j] ∈ Eω and ω ∈ Ω.

3.C Additional tables
Below, we present additional tables.
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Seconds Nodes Optimality gap Root gap
Inst. Clients BC BPC+OS BC BPC+OS BC BPC+OS BC BPC+OS

1 10 0 0 1 1 0 0 0 0
2 10 0 0 18 1 0 0 0.28 0
3 10 0 0 1 1 0 0 0 0
4 10 0 0 6 1 0 0 0.14 0
5 10 0 0 42 1 0 0 0.34 0
6 10 0 0 1 1 0 0 0 0
7 10 0 0 1 1 0 0 0 0
8 10 0 0 21 3 0 0 0.96 0.41
9 10 0 0 1 1 0 0 0 0
10 10 0 0 1 1 0 0 0 0
11 15 0 1 1 1 0 0 0 0
12 15 39 13 14,037 93 0 0 2.36 0.07
13 15 3 3 587 7 0 0 1.78 0.88
14 15 0 1 1 1 0 0 0.03 0
15 15 1 0 11 1 0 0 0.17 0
16 15 0 1 1 1 0 0 0.17 0
17 15 0 0 1 1 0 0 0 0
18 15 1 1 124 1 0 0 0.47 0
19 15 1 2 210 1 0 0 0.97 0
20 15 0 1 11 1 0 0 0 0
21 20 1 3 48 3 0 0 1.11 0.15
22 20 9 2 658 11 0 0 0.19 0
23 20 0 1 1 1 0 0 0.12 0
24 20 2 2 58 1 0 0 0.86 0
25 20 7 8 389 5 0 0 1.09 0.34
26 20 0 2 1 1 0 0 0 0
27 20 0 4 1 1 0 0 0 0
28 20 1 1 11 1 0 0 0.08 0
29 20 1 2 1 1 0 0 0.05 0
30 20 0 2 1 1 0 0 0 0
31 25 2 5 20 1 0 0 0.57 0
32 25 1 6 4 1 0 0 0 0
33 25 9 16 395 5 0 0 1.03 0.04
34 25 11 6 391 3 0 0 0.33 0
35 25 6 3 201 5 0 0 0.85 0
36 25 39 5 1,733 3 0 0 1.49 0
37 25 22 51 1,472 31 0 0 0.43 0.25
38 25 10 7 337 3 0 0 0.59 0.05
39 25 7 9 219 1 0 0 0.94 0
40 25 15 8 471 1 0 0 0.62 0
41 30 137 12 3,281 1 0 0 1.99 0
42 30 3600 291 40,701 45 1.51 0 3.34 0.54
43 30 188 194 8,317 23 0 0 1.91 0.30
44 30 61 17 1,296 4 0 0 1.46 0
45 30 111 33 4,158 13 0 0 1.78 0.04
46 30 8 8 165 1 0 0 0.58 0
47 30 18 13 292 1 0 0 0.70 0
48 30 358 55 9,657 27 0 0 1.84 0.19
49 30 930 23 24,789 3 0 0 2.34 0.11
50 30 31 60 710 7 0 0 0.72 0.07
...

...
...

...
...

...
...

...
...

...
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Seconds Nodes Optimality gap Root gap
Inst. Clients BC BPC+OS BC BPC+OS BC BPC+OS BC BPC+OS

...
...

...
...

...
...

...
...

...
...

51 35 18 20 114 1 0 0 0.78 0
52 35 14 11 69 1 0 0 0.06 0
53 35 3600 185 32,201 11 1.08 0 2.63 0.36
54 35 3600 55 50,601 7 0.81 0 3.00 0.11
55 35 69 19 983 4 0 0 0.68 0
56 35 3600 40 42,289 7 0.92 0 2.58 0.05
57 35 3600 3600 31,201 170 0.44 0.24 1.85 0.39
58 35 128 127 1,871 15 0 0 0.89 0.16
59 35 245 33 2,485 2 0 0 0.93 0
60 35 443 124 6,655 15 0 0 1.32 0.11
61 40 3600 118 17,282 7 1.61 0 2.81 0.04
62 40 550 34 8,479 1 0 0 1.08 0
63 40 3600 208 36,554 5 0.23 0 1.83 0.09
64 40 3170 129 18,069 4 0 0 1.88 0.01
65 40 3600 199 37,915 5 0.62 0 2.07 0
66 40 3600 304 32,601 21 1.21 0 2.79 0.20
67 40 3600 354 27,201 19 0.51 0 1.73 0.15
68 40 3600 3600 16,210 78 1.76 0.28 2.88 0.49
69 40 3600 126 17,822 8 1.58 0 2.95 0.17
70 40 3600 356 16,901 5 0.68 0 1.76 0.03
71 45 3600 36 5,741 2 2.23 0 2.97 0
72 45 3600 173 9,201 9 1.95 0 2.66 0.03
73 45 3600 529 14,001 5 0.48 0 1.70 0.02
74 45 3600 113 4,789 7 1.08 0 2.03 0.01
75 45 3600 231 9,501 7 1.25 0 1.97 0.06
76 45 3600 342 6,401 5 2.91 0 3.41 0.06
77 45 3600 3600 12,064 25 2.13 0.29 2.87 0.58
78 45 3600 177 8,501 3 2.47 0 3.08 0
79 45 3600 1719 20,601 27 1.34 0 2.47 0.10
80 45 3600 139 10,097 3 1.38 0 2.15 0
81 50 3600 419 5,898 9 2.24 0 2.87 0.29
82 50 3600 1971 5,701 21 2.10 0 2.76 0.15
83 50 3600 1176 4,001 30 1.94 0 2.25 0.10
84 50 3600 331 4,401 5 2.98 0 3.49 0.07
85 50 3600 1182 3,146 17 2.23 0 2.99 0.06
86 50 3600 620 3,585 14 2.18 0 2.70 0.01
87 50 3600 222 6,611 2 2.31 0 2.87 0
88 50 3600 3600 6,801 44 3.68 1.43 4.39 1.56
89 50 3600 574 4,001 9 1.66 0 2.02 0.05
90 50 3600 193 4,901 9 2.13 0 2.68 0.01

Table 3.5: Detailed comparison between BC and BPC+OS on the benchmark in-
stances of Chapter 2.
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Seconds
Inst. Clients BC BC+OS BPC BPC+OS SWG

1 10 0.0 0.0 0.1 0.1 0.0
2 10 0.1 0.0 0.5 0.2 0.2
3 10 0.0 0.0 0.3 0.2 0.0
4 10 0.1 0.0 0.8 0.1 0.2
5 10 0.3 0.0 0.3 0.2 0.1
6 10 0.0 0.0 0.1 0.1 0.0
7 10 0.0 0.0 0.1 0.1 0.0
8 10 0.0 0.0 0.2 0.2 0.1
9 10 0.0 0.0 0.3 0.2 0.1
10 10 0.0 0.0 0.2 0.1 0.1
11 15 0.1 0.1 2.6 1.4 0.6
12 15 39.1 9.3 74.5 13.4 1.3
13 15 2.6 0.8 139.0 2.9 0.4
14 15 0.2 0.1 0.9 0.6 1.9
15 15 0.6 0.1 1.1 0.4 0.3
16 15 0.3 0.1 0.6 0.6 0.3
17 15 0.1 0.1 0.7 0.4 0.3
18 15 0.8 0.2 2.3 1.1 0.4
19 15 1.3 0.2 1.8 1.7 0.4
20 15 0.4 0.1 1.6 0.6 0.3
21 20 1.2 0.6 4.4 2.9 0.8
22 20 9.0 0.9 4.8 1.5 0.7
23 20 0.4 0.2 5.9 1.4 1.0
24 20 1.7 0.4 3.7 1.6 1.3
25 20 6.9 1.2 3600.0 7.5 7.8
26 20 0.2 0.1 4.6 1.8 0.8
27 20 0.3 0.2 9.4 3.5 1.0
28 20 1.1 0.3 2.5 1.0 0.8
29 20 0.5 0.2 4.4 1.9 0.6
30 20 0.3 0.1 4.2 2.1 0.6
31 25 2.3 1.1 14.0 5.1 2.6
32 25 1.3 0.7 28.0 6.1 3.0
33 25 9.4 3.5 163.3 15.7 9.9
34 25 11.1 1.9 19.0 5.6 3.4
35 25 6.1 4.1 9.0 3.3 3.1
36 25 39.3 11.7 25.3 4.9 3.9
37 25 22.4 4.1 3600.0 50.8 17.2
38 25 9.7 1.2 3600.0 7.0 38.5
39 25 7.2 3.1 26.6 9.3 2.5
40 25 15.2 2.4 29.3 8.3 2.0
41 30 137.0 49.4 47.5 12.1 2.7
42 30 3600.0 3600.0 3600.0 290.7 9.7
43 30 187.6 205.0 3600.0 193.6 285.4
44 30 60.6 23.2 49.0 16.7 19.9
45 30 110.8 48.2 775.9 33.4 26.1
46 30 7.7 2.7 30.0 8.3 11.8
47 30 17.8 12.0 44.5 13.0 5.7
48 30 357.9 155.8 3600.0 54.6 7.0
49 30 930.3 513.1 3600.0 23.4 67.6
50 30 30.7 6.8 3600.0 60.3 46.2
...

...
...

...
...

...
...
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Seconds
Inst. Clients BC BC+OS BPC BPC+OS SWG

...
...

...
...

...
...

...
51 35 18.2 7.7 101.5 20.4 102.9
52 35 14.0 1.3 66.3 10.5 25.5
53 35 3600.0 3600.0 3600.0 184.5 39.3
54 35 3600.0 3600.0 3600.0 55.3 42.8
55 35 68.5 14.0 61.8 19.1 12.7
56 35 3600.0 3600.0 103.1 39.6 17.9
57 35 3600.0 1148.3 3600.0 3600.0 3600.0
58 35 127.9 15.4 262.7 127.4 64.1
59 35 245.1 28.5 147.5 33.3 14.8
60 35 443.3 67.9 3600.0 123.5 143.1
61 40 3600.0 3600.0 3600.0 117.5 9.7
62 40 550.3 153.9 311.9 33.5 27.8
63 40 3600.0 3600.0 928.9 207.6 18.2
64 40 3169.7 1738.9 993.2 128.5 192.2
65 40 3600.0 3600.0 1646.3 199.1 20.2
66 40 3600.0 3600.0 3600.0 303.9 62.7
67 40 3600.0 3600.0 3600.0 354.2 110.2
68 40 3600.0 3600.0 3600.0 3600.0 2506.0
69 40 3600.0 3600.0 3600.0 125.6 31.1
70 40 3600.0 3600.0 3600.0 356.1 445.3
71 45 3600.0 3600.0 537.3 36.1 20.4
72 45 3600.0 3600.0 2624.6 172.6 69.4
73 45 3600.0 3600.0 3600.0 529.2 39.6
74 45 3600.0 3600.0 786.6 113.0 228.6
75 45 3600.0 3600.0 3600.0 230.8 582.0
76 45 3600.0 3600.0 2274.8 342.4 1082.5
77 45 3600.0 3600.0 3600.0 3600.0 1241.8
78 45 3600.0 3600.0 198.5 176.5 102.2
79 45 3600.0 3600.0 3600.0 1718.7 99.4
80 45 3600.0 3600.0 1209.8 138.6 146.8
81 50 3600.0 3600.0 3600.0 418.7 559.8
82 50 3600.0 3600.0 3600.0 1970.8 211.0
83 50 3600.0 3600.0 3600.0 1175.9 2826.9
84 50 3600.0 3600.0 1127.3 331.2 115.7
85 50 3600.0 3600.0 3600.0 1181.5 1113.0
86 50 3600.0 3600.0 3600.0 619.7 306.1
87 50 3600.0 3600.0 3600.0 222.3 93.3
88 50 3600.0 3600.0 3600.0 3600.0 203.3
89 50 3600.0 3600.0 2604.3 574.3 1299.0
90 50 3600.0 3600.0 1096.1 192.8 231.6

Table 3.6: Detailed comparison between BC, BC+OS, BPC, BPC+OS, and SWG
on the benchmark instances of Chapter 2. The SWG column displays the results by
Subramanyam, Wang, and Gounaris (Subramanyam et al., 2018).



Chapter 4

Dynamic Time Window
Adjustment

Abstract
To improve customer satisfaction in a delivery network with uncertain travel times,
we propose to communicate time window adjustments to the customers throughout
the day. We refer to these updates as dynamic time window adjustments. Dynamic
time window adjustments are often used in practice, but have not yet been considered
in the scientific literature. We provide a general model and we present the Dynamic
Time Window Adjustment Problem (DTWAP). The DTWAP is the problem of op-
timizing the dynamic time window adjustments to maximize the expected customer
satisfaction for a given route. Instead of solving the DTWAP in a specific setting,
we derive general properties and we present three different solution methods. We
also introduce the simple DTWAP, which is a special case that we analyze in more
detail. The use of our results is demonstrated with an illustrative example concerning
attended home delivery.

This chapter is based on Dalmeijer et al. (2019).

85



86 Chapter 4

4.1 Introduction
In this chapter, we study the problem of communicating time window estimates to
customers in a delivery network with uncertain travel times. For logistics service
providers, it is common to update the customers about the estimated time window
of delivery throughout the day, e.g., through text messages, app notifications, or
by providing tracking information online. For example, major logistics companies
FedEx, UPS and DHL all provide such services.

We use the term dynamic time window adjustment for the act of changing the
time window that has been communicated to a customer. Dynamic time window
adjustments are often used in practice. However, to the best of our knowledge,
optimizing the dynamic time window adjustments has not been considered in the
current scientific literature.

We introduce a general model for dynamic time window adjustment, and we
consider the problem of determining adjustments that maximize the expected cus-
tomer satisfaction for a given route. This optimization problem is referred to as the
Dynamic Time Window Adjustment Problem (DTWAP).

Two types of adjustment are considered: time window extension (EXT) and time
window postponement (POS). For EXT, the start of the time window is fixed, and
only the deadline can be adjusted. For example, a customer may be told that the
original 1pm-3pm time window is extended to 1pm-4pm. For POS, the width of the
time window is fixed, and the time window can be moved. For example, the 1pm-3pm
time window may be postponed to 2pm-4pm.

We do not restrict ourselves to specific customer satisfaction functions. Instead,
we discuss multiple solution methods, and we present an overview of which methods
can be applied, depending on the properties of the customer satisfaction functions.
To demonstrate how our work can be applied, an illustrative example is presented for
which we optimize the customer satisfaction in an attended home delivery setting.

In the literature, we see an increasing interest in improving customer satisfaction,
with different lines of research directly or indirectly addressing this topic. Examples
are studies considering consistent delivery (Groër et al., 2009), self-imposed time
windows (Jabali et al., 2015), attended home delivery (Agatz et al., 2011), arrival
time prediction (Ulmer and Thomas, 2019), and stochastic vehicle routing (Gendreau
et al., 1996).

