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Most of the warehouse operations are still performed manually despite the increasing development and 
adoption of automated warehouse solutions. Planning human workers in a warehouse is a complex task 
because managers have to consider issues such as start and end times of shifts, breaks, and incentive 
payment schemes. When warehouses have temporal restrictions on the processing time of inbound 
trucks or when they have deadlines for outbound orders, these constraints impact the schedules and cost 
of employing human workers. In this environment, warehouse management has to consider the temporal 
restrictions from external entities as well as the limited resources available at the warehouse. In this thesis, 
we study the impact of external temporal constraints in three operational planning problems at manual 
warehouses. We develop mathematical models for the problems, propose solution approaches for them 
and conduct computational experiments to derive insights. 

The first study in the dissertation explores integrated scheduling and assignment of trucks to dock doors 
in unit-load cross-dock facilities with mixed mode dock doors. The processing time of both inbound and 
outbound trucks at the cross-dock are constrained by time windows. In the second study, we investigate 
order picker scheduling problem in distribution centers where order picking operations are constrained 
temporally by predefined time windows for delivery of orders to the staging area of the warehouse. In the 
final study, we consider the impact of delivery time windows at customers on the capacity requirements 
of three warehouse processes – order picking, staging and loading.  
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new business knowledge.
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1 Introduction

Warehouses are intermediate facilities that store and process products between the
location of their production and their consumption (Bartholdi & Hackman, 2019).
In the broadest sense of the definition, the oldest form of warehouses known to us
are granaries at D′hra modern day Jordan built in the pre-pottery Neolithic era
approximately 11,000 years ago (Kuijt & Finlayson, 2009). These communal granaries
were simple mud and stone constructions designed to store foraged food products.
Since then, warehouses have evolved with the changing needs of humanity. In the
second century B.C., large storage buildings for grains, olive oil, wine, paper and
marble called horrea were built across Roman cities and ports to support city dwellers
and militaries and to facilitate trade (Rickman, 2002). In the present day, we find
examples of automated warehouses ready to dispatch orders at a click of a button to
customers (Azadeh et al., 2019). These examples of warehouses from different periods
in human history illustrate how warehouses have always evolved to fulfill the changing
needs of humans.

Warehouses contribute to consumer welfare in several ways. Fundamentally, by serving
as a place of storage, they provide a buffer between production and consumption
of products and help absorb uncertainties in demand and supply (Lambert et al.,
1998). In doing so, warehouses are able to bridge the time and space between the
moment and location of production and consumption in a cost effective manner.
In manufacturing, a large quantity of products can be manufactured in batches to
realize production economies of scale. Similarly, in the agricultural industry, yield
is excessive for immediate consumption and therefore has to be stored. Retailers
procure products in large quantities to obtain volume discounts. In all of these
settings, a warehouse provides a safe place for storage of excessive product quantities
before demand is realized. Second, warehouses contribute to efficient transportation
through better utilization of vehicles from suppliers and to customers in comparison to
direct deliveries from suppliers to customers. At the same time, customers benefit by
having to process fewer vehicles and deliveries compared to multiple direct deliveries
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(Lambert et al., 1998). An extreme example of transportation economies of scale
is achieved with cross-dock facility, a special warehouse where items are rapidly
consolidated and shipped from the warehouse with minimal storage within the facility
(Bartholdi III & Gue, 2000). Third, warehouses can also provide value added services
such as postponed assembly, labeling and packaging (Heragu et al., 2005). Finally,
warehouses can play an increasingly vital role in managing product returns especially
with the rise of e-commerce activities (De Koster et al., 2007).

1.1 Warehouse Processes

Regardless of the form and functions of warehouses, warehouse processes can be
divided into two broad categories of inbound and outbound processes (Bartholdi
& Hackman, 2019). The storage function separates the linear chain of warehouse
processes into inbound and outbound processes where every process before storage
belongs to the inbound category, and the processes following storage are classified as
outbound (see Figure 1.1).

Receive Putaway Storage Pick Pack, Ship

Inbound Outbound

Figure 1.1: Warehouse processes adopted from Bartholdi & Hackman (2019)

The inbound processes start with receiving and processing shipments from suppliers
or upstream facilities through warehouse dock doors. Shipments are unloaded and
checked before they are put away in storage locations. Additionally, products returned
from the customer can also be processed in the receiving area. Almost always, the
form in which products are received and in which they leave the warehouse changes,
except for cross-dock facilities (De Koster et al., 2007). For example, products may
be received by the warehouse in pallets of identical products, but they may leave
the warehouse as individual cases or pallets containing cases of multiple products.
The problem of changing form is solved by the use of reserve and forward storage
areas (Tompkins et al., 2010). Forward storage area is a part of the warehouse
where products are stored in smaller forms such as cases or even individual units of
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products (Bartholdi & Hackman, 2008). This area is characterized by its convenient
location for order picking, explained later. A reserve storage area is used to store
products in relatively larger and more dense forms such as pallets and can be found
in less accessible locations of the warehouse (Bartholdi & Hackman, 2008). When the
forward storage area needs replenishment, they can be replenished internally from
the reserve storage area or directly from the receiving area. The use of both reserve
and forward storage helps to realize higher efficiency in the usage of storage spaces
while maintaining easy accessibility of products in the forward storage locations.

The outbound process starts with order picking which is defined as the process of
retrieving products from storage locations. After order picking, products are ac-
cumulated, sorted and packed before they are loaded onto vehicles and dispatched
(Tompkins et al., 2010). When order sizes are small, for example in B2C e-commerce,
an individual order picker can pick the entire customer order making accumulation and
sorting of items redundant (Moons et al., 2017). However, when individual customer
orders are larger and require picking by multiple order pickers, the picked items have
to be accumulated and sorted first to ensure that the correct products are sent to the
right customers (Gallien & Weber, 2010). The accumulation and sorting processes
also provide a buffer time between the order picking and loading of vehicles, and they
reduce the need to synchronize order picking activities with the loading of outbound
vehicles. In the outbound process, value added services such as late customization,
labeling and packaging of products may be included. Finally, vehicles are loaded with
the products at the dock doors and dispatched from the warehouse.

1.2 Warehouse Resources

Management of warehouse processes in its essence involves decisions on two funda-
mental warehouse resources: space and time (labor hours) (Bartholdi & Hackman,
2019). Decisions on the usage of physical space in the form of shape, size, layout, and
the type of storage systems used in the warehouses belong to the spatial decisions. On
the other hand, temporal resources determine the usage of personnel and equipment
to complete warehouse processes in a timely manner.

The usage of spatial resources is important for efficient warehouse management.
Warehouses are usually built in industrial areas with close proximity to highways and
infrastructure for other modes of transport (such as railways or a port). The land
and building cost of a warehouse can be substantial (Gose, 2018). Once a warehouse
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is built, the shape, size and layout of the warehouse have direct a impact on temporal
decisions and the time required to complete warehouse processes (Rouwenhorst et al.,
2000). For example, the shape of cross-dock facilities (Bartholdi & Gue, 2004) and
the layout in which dock doors are arranged (Gue, 1999) determine travel distances
between dock doors and the labor cost to operate cross-dock facilities. The number of
available dock doors and the modes in which they are operated (as inbound, outbound
or mixed) have an impact on the timeliness of loading and unloading of trucks (Bodnar
et al., 2017).

The utilization of time resources (such as labor hours) can be considered as a proxy for
the cost of operating a warehouse because the amount of time used by the warehouse
processes directly implies usage of valuable resources in the form of either people
or equipment (Bartholdi & Hackman, 2019). In more automated settings, higher
needs for time resources translate to larger needs of equipment and eventually a
higher capital investment (Roodbergen & Vis, 2009). When employing humans, the
utilization of time for any warehouse process is a direct cost driver (De Koster et al.,
2007).

Minimizing the use of both the space and time resources contributes to efficient
warehouse management. However, decisions on how space and time are utilized should
not be made in isolation as they directly impact each other. When designing and
controlling warehouses, this relationship has to be carefully evaluated.

Warehouse management decisions can also be classified on the scale of their time
horizon and their demand on capital investments into strategic, tactical and operational
decisions (Rouwenhorst et al., 2000). The strategic decisions are long-term decisions
which have a substantial impact on capital investments. Tactical decisions are medium-
term decisions which are made more frequently compared to strategic decisions and
have comparatively a smaller impact on capital costs. Operational decisions are
short-term decisions that are made frequently, some even multiple times in a day.
Comparatively, operational decisions are less capital intensive but are crucial in
maintaining high service levels.

Strategic decisions starts with the decision on usage of space such as location, shape
and size of the warehouse. The number of products the warehouse needs to store
with a given demand profile and the desired level of lead time and responsiveness
determine the location (Baumol & Wolfe, 1958), size and shape of the warehouse (Gu
et al., 2007). Another important strategic decision is related to the choice of storage
and handling systems - the combination of storage and retrieval equipment and the
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methods of their usage (Dallari et al., 2009). Warehouses store a large variety of
products with different storage requirements and serve multiple customer types with
different demand requirements. To accommodate different storage needs of different
products, warehouses use multiple warehousing systems simultaneously. The large
variety of the available equipment and the methods to use them make it difficult
for warehouse managers to choose appropriate warehousing systems for the strategic
needs of any company.

In a next step, the strategic decisions extend to tactical decisions such as the allocation
of space for different warehouse processes and associated systems (Heragu et al., 2005).
Spatial decisions such as the amount of space allocated to forward versus reserve
storage (Bartholdi & Hackman, 2008), usage of dedicated, random or cluster-based
storage policy (De Koster et al., 2007) or the mode of dock door operation (Buijs
et al., 2014) can be categorized as tactical decisions. Temporally, decisions on the
type of shifts for order pickers or the number of order picking robots to use can also be
considered as tactical decisions. Interestingly, given the warehousing contexts, several
decisions on the tactical level can migrate to the strategic level, or even the operational
level. For example, the number of robots in automated storage and retrieval systems
(AS/RS) cannot be changed with ease once the warehouse has been built (Roodbergen
& Vis, 2009). Therefore, the decisions on the number of AS/RS machines belongs
to the strategic level. However, in parts-to-picker robotic systems such as Autostore
(Azadeh et al., 2019), the number of robots used for order picking can be changed
annually, monthly or even on an hourly basis.

Strategic and tactical decisions on the usage of space and time resources impose
constraints on the operational decisions. Using the limited temporal and spatial
resources determined on the strategic and tactical levels, warehouse managers have
to ensure that the warehouse is able to satisfy customer requirements. Decisions such
as batching of multiple orders (Gademann et al., 2001), scheduling of trucks at dock
doors (Ladier & Alpan, 2016), routing of order pickers in the warehouse (Scholz et al.,
2017) and assignment of orders to order pickers (Matusiak et al., 2017) belong to
the operational level. Generally, these operational decisions are geared towards the
objective of minimizing the usage of time resources (Rouwenhorst et al., 2000) while
achieving high customer service requirements. By minimizing the time required to
complete warehouse processes, the labor requirements of warehouses can be reduced.
Additionally, minimizing the time needed to complete warehouse processes contributes
even further to make the entire supply chain more efficient and responsive.
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1.3 Warehouses in a Network

Warehouses are not isolated entities but part of a larger supply network with multiple
stakeholders and varying demands and constraints on the warehouses (Rouwenhorst
et al., 2000; Buijs et al., 2014). External to the warehouse other stakeholders
(such as suppliers, other warehouses, transportation service providers, governmental
organizations, insurance companies, fire policies and customers) impose restrictions
that define the operating boundaries for a warehouse. These restrictions shape the
manner in which warehouses should manage their usage of space and time resources.

Upstream from the warehouses, suppliers can impose constraints on the warehouses.
By mandating the time window in which their vehicles have to be processed, suppliers
dictate the number of dock doors (spatial) and personnel (temporal) required to ensure
that vehicles are processed in time (Bodnar et al., 2017). The form in which shipments
are received (in either pallets or boxes) determine the type of unloading equipment
that can be used at the warehouse (Gu et al., 2007). If suppliers send shipments in
mixed pallets with multiple products on one pallet, these products typically need to
be sorted and restacked on single-SKU pallets before they are stored. The warehouse
needs space for staging and sorting these products. Such restrictions from upstream
facilities dictate the organization of inbound warehouse processes.

The stakeholders downstream of the warehouse (i.e., the customers) are retail stores,
end-consumers or commercial facilities such as factories or cross-dock facilities. These
entities have a diverse set of requirements that are imposed on the warehouse and
determine how outbound warehouse processes are planned and configured. In B2C
e-commerce, customers can more frequently indicate during what time window they
want their online orders to be delivered to their homes (Agatz et al., 2011). Similarly,
individual retail stores have their own time windows when warehouses can deliver
and unload products to the stores. These time windows can be self imposed by
retail store managers to ease the unloading of vehicles and shelving products in the
stores (Spliet et al., 2018). Additionally, many Western European city governments
impose time windows on when commercial vehicles can enter the city to reduce traffic
congestion, improve safety and maximize welfare of city dwellers (Muñuzuri et al.,
2005; Quak & de Koster, 2007). In all these contexts, the time windows and deadlines
at downstream facilities temporally constrain the management of outbound processes
at the warehouse. Additionally, the form in which products leave the warehouse
dictates the type of loading equipment and personnel used at the warehouse. When
the same warehouse processes different forms of outbound shipments such as pallets
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to downstream cross-dock facilities and cases to online shoppers, the warehouse has
to employ more than one type of loading equipment. Furthermore, if the number
of dock doors is limited (i.e., there are spatial constraints), and a large number of
deliveries has to depart in quick succession, this requires buffer spaces (called staging
areas) to hold products between the order picking and loading operations. Staging
areas can be limited in space and themselves might need to be managed.

1.4 Contribution and Thesis Outline

In this dissertation, the focus is on manual warehouse operations from a network
perspective where warehouse operations are constrained not only by the limited internal
resources but also by external temporal constraints from upstream and downstream
facilities. Specifically, mathematical models and algorithms are developed for the
planning of warehouse processes that use manual labor, have temporal constraints
and are constrained internally by limited personnel and space. The warehouse setting
considered in this dissertation is illustrated in Figure 1.2.

Receive Putaway Storage Pick Pack, Ship

Inbound Outbound

Warehouse

Upstream
temporal
constraints

Downstream
temporal
constraints

Figure 1.2: Warehouse setting and constraints considered in this thesis

The focus on manual warehouses is justified for several reasons. Even though au-
tomated warehouse solutions are being developed and adopted increasingly, most
of the warehouse operations are still performed manually. De Koster et al. (2007)
estimated that manual order picking systems, which make up the largest share of
warehousing costs, made up 80 percent of the order picking systems in Western Europe.
A more recent industry survey suggests that only 13 percent of warehouses have some
level of automation (Michel, 2016). Usage of manual workers does not require large
capital investments compared to automation, and manual operations can be scaled
more flexibly compared to most automated warehousing solutions. However, the
use of human workers in a warehouse has its own unique challenges. Warehouses
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with human workers have to abide by strict labor laws and union agreements which
dictate the number of work shifts, lengths of shifts and work break periods (European
Parliament, Council of the European Union, 2003). In automated warehouse settings,
fewer workers are needed for critical operations, and planning of these personnel is
less challenging. Despite the importance of humans in warehouses, the warehousing
literature overlooks constraints that are specific to manual operations, namely, varying
the number of personnel and capacity available at different times of the day (Henn
et al., 2010; Henn, 2012; Scholz et al., 2017). This dissertation aims to fill this gap.

The network perspective on warehouse facilities also has its contribution. The
warehouse management literature largely assumes that transportation planning is
secondary and it focuses on the optimization of internal warehouse objectives such
as minimizing the total order processing time (Gademann et al., 2001; Gademann &
Velde, 2005; Matusiak et al., 2017) or minimizing late orders (Henn, 2015; Scholz et al.,
2017). Alternatively, the transportation literature largely does not consider constraints
at warehouses and optimizes purely transportation objectives such as minimizing travel
distance (Solomon, 1987) or minimizing travel duration (Savelsbergh, 1992) of vehicles.
As mentioned earlier, temporal constraints in warehouses originate from many sources
and can have a significant impact on warehouse operations. The temporal constraints
from upstream facilities can translate to processing time windows for inbound trucks
at the warehouse. Departure deadlines or time windows for outbound orders may
be necessary to ensure that orders are delivered to customers in time. If warehouses
have an abundance of resources such as dock doors, staging space and sufficient order
pickers, the temporal constraints can be ignored and warehouses can be planned as
isolated entities. However, in practice, warehouses, especially in Western Europe, are
severely constrained in the amount of space they can use for processing trucks or for
staging orders. These factors necessitate efficient warehouse management to consider
management of temporal and spatial resources when constrained by external temporal
constraints.

The guiding research question for this thesis is: How to efficiently manage resources
in manual warehouses with external temporal constraints? We conduct three studies
to answer this research question. The first study investigates cross-dock operations
where the inbound and outbound shipments have time windows and shipments are
moved between the dock doors by workers driving fork lift trucks. In the second
study, the temporal constraints at the warehouse appear in the form of delivery due
time windows which dictate the duration within which an order can be picked and
delivered to the staging area of a warehouse. The planning problem in this study
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has to determine the workforce schedule for order pickers to ensure all orders are
picked and delivered within their time windows. In the final study of this thesis, the
temporal constraints appear in the form of time windows at retail stores. This study
goes beyond considering the temporal constraints as inputs for warehouse planning
and optimizes the transportation routing and warehouse processes jointly when a
warehouse has limited order picking, staging and loading capacity.

In the following, the individual studies that comprise this thesis are explained. A
classification of the temporal constraints imposed on the warehouse and the internal
resources considered in the studies is presented in Table 1.1.

Table 1.1: Classification of temporal constraints and warehouse resources studied in
this thesis

Warehouse resources External
Study Spatial Temporal temporal constraints

1 Dock doors, Cross-dock workers Hard inbound time windows,
temporary storage area soft outbound time windows

2 Staging lanes Flexible order pickers Delivery due time windows
3 Staging area, Order pickers, Customer time windows

dock doors loaders

Chapter 2: Integrated scheduling and assignment of trucks at unit-load
cross-dock terminals with mixed service mode dock doors

This chapter investigates the planning problem of assigning and scheduling trucks
to dock doors in unit load cross-dock facilities with mixed-mode dock doors, i.e.,
dock doors which can process both inbound and outbound trucks. The cross-dock
facility has limited spatial resources in the form of dock doors (Van Belle et al., 2012;
Ladier & Alpan, 2016). The cross-dock operations are also constrained temporally by
inbound and outbound time windows (Bodnar et al., 2017). Inbound shipments have
to be processed within the predefined time window. Outbound trucks have soft time
windows and can depart from the cross-dock facility with a delay but at penalty cost.
The objective of the problem is to synchronize inbound and outbound vehicles in both
space and time dimension as much as possible. When inbound trucks are stationed
at the dock doors at the same time as when the corresponding outbound trucks are
stationed at other dock doors, the shipments can be directly transferred from inbound
trucks to outbound truck without being stored in a temporary storage area. Avoiding
the usage of the temporary storage area minimizes extra travel and handling for
workers (Bodnar et al., 2017). Additionally, when shipments are transferred directly
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from inbound to outbound vehicles, the aim is to process trucks at dock doors in close
spatial proximity to minimize travel distances which we consider as a direct proxy for
the operational costs of a cross-dock operations. Since both the dock-door assignment
(Bartholdi III & Gue, 2000; Bozer & Carlo, 2008) and truck scheduling problems
(Boysen et al., 2010; Bodnar et al., 2017) are NP-hard problems, the literature and
practice take either a sequential solution approach to the individual problems (where
trucks are scheduled first and assigned to dock doors second) or the problems are
integrated for only the inbound or outbound operations. Our study shows that the
sequential approach is not only suboptimal but can also lead to infeasible solutions
that cannot be realized in practice. An integrated approach has the potential to
remedy these shortcomings of the sequential approaches.

The research question addressed in this study is: How to schedule and assign trucks
to dock doors in cross-dock facilities with mixed-mode dock doors in an integrated
manner? To answer the question, we present a mathematical model for the problem
and an adaptive large neighborhood search algorithm to solve the problem for real-
sized instances. Extensive computational experiments suggest that scheduling and
assigning trucks to dock doors in an integrated manner is superior compared to the
sequential approach of scheduling first and assigning second by as much as 20-30%.
Additionally, results suggest that both the proportion and position of mixed-mode
dock doors have an impact on the temporal cost (i.e., delay of outbound trucks) and
the spatial cost (i.e., travel distance of shipments between dock doors).

Chapter 3: Workforce scheduling with order-picking assignments in distribution
facilities

The second study in this thesis investigates the scheduling of manual order pickers in
warehouses where order picking operations are constrained temporally by predefined
time windows for delivery of orders to the staging area of the warehouse. The staging
area of the warehouse is organized in staging lanes, and it is limited in size compared
to the volume of daily outbound orders. To ensure that orders arrive in time and
the staging lanes are not overfilled with orders, each vehicle is allocated a due time
window, and orders for a vehicle have to be picked and delivered at the right staging
lane within its due time window. The arrival of orders before the beginning of the due
time window is not possible because at that time the space is allocated for the orders
for a different truck. The arrival of orders after the end of the due time window is
forbidden as they will delay the delivery of orders at customer locations.
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In this complex warehouse environment, the number of orders required to be picked
at different times of the day can vary drastically. A large number of order pickers
is required when many orders need to be picked in quick succession. Some of these
order pickers may not be required soon after. Warehouse managers use flexible order
pickers to solve the problem of a varying workforce requirement. These order pickers
can be called on short notice and employed and paid for a variable duration of work.
Planning this workforce requires warehouse managers to determine the number of
order pickers to employ, the start and end times of their shifts, the length of shift
duration and the break periods to minimize the duration during which flexible order
pickers are employed. Furthermore, these decisions have to be made jointly with the
assignment of orders to order pickers and their sequencing to ensure that the orders
are picked and delivered within their due time windows.

Because of the interaction of workforce scheduling and order assignment and scheduling
problems, the overall planning problem is a complex NP-hard problem. In practice,
managers use their experience and intuition to determine the required workforce, and
orders are scheduled and assigned to workers later on. The studies in the warehousing
literature that investigate order picking with temporal constraints such as deadlines
(Elsayed et al., 1993; Elsayed & Lee, 1996; Henn, 2015; Scholz et al., 2017) can only
be applied to automated environments because they overlook shift related constraints
which are relevant when humans are employed. Personnel scheduling literature is rich
and several available studies provide models and solution approaches for planning
of personnel with varying workloads (Goel & Irnich, 2017; Cordeau et al., 2010).
However, the available studies cannot be used directly to optimize the use of flexible
workers and assign orders. This study contributes to the warehousing literature by
combining the richness of personnel scheduling problems when humans are employed
with the temporal constraints of planning order pickers in warehouses.

The research question in this study is: How can a flexible order picker workforce
schedule be generated while assigning orders with due time windows to order pickers?

The study presents two mathematical models for the problem and proposes two
solution approaches - an exact solution approach based on a branch-and-price solu-
tion framework and a large neighborhood search algorithm. Furthermore, extensive
experiments show that the solution approaches developed in this chapter can produce
quality solutions for real-sized instances. The large neighborhood search algorithm is
used in a case study to plan the order picker workforce of the warehouse operation
of a Dutch retailer. The case study suggests that using shift structures with flexible
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breaks for order pickers, i.e., breaks that can start 15 minutes before or after the
current break start time, can lead to savings of as much as 5% of the labor cost.

Chapter 4: Vehicle routing with warehouse considerations under time restrictions

This chapter investigates joint optimization of warehouse processes with limited
resources and transportation planning in a holistic manner. In practice, transportation
planning is generally done in advance, which forms the input for warehouse planning.
However, it can be impossible or prohibitively expensive for a warehouse to ensure
that vehicles can dispatch from the warehouse as needed by the transportation plans.
There are several examples in industries where departure deadlines of vehicles imposed
on the warehouse without consideration for the limited resources at the warehouse
cannot be realized. A solution to this problem lies in holistically creating delivery
routes while considering the limited resources at the warehouse. Dabia et al. (2019)
investigate the impact of limited loading capacity on route planning and Moons et al.
(2017, 2019) propose a problem of integrating order picking with routing. However,
these available academic works consider only one warehouse process when generating
routes which limits their applicability to warehouses where multiple constrained
processes impact each other.

This chapter studies the interaction of three most important warehouse processes -
order picking, staging and loading - and their impact on the routing of vehicles to
customers with hard time windows. At different periods of the day, the warehouse has
varying levels of limited order picking capacity because of the change in the shifts of
order pickers and breaks. Additionally, the staging area and the number of dock doors
are also constrained. Using the limited order picking, staging and loading capacity in
the warehouse, orders have to be dispatched from the warehouse in time to ensure
that they are delivered at the customer locations within the customer-specific time
windows.

The research question addressed in this study is: How to jointly plan transport and
warehouse operations for warehouses with limited order picking, staging and loading
capacity when deliveries have time windows?

The study presents a mathematical model for the problem which minimizes the
duration required to deliver orders to customers with time windows. The departure
time of vehicles from the warehouse is constrained by a limited number of dock doors,
staging space and order picking capacity. A solution approach for the problem is
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developed based on a dynamic programming approach. Experiments are conducted on
instances generated from a data set of a Dutch retailer which suggest that constrained
warehouse resources can have a significant impact on the route planning. When the
size of the staging area and the availability of the order picking workforce is limited,
the duration of routes can increase on average by 8.4% compared to the cases where
routes are not constrained by warehouse resources. However, the best system wide
performance is achieved when the fewest possible order pickers are used, because any
savings that can be gained in routing costs is dominated by the cost of employing
additional order pickers necessary to realize the departure times of optimal routes.
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2 Integrated Scheduling and
Assignment of Trucks at Unit-Load
Cross-Dock Terminals with Mixed
Service Mode Dock Doors1

2.1 Introduction

Cross-docking is a material handling and distribution concept in which products
received at a terminal are immediately unloaded from inbound trucks, sorted and
consolidated based on their destinations, and loaded directly into outbound trucks
for delivery to customers with little or no storage in between. Incoming shipments
typically spend up to 24 hours inside a cross-dock terminal, while often not more than
one hour (Bartholdi & Gue, 2004). Consequently, cross-docking has the potential to
eliminate the storage and retrieval operation functions of a traditional warehouse. As
it provides the best of the warehousing and direct delivery strategy, cross-docking
has become a popular distribution strategy in practice. In a recent industry survey
among 219 logistics, transportation, warehousing, and supply chain management
practitioners, 68.5% of the survey respondents used cross-docking and 15.1% of the
respondents are planning to use cross-dock terminals within two years (Saddle Creek
Corporation, 2011).

A dispatcher of a cross-dock terminal faces two interrelated decisions: where and
when the trucks should be processed at the dock doors of the terminal. In the
literature, the location decision is called the dock-door (or truck-to-door) assignment
problem and the timing decision is called the truck scheduling problem. Minimizing

1This chapter is based on Rijal, A., Bijvank, M., & de Koster, R. (2019). Integrated scheduling
and assignment of trucks at unit-load cross-dock terminals with mixed service mode dock doors.
European Journal of Operational Research, 278(3), 752-771.
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total travel distances within the terminal is the main objective of the dock-door
assignment problem, whereas minimizing the total length of the planning horizon
(i.e., the makespan) and any departure delays of outbound trucks (i.e., the tardiness)
are the main objectives of the truck scheduling problem in the literature. When
both decisions are considered simultaneously, this is called the cross-dock scheduling
problem. As the truck scheduling problem and the dock-door assignment problem are
both NP-hard, most literature focuses on the development of sequential approaches
to solve these problems where trucks are usually scheduled first and then assigned to
dock doors.

In most cross-dock terminals, an incoming truck is assigned to an inbound door (also
called receiving or strip door) where the freight is unloaded and an outgoing truck is
assigned to an outbound door (also called shipping or stack door) where the shipment
is loaded to serve the customer destination. Boysen & Fliedner (2010) introduced the
notion of a mixed (or flexible) service mode for dock doors, where both inbound and
outbound trucks can be processed. More recently, Berghman et al. (2015) and Bodnar
et al. (2017) propose solution techniques to include mixed-mode dock doors in truck
scheduling problems at a cross-dock terminal. Both studies show numerically that
including such flexible dock doors can reduce their objective function value (waiting
time and operational costs, respectively) by as much as 18%. In an industry study by
Ladier & Alpan (2016) there were five out of nine cross-dock terminals that indicated
to use mixed-mode dock doors. This illustrates the relevance to study the use of
mixed-mode dock doors.

The goal of our paper is to extend Bodnar et al. (2017) by including dock-door
assignments to the truck scheduling problem when dock doors can operate in a mixed
mode. The only two papers that study cross-dock scheduling with mixed-mode service
doors are Shakeri et al. (2012) and Hermel et al. (2016). However, these authors
restrict the service mode of each flexible dock door to be dedicated for either inbound
or outbound operations at a particular time in the planning horizon (see Section 2.2
for more details). We use the mixed service mode in a broader sense, since both
inbound and outbound trucks can be assigned to any flexible door that is available
over the entire planning horizon.

The integration of the truck scheduling and dock-door assignment problem is non-
trivial. In the literature, it is usually suggested to solve both problems sequentially
(such as first-schedule-then-assign). The performance of such a sequential approach
(compared to an integrated approach) depends on the size of the cross-dock terminal
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(measured as the number of dock doors) and the utilization of the dock doors (measured
as the truck-to-dock-door ratio). The synchronization of the inbound and appropriate
outbound trucks must be carefully scheduled over time when dock doors are heavily
utilized. Furthermore, in cross-dock terminals where the distances between inbound
and outbound trucks are substantial, the dispatcher needs to assign inbound trucks
to receiving doors close to the designated outbound trucks. Reducing travel distance
becomes then more important to improve the efficiency of the cross-dock operations.
A sequential approach does not ensure that a dock door is available such that incoming
shipments are assigned to a door that is close to the appropriate destination trucks
to reduce travel distances without delaying the departure of outbound trucks.

Observations from practice reveal that cross-dock terminals can have extended time
periods during which the dock-door utilization is 80% or higher (see Section 2.6.5 for
details of our case study). As discussed above, this requires an integrated approach
to solve the truck scheduling and dock-door assignment problem simultaneously.
Furthermore, mixed-mode dock doors are more beneficial when dock doors are heavily
utilized (Bodnar et al., 2017). However, with a higher utilization and mixed-mode
dock doors, sequential approaches can lead to infeasible solutions (see Section 2.8.1).
This strengthens our motivation to study cross-dock scheduling with mixed-mode dock
doors. The research questions for this study are: (i) How can the integrated cross-
dock scheduling problem be formulated and solved when some doors are exclusively
dedicated to inbound or outbound operations and other doors are used in a mixed
mode? (ii) To what extent is the integrated cross-dock scheduling approach better
than the sequential approach? (iii) Does the ratio of the mixed-mode dock doors to
dock doors with an exclusive service mode as well as the positioning of the mixed-mode
dock doors have an impact on the operational performance of the cross-dock terminal?
Ideally, all dock doors operate in a mixed service mode. However, in practice, it is
preferred that not all dock doors have this flexibility since this service mode usually
incurs additional operational overhead. Furthermore, mixed-mode dock doors can
create confusion for employees working at the cross-dock facility since it might not
always be clear whether a dock door is prepared for inbound or outbound operations.
Such confusion does not exist for dock doors that operate in a dedicated service mode.
Technological solutions that indicate, in real time, the mode of the dock door can
minimize confusion among employees and are already in existence. We are aware of
companies that started a pilot with such technologies to assist the material handling
activities at dock doors. Operating a limited number of dock doors in the mixed
service mode limits this operational overhead (Berghman et al., 2015). Furthermore,
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Bodnar et al. (2017) show that it is sufficient to convert only a fraction of the dock
doors to a mixed service mode to gain the full benefits of mixed-mode dock doors (i.e.,
the operational benefit of additional dock doors operating in a mixed service mode
is diminishing). However, the positioning of these mixed-mode dock doors can also
have an impact on the cross-dock operations (besides their proportion). No previous
literature has studied this aspect.

Our contributions to the existing literature are threefold. Firstly, we extend the
formulation of the integrated scheduling and assignment problem to include mixed-
mode dock doors. Even though the integration of the two problems has been recognized
in the literature to generate operational efficiencies to cross-dock facilities, the use
of dock doors with a mixed service mode has only been studied for either of the
two problems in isolation and never in an integrated fashion. The integration of
temporal and spatial decisions is a non-trivial extension and presents significant
modeling challenges. In particular, we illustrate in Section 2.8.1 that the schedule
resulting from the model proposed by Bodnar et al. (2017) can result in infeasible
dock-door assignments. In addition to the integrated cross-dock scheduling model,
we revise the formulation of the truck scheduling problem proposed by Bodnar et al.
(2017) in Section 2.8.2 such that a feasible dock-door assignment can be found. This
is used as one of the benchmark techniques in our numerical results. Secondly, we
extend the adaptive large neighborhood search (ALNS) algorithm as proposed by
Bodnar et al. (2017) to include dock-door assignment decisions, which requires a
new solution representation and new neighbourhood operators. Thirdly, we perform
rigorous numerical experiments and a case study which demonstrate that an integrated
approach to the cross-dock scheduling problem with mixed-mode dock doors results
in superior decision making compared to a sequential approach. In particular, we
study different scenarios where we vary the dock-door utilization, the proportion of
mixed-mode dock doors and the positioning of these dock doors.

The remainder of this paper is organized as follows. In the next section, we review
related literature. In Section 2.3, we describe the integrated scheduling and assignment
problem in more detail and introduce all notations. In Section 2.4, we develop a
mathematical model for the cross-dock scheduling problem with mixed-mode dock
doors. The outline of our ALNS algorithm for the integrated problem is presented in
Section 2.5, whereas the details are provided in Section 2.8.3. We report our numerical
results on computational experiments and a case study in Section 2.6, and conclude
the work in Section 2.7 with our managerial insights.
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2.2 Literature Review

Modeling cross-dock processes has been extensively studied in the last decade. Boysen
& Fliedner (2010) classify the literature on truck scheduling based on the door
environment (service mode and number of dock doors), operational characteristics
(arrival and processing times, departure deadlines, availability of intermediate storage,
etc.), and objective function. Van Belle et al. (2012) use a more general classification to
categorize the literature based on the type of cross-docking problem: strategic decisions
(location of cross-dock facilities and layout design), tactical decisions (flow of goods
in a supply chain network with cross-dock terminals) and operational decisions (dock-
door assignment, truck scheduling, vehicle routing, location of temporary storage).
Buijs et al. (2014) identify interdependencies between these different levels of decision
making, whereas Ladier & Alpan (2016) compare the literature on cross-docking
decisions at the operational decision level to practices observed in industry. However,
the literature on operational decision-making (such as truck scheduling and dock-door
assignment) at cross-dock facilities where dock doors can have a mixed service mode
is limited. Section 2.2.1 provides an overview on these papers. The second stream
of literature related to our work is on cross-dock scheduling, which is addressed in
Section 2.2.2.

2.2.1 Cross-dock operations with mixed-mode dock doors

There are only a few papers where dock doors can be used to process both inbound
and outbound trucks. The early work by Brown (2003) and Bozer & Carlo (2008)
studies a dock-door assignment problem in which origins and destinations (or trailers)
are assigned to dock doors. Each door is exclusively used by the same trailer (i.e., by
the same supplier for inbound trucks or by the same customer for outbound trucks)
over the entire planning horizon, where the trailer can frequently visit the cross-dock
facility. Consequently, these allocation decisions are tactical decisions rather than
operational decisions. After being assigned, the door can operate only in an exclusive
service mode for the scheduling decisions. In contrast, Miao et al. (2009) assign
trucks to dock doors at an operational level, where a door can be used by different
trucks. The schedule with the arrival and departure times of each truck is given as
input parameter to the problem. Since no distinction is made between inbound and
outbound operations, all dock doors can be seen as operating in a mixed service mode.
The authors present two metaheuristics to solve the problem; a genetic algorithm
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(GA) and a tabu search algorithm (TS). TS outperforms GA in their numerical
experiments.

