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Key Yards ~sinrl Phrases: Hill e~tirnator; tail index; bias; rtnhle distribution 

The behaviour of the Hill estimator for the tail index of fat tailed 
distributions in the presence of local alternatives which have a thin tail 
is investigated. The converse prohiem is aiso briefly ilciciiexmi. A 
local thin tail alternative can severely bias the Hill statistic. The 
relevance of this issire for the class of stable distributions is discussed. 
We conduct a small sinlulation study to support the analysis. In the 
conclusion it is argued that for moderate out of sample q~iantile 
analysis the problem of local alternatives may be less pressing. 
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I t  L\ ~ v c ~ i i  kiwnn ihiit tiie Hiii ectiniatoi- fiir the ~ ! : i  iiiiiex or fa[ r:iiled 
. . 

disii-ihiitiiins {rl:.,) is ii hirist;d i3:;t:iriator except in  ;hi: c;irt i?r c ix  mi-cro ia~~i.: see 
c , g ,  f l L 1 ; ;  (;$g?,) Li2d .z&;;c sfid sriii;ii ( [ G S T )  ,,;\ <;f :+,,-. 1%: , ,  -?,!,-i;,-.J :,, 

. , t i  ill',.> . > L U U L L U  A , &  

wide ciass of distributions, like e.g. the Student-t and the type I1 extreme value 
Jfs. N ~ ~ ~ e r t k l t - ~ s ,  o th~i .  sources foi the bias exist as ,ivcl!. !n this note wc 

investigate the bias that is h e  to a !om! thin tai!ed alternative. To introduce the 

c t :~h i r  motirl !here i u  ;I ciiscreie jump i n  the  nii~nher irf iiiuriieiits iiiicz i i ~ z  . . - -. , - . . - - - - - . . 
. . ch.;r.?;;ternstic ':<poncnt cq!;a!.: i w n  We will CEV that in  !he !;liter (:;!sc ! ~ c : P  is :: 

I I A ' - : -  ?,.:I-:: .:!+i.r-,:f;..,:. ii,!S-&:: <;:::: ;&iiC -..; .L-s.-ii :-;:. 

In the next section we generalise the problem of stable iaws to the class of 
heavy tailed dfs. It is shown that for any fat tailed df with tail Index a, one can 
always construct a local alternative which has thin tails. Conversely, a local fat 
tailed alternative to a thin tailed df is straightforward to obtain as well. Two test 
fi~nctions in which local alternatives from the other class are nested are presented. 
In section 3, we ohtain explicit expressions for the bias i n  the Hili estimator in the 
c x e  of the stable dfs and for the two test functions. T!ic fourth section presents a 
snlall Monte Carlo study that complements the theoretical results. We conclude 
by arguing ihac the problem of !ocal alternatives niay have little bearing on 

moderate out of sample quantile analysis. 

2. FAT TAILS AND LOCAL ALTERNATIVES 

First consider the class of symmetric stabie distributions with characteristic 

fi~nction: 

l i d  
c p o ( t ) = e x p ( - l t l  ) , 0 < @ < 2 ,  ( i j  

where 4 is the characteristic exponent. For I$ < 2, n = @ determines the maximal 
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Equation (2) will he our f m t  test fi~nction. To increase the analogy between the 
c.tr&!i: Inws :ind F(u) f ink ihai iiie ~iiixiiig parameter IL can be niade I:.:nctiona!!v 

dependent on the i i i i i  i i i d ~ x  a. 

A similar procedure can be used to construct a fat tailed local alternative to a 

thin tailed df. Consider e.g. our second test function: 

For h < 1, G(x) is thin tailed, and becomes the fat tailed Pareto ar h = 1, in ibis: 
case [hc i;ii tailcd Pa;c:i: i:; 2 ioc::i a![er::&iije (0 [he t:iiicd dis:ribu[i::n. 

3 THF BIAS IN THE HILL ESTIMATOR 

In this section we give explicit expressions for the bias in  the Hill estimator. 
The Hill statistic is defined as follows (see Goldie and Srnith (1987)): 

where X , is the i-th descending order statistic of a sample with lenght n and y is 
the inverse of the tail ~ndex.  Here, M denotes the randvrii niimber iif <jb:;e~iitions 
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i'rop.tirion i. For symmetric siabie dfs, i < 0 < 2 , 

Proof Straightforward calculus on the analog~ie of eq~iation (6) yields (8). Here 

El (x j  is tile expuiieiiiiai iiiiegial (see e.g. Abramowitz and S t i g i i ~ ,  l970). (Q.E.D.) 