It should be noted that in the literature, improving customer satisfaction is often
combined with vehicle routing. In this chapter, we limit ourselves to studying the
DTWAP, for which the route is assumed to be given. This choice is motivated by
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the fact that, for general customer satisfaction functions, the DTWAP is already a
challenging problem in itself. To be more precise, it is strongly NP-hard to solve the
DTWAP, even for deterministic travel times. This result is proven in Section 4.2.

4.1.1 Literature review

To improve customer satisfaction, Groër et al. (2009) propose consistent delivery over
multiple days or scenarios, e.g., always serve a customer with the same driver, or at
approximately the same time. It is assumed that when the day or the scenario is
known, the remaining vehicle routing problem is deterministic. This differs from our
setting, where we assume that information is revealed during the day, and we are
able to react dynamically.

Jabali et al. (2015) introduce the concept of self-imposed time windows. Self-
imposed time windows are time windows that are chosen and communicated by the
distributor to improve customer satisfaction. The main difference between assigning
self-imposed time windows and dynamic time window adjustment, is that the former
is done once, while the latter can be repeated throughout the day.

Han et al. (2017) consider randomness in attended home delivery due to cus-
tomer no-show and customer response time, e.g., the time to answer the door. After
completing an appointment, the authors dynamically determine the starting time of
the next appointment and the maximum waiting time. This appointment scheduling
subproblem has similarities with the special cases that we consider in Section 4.5.
In general, an important difference with our work is that we communicate to all
customers, not just to the one that will be visited next.

Ulmer and Thomas (2019) study the case where customers arrive dynamically,
and immediately have to be given a (static) estimate of the arrival time. This differs
from our setting, as we assume that the customers are static, and we can dynamically
adjust the time windows.

Authors who study the Stochastic Vehicle Routing Problem (SVRP, Gendreau et
al. (1996)) propose various ways to improve customer satisfaction. Zhang et al. (2013)
select routes that guarantee a minimum on-time arrival probability at each customer
location, while Taş et al. (2014) use linear penalties for early and late deliveries.
Zhang et al. (2016) consider the SVRP with stochastic demands and propose different
models to benefit the customer. They propose, among other things, to maximize the
sum of the on-time probabilities and to consider earliness and tardiness penalties.

Jaillet et al. (2016) introduce a riskiness measure for time window violations
based on the work of Aumann and Serrano (2008). Zhang et al. (2019) propose the
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‘essential riskiness index’ which has properties similar to the index used by Jaillet
et al. (2016) but gives some computational advantages. In both papers, minimizing
the total riskiness is part of the objective when constructing the routes.

A different approach is taken by Errico et al. (2016). The authors consider the
SVRP with stochastic service times, but explicitly do not allow the time windows to
be adjusted. To deal with uncertainty, they introduce two recourse actions: skip the
current customer and skip the next customer. Customers that are skipped receive
emergency service, or are postponed to the following day.

For the SVRP variants mentioned above, determining the optimal actions for a
given route is relatively easy. The main difficulty is due to integrating these decisions
into the routing phase. For the DTWAP, we do not consider routing decisions.
However, determining the optimal actions for a given route is significantly more
difficult in this case.

The SVRP and the DTWAP are complementary, as one may first solve the SVRP
to obtain high quality routes, and then solve the DTWAP for each route to improve
customer satisfaction further. Integrating the DTWAP and the SVRP may yield
additional benefits, and is an interesting direction for future research.

4.1.2 Contribution and outline

In this chapter, we introduce dynamic time window adjustment into the literature.
Dynamic time window adjustment is common in practice, but has not yet attracted
the attention of researchers. We provide a general model and we present the DT-
WAP, which is the problem of optimizing the dynamic time window adjustments to
maximize the expected customer satisfaction.

Instead of solving the DTWAP in a specific setting, we present three different
solution methods. We discuss when each method is applicable, and we consider its
advantages and disadvantages. As a result, our work can be applied to different
settings, including parcel delivery, attended home delivery, and retailer distribution.
We illustrate this with an attended home delivery example, for which we use the
results of this chapter to maximize customer satisfaction.

In Section 4.2, we formally introduce the DTWAP, and we prove that the problem
is strongly NP-hard. In Section 4.3, we formulate the DTWAP as a multi-stage
stochastic programming problem, and we present three solution methods. Section 4.4
is used to discuss the properties of the DTWAP, and to state sufficient conditions
such that the methods in Section 4.3 can be applied.

In Section 4.5, we analyze the simple DTWAP, which is a special case of the
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DTWAP with additional assumptions, including assumptions on the structure of the
customer satisfaction functions. By exploiting this structure, the solution methods
can be made more efficient. In Section 4.6, we consider the effect of discretizing time.
We show that discretization may lead to suboptimal solutions in general. However,
under certain assumptions, we prove that discretizing time yields an optimal solution
for the simple DTWAP.

Our illustrative example is presented in Section 4.7. This example demonstrates
how the results of this chapter can be used to maximize customer satisfaction in an
attended home delivery setting. We present a model with customer dissatisfaction
functions that are inspired by Section 4.5, and we make use of Section 4.3 and
Section 4.4 to construct a solution method. We also present heuristics motivated
by Sections 4.5 and 4.6. In the final section, we give a conclusion and we present
some directions for further research.

4.2 Dynamic Time Window Adjustment Problem

In this section, we formally introduce the DTWAP. Assume that a fixed route is
given, starting at the depot, visiting locations 1 up to n (in order), and returning to
the depot. Locations V ′ = {1, . . . , n} correspond to the customers and locations 0
and n+ 1 correspond to the depot. Let V = V ′ ∪ {0, n+ 1}.

The travel time between location i and location i+ 1 for i ∈ V ′ ∪ {0} is given by
the non-negative random variable tii+1. We assume that all travel times are stagewise
independent, i.e., tii+1 is independent of t01, . . . , ti−1,i, for all i ∈ V ′ ∪ {0} (Shapiro
et al., 2009).

Let [ai, bi] be the initial time window of customer i ∈ V ′, with ai, bi ∈ R and
ai ≤ bi. One-sided time windows can be expressed by setting ai = −∞ or bi = ∞.
Time windows can be adjusted in two different ways: they can be extended (EXT)
or postponed (POS). Let Pi be the set of allowed adjustments for customer i. For a
given adjustment p ∈ Pi, the EXT time window is given by [ai, bi + p]. We assume
that ai ≤ bi + p for all p ∈ Pi. The POS time window is given by [ai + p, bi + p].
We assume that the set Pi is closed and that 0 ∈ Pi for all i ∈ V ′. Note that |Pi| is
allowed to be infinite.

On arrival at customer location i ∈ V ′ (possibly before the time window opens),
the following decisions are made. Let pij ∈ Pj for i < j, i ∈ V ′ ∪ {0}, j ∈ V ′, be the
adjustment of the time window of customer j, as decided when arriving at customer i.
Note that the adjustment is defined with respect to the initial time window, i.e., the
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time window before any adjustments are made. If i = 0, then pij is the adjustment
for customer j as decided before leaving the depot. Let pi = (pii+1, . . . , p

i
n) be the

vector of adjustments as determined at location i ∈ {0, 1, . . . , n− 1}. By definition,
pi ∈

∏n
j=i+1 Pj . For convenience, we define pij = 0 for i = −1.

The arrival time at customer i ∈ V ′ is denoted by ti and the departure time from
customer i is denoted by xi. Note that ti and xi both depend on earlier decisions
and realizations of the random travel times. For now, we assume that the service
times are equal to zero, such that customer i is served at time xi. Let the parameter
x0 ≥ 0 be the time at which the vehicle leaves the depot. For convenience, we define
t0 = x0.

When the vehicle arrives at customer i, we consider three possible waiting behav-
iors.

1. Never Wait (NW): customer i is served immediately upon arrival, which may
be outside of the time window.

2. Always Wait (AW): if necessary, the vehicle waits until the time window opens,
and then immediately serves customer i. That is, the vehicle waits until ai for
EXT and until ai + pi−1

i for POS.

3. Voluntarily Wait (VW): we decide dynamically how long the vehicle waits be-
fore serving customer i. Note that it is allowed to serve customer i early, even
after waiting.

In all cases, customer i may be served after the deadline if the vehicle arrives late or
waits.

We assume that the time window adjustment type (EXT or POS) and the waiting
behavior (NW, AW, or VW) are the same for all customers. This results in six cases,
which we abbreviate by EXT-NW, EXT-AW, EXT-VW, POS-NW, POS-AW, and
POS-VW, respectively.

After the adjustments for the customers j > i are decided, i.e., the vector pi

is chosen, the adjustments are communicated to the customers. We assume this
communication to be instantaneous. Next, in the case of waiting behavior VW, we
decide on how long to wait before serving customer i. We call this the voluntary
waiting time wi ∈ Wi, with Wi = R≥0. For notational convenience, we define the
same decision for NW and AW, but with Wi = {0}, such that the voluntary waiting
time is zero. At the depot, only the adjustment vector p0 is determined, and no
voluntary waiting decision is made.
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For a given customer i ∈ V ′, let di(ti, wi, pi−1
i ) return the departure time xi,

given the arrival time ti, the voluntary waiting time wi, and the adjustment pi−1
i .

The function di(ti, wi, pi−1
i ) depends on the type of adjustment (EXT or POS) and

on the waiting behavior (NW, AW, or VW). Explicitly, we have:

dEXT−NWi (ti, wi, pi−1
i ) = ti, (4.1)

dEXT−AWi (ti, wi, pi−1
i ) = max{ti, ai}, (4.2)

dEXT−VWi (ti, wi, pi−1
i ) = ti + wi, (4.3)

dPOS−NWi (ti, wi, pi−1
i ) = ti, (4.4)

dPOS−AWi (ti, wi, pi−1
i ) = max{ti, ai + pi−1

i }, (4.5)

dPOS−VWi (ti, wi, pi−1
i ) = ti + wi, (4.6)

with wi on the relevant domain Wi.

Without loss of generality, we minimize customer dissatisfaction, instead of max-
imizing customer satisfaction. We assume that the dissatisfaction of customer j can
be written as

j−1∑
i=0

gj(ti, pi−1
j , pij) + hj(xj , pj−1

j ), (4.7)

for some functions gj and hj for all j ∈ V ′.

The function gj models the dissatisfaction that results from changing the adjust-
ment of customer j from pi−1

j to pij . Note that the adjustment is communicated
immediately upon arrival at customer i. The function hj represents dissatisfaction
due to serving customer j outside of the communicated time window. As such, it is
dependent on the time that customer j is served and on the final adjustment pj−1

j .
We assume that the total dissatisfaction of the customers is given by the sum of the
individual dissatisfaction functions.

We now formally introduce the DTWAP. Let a state be a triple of location i ∈
V ′ ∪ {0}, arrival time ti, and adjustment vector pi−1. An action consists of choosing
a new adjustment vector pi and a voluntary waiting time wi. The DTWAP is the
problem of finding an optimal action for every state that is encountered by the vehicle,
such that the total expected customer dissatisfaction is minimized.

We point out that driver costs and stochastic service times can easily be incor-
porated into the model. To incur driver costs, we add a dummy customer n′ after
customer n and we choose an appropriate function hn′ . Service time at customer i
can be included by inserting a dummy customer i′ after customer i. The travel time
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between customers i and i′ is taken to be the (stochastic) service time, and customer
i′ is given the non-adjustable time window [0,∞). Note that in this way, we can only
model service times that are stagewise independent.

Finally, we prove that the DTWAP is strongly NP-hard, even for deterministic
travel times, and for dissatisfaction functions that can be evaluated in polynomial
time. Note that if we do not assume that the dissatisfaction functions can be evalu-
ated in polynomial time, then the DTWAP is obviously hard to solve.

Proposition 4.1. The DTWAP is strongly NP-hard, even for deterministic travel
times, and for dissatisfaction functions that can be evaluated in polynomial time.

Proof. See Appendix 4.A.

4.3 Formulations and solution methods
The DTWAP can be seen as a multi-stage stochastic programming problem. We for-
malize this by stating the DTWAP in recursive form, i.e., as a stochastic dynamic
program. Next, we consider three solution methods for multi-stage stochastic pro-
gramming problems. We do so to identify properties that need to be satisfied by
the DTWAP such that existing methods can be applied. For more details, we make
references to the books by Bertsekas (2005), Kall and Mayer (2011), and Shapiro
et al. (2009).

We consider the following three solution methods. In Section 4.3.2, we present
a deterministic equivalent mathematical program for the DTWAP (Shapiro et al.,
2009). In certain cases, this mathematical program can be solved efficiently by stan-
dard solvers. In Section 4.3.3, we consider dual decomposition methods (Kall and
Mayer, 2011). In Section 4.3.4, we discuss discretizing time, such that the stochastic
dynamic programming recursions can be solved directly (Bertsekas, 2005).

4.3.1 Stochastic dynamic programming formulation

Let ci(ti, pi−1) be the value function of customer i. The value function is defined as
the minimum expected total dissatisfaction of customers i through n, given that the
vehicle arrives at customer i at time ti, with adjustment vector pi−1.

In the remainder, we assume that the DTWAP instances are sufficiently expensive.
That is, for every attainable state, we assume that ci(ti, pi−1) > −∞. This condition
is satisfied, for example, when the dissatisfaction functions are non-negative. Further-
more, we assume that the optimal action is attainable, i.e., there exist finite optimal
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adjustments and voluntary waiting times. We do not consider these assumptions to
be restrictive in practice.

The DTWAP can then be stated as follows.

cn(tn, pn−1) = min
wn∈Wn

{
hn
(
xn, p

n−1
n

)}
, ∀tn ≥ 0, pn−1 ∈ Pn,

(4.8)

ci
(
ti, p

i−1) = min
pi∈
∏n

j=i+1
Pj

wi∈Wi


n∑

j=i+1
gj(ti, pi−1

j , pij) + hi
(
xi, p

i−1
i

)
+ E

[
ci+1

(
xi + tii+1, p

i
)] ,

∀i ∈ V ′\{n}, ti ≥ 0, pi−1 ∈
n∏
j=i
Pj , (4.9)

c0 (t0) = min
p0∈
∏n

j=1
Pj


n∑
j=1

gj(t0, 0, p0
j ) + E

[
c1
(
x0 + t01, p

0)] , (4.10)

with xi = di(ti, wi, pi−1
i ) for all i ∈ V ′. Recall that x0 and t0 are parameters with

the same value.

Equations (4.9) define the value function at customer i ∈ V ′\{n}. At customer i,
and based on ti and pi−1, we decide on the optimal amount of voluntary waiting, wi,
and on the new adjustment vector pi. The first term within the minimum represents
the cost of all changes to the adjustment vector. The hi term gives the cost of early
and late deliveries at customer i. The third term is the expected cost from arriving
at customer i+ 1 onwards.