Only two papers study truck scheduling with mixed-mode dock doors. Berghman
et al. (2015) present two model formulations for this problem where the objective is to
minimize the weighted sojourn time of unit loads, i.e., the time between unloading and
loading. A notable constraint in their model formulation is that an outbound truck
cannot be docked unless all the inbound trucks that carry items for it are processed.
The arrival and departure time windows are included as hard constraints. With
numerical experiments on small-sized instances, they demonstrate that mixed-mode
dock doors can generate substantial savings. In particular, only a limited number
of mixed-mode dock doors provides the full benefit of flexible dock doors. Similar
observations are obtained by Bodnar et al. (2017) who also study the truck scheduling
problem with mixed-mode dock doors. In their objective function, they aim to
minimize the usage of the temporary storage area and the delay of outbound trucks.
Unlike the model by Berghman et al. (2015), outbound trucks can be processed before
all inbound trucks that carry items for it are processed. This allows unit loads to be
transferred directly to the outbound truck without incurring the additional cost of
temporary storage. Commercial solvers are used to generate solutions within 1,800
seconds which are compared against the solutions from an ALNS algorithm designed
for their problem. Extensive numerical experiments and a case study demonstrate
the decreasing marginal returns when more flexible dock doors are included, and the
additional benefit is negligible when more than 60% of the dock doors operate in a
mixed service mode. In Section 2.8.1, we illustrate that the models formulated in both
papers can result in infeasible solution when the scheduled trucks have to be assigned
to dock doors in a sequential approach for the cross-dock scheduling problem.

2.2.2 Cross-dock scheduling

An overview of the limited literature to solve the cross-dock scheduling problem
is provided in Table 2.1. The first six papers study cross-dock scheduling for only
inbound operations. These studies assume that the outbound operations are already
assigned and scheduled. Consequently, the dock doors under study are dedicated to
unloading inbound trucks. This exclusive service mode for dock doors is assumed
in most papers in the cross-dock literature. There are two exceptions as mentioned
in the introduction. In Shakeri et al. (2012), each truck contains pallets that are
unloaded, sorted, and then redistributed among the same trucks. Consequently,
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each truck and dock door is used first for inbound operations and then for outbound
operations. Hermel et al. (2016) do not differentiate between service modes of doors
and assign containers to dock doors such that each container, inbound or outbound,
has a unique door. The same dock door is not used again by any other container
during the planning horizon and retains this exclusive mode throughout the remainder
of the planning period.

The third characteristic used to categorize the literature in Table 2.1 indicates whether
each load from an inbound truck is already assigned to an outbound truck (i.e.,
pre-distribution cross-docking), or whether this assignment needs to be determined
along with the door assignments and scheduling of trucks (i.e., post-distribution
cross-docking). In the latter scenario, loads of a product from inbound trucks are
interchangeable since they can be assigned to different outbound trucks. Acar et al.
(2012) make no assumption about pre-distribution or post-distribution cross-docking.

Furthermore, all references assume that products are first unloaded and staged in
front of the outbound door before they are loaded in the outbound truck, where
there is an unlimited staging capacity. In reality, however, staging limitations around
dock doors necessitate products to be moved to a temporary storage area when an
inbound truck is unloaded before the corresponding outbound truck is docked at an
outbound door (Yu & Egbelu, 2008; Bodnar et al., 2017). The extra operational
efforts for this transferal of unit loads to and from the storage area is not included in
the cross-dock scheduling literature. The only notable exception is Tootkaleh et al.
(2016) who explicitly model the storage of products in a separate area when products
of an inbound truck arrive after the outbound truck has already left the cross-dock
terminal due to a departure deadline.

In the final two columns on the operational characteristics, we indicate whether there
are specific arrival and departure time windows for either inbound and/or outbound
trucks. If no arrival time is specified, it is assumed that all trucks are available at
the yard at the beginning of the planning horizon and that they can be scheduled
to enter the cross-dock terminal at any point in time. However, in practice, trucks
arrive during the day and they can only enter the cross-dock terminal after they have
arrived at the yard. Acar et al. (2012) and Konur & Golias (2013a,b) assume random
arrival times of inbound trucks. Therefore, in their objective function, Acar et al.
(2012) focus on evenly distributing the idle times between processing inbound trucks
assigned to strip doors. In contrast, Konur & Golias (2013a,b) and Heidari et al.
(2018) focus on minimizing waiting times at the yard (i.e., the time between arrival at
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the yard and entering the dock door). These three studies do not have restrictions on
the departure times for outbound trucks. If there is a pre-determined time at which
each outbound truck needs to leave the cross-dock terminal, this can be included to
the problem either as a hard constraint or as a soft constraint. In the former case, all
delayed loads are lost, kept in a temporary storage until the next outbound truck with
the same destination departs or sent by an additional outbound truck (comparable to
tardiness cost) (Boysen et al., 2013; Tootkaleh et al., 2016; Molavi et al., 2018). In
the latter case, trucks can depart after their due time, but they are penalized in the
objective function (Chmielewski et al., 2009; Liao et al., 2013; Van Belle et al., 2013;
Assadi & Bagheri, 2016; Nassief et al., 2017).

The second and third last columns in Table 2.1 specify the size of the larger or real-
world test instances that are reported: the number of inbound and outbound doors
as well as the number of inbound and outbound trucks. The last column indicates
whether the decision variables only specify the sequencing of the trucks at the dock
doors (and then the actual enter and departure times are derived from this order and
the given processing times), or whether the decision variables include an actual index
for the time period at which the truck is docked at the terminal.

As mentioned in Section 2.1, the objective criterion for scheduling decisions include
tardiness (i.e., amount of time trucks depart after their due time), earliness (i.e., when
a truck is scheduled to depart before its due time), makespan (i.e., the time that the
last outbound truck departs from the cross-dock terminal) and the waiting time for
trucks to be processed. The dock-door assignment decisions are usually made based on
travel distances between the dock doors of the inbound and corresponding outbound
trucks. Table 2.1 provides an overview of the different single and multi-criterion
objective functions used in the literature.

Most cross-dock scheduling problems are solved sequentially or with a metaheuristic.
Acar et al. (2012) first assign doors based on a heuristic and then schedule the trucks.
Boysen et al. (2013) use decomposition procedures (first-assign-then-schedule and
first-schedule-then-assign), where heuristics are used for each stage in addition to
a simulated annealing algorithm to achieve iterative improvements. Chmielewski
et al. (2009) propose two solution approaches: decomposition-and-column generation
and evolutionary algorithms. The first approach performs better but requires more
computation time. Liao et al. (2013) use simulated annealing, tabu search, ant colony
optimization, and (hybrid) decomposition evolution. Assadi & Bagheri (2016) propose
a differential evolution algorithm and population-based metaheuristics with pairwise
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exchange and simulated annealing. Van Belle et al. (2013) solve the problem with
tabu search where a swap operator and an insert operator are used. Kuo (2013)
uses variable neighborhood search. Wisittipanich & Hengmeechai (2017) use particle
swarm optimization with the local best solution and the near-neighbor best solution.
Lee et al. (2012) use three different genetic algorithms. Konur & Golias (2013a,b)
propose a genetic algorithm to find Pareto efficient schedules for the inbound trucks
and recommend a hybrid approach which considers a combination of pessimistic
and optimistic scenarios. Heidari et al. (2018) and Molavi et al. (2018) also use
variations of a genetic algorithm. Tootkaleh et al. (2016) use simple heuristics based
on greedy principles to solve the cross-docking problem. Nassief et al. (2017) and
Zhang et al. (2010) solve their mathematical models to optimality. Chen & Song
(2009), Bellanger et al. (2013) and Fonseca et al. (2019) use a different approach
to tackle cross-dock scheduling problems. They model the problems as two-stage
and three-stage hybrid flow shop scheduling problems with cross-docking constraints
which prevents outbound truck from processing before all of its inbound shipments are
processed and develop several heuristics, branch-and-bound algorithms and a hybrid
Lagrangian metaheuristic to solve these problems.

The two papers that study mixed-mode dock doors use a sequential approach. Hermel
et al. (2016) first assign inbound and outbound trucks to dock doors and then schedule
the trucks according to resource constraints at the cross-dock terminal. Shakeri et al.
(2012) use a two-phase decomposition heuristic, where trucks are sequenced first based
on a ranking and then assigned to doors according to the sequence list.

It should be noted that cross-dock problems that are formulated as flow shop scheduling
problems (Chen & Song, 2009; Bellanger et al., 2013; Fonseca et al., 2019) can be
extended to include mixed-mode dock doors in a straightforward manner by designating
some machines, equivalent to mixed-mode dock doors, as flexible machines that are
capable of processing trucks in multiple stages of the flow shop. However, if the cost of
the solution depends on the dock-door (or machine) combinations in which the truck
is processed in the first (inbound) and second (outbound) stage, as is the case with our
problem, the models and methods presented by Chen & Song (2009), Bellanger et al.
(2013) and Fonseca et al. (2019) cannot be applied in this straightforward manner
anymore. Furthermore, the usage of temporary storage, which is triggered when there
is a mismatch between the time at which inbound trucks and the associated outbound
trucks are processed, cannot be addressed by cross-dock models that are based on
flow shop scheduling problems. This requires us to develop a new model and solution
approaches for the problem.
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Cross-docking can also be seen as part of a larger distribution network where vehicle
routing decisions are included. A rich stream of literature aims at generating vehicle
routes such that the routes for the trucks that need to visit a cross-dock facility are
synchronized. Such problems are considered a subclass of vehicle routing problems with
synchronization constraints (Drexl, 2012) or vehicle- and location-routing problems
with intermediate stops (Schiffer et al., 2019). Since routing decisions are not included
in the scope of our paper. We refer the interested reader to Agustina et al. (2014),
Dondo & Cerdá (2014, 2015), Enderer et al. (2017) and Grangier et al. (2017).

2.3 Problem Description, Notations and Assumptions

Consider a cross-dock facility that needs to process a set of inbound and outbound
trucks denoted by I and O, respectively, over a given planning horizon T . The
planning horizon is discretized in |T | time periods of equal length. Time periods are
indexed by t such that t ∈ T . The dock doors at the cross-dock facility are divided
into inbound, outbound and flexible (or mixed-mode) doors and represented by the
sets DI , DO, and DF , respectively. If no truck is assigned to a flexible door k ∈ DF at
a certain time period, it can be assigned to process either inbound or outbound trucks.
For simplicity, we denote all dock doors that can be assigned to unload inbound
trucks as DIF = DI ∪ DF and all doors that can be used to load outbound trucks as
DOF = DO ∪ DF .

The time of arrival at the yard for truck i ∈ {I,O} is denoted by ri ∈ T (also called
the ready time), whereas the departure time of truck i needs to be scheduled before
or at due time di ∈ T . Each inbound truck i ∈ I has to be processed within the
time window [ri; di], whereas each outbound truck j ∈ O can leave the cross-dock
terminal with a delay at a penalty cost γ for each time period that the truck is delayed.
These costs for untimely deliveries include additional labor costs for the truck driver,
longer usage of the truck, penalties for violating delivery time windows enforced by
city authorities (Quak & de Koster, 2007), and additional costs by the customer to
unload the truck upon arrival at the customer’s location (Quak & de Koster, 2009).
To account for any uncertainty in the arrival time, particularly for inbound trucks,
the cross-dock operator can incorporate additional slack time to ensure that inbound
trucks are available for processing at the beginning of the time window.

The cross-dock dispatcher has complete information about the contents of each inbound
truck. The products are stacked on unit loads (e.g., pallets, roll cages), where all
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products in the same receiving unit load are destined to a specific outbound truck (i.e.,
pre-distribution cross-docking). Each inbound truck carries one or more unit loads
for multiple outbound trucks. In particular, the number of unit loads arriving with
inbound truck i ∈ I that needs to be unloaded, transferred and loaded to outbound
truck j ∈ O is indicated as fij . It is assumed that sufficient personnel and equipment
is available to perform these operations. Other internal operations (such as sorting
and labeling) are not considered. The time required to unload all unit loads from
an inbound truck is assumed to be fixed and exactly equal to the length of one time
period. This is a common assumption when the transported freight is shipped in
standardized cargo containers and the number of unit loads per inbound truck does
not strongly differ (Boysen, 2010). Each inbound truck i ∈ I and outbound truck
j ∈ O has to remain at the dock door for a minimum of gi and hj time periods,
respectively. This is a generalization of the assumption made by Bodnar et al. (2017),
where an inbound truck is at a dock door for exactly one time period. By allowing
more flexibility, it gives the opportunity for inbound trucks to stay at a dock door
longer to facilitate direct dock-to-dock transfers instead of using the temporary storage
area. Furthermore, preemption of processing a truck is not allowed, i.e., a docked
truck does not release its assigned door until it is completely unloaded or loaded.

Unloaded goods are transferred from the inbound truck either directly to the appro-
priate dock door where they are loaded onto an outbound truck or to the temporary
storage area in the cross-dock terminal if the appropriate outbound truck is not yet
docked at the terminal. Additionally, the unit loads can also be left at the inbound
dock lane and moved to the outbound dock lanes at a later time period. When unit
loads are placed at an inbound dock lane for more than one time period, the dock lane
cannot be used by a different truck until the lane is cleared of the unit loads. This
strategy enables a reduced number of unit loads that are moved to the temporary
storage area, but it can lead to delays of outbound trucks. For retail cross-dock
facilities, this is a reasonable representation as unit loads can stay at the inbound
lanes for multiple time periods to facilitate direct dock-to-dock transfers.

We assume that the temporary storage area is sufficiently large and does not constrain
cross-dock operations. This is also observed in the field investigation by Ladier &
Alpan (2016). Furthermore, we have experienced that the cross-docking operations in
many unit-load cross-dock facilities in Europe and Asia are performed in warehouse
facilities that have significant space available for the temporary storage of items.
Temporary storage is also no limitation in the four cross-dock facilities included in our
case study (see Section 2.6.5). This form of storage is different from the floor-chain
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conveyor systems studied by Bartholdi III & Gue (2000) in less-than-truck load
terminals where each dock door is reserved for one destination for the whole day. As
a result, the space in front of a dock door can serve as a unique storage area for a
dock alone and modeling temporary storage becomes redundant. If the amount of
temporary storage would be constrained, we would have to consider the detailed use
of temporary storage (Vis & Roodbergen, 2008), and track the use of each storage
space individually. We do not include this level of granularity, as the amount of
temporary storage space is usually sufficient. In addition, the number of unit loads in
the problem would be too large to solve along with the scheduling and assignment
decisions for trucks. In this paper, the storage space is only intended for items that
cannot be directly transferred from an inbound truck to an outbound truck. This can
be a necessity to create feasible solutions since we consider a high utilization of the
dock doors. By penalizing the usage of the storage area in our objective function, our
solution approach reduces the utilization of the storage area. Therefore, it is sufficient
to model the intermediate storage in this basic manner.

The direct dock-to-dock transfer requires a travel distance mkp between dock door
k ∈ DIF where the inbound truck is processed and dock door p ∈ DOF where the
outbound truck is processed. The cost associated with this direct dock-to-dock transfer
is indicated by η per unit load per unit distance and consists of costs for personnel
and equipment (such as forklifts). However, if inbound truck i ∈ I departs or the
inbound dock lane is emptied before outbound truck j ∈ O is docked where fij > 0,
the unit loads destined for outbound truck j have to be temporarily stored until the
outbound truck is ready to be loaded. The cost of temporary storage for each unit
load is indicated by β and consists of the additional transfer to and from the storage
area as well as the costs incurred for double material handling. An overview of all
notations is included in Table 2.2.

Most studies that integrate the truck scheduling and dock-door assignment problem
have considered that the time needed to transfer goods from inbound to outbound
trucks is directly proportional to the distance between the dock doors to which the
trucks are assigned. Boysen et al. (2013) and Bodnar et al. (2017) both note that the
time required to process an inbound trailer is approximately 30 to 45 minutes. Within
such a time period, all transshipment operations can be performed in any cross-dock
facility, even between the furthest dock doors in a large facility. Consequently, it is
unnecessary to incorporate the actual transfer times in a cross-dock facility. Following
this previous literature, we also assume that any direct dock-to-dock transfer or
dock-to-storage transfer can be completed within one time period. Therefore, our
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Table 2.2: Overview of the notation for the cross-dock scheduling problem

notation description
I, O set of inbound and outbound trucks
DI , DO, DF set of inbound, outbound and mixed-mode doors
T set of time periods
ri, di arrival time and departure time of truck i
gi minimum processing time required by inbound truck i
hj minimum processing time required by outbound truck j
fij number of unit loads to be transferred from inbound truck i to

outbound truck j
mkp travel distance between dock doors k and p
η transfer and material handling cost per unit load per unit distance

associated with a direct dock-to-dock transfer
β transfer and material handling cost per unit load associated with

a transfer to and from the storage area
γ penalty cost per unit load per unit time that a truck is delayed

objective is to minimize a weighted combination of three cost components: the transfer
costs as function of internal travel distances between inbound and outbound doors,
the usage of the temporary storage area and the total tardiness of outbound trucks
with respect to their assigned due times. In the next section, we mathematically
formulate the cross-dock scheduling problem that we study in more detail.

2.4 Model Formulation

The aim of this section is to formulate the multi-door cross-dock scheduling problem
(that is, integrating the truck scheduling decisions and the dock-door assignment
decisions) as a mixed-integer programming (MIP) model in which temporary storage
and internal travel distances are minimized as well as the total tardiness with respect
to the departure times of outbound trucks.

According to the 3-field notation system introduced by Boysen & Fliedner (2010) to
classify operational cross-dock problems, our problem can be denoted as [EM |ri, di, pi
, tp = 0|

∑
Ti +

∑
Sp +

∑
DC]. EM indicates that the cross-dock environment

has both exclusive and mixed-mode dock doors. ri, di, pi indicates truck dependent
arrival, departure, and processing times, respectively. tp = 0 denotes that the
transshipment (or transfer) time within the cross-dock facility is zero or, in other
words, all transshipments are possible within the same time period. The final field
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indicates the objective as
∑
Ti +

∑
Sp +

∑
DC, which is the minimization of the

total tardiness, temporary storage, and total direct transfer distance costs.
∑
DC is

a new notation we introduce specific to our problem. This was not considered in the
nomenclature introduced by Boysen & Fliedner (2010). Note that p is used here in
relation to the nomenclature of Boysen & Fliedner (2010). In the model formulation
and the remainder of the paper, we use g and h to refer to the minimum processing
time for inbound and outbound trucks, respectively (as described in Section 2.3).

The following parameters are used for simplifying purposes:

T Ei set of time periods before truck i ∈ I∪O arrives at the yard, T Ei = {t | t ∈ T , t < ri}
T Li set of time periods after truck i ∈ I ∪ O is due to depart the terminal, T Li =

{t | t ∈ T , t > di}
T Ni set of time periods within the processing time window of truck i ∈ I ∪ O, T Ni =

{t | t ∈ T , ri ≤ t ≤ di}
δtj delay for outbound truck j ∈ O if departed at time period t ∈ T , δtj = max

{0, t− dj},
λij 1 if fij > 0, 0 otherwise

The following decision variables are used in our model formulation:

xtik 1 if inbound truck i ∈ I is assigned to door k ∈ DIF at time period t ∈ T , 0
otherwise

x̂tik 1 if inbound truck i ∈ I has finished unloading at door k ∈ DIF at the end of time
period t ∈ T , 0 otherwise

ytjp 1 if outbound truck j ∈ O is assigned to door p ∈ DOF at time period t ∈ T , 0
otherwise

ŷtjp 1 if outbound truck j ∈ O has finished loading at door p ∈ DOF at the end of time
period t ∈ T , 0 otherwise

utij number of unit loads to unload from inbound truck i ∈ I destined for outbound
truck j ∈ O after time period t ∈ T

ltij number of unit loads loaded onto outbound truck j ∈ O originating from inbound
truck i ∈ I after time period t ∈ T

stij 1 if unit loads destined for outbound truck j ∈ O are transferred from inbound
truck i ∈ I to the temporary storage area at time period t ∈ T , 0 otherwise

ŝtij number of unit loads at the temporary storage location at the end of time period
t ∈ T that have been received from inbound truck i ∈ I and are destined for
outbound truck j ∈ O
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ẑijkp 1 if inbound truck i ∈ I is completely unloaded at door k ∈ DIF and outbound
truck j ∈ O is completely processed at dock door p ∈ DOF for dock-to-dock transfer
of shipments between i and j, 0 otherwise

ztij 1 if inbound truck i ∈ I and outbound truck j ∈ O are both docked at
time period t ∈ T and j receives load from i, 0 otherwise

Atij number of unit loads that have been received from inbound truck i ∈ I
and are transferred from the temporary storage location to outbound
truck j ∈ O at time period t ∈ T

The integrated cross-dock scheduling problem can then be formulated as a MIP model
as follows:

min
∑
i∈I

∑
j∈O

∑
k∈DIF

∑
p∈DOF

ηẑijkpmkpfij+ (2.1a)

∑
i∈I

∑
j∈O

∑
t∈T

βstijfij+ (2.1b)

∑
j∈O

∑
p∈DOF

∑
t∈T L

j

γδtj ŷ
t
jp (2.1c)

subject to

∑
k∈DIF

xtik ≤ 1 ∀i ∈ I, t ∈ T (2.2)

∑
p∈DOF

ytjp ≤ 1 ∀j ∈ O, t ∈ T (2.3)

∑
i∈I

xtik ≤ 1 ∀k ∈ DI , t ∈ T (2.4)∑
j∈O

ytjp ≤ 1 ∀p ∈ DO, t ∈ T (2.5)

∑
i∈I

xtik +
∑
j∈O

ytjk ≤ 1 ∀k ∈ DF , t ∈ T (2.6)

∑
t∈TN

i

∑
k∈DIF

x̂tik = 1 ∀i ∈ I (2.7)

∑
t∈TN

j
∪T L
j

∑
p∈DOF

ŷtjp = 1 ∀j ∈ O (2.8)
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u0
ij = fij ∀i ∈ I, j ∈ O (2.9)

l0ij = 0 ∀i ∈ I, j ∈ O (2.10)

ŝ0
ij = 0 ∀i ∈ I, j ∈ O (2.11)

utij ≥ ut−1
ij − (stijfij)− ztijfij ∀i ∈ I, j ∈ O, t ∈ T (2.12)

ltij ≤ lt−1
ij +Atij + ztijfij ∀i ∈ I, j ∈ O, t ∈ T (2.13)

stij ≤
∑
k∈DIF

xtik ∀i ∈ I, j ∈ O, t ∈ T (2.14)

ŝtij = ŝt−1
ij + (stijfij)−Atij ∀i ∈ I, j ∈ O, t ∈ T (2.15)

xtik ≤ x̂tik + xt+1
ik ∀i ∈ I, k ∈ DIF , t ∈ T (2.16)

ytjp ≤ ŷtjp + yt+1
jp ∀j ∈ O, p ∈ DOF , t ∈ T (2.17)∑

j∈O

fij

(
1−

∑
k∈DIF

x̂tik

)
≥
∑
j∈O

utij ∀i ∈ I, t ∈ T (2.18)

∑
i∈I

∑
p∈DOF

fij ŷ
t
jp ≤

∑
i∈I

ltij ∀j ∈ O, t ∈ T (2.19)

∑
k∈DIF

∑
t∈T E

i
∪T L
i

xtik = 0 ∀i ∈ I (2.20)

∑
p∈DOF

∑
t∈T E

j

ytjp = 0 ∀j ∈ O (2.21)

gi
∑
k∈DIF

x̂tik ≤
∑
k∈DIF

t∑
t′=ri

xt
′
ik ∀i ∈ I, t ∈ T Ni (2.22)

hj
∑

p∈DOF

ŷtjp ≤
∑

p∈DOF

t∑
t′=rj

yt
′
jp ∀j ∈ O, t ∈ {T Nj , T Lj } (2.23)

λij

(∑
t∈T

x̂tik +
∑
t∈T

ŷtjp −
∑
t∈T

stij

)
≤ 1 + ẑijkp ∀i ∈ I, j ∈ O, k ∈ DIF , p ∈ DOF (2.24)

λij

( ∑
k∈DIF

xtik +
∑

p∈DOF

ytjp

)
≥ 2 ztij ∀i ∈ I, j ∈ O, t ∈ T (2.25)

Atij ≤ ŝt−1
ij ∀i ∈ I, j ∈ O, t ∈ T (2.26)

Atij ≤ fij
∑

p∈DOF

ytjp ∀i ∈ I, j ∈ O, t ∈ T (2.27)

ẑijkp ∈ {0, 1} ∀i ∈ I, j ∈ O, k ∈ DIF , p ∈ DOF (2.28)

xtik, x̂
t
ik ∈ {0, 1} ∀i ∈ I, k ∈ DIF , t ∈ T (2.29)

ytjp, ŷ
t
jp ∈ {0, 1} ∀j ∈ O, p ∈ DOF , t ∈ T (2.30)

ztij , s
t
ij ∈ {0, 1} ∀i ∈ I, j ∈ O, t ∈ T (2.31)

Atij , u
t
ij , l

t
ij , ŝ

t
ij ≥ 0 ∀i ∈ I, j ∈ O, t ∈ T (2.32)
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The first term (2.1a) in the objective function represents the transportation costs
for shipments directly transferred from inbound to outbound trucks. The second
term (2.1b) represents the costs of unit loads that are temporarily stored before being
loaded onto the outbound truck. The third term (2.1c) represents the total tardiness
costs of outbound trucks.

Constraints (2.2) and (2.3) ensure that each truck can only be docked at a dock door
that is capable of processing the load at any time period. Constraints (2.4) to (2.6)
ensure that the same dock door cannot be assigned to more than one truck at the
same time period. Constraints (2.7) ensure that all inbound trucks are completely
processed within their time window. All outbound trucks are completely processed
between their arrival time period and the end of the planning horizon as per constraints
(2.8). Constraints (2.9) specify the number of unit loads in each inbound truck at the
beginning of the planning horizon. Each outbound truck and the temporary storage
area is defined as empty at the beginning of the planning horizon by constraints (2.10)
and (2.11), respectively.

Constraints (2.12) regulate the decrease in the number of unit loads that are left to be
unloaded. Similarly, constraints (2.13) regulate the possible increment in the number
of unit loads that are loaded onto each outbound truck at the end of each time period.
Constraints (2.14) ensure that unit loads cannot be moved to the temporary storage
area from an inbound truck unless the inbound truck is docked at a door. Constraints
(2.15) are balancing equations that count the number of unit loads available in the
temporary storage area.

Constraints (2.16) together with constraints (2.7) prevent preemption and they connect
x̂tik with xtik. Similarly, each outbound truck cannot preempt according to constraints
(2.17) in combination with constraints (2.8) and they also relate ŷtjp to ytjp. Constraints
(2.18) and (2.19) force all inbound and outbound trucks to be completely unloaded and
loaded, respectively, before their processing is completed in the previous constraints.
Constraints (2.20) mandate that each inbound truck is not docked at the cross-dock
terminal before its arrival or after its due time. Similarly, constraints (2.21) require
that each outbound truck can only be docked after its arrival to the yard. Constraints
(2.22) and (2.23) mandate that each inbound and outbound truck, respectively, has
to remain at the dock door for at least a specified number of time periods once it is
docked.
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Constraints (2.24) regulate variable ẑijkp, where it attains the value one when both
inbound truck i ∈ I and outbound truck j ∈ O are docked at door k ∈ DIF and
p ∈ DOF , respectively, for a direct dock-to-dock transfer. For the variable ztij ,
constraints (2.25) govern direct transfers of products between inbound and outbound
trucks. Constraints (2.26) and (2.27) assign an appropriate value to Atij . Specifically,
constraints (2.27) do not allow unit loads to be moved from the temporary storage
area unless the corresponding outbound truck is docked. Finally, constraints (2.28)
to (2.32) specify the domain of each decision variable.

The following valid equalities are included into the model formulation to assist
convergence to optimal solutions:∑

k∈DIF

∑
p∈DOF

ẑijkp +
∑
t∈T

stij = 1 ∀i ∈ I, j ∈ O, fij > 0 (2.33)

Each transfer between inbound and outbound doors has to happen either through a
direct dock-to-dock transfer, which is indicated by ẑijkp, or by routing the transfer
through the temporary storage area, which is represented by stij . Equation (2.33)
exploits this information to define higher lower bounds on the objective value of
fractional solutions and to help converge to the optimal solution more quickly.

Proposition 2.1. The cross-dock scheduling problem [EM |ri, di, pi, tp = 0|
∑
Ti +∑

Sp +
∑
DT ] is strongly NP-hard.

Proof. [EM |ri, di, pi, tp = 0|
∑
Ti+

∑
Sp+

∑
DT ] is a generalization of [EM |ri, di, pi,

tp = 0|
∑
Ti +

∑
Sp] which is NP hard in the strong sense (Bodnar et al., 2017).

2.5 Integrated Solution Approach

To solve the model formulated in Section 2.4, we propose to use adaptive large
neighbourhood search (ALNS). In particular, we adapt the ALNS algorithm proposed
by Bodnar et al. (2017) to include dock-door assignment decisions besides truck
scheduling decisions. In this section, we only highlight the differences between our
cross-dock scheduling ALNS algorithm and the truck scheduling ALNS algorithm
of Bodnar et al. (2017), whereas all details of our integrated ALNS algorithm are
described in Section 2.8.3.

The integrated cross-dock scheduling ALNS algorithm follows a decomposition ap-
proach where decisions pertaining to inbound trucks are changed by neighbourhood
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operators and the outbound decisions are made by solving a reduced problem to
optimality (with the inbound decisions given as input parameters). Other decompo-
sition approaches can be found in the literature, such as first-schedule-then-assign
and first-assign-then-schedule (Boysen et al., 2013; Hermel et al., 2016). Furthermore,
our decomposition approach is used in each iteration of our ALNS algorithm, rather
than solving each decomposition step only once. The architecture of the cross-dock
scheduling ALNS algorithm is presented in Figure 2.1. First, a set of initial feasible
solutions is generated using constructive heuristics. The best solution is then used
by the ALNS algorithm for modification and re-optimization. The scheduling and
assignment decisions of inbound trucks are modified by neighbourhood operators,
which are dynamically selected based on their individual performance to modify the
scheduling and assignment decisions for the inbound trucks. Once the reduced problem
finds the optimal scheduling and assignment decisions for the outbound trucks in the
second step of the decomposition, the new solution is accepted using criteria from
simulated annealing. This process is repeated until a stopping criterion is met, which
terminates the algorithm and reports the best solution that is found.

The key difference between our cross-dock scheduling ALNS algorithm and the truck
scheduling ALNS algorithm proposed by Bodnar et al. (2017) is that our ALNS
algorithm simultaneously considers scheduling and assignment decisions rather than
just scheduling decisions. As a result, our ALNS algorithm requires an extended
solution representation and a new approach to generate initial solutions, as well as
additional neighbourhood operators and an extended reduced problem formulation.
In this section, we discuss the new solution representation and present an overview of
the new neighbourhood operators. More details on each of the new aspects of the
ALNS algorithm are presented in Section 2.8.3.

2.5.1 Representation of solution

As indicated above, the search algorithm will modify the decisions related to all
inbound operations as part of the first step in the decomposition. Consequently, these
decisions are represented as a matrix with the dimensions |T | × |DIF |. Each row of
the matrix represents a dock door and each column represents a time period, where
each individual element in the matrix indicates either the identification number of
the inbound truck scheduled at that particular dock door at that time period or 0
if nothing is scheduled. An example of the solution representation is provided in
Table 2.3. At dock door 1, inbound truck 1 is docked at the first two time periods. No
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Generate initial feasible
solutions (schedules and
assignment of inbound
and outbound trucks)

Choose a neighborhood
operator adaptively

Change the sched-
ule and assignment
of inbound trucks

Solve the RP to
schedule and assign
outbound trucks

Accept the solu-
tion with simulated
annealing criteria

Change weights of the
neighborhood operators

Termination
criteria met?

Report best found solution

Yes

No

Figure 2.1: The architecture of the cross-dock scheduling ALNS algorithm

truck is assigned to door 1 in the third time period, and inbound truck 5 is assigned
in the last three time periods.
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Table 2.3: Example of the new solution representation

1 2 3 · · · |T | − 2 |T | − 1 |T |
1 1 1 0 · · · 5 5 5
2 8 8 9 · · · 11 0 0
...

...
...

...
...

...
...

...
|DIF | − 1 23 23 23 · · · 2 2 2
|DIF | 55 55 56 · · · 0 0 0

* 0 - no truck is assigned to the dock door

2.5.2 Neighbourhood operators

Removal and insertion neighbourhood operators are used, respectively, to destroy
and to repair any scheduling and assignment decisions for the inbound operations in
the solution representation introduced in the previous subsection. Table 2.4 gives an
overview of all operators that are used by the cross-dock scheduling ALNS algorithm.
It becomes clear that each operator is either a combination of a removal and insertion
operator or the operator performs both tasks by itself. Furthermore, the last column
in this table indicates whether the operator is designed to improve scheduling decisions
(S), assignment decisions (A) or both types of decisions (S&A). The new operators
are indicated in bold. Each of the neighbourhood operators is discussed in more detail
in Section 2.8.3 and their performance is summarized in Section 2.8.4. From these
results we conclude that the operators specifically designed to solve the integrated
cross-dock scheduling problem improve the solution the most.

2.6 Results

In this section, the performance of the integrated cross-dock scheduling problem and
the proposed solution approach are studied through numerical experiments, where
the sequential approach (i.e., first-schedule-then-assign) is used as benchmark. In
Section 2.8.2, we develop the MIP formulations for the truck scheduling and dock-door
assignment problems in the sequential approach. We consider instances with 5, 10 or
20 dock doors. For most of the small instances with only five doors, we can find the
optimal solution to both the cross-dock scheduling problem formulated in Section 2.4
as well as the truck scheduling and dock-door assignment problem of the sequential
approach formulated in Section 2.8.2. For the instances with ten dock doors, we cannot
find an optimal solution anymore for the integrated cross-dock scheduling problem



2.6 Results 37

Table 2.4: The combinations of neighborhood operators used in the cross-dock
scheduling ALNS algorithm. Operators indicated in bold are new operators. Each
operator is designed to improve either scheduling decisions (S), assignment decisions
(A) or both types of decisions (S&A).

Operator Description Focus
rRd & iBck random removal and backward insertion S
rRd & iFwd random removal and forward insertion S
rRd & iSwap time and space positions of two trucks are randomly exchanged S&A
rRd & iUp random removal and insertion to adjacent dock door in one direction A
rRd & iDown random removal and insertion to adjacent dock door in different direction A
rMx & iBck random removal from the maxtime and backward insertion S
rMx & iFwd random removal from the maxtime and forward insertion S
rCr & iBck removal based on critical ratio and backward insertion S
rCr & iFwd removal based on critical ratio and forward insertion S
rCr & iSwap time and space positions of two trucks are exchanged based on the critical ratio S&A
rSy & iBck removal based on synchronization ratio and backward insertion S
rSy & iFwd removal based on synchronization ratio and forward insertion S
rSy & iSwap two trucks are exchanged based on the synchronization ratio S&A
rI20 inbound truck processing is postponed to facilitate direct transfer S
riextBck inbound truck processing is extended backward to facilitate direct transfer S
riextFwd inbound truck processing is extended forward to facilitate direct transfer S
rD2D complete swap of the processing plans at two dock doors A

and we resort to the ALNS algorithm to find good solutions. The sequential approach
can still find optimal solutions for most instances when the utilization of the dock
doors is rather low. However, when the utilization increases we only find solutions to
both problems in the sequential approach with the use of metaheuristics proposed in
the literature. The truck scheduling problem is then solved with the ALNS algorithm
proposed by Bodnar et al. (2017), whereas the dock-door assignment problem is solved
with the tabu search (TS) algorithm proposed by Miao et al. (2009). We use these two
metaheuristics since they are the only available techniques in the literature for cross-
dock terminals with similar characteristics as studied in our paper, which includes
the use of mixed-mode dock doors. However, as mentioned before and illustrated in
Section 2.8.1, the problem formulation by Bodnar et al. (2017) can result in schedules
for which no feasible dock-door assignment exists without preemption. If this happens,
we delay these shipments to the earliest timing such that a feasible solution can be
created when assigning dock doors to the scheduled trucks. Furthermore, we note that
the TS algorithm by Miao et al. (2009) is originally designed for a cross-dock terminal
where all dock doors operate in a mixed service mode. Consequently, we have to
make the following adjustments: inbound and outbound trucks are only assigned to
the appropriate dock doors (i.e., to a door in DIF and DOF , respectively), and the
assignment of trucks to dock doors is only swapped between trucks of the same type
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(either inbound or outbound). The performance of these metaheuristics is compared
to our ALNS algorithm in Section 2.6.3.