Proposition 3. For the test function G(x) as defined in equation (4): 

k i f l s ]  =.?2e'i'-" ( I - A ) ~ "  ~(+2,(l-+),  i fA<l.  (9) 

4. MONTE CARL0 EVIDENCE 

This section presents sorne Monte Carlo evidence on how the presence of a 
loca! :liternative affects the performance o f  the Hiii statistic. The exercise is 
limited to the class of stable dfs and the first test function. For both cases the 

inverse of  the average estimate produced by the Hill stat~sric i s  reported. This 
. . ;iver;ige is i n  irich cnsc based on a :;ample of mnn n h c o r ~ , , > t ; r \ n r  .,,,,, ...,.,,, . ,,,,,,.,., 2nd !000 
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replications. These numbers were chosen for reason or' comparability with a 
recent preprint by McCulloch (1991) that studies the bias of the Hill statistic in 
c:.se of  the stahie laws. ivicCuiicicii fixes t:ie nun;be; 3f order statistics at M=50. 
A summary of his results is replicated and reported in the third column of Table I. 
Instead of fixlng the M ievel across different characteristic exponents, o n  might 
want :o eva!u-re the bias at the M ievel :hat minim:ses the asymp:n;ic - . ?dSE (see 
Goldie and Smith (1987)). This MSE minimising M level is given in the fourth 
column as M ~ ,  and the fifth column reports the average a esrirnates. iJsing M* 
snrr~ewhirr helps to reduce the bias when @ = a = 1.95, but it remains considerable 
nevertheless. Due to the fact that for 4 = 1.95 h e  norrnal is a local alternative, 
only incseas~ng the sample could help to alleviate the problem. 

'Ti~ble 11 reports the average estimate produced by the Hill statistic when the 
DGP is given by equation (2). The bias problem is investigated when h tends to 
zero. The s levels were chosen such that, given some a level, the closer the thin 
!ail local alternative is, the furihei one needs to go into the [ail tn c:lpture the fat 
tail property. 

i i  is evident fion: !his t&!e that the presence of a local thin tailed alternative 

pushes the estimates upwards. This causes a serious bias problem for the lower 
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1:: [his p:ipi.r. \\t. stud? the !~c!~;!.~.ic>!- I,]!' !!I!! s:\!i!?~;!t<;r con(di;ion.il.i !i:x)n :% 

i><;p [))::: lip, C ! < ) L ~  [<: :: :[)z:l! :j!yr~;!?~trC .,L,!h!,:!: 1. Oli!] V!!t~<l, ~ :~ l~!- ]~: \ [~*y :iilc! 

::i:u!a[ia!! 01' t i l i .  t~!;!s !!I the Hiii e\ii!n:!ici!- \ t io \>\  iiiiti i i  hiis li~l-tlrt?ii ~ ; i l i ie  iii 

discern between fat or thin tailed ilk, ~5 hen itic UCiP l i e  close to the local 

~ t l i e i i ~ ~ ~ t i ~ e .  Piii ciiffirentiy, given 2i f i x d  s ~ i n i p l ~  iize ii, i t  i i  ii1v;aq.s p i i b l c  ti; 
hri:ic!ate :: 191 tailed clf which is inclistinguish:!ble from the thin tailed DCP. .4n 

interesting extension o t  this study wouid be io consider the extreme vaiue index 
(.." i .  

,. .* i,x;~f<:y ! : ~ t ?  Y;CKXICI  s t:<iix~i:;o:~ rj~hir i l  ; I K  EC;:  :-ck,!ric;ic:<i i!j [!I< ~i<:::~i:ir~ cf' fa[ - ~ - - - - ~  

- !.:tiit.'! . - i  ui., .,c l:bsi!y, . we pian iij investigarz !tic i-;siie for ni&cr;ilc viit [if saii;~iic: 

~ua!?~i le  rsiirnaiion From ihe seconti iesi function (4) 11 can bc seen that hi h 
(.I +,. ! ih. er?:_:gri.;;c prcqi~mntja, !hat G'r'! is f;ir rr!il& :".its li:[!~ bc;trinp on ?:?e , , 

< r : : : F F :  :y;;:;~:;!:. ',""..'"' ??:>h?:.:?: p'".-.."::. 
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