Equations (4.8) and (4.10) are the boundary cases for the last customer and the
depot, respectively. For the last customer, we only incur the penalty for early and
late delivery. For the depot, we only determine the initial adjustment vector.

The DTWAP can be seen as a multi-stage stochastic optimization problem with
n + 1 stages. The first stage problem is to find the optimal adjustment vector p0

before the vehicle leaves the depot. This corresponds to Equation (4.10). Next, the
travel time to the first customer is revealed, and the vehicle arrives at customer 1
at time t1 with postponement vector p0. The second stage problem is to determine
the optimal adjustment vector p1 and voluntary waiting time w1, which corresponds
to Equations (4.9). Stages three up to n also correspond to Equations (4.9). The
n+ 1’th stage problem is to decide wn, as in Equations (4.8).
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4.3.2 Solving the deterministic equivalent mathematical pro-
gram

If the travel time distributions are discrete with finite support, we can formulate
a deterministic mathematical program that is equivalent to (4.8)-(4.10). This con-
struction is based on the scenario tree, which is discussed in more detail by Shapiro
et al. (2009).

A scenario is a vector of realizations of all random variables. We denote scenario
k ∈ K by ξk = (ξkj )j=2,...,n+1, with ξkj the information that is revealed before making
the j’th stage decision. In our case, ξkj is the travel time from customer j − 2 to
customer j − 1 under scenario k. For example, at customer two we make the third
stage decision, and the travel time from customer one to customer two is known at
this point. The probability that a random scenario ξ is equal to scenario ξk is given by
P(ξ = ξk) =

∏n+1
j=2 P(tj−2,j−1 = ξkj ). This follows from the stagewise independence

of the random travel times.

Next, we present the deterministic equivalent mathematical program. Each de-
cision variable is duplicated |K| times to represent the decisions in the different
scenarios. That is, pi(ξk) is the adjustment vector that is determined at customer
i under scenario ξk and wi(ξk) is the voluntary waiting time at customer i under
scenario ξk. For clarity, we denote the travel time between customer i and customer
i+1 by tii+1(ξk). Note that tii+1(ξk) is now a deterministic parameter. The variables
ti(ξk) and xi(ξk) represent the arrival and departure times at customer i in scenario
ξk.

The deterministic equivalent mathematical program can be stated as follows.

min
∑
k∈K

P(ξ = ξk)
∑
j∈V ′

(
j−1∑
i=0

gj(ti(ξk), pi−1
j (ξk), pij(ξk)) + hj(xj(ξk), pj−1

j (ξk))
)

(4.11)

s.t., ti(ξk) = xi−1(ξk) + ti−1,i(ξk), ∀i ∈ V ′, k ∈ K, (4.12)

xi(ξk) = di(ti(ξk), wi(ξk), pi−1
i (ξk)), ∀i ∈ V ′, k ∈ K, (4.13)

pi(ξk) = pi(ξl), ∀i ∈ V ′\{n}, k, l ∈ K s.t. ξkj = ξlj ∀j ≤ i+ 1,
(4.14)

wi(ξk) = wi(ξl), ∀i ∈ V ′, k, l ∈ K s.t. ξkj = ξlj ∀j ≤ i+ 1,
(4.15)
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pi(ξk) ∈
n∏

j=i+1
Pj , ∀i ∈ {0, . . . , n− 1}, k ∈ K, (4.16)

wi(ξk) ∈Wi, ∀i ∈ V ′, k ∈ K, (4.17)

ti(ξk) ∈ R, ∀i ∈ V ′, k ∈ K, (4.18)

xi(ξk) ∈ R, ∀i ∈ V ′, k ∈ K. (4.19)

The Objective (4.11) is to minimize the expected total customer dissatisfaction
over all scenarios. Constraints (4.12) define the arrival time at customer i for all
i ∈ V ′. Constraints (4.13) define the departure time from customer i, using the
appropriate di function from (4.1)-(4.6).

Constraints (4.14)-(4.15) are the nonanticipativity constraints (Shapiro et al.,
2009), which prevent decisions to be based on future information. For example,
the value of pi(ξk) is a stage i+ 1 decision. As such, Constraints (4.14) enforce that
if two scenarios k and l are the same up to stage i+ 1, then the decisions pi(ξk) and
pi(ξl) are the same. It can be seen that nonanticipativity for ti(ξk) and xi(ξk) is
implied by nonanticipativity for pi(ξk) and wi(ξk), and Equalities (4.12)-(4.13).

Solving the deterministic equivalent mathematical program (4.11)-(4.19) may be
difficult. First, the number of scenarios, |K|, can be extremely large. For example,
for n customers and only two possible travel time realizations per arc, we already
have 2n scenarios. To limit the number of scenarios, Sample Average Approximation
(SAA, Kleywegt et al. (2002)) may be applied. However, especially for multi-stage
problems, a large number of samples may still be necessary to obtain a good solution
(Shapiro and Nemirovski, 2005).

Second, as a consequence of Proposition 4.1, the mathematical program (4.11)-
(4.19) may already be difficult to solve for a single scenario. In Section 4.4, we give
conditions under which the deterministic equivalent mathematical program can be
solved efficiently for a moderate number of scenarios.

4.3.3 Dual decomposition methods

An important difficulty in solving stochastic dynamic programming recursions like
(4.8)-(4.10) directly, is that the expected future value function is defined implicitly
(Shapiro and Nemirovski, 2005). That is, for Fi+1(xi, pi) = E

[
ci+1(xi + tii+1, p

i)
]
,

we do not have a closed form analytic expression for the function Fi+1. On the other
hand, if Fi+1 were known explicitly, the DTWAP could be solved independently per
stage as a straightforward mathematical program.
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Dual decomposition methods construct an outer approximation of Fi+1 by us-
ing linear inequalities, which is possible if Fi+1 is convex. This idea goes back to
Benders’ decomposition (Benders, 1962) and the L-shaped method (Slyke and Wets,
1969). Pereira and Pinto (1991) introduce the Stochastic Dual Dynamic Program-
ming (SDDP) method which includes Monte Carlo simulation to approximate Fi+1.

For more information on dual decompostion methods, we refer to Kall and Mayer
(2011) and Pereira and Pinto (1991). For a detailed analysis of the SDDP method
and the amount of samples that is needed to obtain good quality solutions, we refer
to Shapiro (2011). For our discussion, the most important property to note is that
dual decomposition methods rely on all functions Fi+1 to be convex. In Section 4.4
we give sufficient conditions for the DTWAP such that this is the case.

4.3.4 Solving the discretized stochastic dynamic program

For specific models, it may be possible to solve the stochastic dynamic program
(4.8)-(4.10) directly. For the appropriate solution methods, we refer to Bertsekas
(2005). In general, however, solving the stochastic dynamic program is complicated
due to the potentially infinite state-space, the potentially infinite action-space, and
the potentially continuous travel time distributions.

By discretizing time, we obtain a DTWAP instance for which (4.8)-(4.10) is
straightfoward to solve. Specifically, we approximate the vehicle starting time and the
initial time windows by integers. Furthermore, we approximate each set of possible
adjustments and each set of possible voluntary waiting times by a finite set of integer
values. The travel time distributions are approximated by discrete distributions with
finite support.

For the discretized instance, the number of possible states, possible actions, and
possible travel time realizations are all finite. This allows us to solve the (4.8)-(4.10)
directly by backward recursion. That is, we first use (4.8) to determine cn. For every
possible tn and pn−1, we enumerate wn ∈ Wn to find the minimum costs. When cn
is determined, we use (4.9) to determine cn−1. In this case, we enumerate pn−1 ∈ Pn
and wn−1 ∈ Wn−1. Note that, by assumption, the expectation can be written as a
finite sum. We repeat the process until all value functions are completely determined.

Alternatively, one can solve (4.8)-(4.10) by forward recursion. We start by calcu-
lating c0(t0), the optimal expected total dissatisfaction. To calculate this value, we
must first calculate c1 for all possible future states. For each such state, we calculate
c2 for all possible future states, etc. Once a value has been calculated, it is stored
in memory to prevent that the same calculation is made twice. The advantage of
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forward recursion is that we only calculate the values of the states that are necessary
to determine the optimal dynamic time window adjustments. This is different from
backward recursion, where we calculate the values of all states.

The discretization approach is straightforward and does not require any assump-
tions on the convexity of the dissatisfaction functions. For this reason, the same
approach can be used when the model is extended, for example, by including time-
dependent travel times (Ichoua et al., 2003).

The clear downside of the discretization approach is that the number of states
may be very large, especially because the discretization must be sufficiently fine to
obtain a good quality solution. Furthermore, solving the minimization problems by
enumerating pi ∈ Pi+1 × . . .× Pn and wi ∈Wi may be computationally expensive.

In Section 4.6, we consider the effect of discretization in more detail. We show
that the discretization approach can result in suboptimal solutions, even if the vehicle
starting time is integer, the initial time windows are integer, and the travel times
have finitely many realizations that are all integer. On the other hand, we prove in
the same setting that the discretization approach is exact for the simple DTWAP
introduced in Section 4.5.

4.4 Properties
In Section 4.3 we have considered different solution methods for multi-stage stochastic
programming problems, and we have identified the relevant properties such that they
can be applied to the DTWAP. In this section, we give sufficient conditions under
which these properties hold.

First, we consider properties such that the deterministic equivalent mathematical
program (Section 4.3.2) can be solved as a convex or linear program, respectively.
As in Section 4.3.2, we assume that the number of scenarios is finite.

Proposition 4.2. Consider the following six conditions:

1. Pi is a closed continuous interval, ∀i ∈ V ′,

2. gj(ti, pi−1
j , pi) is convex, ∀j ∈ V ′,

3. gj(ti, pi−1
j , pi) is non-decreasing in ti, ∀j ∈ V ′,

4. hi(xi, pi−1
i ) is convex, ∀i ∈ V ′,

5. hi(xi, pi−1
i ) is non-decreasing in xi for xi ≥ ai, ∀i ∈ V ′,

6. hi(xi, pi−1
i ) is non-decreasing in xi for xi ≥ ai + pi−1

i , ∀i ∈ V ′.
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The deterministic equivalent mathematical program (4.11)-(4.19) can be solved as a
convex program in the following cases:

• The waiting behavior is NW or VW, and Conditions 1, 2, and 4 hold.

• The time window adjustment type is EXT, the waiting behavior is AW, and
Conditions 1-5 hold.

• The time window adjustment type is POS, the waiting behavior is AW, and
Conditions 1-4, and 6 hold.

Proof. Under Conditions 2 and 4, we have that the Objective (4.11) is a convex func-
tion. By definition, Equations (4.12), (4.14)-(4.15), and (4.17) are linear constraints.
Condition 1 ensures that (4.16) can be replaced by box constraints.

It remains to consider Constraints (4.13), i.e., xi(ξk) = di(ti(ξk), wi(ξk), pi−1
i (ξk)).

Under waiting behavior NW or VW, we have that di is a linear function, which
implies that (4.13) are linear constraints. Hence, (4.11)-(4.19) can be solved as a
convex program in the first case.

Next, consider the combination of EXT and waiting behavior AW. We replace
Constraints (4.13) by the two linear constraints xi(ξk) ≥ ti(ξk) and xi(ξk) ≥ ai, for
every i ∈ V ′ and k ∈ K. By Conditions 3 and 5, it is optimal to choose xi(ξk) as
small as possible, i.e., xi(ξk) = max{ti(ξk), ai} = di(ti(ξk), wi(ξk), pi−1

i (ξk)). Hence,
(4.11)-(4.19) can be solved as a convex program in the second case.

The proof for the third case is similar to the second case, and follows from re-
placing the Constraints (4.13) by xi(ξk) ≥ ti(ξk) and xi(ξk) ≥ ai + pi−1

i , for every
i ∈ V ′ and k ∈ K.

Corollary 4.3. If, in addition to the conditions of Proposition 4.2, the dissatis-
faction functions are polyhedral convex functions, then the deterministic equivalent
mathematical program (4.11)-(4.19) can be solved as a linear program.

Proof. The convex programs that are constructed in the proof of Proposition 4.2 all
have a convex objective function and linear constraints.

In the objective function, we may replace each gj(ti(ξk), pi−1
j (ξk), pij(ξk)) by a new

variable yij(ξk) ∈ R, if we also add the constraints yij(ξk) ≥ gj(ti(ξk), pi−1
j (ξk), pij(ξk)).

By the definition of polyhedral convex functions, the new constraints can be repre-
sented by a finite number of linear inequalities.

For the hj terms, we can use a similar transformation. It follows that (4.11)-(4.19)
can be solved as a linear program.
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Proposition 4.2 and Corollary 4.3 give conditions for which the deterministic
equivalent mathematical program can be solved efficiently if the number of scenarios
is not too big. In the linear case, general purpose solvers like CPLEX and Gurobi
can be used immediately.

We remark that if the dissatisfaction functions can be modeled with integer vari-
ables and linear constraints, then the deterministic equivalent mathematical program
can be solved as a mixed integer linear programming problem by the same commercial
solvers.

Next, we consider conditions such that dual decomposition methods can be ap-
plied. As discussed in Section 4.3.3, we need that Fi+1(xi, pi) = E

[
ci+1(xi + tii+1, p

i)
]

is convex for all i ∈ {0, . . . , n − 1}. Note that we no longer assume that the travel
times are discretely distributed.

Proposition 4.4. Given the same conditions as in Proposition 4.2, the function
Fi+1(xi, pi) is convex for all i ∈ {0, . . . , n− 1}.

Proof. We prove this by induction. That is, we assume that Fi+1(xi, pi) is convex
and we use (4.9) to prove that Fi(xi−1, p

i−1) is convex. The proofs for the boundary
cases Fn and F1 are analogous.

If gj(ti, pi−1
j , pij), hi(xi, pi−1

i ), and Fi+1(xi, pi) are convex, then the right-hand
side of (4.9) can be stated as a convex minimization problem. To do so, we replace
xi = di(ti, wi, pi−1

i ) by the appropriate linear constraints, similar as in the proof of
Proposition 4.2, and we minimize over xi. For EXT-AW, for example, we replace
xi = di(ti, wi, pi−1

i ) by xi ≥ ti and xi ≥ ai. Note that for this proof, we do not
require an explicit description of the function Fi+1(xi, pi).

The function ci(ti, pi−1) is the result of minimizing a convex function over a convex
set for a subset of the variables. It follows that ci is convex (Boyd and Vandenberghe,
2004). By definition, Fi(xi−1, p

i−1) = E[ci(xi−1 + ti−1,i, p
i−1)], which is a (possibly

infinite) non-negative sum of convex functions, which is itself convex.

Corollary 4.5. If, in addition to the conditions of Proposition 4.2, the dissatisfaction
functions are polyhedral convex functions and the travel time distributions are discrete
with finite support, then the function Fi+1(xi, pi) is polyhedral convex for all i ∈
{0, . . . , n− 1}.