All experiments are conducted on a single thread of a i7-3520M, 2.9 GHz computer
with 8 GB RAM. The ALNS algorithm is implemented in Python while the reduced
problem is solved with Gurobi 6.5.1 (Optimization, 2016). The termination criterion
for the ALNS algorithm is set to 5,000 iterations (the same as Bodnar et al. (2017)).
See Section 2.8.3 for details on the parameter settings for the ALNS algorithm.

This section is structured as follows. First, we describe the procedure to generate
our instances. Second, we compare the optimal solutions of the integrated approach
against those of the sequential approach for small instances. Third, we present the
performance of the integrated ALNS algorithm against a sequential approach for
medium and large-sized instances where we vary the utilization of the dock doors.
Fourth, we analyze several strategies to position mixed-mode dock doors. The section
concludes reporting the results of our case study where the integrated solutions are
compared against the sequential solutions for each of the four cross-dock terminals of
the retailer under study.

2.6.1 Generation of instances

The instances included in our testbed are similar to those studied by Bodnar et al.
(2017). We consider cross-dock terminals with 5, 10 or 20 dock doors where 30, 60,
90, 120 or 150 trucks need to be scheduled and assigned. The average number of
outbound trucks supplied by each inbound truck is either 4 or 6. This determines the
utilization of the dock doors, measured by Bodnar et al. (2017) as

utilization(%) = |I|+ |O|
|D| × |T |

× 100%.

We use the same definition in our paper. Furthermore, the arrival and departure time
windows are uniformly distributed over the planning horizon and have a length of 2
or 3 time periods. See Bodnar et al. (2017) for more details.

Since we extend the model formulation of Bodnar et al. (2017) with dock-door
assignment decisions, we also have to specify travel distances between dock doors
and indicate which of the doors operate in an exclusive or mixed service mode. For
our comprehensive experiments we consider a U-shaped cross-dock terminal with
dock doors on the outersides since this is the most common shape among unit-load
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cross-dock operations with temporary storage. Note that other shapes can be used as
well. For instance, the layout of an I-shaped cross-dock facility is specified by two
sequences of service modes (one for each side of the I shape). To illustrate that our
integrated solution approach is also applicable to cross-dock terminals with another
shape, we apply our methodology to an I-shaped cross-dock facility in Section 2.8.6.
However, our main analysis in this section is restricted to U-shaped facilities only.
Investigating all shapes in detail is merely a numerical exercise and beyond the scope
of this paper.

The layout of a U-shaped cross-dock terminal is specified by a single sequence of
service modes corresponding to the service modes for each of the dock doors. The
proportion of mixed-mode dock doors ranges from 0% to 60% of the total number of
dock doors (in multiples of 20%). Results by Berghman et al. (2015) and Bodnar et al.
(2017) indicate that adding more flexible doors beyond the 60% has a negligible impact.
We consider three configurations for the positioning of the inbound, outbound, and
flexible dock doors. In each configuration the inbound dock doors are located in the
centre with the outbound dock doors on either side (consistent with the observation
of Bartholdi III & Gue (2000) and our case study in Section 2.6.5). The flexible
dock doors are placed either in the center of the inbound doors, in the center of the
outbound doors or at the outer limits of the cross-dock terminal. These strategies are
referred to as the center, half-center and outer strategies, respectively. Each of the
layout configurations is illustrated in Table 2.5.

Lastly, we need to specify the objective function coefficients. To express the travel
distance in meters, we set the dock-to-dock transfer cost η equal to one and let the
distance between two dock doors k, p ∈ D equal mkp = 3.6|k − p|, since the travel
distance between two adjacent dock doors in each layout configuration is 3.6 meters
(which is equivalent to the length of 3 unit loads or pallets). The temporary storage
cost β is set to twice the average dock-to-dock travel distance between all dock doors
and approximates the travel distance of a unit load transferred between two randomly
selected doors via the temporary storage area. In particular,

β = 2 · 3.6 ·
|D|−1∑
i=1

i(i+ 1)/ (|D| · (|D| − 1)) .

The delay cost γ is set to 2β or 10β, which is the same as in Bodnar et al. (2017).
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2.6.2 Intergated versus sequential solutions, small instances

For each instance, we report the relative performance of the integrated solution
approach compared to a benchmark as well as the value of the objective function
for the benchmark solution. The relative performance is calculated as ∆(%) =
((zA(x)− zB(x)) /zB(x)) ·100%, where zA(x) and zB(x) denote the objective function
values corresponding to the solutions generated by solution technique A and B,
respectively, where B is our benchmark. Note that a positive (negative) value for
∆(%) indicates that technique A results in an inferior (superior) solution compared
to the benchmark solution (which is given by technique B).

For the smallest instances, where |D| = 5, the benchmark solution is the best solution
found by solving the MIP formulations of the scheduling and assignment problem
in the sequential approach as defined in Section 2.8.2. We terminate the solution
procedure for each problem if no optimal solution is found within 1,800 seconds, which
is similar to Bodnar et al. (2017) (i.e., the solution procedure takes at most 3,600
seconds). The corresponding objective function value is reported as Seq. obj. We
compare the performance of the best solution found by solving the MIP formulation
of the cross-dock scheduling problem as defined in Section 2.4 and the performance of
the solution found by our ALNS algorithm against the best solution found with the
sequential approach. This is indicated by Int. ∆(%) and ALNS ∆(%), respectively.
If the optimal solution for the integrated cross-dock scheduling problem is not found
within 3,600 seconds, we terminate the solver and report the best found solution. The
results are presented in Table 2.6. When Gurobi is able to find the optimal solution
to the MIP formulations, the performance is reported in bold. The results show that
the optimal solution for the sequential approach is found in 56 out of 80 instances.
In contrast, the integrated approach finds the optimal solution in only 24 instances.
However, the best solution to the integrated MIP formulation is for most instances
superior to the best solution in the sequential approach, but there are also a number
of instances (when there are more mixed-mode dock doors) where the integrated
approach cannot find a good solution within 3,600 seconds. The results show that
our ALNS algorithm is a good alternative solution approach to solve the integrated
cross-dock scheduling problem with an average improvement of 2.12% compared to
the best solution in the sequential approach.

The interesting result from Table 2.6 is that the optimal solutions for the sequential
approach cannot guarantee that the operational costs of a cross-dock terminal decrease
when (more) mixed-mode dock doors are included. This contradicts the results from
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Berghman et al. (2015) and Bodnar et al. (2017) when only scheduling decisions
are considered. Figure 2.2 illustrates the objective function values for the instances
with on average 4 outbound trucks per inbound truck and the length of the arrival
and departure time window equals 2 periods. In both Figure 2.2a (low delay cost)
and Figure 2.2b (high delay cost), the optimal solutions in the sequential approach
for the instances with 60% mixed-mode dock doors (i.e., layout M8, M9 and M10 )
are worse than the optimal solutions in the sequential approach for the instances
with 40% mixed-mode dock doors (i.e., layout M5, M6 and M7 ). In particular, the
optimal solutions found with the sequential approach for layout M8 are worse than
the solutions for any other layout configuration (even compared to layout M1 with
no mixed-mode dock doors). The reason is that the sequential approach has no
mechanism to consider the potential impact of a schedule on the assignment decisions
in the second stage. As a result, the myopic scheduling decisions in the first stage
substantially increase the total travel distance when the trucks are assigned to dock
doors. In contrast, when the integrated approach is used to solve the cross-dock
scheduling problem, we can claim that it is always beneficial to use more mixed-mode
dock doors (consider Figure 2.2b where all solutions in the integrated approach are
optimal). These results illustrate the value of our integrated approach over any
sequential method.
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Figure 2.2: The objective function values of the best solutions for the MIP formu-
lations in the sequential and integrated approach as well as the solution with our
ALNS algorithm for instances with 5 dock doors, 30 trucks, di − ri = 2 and on
average 4 outbound trucks per inbound truck
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2.6.3 Performance of ALNS algorithm for integrated problem

For instances with more than five dock doors, we cannot solve the MIP formulation
of the integrated cross-dock scheduling problem within 3,600 seconds. Therefore, we
compare the performance of solutions found with our integrated ALNS algorithm
against solutions of the sequential approach. We first present the results for instances
where the dock-door utilization is low followed by instances where the dock-door
utilization is high.

Low dock-door utilization
For the instances where |D| = 10, the benchmark solution is the best solution found
for the MIP formulations in the sequential approach (similar to Section 2.6.2). Besides
the relative performance of the solution found with our ALNS algorithm (denoted by
ALNS ∆(%)), we also report the relative performance of the solutions when existing
metaheuristics from the literature are used to solve the problems in the sequential
approach (denoted by Seq MH ∆(%)). For the instances where |D| = 20, we cannot
find good solutions for the MIP formulations in the sequential approach within a
reasonable time. Consequently, the solution resulting from the existing metaheuristics
becomes the benchmark solution, and the relative performance of our integrated
ALNS algorithm against this benchmark solution is still denoted as ALNS ∆(%).
The results are presented in Table 2.7 and Table 2.8 for instances with 10 dock doors
and 30 and 60 trucks, respectively. Table 2.9 and Table 2.10 presents results for the
instances 20 dock doors and 60 and 120 trucks, respectively.

From the results in Table 2.7 and Table 2.8, it becomes clear that our ALNS algorithm
finds solutions that outperform even the optimal solution to the MIP formulations
in the sequential approach for most instances, with an average improvement of 4%.
The integrated ALNS algorithm performs even better when the cost of delays is low
(γ = 2β) rather than high (γ = 10β), with average improvements of 6.5% and 1.5%,
respectively (ANOVA p < 0.001). This is to be expected as it is more cost effective
to avoid delays when γ is higher. The first stage of the sequential approach (i.e.,
solving the scheduling problem) will exactly do this. The integrated approach will
do something similar and also ends up favoring scheduling decisions, such that the
benefits of simultaneously considering assignment decisions can be less substantial.
Furthermore, as the utilization of the dock doors is rather low in these instances
(18.75% and 37.5%), there is flexibility to find good dock-door assignment decisions in
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the sequential approach. Nevertheless, the solutions of our integrated ALNS algorithm
are considerably better than the best solutions in the sequential approach.

The results in both tables indicate that solutions found with the existing metaheuristics
in the sequential approach perform notably inferior. In Table 2.7 and Table 2.8, these
solutions are on average 24.1% worse than the best solutions for the MIP formulations
in the sequential approach, with a maximum optimality gap of 78.2%. Especially
when there are mixed-mode dock doors, the metaheuristics in the sequential approach
perform poorly. Furthermore, the average cost increase changes from 18% to 30.3%
when the dock-door utilization increases from 18.75% to 37.5% (the difference is
statistically significant, ANOVA p < 0.001). The metaheuristics in the sequential
approach are also not performing well for the instances in Table 2.9 and Table 2.10,
where the average improvement by using our ALNS algorithm to solve the cross-dock
scheduling problem compared to the metaheuristics in the sequential approach results
in a reduction of 24% for the objective function value. Similar to Table 2.7 and
Table 2.8, the relative performance is even better when there are mixed-mode dock
doors (the average improvement is then 26.4%)2.

As discussed in Section 2.8.1, the problem formulation by Bodnar et al. (2017) only
includes the number of trucks scheduled at dock doors in a certain service mode.
This can result in a truck that needs to be assigned to a flexible door in one time
period and to a dedicated door in another time period in order to find a feasible
dock-door assignment. Since this type of preemption is not allowed in our problem
formulation, we revised the problem formulation in Section 2.8.2 such that the truck
scheduling problem generates schedules for which a feasible dock-door assignment can
always be found with the sequential approach. Interestingly, our integrated ALNS
algorithm finds solutions that are consistently superior compared to the solutions from
the optimal MIP solutions in the sequential approach (as indicated in Table 2.7 and
Table 2.8). For the instances in Table 2.9 and Table 2.10, the sequential approach can
only use the metaheuristics to find a solution within a reasonable computational time.
However, the schedule resulting from the ALNS algorithm of Bodnar et al. (2017) has
to be adjusted (i.e., we delay activities) if no feasible assignment is possible. This is
the main reason why the metaheuristics from the literature do not perform well in
the sequential approach (in both tables). But even without this issue, our integrated
ALNS algorithm finds significantly superior solutions compared to the solutions with

2To calculate the performance of our ALNS algorithm relative to the metaheuristics in the sequential
approach in Table 2.7 and Table 2.8, we consider (ALNS ∆(%) - Seq. MH ∆(%)) · 100 / (100 +
Seq. MH ∆(%)).
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the metaheuristics in the integrated approach. Just consider the results for layout
M21, since these instances do not have any mixed-mode dock doors (and therefore
do not suffer from the preemption issue). The results show that our integrated ALNS
approach finds solutions that are on average 6.5% better than the metaheuristics
solutions in the sequential approach.

High dock-door utilization
With 10 dock doors, when we increase the number of trucks to be processed at the
cross-dock terminal within the same planning horizon to 90, 120 and 150 trucks,
the dock-door utilization rate increases to 56.25%, 75% and 93.75%, respectively.
The results for these instances are presented in Table 2.11, Table 2.12 and Table 2.13 .
Similar to Table 2.9 and Table 2.10, the MIP formulations of the problem cannot be
solved in either the sequential or the integrated approach. Therefore, the performance
of the solutions from the integrated ALNS algorithm are compared to the solutions
from the metaheuristics in the sequential approach. The results of ALNS ∆(%) in
Table 2.11, Table 2.12 and Table 2.13 are similar to the relative performance of the
ALNS algorithm in Table 2.7, Table 2.8, Table 2.9 and Table 2.10. This illustrates
the consistent superior performance of our integrated ALNS algorithm compared to
the metaheuristics in the sequential approach. The only difference is when all dock
doors operate in the exclusive service mode: the cost improvements are smaller in the
integrated approach. Without mixed-mode dock doors, the integrated solutions are
superior by 1.9% compared to 25% with mixed-mode dock doors.

Computational Effort
In Table 2.9, Table 2.10, Table 2.11, Table 2.12 and Table 2.13, we also report the
computational effort to find a solution for the cross-dock scheduling problem with the
metaheuristics in the sequential approach and the ALNS algorithm in the integrated
approach. It becomes apparent that the ALNS algorithm requires significantly
more CPU time. Although the computation times of the metaheuristics in the
sequential approach are more favourable, the solution quality is significantly inferior.
An alternative to improve the solution quality in the sequential approach (without
adopting the integrated approach) is to generate multiple sequential solutions and
choose the best one. However, such a strategy would make the computation times
go up and it cannot guarantee an improved solution quality. Therefore, we propose
our ALNS algorithm to solve the integrated cross-dock scheduling problem. One
can reduce the number of iterations of the ALNS algorithm to find a solution faster.
In Section 2.8.5 we explore the performance of the solution found with the ALNS
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algorithm over the number of iterations. For consistency, all numerical results in this
section were generated with 5,000 iterations.

Lastly, we also performed numerical experiments for instances with non-unit processing
times (i.e., hj = 4 for each outbound truck j, similar to Bodnar et al. (2017)). The
results are presented in Section 2.8.4. Similar observations can be found as reported
in this section: solutions from the integrated approach are more superior when the
delay cost γ is low and when the utilization rate is high.

2.6.4 Proportion and position of mixed-mode dock doors

All numerical results in Table 2.6 until Table 2.13 report the performance when we
vary the proportion of mixed-mode dock doors (i.e., 0% until 60% in steps of 20%)
as well as the position of the mixed-mode dock doors (i.e., center, half-center and
outer configuration strategies) indicated by the configuration layout. The results
show that the number of mixed-mode dock doors and their position have a significant
impact on the operational performance. Figure 2.3a and Figure 2.3b summarize the
results for the integrated ALNS algorithm over the instances with 10 dock doors
(i.e., Table 2.7 and Table 2.8, Table 2.11, Table 2.12 and Table 2.13) and 20 dock doors
(i.e., Table 2.9 and Table 2.10), respectively. The performance of the solution for the
configuration without any mixed-mode dock doors (M11 and M21, respectively) is
used as benchmark, and the average relative performance for each configuration and
dock-door utilization is reported. A value close to one indicates that the operational
costs are similar to the layout without any mixed-mode dock doors. It becomes clear
that the total operational costs decrease when more mixed-mode dock doors are
included in the configuration. Figure 2.4 illustrates this by taking an average over
the instances with 20%, 40% and 60% mixed-mode dock doors (i.e., average over
M12-M14, M15-M17, M18-M20 in Figure 2.4a). This corresponds to an average cost
reduction of 5.35%, 8.03% and 9.66%, respectively, compared to the total operational
costs when no mixed-mode dock doors are used. The diminishing marginal returns in
the proportion of mixed-mode dock doors is consistent with previous observations in
the literature.

From our numerical results in the tables and Figure 2.3 we observe that not only the
proportion of the mixed-mode dock doors has a significant impact on the operational
performance of a cross-dock terminal, but also the position of these doors. To
illustrates this observation, we take an average of the relative performance over the
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Figure 2.3: The average total operational costs for each configuration layout (i.e.,
proportion and position of mixed-mode dock doors) relative to the configuration
without any mixed-mode dock doors
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Figure 2.4: The average total operational costs for each proportion of mixed-mode
dock doors relative to the configuration without any mixed-mode dock doors

instances with the same configuration strategy regarding the position where mixed-
mode dock doors are located, i.e., center, half-center and outer strategy (corresponding
to the average over M12-M15-M18, M13-M16-M19, M14-M17-M20, respectively). The
results are presented in Figure 2.5a and Figure 2.5b for the instances with 10 and 20
dock doors, respectively. The average cost reduction for each strategy is 8.4%, 7.6%
and 7.1%, respectively. The pairwise t-tests with Bonferroni corrections (Benjamini
& Yekutieli, 2001) and the Games-Howell post-hoc test (Field, 2013) both indicate
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that differences in some strategies are statistically significant3. The strategy without
any mixed-mode dock doors performs the worst (p <0.001) for all comparisons. The
statistical significance among the three strategies for the position of the mixed-mode
dock doors depends on the dock-door utilization rate. First, we discuss the results for
the instances with a low dock-door utilization (less than 50%): the center strategy
outperforms the outer strategy (p <0.02), whereas the differences between the half-
center and outer strategy, and the half-center and center strategy are not statically
significant at a 0.05 significance level. However, for the instances with a high dock-
door utilization, the differences in strategies are not statistically significant. For the
instances with a low dock-door utilization, the total costs are dominated by assignment
decisions, which is largely affected by the position of the mixed-mode dock doors.
However, for the instances with a high dock-door utilization, the costs associated with
the scheduling decisions (i.e., the temporary storage and delay costs) are substantially
larger. Therefore, the overall objective function is less affected by the position of the
mixed-mode dock doors compared to the proportion of these dock doors. Overall, the
results indicate that the center strategy is a good layout design strategy to position
the mixed-mode dock doors for unit-load cross-dock terminals where the dock-door
utilization is either low or high.
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Figure 2.5: The average total operational costs for each position of the mixed-mode
dock doors relative to the configuration without any mixed-mode dock doors

3The Games-Howell test is used as the post-hoc test because Levene’s test (Levene et al., 1960) for
homogeneity of variance is statistically significant.
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2.6.5 Case study

In this subsection, we apply the solution approaches to the cross-dock scheduling
problem in a case study at the largest supermarket chain in the Netherlands. The
retailer operates four cross-dock facilities where unit loads from suppliers and national
distribution centers are consolidated before they are delivered to retail stores. Each
cross-dock terminal has a U-shape and contains 29 to 35 dock doors. The inbound
doors are positioned at the center of the terminal and the outbound doors are on either
side of the inbound doors (as described in Section 2.6.1). At the beginning of this
study, there were no mixed-mode dock doors. Based on the results in Section 2.6.4, we
study four layout configurations at each cross-dock terminal: 0%, 20%, 40% and 60%
mixed-mode dock doors, where the center strategy is used to position these doors.

Each cross-dock facility processes 187 to 256 trucks on a daily basis. The composition
of each inbound and outbound truck is determined in advance (i.e., pre-distribution
cross-docking). Each inbound truck carries unit loads for five to seven outbound
trucks. All inbound trucks carry an equal number of unit loads and require similar
processing times of approximately 30 minutes to unload and transfer their goods.
Therefore, time periods have a length of 30 minutes. Unit loads are either directly
transferred from the inbound staging lane onto the appropriate assigned outbound
dock door (or even directly in the waiting truck), or stored temporarily until the
outbound truck is docked at the terminal. The delivery time windows at the retail
stores govern the due times of the outbound trucks at the cross-dock terminal, and
they also pre-determine the route of each outbound truck.

To compare the performance of solutions generated by our integrated ALNS algorithm
to the solutions of the metaheuristics in the sequential approach, we use the exact same
data set as used by Bodnar et al. (2017) in their case study. The data set represents
the usual dock-door utilization patterns as observed throughout the day. Figure 2.6a
and Figure 2.6b show the actual utilization rate of the inbound and outbound dock
doors, respectively, for each 30 minute time period. Please see Section 2.8.5 for a
description of the current method used by the retailer to make truck scheduling and
dock-door assignment decisions.

To determine the objective function coefficients, we use the following information to
calculate the labor costs associated with the cross-dock operations. Each cross-dock
terminal operates six days a week throughout the year. Each employee (driving either
a pallet truck or an inbound/outbound truck) costs e35,000 per year, and (s)he
works at 80% productivity for eight hours a day, five days a week and 48 weeks a
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Figure 2.6: Utilization rate of inbound and outbound dock-doors over a typical peak
day of retailer’s cross-dock

year. We assume that the internal transportation within the cross-dock terminal
has a speed of two meters per second. Double handling of unit loads in batches of
five requires two minutes for pick-up and drop-off operations. The travel distance
between a dock door and the temporary storage area is approximated to be twice
the average dock-to-dock travel distance, since the temporary storage area is at a
substantial distance from the dock-door area in the cross-dock terminal. The cost
of a direct dock-to-dock transfer (i.e., η) equals 0.003 Euro per meter4. The cost for
each unit sent to the temporary storage area depends on the number of dock doors,
and is therefore different among the cross-dock facilities: βeast = 0.380, βwest = 0.425,
βnorth = 0.395, βsouth = 0.4185. The cost per time period that an outbound truck is
delayed is the same for all cross-dock facilities and equals γ = 11.3936.

To generate a solution with our integrated ALNS algorithm in a timely manner, we
use either 5,000 iterations or 4 hours of computation time (whichever comes first). In
Section 2.8.5, we show that more than 99% of the solution improvement compared
to the initial solution occurs within the first 1,500 iterations, which is within the 4
hour runtime limit. The results of the case study are presented in Table 2.14, where

4Each employee costs e35,000/(8× 5× 48× 3, 600× 0.8) = 0.00633 Euro/sec. and they travel two
meters per second.

5For example, consider the East facility. It has 29 dock doors, which corresponds to an average
travel distance of 10 doors. Since dock doors are 3.6 meters apart and the travel speed is 2
meters per second, it takes 18 seconds to transfer the products either to or from the storage
area. Furthermore, the double handling takes an extra 24 seconds per unit. In total, it takes 60
seconds to move one unit from the inbound door to the outbound door through the storage area.
This corresponds to a cost of e0.38 for this facility.

6The length of a period is 30 minutes and the labor cost for it is 0.00633 Euro/sec.
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we report the values corresponding to each of the three components of the objective
function for the solutions found with the metaheuristics in the sequential approach and
our ALNS algorithm in the integrated approach. A comparison of the total operational
costs is provided in Figure 2.7, where the solution found by the metaheuristics in the
sequential approach for the instance without any mixed-mode dock doors is used as
benchmark solution.

The solutions generated by our integrated ALNS algorithm consistently outperform
those of the metaheuristics in the sequential approach. Furthermore, we notice that
the cross-dock facilities can improve their operations when the retailer allows for
more dock doors to operate in mixed mode, but only when the cross-dock scheduling
problem is solved with our ALNS algorithm. Similar to our findings in Section 2.6.3,
the metaheuristics in the sequential approach can find solutions that are worse when
the proportion of mixed-mode dock doors increases. In particular, the solutions for the
East and South cross-dock facility with, respectively, 40% and 60% mixed-mode dock
doors, result in higher total operational costs than when less mixed-mode dock doors
are included in the layout configuration. As we can see in Table 2.14, the total travel
distance for dock-to-dock transfers or the number of unit loads that are temporarily
stored increases for these instances. In contrast, the integrated ALNS algorithm
finds solutions that consistently improve with the inclusion of more mixed-mode dock
doors. However, the marginal benefit decreases, where the average cost savings for
including 20%, 40% and 60% mixed-mode dock doors equals 46%, 61% and 66%,
respectively. Therefore, we recommend the retailer to adopt at least 40% mixed-mode
dock doors, and to locate them according to the center strategy where the integrated
ALNS algorithm is used to make the truck scheduling and dock-door assignment
decisions. This work has been further validated by a retailer who currently uses a
decision support tool based on the methodology developed in this paper. The decision
support tool is used to construct schedules for trucks and make tactical decisions on
the layout of the cross-dock facility. The solutions have been implemented on multiple
cross-docks locations operated by the retailer.

2.7 Conclusion

This paper studies scheduling and dock-door assignment decisions for inbound and
outbound trucks at unit-load cross-dock terminals where dock doors can operate in a
mixed service mode. In the literature, both problems are usually studied independently,



60
Integrated Scheduling and Assignment of Trucks at Unit-Load

Cross-Dock with Mixed Service Mode Dock Doors

T
able

2.14:
T
he

perform
ance

ofthe
m
etaheuristics

(M
H
)
in

the
sequentialapproach

and
our

A
LN

S
algorithm

in
the

integrated
approach

(m
easured

as
delay

tim
e
for

outbound
trucks,usage

oftem
porary

storage
and

direct
dock-to-dock

traveldistance)
for

each
ofthe

cross-dock
facilities

in
our

case
study

C
ross-dock

Size
of

Instance
P
erform

ance
M
H

in
Sequential

A
pproach

P
erform

ance
A
L
N
S
in

Integrated
A
pproach

Facility
#
trucks

#
doors

D
elayed

N
r.

units
in

Internal
D
elayed

N
r.

units
in

Internal
L
ocation

outbound
tem

porary
travel

outbound
tem

porary
travel

IN
O
U
T

IN
O
U
T

M
IX

E
D

(m
in)

storage
(km

)
(m

in)
storage

(km
)

E
ast

27
171

6
23

0
0

0
15.28

0
0

12.07
E
ast

27
171

6
17

6
0

17
13.48

0
5

7.87
E
ast

27
171

6
11

12
0

0
18.68

0
1

6.00
E
ast

27
171

6
5

18
0

1
11.40

0
0

4.53

W
est

27
160

5
30

0
0

0
14.29

0
28

10.25
W
est

27
160

5
23

7
0

0
11.79

0
4

7.30
W
est

27
160

5
16

14
0

0
9.20

0
0

5.17
W
est

27
160

5
9

21
0

0
8.25

0
0

4.15

N
orth

32
224

3
28

0
0

0
18.96

0
16

14.35
N
orth

32
224

3
22

6
0

30
13.56

0
0

10.81
N
orth

32
224

3
16

12
0

3
13.31

0
0

7.41
N
orth

32
224

3
9

19
0

26
10.57

0
8

6.51

South
29

200
5

29
0

0
0

20.35
0

9
16.39

South
29

200
5

22
7

0
6

15.32
0

0
10.31

South
29

200
5

15
14

0
14

13.73
0

3
7.51

South
29

200
5

9
21

0
29

14.88
0

5
6.71



2.7 Conclusion 61

0% 20% 40% 60%
0.2

0.4

0.6

0.8

1

1.2

Proportion of mixed-mode dock doors

N
or
m
al
iz
ed

co
st

(a) Cross-dock facility East

0% 20% 40% 60%

0.4

0.6

0.8

1

Proportion of mixed-mode dock doors

N
or
m
al
iz
ed

co
st

Seq. MH
ALNS

(b) Cross-dock facility West

0% 20% 40% 60%

0.4

0.6

0.8

1

Proportion of mixed-mode dock doors

N
or
m
al
iz
ed

co
st

(c) Cross-dock facility North

0% 20% 40% 60%

0.4

0.6

0.8

1

Proportion of mixed-mode dock doors

N
or
m
al
iz
ed

co
st

Seq. MH
ALNS

(d) Cross-dock facility South

Figure 2.7: The relative performance of the metaheuristics in the sequential approach
and our ALNS algorithm in the integrated approach for each of the cross-dock
facilities in our case study

and it is proposed to combine them in a sequential manner such as a first-schedule-
then-assign decomposition approach. We illustrate that an integrated approach where
both types of decisions are considered simultaneously can result in substantially more
efficient cross-dock operations. In particular, we show that the heuristic procedure
to find a solution to the scheduling problem proposed by Bodnar et al. (2017) can
result in infeasible solutions, which results in poor assignment decisions. There is
no trivial solution to correct this. Therefore, we propose a new model formulation
and heuristic procedure that integrates both decisions. The numerical results show
that cost reductions of 20-30% can be obtained when our integrated approach is used
compared to the best heuristic methods for the sequential approach.

This increased operational performance depends on the utilization rate of the dock
doors as well as the proportion and position of the mixed-mode dock doors. We have
investigated this impact for U-shaped cross-dock terminals in more detail. First, the
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marginal benefit of increasing the number of mixed-mode dock doors diminishes. We
recommend managers to use at least 40% of the dock doors in a mixed service mode.
Second, positioning mixed-mode dock doors at the center of the cross dock seems to
outperform other layout configurations. Especially for cross-dock terminals where the
dock-door utilization rates are relatively low, the positioning in the center has the
most significant beneficial impact on the operational performance of the cross-dock
terminal. A preliminary investigation of I-shaped cross-dock terminals shows that
this conclusion does not seem to hold for such facilities.

In our analysis, we assume deterministic arrival and processing times of the trucks at
the cross-dock facility. In future studies, the random nature of these aspects in the
problem can be incorporated. We reduce the significance of this issue by considering
slack time into the arrival time windows and using time periods of 30 to 45 minutes.
More efficient time windows could be set when the uncertainty in the arrival times for
the inbound trucks is studied. Furthermore, we mainly consider a U-shaped cross-dock
terminal in our numerical results. The results in Section 2.8.6 demonstrate that our
ALNS algorithm can be applied to I-shaped cross-dock facilities as well, but it is
beyond the scope of this paper to investigate layout designs for various shapes of cross
docks. Future work can investigate the best shape of cross-dock terminals when there
are mixed-mode dock doors. Our study can serve the optimization component in a
simulation-optimization approach for such a study.

2.8 Appendix

2.8.1 Bodnar et al. (2017) - revisited

The truck schedule resulting from the model proposed by Bodnar et al. (2017) can
result in infeasible solutions for the dock-door assignment. Especially when all flexible
doors are scheduled to be in use. This is because their model formulation does not
include the service mode of the dock door at which a truck is processed (either inbound,
outbound or flexible door). To illustrate this issue, consider the following small example.
There are five inbound trucks denoted as I = {i1, i2, i3, i4, i5}, two outbound trucks
O = {o1, o2}, where fi1,o1 = fi2,o1 = fi3,o1 = 1 and fi3,o2 = fi4,o2 = fi5,o2 = 1, and
value zero otherwise. The cross-dock terminal has three dock doors indicated by
DI = {d1}, DO = {d2} and DF = {d3}, which are the inbound, outbound and flexible
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dock doors, respectively. The arrival time and due time of each trucks is included in
Table 2.15.

Table 2.15: Arrival time ri and due time di for each truck i ∈ I ∪ O

i1 i2 i3 i4 i5 o1 o2
ri 1 1 2 3 3 1 2
di 1 1 2 3 3 2 3

The optimal truck schedule according to the model formulated by Bodnar et al. (2017)
is provided in Table 2.16. Since only the number of doors in use in a particular service
mode is included in the model, a truck can be at a flexible door in one period and
at an outbound door in the next period (since the flexible door might be needed to
unload an inbound truck) or vice versa. The solution in Table 2.16 illustrates that
outbound truck o2 is docked at flexible door d3 at time period t = 2 and at outbound
door d2 the next time period. This solution can only be feasible if trucks can preempt
and switch dock doors while being processed. However, preemption is usually not
allowed in the models from the literature (including ours). Since Berghman et al.
(2015) also only consider the number of dock doors in use for each service mode, the
same problem arises when a dock-door assignment has to be created from the schedule
proposed by their model.

Table 2.16: The scheduling and assignment decisions for the inbound trucks I and
outbound trucks O in the illustrative example

time dock door
period d1 d2 d3

1 i1 o1 i2
2 i3 o1 o2
3 i4 o2 i5

In Section 2.8.2, we propose a new model formulation for the truck scheduling problem
studied by Bodnar et al. (2017). This formulation does not allow preemption as
discussed above. Furthermore, we extend their model formulation in the following
sense: we allow inbound trucks to stay at the dock door for more than exactly one
time period such that it can wait for outbound trucks to arrive while being docked. As
a result, this new model formulation can accommodate more dock-to-dock transfers
rather than using temporary storage in case the outbound truck is not yet docked at
the terminal. In Section 2.4, we present the extension of the truck scheduling model
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proposed by Bodnar et al. (2017) into an integrated cross-dock scheduling model
where the scheduling and assignment decisions are included simultaneously.

2.8.2 Model formulation for sequential approach

In the sequential approach, trucks are first scheduled and then assigned to dock
doors as a decomposition mechanism. We formulate both problems when there are
mixed-mode dock doors (or flexible dock doors) and a temporary storage area.