Proof. If gj(ti, pi−1
j , pij), hi(xi, pi−1

i ), and Fi+1(xi, pi) are polyhedral convex func-
tions, then the minimization problems at the right-hand sides of (4.8)-(4.10) can
be solved as linear programs. The required transformations are similar to those
described in the proof of Corollary 4.5.



100 Chapter 4

From linear programming duality, it follows that ci(ti, pi−1) is a polyhedral convex
function. By definition, Fi(xi−1, p

i−1) is the sum of finitely many polyhedral convex
functions, which is polyhedral convex.

Proposition 4.4 and Corollary 4.5 give sufficient conditions such that dual de-
composition methods, including SDDP, can be applied. These conditions are similar
to the conditions that ensure that the deterministic equivalent mathematical pro-
gram can be solved efficiently for a moderate number of scenarios. As discussed in
Section 4.3.4, the discretization approach does not require any assumptions on the
dissatisfaction functions.

4.5 Simple DTWAP
In this section, we introduce the simple DTWAP, a special case of the DTWAP, which
is defined in Section 4.5.1. In Section 4.5.2, we show that the simple DTWAP can
be solved relatively efficiently by the methods discussed in Section 4.3. Furthermore,
we show that for EXT-NW, POS-NW, and EXT-AW, the simple DTWAP can be
decomposed into n independent problems. This fact can be exploited by the solution
methods. In Section 4.5.3, we demonstrate that ignoring one of the main assumptions
of the simple DTWAP may result in a severely more complicated problem.

4.5.1 Assumptions

First, we assume that Pi is a continuous interval for all i ∈ V ′. Next, we discuss our
assumptions on the dissatisfaction functions.

We assume that the time at which an adjustment is communicated to the cus-
tomer does not affect the amount of dissatisfaction received. That is, we can write
gj(ti, pi−1

j , pij) as gj(pi−1
j , pij). This assumption is restrictive, but may be appropriate

if travel times are relatively long. In this case, updating the next customer before
driving there may be sufficiently far in advance, such that the customer is indifferent
about the timing of the information. In Section 4.5.3, we show that omitting the
above assumption may result in a considerably more complicated problem.

For the simple DTWAP, we assume that increasing and decreasing the adjustment
both yield a penalty that is linear in the amount of change. That is, we assume that

gj(pi−1
j , pij) =

(
pij − pi−1

j

)+
αj +

(
pi−1
j − pij

)+
βj , (4.20)

for some parameters αj , βj ∈ R ∪ {∞}, and using y+ = max{0, y}.
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If any of the parameters is chosen to be∞, we replace the corresponding term by
a domain restriction. For example, if decreasing the adjustment is not allowed, we set
βj =∞ and (4.20) reduces to gj(pi−1

j , pij) =
(
pij − p

i−1
j

)
αj on domain pi−1

j − pij ≤ 0.
We assume that αj + βj ≥ 0, which implies that gj(pi−1

j , pij) is convex. This
assumption ensures that the satisfaction of customer j cannot be improved by first
increasing the adjustment and then decreasing it again.

In a similar way, we define linear penalties for early and late delivery, for both
EXT and POS:

hEXTj (xj , pj−1
j ) =

(
xj − (bj + pj−1

j )
)+

γj + (aj − xj)+
δj , (4.21)

hPOSj (xj , pj−1
j ) =

(
xj − (bj + pj−1

j )
)+

γj +
(

(aj + pj−1
j )− xj

)+
δj , (4.22)

for some parameters γj , δj ∈ R ∪ {∞}. We assume that γj , δj ≥ 0, such that hj is
convex. That is, early and late delivery are both disliked by the customer.

We assume that the parameters αj , βj , γj , and δj are chosen such that the
DTWAP is sufficiently expensive and that the optimal adjustments and voluntary
waiting times can be attained. It is sufficient to make the additional assumption that
αj ≥ 0 and βj ≥ 0, or that Pj is bounded. For specific cases, weaker conditions may
apply. In the EXT case, for example, it can be seen that βj < 0 is allowed, even if
Pj is unbounded.

It is straightforward to verify that the conditions of Proposition 4.2 are satisfied
for every combination of EXT and POS with NW, AW and VW. By Proposition 4.2,
it follows that the deterministic equivalent mathematical program can be solved as a
convex program, given that a finite sample of scenarios is used. By Proposition 4.4, it
follows that Fi+1(xi, pi) = E

[
ci+1(xi + tii+1, p

i)
]
is convex for all i ∈ {0, . . . , n− 1}.

Hence, the solution methods discussed in Section 4.3 can all be used to solve the
simple DTWAP. Additionally, we note that gj and hj are polyhedral convex functions.
It follows from Corollaries 4.3 and 4.5 that if the travel time distributions are discrete
with finite support, then the deterministic equivalent mathematical program reduces
to a linear program, and the functions Fi+1(xi, pi) are polyhedral convex functions.

4.5.2 Properties of the simple DTWAP

In this section, we analyze the simple DTWAP. We first show that all solution meth-
ods discussed in Section 4.3 are more efficient for the simple DTWAP than in general.
Afterwards, we consider every combination of EXT and POS with NW, AW and VW
in more detail. We show which cases are decomposable, and thus allow for even more



102 Chapter 4

efficient solution methods. Our analysis is also useful for Section 4.6, where we prove
that the discretization approach (see Section 4.3.4) is exact for the simple DTWAP,
under certain assumptions.

We make the following observation:

Observation 4.6. The cost of informing customer j is not dependent on customer
i or on the current time. Nor can we benefit from increasing and then decreasing the
adjustment (Section 4.5.1). The longer we wait before informing the customer, the
more stochastic variables have been realized. As such, it is optimal to determine the
adjustment for customer j on arrival at customer j − 1. In other words, there exists
an optimal solution with p0

j = p1
j = . . . = pj−2

j = 0.

Observation 4.6 implies that all value functions ci(ti, pi−1) can be replaced by
two-dimensional value functions ci(ti, pi−1

i ). Furthermore, for the simple DTWAP,
we have that gj(0, 0) = 0 by definition. It follows that (4.8)-(4.10) simplify to

cn(tn, pn−1
n ) = min

wn∈Wn

{
hn
(
xn, p

n−1
n

)}
, ∀tn ≥ 0, pn−1

n ∈ Pn, (4.23)

ci
(
ti, p

i−1
i

)
= min
pi

i+1∈Pi+1
wi∈Wi

{
gi+1(0, pii+1) + hi

(
xi, p

i−1
i

)
+ E

[
ci+1

(
xi + tii+1, p

i
i+1
)]}

,

∀i ∈ V ′\{n}, ti ≥ 0, pi−1
i ∈ Pi, (4.24)

c0 (t0) = min
p0

1∈P1

{
g1(0, p0

1) + E
[
c1
(
x0 + tii+1, p

0
1
)]}

, ∀t0 ≥ 0. (4.25)

with xi = di(ti, wi, pi−1
i ).

Next, we define an equivalent stochastic dynamic program with one-dimensional
value functions. Without loss of generality, we may reverse the order of determining
the adjustment pii+1 and serving customer i. This follows from the fact that customer
i+ 1 is indifferent about the timing of the information.

Let c̄i(xi) be the expected total dissatisfaction incurred after serving customer i
at time xi, but before determining the adjustment pii+1. That is,

c̄n(xn) = 0, ∀xn ≥ 0, (4.26)

c̄i(xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
ci+1

(
xi + tii+1, p

i
i+1
)]}

,

∀i ∈ {0, . . . , n− 1}, xi ≥ 0. (4.27)

From the definition, it is straightforward to show that c̄i is convex. Furthermore,
if the travel time distributions are discrete with finite support, then c̄i is a polyhedral
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convex function.
The stochastic dynamic program (4.23)-(4.25) can be rewritten as follows.

c̄n(xn) = 0, ∀xn ≥ 0, (4.28)

c̄i(xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
min

wi+1∈Wi+1

{
c̄i+1 (xi+1) + hi+1(xi+1, p

i
i+1)

}]}
,

∀i ∈ {0, . . . , n− 1}, xi ≥ 0, pi−1
i ∈ Pi, (4.29)

with xi+1 = di+1(ti+1, wi+1, p
i
i+1) and ti+1 = xi + tii+1 in the right-hand side of

(4.29).
The structural properties of the simple DTWAP yield computational advantages

for all solution methods discussed in Section 4.3. First, if we construct a determin-
istic equivalent mathematical program for (4.28)-(4.29), we require significantly less
variables than in Section 4.3.2. This is due to Observation 4.6.

For the dual decomposition methods (Section 4.3.3), the expected future value
function Fi+1 is defined as Fi+1(xi, pi) = E

[
ci+1(xi + tii+1, p

i
i+1)

]
. Note that Fi+1

only depends on xi and on pii+1, and can thus be seen as a two-dimensional function.
Due to the lower dimensionality, one may expect it to be easier to approximate Fi+1

for the simple DTWAP than in the general case.
Finally, for the discretization approach (Section 4.3.4), the number of possible

states decreases significantly. Furthermore, the minimization problems that are
solved by enumeration have a significantly smaller feasible set. As a result, the
discretization approach is less computationally expensive for the simple DTWAP.

4.5.2.1 Never Wait

For waiting behavior NW, the set of possible voluntary waiting times is given by
Wi = {0}, and the departure time is given by di+1(ti+1, wi+1, p

i
i+1) = ti+1 = xi + tii+1.

It follows that Equation (4.29) simplifies to

c̄i (xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
c̄i+1 (xi + tii+1) + hi+1(xi + tii+1, p

i
i+1)

]}
= min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
hi+1(xi + tii+1, p

i
i+1)

]}
+ E [c̄i+1 (xi + tii+1)] .

(4.30)

Equation (4.30) reveals that the simple DTWAP is decomposable in the NW case.
This follows from the fact that the minimization problem in Equation (4.30) does not
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depend on c̄i+1, the value function of the next customer. The optimal adjustments
can then be determined independently per customer, and there is no need to calculate
the value functions to determine the optimal actions. This is true for both EXT-NW
and POS-NW.

Decomposing the problem makes it easier to solve. If the expectation of hi+1 can
be evaluated efficiently, then the optimal action can be found efficiently for any given
state. This follows from the convexity of gi+1 and hi+1. In practice, this means that
we do not require extensive calculations up front to determine the optimal actions.
Instead, we can solve an easy problem for each state that we encounter.

The independence of the customers is a result of the following fact: if vehicles
never wait, adjusting the time window of customer i changes the dissatisfaction of
customer i, but has no affect on the arrival times at the other customers. A similar
observation is made by Taş et al. (2014), who use this fact to specify the arrival time
distributions at the customers.

4.5.2.2 Always Wait

For waiting behavior AW, we also have that the domain of the voluntary waiting
time is given by Wi = {0}. We first consider EXT-AW specifically. In this case, we
have

di+1(ti+1, wi+1, p
i
i+1) = max{ti+1, ai+1} = max{xi + tii+1, ai+1}, (4.31)

such that (4.29) reduces to

c̄i (xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
hi+1(max{xi + tii+1, ai+1}, pii+1)

]}
+

E [c̄i+1 (max{xi + tii+1, ai+1})] . (4.32)

Equation (4.32) shows that the EXT-AW case decomposes into n independent
problems, just like the EXT-NW case and the POS-NW case. This is a result of the
fact that the vehicle always waits until the start of the time window. When the time
window is extended, the start of the time window does not change. As a result, the
arrival time distributions are not affected by the adjustments. It follows that the
adjustments can be determined independently per customer.

Next we consider POS-AW. In this case, we have

di+1(ti+1, wi+1, p
i
i+1) = max{ti+1, ai+1+pii+1} = max{xi+tii+1, ai+1+pii+1}, (4.33)
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such that (4.29) simplifies to

c̄i (xi) = min
pi

i+1∈Pi+1

{gi+1(0, pii+1) + E
[
hi+1(max{xi + tii+1, ai+1 + pii+1}, pii+1)

]
+

E
[
c̄i+1

(
max{xi + tii+1, ai+1 + pii+1}

)]}
. (4.34)

Note that we are not be able to take the E [c̄i+1] term out of the minimum, due
to its dependency on pii+1. Hence, the POS-AW case cannot be decomposed in the
same way as EXT-NW, POS-NW, and EXT-AW.

4.5.2.3 Voluntarily Wait

In the VW case, the voluntary waiting time wi ∈ Wi = R≥0 is a decision variable.
The departure time di+1(ti+1, wi+1, p

i
i+1) = ti+1 +wi+1 is the sum of the arrival time

and the voluntary waiting time.
For both EXT-VW and POS-VW, we have that the simple DTWAP cannot be

decomposed in the same way as EXT-NW, POS-NW, and EXT-AW. Voluntarily
waiting at customer i affects the arrival time at customer i + 1. As such, we are
unable to determine the optimal waiting time independently per customer. Our
observations on the VW cases are detailed in Appendix 4.B.

4.5.3 Time-dependent linear penalties

For the simple DTWAP, we have made the important assumption that the time at
which an adjustment is communicated to the customer does not affect the amount
of dissatisfaction received. That is, we have replaced gj(ti, pi−1

j , pij) by gj(pi−1
j , pij).

In this section, we prove that dropping this assumption may lead to a severely more
complicated problem. We show this by introducing time-dependent linear penalties
into the simple DTWAP.

Recall that

gj(pi−1
j , pij) =

(
pij − pi−1

j

)+
αj +

(
pi−1
j − pij

)+
βj , (4.20)

for some parameters αj , βj ∈ R ∪ {∞}, αj + βj ≥ 0. If any of the parameters is
chosen to be ∞, we replace the corresponding term by a domain restriction. Note
that both increasing and decreasing the adjustment is penalized linearly.

Next, we consider time-dependent linear penalties of the form

gj(ti, pi−1
j , pij) =

(
pij − pi−1

j

)+
αjf1j(ti) +

(
pi−1
j − pij

)+
βjf2j(ti), (4.35)
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for some weighting functions f1j(ti) and f2j(ti). For given ti, changes are linearly
penalized, and the slopes are time-dependent.

Proposition 4.7. Let f1j(ti) and f2j(ti) be twice-differentiable real functions that
are defined on the same real interval. If gj(ti, pi−1

j , pij) as in (4.35) is convex, then
αj = 0 or αj =∞ or f1j(ti) is constant. Furthermore, βj = 0 or βj =∞ or f2j(ti)
is constant.

Proof. Let ḡj(ti, y) be the restriction of gj(ti, pi−1
j , pij) to y = pij − p

i−1
j . That is,

ḡj(ti, y) = y+αjf1j(ti) + (−y)+βjf2j(ti).
If αj < ∞, then ḡj is twice differentiable for all ti in the domain of f1j(ti) and

f2j(ti) and all y > 0. For any such point, we have

∇2ḡj(ti, y) =
[
yαjf

′′
1j(ti) αjf

′
1j(ti)

αjf
′
1j(ti) 0

]
.

If αj 6= 0 then ∇2ḡj(ti, y) can only be positive semi-definite if f ′1j(ti) = 0. This
implies that ḡj(ti, y) cannot be convex, unless f1j(ti) is a constant. As ḡj is a re-
striction of gj to a linear subspace, it follows that gj(ti, pi−1

j , pij) cannot be convex
either. If βj <∞ and βj 6= 0 we can similarly show that ḡj(ti, y) cannot be convex,
unless f2j(ti) is a constant.

Proposition 4.7 demonstrates that using time-dependent linear penalties results
in gj(ti, pi−1

j , pij) not being convex, except in pathological cases. As a result, the
conditions of Proposition 4.2 and Proposition 4.4 are no longer satisfied. It fol-
lows that it is not clear if the deterministic equivalent mathematical program can
be solved efficiently for even a single scenario. Furthermore, if the Fi+1 functions
are not convex, dual decomposition methods can no longer be used. We conclude
that introducing time-dependent linear penalties considerably complicates the simple
DTWAP, although the discretization approach remains an option.

4.6 Effect of discretization
In this section, we analyze the effect of discretizing the possible adjustments and the
voluntary waiting times. Discretization was proposed in Section 4.3.4 to allow for
solving the stochastic dynamic programming recursions directly. First, we show the
negative result that discretization may lead to suboptimal solutions in general, even
for instances with integer parameters and discrete travel time distributions with finite
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support. On the other hand, we prove in the same setting that the discretization
approach is exact for the simple DTWAP introduced in Section 4.5.

Specifically, we consider the following setting. We assume that the vehicle starting
time and all initial time windows are integer. Furthermore, we assume that the travel
time distributions are discrete with finite support, and all possible realizations are
integer. If the sets of possible adjustments are bounded, we assume that they are
bounded by integers. That is, minp∈Pi{p} ∈ Z and maxp∈Pi{p} ∈ Z for all i ∈ V ′,
whenever the minimum and maximum are defined.

We do not force the actions to be integral: both the adjustments and the voluntary
waiting times are assumed to be real. Given these assumptions, we are interested in
whether there exist optimal time window adjustments and voluntary waiting times
that are integer.

4.6.1 Discretization for general instances

We now construct a DTWAP instance that satisfies the assumptions above, but does
not admit optimal actions that are integer. Consider an n = 1 customer instance
with dissatisfaction functions g1(t0, 0, p0

1) = (p0
1)2 and h1(x1, p

0
1) = (1 − p0

1)2. Let
the vehicle depart the depot at time x0 = t0 = 0, and let the initial time window of
customer 1 be given by [ai, bi] = [0, 0]. The travel time to customer 1 is deterministic
and equal to 0. The adjustment type (EXT or POS) and the waiting behavior (NW,
AW, or VW) can be chosen arbitrarily. The set of possible postponements is given
by P1 = [0, 1].

For the described instance, the DTWAP reduces to the following problem:

min
p0

1∈[0,1]

{
(p0

1)2 + (1− p0
1)2} . (4.36)

It can be seen that the only possible integer actions, p0
1 = 0 and p0

1 = 1, result in
strictly higher dissatisfaction than the action p0

1 = 1
2 . Hence, this instance proves that

discretization may lead to suboptimal solutions in general, even under the current
assumptions.

4.6.2 Discretization for the simple DTWAP

Under the same assumptions, we now prove that the simple DTWAP admits optimal
actions that are integer, regardless of the adjustment type (EXT or POS) and the
waiting behavior (NW, AW, or VW). It follows that discretizing the actions into
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integers still yields an optimal solution.
In Proposition 4.8, we prove our claim for the cases EXT-NW, POS-NW, and

EXT-AW. As shown in Section 4.5.2, the simple DTWAP is decomposable in these
cases. This significantly simplifies our proof, compared to the cases POS-AW, EXT-
VW, and POS-VW.

Proposition 4.8. The simple DTWAP with discretized time allows for optimal in-
teger decisions in the cases of EXT-NW, POS-NW, and EXT-AW.

Proof. See Appendix 4.C.

Next, we consider the non-decomposable cases POS-AW, EXT-VW, and POS-
VW. In these cases, the optimal action pii+1 additionally depends on c̄i+1. In Ap-
pendix 4.D, we prove several lemmas before we prove Proposition 4.9.

Proposition 4.9. The simple DTWAP with discretized time allows for optimal in-
teger decisions in the cases of POS-AW, EXT-VW, and POS-VW.

Proof. See Appendix 4.D.

Propositions 4.8 and 4.9 together prove that for the simple DTWAP, under the
assumptions stated at the beginning of this section, the optimal actions may be as-
sumed to be integer. Hence, in these cases, the discretization approach as introduced
in Section 4.3.4 provides a straightforward and exact algorithm to solve the simple
DTWAP.

4.7 Illustrative example

In this section, we provide an illustrative example of how the results of this chapter
can be used to improve customer satisfaction in a practical application. In Sec-
tion 4.7.1, we present an attended home delivery problem with adjustment type POS
and waiting behavior AW. To model dissatisfaction, we use the customer dissatis-
faction functions of the simple DTWAP (see Section 4.5) as a basis, and we modify
them to better fit this specific setting.

In Section 4.7.2, we make use of Sections 4.3 and 4.4 to construct a solution
method. Our computational results are presented in Section 4.7.3. Finally, we present
three heuristics in Section 4.7.4, which use ideas from Section 4.5 and Section 4.6.
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Figure 4.1: Example instance.

4.7.1 DTWAP instance

For our example, we consider an attended home delivery setting. That is, the cus-
tomers have to be present at the time of delivery. Agatz et al. (2008) list different
reasons that necessitate attended home delivery. For example, attended home deliv-
ery is necessary for goods that are perishable or physically large. The customers also
need to be present if a service is performed, e.g., repairs.

We assume that the vehicle leaves the depot at 7.00 am and performs a route
with ten customers (see Figure 4.1). That is, t0 = x0 = 420 and n = 10. Note that
time is measured in minutes since midnight, i.e., 420 corresponds to 7.00 am.

The travel times tii+1 for all i ∈ V ′ ∪ {0} are assumed to be independent and
discrete uniformly distributed between 50 and 70 minutes, and the service times are
assumed to be negligible. The initial time windows of the customers are 20 minutes
in width, and are centered around the time of arrival when all travel times are equal
to their expected values, and no waiting is necessary. For example, the initial time
window of customer two is given by [8.50 am, 9.10 am], which is centered around
9.00 am. For each customer j ∈ V ′, this is modeled as aj = 420 + 60j − 10 and
bj = 420 + 60j + 10.

In our attended home delivery setting, the customers are present from the start
of the current time window onwards, but are not available earlier. In the case of late
delivery, customers stay at home until the delivery is made. Because the customers
are not available earlier, we use waiting behavior AW to always wait until the time
window opens.

We allow the time windows to be postponed by 0, 5, 10, 15, 20, 25 or 30 minutes,
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i.e., we use adjustment type POS and Pj = {0, 5, 10, 15, 20, 25, 30} for all j ∈ V ′.
By postponing the time windows in steps of five minutes, we obtain time windows
that are easy to remember for the customers. To prevent that customers have to
rush back home due to time window adjustments, we only allow time windows to be
moved forward in time, which will be incorporated in our customer dissatisfaction
functions.

Our customers dislike adjustments, but are not influenced by the time of com-
munication until three hours before the current deadline. For example, consider
customer 5. If the current time window is given by [11.50 am, 12.10 pm], then cus-
tomer 5 does not care at what time a postponement is communicated, as long as it
is before 9.10 am. After 9.10 am, it becomes increasingly more difficult for customer
5 to deal with time window adjustments. As such, the dissatisfaction is larger when
the postponement is communicated later. After the current deadline, the delivery is
considered to be late and the time window can no longer be adjusted.

4.7.1.1 Customer dissatisfaction functions

We use the customer dissatisfaction functions of the simple DTWAP as a basis, and
we modify them to fit our setting. The simple DTWAP has the advantage that we can
perform the analysis in Section 4.5.2. However, without modification, the associated
customer dissatisfaction functions are not appropriate for our practical application.

First, we consider the functions gj(ti, pi−1
j , pij), which model the dissatisfaction

of customer j due to changing the postponement from pi−1
j to pij at time ti. The

function gj that is used in the simple DTWAP, Equation (4.20), is not appropriate
for our example. First, Equation (4.20) assumes that customers are indifferent about
the timing of information, which is not the case here. Second, Equation (4.20) allows
for adjusting the time window of customer j when ti is past the current deadline of
customer j, which we do not allow in our example.

Based on Section 4.5.3, we propose the following dissatisfaction function:

gj
(
ti, p

i−1
j , pij

)
=
(
pij − pi−1

j

)+
αjfj(ti), (4.37)

on domain pi−1
j ≤ pij and ti ≤ bj + pi−1

j , with

fj(ti) = 1 + νj
(
ti −

(
bj + pi−1

j − Lj
))+

, (4.38)

and non-negative parameters αj , νj , and Lj .
Equation (4.37) provides a time-dependent linear penalty for changing the ad-
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justment, as introduced in Section 4.5.3. The domain restrictions correspond to our
assumptions: the condition pi−1

j ≤ pij ensures that the adjustments can only be in-
creased, and ti ≤ bj + pi−1

j prevents adjustments to be made after the deadline has
passed. For convenience, we consider gj to evaluate to ∞ outside of its domain.

The function fj(ti) models how the dissatisfaction due to time window adjust-
ments is affected by time. If the time at which the adjustment is communicated is
at least L time units before the current deadline bj + pi−1

j , then fj(ti) = 1, and the
time of communication does not affect the dissatisfaction. In our example, Lj = 180
for every customer, which corresponds to three hours. After time bj + pi−1

j − Lj ,
the parameter νj indicates how strongly customer j is affected by the timing of
information.

Next, we consider the functions hj(xj , pj−1
j ), which model the dissatisfaction due

to missing the deadline. We modify the function hj used for the simple DTWAP,
Equation (4.22), by including a fixed dissatisfaction κj for missing the deadline. We
obtain the following function:

hj(xj , pj−1
j ) =

(
xj − (bj + pj−1

j )
)+

γj + I(xj > bj + pj−1
j )κj , (4.39)

with I(.) the indicator function. Note that we do not define a penalty for early
delivery, because the vehicle always waits until the time window opens.

For our computational experiments, we assume that the parameters for customer
j ∈ V ′ are given by αj = 0.1, νj = 0.1, Lj = 180, γj = 1, and κj = 100. Note
that these values are chosen for demonstrative purposes, and may differ in practical
applications.

Finally, we verify that our DTWAP instance satisfies the two general assumptions
stated in Section 4.3.1. The dissatisfaction functions gj and hj are all non-negative,
which implies that the DTWAP instance is sufficiently expensive. By definition,
only finite postponements are allowed, which implies that the optimal actions are
attainable. It follows that the assumptions are satisfied.

4.7.2 Solution method

In this section, we describe a solution method to solve the DTWAP constructed
in Section 4.7.1. Recall that Section 4.3 presents three potential solution methods:
solving the deterministic equivalent mathematical program, using dual decomposition
methods, and solving the discretized stochastic dynamic program. In Section 4.4, we
discuss the properties of the DTWAP, and we state conditions such that the methods
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in Section 4.3 can be applied.
For the current example, we have that the gj functions are not convex. This

follows from the use of time-dependent linear penalties, as shown in Proposition 4.7.
As a result, Proposition 4.2 and Proposition 4.4 in Section 4.4 are not applicable.

It follows that it is not clear if the deterministic equivalent mathematical program
can be solved efficiently for even a single scenario. Furthermore, it is unclear if dual
decomposition methods can be applied. For these reasons, we apply the third method:
solving the discretized stochastic dynamic program. As discussed in Section 4.3, this
method does not require convexity assumptions.

Section 4.3.4 details how the DTWAP instance can be modified such that the
stochastic dynamic program (4.8)-(4.10) can be solved directly. In our case, we
discretize time in minutes, and we observe that all relevant parameters already have
integer values. The same holds true for the travel time distributions, which have
finite support and all realizations are integer. It follows that the stochastic dynamic
program (4.8)-(4.10) can be solved directly by backward or forward recursion, as
explained in Section 4.3.4.

In the attended home delivery setting, solving the stochastic dynamic program
can be accelerated by making an observation similar to Observation 4.6, which is
used in Section 4.5 to speed up the solution methods for the simple DTWAP. This
observation states that if the customer dissatisfaction is independent of the time of
communication, then it is optimal to delay adjustment decisions.

In our setting, customer j is indifferent about the timing of the information,
given that it is at least three hours before the current deadline. Hence, if the next
opportunity to change the adjustments is, with certainty, at least three hours before
the deadline, then we can delay the adjustment decision. Mathematically speaking,
if the arrival time at customer i is ti, and the probability that ti+1 ≤ bj − Lj is one,
then pij = 0 is optimal.

4.7.3 Computational results

We solve the stochastic dynamic program (4.8)-(4.10) by forward recursion, as de-
scribed in Section 4.3.4, including the acceleration strategy discussed in Section 4.7.2.
The algorithm is coded in C++, and our computational results are obtained with an
Intel Core i7-8550U processor.

In Table 4.1, we compare the results of the DTWAP with two benchmarks: no
adjustment and a priori. For the no adjustment benchmark, we do not make any
time window adjustments. That is, the action at customer i is given by pi = 0 for
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every state. For the a priori benchmark, we only allow adjusting the time windows
before leaving the depot. That is, all adjustments are made a priori, and the time
windows cannot be updated dynamically.

Recall that the set of possible adjustments is given by Pj = {0, 5, 10, 15, 20, 25, 30}
for all j ∈ V ′. To obtain a fair comparison with the DTWAP, we use the same possible
adjustments for the a priori benchmark.

The a priori benchmark is calculated by enumerating all possible adjustment
vectors. For each adjustment vector, we obtain a DTWAP instance by fixing the
adjustment options accordingly. For example, if p0 = (5, 10, . . . , 10), then we set
P1 = {5}, P2 = {10}, . . . , P10 = {10}. We then use our DTWAP algorithm to obtain
the expected total dissatisfaction for the given adjustment vector. By enumeration,
the best a priori adjustment vector is found.

The reported statistics are the expected values over all 2110 ≈ 17 trillion scenarios.
To calculate these statistics efficiently, we first decide on the action for every state.
We then obtain the statistics recursively by solving stochastic dynamic programs
that are similar to (4.8)-(4.10), but with the minimization over pi replaced by the
action chosen earlier.

Before discussing the results in Table 4.1, we want to emphasize that we only
consider a single DTWAP instance. To make general statements, a more exten-
sive computational study is required. Instead, we use our illustrative example to
demonstrate the potential benefit of dynamic time window adjustment in a practical
application.