Scheduling problem

The following decision variables are used in the model formulation for the scheduling
problem in the first stage of the decomposition mechanism:

xtiIn 1 if inbound truck i ∈ I is scheduled for processing at any inbound door
at time period t ∈ T , 0 otherwise

x̂tiIn 1 if inbound truck i ∈ I has finished unloading at any inbound door at
the end of time period t ∈ T , 0 otherwise

xtiF 1 if inbound truck i ∈ I is scheduled for processing at any flexible door
at time period t ∈ T , 0 otherwise

x̂tiF 1 if inbound truck i ∈ I has finished unloading at any flexible door at
the end of time period t ∈ T , 0 otherwise

ytjOut 1 if outbound truck j ∈ O is scheduled for processing at any outbound
door at time period t ∈ T , 0 otherwise

ŷtjOut 1 if outbound truck j ∈ O has finished loading at any outbound door at
the end of time period t ∈ T , 0 otherwise

ytjF 1 if outbound truck j ∈ O is scheduled for processing at any flexible door
at time period t ∈ T , 0 otherwise

ŷtjF 1 if outbound truck j ∈ O has finished loading at any flexible door at
the end of time period t ∈ T , 0 otherwise

utij number of unit loads to unload from inbound truck i ∈ I destined for
outbound truck j ∈ O after time period t ∈ T

ltij number of unit loads loaded in outbound truck j ∈ O originating from
inbound truck i ∈ I after time period t ∈ T
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stij 1 if unit loads destined for outbound truck j ∈ O are transferred from
inbound truck i ∈ I to the temporary storage area at time period t ∈ T ,
0 otherwise

ŝtij number of unit loads at the temporary storage location at the end of
time period t ∈ T that have been received from inbound truck i ∈ I and
are destined for outbound truck j ∈ O

ztij 1 if inbound truck i ∈ I and outbound truck j ∈ O are both docked at
time period t ∈ T , 0 otherwise

Atij number of unit loads that have been received from inbound truck i ∈ I
and are transferred from the temporary storage location to outbound
truck j ∈ O at time period t ∈ T

The scheduling problem can then be formulated as a MIP model as follows:

min
∑
i∈I

∑
j∈O

∑
t∈T

βstijfij +
∑
j∈O

∑
t∈T L

j

γδtj(ŷtjOut + ŷtjF ) (2.34)

subject to

∑
i∈I

xtiIn ≤ |DI | ∀t ∈ T (2.35)∑
j∈O

ytjOut ≤ |DO| ∀t ∈ T (2.36)

∑
i∈I

xtiF +
∑
j∈O

ytjF ≤ |DF | ∀t ∈ T (2.37)

∑
t∈TN

i

(x̂tiIn + x̂tiF ) = 1 ∀i ∈ I (2.38)

∑
t∈{TN

j
,T L
j
}

(ŷtjOut + ŷtjF ) = 1 ∀j ∈ O (2.39)

u0
ij = fij ∀i ∈ I, j ∈ O (2.40)

l0ij = 0 ∀i ∈ I, j ∈ O (2.41)

ŝ0
ij = 0 ∀i ∈ I, j ∈ O (2.42)

utij ≥ ut−1
ij − (stijfij)− ztijfij ∀i ∈ I, j ∈ O, t ∈ T (2.43)

ltij ≤ lt−1
ij +Atij + ztijfij ∀i ∈ I, j ∈ O, t ∈ T (2.44)

stij ≤ xtiIn + xtiF ∀i ∈ I, j ∈ O, t ∈ T (2.45)
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ŝtij = ŝt−1
ij + (stijfij)−Atij ∀i ∈ I, j ∈ O, t ∈ T (2.46)

xtiIn ≤ x̂tiIn + xt+1
iIn ∀i ∈ I, t ∈ T (2.47)

xtiF ≤ x̂tiF + xt+1
iF ∀i ∈ I, t ∈ T (2.48)

ytjOut ≤ ŷtjOut + yt+1
jOut ∀j ∈ O, t ∈ T (2.49)

ytjF ≤ ŷtjF + yt+1
jF ∀j ∈ O, t ∈ T (2.50)∑

j∈O

fij

(
1− (x̂tiIn + x̂tiF )

)
≥
∑
j∈O

utij ∀i ∈ I, t ∈ T (2.51)

∑
i∈I

fij(ŷtjOut + ŷtjF ) ≤
∑
i∈I

ltij ∀j ∈ O, t ∈ T (2.52)∑
t∈{T E

i
,T L
i
}

(xtiIn + xtiF ) = 0 ∀i ∈ I (2.53)

∑
t∈T E

j

(ytjOut + ytjF ) = 0 ∀j ∈ O (2.54)

gi(x̂tiIn + x̂tiF ) ≤
t∑

t′=1

(xt
′
iIn + xt

′
iF ) ∀i ∈ I, t ∈ T Ni (2.55)

hj(ŷtjOut + ŷtjF ) ≤
t∑

t′=rj

(yt
′
jOut + yt

′
jF ) ∀j ∈ O, t ∈ {T Nj , T Lj } (2.56)

λij(xtiIn + xtiF + ytjOut + ytjF ) ≥ 2 ztij ∀i ∈ I, j ∈ O, t ∈ T (2.57)

Atij ≤ ŝt−1
ij ∀i ∈ I, j ∈ O, t ∈ T (2.58)

Atij ≤ fij(ytjOut + ytjF ) ∀i ∈ I, j ∈ O, t ∈ T (2.59)

xtiIn, x
t
iF , x̂

t
iIn, x̂

t
iF ∈ {0, 1} ∀i ∈ I, t ∈ T (2.60)

ytjOut, y
t
jF , ŷ

t
jOut, ŷ

t
jF ∈ {0, 1} ∀j ∈ O, t ∈ T (2.61)

ztij , s
t
ij ∈ {0, 1} ∀i ∈ I, j ∈ O, t ∈ T (2.62)

Atij , u
t
ij , l

t
ij , ŝ

t
ij ≥ 0 ∀i ∈ I, j ∈ O, t ∈ T (2.63)

The first term in the objective function (2.34) represents the costs of unit loads that
are temporarily stored before being loaded onto their destined outbound truck, and
the second term represents the total tardiness costs of outbound trucks.

Constraints (2.35) ensure that the number of inbound trucks assigned to inbound dock
doors is less than or equal to the number of inbound dock doors at any time period.
Similarly, constraints (2.36) ensure that the number of outbound trucks assigned to
outbound dock doors is less than or equal to the number of outbound dock doors at
any time period. Constraints (2.37) ensure that the sum of the number of inbound and
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outbound trucks assigned to flexible dock doors is less than or equal to the number of
flexible dock doors at any time period. Constraints (2.38) ensure that all inbound
trucks are completely processed within their arrival and due time. All outbound
trucks are completely processed at outbound or flexible doors within their arrival
time period and the end of the planning horizon as per constraints (2.39).

The constraints (2.40) to (2.63) can be translated one-to-one from the constraints
(2.9) to (2.32) in Section 2.4, with the exception that the variables with an index for
individual dock doors are replaced by variables that represent either all inbound doors
(xtiIn and x̂tiIn), all outbound doors (ytjOut and ŷtjOut) or all flexible doors (xtiF , x̂tiF ,
ytjF and ŷtjF ), and the constraints (2.24) and (2.28) are removed since they specify
the value for variable ẑijkp which we don’t have in this scheduling problem.

Assignment problem

In the second stage of the decomposition mechanism, the trucks need to be assigned
to dock doors given the truck schedule that was generated in first stage. The following
decision variables are used in the model formulation for the assignment problem:

xik 1 if inbound truck i ∈ I is assigned to door k ∈ DIF , 0 otherwise
yjp 1 if outbound truck j ∈ O is assigned to door p ∈ DOF , 0 otherwise
ẑijkp 1 if inbound truck i ∈ I is completely unloaded at door k ∈ DIF and

outbound truck j ∈ O is completely processed at dock door p ∈ DOF for
dock-to-dock transfer of shipments between i and j, 0 otherwise

Furthermore, we use the values of the decision variables from the first stage as
parameters in this stage, where we define the new parameters

ϑti = xtiIn + xtiF for i ∈ I, t ∈ T

ϕtj = ytjOut + ytjF for j ∈ O, t ∈ T

The assignment problem can then be formulated as a MIP model as follows:

min
∑
i∈I

∑
j∈O

∑
k∈DIF

∑
p∈DOF

ηẑijkpmkpfij (2.64)

subject to
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∑
i∈I

(xik ϑti) ≤ 1 ∀k ∈ DI , t ∈ T (2.65)∑
j∈O

(yjp ϕtj) ≤ 1 ∀p ∈ DO, t ∈ T (2.66)

∑
i∈I

(xik ϑti) +
∑
j∈O

(yjk ϕtj) ≤ 1 ∀k ∈ DF , t ∈ T (2.67)

∑
k∈DIF

xik = 1 ∀i ∈ I (2.68)

∑
p∈DOF

yjp = 1 ∀j ∈ O (2.69)

λij

(
xik + yjp −

∑
t∈T

stij

)
≤ 1 + ẑijkp ∀i ∈ I, j ∈ O, k ∈ DIF , p ∈ DOF (2.70)

xik ∈ {0, 1} ∀i ∈ I, k ∈ DIF (2.71)

yjp ∈ {0, 1} ∀j ∈ O, p ∈ DOF (2.72)

ẑijkp ∈ {0, 1} ∀i ∈ I, j ∈ O, k ∈ DIF , p ∈ DOF (2.73)

The objective function (2.64) represents the minimization of the costs associated
with all direct dock-to-dock transfers. Constraints (2.65) ensure that at most one
inbound truck can be assigned to an inbound door at any time period. Similarly,
constraints (2.66) ensure this for outbound trucks assigned to outbound doors and
constraints (2.67) for either inbound or outbound trucks assigned to flexible doors.
Constraints (2.68) and (2.69) ensure that each inbound and outbound truck is assigned
to an appropriate dock door, respectively. These five constraints can be directly
translated from the constraints (2.4) to (2.8) and they also prevent preemption of
trucks. Constraints (2.70) regulate the value for the decision variable ẑijkp similar
to constraints (2.24). Constraints (2.71) to (2.73) define the domain of the decision
variables.

2.8.3 Integrated ALNS algorithm

In this appendix, we develop a metaheuristic to find a near-optimal solution for
the cross-dock scheduling problem formulated in Section 2.4. The architecture of
the metaheuristic is designed according to the Adaptive Large Neighborhood Search
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(ALNS) principle and has a resemblance to the metaheuristics proposed by Bodnar
et al. (2017).

As introduced in Section 2.5, a collection of feasible solutions is generated and the best
solution is selected to be altered by neighborhood operators. A feasible solution π has
corresponding total costs z(π). After solution π is altered by an operator, the new
solution is denoted as π′ and has corresponding total costs z(π′). Whether π′ replaces
π is based on a simulated annealing principle. If the costs z(π′) are lower than the
total costs z(π∗) of best known solution π∗, π′ is accepted as the new current solution
π. Otherwise, π′ is accepted with probability e−(z(π′)−z(π∗))/T , where temperature
T is set based on Ropke & Pisinger (2006b). Initially, T := −w · z(π∗)/ ln 0.5 and it
is adjusted using the cooling parameter r as T := rT with 0 < r < 1. w is a user
provided parameter. If the solution is not improved for nT iterations, T is reset to its
initial value to encourage the move from a local optimum.

Let N be the set of neighborhood operators that can be selected to modify π to π′

in each iteration. The operator is randomly selected in each iteration, where the
probability for each operator to be selected is proportional to the weight µn of an
operator n ∈ N (i.e., the probability equals µn/

∑
n′∈N µn′).

Initially, µn = 1 for n ∈ N and these weights are updated after 100 iterations (Ropke
& Pisinger, 2006a). We use the updating scheme µn := (1 − ρ)µn + ρ(ζn/θn), if
θn 6= 0, where ρ ∈ (0, 1) is user specified, θn is the number of times that operator n
was selected to modify the solution in the last 100 iterations and ζn is an indicator
for the performance of operator n over the last 100 iterations. In particular, the new
solution π′ can improve the best know solution π∗ or the current solution π such that
ζn is updated as follows after each of the 100 iterations:

ζn :=


ζn + δ1 if z(π′) < z(π∗),

ζn + δ2 if z(π∗) ≤ z(π′) < z(π),

ζn + δ3 if z(π) ≤ z(π′),

where δ1 > δ2 > δ3. After 100 iterations, the weights µn are calculated and they
remain fixed for the next 100 iterations. Note that ζn and θn are reset to 0 for n ∈ N
after each 100 iterations (Stenger et al., 2013).

The architecture of the ALNS algorithm follows a decomposition scheme where we
only destroy and repair the scheduling and assignment decisions of inbound trucks and
we determine the optimal scheduling and assignment decisions for outbound trucks,
where the inbound truck decisions are given. The decomposition scheme is inspired by
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Algorithm 1 Pseudo code of the integrated ALNS algorithm
1: Construct a set of feasible solutions X
2: Select π∗ ∈ X such that z(π∗) ≤ z(π0)∀π0 ∈ X
3: Set the current solution π ← π∗

4: Construct inbound schedule and assignment plan x from π
5: while stop criterion is not met do
6: Select a neighbourhood operator n ∈ N based on adaptive weights µn
7: Select an inbound processing plan x′ ∈ n(x)
8: Solve the reduced problem for x′ given, resulting in π′
9: if z(π′) < z(π∗) then
10: Set π∗ ← π′

11: if z(π′) ≤ z(π) or Uniform [0; 1) ≤ e−(z(π′)−z(π∗))/T then
12: Set π ← π′, x← x′

13: Update T
14: Update the score ζn, θn and possibly µn for operator n
15: return π∗

the ALNS algorithm proposed by Bodnar et al. (2017). However, a crucial difference
is that both scheduling and assignment decisions are determined simultaneously by
the integrated ALNS algorithm (rather than just the scheduling decisions). The
pseudocode for our ALNS algorithm is presented in Algorithm 1.

Initial feasible solution

Initial feasible solutions are created in two stages using a constructive heuristic based
on a first-schedule-then-assign decomposition strategy (Boysen et al., 2013; Hermel
et al., 2016).

Stage 1: Truck scheduling

In the first stage, inbound and outbound trucks are scheduled according to a modified
version of the constructive heuristic proposed by Bodnar et al. (2017).

At a time period t ∈ T , a subset of inbound and outbound trucks are docked at the
terminal, denoted by It ⊆ I and Ot ⊆ O, respectively. We initialize I0 := ∅ and
O0 := ∅ since no truck is scheduled at the beginning of the planning horizon. For
each time period t ∈ T , we initialize these subsets according to the following rules:
If a truck is docked at time period t− 1 and it is not completely (un)loaded yet, it
has to remain at the dock door in period t. Additionally, a truck needs to remain at
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the dock door for its corresponding minimum amount of time periods required (that
is, gi time periods for inbound truck i and hj time periods for outbound truck j).
Consequently, we initially set

It := {i | i ∈ It−1, (i is not completed) ∨ (i 6∈ It−gi)} (2.74)

Ot := {j | j ∈ Ot−1, (j is not completed) ∨ (j 6∈ Ot−hj )} (2.75)

Next, we generate a subset of inbound and outbound trucks that are candidates to be
processed at time period t (i.e., to be included to It and Ot). First, we specify the
subset of outbound trucks as

C(Ot) := {j | j ∈ O, rj ≤ t, j 6∈ ∪t−1
t′=0O

t′}, (2.76)

such that only outbound trucks that have arrived at the yard and have not been
docked before time period t are considered. The inbound trucks are selected based
on similar rules, plus two addtional rules: an inbound truck i can only be included
if it contains goods for an outbound truck j that is currently docked or considered
to be docked at time period t (i.e., j ∈ C(Ot)), or it can be included if it needs to
be processed at time period t to fulfill the minimum processing time requirement gi
before it is due at time di:

C(It) :=

i | i ∈ I, ri ≤ t ≤ di, i 6∈ ∪t−1
t′=0I

t′ ,

 ∑
j∈{C(Ot),Ot}

fij > 0

 ∨ (di − gi) = t


(2.77)

The inbound trucks from C(It) are scheduled to be docked at t (i.e., included to It)
based on one of four strategies: (i) select the earliest arriving truck (FCFS), (ii) select
the earliest due truck (EDD), (iii) select the truck that enables the largest direct
dock-to-dock transfer (i.e., based on

∑
j∈Ot fij), and (iv) select the truck that results

in the most number of outbound trucks that are completely loaded and depart from
the cross-dock terminal. Similar strategies can be used to select outbound trucks
j ∈ C(Ot) to be included to Ot. We refer the reader to Bodnar et al. (2017) for more
details on each of the four strategies.
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This constructive heuristic prescribes four decision rules to schedule inbound trucks
and four strategies to schedule outbound trucks. Combining each of these rules, 16
different strategies can be employed to construct a schedule.

Stage 2: Dock-door assignment of scheduled trucks

In the second stage of the decomposition strategy, the scheduled trucks are assigned
to dock doors based on a heuristic proposed by Van Belle et al. (2013).

Let DtIF and DtOF represent the sets of unassigned dock doors that are available to
process inbound and outbound trucks, respectively, at time period t ∈ T . At the
beginning of the planning horizon, D0

IF = {ν | ν ∈ DIF } and D0
OF = {ν | ν ∈ DOF }.

We order the set DtIF in ascending order of the average travel distance from a door
in DtIF to all doors in DOF . Similarly, DtOF is ordered in the ascending order of the
average travel distance from a door to all doors in DIF .

For each inbound truck i ∈ It, we calculate the number of unit loads that can directly
be sent from inbound truck i to outbound truck j with a direct dock-to-dock transfer
as

ωi =
∑
j∈Ot

fij ∀ t, i ∈ It (2.78)

Next, until each truck i ∈ It is assigned to a door, we iteratively select unassigned
truck i as i = arg maxi′∈It{ωi′ | i′ is not assigned} and assign this truck to the first
door in DtIF , denoted by door νi. Consequently, DtIF := DtIF \ {νi} to indicate
that the door is occupied, and truck i is marked as assigned. If νi ∈ DtOF , then
DtOF := DtOF \ {νi}.

Similar to the inbound trucks, each outbound truck j ∈ Ot receives a score ωj that
represents the number of unit loads that it can receive directly from an inbound truck
i ∈ It:

ωj =
∑
i∈It

fij ∀ t, j ∈ Ot (2.79)

Until each outbound truck j ∈ Ot is assigned a dock door, we select the best unassigned
outbound trucks j = arg maxj′ ∈Ot{ωj′ | j′ is not assigned}, and assign it to the first
door in DtOF , and denote this by νj . Next, truck j is marked as assigned, and the
door νj is removed from DtOF and from DtIF if νj ∈ DtIF .
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After all inbound trucks i ∈ It and outbound trucks j ∈ Ot are assigned a dock
door at time period t, the subsets Dt+1

IF and Dt+1
OF are created from DtIF and DtOF ,

respectively, by adding doors that become available in time period t+ 1, since the
truck assigned to that door in period t is not scheduled in period t+ 1. In particular,
Dt+1
IF consists of all doors in DtIF , doors in DIF that will be vacated by inbound trucks

at the end of period t, and doors in DF vacated by outbound trucks at the end of
period t. Similarly, Dt+1

OF consists of doors in DtOF , doors in DOF vacated at the end
of period t by outbound trucks, and flexible doors vacated by inbound truck at the
end of period t.

Dt+1
IF := DtIF ∪ {νi | νi ∈ DIF , i ∈ It, i 6∈ It+1} ∪ {νj | νj ∈ DF , j ∈ Ot, j 6∈ Ot+1}

(2.80)

Dt+1
OF := DtOF ∪ {νj | νj ∈ DOF , j ∈ Ot, j 6∈ Ot+1} ∪ {νi | νi ∈ DF , i ∈ It, i 6∈ It+1}

(2.81)

Neighborhood operators

In accordance with the ALNS algorithm, a solution is broken up and then repaired in
each iteration. The destroy operators remove truck(s) from the solution representation,
and the repair operators insert the same truck(s) at a different dock door and/or time.
We use the following destroy operators in our metaheuristics:

• rRd: An inbound truck is randomly selected to be removed from the solution
matrix.

• rMx: An inbound truck is randomly selected to be removed from the time period
at which the largest number of inbound trucks are scheduled. This operator aims
to alleviate the bottleneck at the cross-dock facility by having fewer inbound trucks
docked at the same time period and by making more dock doors available to process
outbound trucks. Bodnar et al. (2017) use a similar operator.

• rCr: An inbound truck is randomly selected to be removed where the corresponding
probability to do so is based on a critical ratio that captures the lateness or earliness
of the inbound truck in comparison to the due time of the outbound trucks that
receive goods from the inbound truck. This operator is also used by Bodnar et al.
(2017).

• rSy: This operator aims at synchronizing the unloading of inbound trucks to ensure
direct dock-to-dock transfers. An inbound truck is randomly selected to be removed
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where the corresponding probability to do so is based on a synchronization ratio that
captures the earliness or lateness of the inbound truck in comparison to other inbound
trucks that carry unit loads for the same outbound truck.

First, for each inbound truck i ∈ I, we define the set of outbound trucks for which
it carries load as Si = {j | fij > 0} ⊆ O. Let Qi indicate the set of inbound
trucks that carry goods for the same outbound trucks in Si. That is, Qi := {i′| i′ ∈
I, fi′j > 0, j ∈ Si}. Furthermore, let ψi be the earliest time period at which inbound
truck i is currently scheduled, and χi′ is the latest time period at which inbound
truck i′ ∈ Qi is scheduled. Define the synchronization ratio to schedule truck i

earlier as sy←i =
∑
i′∈Qi max{0, ψi − χi′}, and to schedule truck i later as sy→i =∑

i′∈Qi max{0, ψi′ − χi}. High values for sy←i indicate that the inbound truck is
scheduled later than other inbound trucks that also carry items for the same outbound
trucks. Therefore, fewer unit loads might be directly transferred to outbound trucks.
Similarly, sy→i indicates that the inbound truck is scheduled earlier than other inbound
trucks supplying items to the same outbound trucks. Therefore, it is a good candidate
for rescheduling to a later time period.

The repair (or insert) operators that we use to create new solutions are as follows:

• iBck: The removed inbound truck is scheduled to an earlier time period at the
same dock door to which it was originally assigned.

• iFwd: The removed inbound truck is scheduled at a later time period at the same
dock door to which it was originally assigned.

• iSwap: The removed inbound truck is swapped with a randomly selected inbound
truck (not necessarily at a different dock door, as in Boysen et al. (2013)).

• iUp: The removed inbound truck is assigned to the next available dock door i ∈ DIF
with a higher index.

• iDown: The removed inbound truck is assigned to the next available dock door in
DIF with a lower index.

Besides individual operators that either destroy or repair a solution, we also introduce
four operators that both destroy and repair a solution:

• riI20: An inbound truck is removed from the schedule at a time period when no
corresponding outbound truck is scheduled and inserted back into the schedule at the
same dock door but at a later time period. This operator aims to achieve more direct
dock-to-dock transfers.
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• riextBck: An inbound truck is randomly selected and its scheduled time at the
dock door is extended to one time period earlier. This operator is designed to facilitate
more dock-to-dock transfers.

• riextFwd: An inbound truck is randomly selected and its scheduled time at the
dock door is extended to one time period later. This operator is also designed to
facilitate more dock-to-dock transfers.

• riD2D: Two dock doors are randomly selected from DIF and their assigned trucks
are swapped while maintaining the scheduling decisions.

For all operators that repair a solution, if a newly selected dock door for a truck is
already occupied by another truck in the current solution π, this assigned truck and
all trucks assigned to the same dock door thereafter are pushed back for processing
by at least the minimum processing time of the newly assigned truck. As a result,
some trucks might be pushed out of the planning horizon, which leads to an infeasible
solution. Therefore, we try to repair the new solution to become feasible as follows:
For each inbound truck i ∈ I missing in the new solution π′, denote ti as the time
period at which truck i is scheduled in the current solution π. Assign this truck to
the first available dock door at time period ti or later. If the new schedule for the
inbound operations remains infeasible, the new solution π′ is rejected as infeasible.

Reduced problem

At this stage of the heuristic, we have determined a feasible truck schedule and
dock-door assignment for the inbound operations. In the reduced problem, we assign
and schedule outbound trucks only. The structure of this reduced problem resembles
the reduced problem studied by Bodnar et al. (2017). However, we extend it in two
aspects: (i) we include the total travel distance for dock-to-dock transfers into the
objective function and (ii) we simultaneously schedule and assign the outbound trucks
to dock doors.

Since the schedule and assignment of the inbound trucks is given for the reduced
problem, we let parameter xtik represent whether inbound truck i is assigned to dock
door k at time period t (the same interpretation as our decision variable in the MIP
model of Section 2.4, but now we know its value). Furthermore, we define the set of
dock doors occupied by inbound trucks at time period t ∈ T as DtIF := {k |xtik =
1,∀i ∈ I, k ∈ DIF } and the set of doors available to process outbound trucks at time
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period t ∈ T as DtOF = DOF \ DtIF . Additionally, the parameter x̄ti indicates with
value one whether inbound truck i is scheduled until time period t, and zero otherwise.

We define the set of time periods during which any inbound truck with goods for
outbound truck j ∈ O is scheduled to be docked at the terminal as Tj = {t|∃i ∈
I, k ∈ DIF , t ∈ T : xtik = 1, fij > 0}. The first time period at which goods
destined for outbound truck j become available from an inbound truck is denoted
as αj = mint∈Tj{t}, and the last time period at which goods destined for outbound
truck j can be loaded with a direct dock-to-dock transfer equals ωj = maxt∈Tj{t}.

Consequently, outbound truck j should not be scheduled before time period αj − hj .
If outbound truck j is scheduled to be docked for the first time at or before time
period ωj − hj , the outbound truck has to remain scheduled and assigned to the same
dock door until time period ωj to guarantee that the truck is completely loaded before
departing from the cross-dock terminal. If outbound truck j is scheduled to be docked
for the first time after ωj − hj , the outbound truck has to remain scheduled and
assigned to the same dock door for exactly hj time periods to satisfy the minimum
processing time constraint.

In the reduced problem, the decision variable ỹtjp attains the value one if outbound
truck j ∈ O is scheduled at dock door p ∈ DOF for the first time at time period t ∈ T ,
and zero otherwise. When outbound truck j is scheduled for the first time at time
period t′, it needs to stay docked until time period max{ωj , t′+hj−1}. Consequently,
we specify parameter Φt

′,t
j as

Φt
′,t
j =

1 if t′ ≤ t ≤ max{ωj , t′ + hj − 1}

0 otherwise
(2.82)

which indicates whether outbound truck j is still docked at time period t when it
is first scheduled at time period t′. Note that Φt′,t

j can have the value one only if∑
p ỹ

t′

jp = 1.

Furthermore, since we know until which time period outbound truck j is docked when
it is first scheduled at time period t, we can directly calculate the length of the delay
beyond its due time dj . To indicate this, we specify

∆t
j = max{0,max{ωj , t′ + hj − 1} − dj} (2.83)
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Consequently, the parameter ctj is introduced as the sum of the tardiness costs and
the total storage costs if outbound truck j is first scheduled at time period t, where

ctj = γ∆t
j + β

t−1∑
t′=1

∑
i∈I

x̄tifij ∀j ∈ O, t ∈ T (2.84)

In addition to these two costs, we also include the total costs of direct dock-to-dock
transfers to the objective function. Therefore, we introduce parameter ¯̄xtik, which
indicates whether inbound truck i is docked at door k at time period t or later:

¯̄xtik =

1 if
∑
t′≥t x

t′

ik = 1

0 otherwise
(2.85)

A direct transfer between inbound truck i at dock door k and outbound truck j at
dock door p can take place if there is a time period at which both ¯̄xtik = 1 and ỹtjp = 1.
This leads to the following MIP model for the reduced problem (RP).

RP:

min
∑
i∈I

∑
j∈O

∑
k∈DIF

∑
p∈DOF

∑
t∈T

β ¯̄xtikỹtjpmkpfij +
∑
j∈O

∑
p∈DOF

∑
t∈T

ctj ỹ
t
jp (2.86)

subject to

∑
p∈DOF

∑
t∈T

ỹtjp = 1 ∀j ∈ O (2.87)

∑
t′∈T

∑
j∈O

ỹtjpΦt
′,t
j ≤ 1 ∀p ∈ DOF , t ∈ T (2.88)

∑
t′∈T

∑
j∈O

ỹtjpΦt
′,t
j = 0 ∀p /∈ DtOF , t ∈ T (2.89)

ỹtjp = 0 ∀j ∈ O, p ∈ DOF , t ∈ T Ej (2.90)

ỹtjp ∈ {0, 1} ∀j ∈ O, p ∈ DOF , t ∈ T (2.91)

Constraints (2.87) ensure that each outbound truck is assigned exactly once. Con-
straints (2.88) impose non-preemption restrictions and ensure that a dock door is
only assigned to one truck at most for each time period. Similarly, constraints (2.89)
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restrict the processing of outbound trucks to dock doors in DOF at times not assigned
to any inbound truck. Constraints (2.90) prevent outbound trucks to be scheduled
before their arrival time. Constraints (2.91) define the decision variables as binary.

If an outbound truck j is processed at time t ≤ wj − hj , it can be postponed until
time period wj − hj and still fulfill the minimum completion time requirement by
the period wj . If t ≤ wj − hj and t ∈ Tj , the outbound truck can receive direct
dock-to-dock transfers which justifies the early processing. However, if t ≤ wj − hj
and t /∈ Tj , the processing of outbound truck j can be postponed without additional
costs in the objective function. Constraints (2.92) formalize this condition. The
constraint is an extension of the valid inequalities by Bodnar et al. (2017) to consider
the dock-door assignment aspect as well.

ỹtjp = 0 ∀j ∈ O, p ∈ DOF , t ∈ {t′|t′ ∈ T , t′ ≤ wj − hj and t′ /∈ Tj} (2.92)

Parameter settings for the computational experiments

For the ALNS algorithm, we use the same parameter vector (r, nT , δ1, δ2, δ3, ρ) as
Stenger et al. (2013) and Bodnar et al. (2017), namely (0.95, 200, 9, 3, 1, 0.3). We find
that the solution quality and the computation time of the ALNS algorithm is largely
determined by the choice for parameter w, which determines the initial temperature of
the simulated annealing acceptance criterion. We choose the value w = 0.05. However,
we cannot ensure the optimality of this parameter choice.

2.8.4 Additional numerical results

Performance neighborhood operators

As discussed in Section 2.8.3, the neighborhood operators to modify a solution are
selected proportional to their performance. Table 2.17 and Table 2.18 present for each
operator the frequency that it is selected and the relative improvement when it is
selected, respectively. The operators that focus on either truck scheduling or dock-
door assignment decisions are used equally and diversely. However, the assignment
operator rD2D is used more frequently when the size of the cross-dock terminal is
larger. Among the scheduling operators, rRd&iFwd, rCr&iBck, rMx&iFwd, rI2O
and richFwd are used most frequently. In regard to the improvement to the solution,
rRd&iFwd, rMx&Bck, rCr&Fwd and rD2D generate solutions that result in the
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reduction of operational costs by 15.87%, 11.35%, 20.03% and 8.70%, respectively.
Note that sometimes a small improvement by a different operator can be crucial to
prevent the algorithm to end up in a local minimum.

Non-unit processing time

Similar to Bodnar et al. (2017), we have also studied the performance of the ALNS
algorithm when the processing time hj of each truck j equals four time periods (rather
than hj = 1). Table 2.19 and Table 2.20 present the results of this experiment for 20
and 30 trucks instances, respectively. The sequential MIP models in Section 2.8.2 is
solved for 3,600 seconds in total (each model in the sequential approach is given 1,800
seconds) as in previous sections to generate the benchmark solutions (Seq. obj.). The
solutions indicated in bold are optimal sequential solutions. Of the 160 instances,
the solver is able to generate 114 (71.25%) optimal solutions within the termination
limit. For the smaller instance with 20 trucks, all solutions are optimal. However,
for the larger instances, the solver can generate optimal solutions only for 34 out of
80 instances. The ALNS solutions are within 6% of the optimal sequential solutions.
On average the improvement of ALNS solution is 3.6% over the optimal sequential
solution. At best, the ALNS solution is 16% better than the optimal sequential
solution.

2.8.5 Additional results case study

Current solution approach

The retailer in our case study uses a constructive heuristic to schedule and assign
trucks. First, inbound trucks are scheduled and assigned according to a first-come-
first-served principle. When multiple dock doors are available, the assignment is done
manually based on intuition. Next, outbound trucks are scheduled according their
earliest due time. To assign the first outbound truck, the outbound door furthest to
one end of the cross-dock terminal is selected. The second outbound truck is assigned
to the available outbound door adjacent to the previously selected door, etc. This
means that they assign outbound trucks from one end of the terminal until they reach
the other end, and then they start all over again. Figure 2.8 shows a Gantt chart
(similar to the solution representation introduced in Section 2.5.1) for the cross-dock
scheduling problem on a particular day at the North facility, which has 31 dock doors.
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This Gantt chart provides an intuitive understanding of the constructive heuristic.
Outbound trucks are scheduled and assigned in a cascading manner from door 1 to
door 31, where the outbound trucks are numbered according to their due times. Once
the furthest outbound door has been assigned, the assignment process is repeated
from door 1 again.

Figure 2.8: Gantt chart for the scheduling and assignment decisions of inbound (in)
and outbound (out) trucks at the North cross-dock facility with 3 inbound doors
(doors 15-17) and 28 outbound dock doors on a particular day

The performance of the constructive heuristic is presented in Table 2.21. It is clear
that the retailer prioritizes the scheduling of outbound trucks based on their due times.
In only one cross-dock facility, four outbound trucks (i.e., 0.53%) leave beyond their
due time with a total delay of 480 minutes. Furthermore, the time windows to process
the outbound trucks are quite large, which also prevents possible delays. However,
the constructive heuristic ignores the inbound operations when the scheduling and
assignment decisions are made for the outbound trucks. Consequently, the temporary
storage area is highly utilized and the internal travel distance between dock doors is
large. In total, 1,554 unit loads are stored temporarily per day. This corresponds to
51% of all truck loads being processed.

Performance ALNS algorithm

When the ALNS algorithm is used to solve the cross-dock scheduling problem at the
retailer, Figure 2.9 illustrates that about 98% of the solution improvement is obtained
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Table 2.21: Solution of the retailer’s constructive heuristic

Retailer’s Constructive Heuristic
Cross-dock #trucks #doors Delayed #units in Internal
Facility outbound temporary travel
Location IN OUT IN OUT (min) storage (km)
East 27 171 6 23 480 222 30.16
West 27 160 5 30 0 387 44.05
North 32 224 3 28 0 502 46.17
South 29 200 5 29 0 443 49.72

in the first 1,000 iterations of the ALNS algorithm. Consequently, the number of
iterations to find a solution to the problem can be reduced without harming the
quality of the solution.
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Figure 2.9: Frequency and proportion of the best solution improvement by iteration
for the case study instances

2.8.6 Computational experiments for I-shaped cross-dock

In Section 2.6, all numerical results are based on layout configurations for a U-
shaped cross-dock terminal. To illustrate that our integrated solution methodology
of Section 2.5 can also be applied to cross docks with other shapes, we show the
performance of our ALNS algorithm for different layouts of I-shaped facilities with
10 dock doors. The I-shaped terminal is represented by dock doors on two sides of
the cross dock. The layout configurations are presented in Table 2.22. Unlike the
U-shaped cross-dock terminal, the I shape requires two sides of the cross dock to be
separated. In the representation of the layout, the notation 0 is used to differentiate
between the two sides of the facility with dock doors. The distance between the two
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walls with dock doors is 50 meters. The adjacent dock doors on the same side are
3.6 meters apart from one another (the same as before). Consequently, the distance
between two dock doors k and p ∈ D equals

mkp =


3.6 |k − p|+ 50 if k, p ≤ |D|/2
3.6 |k − p|+ 50 if k, p > |D|/2
3.6 (|max {k, p} − |D| /2−min {k, p}|) + 50 otherwise

The cost for using the temporary storage and for tardiness of trucks is estimated in
the same manner as for U-shaped terminals. In particular, the cost of temporary
storage is twice the average dock-to-dock travel distance

β = 2 · 3.6 ·
(

2 ·
∑|D|/2−1
i=1 i(i+ 1)
|D| · (|D| − 1)

)
+ 50

and the tardiness cost is either twice or ten times the cost of temporary storage.

Table 2.22: The layout configurations of the inbound doors (i), outbound doors
(o) and flexible doors (f) at an I-shaped cross-dock terminal with 10 dock doors

layout |D| |DI | |DO| |DF | Mixed-mode Strategy Layout Configuration
I11 10 5 5 0 None ‖i‖i‖i‖i‖i‖0‖o‖o‖o‖o‖o‖
I12 10 4 4 2 Center ‖i‖i‖f‖i‖i‖0‖o‖o‖f‖o‖o‖
I13 10 4 4 2 Half-center ‖i‖f‖i‖i‖i‖0‖o‖f‖o‖o‖o‖
I14 10 4 4 2 Outer ‖f‖i‖i‖i‖i‖0‖f‖o‖o‖o‖o‖
I15 10 2 2 4 Center ‖i‖i‖f‖f‖i‖0‖o‖o‖f‖f‖o‖
I16 10 2 2 4 Half-center ‖i‖f‖i‖f‖i‖0‖o‖f‖o‖f‖o‖
I17 10 2 2 4 Outer ‖f‖i‖i‖i‖f‖0‖f‖o‖o‖o‖f‖
I18 10 2 2 6 Center ‖i‖f‖f‖f‖i‖0‖o‖f‖f‖f‖o‖
I19 10 2 2 6 Half-center ‖f‖f‖i‖f‖i‖0‖f‖f‖o‖f‖o‖
I20 10 2 2 6 Outer ‖f‖f‖i‖i‖f‖0‖f‖f‖o‖o‖f‖

The results are presented in Table 2.23 and Table 2.23 for instances with 30 and 60
trucks, respectively. We can compare these results to the results of the U-shaped
terminal in Table 2.7 and Table 2.8, and we draw similar conclusions. The cost
increase for using the metaheuristics in the sequential approach is lower for the I-
shaped terminal, but our ALNS algorithm still outperforms these metaheuristics.
More importantly, it still outperforms the optimal solution in the sequential approach
for almost all instances. Furthermore, these initial results seem to suggest positioning
the flexible doors according to the half-center configuration. More numerical results
under different circumstances (similar to Section 2.6) are needed to confirm this finding
for I-shaped terminals.