If no adjustments are made, in expectation 21.5% of the customers is served after
the communicated deadline. Even though the expected average lateness per customer
is only 2.0 minutes, the dissatisfaction is high because the customers really dislike
late deliveries, even if they are just a couple of minutes late. This characteristic
corresponds to the parameter κj = 100 in the hj function (Equation (4.39)).

If we compare the no adjustment benchmark to the DTWAP, we see that using
dynamic time window adjustments can significantly reduce the expected total dis-
satisfaction from 235.3 to 27.9. In expectation, for the average customer, the time
window is adjusted 1.2 times, and the final average postponement is 14 minutes. The
worst-off customer, which turns out to be customer 10, can expect the time window
to be adjusted 1.8 times, and the final postponement to be 26 minutes. The expected
percentage of deadlines missed decreases from 21.5% to only 0.6%, and the expected
average lateness per customer decreases from 2 minutes to 2 seconds.

Next, we compare the a priori benchmark to the DTWAP. For the a priori bench-
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Figure 4.2: Optimal adjustments for the scenario with expected travel times.

mark, the expected probability of missing a deadline is 1.2%, which is twice the prob-
ability of 0.6% for the DTWAP. The average postponement time per customer is also
higher for the a priori benchmark, with 20 minutes versus 14 minutes. We conclude
that dynamic time window adjustments may simultaneously reduce the probability
of missing a deadline, and reduce the average time window postponement.

There is a large difference in solution time between calculating the a priori bench-
mark and solving the DTWAP: 9962 seconds versus 86 seconds. This difference is
due to the large number of adjustment vectors that are enumerated in the a priori
case. Ten customers with seven adjustment options each results in 710 ≈ 282 million
possible vectors. For the DTWAP, this number is significantly smaller, because many
decisions can be delayed (see Section 4.7.2). For example, if we can delay all deci-
sions, except for the postponements of the next four customers, then only 74 = 2401
adjustment vectors need to be considered at the current state.

To gain more insight into the optimal DTWAP solution, Figure 4.2 presents the
final postponements for the scenario in which all travel times are equal to their
expected value. That is, all travel times turn out to be 60 minutes. If we would
have known in advance that this scenario would occur, no time window adjustment
would have been necessary. Without foresight, we use time windows adjustments to
anticipate the uncertainty in the travel times.

In Figure 4.2, the postponements are larger for later customers, even though
all travel times are equal to their expected value. This is because the vehicle always
waits until the time window opens, and because time windows can only be postponed
further. As a result, postponements that are used to anticipate randomness cause
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delays themselves, prompting larger time window adjustments for the later customers.
The attended home delivery example shows that, even if such a snowball effect occurs,
time window adjustment can be beneficial.

4.7.4 Heuristic solution methods

Based on the analysis in this chapter, we can construct various heuristic solution
methods. We present three such heuristics, and we apply them to our attended home
delivery example. The heuristics are compared on solution time and on expected total
dissatisfaction.

In Section 4.5, we have analyzed the simple DTWAP. For this problem, by Ob-
servation 4.6, it is optimal to only decide on the adjustment for the next customer.
Based on this fact, we have explained how to speed up the solution methods. We
can use the same idea as a heuristic: only consider the adjustments for the next
given number of customers. We implement this heuristic by making straightforward
changes to our DTWAP algorithm.

In Section 4.6, we have considered the effect of discretization. For the simple
DTWAP, we have shown that continuous adjustments can be replaced by integer
adjustments without loss of solution quality. As a heuristic, we can use a more
coarse discretization for the possible adjustments. For our example, we will consider
replacing Pj = {0, 5, 10, 15, 20, 25, 30} by Pj = {0, 10, 20, 30}.

For our third heuristic, we solve the stochastic dynamic program (4.8)-(4.10)
heuristically by assuming that all travel times are deterministic and equal to their
expected value. That is, given the current state, we solve a DTWAP in which each
travel time distribution is replaced by a degenerate distribution that is always equal to
the expected travel time. Note that the difference in dissatisfaction between applying
this heuristic and solving the DTWAP can be considered as the value of stochastic
information.

In Table 4.2, we compare the two benchmarks, the DTWAP, and the three heuris-
tics. For the first heuristic, we present two variants: only consider the next customer,
and consider the next three customers.

The first heuristic is very fast, but does not produce a good solution. Only con-
sidering the next customer results in communicating each time window adjustment
at the latest possible time. Because customers appreciate being informed timely, the
resulting solution has a relatively high expected total dissatisfaction.

This is different for considering the next three customers. In our example, cus-
tomers do not care about the exact time at which time window adjustments are
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Seconds Dissatisfaction
No adjustment 0.0 235.3

A priori 9962.4 37.6
DTWAP 86.3 27.9

Only consider the next customer 0.0 81.7
Only consider the next three customers 5.1 31.2

Coarse discretization 1.7 32.0
No stochastic information 0.0 134.6

Table 4.2: Comparison of heuristics on solution time and total expected dissatisfac-
tion.

communicated, given that they are communicated at least three hours before the
current deadline. Note that the expected travel time is 60 minutes, such that three
hours roughly corresponds to visiting the next three customers. We see that this
heuristic is able to find a solution that is relatively close to the optimal solution, in
a fraction of the time that we need to solve the DTWAP.

For our example, the coarse discretization heuristic is the second best heuristic in
terms of solution quality. By limiting the number of adjustment options, the number
of possible adjustment vectors decreases exponentially. This explains the relatively
fast solution time. We also want to point out that the coarse discretization heuristic
provides a better solution than the a priori benchmark. This demonstrates that, in
our example, allowing adjustments to be dynamic is more important than providing
more adjustment options.

Finally, we consider the heuristic in which we do not use any stochastic infor-
mation. This heuristic is fast, but the solution quality is bad. Our attended home
delivery example thus demonstrates that not accounting for random travel times can
be harmful to the satisfaction of the customers.

4.8 Conclusion

In this chapter, we introduce dynamic time window adjustment to the literature. To
the best of our knowledge, this topic has not yet attracted the attention of researchers.
On the other hand, dynamic time window adjustments are highly relevant in practice,
and are often used to improve customer satisfaction.

We provide a general model and we introduce the DTWAP to optimize the dy-
namic time window adjustments. We consider three different solution methods for
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the DTWAP, and we discuss their advantages and disadvantages.
We also introduce the simple DTWAP, which we analyze in more detail. We

explain why the simple DTWAP can be solved more efficiently than in general, and
for three variants we show that the simple DTWAP decomposes into independent
problems per customer. Furthermore, under certain assumptions, we prove that
discretizing time still yields an optimal solution for the simple DTWAP.

In our illustrative example on attended home delivery, we demonstrate how the
results of this chapter can be used to solve the DTWAP in a practical application.
Based on our analysis, we choose the solve our problem by discretization and forward
recursion. Ideas developed throughout the chapter are used to construct and test
three different heuristics.

Our computational results show that dynamic time window adjustment has the
potential to improve customer satisfaction. If we compare a priori (non-dynamic)
time window adjustment to dynamic time window adjustment, we see for our example
that using the latter results in missing less deadlines, while the time windows are
adjusted by smaller amounts.

For future work, it can be interesting to use dynamic time window adjustments in
specific settings, including parcel delivery, attended home delivery, and retailer distri-
bution. This includes the construction of suitable customer dissatisfaction functions
and metrics to measure the actual improvement. Another direction for further re-
search is to search for special cases that allow the DTWAP to be solved relatively
efficiently, as is the case for the simple DTWAP, and to develop specialized algo-
rithms.

Finally, we may integrate the DTWAP with other problems. The initial time
windows, for example, are now assumed to be fixed. Integrating the initial time
window assignment with the DTWAP is a relevant practical problem that has not
yet been considered.

Another possibility is combining the DTWAP with stochastic vehicle routing. Our
computational experiments indicate that after making a priori decisions, dynamic
time window adjustments can improve customer satisfaction further. As such, we see
an interesting opportunity in improving customer satisfaction by combining dynamic
time window adjustment and stochastic vehicle routing.
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Appendix

4.A Proof of Proposition 4.1
Proposition 4.1. The DTWAP is strongly NP-hard, even for deterministic travel
times, and for dissatisfaction functions that can be evaluated in polynomial time.

Proof. We first observe the following. If n = 1, t0 = 0, P1 = N≥0, and h1(x1, p
0
1) = 0,

then the DTWAP simplifies to

min
p0

1∈N≥0
g1(0, 0, p0

1). (4.40)

That is, solving the DTWAP is at least as hard as minimizing a general one-dimensional
function over N≥0. Note that this fact is independent of the adjustment type (EXT
or POS) and the waiting behavior (NW, AW, or VW).

Next, we present a polynomial-time reduction from the MAX-CUT problem to
Problem (4.40). For our purpose, it is sufficient to note the following two facts. First,
MAX-CUT is defined on a graph with m vertices and is strongly NP-hard (Garey
and Johnson, 1979). Second, MAX-CUT can be stated as miny∈{0,1}m f(y), for some
quadratic function f (Boros and Hammer, 1991). The values of the coefficients of f
are polynomial in the input values.

Now define the function g1(0, 0, p0
1), as follows. Without loss of generality, we

assume that p0
1 is encoded as a binary number. If p0

1 has more than m digits, then
g1(0, 0, p0

1) = ∞. If p0
1 has at most m digits, then pad the left with zeros to obtain

a binary number with exactly m digits. Interpret this binary number as a binary
vector y and return f(y). Clearly, every binary vector of length m can be constructed
in this way.

Hence, we have shown that MAX-CUT reduces to Problem (4.40), which is a
special case of the DTWAP. It can be verified that this is a polynomial-time reduction.
Furthermore, it can be seen that our reduction does not introduce large numerical
parameters. It follows that the DTWAP is strongly NP-hard.

4.B Properties of the simple DTWAP - Voluntarily
Wait

In the VW case, the voluntary waiting time wi ∈ Wi = R≥0 is a decision variable.
The departure time di+1(ti+1, wi+1, p

i
i+1) = ti+1 +wi+1 is the sum of the arrival time
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and the voluntary waiting time.
Let w∗i (ti, pi−1

i ) be an optimal waiting time for when the vehicle arrives at cus-
tomer i, at time ti, with time window adjustment pi−1

i . That is, we define

w∗i (ti, pi−1
i ) = arg min

wi≥0

{
c̄i(ti + wi) + hi(ti + wi, p

i−1
i )

}
. (4.41)

In Equation (4.29), we may then replace the minimization over wi+1 with an
optimal value w∗i+1. We obtain

c̄i(xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
c̄i+1 (xi+1) + hi+1(xi+1, p

i
i+1)

]}
, (4.42)

with xi+1 = ti+1 + w∗i+1(ti+1, p
i
i+1) and ti+1 = xi + tii+1 in the right-hand side.

Proposition 4.10. Let X∗i = arg minXi∈R {c̄i(Xi)−Xiδi} be the preferred departure
time from customer i. Then w∗i (ti, pi−1

i ) can be stated as follows.

• For EXT-VW, w∗i (ti, pi−1
i ) = (min{X∗i , ai} − ti)

+.

• For POS-VW, w∗i (ti, pi−1
i ) =

(
min{X∗i , ai + pi−1

i } − ti
)+.

Proof. Recall that the value function c̄i is a convex function. Additionally, under
VW, the value function is non-decreasing in the departure time xi. This follows from
the fact that the vehicle can always depart later by waiting.

The function hi(xi, pi−1
i ) is non-increasing in the departure time xi until the start

of the (adjusted) time window, zero within the time window, and non-decreasing
after the end of the time window. As the value function c̄i is non-decreasing in
the departure time, it is optimal to not wait further than the beginning of the time
window. That is, it is optimal to assume that w∗i (ti, pi−1

i ) ≤ (ai− ti)+ for EXT-VW
and w∗i (ti, pi−1

i ) ≤ (ai + pi−1
i − ti)+ for POS-VW.

In the case of EXT-VW, we show that

w∗i (ti, pi−1
i ) = arg min

wi≥0

{
c̄i(ti + wi) + hi(ti + wi, p

i−1
i )

}
(4.43)

= arg min
0≤wi≤(ai−ti)+

{c̄i(ti + wi)− wiδi} . (4.44)

Note that (4.43) is simply the definition of w∗i (ti, pi−1
i ).

To go from (4.43) to (4.44), we first add the upper bound wi ≤ (ai − ti)+ as
discussed above. If ti ≥ ai, then we arrive at customer i after the start of the time
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window. It is then optimal not to wait, i.e., wi = 0, which is forced by 0 ≤ wi ≤
(ai − ti)+.

If ti < ai, then wi ≤ (ai − ti)+ implies that xi = ti + wi ≤ ai. That is, the
vehicle departs from customer i before or at the time that the time window opens.
By definition, the function hi is non-increasing on this domain with a fixed slope
of δi. Because we are only interested in the argument, and not in the value of the
minimum, we may ignore the other variables and replace hi(ti +wi, p

i−1
i ) by −wiδi.

To solve the problem in (4.44), we first make a change of variables from wi to
Xi = ti +wi. Let X∗i be the unconstrained minimum over the extended real number
line, denoted by R = R ∪ {−∞,∞}. That is,

X∗i = arg min
Xi∈R

{c̄i(Xi)− (Xi − ti)δi} (4.45)

= arg min
Xi∈R

{c̄i(Xi)−Xiδi} . (4.46)

Note that we may remove tiδi because this term is not dependent on Xi.
The value X∗i is the preferred departure time from customer i. That is, if there

exists a waiting time 0 ≤ wi ≤ (ai − ti)+ such that the vehicle departs at X∗i , then
this is optimal. If no such waiting time wi satisfies the constraints, it is optimal to
select the closest feasible point. This is a property of one-dimensional convex mini-
mization problems. It can be shown that this results in w∗i (ti) = (min{X∗i , ai} − ti)

+

for EXT-VW. For POS-VW, a similar argument can be given to demonstrate that
w∗i (ti, pi−1

i ) =
(
min{X∗i , ai + pi−1

i } − ti
)+.

By Proposition 4.10, we may simplify (4.42) further. For EXT-VW, we obtain

c̄i(xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
hi+1(xi+1, p

i
i+1)

]}
+ E [c̄i+1 (xi+1)] , (4.47)

with xi+1 = ti+1 +
(
min{X∗i+1, ai+1} − ti+1

)+ and ti+1 = xi+tii+1 on the right-hand
side.

Note that in this case, we cannot decompose the simple DTWAP in the same
way as before. This is because the departure time xi+1 depends on the preferred
departure time X∗i+1, which depends on the following customers.

It is true, however, that the optimal adjustment vector pi only depends on the
future customers through X∗i+1. It is possible that this fact can be exploited by
solution methods, for example by estimatingX∗i+1, instead of using the value function
c̄i+1.
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For POS-VW, we are unable to simplify Equation (4.42) further. In this case,
the departure time xi+1 depends on the optimal waiting time w∗i (ti, pi−1

i ), which
depends on the adjustment pi−1

i . As such, the E[c̄i+1] term cannot be taken out of
the minimum.

4.C Proof of Proposition 4.8
Proposition 4.8. The simple DTWAP with discretized time allows for optimal in-
teger decisions in the cases of EXT-NW, POS-NW, and EXT-AW.

Proof. First consider EXT-NW and POS-NW. In Section 4.5.2, we have shown that
in the cases of EXT-NW and POS-NW, the function c̄i simplifies to

c̄i (xi) = min
pi

i+1∈Pi+1

{
gi+1(0, pii+1) + E

[
hi+1(xi + tii+1, p

i
i+1)

]}
+ E [c̄i+1 (xi + tii+1)] .

(4.30)

For convenience, we define

f(pii+1) = gi+1(0, pii+1) + E
[
hi+1(xi + tii+1, p

i
i+1)

]
, (4.48)

such that an optimal action can be found by minimizing f(pii+1) over pii+1 ∈ Pi+1.
Note that f is a piece-wise linear function: the functions gi+1 and hi+1 are poly-

hedral convex by definition, and by assumption, the expectation can be written as a
finite sum. It follows that the sum is a polyhedral convex function, which is piece-wise
linear by definition.

Now assume that xi ∈ Z. By piece-wise linearity, there exists an optimal solution
pii+1 that is a breakpoint of f , or a boundary point of Pi+1. If pii+1 is a breakpoint
of f , then pii+1 must also be a breakpoint of one of its summands. It is easily verified
that for xi ∈ Z and integer travel times, the functions gi+1 and hi+1 only have
breakpoints for integer pii+1. This follows immediately from the definitions (4.20)
and (4.21)-(4.22), respectively, and from the integrality of the parameters. If pii+1 is
a boundary point of Pi+1, then pii+1 is integer by assumption.

The departure time from the depot, x0, is integer by assumption. By the argument
above, there exists an optimal integer action p0

1. By assumption, the time windows
and the travel times are integer. It follows that the arrival and departure time
at customer 1 are again integer, which leads to an optimal integer action p1

2, etc.
By induction, we have proven that the simple DTWAP allows for optimal integer
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decisions in the cases of EXT-NW and POS-NW.
The proof for EXT-AW is similar to the proof for EXT-NW and POS-NW, but

with a different function f . In this case, we use Equation (4.32) to obtain

f(pii+1) = gi+1(0, pii+1) + E
[
hi+1(max{xi + tii+1, ai+1}, pii+1)

]
. (4.49)

Note that the function f remains piece-wise linear in pii+1. It is again easily
verified that for xi ∈ Z, integer travel times, and integer time windows, the functions
gi+1 and hi+1 only have breakpoints for integer pii+1. The other parts of the proof
are the same as in the NW case.

4.D Proof of Proposition 4.9

Before proving Proposition 4.9, we prove Lemmas 4.11 to 4.16. For convenience,
we define functions f(pii+1), similar as in the proof of Proposition 4.8. Using Equa-
tion (4.27), it is straightforward to show that all f are polyhedral convex functions.
For POS-AW, we use Equation (4.34) to obtain

f(pii+1) = gi+1(0, pii+1) + E
[
hi+1(max{xi + tii+1, ai+1 + pii+1}, pii+1)

]
+

E
[
c̄i+1

(
max{xi + tii+1, ai+1 + pii+1}

)]
. (4.50)

For EXT-VW and POS-VW, we use Equation (4.47) to obtain

f(pii+1) =gi+1(0, pii+1) + E
[
hi+1(xi+1, p

i
i+1)

]
+ E [c̄i+1 (xi+1)] , (4.51)

with in the right-hand side

• xi+1 = ti+1 +
(
min{X∗i+1, ai+1} − ti+1

)+ and ti+1 = xi + tii+1 for EXT-VW,

• xi+1 = ti+1 +
(
min{X∗i+1, ai+1 + pii+1} − ti+1

)+ and ti+1 = xi + tii+1 for POS-
VW.

For brevity, we define Assumption 1, which we refer to in the lemmas.

Assumption 1. Assume that the combination of adjustment type and waiting be-
havior is POS-AW, EXT-VW, or POS-VW. Let i ∈ {0, . . . , n− 1} and assume that
c̄i+1 is piece-wise linear and all breakpoints are integer.
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Lemma 4.11. Under Assumption 1, every breakpoint pii+1 of f satisfies at least one
of the equations as marked in the table below:

Description Equation P
O

S-
A

W

E
X

T
-V

W

P
O

S-
V

W

No adjustment: pii+1 = 0 × × ×
Arrive at start time window POS for some tii+1: xi + tii+1 = ai+1 + pii+1 × ×
Arrive at end time window for some tii+1: xi + tii+1 = bi+1 + pii+1 × × ×
Start time window POS is integer: ai+1 + pii+1 ∈ Z × ×
Time window POS start at preferred departure time: X∗i+1 = ai+1 + pii+1 ×
Time window ends at preferred departure time: X∗i+1 = bi+1 + pii+1 × ×
Time window has width zero: ai+1 = bi+1 + pii+1 ×

Proof. If pii+1 is a breakpoint of f , then pii+1 must also be a breakpoint of one of
its summands. Recall that by assumption, the expectation can be written as a finite
sum.

Consider the case POS-AW. If pii+1 is a breakpoint of gi+1, then it follows from
the definition of gi+1, Equation (4.20), that pii+1 = 0. Next, consider the hi+1 term.
Note that hi+1 is defined by Equation (4.22). Without loss of generality, we may as-
sume that δi+1 = 0, i.e., there is no penalty for early delivery. This is possible because
we always wait until the time window opens. It follows that the hi+1 term within the
expectation can be written as

(
(max{xi + tii+1, ai+1 + pii+1} − (bi+1 + pii+1)

)+
γi+1.

We observe two potential breakpoints for each hi+1 term. First, we may have
a breakpoint when the two arguments of the maximum are equal, i.e., xi + tii+1 =
ai+1 + pii+1. Second, if xi + tii+1 > ai+1 + pii+1 then xi + tii+1 = bi+1 + pii+1 is a
potential breakpoint. Note that if xi + tii+1 < ai+1 + pii+1, then the hi+1 term is
equal to

(
ai+1 + pii+1 − (bi+1 + pii+1)

)+
γi+1 = (ai+1 − bi+1)+

γi+1, which is constant
in pii+1 and does not result in any breakpoints.

Next, we consider breakpoints due to the c̄i+1 term. Again, we can have a break-
point if the arguments of the minimum are equal. By Assumption 1, the function
c̄i+1 only has integer breakpoints. Hence, if xi + tii+1 < ai+1 + pii+1, we have a
potential breakpoint for ai+1 + pii+1 ∈ Z. Note that if xi + tii+1 > ai+1 + pii+1, then
the c̄i+1 term is constant in pii+1. This concludes the proof for POS-AW.

Next, consider the case EXT-VW. For the gi+1 term, we again obtain pii+1 =
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0. In the definition of f , Equation (4.51), we have

xi+1 =

xi + tii+1 if xi + tii+1 ≥ min{X∗i+1, ai+1}

min{X∗i+1, ai+1} if xi + tii+1 ≤ min{X∗i+1, ai+1}.
(4.52)

That is, if the vehicle arrives at customer i+ 1 before min{X∗i+1, ai+1}, then it waits
until that time. If the vehicle arrives later, customer i+ 1 is served immediately.

Now consider the hi+1 terms. From the definition, Equation (4.21), it follows that
these terms are given by

(
xi+1 − (bi+1 + pii+1)

)+
γj + (ai+1 − xi+1)+

δj . If xi+1 =
xi + tii+1, we have a potential breakpoint for xi + tii+1 = bi+1 + pii+1. Note that
(ai+1 − (xi + tii+1))+

δj is constant in pii+1, and thus does not yield breakpoints. If
xi+1 = min{X∗i+1, ai+1}, then depending on whether X∗i+1 or ai+1 is the minimum,
we obtain potential breakpoints for X∗i+1 = bi+1 + pii+1 and ai+1 = bi+1 + pii+1.
Finally, we consider xi + tii+1 = min{X∗i+1, ai+1}, i.e., the value for which (4.52)
switches cases. Again, we find potential breakpoints for X∗i+1 = bi+1 + pii+1 and
ai+1 = bi+1 + pii+1.

Next, we consider breakpoints due to the c̄i+1 term. It follows from the definition
of xi+1, Equation (4.52), that c̄i+1(xi+1) is constant in pii+1. Hence, the c̄i+1 term
does not provide additional potential breakpoints. This completes the proof for
EXT-VW.

Finally, we consider POS-VW. For the gi+1 term, we again obtain pii+1 = 0.
In the definition of f , Equation (4.51), we have

xi+1 =

xi + tii+1 if xi + tii+1 ≥ min{X∗i+1, ai+1 + pii+1}

min{X∗i+1, ai+1 + pii+1} if xi + tii+1 ≤ min{X∗i+1, ai+1 + pii+1}.
(4.53)

That is, if the vehicle arrives at customer i+1 before min{X∗i+1, ai+1 +pii+1}, then it
waits until that time. If the vehicle arrives later, customer i+1 is served immediately.

The hi+1 terms are defined by Equation (4.22). As in the POS-AW case, we as-
sume without loss of generality that δi+1 = 0. It follows that the hi+1 terms are given
by
(
xi+1 − (bi+1 + pii+1)

)+
γj . If xi+1 = xi + tii+1, we obtain a potential breakpoint

for xi+tii+1 = bi+1+pii+1. Similarly, if xi+1 = X∗i+1, we obtain a potential breakpoint
for X∗i+1 = bi+1 + pii+1. For xi+1 = ai+1 + pii+1 we have

(
xi+1 − (bi+1 + pii+1)

)+
γj

= (ai+1 − bi+1)+
γj , which is constant in pii+1.

Next, we consider the points where xi+1 switches cases. From xi + tii+1 =
min{X∗i+1, ai+1+pii+1} we obtain a potential breakpoint for xi+1+tii+1 = ai+1+pii+1.



126 Chapter 4

Note that if X∗i+1 < ai+1 + pii+1, then the minimum is constant in pii+1 and does not
yield potential breakpoints. Finally, there can be a breakpoint if the arguments of
the minimum are equal, i.e., X∗i+1 = ai+1 + pii+1.

Now consider the breakpoints due to the c̄i+1 term. By Assumption 1, we have
a potential breakpoint due to c̄i+1(xi+1) is xi+1 is not constant in pii+1, and xi+1

is integer. It follows that we can only get a breakpoint if xi+1 = ai+1 + pii+1. The
potential breakpoints that we find are given by ai+1 + pii+1 ∈ Z. This completes the
proof of POS-VW. After proving the cases POS-AW, EXT-VW, and POS-VW, we
have proven the lemma.

Lemma 4.12. Under Assumption 1, the preferred departure time X∗i+1 from cus-
tomer i + 1 (see Proposition 4.10, Appendix 4.B) can be chosen such that X∗i+1 ∈
Z ∪ {−∞,∞}.

Proof. By definition, X∗i+1 = arg minXi+1∈R {c̄i+1(Xi+1)−Xi+1δi+1}. Under As-
sumption 1, the function c̄i+1(Xi+1) − Xi+1δi+1 is piece-wise linear and only has
breakpoints on the integers. As X∗i+1 is the arg min of this function, we may assume
that X∗i+1 ∈ Z ∪ {−∞,∞}.

Lemma 4.13. Based on the parameter xi, let p∗(xi) = arg minpi
i+1∈Pi+1 f(pii+1)

be an optimal adjustment. Under Assumption 1, if x̄i /∈ Z, then p∗(xi) = C or
p∗(xi) = xi + C on the domain xi ∈ (bx̄ic, dx̄ie), for some integer value C.

Proof. For convenience, we define p̄ii+1 = p∗(x̄i) to be the optimal adjustment that
corresponds to the departure time x̄i. Throughout this proof, we assume that xi ∈
(bx̄ic, dx̄ie). We refer to this set as the neighborhood of x̄i. We use f̄ to denote the
function f in which xi is replaced by x̄i.

We define Q to be the set of potential breakpoints of f . That is, for a given value
of xi, the set Q contains all values of pii+1 that satisfy at least one of the relevant
equations in Lemma 4.11. Similarly, we define Q̄ to be the set of potential breakpoints
of f̄ . By definition, there is a bijection between Q and Q̄.

Consider q ∈ Q and q̄ ∈ Q̄, both defined by the same equation. By going over the
equations in Lemma 4.11, and using that x̄i /∈ Z and xi ∈ (bx̄ic, dx̄ie), the following
three implications can be verified.

1. If q̄ ∈ Z then q − q̄ = 0, i.e., the difference between q and q̄ is zero.

2. If q̄ /∈ Z then q̄ − x̄i ∈ Z, i.e., q̄ and x̄i have the same fractional part.
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3. If q̄ /∈ Z then q − q̄ = xi − x̄i, i.e., the difference between q and q̄ is equal to
the difference between xi and x̄i.

For example, consider the third equation in Lemma 4.11. We obtain xi + tii+1 =
bi+1 + q and x̄i + tii+1 = bi+1 + q̄. We first verify the first statement. If q̄ ∈ Z, then
it follows from the integrality of tii+1 and bi+1 that x̄i ∈ Z. This contradicts the
assumption that x̄i /∈ Z, and the implication trivially holds. Next, we consider q̄ /∈ Z.
Rewriting the equations yields q − xi = tii+1 − bi+1 and q̄ − x̄i = tii+1 − bi+1, which
shows q̄− x̄i ∈ Z and q− q̄ = xi− x̄i. Hence, both implications hold. The verification
of the three implications for the other equations in Lemma 4.11 is similar.

It can be seen that the subdifferential ∂f(pii+1) is uniquely determined by the
set of potential breakpoints q such that q < pii+1, and whether pii+1 is a potential
breakpoint itself. This follows from the fact that the slopes of the summands of f can
only change at the potential breakpoints, and that replacing xi by x̄i only changes
the locations of the potential breakpoints, and not the slopes before and after the
potential breakpoints.

Next, we show that the ordering of the potential breakpoints is the same for f
and f̄ . Earlier, we have shown that if q̄ ∈ Z, then q − q̄ = 0, i.e., the potential
breakpoints are equal (Implication 1). In the case of q̄ /∈ Z we have shown that
q − q̄ = xi − x̄i (Implication 3) and that q̄ and x̄i have the same fractional part
(Implication 2). By assumption, x̄ /∈ Z, and xi ∈ (bx̄ic, dx̄ie). It follows immediately
that q ∈ (bq̄c, dq̄e). In summary, f and f̄ have the same integer breakpoints, and
all fractional breakpoints change by the same amount. The fractional breakpoints
remain fractional, which implies that the ordering of the potential breakpoints is the
same for f and f̄ .