2.8 Appendix 87

T
ab

le
2.
23
:P

er
fo
rm

an
ce

of
ou

ri
nt
eg
ra
te
d
A
LN

S
al
go

rit
hm

an
d
th
e
ex
ist

in
g
m
et
ah

eu
ris

tic
sf

ro
m

th
e
lit
er
at
ur
e

fo
rt

he
se
qu

en
tia

la
pp

ro
ac
h
co
m
pa

re
d
to

th
e
be

st
so
lu
tio

ns
to

th
e
M
IP

fo
rm

ul
at
io
ns

in
th
e
se
qu

en
tia

la
pp

ro
ac
h

fo
r
in
st
an

ce
s
w
ith

10
do

ck
do

or
s,

30
tr
uc
ks

an
d
lo
w

do
ck
-d
oo

r
ut
ili
za
tio

n
ra
te
s
in

an
I-
sh
ap

ed
cr
os
s-
do

ck
te
rm

in
al

η
=

1,
β

=
11

2.
8,
γ

=
22

5.
6

η
=

1,
β

=
11

2.
8,
γ

=
11

28
d
i
−
r
i

=
2

d
i
−
r
i

=
3

d
i
−
r
i

=
2

d
i
−
r
i

=
3

Se
q.

Se
q
M
H

A
L
N
S

Se
q.

Se
q
M
H

A
L
N
S

Se
q.

Se
q
M
H

A
L
N
S

Se
q.

Se
q
M
H

A
L
N
S

la
yo

ut
ob

j.
∆

(%
)

∆
(%

)
ob

j.
∆

(%
)

∆
(%

)
ob

j.
∆

(%
)

∆
(%

)
ob

j.
∆

(%
)

∆
(%

)
(a
)
nr
.
of

tr
uc
ks

=
30
,
av
er
ag
e
nu

m
be

r
of

de
st
in
at
io
ns

pe
r
in
bo

un
d
tr
uc
k
=

4,
ut
ili
za
ti
on

=
18
.7
5%

I1
1

37
02
0

0%
-5
%

35
34
0

0%
-7
%

70
63
1

0%
-2
%

81
24
2

0%
-3
%

I1
2

36
52
4

14
%

-5
%

33
85
6

16
%

-5
%

69
46
2

8%
-2
%

80
01
5

10
%

-3
%

I1
3

36
53
1

10
%

-5
%

33
85
2

20
%

-6
%

69
46
2

5%
-2
%

79
96
4

10
%

-2
%

I1
4

36
54
5

1%
-5
%

33
86
3

5%
-7
%

69
47
6

8%
-2
%

80
00
0

6%
-3
%

I1
5

36
39
8

6%
-5
%

33
21
0

18
%

-4
%

68
12
6

9%
-1
%

78
79
9

17
%

-2
%

I1
6

36
37
7

6%
-5
%

33
18
1

30
%

-4
%

68
10
8

4%
-2
%

78
78
4

23
%

-2
%

I1
7

36
43
8

7%
-5
%

33
24
2

28
%

-5
%

68
16
6

4%
-2
%

78
80
2

6%
-2
%

I1
8

36
40
8

2%
-5
%

32
48
2

33
%

-2
%

68
16
9

0%
-2
%

78
21
7

15
%

-1
%

I1
9

36
36
4

2%
-5
%

32
50
3

33
%

-1
%

68
12
2

1%
-2
%

78
21
0

12
%

-1
%

I2
0

36
41
0

2%
-5
%

32
39
4

34
%

-2
%

68
16
4

0%
-2
%

78
19
5

11
%

-2
%

(b
)
nr
.
of

tr
uc
ks

=
30
,
av
er
ag
e
nu

m
be

r
of

de
st
in
at
io
ns

pe
r
in
bo

un
d
tr
uc
k
=

6,
ut
ili
za
ti
on

=
18
.7
5%

I1
1

40
78
4

0%
-8
%

44
60
3

1%
-6
%

81
21
3

0%
-3
%

11
56
29

0%
-2
%

I1
2

39
27
2

10
%

-6
%

43
19
2

9%
-4
%

79
84
2

9%
-3
%

11
07
74

5%
-1
%

I1
3

39
26
1

7%
-5
%

43
19
2

9%
-5
%

79
85
0

4%
-3
%

11
07
78

5%
-1
%

I1
4

39
26
5

9%
-6
%

43
20
6

6%
-3
%

79
87
8

10
%

-3
%

11
07
96

6%
-1
%

I1
5

37
82
8

16
%

-1
%

42
04
7

12
%

-3
%

76
68
7

8%
-1
%

10
82
97

10
%

0%
I1
6

37
81
0

13
%

-1
%

42
01
5

12
%

-3
%

76
67
2

9%
-1
%

10
82
72

10
%

0%
I1
7

37
81
8

13
%

-3
%

42
02
5

12
%

-1
%

76
70
8

9%
-1
%

10
82
76

10
%

0%
I1
8

37
16
3

10
%

0%
40
96
0

12
%

0%
77
74
2

11
%

-2
%

10
84
66

11
%

0%
I1
9

37
15
2

11
%

-1
%

40
90
3

12
%

1%
77
71
0

11
%

-2
%

10
84
16

7%
0%

I2
0

37
13
7

11
%

0%
40
87
7

12
%

1%
77
69
8

12
%

-2
%

10
84
22

7%
0%

Se
q.

ob
j.

is
th
e
ob

je
ct
iv
e
fu
nc

ti
on

va
lu
e
of

th
e
be

st
so
lu
ti
on

fo
r
th
e
M
IP

fo
rm

ul
at
io
ns

in
th
e
se
qu

en
ti
al

ap
pr
oa
ch
,
w
hi
ch

se
rv
es

as
be

nc
hm

ar
k;

Se
q

M
H

∆
(%

)
is

th
e
re
la
ti
ve

pe
rf
or
m
an

ce
of

th
e
so
lu
ti
on

fo
un

d
w
it
h
m
et
ah

eu
ri
st
ic
s
in

th
e
se
qu

en
ti
al

ap
pr
oa
ch
;A

L
N

S
∆

(%
)

is
th
e
re
la
ti
ve

pe
rf
or
m
an

ce
of

th
e
so
lu
ti
on

fo
un

d
w
it
h
ou

r
A
L
N
S
al
go

ri
th
m
.A

ny
ob

je
ct
iv
e
va
lu
e
in

bo
ld

in
di
ca
te
s
th
at

th
e
op

ti
m
al

so
lu
ti
on

is
fo
un

d
in

th
e
se
qu

en
ti
al

M
IP

fo
rm

ul
at
io
n.



88
Integrated Scheduling and Assignment of Trucks at Unit-Load

Cross-Dock with Mixed Service Mode Dock Doors

T
able

2.24:
Perform

ance
ofour

integrated
A
LN

S
algorithm

and
the

existing
m
etaheuristics

from
the

literature
forthe

sequentialapproach
com

pared
to

the
bestsolutions

to
the

M
IP

form
ulations

in
the

sequentialapproach
for

instances
w
ith

10
dock

doors,60
trucks

and
low

dock-door
utilization

rates
in

an
I-shaped

cross-dock
term

inal

η
=

1
,
β

=
112

.8
,
γ

=
225

.6
η

=
1
,
β

=
112

.8
,
γ

=
1128

d
i
−
r
i

=
2

d
i
−
r
i

=
3

d
i
−
r
i

=
2

d
i
−
r
i

=
3

Seq.
Seq

M
H

A
L
N
S

Seq.
Seq

M
H

A
L
N
S

Seq.
Seq

M
H

A
L
N
S

Seq.
Seq

M
H

A
L
N
S

layout
obj.

∆
(%

)
∆

(%
)

obj.
∆

(%
)

∆
(%

)
obj.

∆
(%

)
∆

(%
)

obj.
∆

(%
)

∆
(%

)
(a)

nr.
of

trucks
=

60,
average

num
ber

of
destinations

per
inbound

truck
=

4,
utilization

=
37.5%

I11
72959

1%
-4%

65124
3%

-1%
130441

2%
-4%

109607
3%

-2%
I12

71433
27%

-3%
73234

12%
-11%

127036
50%

-2%
107064

34%
1%

I13
71437

34%
-4%

64461
12%

-1%
127008

44%
-2%

107032
37%

-1%
I14

71469
33%

-2%
64472

17%
-2%

127047
15%

-2%
107050

28%
3%

I15
69825

35%
0%

66200
22%

-6%
124803

38%
2%

107749
37%

-1%
I16

69771
36%

1%
66204

23%
-5%

124767
20%

0%
108285

47%
-1%

I17
69557

30%
2%

66204
28%

-3%
124796

10%
1%

108263
22%

-1%
I18

70542
23%

-1%
64545

22%
-5%

124715
31%

2%
105685

32%
-1%

I19
70107

17%
-1%

64462
24%

-1%
124654

34%
-1%

105667
33%

0%
I20

70046
18%

0%
64469

12%
-3%

124632
37%

0%
108965

21%
-3%

(b)
nr.

of
trucks

=
60,

average
num

ber
of

destinations
per

inbound
truck

=
6,

utilization
=

37.5%
I11

81793
0%

-2%
77446

0%
0%

162530
1%

-1%
143025

1%
-2%

I12
78935

17%
1%

84135
15%

-10%
160074

39%
-1%

134394
21%

-1%
I13

78931
26%

-1%
84103

5%
-10%

160088
25%

-2%
134369

27%
-3%

I14
78985

18%
1%

84106
5%

-10%
160113

26%
-2%

134412
28%

-3%
I15

78788
24%

0%
91402

3%
-20%

157354
31%

0%
143826

20%
-9%

I16
78745

22%
-1%

91402
-1%

-19%
157310

34%
-1%

143776
18%

-12%
I17

78810
21%

-2%
91430

-1%
-19%

157343
31%

0%
143840

22%
-10%

I18
84186

5%
-4%

86900
3%

-14%
157545

22%
0%

129336
14%

0%
I19

84110
16%

-7%
86850

-1%
-15%

157534
19%

-1%
129324

20%
-1%

I20
84063

18%
-7%

86921
-4%

-17%
157540

29%
-2%

133213
23%

-4%
Seq.

obj.is
the

objective
function

value
ofthe

best
solution

for
the

M
IP

form
ulations

in
the

sequentialapproach,w
hich

serves
as

benchm
ark;

Seq
M

H
∆

(%
)
is
the

relative
perform

ance
of

the
solution

found
w
ith

m
etaheuristics

in
the

sequentialapproach;A
L

N
S

∆
(%

)
is
the

relative
perform

ance
of

the
solution

found
w
ith

our
A
L
N
S
algorithm

.
A
ny

objective
value

in
bold

indicates
that

the
optim

al
solution

is
found

in
the

sequential
M
IP

form
ulation.



3 Workforce Scheduling with
Order-Picking Assignments in
Distribution Facilities1

3.1 Introduction

Scheduling order pickers is one of the fundamental decision problems in manual picker-
to-part warehouses, where order pickers walk (or drive) to the storage locations of items
to retrieve all the items specified in a picking list. The order picking process is one of
the most labour-, time- and capital-intensive activities in warehouses, responsible for
more than 50% of the operating costs (Tompkins et al., 2010). Despite the rise of
automated order picking, less than 3% of the warehouses are fully automated and less
than 10% of the warehouses use automated parts-to-picker systems (Michel, 2016).
Specifically, Azadeh et al. (2019) estimate that only 40 out of thousands of warehouses
in Western Europe are fully automated. Consequently, manual order picking has been
studied extensively in the literature and most research focuses on the development
of travel time or distance models for various storage assignment, picking routing
and order batching policies (Van Gils et al., 2018b). In contrast, the order picker
planning problem which assigns and sequences orders to order pickers has hardly
been studied (Van Gils et al., 2018b). This is an important problem for warehouses
where orders have temporal restrictions such as deadlines. The assignment and the
sequence of execution of orders have a direct impact on the tardiness of orders and
on the costs associated with the order picking operations. Furthermore, as order
pickers are humans, the order picker planning problem is further constrained by shift
scheduling decisions, which include decisions regarding the start and end times of
shifts and breaks, as well as the workforce level requirements for different shifts. The
literature on order picker planning ignores these shift scheduling decisions and only

1This chapter is based on an article that is currently under review at a journal.
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considers a single shift horizon (i.e., shifts with one start and end time for all order
pickers) without the need for breaks (Matusiak et al., 2014; Henn, 2015; Scholz et al.,
2017; Matusiak et al., 2017). Consequently, the available solution approaches in the
literature can only be applied in a straightforward manner to manual order picker
planning problems in warehouses where orders do not have temporal restrictions.

Many distribution centers in Western Europe face two main restrictions in the order
picking operations: due time windows of orders and flexible order pickers. On-time
retrieval of customer orders has become more important nowadays with companies
offering deliveries to customers within a small time interval (e.g., one or two business
days). To ensure that customer orders are delivered on time, trucks have departure
deadlines from the warehouse. In retail logistics, these departure deadlines can also
be imposed by strict city access time window regulations (Quak & de Koster, 2007)
and contractual agreements with retail stores (Bodnar et al., 2017). Besides these
temporal restrictions, there are also spatial restrictions due to limited capacity at the
outbound staging areas of warehouses to consolidate orders that need to be delivered
by the same truck. Consequently, every order has a due time window during which it
needs to be picked and sent to the allocated staging lane. These due time windows
present severe challenges to warehouse managers in maintaining the right order picking
workforce at the appropriate times. To cover demand during peak periods, a large
number of order pickers is required. These order pickers can become superfluous when
the volume of order picking tasks decreases. To alleviate this problem, warehouses
employ flexible order pickers who can be called upon to work on short notice. The
shift start and end times vary for these employees, but they are guaranteed a minimum
payment equal to the payment corresponding to the minimum compensated duration,
which is defined as the duration of time an order picker is paid for even if the order
pickers is asked to work in a shift with a shorter shift length. Labour laws in many
countries specify a minimum compensation duration. For instance, employees in the
United States, Canada and Australia must be paid for at least 3 hours each time they
are required to report to work. Under these circumstances, the aim of the warehouse
manager is to solve the order picker planning problem such that due time windows of
orders are respected while minimizing the labor cost. This requires them to determine
how many order pickers to schedule (including the start times, end times, and breaks
for each order picker), assign the orders that need to be picked during each shift, as
well as the sequence in which the orders are picked by the order pickers. We call this
optimization problem the order picker scheduling problem (OPSP). Most warehouse
managers rely on their experience and intuition to make these decisions. Even though
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our study is inspired by the largest grocery retail chain in The Netherlands, the use of
flexible order pickers with minimum compensation and one or multiple break periods
is common in many countries. Our definitions of flexible order pickers and break
requirements are fully compliant with the current European Union (EU) Directive
91/533/EEC (European Parliament, Council of the European Union, 1991) as well as
the new Directive (EU) 2019/1152 (European Parliament, Council of the European
Union, 2019) that will replace the current Directive in 2022. An overview of other
labor laws around the world are included in Section 3.8.5. Consequently, our study is
generally applicable and relevant to many manual order picking warehouses where
orders have tight due times and the resources to prepare orders (such as the number
of staging lanes) and order pickers are limited.

In this paper, we combine the order picker planning problem with the shift scheduling
problem to jointly determine the scheduling of start, end and break times for the shifts
of flexible order pickers as well as the assignment and sequencing of orders with due
time windows to these order pickers. The shift decisions have direct implications for
the order picking process that should not be ignored. In Section 3.8.1, an illustrative
example is given that highlights the importance of explicitly constructing shifts that
take breaks into account when orders have due time windows and order pickers are
flexible. The contributions of our work are four fold: (i) We introduce the OPSP to
the order picking literature and formulate the OPSP as a mixed integer linear program
(MILP); (ii) To solve the problem, we present an exact branch-and-price algorithm in
combination with an efficient heuristic to generate tight upper bounds based on the
savings algorithm; (iii) We propose a computationally efficient metaheuristic that is
capable of producing near-optimal solutions for large instances; (iv) A case study is
performed to investigate the practical impact of flexible shift structures and show the
impact can be substantial.

The outline of this paper is as follows. Relevant literature is reviewed in Section 3.2.
Section 3.3 presents the problem description and the model formulation of the problem.
In Section 3.4, we present a branch-and-price algorithm to find optimal solutions for
the problem. A metaheuristic to solve the problem is proposed in Section 3.5. Results
from computational experiments and the case study follow in Section 3.6. Finally,
Section 3.7 concludes the paper.
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3.2 Literature Review

As identified in the previous section, the OPSP operates at the intersection of shift
(or personnel) scheduling and order picker planning. More details on both research
streams in the literature are provided in this section.

Order picker planning problem

When orders have temporal restrictions (such as due time windows) or when they result
in penalties when completed early or late, the assignment of orders to order pickers
and the sequencing to execute these orders have a direct impact on the feasibility
of workforce schedules and the associated costs. Elsayed et al. (1993) and Elsayed
& Lee (1996) are the first authors to study the joint order batching and sequencing
problem (JOBSP) for a single automated storage and retrieval system (AS/RS) where
the objective is to minimize the earliness and tardiness of orders. The authors suggest
simple heuristic methods to generate solutions for the problem. Henn & Schmid (2013)
and Henn (2015) extend this work to multiple order pickers, which is considered the
joint order batching, assignment and sequencing problem (JOBASP). The authors
suggest iterated local search and attribute-based hill climber, variable neighborhood
search and variable neighborhood depth algorithms to solve this problem. Tsai et al.
(2008) introduce a joint order batching, assignment, sequencing, and routing problem
(JOBASRP), which is an extension of the JOBASP with routing decisions for the
order pickers within the warehouse. Chen et al. (2015) and Scholz et al. (2017) propose
heuristic solution approaches for this problem. Matusiak et al. (2014) investigate
a variation of JOBASRP where the sequencing of batches is not relevant but the
routing is part of the optimization problem which aims at minimizing the overall travel
distance. In most applications, the storage racks are stationary, however, Boysen et al.
(2017) consider an interesting variation with mobile rack warehouses, where an entire
storage aisle may need to be moved to access items in it. Here, the objective is to
sequence orders to minimize the number of aisle relocations.

In a recent review on order picking problems, Van Gils et al. (2018b) note that there
is hardly any literature on the integration of the order assignment and sequencing
decisions for order pickers (i.e., the order picker planning problem) while determining
the order picking workforce (i.e., the shift scheduling problem). All work in the
literature on scheduling manual order pickers assumes a single shift start and end
time without the need for a break, which can be traced back to Elsayed et al. (1993)
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and Elsayed & Lee (1996). This simplifying assumption is only valid for machine
environments or for manual order picking environments where a fixed number of
order pickers can start and end their shift at only one given time, no breaks are
scheduled and orders do not have temporal restrictions (as discussed in Section 3.1).
When order pickers have fixed employment contracts, the shift scheduling decisions
are typically made at a tactical level or at least before any order assignment and
sequencing decisions are made. However, when order pickers have flexible employment
contracts, it is crucial to make shift scheduling decisions at the same time as the
order assignment and sequencing decisions are made. Figure 3.1 illustrates the typical
order in which decisions are made in the two types of employment contracts. These
differences require us to review shift scheduling literature which is done in the following.
Note that batching is decoupled in both of the contracts because integrating optimal
order batching with other decisions is computationally prohibitive in realistic settings.
Furthermore, an appropriate batching policy alone can explain much of the variance
in travel times of order pickers compared to related decisions (storage, zoning, and
routing) (Van Gils et al., 2018a).

Fixed employment contract Shift scheduling Order batching Order assignment and sequencing

Flexible employment contract Order batching Shift scheduling + Order assignment and sequencing

Figure 3.1: Sequence of decision problems with fixed and flexible employment
contracts for order pickers

Shift (or personnel) scheduling problem

In contrast to the literature on order picking processes, the shift scheduling literature
explicitly considers shift decisions as part of the planning problem. Shift scheduling
is one of the oldest problems in the field of operations research. It dates back to Edie
(1954) and Dantzig (1954) who scheduled toll booth operators and it has received
a lot of attention in the literature since then (Ernst et al., 2004b,a; van den Bergh
et al., 2013). Many of the mathematical formulations are based on a generalized set
covering model where each possible shift (i.e., a combination of start time, end time,
and break placement) is represented by a decision variable. The goal is to determine
the optimal complement of shifts such that operational constraints are satisfied while
optimizing some objective function. It has applications in many industries including
airlines, public transportation, hospitality, military, health care and call centers.
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Shift scheduling problems can be divided into two broad categories based on the type
of workload they consider: workload-coverage problems or task-coverage problems.
The main distinction between these two categories relies on what is known prior to
performing the personnel planning. In workload-coverage problems, the actual tasks
that need to be to executed during the planning horizon are not known by the time
personnel is scheduled. Consequently, the demand for employees is forecasted based
on expected workloads and workers are scheduled to cover these predicted personnel
demands. Employees are usually scheduled to perform one type of task that can
be preempted between employees working in different shifts (e.g., manning a cash
register in a shop).

In contrast to workload-coverage problems, the actual tasks that need to be executed
are known in task-coverage problems. Besides the creation of shifts, these problems also
include assignment decisions of tasks to individual employees or shifts such that all, or
as many as possible, tasks are completed. Consequently, task-coverage problems are
generally more complicated to solve than workload-coverage problems. Task-coverage
problems can be further divided into two subcategories: fixed task timing problems
and flexible task timing problems. In fixed task timing problems, the timing when to
execute each task is known a priori (therefore, sequencing decisions are not included).
These problems aim to generate schedules that cover the fixed tasks with a minimum
number of machines or shifts. Examples of these problems are fixed job scheduling
problems (Fischetti et al., 1987, 1989), interval scheduling problems (Kroon et al.,
1995; Kolen et al., 2007) and shift minimization personnel task scheduling problems
(Krishnamoorthy et al., 2012). The navy personnel planning problem studied by
Holder (2005) is a closely related problem. Another example of the fixed task timing
problem is the integrated task scheduling and personnel rostering problem, which
generates the roster of employees while explicitly considering the coverage of tasks
(Smet et al., 2016). Beliën & Demeulemeester (2008) present a branch-and-price
algorithm for the integrated rostering problem of nurses while incorporating the
scheduling of tasks that arise from surgery schedules. When the planning horizon
of the fixed task timing problem is divided in periods and the duration to execute
each task is equivalent to the length of a period, this is known in the literature as
the multi-activity shift scheduling problem (Côté et al., 2011; Elahipanah et al., 2013;
Dahmen et al., 2018).

In flexible task timing problems, the timing when to execute tasks is a decision.
Consequently, sequencing decisions have to be made besides the shift scheduling
and task assignment decisions. For instance, home care workers are assigned to
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locations where tasks (such as cooking, cleaning and administering medicine) have to
be performed within specific time windows (Rasmussen et al., 2012). Closely related
problems include the field workforce scheduling problem where individual workers with
appropriate skills are assigned to geographically distributed tasks (Alsheddy & Tsang,
2011) and the technician task scheduling problem where individuals with the correct
skill mix are assigned to tasks of different priorities (Cordeau et al., 2010; Fırat &
Hurkens, 2012).

Shift scheduling problem with breaks

The inclusion of breaks in the personnel scheduling literature is mainly limited to
workload-coverage problems only. Thompson (1988) is one of the first authors to
explicitly plan for breaks when shift schedules are generated. In its simplest form,
the set covering formulation of Dantzig (1954) is extended with additional decision
variables to represent breaks and reliefs. For problems involving a high degree of
flexibility with respect to the timing of breaks, the number of enumerated shifts
increases drastically and the resulting set covering problem can be very difficult to
solve (if even possible). To overcome these challenges, Bechtold & Jacobs (1990)
propose a compact formulation that implicitly considers breaks, but is tractable for
realistic instances. This model is extended by Thompson (1995) to consider different
types of breaks and even overtime. Aykin (1996) also presents a compact integer
programming model that is capable of considering time windows for multiple breaks in
one shift. Aykin (2000) shows that this model is computationally superior compared
to the formulation in Bechtold & Jacobs (1990), who only consider one break in a
shift. Sungur et al. (2017) present a goal programming approach for the same problem
as studied by Aykin (1996).

The work of Bechtold & Jacobs (1990) is also extended by Brusco & Jacobs (2000)
to introduce break and relief planning in tour scheduling problems. In this type of
problem, the aim is to generate a schedule with multiple shifts for each employee as
well as off days during which the employee is not working. Consequently, the planning
horizon is longer compared to shift scheduling problems. Bard et al. (2007) also model
a tour scheduling problem with break and labor rules but in a stochastic environment
of a parcel sorting center. Gérard et al. (2016) present a heuristic that is based on
column generation for a more extensive problem which simultaneously considers off
days, shift scheduling, shift assignments and task assignments within shifts. A key
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difference of these problems compared to our OPSP is that the tasks have a fixed
timing rather than a time window during which they need to be performed.

For flexible task timing problems, the scheduling of breaks is only included in the truck
driver scheduling problem. In these problems, the sequence in which locations are
visited by trucks has to be determined while satisfying appropriate time windows. The
maximum amount of time a truck driver is allowed to be on the road is restricted such
that breaks and rest periods have to be considered to satisfy the strict hours-of-service
regulations (Goel, 2010; Goel & Kok, 2012). The truck driver scheduling problem is
extended to vehicle routing decisions in Goel & Irnich (2017). In these studies, the
objective of the problem is to minimize the travel distance. An alternative objective
function for the problem is presented by Tilk & Goel (2020), where the problem
aims to minimize the number of working days for a given route instead of the travel
distance.

A comparison between OPSP and the available literature on shift scheduling problems
can be found in Table 3.1. It becomes clear that the order picker planning problem
does not consider shift scheduling decisions when orders have temporal restrictions.
Furthermore, most of the flexible task timing problems in the shift scheduling literature
do not consider the characteristics that are unique to warehouse environments (i.e.,
tasks with due time windows in combination with flexible workers who require breaks
and a minimum payment).

In the shift scheduling literature with task assignments that have to be performed in a
certain time window, only the truck driver scheduling problem considers breaks. It is
therefore the closest related to our problem formulation. The break requirements for
truck drivers considered in Goel & Irnich (2017) are similar to the break requirements
for order pickers considered in the OPSP. However, a major difference is that Goel
& Irnich (2017) focus on minimizing travel distances, whereas schedule durations
do not play a role. The objective in Tilk & Goel (2020) is to minimize the sum of
labor costs and distance-related costs whereas labor costs are related to the number
of working days required to complete the route. The number of hours worked
within a working day does not play a role and most schedules generated actually
include long periods of waiting. The OPSP studied in our work combines elements
of minimizing schedule duration with minimum compensated duration which make
the OPSP structurally different from the aforementioned problems and it necessitates
new solution approaches. Our work addresses this gap in the literature and combines
the order picker planning literature and shift scheduling literature. In Section 3.4,
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we further explain the differences between our solution approach to solve the OPSP
compared to other approaches in the literature.

3.3 Problem Description and Model Formulation

In this section, we explain the warehouse operations that define our order picker
scheduling problem (OPSP) and we formulate the corresponding mixed integer linear
program (MILP) model. Symmetry breaking constraints and additional constraints to
tighten the model formulation are included in Section 3.8.3. An alternative formulation
of the problem as a network flow problem is presented in Section 3.8.4. This formulation
takes more computational effort to solve in our numerical experiments, it is therefore
included as reference only. Extending the OPSP formulation with full-time order
pickers and different types of break time constraints are discussed in Section 3.8.5.

Production facilities or retail stores place orders to receive items from a distribution
warehouse based on their needs. An order is composed of multiple order lines, where
each order line consists of a particular item and the corresponding requested quantity.
The order lines that should be processed together create a pick list. The list contains
all items that need to be picked and it guides the order picker through the warehouse.
Items that are collected are put in roll cages such that products in the same roll cage
are sent to a single customer. However, a customer’s order can result in multiple roll
cages picked by one or more order pickers. An order picker’s tour finishes when all
roll cages from the pick list are delivered to the corresponding staging lanes at the
outbound docks. The total number of order lines and roll cages can exceed hundreds,
which prohibits a joint optimization of the personnel scheduling and order batching
problems within a reasonable computational effort. Consequently, we assume that
order batching (i.e., the construction of pick lists) is done a priori. In the remainder
of the paper, we use the term batch to refer to a pick list that is to be completed by a
single order picker in a single pick tour.

Let I be the set of batches that are generated a priori. The time required to pick
batch i ∈ I is denoted by ti. It includes the time for an order picker to travel between
product locations of items in the batch, search for the items, place them in roll
cages, and transport the filled roll cages to the staging lanes. We assume that ti is
independent of the order picker and its value is deterministic since the picking route is
determined by the storage locations of the items in the batch and the routing strategy
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of the warehouse. The company in our case study uses norm times that are set to
pick a certain batch.

Each batch i ∈ I has a corresponding delivery due time window [ri, di]. All items
in the batch have to be delivered to the designated staging area(s) within this time
window. The values of ri and di are determined based on the outbound truck departure
schedule and the capacity of the staging lanes. The value of ri usually corresponds to
the departure time of the previous vehicle that departed from the same staging lane
as where the vehicle for batch i is departing from, and di is the latest time batch i
can be delivered at the staging lane for the vehicle to depart on time (i.e., without
violating the delivery due time at the customer).

Let P represent the set of the flexible order pickers that can be employed by the
warehouse, where |P | = pmax. Flexible workers are scheduled to work when needed,
and as such, they are assigned one of a variety of possible shift lengths with different
start times on any day. They are only compensated for the amount of time they spend
at the warehouse. Although there is often no restriction on the minimum shift length
for a worker, warehouses favor providing a minimum compensation if an employee
is scheduled to work. This improves the working relation between the flexible order
pickers and the warehouse to increase employee retention. The time corresponding to
the minimum compensation duration is denoted by Tmin. The maximum amount of
time an employee can work per day is restricted by law and gives an upper limit on
the shift length, which we denote by Tmax.

There are also labor rules and union agreements on breaks for human order pickers.
The amount of time an employee can work without a break is denoted by Tbreak. If
an employee works for a duration that exceeds Tbreak time units she must be given
an uninterrupted break of at least lb time units. An employee can be entitled to more
than one break in the same shift depending on the values of Tbreak and Tmax. The
length of the planning horizon is Tday time units. Formulations for alternative types
of breaks are presented in Section 3.8.5. We assume that order picking is scheduled
non-preemptively and breaks cannot interrupt this. Interrupting a pick tour and
leaving picking equipment in the storage area creates congestion as well as safety and
security hazards. Limited parking space for order picking equipment in the break
areas and issues of theft or responsibility of already picked items may also prevent
preemptive batch scheduling. In case breaks can preempt the order picking of a batch,
we propose an updated solution framework and perform a numerical comparison in
Section 3.8.12.
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Even though flexible employees can potentially start and end their shifts at any time,
many shift start and end times are an administrative and operational burden, and labor
union agreements can prohibit this as well (Brusco & Jacobs, 1998). Furthermore,
employees are paid in integral multiples of a certain duration (even if they completed
the last task of their shift before the end of a certain time period). Therefore, we
divide the planning horizon into W time periods of equal length, where each period
consists of l time units. The set of admissible time periods to start or end a shift is
denoted by S and E, respectively. Note that the discretization of the time horizon
is only used for the start and end times of shifts. The actual tasks that need to be
executed can still start and end at any point in time during the shift (i.e., they do
not have to coincide with the time periods) and the same holds for breaks.

We make the assumption that all order picking operations associated with the batches
in the planning horizon are performed within the same planning horizon, and we
assume that all shifts of the order pickers start and end in the same planning horizon
that they are scheduled for (i.e., there is no overlap between either order picking tasks
of a batch or shifts of order pickers in different planning horizons).

Furthermore, we define a task as an activity that needs to be scheduled; either
picking orders of a batch or taking a break. Arranging tasks in a sequence creates
a shift, and each task in the sequence has a position (first, second and so on). This
is illustrated with a Gantt chart in Figure 3.2. Employee 1 picks the items in batch
4 and 5 successively, then takes a break, and finally picks items in batch 10 before
ending her shift. Note that the order picker completes four tasks but not necessarily
consecutively (i.e., there can be an interruption or gap between two successive tasks),
which is the case for Employee 2. Each order picker can perform at most k̄ tasks in a
shift. A summary of all parameters is provided in Table 3.2.

Employee 1 Batch 4 Batch 5 Break Batch 10

Employee 2 Batch 2 Idle Batch 7 Break Batch 13

Figure 3.2: A Gantt chart to illustrate the concepts of tasks, shifts and task positions
in a sequence

The following decision variables are used in our model formulation:
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Table 3.2: Overview of the parameters for the order picker scheduling problem
(OPSP)

notation description
P set of order pickers that can be scheduled, {1, . . . , pmax}
I set of batches that need to be picked
K set of positions in which an order picker can perform a task, {1, . . . , k̄}
ti duration to pick and deliver the items of batch i ∈ I
ri earliest due time of batch i ∈ I
di latest due time of batch i ∈ I, where di ≥ max{ri, ti}
Tmin minimum time an order picker needs to be compensated if scheduled
Tmax maximum shift length
Tbreak maximum time duration an order picker can work consecutively without

a break
Tday length of the planning horizon
l length of a time period
J set of time periods, {1, . . . ,W}
S set of time periods where a shift can start at the beginning of that

period, S ⊆ J
E set of time periods where a shift can end at the end of that period,

E ⊆ J
lb duration of a break
M a very large number

xikp is 1 if batch i ∈ I is scheduled to be picked at the kth position in the shift
for order picker p ∈ P , where k ∈ K, else 0

ykp is 1 if a break is scheduled at the kth position in the shift for order picker
p ∈ P , where k ∈ K, else 0

sjp is 1 if order picker p ∈ P starts the shift at the beginning of period j ∈ S,
else 0

ejp is 1 if order picker p ∈ P ends the shift at the end of period j ∈ E, else 0
ckp completion time of the task scheduled at the kth position in the shift for

order picker p ∈ P , where k ∈ K
mp amount of time for which order picker p ∈ P is compensated

The order picker scheduling problem (OPSP) is formulated as a MILP model as
follows:

OPSP:
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min
∑
p∈P

mp (3.1)

subject to ∑
i∈I

xikp + ykp ≤ 1 ∀k ∈ K, p ∈ P (3.2)∑
k∈K

∑
p∈P

xikp = 1 ∀i ∈ I (3.3)

∑
i∈I

xi1p + y1p ≤
∑
j∈S

sjp ∀p ∈ P (3.4)

∑
j∈S

sjp =
∑
j∈E

ejp ∀p ∈ P (3.5)

c1p ≥
(∑
j∈S

(j − 1)sjp
)
l+
∑
i∈I

tixi1p + lby1p ∀p ∈ P (3.6)

ckp − ck−1,p ≥
∑
i∈I

tixikp + lbykp ∀k ∈ K \ {1}, p ∈ P (3.7)∑
j∈E

(jejp)l ≥ ck̄p ∀p ∈ P (3.8)

ckp +M(1− xikp) ≥ ri ∀i ∈ I, k ∈ K, p ∈ P (3.9)

ckp −M(1− xikp) ≤ di ∀i ∈ I, k ∈ K, p ∈ P (3.10)

ckp −
(
chp −

∑
i∈I

tixihp

)
− Tbreak ≤M

( k∑
k′=h+1

yk′p

)
∀h, k ∈ K,h < k, p ∈ P (3.11)

∑
i∈I

xik−1,p + yk−1,p ≥
∑
i∈I

xikp + ykp ∀k ∈ K \ {1}, p ∈ P (3.12)

Tmin
∑
j∈S

sjp ≤ mp ∀p ∈ P (3.13)(∑
j∈E

jejp −
∑
j∈S

(j − 1)sjp
)
l ≤ mp ∀p ∈ P (3.14)

ckp ≥ 0 ∀p ∈ P, k ∈ K (3.15)

xikp ∈ {0, 1} ∀i ∈ I, k ∈ K, p ∈ P (3.16)

ykp ∈ {0, 1} ∀k ∈ K, p ∈ P (3.17)

sjp ∈ {0, 1} ∀j ∈ S, p ∈ P (3.18)

ejp ∈ {0, 1} ∀j ∈ E, p ∈ P (3.19)

0 ≤ mp ≤ Tmax ∀p ∈ P (3.20)
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The objective function (3.1) expresses the minimization of the total labor cost over all
order pickers who are scheduled to pick the items that need to be delivered during the
planning horizon. Constraints (3.2) ensure that an order picker can perform at most
one task in the k-th position of her shift. Constraints (3.3) ensure that each batch is
picked exactly once. An order picker can only perform the first task in a shift if she is
scheduled to start a shift according to constraints (3.4). Constraints (3.5) ensure that
every order picker who starts a shift also has to end a shift (and vice versa).