As an immediate consequence, we have ∂f(q) = ∂f̄(q̄) for corresponding potential
breakpoints q and q̄. Furthermore, the subdifferential of f at a point between two
sequential potential breakpoints q and q′ is equal to the subdifferential of f̄ at a point
between q̄ and q̄′. A similar argument can be made for a point between a boundary
point of Pi+1 and the closest potential breakpoint. Note that the lemma is trivially
satisfied if Pi+1 is a singleton.

We are now ready to prove that if x̄i /∈ Z, then p∗(xi) = C or p∗(xi) = xi+C, for
xi in the neighborhood of x̄i, for an integer value C. Consider an optimal adjustment
p̄ii+1 ∈ R for a given departure time x̄i /∈ Z. Because f̄ is a polyhedral convex
function, we may assume that p̄ii+1 is a breakpoint of f̄ with 0 ∈ ∂f̄(p̄ii+1), or p̄ii+1 is
a boundary point of Pi+1.

We first consider the breakpoints of f̄ . If p̄ii+1 is a breakpoint of f̄ and p̄ii+1 ∈ Z,
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then pii+1 = p̄ii+1 is the corresponding breakpoint of f . It follows that ∂f̄(p̄ii+1) =
∂f(pii+1) 3 0, which implies by convexity that pii+1 is optimal for xi. Hence, we
have p∗(xi) = C with C = p̄ii+1, which is integer by assumption. Similarly, if p̄ii+1

is breakpoint of f̄ and p̄ii+1 /∈ Z, then pii+1 − p̄ii+1 = xi − x̄i (Implication 3) ⇔
pii+1 = xi + p̄ii+1− x̄i is optimal for xi. That is, p∗(xi) = xi +C, with C = p̄ii+1− x̄i.
Note that C is integer by Implication 2.

Next, we consider the case that p̄ii+1 is a boundary point of Pi+1. By assumption,
the boundary points of Pi+1 are integral. It follows that pii+1 = p̄ii+1. Hence, we can
use p∗(xi) = C, with C = p̄ii+1 integer. This completes the proof.

Lemma 4.14. Under Assumption 1, for case POS-AW, we have that c̄i is piece-wise
linear and all breakpoints are integer.

Proof. From the definition of c̄i, Equation (4.27), it is straightforward to show that
c̄i is a polyhedral convex function. Hence, c̄i is piece-wise linear. It remains to prove
that c̄i has no breakpoints on the integers.

We prove this fact by contradiction. First, we assume that xi /∈ Z is a breakpoint
of c̄i(xi). By Lemma 4.13, we have that the optimal adjustment in the neighborhood
of xi is given by p∗(xi) = C or p∗(xi) = xi + C for some integer value C.

If we substitute the optimal actions into the definition of c̄i(xi), we obtain a
straightforward expression for this function that is valid in the neighborhood of the
current state xi. By analyzing this expression, we show that it only has breakpoints
on the integers. By contradiction, xi /∈ Z cannot be a breakpoint.

By definition, c̄i(xi) = minpi
i+1∈Pi+1 f(pii+1). Instead of minimizing over pii+1, we

use the optimal adjustment p∗(xi). We then obtain c̄i(xi) = f(p∗(xi)).
First consider p∗(xi) = C. Recall that C ∈ Z by Lemma 4.13. It follows from

Equation (4.50) that

c̄i(xi) = gi+1(0, C) + E [hi+1(max{xi + tii+1, ai+1 + C}, C)] +

E [c̄i+1 (max{xi + tii+1, ai+1 + C})] . (4.54)

Next, we consider the breakpoints of c̄i(xi). Note that the gi+1 term is constant
in xi, and does not result in any breakpoints. It is straightforward to verify that hi+1

only has breakpoints for integer xi. This follows from the fact that all parameters are
integer. By Assumption 1, c̄i+1 only has breakpoints for the integers. If xi + tii+1 <

ai+1 + C, then the c̄i+1 term is constant in xi and does not give any potential
breakpoints. If xi + tii+1 > ai+1 + C, then potential breakpoints are given by
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xi + tii+1 ∈ Z, which implies that the breakpoints xi of c̄i are integer. Finally, we
may have a breakpoint for xi + tii+1 = ai+1 + C, which also corresponds to xi ∈ Z.

Hence, for p∗(xi) = C, we have shown that if xi /∈ Z is a breakpoint of c̄i, then the
function c̄i defined in the neighborhood of xi only has breakpoints on the integers. By
contradiction, xi /∈ Z cannot be a breakpoint. It follows that c̄i only has breakpoints
on the integers.

We have to show the same result for p∗(xi) = xi + C. In this case, we have

c̄i(xi) = gi+1(0, xi + C) + E [hi+1(max{xi + tii+1, ai+1 + xi + C}, xi + C)] +

E [c̄i+1 (max{xi + tii+1, ai+1 + xi + C})] . (4.55)

Again, by combining Assumption 1 with the fact that all parameters are integer, it is
straightforward to show that c̄i only has breakpoints on the integers. Applying the
same contradiction argument as for p∗(xi) = C completes the proof.

Lemma 4.15. Under Assumption 1, for case EXT-VW, we have that c̄i is piece-wise
linear and all breakpoints are integer.

Proof. We use the same argument as in Lemma 4.14, but for a different function c̄i.
Specifically, we show that the function c̄i(xi) = f(p∗(xi)) only has breakpoints for
integer xi, with f as in Equation (4.51). The other parts of the proof are identical.

In this case, we obtain

c̄i(xi) = gi+1(0, p∗(xi))+

E
[
hi+1

(
xi + tii+1 +

(
min{X∗i+1, ai+1} − (xi + tii+1)

)+
, p∗(xi)

)]
+

E
[
c̄i+1

(
xi + tii+1 +

(
min{X∗i+1, ai+1} − (xi + tii+1)

)+)]
. (4.56)

It then needs to be verified that c̄i only has integer breakpoints when p∗(xi) = C

and when p∗(xi) = xi+C, for some integer C. This can be shown using the integrality
of the parameters, and using that c̄i+1 only has breakpoints on the integers (Assump-
tion 1). The arguments are straightforward, and similar to those in Lemma 4.11 and
Lemma 4.14. As such, we omit them here.

After it is shown that (4.56) only has integer breakpoints, the proof for the EXT-
VW case is the same as the proof for the POS-AW case (Lemma 4.14).

Lemma 4.16. Under Assumption 1, for case POS-VW, we have that c̄i is piece-wise
linear and all breakpoints are integer.
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Proof. Similar to the proof of Lemma 4.15, but for a different function c̄i. From
Equation (4.51) we obtain In this case, we obtain

c̄i(xi) = gi+1(0, p∗(xi))+

E
[
hi+1

(
xi + tii+1 +

(
min{X∗i+1, ai+1 + p∗(xi)} − (xi + tii+1)

)+
, p∗(xi)

)]
+

E
[
c̄i+1

(
xi + tii+1 +

(
min{X∗i+1, ai+1 + p∗(xi)} − (xi + tii+1)

)+)]
.

(4.57)

Similar as in Lemma 4.11, Lemma 4.14, and Lemma 4.15, it can be proven that c̄i
only has integer breakpoints. These steps are omitted here. Using the argument of
Lemma 4.14 completes the proof.

Proposition 4.9. The simple DTWAP with discretized time allows for optimal in-
teger decisions in the cases of POS-AW, EXT-VW, and POS-VW.

Proof. By definition, c̄n = 0, which is linear and does not have breakpoints. Lem-
mas 4.14 to 4.16 show for all i ∈ {0, . . . , n − 1} that if c̄i+1 is piece-wise linear and
only has integer breakpoints, then the same is true for c̄i. By induction, it follows
that c̄i is piece-wise linear and only has integer breakpoints for all i ∈ {0, . . . , n}.

It then follows from Lemma 4.11 that for a given x ∈ Z, there exists an optimal
adjustment pii+1 ∈ Z. It follows from Lemma 4.12, and from the definition of the
optimal waiting time, that there also exist optimal voluntary waiting times that are
integer.

Hence, for a given integer state, there exist optimal integer actions. If integer
actions are taken, the next state will again be integer. This can be seen from Equa-
tion (4.29), the definition of c̄i. It follows that the simple DTWAP with discretized
time allows for optimal integer decisions in the cases of POS-AW, EXT-VW, and
POS-VW.
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Summary and conclusion

In this thesis, we consider two main problems: the Time Window Assignment Vehicle
Routing Problem (TWAVRP) and the Dynamic Time Window Adjustment Problem
(DTWAP). In the Introduction (Chapter 1), we explain the motivation and the prac-
tical relevance behind studying these problems. Chapters 2 and 3 are dedicated to
developing solution methods for the TWAVRP, whereas in Chapter 4 we analyze the
DTWAP.

In Chapter 2, we present our branch-and-cut algorithm for the TWAVRP. This
algorithm marks a significant improvement for the computational tractability of the
TWAVRP. In our experiments, we demonstrate that the new algorithm is about 200
times faster than the branch-price-and-cut algorithm by Spliet and Gabor (2015),
which was the best known algorithm at the time. Furthermore, we can handle net-
works with more customers than previously possible.

The success of the algorithm in Chapter 2 is in part due to a novel set of valid in-
equalities: the precedence inequalities. We present multiple heuristics to separate the
precedence inequalities, and we show experimentally that using precedence inequal-
ities speeds up our algorithm by a factor 3.8. The precedence inequalities represent
an important mathematical property of the TWAVRP, which is used in a different
context in Chapter 3.

In Chapter 3, we present our branch-price-and-cut algorithm for the TWAVRP.
This new algorithm outperforms the algorithm in Chapter 2 by properly addressing
orientation-symmetry. Solutions are orientation-symmetric when they use the same
routes, but one or more routes have a different orientation, i.e., the clients are visited
in the reverse order. We observe that TWAVRP instances that are difficult to solve,
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often have many orientation-symmetric solutions.
To address the issue of symmetry, we introduce an edge-based branching method

combined with additional components to eliminate orientation-symmetry from the
search tree. Furthermore, we present enhancements to make this method efficient in
practice. For the enhancements, we make use of the precedence inequalities presented
in Chapter 2.

Applying the edge-based branching method to our branch-price-and-cut algorithm
significantly improves computational performance. Our experiments show that the
number of nodes in the search tree is reduced by 92.6% on average. This demonstrates
that addressing orientation-symmetry indeed plays an important role in solving the
TWAVRP.

Even though we focus on solving the TWAVRP, the idea of addressing orientation-
symmetry is not TWAVRP specific. For example, our branching method can be
applied to other vehicle routing problems with consistency considerations or syn-
chronization requirements. Given the benefit of addressing orientation-symmetry in
the TWAVRP, applying our method to other problems is an interesting direction for
further research.

In Chapter 4, we derive general properties of the DTWAP, and we present three
different solution methods. We do not restrict ourselves to specific customer dissatis-
faction functions. As such, this chapter can serve as a guide for solving the DTWAP
in a variety of settings, including parcel delivery, attended home delivery, and retailer
distribution.

Our illustrative example about attended home delivery demonstrates how the
results of Chapter 4 can be used to solve practical problems. Our computational
results show that dynamic time window adjustments have the potential to improve
customer satisfaction by effectively communicating delays to the customers. Finally,
we demonstrate how the ideas developed throughout Chapter 4 can be used to con-
struct different heuristics.

The DTWAP is a novel problem with the potential to improve customer satis-
faction in a variety of settings. As such, there are plenty of opportunities for further
research, including practical applications of the DTWAP, and integration of the DT-
WAP with vehicle routing problems.
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Abstract

In delivery networks, companies assign time windows to customers, informing them
between which times they may expect service. Unfortunately, these time windows are
often too wide to be informative, for example from 9am to 5pm. Another problem is
that time windows may not be met due to unforeseen delays.

In this thesis, we study assigning time windows in distribution networks to im-
prove customer satisfaction. More and more companies realize that the satisfaction
of their customers is important. As such, the customers cannot be ignored when
assigning time windows and constructing delivery routes.

We consider two optimization problems that explicitly incorporate the satisfaction
of the customers. First, we study the Time Window Assignment Vehicle Routing
Problem. This is the problem of assigning time windows for delivery before demand
volume becomes known. In this case, the distributor guarantees service within the
assigned time window, regardless of the realization of demand.

Second, we introduce and study the Dynamic Time Window Adjustment Prob-
lem. Here, the distributor is faced with travel time uncertainty. To deal with this
uncertainty, the time windows that are communicated to the customers can be up-
dated throughout the day. Adjustments may not be appreciated by the customers.
However, informing the customer timely that a delivery will be made in a later time
window is preferred to missing the deadline unannounced. We call these updates
dynamic time window adjustments, and the Dynamic Time Window Adjustment
Problem is the problem of optimizing these.
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Nederlandse Samenvatting
(Abstract in Dutch)

In distributienetwerken is het gebruikelijk dat bedrijven tijdvensters toekennen aan
klanten om ze te informeren tussen welke tijden er wordt geleverd. Helaas zijn zulke
tijdvensters vaak erg ruim, bijvoorbeeld van 9 uur ’s ochtends tot 5 uur ’s mid-
dags, waardoor ze weinig informatie geven. Een ander probleem is dat onvoorziene
vertragingen ervoor kunnen zorgen dat de tijdvensters niet worden gehaald.

In dit proefschrift onderzoeken we het toekennen van tijdvensters in distributie-
netwerken, met als doel de klanttevredenheid te verbeteren. Steeds meer bedrijven
realiseren zich dat de tevredenheid van hun klanten belangrijk is. Het volgt dat de be-
langen van de klant niet genegeerd kunnen worden bij het toekennen van tijdvensters
en het plannen van bezorgroutes.

We beschouwen twee optimalisatieproblemen waarin klanttevredenheid expliciet
wordt meegenomen. Het eerste probleem dat we bestuderen is het Tijdvenstertoe-
kenning en Voertuigrouteringsprobleem (Time Window Assignment Vehicle Routing
Problem). Dit probleem vraagt om tijdvensters toe te kennen voordat de groottes van
de orders bekend zijn. In dit geval garandeert de distributeur dat levering plaatsvindt
binnen het toegekende tijdvenster, ongeacht de daadwerkelijke ordergroottes.

Het tweede probleem dat we bestuderen is het Dynamische Tijdvensteraanpas-
singsprobleem (Dynamic Time Window Adjustment Problem). Voor dit probleem
heeft de distributeur te maken met onzekere reistijden. Om hier mee om te gaan
staan we toe dat de tijdvensters gedurende de dag worden bijgesteld. Het aanpas-
sen van de tijdvensters wordt misschien niet door de klant gewaardeerd. Aan de
andere kant: de klant tijdig informeren dat een levering is vertraagd is beter dan
onaangekondigd te laat leveren. We noemen deze updates dynamische tijdvenster-
aanpassingen, en het Dynamische Tijdvensteraanpassingsprobleem vraagt om deze
te optimaliseren.
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