Constraints (3.6) and (3.7) determine that the task in the k-th position of the order
picker’s shift can only be labeled as completed after it is executed. Constraints (3.8)
ensure that the order picker can only finish her shift after completing the last assigned
task. Constraints (3.9) and (3.10) require that batches are completed within their
due time windows. Note that an order picker can have fewer than k̄ tasks assigned
to her shift. In that case, for all positions in a shift without an actual task assigned
(i.e., for all k where

∑
i xikp + ykp = 0), the completion times ckp are set equal to the

completion time of the last assigned task (i.e., ckp = ck−1,p).

Constraints (3.11) require that an order picker cannot work successively for a duration
more than Tbreak time units without a break. The constraint specifies that the time
between the start of the task at position h of the shift and the end of the task at
position k, where k > h, has to be less than or equal to Tbreak in case no break is
scheduled between these two tasks. Constraints (3.12) specify that a task can only be
assigned to a position if there is also a task assigned to the previous position.

Constraints (3.13) ensure that an order picker is compensated for at least Tmin time
units if she is scheduled to work. Constraints (3.14) ensure that an order picker is
compensated for at least the amount of time the order picker is scheduled to work
(i.e., from the start time of the shift to the end time of the shift). Constraints (3.15)
to (3.20) define the domain and range of the decision variables.

Proposition 3.1. Generating a feasible solution for the OPSP is NP-hard in the
strong sense.

The proof for this proposition is presented in Section 3.8.2.
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3.4 Branch and Price Algorithm for OPSP

This section outlines an exact procedure to solve the OPSP using a branch-and-
price framework. In this solution approach, the linear relaxation in each node of
a branch-and-bound tree is solved with column generation (Barnhart et al., 1998;
Vanderbeck, 2000). A branch-and-price solution approach remains a successful and
popular solution strategy for generating optimal solutions for problems in a variety
of fields ranging from transport planning (Bertsimas et al., 2019), routing (Dellaert
et al., 2018) to personnel scheduling (van den Bergh et al., 2013). We also develop a
branch-and-price algorithm for the order picker scheduling problem. We first present
the reduced master problem (RMP). The pricing problem to verify the optimality of
an LP solution is presented in Section 3.4.2. The branching that occurs when the LP
solution does not satisfy the integrality conditions is discussed in Section 3.4.3.

The proposed framework for the branch-and-price algorithm has similarities to the one
used by Goel & Irnich (2017). However, because we use the schedule duration in the
objective function (which includes employee waiting times between the performance
of two tasks) and include the minimum compensated duration as constraints, the
details of the building blocks for the branch-and-price algorithm are different from the
algorithm in Goel & Irnich (2017). Specifically, the augmented graph for the pricing
problem requires information on shift starting and ending times. The definitions of
resources and resource extension functions that are used to solve the pricing problem
also differ and are more comparable to those used for the minimum tour duration
problem (MTDP) (Tilk & Irnich, 2017) rather than the truck driver scheduling problem.
Furthermore, because of the constraints regarding the minimum compensated duration
and flexible breaks, the problem suffers from significant issues of symmetry. Therefore,
we develop a tailored acceleration strategy to address these issues (see the end of
Section 3.4.2).

3.4.1 Reduced master problem

To present the reduced master problem for the OPSP in a column generation format,
we first introduce the concept of a column as a feasible shift schedule that is specified
by the start and end time as well as the assignment and sequence of tasks (both order
picking and breaks) to be performed by a single order picker while respecting the
due time windows of order picking tasks, maximum shift length Tmax and maximum
time between breaks Tbreak. Let Ω denote a set of all feasible schedules, where Ω′ is
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a subset of Ω (i.e., Ω′ ⊆ Ω). The cost for an individual schedule q ∈ Ω′ is given by
mq. The parameter αiq is set to 1 if batch i is processed (or picked) in schedule q,
and zero otherwise. The decision variable θq represents the number of schedules of
type q to be selected in the solution. The reduced master problem (RMP) can be
formulated as a set covering problem:

RMP:

min
∑
q∈Ω′

mqθq (3.21)

subject to

∑
q∈Ω′

αiqθq ≥ 1 ∀i ∈ I (3.22)

∑
q∈Ω′

θq ≤ pmax (3.23)

θq ≥ 0 ∀q ∈ Ω′ (3.24)

The objective in the RMP is the same as in the OPSP. Constraints (3.22) ensure
that all batches are processed (or covered) with the selected schedules. Constraints
(3.23) do not select more than pmax schedules to be performed by order pickers. The
constraints (3.2) and (3.4) to (3.20) of the OPSP are included in the pricing problem
where columns are generated that result in feasible schedules.

3.4.2 Pricing problem

The pricing problem for the OPSP can be formulated as an Elementary Shortest
Path Problem with Resource Constraints (ESPPRC) (Feillet et al., 2004). This is a
variation of the Shortest Path Problem with Resource Constraints (SPPRC) where
cycles are not allowed, i.e., a node cannot be visited more than once. The SPPRC can
be solved with pseudo-polynomial algorithms (Irnich & Desaulniers, 2005), whereas
the ESPPRC is NP-hard in the strong sense (Dror, 1994). Nevertheless, ESPPRC is
known to generate a superior lower bound compared to SPPRC when used as pricing
problem (Contardo et al., 2015). A technique to solve the ESPPRC is a labeling
algorithm based on dynamic programming (Feillet et al., 2004). This approach uses
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the concepts of resources in a graph and resource extension functions. A resource is
an arbitrary one-dimensional piece of information that can be determined or measured
at the vertices of a directed walk in a graph (e.g., cost, time, load). In this paper,
time is the main resource. Labels are used to store the information on the resource
values for partial paths. Labels reside at vertices and they are propagated via resource
extension functions when they are extended along an arc. To keep the number of
labels as small as possible, we define dominance rules to identify labels that need
not be extended. We first introduce the graph structure, labels, resource extension
functions and dominance rules.

Graph representation

Consider a subgraph G = (V,A), where V is the set of vertices indicating the set of
batches i ∈ I that have to be picked and the arcs A indicate the subsequent sequence
in which the batches are completed. The nodes in the sets S and E indicate the start
and end times of a shift, respectively. Furthermore, dummy origin and destination
nodes are indicated by o and d, respectively. The complete set of all vertices is
V ′ := {o} ∪ S ∪ V ∪ E ∪ {d}.

We introduce arcs between the dummy origin node o and the shift start time nodes
in S, between each vertex in S and V , between each vertex in V and E as well as
between the shift end time nodes and the dummy destination node d. See Figure 3.3
for an example. The travel time for each arc is set to zero. The service time ti at
each node i ∈ V equals the processing time of batch i, whereas the service time at
the remaining vertices V ′ \ V is zero.

The time windows for the origin and destination nodes are [ri ; di] = [0 ; Tday] for
i ∈ {o, d} such that these nodes can be visited at any time during the time horizon.
For the shift start time nodes i ∈ S, the value of ri = di equals the possible shift
start times such that these nodes are visited at these specific times. Similarly, for the
shift end time nodes i ∈ E, the value of ri = di equals the possible shift end times.
A feasible schedule for an order picker comprises of a tour from node o to node d

respecting the due time windows [ri ; di] for i ∈ V ′, maximum shift length Tmax and
the time until breaks Tbreak. As an illustrative example, Figure 3.3 represents a graph
where there are three possible shift start and end times. The dashed arrow indicates
a feasible schedule that starts at s1, then executes batch i3 and ends at e1.
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o

s1

s2

s3

i1 i2

i3

e1

e2

e3

d

S V E

Figure 3.3: A representation of a graph structure for the pricing problem of the
OPSP with 3 shift start and end times and 3 batches

Labels

A partial schedule corresponds to a partial path in the graph G. A partial schedule h
where vertex i is visited as last node is defined by label Lih = (i, cih, Ti, (V 1

h , . . . , V
|V |
h )),

where

• i is the last vertex that has been visited in the partial schedule

• cih is the reduced cost of the partial schedule (i.e., the actual cost minus the
dual values of the nodes visited, see below for more details)

• Ti = (T timei , T duri , T starti , Tworki , T brki ) indicates the resource vector, where the
resource variables are

- T timei is the time when the batch at node i is completed

- T duri is the minimum duration required to service all the nodes in the
partial schedule including the waiting times if necessary to respect the due
time windows

- T starti is the latest possible start time of the shift to feasibly visit all of the
vertices in the partial schedule while respecting the due time windows

- Tworki is the amount of time since the end of the last break

- T brki is the latest time to start picking the first batch after the previous
break to ensure feasibility of the schedule

• V vh is 1 if node v ∈ V is visited in the partial schedule or if it is infeasible to
visit (due to the due time windows or maximum shift length), 0 otherwise

To guarantee elementarity of a (partial) path, it is sufficient to add the extra resources
V vh for each node v ∈ V indicating whether or not the node has been visited on
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the path. When this resource has the value one, it prohibits the path to re-enter
previously visited nodes. Feillet et al. (2004) enhance this idea by observing that
some nodes are not reachable due to the resource constraints, which they indicate
by setting the resources V vh to one for these nodes without the path having to visit
them. They use this to speed up the dominance check, which is explained later in
this section.

The resource windows of resource vector Ti are given by T timei ∈ [ri ; di], T duri ∈
[0 ; Tmax], T starti ∈ (−∞ ; Tday], Tworki ∈ [0 ; Tbreak], and T brki ∈ (−∞ ; ∞). A path
is called resource-feasible if there exist resource vectors for each node in the path that
satisfy their resource windows. Therefore, a feasible schedule is a resource-feasible
path that starts in o and ends in d. Furthermore, let Li denote the set of all labels
corresponding to partial schedules where node i ∈ V ′ is the last visited node.

The initialization of a label is done at shift start nodes i ∈ S as Lih = (i, Tmin −
ψ, Ti, (V 1

h , . . . , V
|V |
h )), where ψ is the dual variable associated with Constraint (3.23)

of the RMP, T timei = di, T duri = 0, T starti = di, Tworki = 0 and T brki =∞, and V jh = 0
for all nodes j ∈ V .

Resource extension functions

A resource extension function (REF) is used to extend a label (or partial schedule)
with an additional vertex such that all constraints related to the scheduling problem
are still satisfied. There are two options to extend label Lih at vertex i to vertex j
when V jh = 0. The first extension executes the batch in node j directly after finishing
the batch in node i without a break. The second extension starts with a break before
the execution of the batch in node j. Consequently, we consider the two resource
extension functions f(·) and g(·), respectively.

The resource extension functions f(Ti, j) for the extension of label Lih to node j
without a break define the new resource variables of resource vector Tj as follows

T timej = f time(Ti, j) := max{T timei + tj , rj} (3.25)

T durj = fdur(Ti, j) := max{T duri + tj , rj − T starti } (3.26)

Tworkj = fwork(Ti, j) := max{Tworki + tj , rj − T brki } (3.27)

T brkj = f brk(Ti, j) := min{dj − (Tworki + tj), T brki } (3.28)
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Similarly, when label Lih is extended with a break before the order picking task is
completed as indicated by node j, the resource extension functions g(Ti, j) define the
resource vector Tj as

T timej = gtime(Ti, j) := max{T timei + tj + lb, rj} (3.29)

T durj = gdur(Ti, j) := max{T duri + tj + lb, rj − T starti } (3.30)

Tworkj = gwork(Ti, j) := tj (3.31)

T brkj = gbrk(Ti, j) := min{dj − tj ,∞} (3.32)

Note that the resource variable T starti is never updated after it is set in the shift start
node. The REF for T timej is a classic REF from the routing literature (Irnich, 2008a).
The REFs for T durj and T starti bear resemblance to REFs from the MTDP (Tilk &
Irnich, 2017). The REFs for Tworkj and T brkj are new and specifically designed to
determine the amount of time elapsed since the last break. Desaulniers & Villeneuve
(2000) use similar extension functions to estimate the cost of waiting at nodes for the
shortest path problem with time windows and linear waiting costs.

The reduced cost for the partial schedule when label Lih is extended to node j, is
given by cjh := max{Tmin, T durj } − πj − ψ −

∑
ĵ∈B̂h

πĵ , where πj is the dual value of

constraints (3.22) for vertex j, ψ is the dual value associated with constraint (3.23),
and

∑
ĵ∈B̂h

πĵ indicates the accumulated dual values associated with constraints (3.22)

for the set of batches previously added to the partial schedule represented by the set
B̂h. Note that the payment to pickers for the entire period (even if they work only for
a fraction of the period) is accounted for by the use of shift end nodes which restrict
the visit to the shift end nodes at the end of a period.

The resource V jh is set to one to prevent that vertex j is visited again. Furthermore,
V j
′

h is also set to one for any node j′ ∈ V ′ that cannot be visited anymore when node
j is added to the partial path because of the resource constraints. The new label is
then given by Ljh := (j, cjh, Tj , Vh), which is only feasible if the resource variables of
the resource vector Tj fall within the associated resource windows.

Dominance

A dominance principle can be used to accelerate the solution technique by eliminating
unnecessary labels. To define dominance in our pricing problem, we note that the REFs
are either non-decreasing or non-increasing, such that an element-wise comparison
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can be made to determine dominance (Irnich & Desaulniers, 2005). A label Lih
dominates a label Lih′ if both labels reside at the same vertex i ∈ V ′ and if, for
each feasible extension of Lih′ to L

j
h′ , there exists a feasible extension of Lih to Ljh

where the value of each resource with a non-decreasing (or non-increasing) REF is
less than (or larger than) or equal to the value of the resource in the extension of
Lih′ , i.e., cih ≤ cih′ ; T timei,h ≤ T timei,h′ ; T duri,h ≤ T duri,h′ ; T starti,h ≥ T starti,h′ ; Tworki,h ≤ Tworki,h′ ;
T breaki,h ≥ T breaki,h′ ; V vh ≤ V vh′ ∀ v ∈ V . Consequently, the partial schedule corresponding
to label Lih′ cannot be part of the optimal solution. Note that the differentiation of
time resources Ti for label h and h′ is done for comparison required by dominance.
For ease of notation, we do not use the differentiation of time resources for specific
labels in the remainder of the paper.

Labeling algorithm

The pricing problem is solved by embedding the resource definitions, resource extension
functions and dominance rules in the label correction algorithm by Feillet et al. (2004).
The pseudocode for the labeling algorithm is presented in Section 3.8.6 .

Acceleration strategies

Acceleration strategies are commonly used to speed up branch-and-price algorithms
and are key to successfully solving sizable problems (Kallehauge et al., 2005). We
propose three acceleration strategies for the pricing problem.

Initial columns: It is known that column generation with good initial upper bounds
accelerates the convergence of the linear relaxation at the root node (Desaulniers
et al., 2002). Therefore, we first generate initial primal solutions with the savings
algorithm outlined in Section 3.5.1. This algorithm aims to rapidly find a feasible
solution. If the savings algorithm is not able to generate a feasible solution with at
most pmax order pickers, the initial columns for column generation are initialized
with an additional artificial column that covers all batches of the problem and has
an arbitrarily high cost to ensure that this artificial column will not be part of the
optimal solution.

Limited extension: To exploit the time windows and processing time information
between order picking tasks to reduce the use of REFs, we first present the following
proposition. The proof of this proposition is presented in Section 3.8.7.
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Proposition 3.2. If there is an optimal schedule with two batches i and j such that
ri ≥ rj , di ≥ dj , ti < tj and i precedes j in the same order picker’s schedule without a
break in between the execution of the two batches, the execution order can be reversed
with the same objective function value.

For any partial schedule h ending with node i (i.e., presented by label Lih), if there
is a node j for which V jh = 0 and the conditions in Proposition 3.2 satisfy, we only
have to consider the extension with a break between the execution of the batches
from node i and j. Consequently, we limit the extension of resources in the arc (i, j)
with the resource extension function g(·) only. This particular strategy allows us to
have fewer extensions and maintain a smaller set of labels while solving the pricing
problem.

Limited discrepancy search: Desaulniers et al. (2008) and Spliet et al. (2018) show
that the branch-and-price algorithm can be solved more efficiently when the pricing
problem is solved with heuristics until no negative reduced costs are found (such that
no new columns are added to the RMP). Along the same principle, as proposed by
Feillet et al. (2007) and Goel & Irnich (2017), we use limited discrepancy search (LDS)
to heuristically accelerate the generation of columns with a negative reduced cost.

LDS speeds up the pricing problem by maintaining a limited set of labels and
heuristically removing so-called unpromising labels from the problem. In our pricing
problem, labels with batches that require large waiting times and numerous breaks
are considered unpromising labels. The waiting time between two nodes i and j

is measured as the time window distance TWdistance(i, j) := max{0, rj − di}. The
outgoing arcs from each node i are partitioned into two sets called good arcs and bad
arcs based on TWdistance. An additional resource (denoted as lbad) is included to the
label that is increased by one if a label traverses through an arc from the set of bad
arcs or if it is extended with a break. Only labels that have lbad ≤ Λ are extended,
where the threshold Λ is called the discrepancy limit. If the LDS is unable to find any
columns with a negative reduced cost, the value of Λ increased by one and the LDS is
repeated. When the discrepancy limit reaches an upper bound, the LDS terminates
and the ESPPRC is solved with the labeling algorithm. Additionally, an iteration
of LDS is terminated if 100 columns with negative reduced cost are generated. Note
that the use of LDS does not impact the optimality of the branch-and-price technique
since the last pricing problem at every node of the branch-and-bound tree is solved
exactly with ESPPRC.
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3.4.3 Branching

If the pricing problem cannot find columns with a negative reduced cost and the LP
solution to the RMP is not integral, a node of the branch-and-bound tree is selected
for branching. Branching is done on flow variables using the best-lower-bound-first
strategy (Desaulniers, 2010).

A good upper-bound solution improves the efficiency of the branch-and-price technique
by reducing the number of branch nodes in the search tree (Danna & Le Pape, 2005).
In our solution procedure, before branching from the root node, we solve the MIP of
the RMP where we only consider the columns that are generated at the root node.
The solution to the MIP provides the upper bound before branching. If the root node
is not solved within the time limit, the MIP of the RMP is solved with the available
columns to derive the best known upper-bound solution for benchmarking purposes.

3.5 Metaheuristic for OPSP

Given the size of real-world instances of the OPSP and the computational complexity
of the problem, even the branch-and-price technique developed in the previous section
is not likely to be a viable solution approach in real-life applications. In this section,
we present an efficient metaheuristic that adapts the classic savings principle by Clarke
& Wright (1964) to generate an initial feasible solution and that solution is improved
by a large neighborhood search algorithm (LNS) with simulated annealing (Pisinger
& Ropke, 2010).

3.5.1 Savings algorithm

The savings algorithm iteratively combines two schedules into one schedule based
on the savings principle (Clarke & Wright, 1964). The procedure begins by relaxing
the maximum number of order pickers constraint and creating schedules that each
consist of one batch to be picked. Then, it iteratively determines the saving in terms
of the labor cost that is generated when two schedules are combined into one schedule
(if possible). This saving is easy to calculate. Consider that schedule h′ and h′′ are
combined in a feasible schedule h with the corresponding compensation mh′ , mh′′ and
mh, respectively, then the savings is (mh′ +mh′′)−mh. Combining batches in two
schedules into one schedule has the potential to overcome inefficiencies of individual
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schedules when these schedules have waiting times (or breaks) between tasks or the
shift length is shorter than Tmin time units.

To verify whether two (randomly) selected schedules can be combined into one schedule,
we try to solve a simplified (or reduced) version of our OPSP, which is formulated
as a MILP model in Section 3.8.8. Since the reduced problem finds the optimal
schedule for only one order picker (or one shift) with a small number of order picking
tasks, the MILP can be solved exactly in a reasonable amount of computation time.
Even though the computation time of the MILP for the reduced problem is short,
a set of infeasibility checks can be performed first as pre-processing step to easily
verify whether the order picking tasks cannot be combined in a feasible schedule. See
Section 3.8.8 for the infeasibility checks. If these checks do not rule out that a feasible
schedule can be found, the reduced OPSP with one order picker is solved. If no
feasible solution is found, it is concluded that the two schedules cannot be combined.
Otherwise, the solution of the MILP model provides the combined schedule with the
largest savings (i.e., it finds the optimal sequencing of the order picking batches).

In the classical savings algorithm by Clarke & Wright (1964), the savings of combining
any given two schedules are calculated first before combining solutions in a given
iteration of the algorithm. However, in this paper, if any two randomly selected
schedules can be combined in a feasible schedule and result in a savings of at least Tmin
time units, the combined schedule is accepted immediately and the two individual
schedules will not be considered for other savings in the same iteration of the savings
algorithm. If no two schedules exist that can be combined in a feasible schedule that
also results in sufficient savings of at least Tmin, all possible combinations are first
calculated and then the schedules are combined such that the maximum savings is
achieved. The procedure continues until no savings can be realized while combining
schedules. When no further savings can be realized and the number of schedules in
the solution is less than pmax, a feasible solution is found that satisfies all constraints
of the OPSP and the algorithm terminates. If no feasible solution is found, the savings
algorithm enters the second phase, in which the batches of any pair of schedules are
chosen to be combined in a new schedule that results in the largest savings (which
can be the least negative savings or additional cost) until the number of schedules
equals pmax.
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3.5.2 Large neighborhood search for improved solutions

After a feasible solution for the OPSP is generated by the savings algorithm, this
solution is improved with a large neighborhood search (LNS) procedure. Let us denote
the feasible solution at the beginning of an iteration by π, where the corresponding
cost (or objective function value) is z(π) :=

∑
p∈P

mp. This solution is destroyed and

then repaired in every iteration, which results in a new feasible solution π′ with
cost z(π′). Furthermore, let the best found solution so far be denoted by π∗. The
decision whether π′ becomes the starting solution in the next iteration is based on a
simulated annealing principle: if z(π′) < z(π∗) then π∗ := π′ and π := π′, otherwise
π′ is accepted as new solution π with probability e−(z(π′)−z(π∗))/T , where T is the
temperature that is initialized as T := −w · z(π∗)/ln(0.5) (Ropke & Pisinger, 2006a).
The value is updated at the end of every iteration: T := ρT , where 0 < ρ < 1 is
the cooling parameter. Consequently, it becomes less likely for worse solutions to be
accepted as the starting solution in the next iteration when the number of iterations
increases. If the best solution is not improved in nT iterations, the temperature is
reset to the inital value (−w · z(π∗)/ln(0.5)), such that it is more likely to explore
new areas in the feasible solution space.

Destruction and repair The LNS destroys and repairs the solution π in two stages.
In the first stage, two order pickers are selected. The first order picker is selected
probabilistically with a roulette wheel principle based on a wastage ratio. The wastage
ratio of an order picker is the fraction of the amount of unproductive duration spent
by the order picker compared to the total unproductive hours spent by all of the order
pickers in the solution. The wastage ratio for order picker p ∈ P , who is assigned to
complete the batches Bp with the cost mp in solution π, is given by

wp :=
mp −

∑
i∈Bp ti∑

p′∈P (mp′ −
∑
i∈Bp′

ti)
∀p ∈ P. (3.33)

If an order picker has a higher wastage ratio, she is likely to be chosen as the first
picker. The second order picker is randomly selected among the remaining order
pickers.

In the second stage, the batches previously assigned to the two selected order pickers
are reassigned to generate a new (feasible) solution π′. For this purpose, we use one of
two operators with equal probability. The swap operator exchanges a random subset
of batches between the two order pickers. The insert operator randomly selects a
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subset of batches from the first order picker and assigns them to the second order
picker. In the literature, swap and insert operators are typically designed to exchange
or insert one job, task or trip at a time. The swap and insert operator in this work
swaps and inserts multiple batches at a time. This allows us to generate new solutions
that would otherwise require multiple operations with the traditional operators. The
number of batches to swap or insert from each order picker is uniformly sampled
between one and σ (which is a user-set parameter). If the best solution is not improved
by nσ iterations, the value of σ is reduced by 1.

After the batches are reassigned to the order pickers, the sequencing of the batches
and scheduling of shifts for the order pickers is determined by solving the same MILP
of the reduced problem as in the savings algorithm (see Section 3.8.8). Note that we
also verify whether any of the infeasibility conditions is satisfied before solving the
reduced problem. Rather than directly solving a MILP, other (more efficient) solution
techniques can be proposed to find a solution for the reduced problem. For instance,
in a dynamic programming approach a new graph can be created for each reduced
problem, in which only the relevant batches assigned to a picker are included and a
path starting at the dummy source, o, has to visit all batch nodes in the graph before
returning to the dummy sink, d. At the dummy sink, the solution with the cheapest
cost is selected and returned to the metaheuristic for evaluation.

Figure 3.4 illustrates how the two destroy operators work based on a simple example.
The initial schedules of the two selected order pickers are represented by X1 and X2.
With the swap operator, batch 2 and batch 6 are interchanged. The new batches
assigned to the order pickers are indicated by B1′

Swap and B2′
Swap, respectively. With

the insert operator, batch 2 is unassigned from the first order picker and assigned
to the second order picker. The new batches assigned to the order pickers are then
indicated by B1′

Insert and B2′
Insert, respectively. After solving the MILP as formulated

in Section 3.8.8 for each of the two order pickers individually, we obtain the new
schedules X1′ and X2′ , respectively.

The LNS terminates if z(π∗) does not exceed the lower bound formulated in Equa-
tion (3.43) (see Section 3.8.3), if the number of iterations exceeds a maximum threshold
or if the run time exceeds a maximum threshold. Once the LNS terminates and time
is available, we pass the LNS solution to the branch-and-price algorithm to improve
the solution further by solving the pricing problem for one iteration without solving
the ESPPRC exactly.
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3.6 Results

This section presents a numerical comparison of the branch-and-price algorithm
(Section 3.4), savings algorithm (Section 3.5.1) and metaheuristic (Section 3.5.2) to
solve the OPSP. Since state-of-the-art commercial solvers such as Gurobi 9.0.1
(Gurobi Optimization, 2020) are not able to generate an optimal solution for even the
smallest instances and the branch-and-price algorithm outperforms Gurobi without
exception, we do not report the performance of such commercial solvers here. See
Section 3.8.9 for a comparison of the performance of commercial solver Gurobi and
the branch-and-price algorithm. Furthermore, no existing solution procedures from
the literature are included as benchmark since the authors are not aware of any other
work that makes the same (or even similar) decisions and the objective function (see
also Section 3.2).

All solution procedures are implemented in C++ and run on an i7 3.60GHz machine
with 16GB of RAM. For the parameters of the branch-and-price algorithm, the
maximum number of good arcs from any node is set to 2 and the number of increments
for the discrepancy limit in LDS (i.e., Λ) is set to 10. The parameters values for the
metaheuristic are guided by the literature, where ρ := 0.95 and nT := 200 (Bodnar
et al., 2017; Stenger et al., 2013). The initial value of σ is set to 4 and nσ to 1,250.
Furthermore, w := 0.1 produced the best results in our numerical experiments, but
we cannot guarantee optimality of this parameter value. The stopping criterion for
the branch-and-price method is set to 1,800 seconds. For the metaheuristic, it is set
to 360 seconds or 5,000 iterations (whichever comes first) to ensure that the method
is suitable for practical applications.

3.6.1 Instances in numerical test bed

The instances are generated to mimic the operations of a retail grocery warehouse
for which we had detailed data where the target departure times of the outbound
trucks determine the staging lane operations as well as their earliest and latest due
times. For all instances, we consider a 24-hour time horizon and we use minutes as our
time unit. The warehouse operates 24 hours a day, and 7 days a week. However, all
order picking tasks and shifts of order pickers are disjoint between different planning
horizons as all shifts in a day start and end between 11pm and 11pm the next day.

Due time windows Two different patterns of due time windows are considered in our
instances: waved and waveless. In waved instances, trucks arrive at the staging lanes
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at the same time and depart from the staging lanes at the same time (i.e., batches
to be picked in the same wave have the same due time windows). Alternatively, in
the waveless operations, the arrival and departure times of trucks at different staging
lanes are not related. The deadline for each truck departure from a staging lane is
taken from a uniform distribution in the range of [120,1425] minutes.

To make sure that there is sufficient time for the staging and loading operations of a
truck, we push back deadlines (if needed) to guarantee at least 30 minutes between
two consecutive departure due times of batches destined for the same dock door (or
staging lane). The earliest due time of a batch is set to the latest due time of the
previous batches at the same staging lane plus 15 minutes to ensure that loads of
different trucks are not mixed up, and previous trucks have finished loading. The
earliest due time of the first batch that is due at a staging lane is set to 0. The number
of staging lanes in the instances varies from 1 to 8 (see below).

Processing time distributions The processing times of batches are taken either
from one of the following uniform distributions: U[30,60], U[60,90] or U[90,120], or
from an exponential distribution with the same corresponding average (i.e., 45, 75 or
105 minutes, respectively). The maximum processing time of a batch is restricted to
330 minutes to ensure that employees do not violate the break constraint (Tbreak = 330
minutes, see below).

Shift types In accordance with Dutch and European working hours laws, the maxi-
mum shift length to employ an order picker (i.e., Tmax) is 540 minutes (or 9 hours),
and the maximum time duration that an employee can work without a break (i.e.,
Tbreak) is 330 minutes (or 5.5 hours). The length of the break (i.e., lb) has to be at
least 45 consecutive minutes (European Parliament, Council of the European Union,
2003).

We consider six shift structures. In the shift structures SStr1, SStr2 and SStr3, shifts
can start every 8 hours and Tmin equals 8, 6 and 4 hours, respectively. In the shift
structures SStr4, SStr5 and SStr6, shifts can start every 4 hours and Tmin equals 8, 6
and 4 hours, respectively. In all shift structures, a shift can end at the end of any
hour after Tmin. Consequently, shift structure SStr1 is the most restrictive and SStr6
is the most flexible. Table 3.3 summarizes the six shift structures we consider.

Number of batches and staging lanes Each outbound truck requires exactly four
order batches to be picked and the number of trucks departing the warehouse in the
planning horizon equals either 10, 20 and 40 trucks. This results in instances with
40, 80 or 160 batches to be picked, respectively. The number of staging lanes in an
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Table 3.3: Shift structures considered in our numerical experiments

Shift structure Starting hours(S) Tmin (hours)
SStr 1 0, 8, 16 8
SStr 2 0, 8, 16 6
SStr 3 0, 8, 16 4

SStr 4 0, 4, 8, 12, 16, 20 8
SStr 5 0, 4, 8, 12, 16, 20 6
SStr 6 0, 4, 8, 12, 16, 20 4

instance is chosen such that the number of departures per staging lane is fixed at
either 5, 10 or 20 trucks. As a result, the number of staging lanes ranges between
1 and 8 lanes. Note that instances with 10 trucks can only have 5 or 10 departures
per staging lane. Furthermore, for instances were the number of trucks equals the
number of truck departures in a staging lane, there is only one staging lane (grouped
under waved in Table 3.4). We assume that sufficient order pickers are available to
schedule with pmax = 100.

3.6.2 Algorithmic performance

Table 3.4 presents a summary of the results over all 504 instances in the test bed,
whereas the results for the individual instances are presented in Section 3.8.9. For the
branch-and-price algorithm, Root solved indicates the number of instances for which
the column generation was able to solve the linear relaxation within the run time
limit of 1,800 seconds. Optimal solution indicates the number of instances for which
the optimal solution was found within this time limit. For those instances where
the branch-and-price algorithm was not able to find the optimal solution, Optimality
gap % presents the average relative percentage cost difference between the best lower
bound found after branching and the best integer solution found after branching.
The average time required to solve the root node and the overall branch-and-price
algorithm is indicated by CPULP and CPUBP , respectively. Note that CPUBP also
includes the time to generate an initial solution. The average relative performance gap
between the solution generated by the savings algorithm and metaheuristic compared
to the best branch-and-price solution is indicated by %∆S and %∆MH , respectively2,
where a positive number indicates that the branch-and-price algorithm found a better

2%∆S = (z(S) − z(BP ))/z(BP ) × 100 and %∆MH = (z(MH) − z(BP ))/z(BP ) × 100, where
z(BP ), z(S) and z(MH) denote the objective function value of the best integer solution found
by the branch-and-price algorithm, savings algorithm and metaheuristic, respectively.
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solution. The average computation time of the savings algorithm and metaheuristic
is indicated by CPUS and CPUMH , respectively.

Table 3.4 shows that the branch-and-price algorithm is capable of solving reasonable
size instances. However, the size of the instances adversely affects the performance of
the exact approach. For the instances with 40, 80 and 160 batches, the root node can
be solved in 100%, 58.9% and 26.3% of the instances, respectively, and the algorithm
converges to an optimal solution within the run time for 60.2%, 36.1% and 19.4% of
the instances, respectively. For the instances where the branch-and-price algorithm
is not able to find an optimal solution, the average optimality gap is only 3.5%.
Figure 3.5a shows the average optimality gap of the branch-and-price solutions for
instances where we were able to solve the root node but the optimal solutions were
not obtained.

When we compare the number of instances for which the root node (i.e., the linear
relaxation) is solved and the number of instances for which an optimal solution is
found within the run time limit of 1,800 seconds, we make the following observations:
First, waveless instances are more difficult to solve than waved instances. A reason
why the branch-and-price algorithm can solve waved instances easier is because the
limited extension property (see Proposition 3.2) exploits the fact that the batches have
non-overlapping due time windows when solving the pricing problem. As a result,
the labeling algorithm does not have to explore as many extensions between nodes,
and it is capable of solving the pricing problem more efficiently for waved instances.
Second, instances with exponentially distributed processing times are more difficult
to solve than instances with uniformly distributed processing times. Instances with
exponentially distributed processing times have many batches with short processing
times. On average, the number of tasks that can be assigned to an order picker is
higher with the exponentially distributed processing times. As a result, the labeling
algorithm has to consider more potential solutions and labels when solving the pricing
problem. Third, instances with more truck departures per staging lane are easier
to solve than instances with fewer truck departures. When there are more trucks
departing from the same staging lane, the average length of the due time windows is
smaller (see Figure 3.11 in Section 3.8.9). As a result, the pricing problem needs to
consider fewer extensions from any node as many potential solutions are not feasible.
See Section 3.8.9 for a more detailed discussion on these observations.

The savings algorithm is able to quickly generate a feasible solution (on average
within 4.3 seconds) for either the branch-and-price algorithm or the metaheuristic.
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However, the quality of these solutions is poor, with an average cost deviation of
15.0% compared to the best solutions found with the branch-and-price algorithm. In
contrast, the solutions with the metaheuristic have an average performance gap of
less than 0.4% which is found within less than one-fifth of the computational time
required for the branch-and-price algorithm. Figure 3.5b and Figure 3.5c present the
performance gap of the heuristic procedures and the computational time for each of
the three solution approaches, respectively.

3.6.3 Flexible shift structures: A case study

In this subsection, we apply the metaheuristic to the order picker scheduling problem
at a warehouse with perishable products of a Dutch grocery retailer. The case study
serves two purposes. First, it evaluates the usability of the metaheuristic that we
propose to solve industrial instances. Second, the case illustrates some of the ways in
which the methodology in this paper can be used to evaluate warehouse operating
policies of interest to managers. In particular, we study the impact of the shift
structures on the number of order pickers scheduled to perform the order-picking
activities.

Description instances The retailer provided operational data regarding the pro-
cessing times and due time windows of batches for two weeks of their operations. The
first week represents a typical week in terms of the number of batches to be picked
and shipped from the warehouse. The second week represents the busiest week of the
year, which occurs during the Christmas season. There are 6.9% more batches to be
picked in the busier week compared to the typical week (see Figure 3.6a, where day 1
is a Sunday). The warehouse has 53 staging lanes, and the number of trucks departing
from the warehouse ranges between 128 and 227 trucks per day (see Figure 3.6b).
When we consider the number of batches with a due deadline in a particular hour in
Figure 3.6c, we identify two peak periods of operations: between hour 5 and hour 7,
and between hour 10 and hour 12. In this figure, hour 0 corresponds to 11:00 pm since
the warehouse starts its order-picking activities at that hour. The average processing
time of a batch is around 41 minutes for both the busy and normal week, and the
distribution of these processing times are similar in both weeks (see Figure 3.7a). The
distribution of the duration of the due time windows is illustrated in Figure 3.7b. The
larger due time windows in the right tail in this figure occur on days with fewer trucks
departing from the warehouse (i.e., on day 1).



124 Workforce Scheduling with Order-Picking Assignments in Distribution Facilities

1
2

3
4

5
6

7
800

1,000

1,200

1,400

1,600

D
ay

ofweek

Number of batches

(a)
N
um

ber
of

batches
per

day,
w
here

day
1
corresponds

to
Sunday

1
2

3
4

5
6

7
120

140

160

180

200

220

D
ay

ofweek

Number of trucks

N
orm

alweek
B
usy

week

(b)
N
um

ber
oftruck

departures
per

day,
w
here

day
1
corresponds

to
Sunday

0
5

10
15

20
0

200

400

600

H
our

Number of batches

(c)
N
um

ber
of

batches
due

per
hour,

w
here

hour
0
corresponds

to
11:00

pm

F
igure

3.6:
T
he

w
orkload

in
the

case
study



3.6 Results 125

0 20 40 60 80 100 120

0

1

2

3

·10−2

Processing time (min)

Pr
ob

ab
ili
ty

de
ns
ity

Normal week Busy week

(a) Distribution of processing times for picking
batches

0 100 200 300 400 500 600

0

0.2

0.4

0.6

0.8

1

·10−2

Duration of due time window (min)

Pr
ob

ab
ili
ty

de
ns
ity

(b) Distribution of the due time window du-
rations to pick and deliver batches

Figure 3.7: Variability in the processing times and durations of due time windows
for picking batches

Current shift structure The employees are hired to work at the warehouse through
third party agencies. Their shifts can start at hour 0, 8 and 9 (i.e., at 11:00 pm, 7:00
am and 8:00 am). The flexible workers are allowed to work for at most 9 hours (i.e.,
Tmax = 9 hours) and are compensated for at least 6 hours (i.e., Tmin = 6 hours).
In contrast to our MILP formulation in Section 3.3, the order pickers receive three
breaks at fixed times after they start their shift: a 15-minute break after 2 hours, a
30-minute break after 3.5 hours and another 15-minute break after 6 hours. This shift
structure is compliant with the EU and Dutch labor laws.

The warehouse manager has to determine the number of order pickers to schedule for
each of the three shift start times, the shift duration of each order picker as well as the
batches to be picked by each order picker. Currently, these decisions are made based
on experience and intuition of warehouse managers. Due to data privacy concerns,
the retailer was not willing to share the actual order picker schedules.

There are four interesting research questions in our case study with the retailer: (i)
Can the metaheuristic that is developed in Section 3.5 be used in practice as a decision
support tool? (ii) What is the value of flexible break times rather than fixed break
times (that are currently used by the retailer)? (iii) What is the value of an additional
shift start time? (iv) Can the retailer leverage flexible break times and an additional
shift start time to offer a larger minimum compensation Tmin without incurring higher
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labor costs? Especially the last question is of particular interest to the retailer since
they believe that a larger minimum compensation helps to foster better working
relationships with order pickers and to improve the retention rates of employees.

To answer these questions, we first conducted multiple rounds of consultation with the
planners and managers to develop plausible and actionable scenarios. The scenarios
can be distinguished along three dimensions. First is flexible break times. This means
that the breaks for order pickers are scheduled at the current break start times ± 15
minutes. Second, an additional shift start time is introduced at hour 4 to account
for the workload peak as illustrated in Figure 3.6c. We have also tried an additional
start time at hour 3 and hour 5, but an additional shift start time at hour 4 resulted
in the lowest objective function values. Third, the minimum compensation time can
be increased to 7 hours or even 8 hours instead of 6 hours. Additionally, we introduce
two shift structures that are in line with Section 3.3: a break of 20 minutes needs to be
scheduled after at most 2 hours of work (i.e., Tbreak = 2 hours and lb = 20 minutes).
The minimum compensation time (i.e., Tmin) is still 6 hours. This shift structure is
comparable to the current shift structure in the sense that an employee is compensated
for either two or three breaks in any shift, and the values of Tmin and Tmax are the
same. An overview of the 12 different shift structure scenarios is provided in Table 3.5.
Scenario 1 corresponds to the current shift structure, which serves as benchmark.
Since the shift structure at the retailer is different than discussed in Section 3.3, we
adapted the reduced problem of the metaheuristic to consider flexible break times
(see Section 3.8.10 for details).

The overall cost savings as well as the impact on the average number of scheduled order
pickers and on the average shift length are presented in Figure 3.8a, Figure 3.8b and
Figure 3.8c, respectively, whereas the detailed results are presented in Section 3.8.11.
By allowing 15 minutes of flexibility in the break times, the labor cost savings for
the retailer are on average 8.8% (comparing scenario 2 to the base case of scenario
1). In particular, fewer employees have to be scheduled and the average shift length
decreases as well. Example schedules under scenario 1, 2, 5 and 11 are presented in
Section 3.8.11. When the minimum compensation time is increased from 6 hours to 7
or 8 hours (i.e., scenario 3 and 4), the retailer can still expect to have an average cost
saving of 5.2% and 0.7%, respectively, by adopting flexible break times. The number
of employees to schedule remains similar in the scenarios 2, 3 and 4, however, the
average shift length increases. Interestingly, the average shift length in scenario 3 is
comparable to scenario 1, i.e., the cost savings of 5.2% in scenario 3 are mainly due to
the scheduling of fewer order pickers. Increasing the minimum compensation time to
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8 hours (in scenario 4) still results in cost savings. This is good news for the retailer,
since the additional cost of an increased value of Tmin is offset against 15 minutes
of flexibility in the break start times. Allowing even more flexibility in scheduling
breaks (in scenario 11), the average labor cost can decrease an additional 1% (the cost
savings in scenario 11 is 9.8%, whereas this is 8.8% in scenario 2). However, this is
considered not favorable by the retailer since there is less overlap between the breaks
of employees in scenario 11 (see also Section 3.8.11), which is of social importance for
the employees. Since the majority of the cost savings in scenario 11 are also captured
by allowing 15 minutes of flexibility in the break times (as in scenario 2), these results
provided sufficient motivation to initiate implementing this 15 minutes of flexibility.

The average cost savings of an additional shift start time at hour 4 is less substantial
compared to flexible break times: 4.5% when Tmin equals 6 hours, only 0.6% when
Tmin equals 7 hours and an average cost increase of 4% when Tmin equals 8 hours
(for scenario 5, 6 and 7, respectively). This is mainly because the number of order
pickers that need to be scheduled decreases significantly less compared to flexible
break times, whereas the average shift lengths are comparable.

When combining flexible break times and adding a shift start time at hour 4, the
average labor cost can (obviously) decrease even further. What is interesting to
observe is that the number of order pickers that is scheduled is actually decreasing as
the minimum compensation time Tmin increases from 6 to 7 hours and from 7 to 8
hours (comparing scenario 8, 9 and 10). Since the increase in average shift length
is similar as before, the marginal decrease in average cost savings is less when Tmin
increases. The corresponding average cost savings in these scenarios are 11.1%, 9.0%
and 5.2%, respectively. Finally, we observe that most of the cost savings of the flexible
break times are captured by the 15-minute flexibility of the break times, since the
cost savings in scenario 8 and 12 correspond to 11.1% and 12.5%, respectively (similar
when comparing the cost savings between scenario 2 and 11). This reinforces our
previous conclusion that it is sufficient to include only 15 minutes of flexibility when
scheduling the break times.

3.7 Conclusion

In this paper, we study the order picker scheduling problem where order-picking
tasks can be done flexibly but are constrained with due time windows. The problem
intersects with the personnel scheduling literature. However, unlike the available
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literature, our problem minimizes the labor cost while considering the minimum
promised pay to order pickers, the shift start and end times of employees as well as
break times. Therefore, break times are explicitly included as scheduling variables as
well as shift start and end times (with a minimum compensation time for each order
picker). This is a common problem at warehouses with manual order pickers where
batches of items need to be picked and delivered to outbound dock doors (or staging
lanes) within the time windows that the trucks are scheduled to load the items. Since
it combines the order picker planning problem and the shift scheduling problem, we
call this the order picker scheduling problem. We present several formulations of the
problem with a range of operational restrictions that are important to consider. Two
methods are presented to solve the problem. First, an exact branch-and-price algorithm
is developed. Since this algorithm can be prohibitive for practical applications, we
also present an efficient metaheuristic that combines a savings algorithm and large
neighborhood search. The results indicate that the heuristic has a stable performance
and is capable of producing near-optimal solutions in a reasonable time for real-life
instances.

In a case study, we show how the problem and solution approaches can be used to
study different shift structures. In particular, the results show that the retailer can
readily increase the minimum compensation duration for workers from 6 to 7 or 8
hours and still realize average labor cost savings of 5.2% or 0.7%, respectively, when
a 15 minute flexibility in the scheduling of break times is implemented. By increasing
the minimum compensation duration, order pickers might experience an improved
job satisfaction to promote job retention. More cost savings of around 4-4.5% can be
achieved when an additional shift start time is introduced. Inspired by the result, the
retailer under study has decided to implement additional shifts and flexible breaks.
Moreover, the findings are applicable beyond this grocery retailer as most retailers in
Western Europe operate their warehouses constrained by staging time windows with
flexible order pickers in a similar manner.

For the sake of brevity, we only consider identical order pickers in our study. Since
the evaluation of a schedule in both our solution approaches to the problem is on the
individual employee, order picker specific characteristics such as age and seniority-
based breaks as well as restricted and preferred shift starting times can be added to
the pricing problem for the branch-and-price algorithm and the reduced problem for
the metaheuristic.
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Furthermore, we assumed that shifts and order picking tasks are non-overlapping
between different planning horizons (i.e., the shift start and end times of every shift
are in the same planning horizon when batch orders can be picked). If this assumption
were to be relaxed, we propose to use our solution methodology with a rolling horizon.
In particular, we suggest to extend the planning horizon with an additional time
period during which no new shifts are allowed to start but employees who started
their shift in the original planning horizon can finish their shift in the extended time
period and perform order picking tasks during that time period. Consequently, order
pickers can be scheduled more efficiently at the end of the planning horizon and order
picking tasks in the next planning horizon can be performed already. Such a rolling
horizon approach results in feasible solutions that may not be optimal as there may
not be sufficient order picking tasks available for the order pickers that start their
shift in the next planning horizon. A shift scheduling problem that can dynamically
include arrivals of new orders in an online environment could be of significant value
for e-commerce companies.

Future research can take two additional trajectories within the offline retail environ-
ment. First, given the size of the instances in real-life business applications, order
batching decisions are made a priori (similar to our approach). It can be worthwhile
to jointly consider the order batching and shift scheduling problem. Second, we
assume norm times to perform the order-picking activities in a deterministic manner.
A compelling research direction would be to consider robust order picker scheduling
problems with stochastic processing times of batches. These two research directions
can be of significant value to both academia and practice.

3.8 Appendix

3.8.1 Illustrative example

Consider the following example that illustrates the importance of shift start, end and
break timing decisions along with assignment and sequencing decisions when orders
have due time window constraints.

Example 3.1. Consider a warehouse that employs flexible order pickers who can
work for at most 540 minutes and are guaranteed a minimum payment equal to 330
minutes of work (independent of the amount of work actually performed). There are
2 possible shift start times: time 0 and time 240 (in minutes). Labor laws require
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that employees are given a 45-minute uninterrupted break after 330 minutes of work.
There are three batch of orders to be picked: the first batch has a processing time of
320 minutes and the due time window is [0,320] in minutes. The second batch has a
processing time of 175 minutes and the due time window is [345,415] in minutes. The
third batch has a processing time of 35 minutes and the due time window is [440,540]
in minutes.

The available approach in the order picking literature suggests to implicitly include
breaks as “work” that needs to be scheduled with fixed shift start and end times for
all scheduled order pickers. This generic approach can result in a schedule with two
order pickers as shown in Figure 3.9a. The first order picker picks all three batches
consecutively and then the break is completed by a second order picker since the
shift of the first order picker would violate the maximum shift length otherwise. The
resulting shifts satisfy the shift duration limit as well as the due time windows to pick
the batches. However, the first order picker has no scheduled break. Alternatively,
when we assign breaks that comply to the labor laws but we only consider one shift
start time, the order picking plan results in the schedule indicated in Figure 3.9b. In
this schedule, the second order picker has to wait 170 minutes until she can start
to pick items towards batch 2 because of the fixed shift start times. This schedule
corresponds to 785 minutes of compensation for the scheduled order pickers. Finally,
when we consider multiple shift start times, the shift of the second order picker can
start at time 240, and she can immediately start to pick items for batch 2. See
Figure 3.9c. This optimal schedule corresponds to 660 minutes of compensation for
the scheduled order pickers. The distinction between these three examples clearly
indicate the need to explicitly consider shift scheduling decisions in order picker
planning problems.

3.8.2 Proof of Proposition 3.1

In this proof, we show that the P | |CMAX problem is a special case of the OPSP.
Since the P | |CMAX problem is known to be NP-hard in the strong sense (Garey &
Johnson, 1979), this concludes that the OPSP is also NP-hard.

For a parallel machine scheduling problem, consider a set of jobs N = {1, 2, . . . , n}
that need to be scheduled for processing on one of m identical parallel machines. The
processing time of job i, i = 1, . . . , n, is given by pi and there are no deadlines or due
time windows when each job has to be completed. The objective in the P | |CMAX
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problem is to assign all jobs to the machines such that the completion time of the
last job among all machines (i.e., the makespan denoted as CMAX) is minimized.

To relate this problem to the OPSP, let the machines be order pickers and the jobs are
the batches to be picked. The due time window is given by ri = 0 and di = CMAX for
all batches i ∈ I = {1, 2, . . . , n}. An order picker can process up to n batches. Shift
start and end times for an order picker are not restricted and breaks play no role (i.e.,
Tbreak = ∞ or lb = 0). Furthermore, the processing time of batch i equals ti = pi,
i = 1, 2, . . . , n, Tmin = 0 and Tmax =

∑
i∈N pi. Then the two problems are the same.

3.8.3 Additional constraints to OPSP formulation

The formulation of our OPSP in Section 3.3 suffers from symmetry. This means that
interchanging an entire schedule of batches and breaks between different order pickers
leaves the objective function unchanged. This issue can be partially addressed with
the use of lexicographic ordering constraints (Sherali & Smith, 2001; Jans, 2009).
Constraints (3.34) impose a hierarchy between order pickers who are scheduled to
work and those who are not. In particular, order pickers are scheduled sequentially
based on the start time of their shift (i.e., the start time of order picker 1 cannot
exceed the start time of order picker 2, etc.).

∑
j∈S

jsjp−1 ≤
∑
j∈S

jsjp ∀p ∈ P \ {1} (3.34)

The second set of additional constraints provides a lower bound on the number of
order pickers that should be scheduled to work between time periods j and j′, where
j′ > j. Constraints (3.35) specify that the number of time periods during which an
order picker needs to be scheduled to perform an order picking task between the two
period j and j′ needs to at least the minimum workload that needs to be executed
during those time periods to ensure that all batches are picked within their due time
windows.
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∑
p∈P

[
j′∑
j̄=1

(
j
′ −
(

max
{
j̄, j
}
− 1
))
sj̄p −

j′∑
j̄=1

(
j
′ −max

{
j̄, j − 1

})
ej̄p

]

≥
∑
i∈I

(
ti −max

{(
di − j′ · l

)+
+ ((j − 1) · l− (di − ti))+ ,1{ri≤j′·l} ·

(
(j − 1) · l− (ri − ti)+

)+
})+

l

∀j < j
′
, j ∈ J, j′ ∈ J

(3.35)

where (A)+ = max{A, 0} and 1{condition} is an indicator function which has the value
1 if the condition is true and 0 otherwise. The left-hand side of this constraint is the
summation of all periods that order pickers are scheduled to work during the time
interval from period j until period j′. The first summation equals all time periods
from period max{j̄, j} until period j′, where j̄ ≤ j′ is the starting period of the shift
for order picker p. However, the time periods after the shift ends until period j′ need
to be subtracted. Note that both summations are zero if the start time of a shift
exceeds period j′, both summations are equal if the start and end time of a shift
preceeds period j, and the second summation is zero if the end time of a shift exceeds
period j′. The term in between the brackets of the numerator of the right-hand side
represents the minimum amount of execution time in the time interval from period j
until period j′ to pick the items of batch i. Note that period j starts at time (j− 1) · l
and period j′ ends at time j′ · l. Consequently, the first term of the maximization
is the maximum amount of time that batch i can be executed after period j′ while
still respecting the latest due time di and the second term is the maximum amount of
time that batch i can be executed before period j while still respecting the earliest
due time ri. Subtracting this from the execution time ti leaves the minimum amount
of time units associated with the order picking task of batch i during the time periods
j and j′. Consequently, the numerator in constraints (3.35) is equal to the minimum
amount of time units that order pickers need to be scheduled during the time interval
from period j until period j′ to execute the batches i ∈ I. Since the denominator
is the length of one time period, the ratio represents the minimum amount of time
periods for which order pickers need to be scheduled to work between time period j
and j′ > j.

The final additional constraint is a lower bound on the objective function value in our
OPSP formulation. This requires us to determine the minimum number of time units
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that order pickers need to be scheduled to perform
∑
i∈I ti time units of order picking

tasks. For simplicity we assume that all order pickers have the same shift length,
which is indicated by ls time units. The scheduled time in each shift is assigned
for order picking tasks and for breaks. To better understand the dynamics of order
picking time and breaks during a shift, consider the following example: ls = 7.5,
Tbreak = 3 and lb = 1. This means that the employee is scheduled for 6 time units to
pick orders and 1.5 time units to take a break. However, when ls changes to 4.5 time
units, then the employee is scheduled for 3.5 time units to pick orders and 1 time unit
to take a break. The following expression can be used to determine the number of
time units that an employee is picking orders as a function of the shift length:

Twork(ls) =

ls −
⌊

ls
Tbreak+lb

⌋
· lb, if ls −

⌊
ls

Tbreak+lb

⌋
· (Tbreak + lb) ≤ Tbreak

Tbreak ·
(⌊

ls
Tbreak+lb

⌋
+ 1
)
, otherwise

(3.36)

In the first condition, the shift stops while performing an order picking task and
it stops while taking a break in the second condition. The minimum number of
employees to cover

∑
i∈I ti time units of order picking tasks equals

N(ls) =
⌈ ∑

i∈I ti

Twork(ls)

⌉
(3.37)

The first N(ls) − 1 order pickers are scheduled to perform order picking tasks for
Twork(ls) time units and the additional worker only needs to be scheduled to cover
the remaining work, which equals

∆(ls) =
∑
i∈I

ti − (N(ls)− 1) · Twork(ls). (3.38)

If ∆(ls) < Tmin, it can happen that it is not justifiable to assign this work to an N -th
order picker since she has to be compensated for Tmin time units. Instead it would
be better to assign this work to the previous N − 1 order pickers by extending their
shift length. The computations for this analysis depend on the actual shift length ls,
which we discuss first.

The question is what the best duration of the shift (i.e., ls) needs to be such that
the compensation for the scheduled order pickers is minimized. Note that it is most
efficient to have a shift without a break. In that case, the productivity of the employee
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is 100% since a break is non-productive time that is scheduled. However, Tmin can
prevent a shift length of Tbreak time periods. Therefore, it is best to start with Tbreak
time units of work and then add the minimum number of blocks of lb + Tbreak time
units such that the total shift length equals or exceeds Tmin time units for the first
time. Consequently, the shift length cannot be extended without scheduling a break
first. This corresponds to the following shift length:

l(1)
s = min

{
Tbreak +

⌈
(Tmin − Tbreak)+

lb + Tbreak

⌉
(lb + Tbreak) , Tmax

}
(3.39)

When N(l(1)
s )− 1 order pickers are scheduled with a shift length of l(1)

s time units,
we can analyze how to add the additional ∆(l(1)

s ) time units to the schedule (as
introduced above). If they are assigned to an N -th order picker, we need to make
sure that this order picker is scheduled at least Tmin time units. Alternatively, the
additional ∆(l(1)

s ) time units can be added to the shifts of the other N−1 order pickers.
However, this would require assigning a break to these employees first. Therefore, the
time units that need to be scheduled to cover the additional ∆(l(1)

s ) time units of
order picking tasks equals

l
(1)
s′ = min

{
max

{
∆(l(1)

s ) +
(⌈

∆(l(1)
s )

Tbreak

⌉
− 1
)
· lb, Tmin

}
,∆(l(1)

s ) +
⌈

∆(l(1)
s )

Tbreak

⌉
· lb

}
(3.40)

Consequently, the minimum total number of time units that the order pickers need to
be scheduled is given by LB(1) = (N(l(1)

s )− 1) · l(1)
s + l

(1)
s′ .

There can be one exceptional scenario. If the shift with a duration of Tmin time units
ends while taking a break (i.e., the condition in Equation (3.36) is not satisfied when
ls = Tmin), then we also need to analyze shift lengths of l(2)

s = Tmin time units. This
means that it can happen that it is better to compensate order pickers for a partial
break at the end of their shift instead of adding an entire block of lb + Tbreak time
units to the shift length. Assigning the additional ∆(l(2)

s ) time units to the N(l(2)
s )− 1

order pickers who are already scheduled is more complex than the previous scenario,
since the order pickers with a shift length of Tmin time units end their shift while
taking a break. It requires d∆(l(2)

s )/Tbreake order pickers to extend their shift with
the additional break time of l′b time units, where

l′b = lb −
(
Tmin −

⌊
Tmin

Tbreak + lb

⌋
· (Tbreak + lb)− Tbreak

)
(3.41)
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Therefore, the time units that need to be scheduled to cover the additional ∆(l(2)
s )

time units of order picking tasks equals

l
(2)
s′ = min

{
Tmin,∆(l(2)

s ) +
⌈

∆(l(2)
s )

Tbreak

⌉
· l′b

}
(3.42)

The corresponding minimum total number of time units that the order pickers need
to be scheduled in this second scenario is given by LB(2) = (N(l(2)

s )− 1) · l(2)
s + l

(2)
s′ .

The smallest value of LB(1) and LB(2) should be added as lower bound on the objective
function. However, since order pickers are paid (or compensated) in integral multiples
of the period length l, we include the following lower bound, LB, to the original
problem formulation

∑
p∈P

mp ≥ LB =

{
l ·
⌈

LB(1)/l
⌉

, if Tmin −
⌊

Tmin
Tbreak+lb

⌋
· (Tbreak + lb) ≤ Tbreak

l ·
⌈
min{LB(1), LB(2)}/l

⌉
, otherwise

(3.43)

3.8.4 Network flow formulation

Consider a graph G = (V,A), where V is the set of nodes and A is the set of arcs.
Next, we introduce O and D as dummy source and sink nodes, respectively. The start
and end times of shifts are also indicated by dummy nodes and denoted by S and E,
respectively. Each batch in I is also a node. Consequently, V := {o}∪{d}∪ I ∪S ∪E.
Let ri := 0 and di := Tday for i ∈ {o, d}, whereas ri anddi present the start time of a
shift for the nodes i ∈ S and they present the end time of a shift for the nodes i ∈ E.
The processing times ti for the nodes i ∈ V \ I are equal to zero. An example of the
network graph is presented in Figure 3.10. In this network flow structure, traversing
the graph is analogous to starting the shift at the time associated with node i ∈ S,
executing the order picking tasks of the batches associated with nodes i ∈ I, and
ending the shift at the time associated with node i ∈ E.

The same input parameters are used as summarized in Table 3.2, whereas the following
decision variables are used in the network flow formulation:
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o

s1

s2

s3

i1 i2

i3

e1

e2

e3

d

S I E

Figure 3.10: A representation of a network graph with three shift start and end
times and three batches

xpij is 1 if node i ∈ V is visited before node j ∈ V by order picker p ∈ P , else 0
ypi is 1 if order picker p ∈ P takes a break before visiting node i ∈ I, else 0
cpi completion time at node i ∈ N by order picker p ∈ P
bpi number of time units without a break before completing the processing time

ti at node i ∈ V by order picker p ∈ P
mp amount of time for which order picker p ∈ P is compensated

The order picker scheduling problem (OPSP) is formulated as a network flow problem
as follows:

min
∑
p∈P

mp (3.44)

subject to ∑
j∈S

xpoj ≤ 1 ∀p ∈ P (3.45)

∑
i∈E

xpid ≤ 1 ∀p ∈ P (3.46)∑
p∈P

∑
i∈I∪S

xpij = 1 ∀j ∈ I (3.47)

∑
p∈P

∑
j∈I∪E

xpij = 1 ∀i ∈ I (3.48)

∑
j∈V

xpij =
∑
j∈V

xpji ∀i ∈ V \ {o, d}, p ∈ P (3.49)

cpj − c
p
i − tj + (1− xpij)M ≥ lby

p
j ∀i ∈ V, j ∈ V, p ∈ P (3.50)
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cpi + (1−
∑
j∈N

xpij)M ≥ ri ∀i ∈ V, p ∈ P (3.51)

cpi − (1−
∑
j∈N

xpij)M ≤ di ∀i ∈ V, p ∈ P (3.52)

bpj + (1− xpij)M ≥ tj ∀i ∈ S, j ∈ I, p ∈ P (3.53)

bpj − b
p
i + (1− xpij + ypj )M ≥ (cpj − c

p
i ) ∀i ∈ I, j ∈ I, p ∈ P (3.54)

bpi + (1− ypi )M ≥ ti ∀i ∈ I, p ∈ P (3.55)

bpi ≤ Tbreak ∀i ∈ I, p ∈ P (3.56)∑
i∈I∪S

xpij ≥ y
p
j ∀j ∈ I, p ∈ P (3.57)

Tmin
∑
j∈S

xpoj ≤ mp ∀p ∈ P (3.58)

cpj − c
p
i ≤ mp ∀i ∈ S, j ∈ E, p ∈ P (3.59)∑

p∈P

∑
j∈S

xpoj ≤ pmax (3.60)

∑
p∈P

 ∑
j∈V \S

xpoj +
∑
i∈S

∑
j∈V \I

xpij+∑
i∈I

∑
j∈V \(I∪E)

xpij +
∑
i∈E

∑
j∈V \{d}

xpij+

∑
j∈V

xpdj

) = 0 (3.61)

bpi , c
p
i ≥ 0 ∀i ∈ V, p ∈ P (3.62)

xpij ∈ {0, 1} ∀i ∈ V, j ∈ V, p ∈ P (3.63)

ypi ∈ {0, 1} ∀i ∈ I, p ∈ P (3.64)

0 ≤ mp ≤ Tmax ∀p ∈ P (3.65)

The objective function is the same as the model formulation described in Section 3.3.
Constraints (3.45) and (3.46) allow for an order picker to start and end her shift at
most once. Constraints (3.47) and (3.48) ensure that each batch node is visited (i.e.,
executed) exactly once. Constraints (3.49) are flow conservation constraints for all
nodes in S, I and E.

Constraints (3.50) determine the completion times at all nodes. Constraints (3.51)
and (3.52) prevent earliness and tardiness, respectively, at the corresponding nodes.
Constraints (3.53) and (3.54) determine the duration at nodes since the last break
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(including the processing times at the nodes). Constraints (3.55) reset the duration
since the last break if a break is scheduled before visiting node i. Constraints (3.56)
ensure that an order picker cannot be scheduled to visit nodes consecutively for more
than Tbreak time units without a break. Constraints (3.57) make sure that a break
before visiting node j can only be assigned to the same order picker who actually
visits that node.

Constraints (3.58) ensure that an order picker is compensated for at least Tmin time
units if she is scheduled to work. Constraints (3.59) track the number of time units
that an order picker is scheduled to work from the start of the shift to the end of the
shift. Constraints (3.60) restrict the maximum number of order pickers that can be
scheduled (i.e., paths that can be visited in the graph).

Constraints (3.61) ensure that the paths in the network can only traverse through
the nodes of the graph that are allowed by restricting the flow on the arcs that are
not allowed to be zero. Constraints (3.62) to (3.65) define the domain and range of
the decision variables.

Additional constraints

The symmetry breaking constraints and additional constraints to tighten the model
formulation from Section 3.8.3 can easily be translated to the network flow formulation.
For instance, the equivalent of constraints (3.34) is∑

j∈S
jxojp−1 ≤

∑
j∈S

jxojp ∀p ∈ P \ {1} (3.66)

Constraints (3.35) can be transformed similarly and constraints (3.43) can directly
be included without any modifications.

3.8.5 Extensions to OPSP formulation

Our original OPSP formulation in Section 3.3 is generic, but can be extended with
additional constraints to be applicable to planning requirements of individual ware-
houses. In this appendix, we discuss and model full time employees as well as common
break and labor law requirements that can easily be included to the original problem
formulation.
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Warehouses can have numerous restrictions pertaining the use of human labor de-
pendent on specific labor laws. The European Union stipulates that all employees
working more than 6 hours in a shift must be given a break, but the length of
the break is specified by individual countries (European Parliament, Council of the
European Union, 2003). For example, the Dutch “Working Hours Act" mandates
that each employee who works 5.5 hours must be given a break of 30 minutes, which
could be reduced to 15 minutes conditional on agreements between the employer and
labor unions3 (Ministry of Social Affairs and Employment, 2010). There can also
be differences between companies within the same country or region, based on labor
union agreements and company cultures regarding working time, start times and
break times.

In the United States, the Fair Labor Standards Act (FLSA) does not require to give
employees a rest or meal break. However, individual states can carry break laws in
their legislature. Common constructs include a 10-15 minute rest break for every 3.5
or 4 hours worked, and an uninterrupted meal break of 30 minutes for employees
who work more than five hours in a day. Such meal breaks must usually be provided
sometime after the first two hours of work and before the last two hours of work. In
Japan, the labor laws dictate that employees are entitled to a break of at least 45
minutes when they work six to eight hours and to a break of at least one hour when
the working hours exceed eight hours. According to the Employment Standards Act
in Canada, employees are entitled to at least 30 consecutive minutes of break during
every 5-hour work period. The Employment Relations Act in New Zealand prescribes
a 30-minute meal break and multiple 10-minute rest breaks based on the number
of hours worked. Even though the Fair Work Act in Australia does not provide a
statutory entitlement to any work breaks, the Fair Work Ombudsman prescribes
similar rules as New Zealand.

The Fair Labor Standards Act (FLSA) in the United States does not address flexible
work schedules. Alternative work arrangements such as flexible work schedules are a
matter of agreement between the employer and the employee. This seems to be the
standard in many countries. However, there are labour laws that specify a minimum
compensation duration. For instance, employees in the United States, Canada and
Australia must be paid for at least 3 hours each time they are required to report to
work.

3A working day cannot exceed 11 hours and if a shift is longer than 10 hours, the total break time
has to be at least 45 minutes. The overall break time can be split in multiple breaks, but need to
be at least 15 consecutive minutes.
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3.8.5.1 Full time employees

In our original problem formulation, we assume that all employees are flexible and
part-time workers. However, if there are full-time employees with a fixed contract,
the problem formulation can easily be extended to accommodate these circumstances.
Consider the set of employees P , where the first p employees are full-timers and
the remaining pmax − p employees are part-timers. If the shift start and end times
are included in an employee’s contract, this means that sjp and ejp for p = 1, . . . , p
are predetermined values rather than decision variables. If only the shift length is
included in the contract (let us denote this by ls, which is not necessarily equal to
Tmax), then the duration between the start and end of the shift cannot exceed this:

(∑
j∈E

jejp −
∑
j∈S

(j − 1)sjp
)
l ≤ ls, ∀p ∈ {1, . . . , p} (3.67)

However, full-time workers have a fixed compensation specified in their contractual
agreements. Therefore, the values of mp for p = 1, . . . , p are predetermined regardless
of the tasks assigned to them.

Furthermore, there are often labor union agreements stipulating a maximum number
of flexible employees that can be employed compared to the full-time employees (Bard
et al., 2007). For instance, if there is a maximum ratio γ between the number of
flexible order pickers divided by the number of full-time order pickers, then pmax is
restricted:

pmax − p
p

≤ γ ⇐⇒ pmax ≤ (γ + 1)p. (3.68)

3.8.5.2 Maximum number of order pickers per time period

The total number of order pickers that are scheduled to work at the same time period
can be restricted, for instance if equipment has a limited availability (such as pick
trucks in a warehouse). This can be included in the original problem formulation by
adding the following constraints:

j∑
j′=1

∑
p∈P

(sj′p − ej′−1,p) ≤ peqp ∀j ∈ J (3.69)

where e0,p = 0.
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3.8.5.3 Designated break times and break time windows

In the original problem formulation, it is assumed that each order picker can take a
break at any time. However, break times can be restricted to certain hours in the
day because of opening times of cafeterias or labor union agreements. Kniffin et al.
(2015) observe that commensality (i.e., eating together) is positively correlated to
the performance of employees, and it may offer the only valuable and rare occasion
for employees to socialize. Therefore, consider a set of periods J ′ ⊆ J at which
employees are allowed to take a break. The decision variables ykp also need to include
the time period. Define yjkp as a binary decision variable that has the value 1 if a
break is scheduled at the start of period j ∈ J ′ which is the k-th position in the shift
for order picker p ∈ P and 0 otherwise. The following constraints make sure that
ckp = (j − 1) · l + lb if yjkp = 1 for j ∈ J ′ and ckp is unconstrained otherwise:

ckp +M · (1− yjkp) ≥ (j − 1) · l + lb ∀j ∈ J ′, k ∈ K, p ∈ P (3.70)

ckp −M · (1− yjkp) ≤ (j − 1) · l + lb ∀j ∈ J ′, k ∈ K, p ∈ P (3.71)

Note that ykp needs to be replaced by
∑
j∈J′

yjkp in the original problem formulation.

More general, a break can also be restricted to start within a time window rather
than to the beginning of a time period. Consequently, define J ′ as the set of break
time windows over the planning horizon and [rbreakj , dbreakj ] as the start and end time
of break window j ∈ J ′. The decision variables yjkp have a similar interpretation
as before, except that it refers to a break in the j-th break time window (not the
start of a time period). The following constraints make sure that the break starts
and finishes within the associated break time window if yjkp = 1 for j ∈ J ′ and ckp is
unconstrained otherwise:

ckp +M(1− yjkp) ≥ rbreakj + lb ∀j ∈ J ′, k ∈ K, p ∈ P (3.72)

ckp −M(1− yjkp) ≤ dbreakj ∀j ∈ J ′, k ∈ K, p ∈ P (3.73)

3.8.5.4 Multiple types of breaks

Company culture and contractual agreements can require to give order pickers multiple
types of breaks. For instance, several short breaks of up to 15 minutes are given
during a shift in addition to a lunch break of 30 minutes. Let Φ indicate the set of
various types of breaks. For each break type φ ∈ Φ, denote the maximum amount of
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time an order picker can work without a break of type φ by Tφbreak, and the length of
a break of type φ by lφb . We should note that breaks often have a hierarchy between
them, i.e., a break can reset the working time accumulated for a different type of
break. For example, employees are given a coffee break of 15 minutes after 3 hours of
work and a lunch break of 30 minutes after 5 hours of work. The lunch break will reset
the working time accumulated for the coffee break but not the other way around. Let
Φφ denote the set of breaks that reset the accumulated working time for break type
φ ∈ Φ. To continue the example, the coffee break is type 1 and the lunch break is
type 2. Consequently, Φ = {1, 2}, T 1

break = {3}, T 2
break = {5}, Φ1 = {2} and Φ2 = ∅.

We introduce a set of binary decision variables yφkp that indicate if the break of type
φ is scheduled at the k-th position in the shift for order picker p ∈ P and 0 otherwise.
The following constraints include the hierarchy as discussed earlier:

ckp −

(
chp −

∑
i∈I

tixihp

)
≤ Tφbreak +M

 ∑
φ′∈Φφ

k∑
k′=h+1

yφ
′

k′p


∀k ∈ K,h < k, p ∈ P, φ ∈ Φ (3.74)

Furthermore, ykp needs to be replaced by
∑
φ∈Φ

yφkp and lbykp by
∑
φ∈Φ

yφkpl
φ
b in the original

problem formulation.
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3.8.6 Pseudocode of labeling algorithm

Algorithm 2 Dynamic programming algorithm for the pricing problem

1: Li := {(i, Tmin + ψ, Ti, (V 1
h = 0, . . . , V |V

′|
h = 0))} i ∈ S . Initialization at shift

start nodes
2: for i ∈ V ′ \ S do
3: Li := ∅ . Initialization at remaining nodes
4: ∆ := S . Unvisited vertices
5: while ∆ 6= ∅ do
6: for i ∈ ∆ do
7: for j ∈ δ(i) do . Feasible nodes only
8: for Lih ∈ Li do
9: if V j

Li
h

= 0 then . If j is not already visited
10: Tj := f(Ti, j) . Extension without break
11: if Tj is feasible then
12: ADD Ljh = (j, cjh, Tj , Vh) to Lj

13: Tj := g(Ti, j) . Extension with break
14: if Tj is feasible then
15: ADD Ljh = (j, cjh, Tj , Vh) to Lj

16: if Lj changed then
17: Lj ← DOMINANCE(Lj) . Eliminate dominated lables
18: ∆← ∆ ∪ {j}
19: ∆← ∆ \ {i}
20: return arg minL∈LD

{cDL }

3.8.7 Proof of Proposition 3.2

Let x∗ indicate a sequence of batches with cost z(x∗) assigned to an order picker in
the optimal solution where batch i precedes batch j. The completion times for batch
i and batch j in x∗ are presented by c∗i and c∗j , respectively. Furthermore, let γ∗i be
the earliest time the order picker can start picking items for batch i such that the
sequence x∗ remains optimal and q∗j is the latest time the order picker can start to
work on the batch succeeding batch j such that the sequence x∗ remains optimal.

When the performance of the batches i and j is reversed, the new sequence is indicated
by x′ with cost z(x′) and the completion times of the batches i and j become c′i
and c′j , respectively. To proof Proposition 3.2, it is sufficient to show that the new
solution is feasible and the cost z(x′) equals z(x∗). There are four possible sequences
to consider in regard to scheduling breaks before performing batch i and batch j.
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Case I: batch i and j are performed without a break before i or between i and j
(i.e., i|j)

Sub-case (i): γ∗i + ti < ri = c∗i and γ∗i + ti + tj < c∗j ≤ q∗j (i.e., there is a wait between
γ∗i and c∗i )

In the new solution x′, the order picker might need to wait before the completion of
batch j. If the order picker needs to wait, γ∗i + tj < rj = c′j and γ∗i + tj + ti < c′i ≤ q∗j .
If the order picker does not need to wait, γ∗i + tj ≥ ri = c′j and γ∗i + tj + ti = c′i ≤ q∗j .
In either case, q∗j is not violated and the new sequence is feasible with the same cost.

Sub-case (ii): γ∗i + ti = c∗i ≥ ri and γ∗i + ti + tj = c∗j ≤ q∗j (i.e., there is no wait
between γ∗i and c∗i )

When the batches are reversed, there would still be no waiting time as tj > ti.
Consequently, γ∗i + tj = c′j > ri and γ∗i + tj + ti = c′i ≤ q∗j . Furthermore, q∗j is
respected with the reversal of the batches. Consequently, z(x′) = z(x∗).

Case II: batch i and j are performed with a break before i but not between i
and j (i.e., y|i|j)

Sub-case (i): γ∗i + lb + ti < ri = c∗i and γ∗i + lb + ti + tj < c∗j ≤ q∗j (i.e., there is a wait
between γ∗i and c∗i )

If there is a wait in the new solution x′, then γ∗i +lb+tj < rj = c′j and γ∗i +lb+tj+ti <
c′i ≤ q∗j . If the order picker does not need to wait, then γ∗i + lb + tj ≥ ri = c′j and
γ∗i + lb + tj + ti = c′i ≤ q∗j . In either case, q∗j is not violated, and the new sequence is
feasible with the same cost. Furthermore, the amount of work done between the end
of the break and the completion of batch i does not increase.

Sub-case (ii): γ∗i + lb + ti ≥ ri = c∗i and γ∗i + lb + ti + tj = c∗j ≤ q∗j (i.e., there is no
wait between γ∗i and c∗i )

The reversal of the batches i and j does not introduce any waiting time for the order
picker. Furthermore, the amount of time since the break remains the same.

Case III: batch i and j are performed without a break before i but between i
and j (i.e., i|y|j)

Let the amount of work since the last break or since the start when the first batch is
picked until the beginning when batch i is picked be denoted by br. If the sequence in
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which the batches i and j are performed is reversed, it is possible that br + tj > Tbreak,
which results in an infeasible solution. Therefore, batch j can not always precede
batch i in this case.

Case IV: batch i and j are performed with a break before i and between i and j
(i.e., y|i|y|j)

The same proof as Case I can be used, where the new value of ti is increased by lb
and the new value of tj by lb.

3.8.8 Optimal schedule for one order picker

In the savings algorithm in Section 3.5.1 and the large neighborhood search in
Section 3.5.2, the assignment of batches to an order picker is altered. In this ap-
pendix, we present an MILP formulation to optimally schedule the batches to an
individual order picker such that the due time windows and break constraints are
satisfied. Before we try to solve the reduced OPSP formulation with one order picker,
we perform a set of infeasibility checks to verify whether a feasible solution can be
found.

Infeasibility conditions

Even though the computation time of the MILP for the reduced problem is short,
infeasibility checks can be performed first as pre-processing step to easily verify
whether the order picking tasks cannot be combined in a feasible schedule. Let the set
of batches to be included in the schedule be denoted by B ⊆ I. If any of the following
infeasibility conditions is satisfied, the reduced problem is infeasible. The complexity
of these checks are indicated within parentheses.

•
∑
i∈B

ti +
(⌈

(
∑
i∈B

ti)/Tbreak
⌉
− 1

)
lb > Tmax, (complexity: O(|B|)), the total

processing time of the batches and the necessary break times exceeds the
maximum shift length.

• maxi∈B{ri}−mini∈B{di−ti} > Tmax, (complexity: O(|B|)), the time difference
between the latest earliest completion time and the earliest latest start time
exceeds the maximum shift length (i.e., there are tasks that cannot be scheduled
to be completed earlier or to start later such that the maximum shift length is
not exceeded).
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• |B|+
(⌈

(
∑
i∈B

ti)/Tbreak
⌉
− 1
)
> k̄, (complexity: O(|B|)), the minimum number

of tasks (either order picking batches or breaks) to cover the workload in B

exceeds the maximum number of tasks in a shift.

• (
∑
i∈B

ti) > maxi∈B{di} − (mini∈B{ri − ti})+, (complexity: O(|B|)), the total

processing time of all batches in B cannot be assigned to one order picker
between the earliest start time and the latest completion time.

• ∃i, j ∈ B : (ri + tj > dj) ∧ (rj + ti > di), (complexity: O(|B|2)), the due
time windows prohibit the order picker to perform batch j after i or to perform
batch i after j (i.e., the due time windows are violated if both tasks need to be
performed by the same order picker).

• Define the earliest start time of task i ∈ B as γi := ri − ti. Let ΓB and DB

denote the earliest start times and latest completion times of the batches in
B, respectively. For any earliest start time γ ∈ ΓB and latest completion time
d ∈ DB where γ < d, the set Iγd represents all batches in B that need to start
at or after time γ and be completed at time d at the latest, i.e., Iγd := {i ∈
B|(γi ≥ γ) ∧ (di ≤ d)}. The condition ∃γ ∈ ΓB , d ∈ DB :

∑
i∈Iγd

ti > (d − γ)

indicates that the work load between γ and d cannot be completed by one order
picker (complexity: O(|B|3)).

Reduced OPSP formulation with one order picker

When none of the infeasibility conditions are satisfied, we try to optimally sequence the
tasks to the individual order picker while satisfying all constraints. This means that
the original OPSP formulation of Section 3.3 is simplified by removing the multiple
order pickers p ∈ P . Consequently, the set of batches that need to be scheduled for
the single order picker is denoted by B and the decision variables in this reduced
problem become the following:
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xik is 1 if batch i ∈ B is scheduled to be picked at the kth position in the shift
for the order picker, where k ∈ K, else 0

yk is 1 if a break is scheduled at the kth position in the shift for the order picker,
where k ∈ K, else 0

sj is 1 if the order picker starts the shift at the beginning of period j ∈ S, else 0
ej is 1 if the order picker ends the shift at the end of period j ∈ E, else 0
ck completion time of the task scheduled at the kth position in the shift of the

order picker, where k ∈ K
m amount of time for which the order picker is compensated

The reduced problem (RP) of the OPSP is formulated as a MILP model as follows:

RP:

minm (3.75)

subject to ∑
i∈B

xik + yk ≤ 1 ∀k ∈ K (3.76)∑
k∈K

xik = 1 ∀i ∈ B (3.77)∑
j∈J\S

sj +
∑
j∈J\E

ej = 0 (3.78)

(∑
j∈S

(j − 1)sj
)
l +
∑
i∈B

tixi1 + lby1 ≤ c1 (3.79)

ck−1 +
∑
i∈B

tixik + lbyk ≤ ck ∀k ∈ K \ {1} (3.80)∑
j∈E

(jej)l ≥ ck̄ (3.81)

ck +M(1− xik) ≥ ri ∀i ∈ B, k ∈ K (3.82)

ck −M(1− xik) ≤ di ∀i ∈ B, k ∈ K (3.83)

ck −
(
ch −

∑
i∈B

tixih

)
−M

( k∑
k′=h+1

yk′
)
≤ Tbreak ∀h, k ∈ K,h < k (3.84)

∑
i∈B

xik−1 + yjk−1 ≥
∑
i∈B

xik + yjk ∀k ∈ K \ {1} (3.85)

(
∑
j∈E

jej −
∑
j∈S

(j − 1)sj)l ≤ m (3.86)
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ck ≥ 0 ∀k ∈ K (3.87)

xik ∈ {0, 1} ∀i ∈ B, k ∈ K (3.88)

yk ∈ {0, 1} ∀k ∈ K (3.89)

sj , ej ∈ {0, 1} ∀j ∈ J (3.90)
max

{
Tmin,

⌈(∑
i∈B

ti +
(⌈

(
∑
i∈B

ti)/Tbreak
⌉
− 1
)
lb

)
/l

⌉
l

}
≤ m ≤ Tmax (3.91)

There is a one-to-one relation with the constraints in this RP formulation and the
OPSP formulation in Section 3.3.

This reduced problem is strongly NP-hard as it is a generalization of the minimum tour
duration problem (MTDP), which is known to be strongly NP-hard (Tilk & Irnich,
2017). However, we can use the overall architecture of the solution approaches for the
MTDP to efficiently solve the MILP since the architecture allows us to incorporate
our additional operational constraints. Furthermore, the scale of the reduced problem
as a subroutine of the savings algorithm and the LNS is small enough to be practically
solvable. The abovementioned infeasibility tests also limit the number of times that
the reduced problem is solved unnecessarily.

3.8.9 Detailed result of Section 3.6.2

Table 3.6 until Table 3.19 provide the results of all individual numeral instances that
are summarized in Table 3.4. For the branch-and-price algorithm, we report the
optimal solution and best integer solution found by column generation at the root
node (this corresponds to lower bound LBLP and upper bound UBLP , respectively)
as well as the best lower bound from branching and the best integer solution after
branching (denoted by LBIP and UBIP , respectively). The computational time to
solve the root node, perform branching and perform the overall branch-and-price
algorithm is indicated by CPULP , CPU IP and CPUBP , respectively (all in seconds).
The relative cost increase of the solutions found by the savings algorithm, commercial
solver Gurobi Optimizer and the metaheuristic compared to performance of the branch-
and-price algorithm is indicated by %∆S , %∆GUR and %∆MH , respectively, where
%∆X = (z(X)− z(BP ))/z(BP )× 100 and z(X) is the best integer solution found by
solution procedure X. The computational time to perform solution procedure X is
provided by CPUX (in seconds) for solution procedure X. Note that we terminate
the solution procedure when the computational time reaches 1,800 seconds.
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As discussed in Section 3.6.2, the performance of the branch-and-price algorithm
depends on the truck departure pattern (waved or waveless), processing time distri-
bution (uniform or exponential), and number of truck departures per staging lane.
Figure 3.11a shows that waved instances are more difficult to solve than waveless
instances. Figure 3.11b shows that instances with exponentially distributed processing
times are more difficult to solve than when the processing times have a uniform
distribution. Finally, Figure 3.11c shows that instances with more truck departures
per staging lane are easier to solve than instances with less truck departures per
staging lane.

3.8.10 Including different break time structures in solution
procedures

The shift structure to include breaks as discussed in Section 3.3 is very flexible, whereas
there might be other break types as discussed in Section 3.8.5. This is actually the
situation in our case study as discussed in Section 3.6.3, where there are three break
types: two 15-minute breaks after 2 hours and 6 hours of starting the shift and one
30-minute break after 3.5 hours of starting the shift. To find a solution to the OPSP
with the metaheuristic where these new break structures are included, we can directly
include the constraints as formulated in Section 3.8.5 to the problem formulation. In
particular, Φ = {1, 2, 3} where break type 1 and 2 indicate the two shorter breaks and
break type 3 indicates the longer break. Consequently, the duration of the each break
type is given by l1b = l2b = 0.25 and l3b = 0.5, whereas the start time of each break
type is given by r1 = 2, r2 = 5 and r3 = 3.5. In the case where the start time of the
breaks can have a 15-minute flexibility (i.e., scheduled at most 15 minutes earlier or
later), we indicate the flexibility in the timing of the breaks by Ψ, which is set to 15
minutes (or Ψ = 0.25 hours). When there is no such flexibility (i.e., in the scenarios
1, 5, 6 and 7), the value of Ψ equals zero.

To use the metaheuristic, we have to reformulate the reduced problem to verify whether
two schedules can be combined for one order picker (as formulated in Section 3.8.8).
Let us first redefine some of the decision variables:
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xik is 1 if batch i ∈ B is scheduled to be picked at the kth position in the shift
for the order picker, where k ∈ K, else 0

yφk is 1 if a break φ ∈ Φ is scheduled at the kth position in the shift for the order
picker, where k ∈ K, else 0

sj is 1 if the order picker starts the shift at the beginning of period j ∈ S, else 0
ej is 1 if the order picker ends the shift at the end of period j ∈ E, else 0
ck completion time of the task scheduled at the kth position in the shift of the

order picker, where k ∈ K
m amount of time for which the order picker is compensated

The reduced problem (RP) of the OPSP for the case study is then reformulated as a
MILP model as follows:

RPCase:

minm (3.92)

subject to ∑
i∈B

xik +
∑
φ∈Φ

yφk ≤ 1 ∀k ∈ K (3.93)

∑
k∈K

xik = 1 ∀i ∈ B (3.94)∑
j∈J\S

sj +
∑
j∈J\E

ej = 0 (3.95)

c1 −
(∑
j∈S

(j − 1)sj
)
l ≥
∑
i∈B

tixi1 +
∑
φ∈Φ

lφb y
φ
k (3.96)

ck − ck−1 ≥
∑
i∈B

tixik +
∑
φ∈Φ

lφb y
φ
k ∀k ∈ K \ {1} (3.97)

∑
j∈E

(jej)l ≥ ck̄ (3.98)

ck +M(1− xik) ≥ ri ∀i ∈ B, k ∈ K (3.99)

ck −M(1− xik) ≤ di ∀i ∈ B, k ∈ K (3.100)∑
k∈K

y1
k =

∑
k∈K

y3
k = 1 (3.101)

M
∑
k∈K

y2
k ≥ m− 360 (3.102)

ck +M(1− yφk )−
(∑
j∈S

(j − 1)sj
)
l ≥ rφ −Ψ ∀k ∈ K,φ ∈ Φ (3.103)
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ck +M(1− yφk )−
(∑
j∈S

(j − 1)sj
)
l ≤ rφ + Ψ ∀k ∈ K,φ ∈ Φ (3.104)

∑
i∈B

xik−1 +
∑
φ∈Φ

yφk ≥
∑
i∈B

xik +
∑
φ∈R

yφk ∀k ∈ K \ {1} (3.105)

(
∑
j∈E

jej −
∑
j∈S

(j − 1)sj)l ≤ m (3.106)

ck ≥ 0 ∀k ∈ K (3.107)

xik ∈ {0, 1} ∀i ∈ B, k ∈ K (3.108)

yφk ∈ {0, 1} ∀k ∈ K,φ ∈ Φ (3.109)

sj , ej ∈ {0, 1} ∀j ∈ J (3.110)

Tmin ≤ m ≤ Tmax (3.111)

Most of the constraints in this reformulation are the same as the original reduced
problem formulation in Section 3.8.8. Here, we only explain the constraints that are
different. Constraint (3.101) enforces that the first short break and the long break
have to be scheduled, whereas constraint (3.102) indicates that the second short
break only has to be scheduled if the order picker is employed for more than 6 hours.
Constraints (3.103) and (3.104) regulate the start and completion times of individual
breaks according to the flexibility Ψ for the break times.

3.8.11 Detailed result of Section 3.6.3

The schedules resulting from the OPSP on Day 1 of the normal week are illustrated in
Figure 3.12 for the scenarios where Tmin equals 6 hours. The total number of hours
that the order pickers are compensated for is indicated in Table 3.20, whereas as the
number of scheduled order pickers is presented in Table 3.21. When dividing these two
numbers for each instance, we obtain the average shift length. The number of order
pickers who are compensated for exactly Tmin time unit is included in Table 3.22. A
summary of these results is included in Figure 3.8.

3.8.12 Preemptive breaks

The problem formulation in Section 3.3 does not allow preemptive order picking, i.e.,
the order picking of a batch has to be completed before the order picker can take a
break. In this section, we study the operational environment where the items of a
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(a) Schedule scenario 1: fixed break
times, 3 start times

(b) Schedule scenario 2: 15-minute
flexible break times, 3 start times

(c) Schedule scenario 5: fixed break
times, 4 start times

(d) Schedule scenario 11: completely
flexible break times, 3 start times

Figure 3.12: Gantt charts illustrating the scheduling of order picking tasks (in grey)
and breaks (in black) for the four scenarios where Tmin = 6 hours

Table 3.21: Number of scheduled order pickers per scenario

Scenario
Week Day 1 2 3 4 5 6 7 8 9 10 11 12
Normal 1 115 104 108 111 111 105 110 106 104 101 110 105

2 125 117 118 120 128 132 129 115 116 112 117 124
3 140 135 133 134 144 139 140 131 132 131 133 132
4 133 123 127 123 132 133 130 123 122 123 126 123
5 147 137 136 136 139 144 138 134 133 127 135 135
6 167 153 155 153 161 166 157 151 151 146 154 150
7 170 153 155 154 170 171 174 155 147 154 156 151

Busy 1 101 96 97 98 100 102 103 97 91 92 96 93
2 111 110 103 105 109 105 108 106 102 100 105 104
3 120 114 112 115 117 120 111 110 109 105 109 109
4 131 124 126 121 128 130 130 122 121 117 126 124
5 185 175 182 177 188 176 186 172 173 166 173 176
6 206 199 199 197 204 206 201 196 197 195 195 201
7 172 160 167 165 170 170 170 161 159 163 159 162

batch can be partially picked before the order picker takes a break. We can derive an
exact algorithm for the preemptive scheduling case after making the necessary changes
to the resource extension functions of the pricing problem for the non-preemptive
problem presented in Section 3.3. All other components of the pricing problem(e.g.,
the resources, their definition, feasibility windows and dominance rules) remain the
same as in the non-preemptive scheduling problem.
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Table 3.22: Number of scheduled order pickers that get compensated for
Tmin time units per scenario

Scenario
Week Day 1 2 3 4 5 6 7 8 9 10 11 12
Normal 1 24 22 48 83 37 46 80 18 42 64 51 41

2 41 47 64 96 50 76 105 42 72 94 47 59
3 30 43 66 115 52 61 97 48 65 98 45 48
4 36 40 76 97 52 71 106 49 68 91 49 49
5 39 45 67 101 35 71 98 53 72 90 52 52
6 32 27 59 113 44 71 98 33 68 103 28 35
7 56 44 70 112 62 81 111 40 45 83 52 35

Busy 1 28 28 46 66 36 35 66 14 31 54 41 33
2 8 21 32 66 25 31 66 29 39 62 18 21
3 13 20 37 68 24 36 54 27 39 65 21 27
4 12 24 38 75 28 38 80 26 36 69 31 29
5 13 25 44 98 37 39 100 21 40 88 25 28
6 20 22 48 105 30 30 79 32 54 96 27 21
7 19 22 32 110 27 39 83 21 37 102 30 32

The resource extension functions without breaks are given by the same functions f(·)
as specified in Section 3.4.2 4.2. The only difference is in extension functions with
breaks. A distinction has to be made between two conditions. First, if Tworki + tj is
greater than Tbreak, then batch j cannot be completed before the order picker takes a
break. The portion of batch j that can be completed before the break is scheduled has
a duration of Tworki + tj −Tbreak time units and the remaining items of the batch can
be picked after the break. The resource extension functions under this first condition
(denoted as g′(·)) are defined as:

T timej = g′time(Ti, j) := max{T timei + tj + lb, rj} (3.112)

T durj = g′dur(Ti, j) := max{T duri + tj + lb, rj − T starti } (3.113)

Tworkj = g′work(Ti, j) := Tworki + tj − Tbreak (3.114)

T brkj = g′brk(Ti, j) := min{dj − Tworki − tj + Tbreak,∞} (3.115)

Under the second condition, if Tworki + tj is less than or equal to Tbreak, then the
complete batch can be picked before the order picker takes a break. The resource
extension functions under this second condition are denoted by g′′(·) and defined as
follows:
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T timej = g′′time(Ti, j) := max{T timei + tj + lb, rj} (3.116)

T durj = g′′dur(Ti, j) := max{T duri + tj + lb, rj − T starti } (3.117)

Tworkj = g′′work(Ti, j) := 0 (3.118)

T brkj = g′′brk(Ti, j) := min{dj ,∞} (3.119)

For a numerical test bed with instances of 40 batches and 5 or 10 truck departures
per staging lane, we present the performance of the branch-and-price algorithm when
preemptive order scheduling is allowed in Table 3.23 and Table 3.24, respectively. Note
that the counterparts with non-preemptive order scheduling are presented in Table 3.6,
Table 3.7 and Table 3.8, respectively. The last column in these two tables indicates the
relative cost increase of using preemption against non-preemption, which is expressed
as %∆P = ((zP −zNP )/zNP )×100, where zP and zNP are the best branch-and-price
solutions for preemtive and non-preemptive order scheduling, respectively.

The results illustrate the adaptability of our solution framework. For three of the
instances, the algorithm for preemptive order picking was able to generate only inferior
solutions compared to the algorithm for non-preemptive order picking within the
limited run time. Excluding these three instances, the cost savings of preemptive order
scheduling are on average 0.4% compared to non-preemptive order scheduling, with
the largest cost savings of 8.3% However, the problem formulation with preemptive
order scheduling assumes that breaks occur instanteneously and they ignore the time
it takes to travel between the location of the last picked item in the pick tour and
the location where the order picker takes a break. A more accurate approach to
include preemptive order picking would be to include this extra travel time. Conse-
quently, preemptive order scheduling can be more expensive than non-preemptive
order scheduling. Therefore, studying preemptive order scheduling can have a high
practical and academic relevance but is beyond the scope of our work.
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Table 3.23: Results for Instances with 40 batches, 5 truck departures per staging
lane, preemptive order picking

Branch & Price

Linear Relaxation Integer

Instance LBLP UBLP CPULP LBIP UBIP CPUIP CPUBP %∆P

U-Waved-40-45-SSTR1 4,480.0 4,800.0 4.7 4,500.0 4,800.0 1,793.3 1,800.0 0.0
U-Waved-40-45-SSTR2 4,200.0 4,440.0 3.4 4,200.0 4,440.0 1,793.0 1,800.0 0.0
U-Waved-40-45-SSTR3 4,152.0 4,200.0 2.1 4,200.0 4,200.0 2.8 7.7 0.0
U-Waved-40-45-SSTR4 4,480.0 4,800.0 4.4 4,500.0 4,800.0 1,793.4 1,800.0 0.0
U-Waved-40-45-SSTR5 3,480.0 3,660.0 148.4 3,480.0 3,660.0 1,649.0 1,800.0 0.0
U-Waved-40-45-SSTR6 2,685.0 2,760.0 17.2 2,700.0 2,700.0 1,636.2 1,656.2 0.0
U-Waved-40-75-SSTR1 4,980.0 4,980.0 1.8 4,980.0 4,980.0 2.1 6.0 0.0
U-Waved-40-75-SSTR2 4,740.0 4,740.0 1.4 4,740.0 4,740.0 2.4 6.2 0.0
U-Waved-40-75-SSTR3 4,660.0 4,740.0 1.2 4,680.0 4,680.0 8.0 11.5 0.0
U-Waved-40-75-SSTR4 4,800.0 4,800.0 2.0 4,800.0 4,800.0 2.3 6.6 0.0
U-Waved-40-75-SSTR5 3,840.0 3,840.0 40.0 3,840.0 3,840.0 2.4 44.7 0.0
U-Waved-40-75-SSTR6 3,400.0 3,420.0 6.1 3,420.0 3,420.0 2.4 10.8 0.0
U-Waved-40-105-SSTR1 5,600.0 5,760.0 1.1 5,640.0 5,760.0 1,796.9 1,800.0 0.0
U-Waved-40-105-SSTR2 5,280.0 5,400.0 0.8 5,280.0 5,400.0 1,797.0 1,800.0 0.0
U-Waved-40-105-SSTR3 5,160.0 5,160.0 0.4 5,160.0 5,160.0 2.5 5.5 0.0
U-Waved-40-105-SSTR4 5,320.0 5,460.0 6.9 5,340.0 5,460.0 1,790.7 1,800.0 -1.1
U-Waved-40-105-SSTR5 4,936.0 5,040.0 14.3 4,980.0 5,040.0 1,783.0 1,800.0 1.2
U-Waved-40-105-SSTR6 4,771.2 4,800.0 3.5 4,800.0 4,800.0 2.8 8.9 0.0

U-Waveless-40-45-SSTR1 3,040.0 3,360.0 7.5 3,060.0 3,360.0 1,790.4 1,800.0 0.0
U-Waveless-40-45-SSTR2 2,360.0 2,520.0 14.1 2,400.0 2,520.0 1,783.9 1,800.0 0.0
U-Waveless-40-45-SSTR3 2,181.2 2,280.0 27.0 2,220.0 2,280.0 1,770.7 1,800.0 0.0
U-Waveless-40-45-SSTR4 2,640.0 2,940.0 335.7 2,640.0 2,940.0 1,462.0 1,800.0 0.0
U-Waveless-40-45-SSTR5 2,280.0 2,340.0 480.6 2,280.0 2,340.0 1,317.1 1,800.0 0.0
U-Waveless-40-45-SSTR6 2,168.2 2,280.0 29.7 2,220.0 2,280.0 1,767.9 1,800.0 0.0
U-Waveless-40-75-SSTR1 3,960.0 3,960.0 16.1 3,960.0 3,960.0 1.7 19.5 -8.3
U-Waveless-40-75-SSTR2 3,505.3 3,600.0 59.8 3,540.0 3,540.0 383.4 445.0 0.0
U-Waveless-40-75-SSTR3 3,360.0 3,420.0 11.4 3,360.0 3,360.0 986.5 1,000.3 0.0
U-Waveless-40-75-SSTR4 3,720.0 3,900.0 129.7 3,720.0 3,900.0 1,668.3 1,800.0 0.0
U-Waveless-40-75-SSTR5 3,441.1 3,540.0 268.4 3,480.0 3,540.0 1,529.6 1,800.0 0.0
U-Waveless-40-75-SSTR6 3,281.1 3,360.0 18.0 3,300.0 3,360.0 1,779.9 1,800.0 0.0
U-Waveless-40-105-SSTR1 6,830.0 6,840.0 0.7 6,840.0 6,840.0 1.6 3.8 -5.0
U-Waveless-40-105-SSTR2 5,382.9 5,400.0 0.6 5,400.0 5,400.0 1.7 3.9 -1.1
U-Waveless-40-105-SSTR3 4,740.0 4,800.0 0.8 4,740.0 4,800.0 1,797.5 1,800.0 0.0
U-Waveless-40-105-SSTR4 5,760.0 5,760.0 3.5 5,760.0 5,760.0 1.9 7.2 0.0
U-Waveless-40-105-SSTR5 5,040.0 5,040.0 2.2 5,040.0 5,040.0 1.9 6.0 0.0
U-Waveless-40-105-SSTR6 4,620.0 4,620.0 1.5 4,620.0 4,620.0 2.1 5.7 0.0

E-Waved-40-45-SSTR1 4,140.0 4,380.0 6.5 4,140.0 4,380.0 1,791.5 1,800.0 0.0
E-Waved-40-45-SSTR2 3,769.7 3,960.0 3.5 3,780.0 3,960.0 1,793.0 1,800.0 0.0
E-Waved-40-45-SSTR3 3,718.3 3,780.0 2.3 3,720.0 3,780.0 1,794.5 1,800.0 0.0
E-Waved-40-45-SSTR4 4,080.0 4,320.0 5.6 4,080.0 4,320.0 1,792.2 1,800.0 0.0
E-Waved-40-45-SSTR5 3,156.6 3,360.0 1,069.5 3,180.0 3,360.0 727.7 1,800.0 0.0
E-Waved-40-45-SSTR6 2,464.5 2,580.0 55.8 2,520.0 2,580.0 1,741.1 1,800.0 2.4
E-Waved-40-75-SSTR1 5,580.0 5,880.0 1.5 5,580.0 5,880.0 1,796.3 1,800.0 0.0
E-Waved-40-75-SSTR2 5,010.0 5,160.0 1.2 5,040.0 5,160.0 1,796.5 1,800.0 -1.1
E-Waved-40-75-SSTR3 5,000.0 5,040.0 3.4 5,040.0 5,040.0 2.3 8.1 -1.2
E-Waved-40-75-SSTR4 5,460.0 5,760.0 4.7 5,460.0 5,760.0 1,793.2 1,800.0 0.0
E-Waved-40-75-SSTR5 4,530.0 4,620.0 5.1 4,560.0 4,620.0 1,792.6 1,800.0 0.0
E-Waved-40-75-SSTR6 4,260.0 4,260.0 2.1 4,260.0 4,260.0 2.3 6.6 0.0
E-Waved-40-105-SSTR1 5,460.0 5,460.0 0.4 5,460.0 5,460.0 2.2 4.8 0.0
E-Waved-40-105-SSTR2 4,980.0 4,980.0 0.6 4,980.0 4,980.0 2.5 5.5 0.0
E-Waved-40-105-SSTR3 4,860.0 4,860.0 0.5 4,860.0 4,860.0 2.7 5.8 0.0
E-Waved-40-105-SSTR4 4,800.0 4,800.0 3.2 4,800.0 4,800.0 2.4 7.9 0.0
E-Waved-40-105-SSTR5 3,846.3 3,900.0 727.3 3,900.0 3,900.0 2.9 732.9 0.0
E-Waved-40-105-SSTR6 3,442.2 3,480.0 162.1 3,480.0 3,480.0 3.1 168.2 0.0

E-Waveless-40-45-SSTR1 2,920.0 2,940.0 163.1 2,940.0 2,940.0 1.9 166.9 0.0
E-Waveless-40-45-SSTR2 2,352.3 2,520.0 165.9 2,400.0 2,400.0 1,060.3 1,228.2 0.0
E-Waveless-40-45-SSTR3 2,099.1 2,160.0 27.4 2,100.0 2,160.0 1,770.6 1,800.0 0.0
E-Waveless-40-45-SSTR4 2,720.0 2,940.0 691.1 2,760.0 2,940.0 1,106.9 1,800.0 0.0
E-Waveless-40-45-SSTR5 2,349,9 2,520.0 168.1 2,400.0 2,460.0 1,641.1 1,800.0 2.5
E-Waveless-40-45-SSTR6 2,111.8 2,160.0 23.8 2,160.0 2,160.0 2.6 28.8 0.0
E-Waveless-40-75-SSTR1 5,070.0 5,340.0 5.0 5,100.0 5,340.0 1,793.3 1,800.0 0.0
E-Waveless-40-75-SSTR2 4,120.0 4,260.0 128.9 4,140.0 4,260.0 1,669.4 1,800.0 0.0
E-Waveless-40-75-SSTR3 3,983.4 4,020.0 25.3 4,020.0 4,020.0 1.8 28.9 0.0
E-Waveless-40-75-SSTR4 4,279.1 4,380.0 535.8 4,320.0 4,380.0 1,262.5 1,800.0 0.0
E-Waveless-40-75-SSTR5 4,035.0 4,080.0 267.0 4,080.0 4,080.0 2.1 271.0 0.0
E-Waveless-40-75-SSTR6 3,925.7 3,960.0 19.3 3,960.0 3,960.0 2.2 23.7 0.0
E-Waveless-40-105-SSTR1 5,280.0 5,280.0 0.6 5,280.0 5,280.0 1.6 3.7 0.0
E-Waveless-40-105-SSTR2 3,960.0 3,960.0 4.5 3,960.0 3,960.0 1.6 7.7 0.0
E-Waveless-40-105-SSTR3 3,402.0 3,480.0 8.7 3,420.0 3,480.0 1,789.6 1,800.0 0.0
E-Waveless-40-105-SSTR4 4,800.0 4,800.0 2.8 4,800.0 4,800.0 1.9 6.5 0.0
E-Waveless-40-105-SSTR5 3,900.0 3,900.0 51.9 3,900.0 3,900.0 1.9 55.6 0.0
E-Waveless-40-105-SSTR6 3,399.4 3,480.0 6.5 3,420.0 3,480.0 1,791.6 1,800.0 0.0
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Table 3.24: Results for Instances with 40 batches, 10 truck departures per staging
lane, preemptive order picking

Branch & Price for Preemptive Order Picking

Linear Relaxation Integer

Instance LBLP UBLP CPULP LBIP UBIP CPUIP CPUBP %∆P

U-Waved-40-45-SSTR1 4,800.00 4,800.00 4 4,800.00 4,800.00 1.8 7.6 0.0
U-Waved-40-45-SSTR2 4,140.00 4,140.00 0.4 4,140.00 4,140.00 2.1 4.6 0.0
U-Waved-40-45-SSTR3 3,660.00 3,660.00 0.6 3,660.00 3,660.00 2 4.6 0.0
U-Waved-40-45-SSTR4 2,880.00 3,360.00 21.8 2,880.00 2,880.00 192 216.1 0.0
U-Waved-40-45-SSTR5 2,700.00 3,000.00 70.6 2,700.00 2,700.00 1,115.10 1,185.70 -4.3
U-Waved-40-45-SSTR6 2,640.00 2,760.00 4.1 2,640.00 2,760.00 1,793.50 1,800.00 0.0
U-Waved-40-75-SSTR1 6,240.00 6,240.00 0.2 6,240.00 6,240.00 1.5 3.2 0.0
U-Waved-40-75-SSTR2 5,400.00 5,400.00 0.6 5,400.00 5,400.00 1.7 4 0.0
U-Waved-40-75-SSTR3 4,920.00 4,920.00 0.4 4,920.00 4,920.00 1.7 3.8 0.0
U-Waved-40-75-SSTR4 4,320.00 4,320.00 1.6 4,320.00 4,320.00 1.7 4.9 0.0
U-Waved-40-75-SSTR5 3,780.00 3,780.00 4.5 3,780.00 3,780.00 1.8 8 0.0
U-Waved-40-75-SSTR6 3,630.00 3,660.00 3.3 3,660.00 3,660.00 2.1 7.4 0.0
U-Waved-40-105-SSTR1 7,680.00 7,680.00 0.1 7,680.00 7,680.00 1.4 2.8 0.0
U-Waved-40-105-SSTR2 6,960.00 6,960.00 0.2 6,960.00 6,960.00 1.5 3.2 0.0
U-Waved-40-105-SSTR3 6,480.00 6,480.00 0.2 6,480.00 6,480.00 1.5 3.2 0.0
U-Waved-40-105-SSTR4 5,760.00 5,760.00 0.9 5,760.00 5,760.00 1.5 3.9 0.0
U-Waved-40-105-SSTR5 5,190.00 5,220.00 1.1 5,220.00 5,220.00 1.7 4.5 0.0
U-Waved-40-105-SSTR6 5,040.00 5,040.00 0.3 5,040.00 5,040.00 2 4.2 0.0

E-Waved-40-45-SSTR1 4,000.00 4,320.00 2.9 4,020.00 4,320.00 1,795.20 1,800.00 0.0
E-Waved-40-45-SSTR2 3,410.00 3,600.00 3.3 3,420.00 3,600.00 1,794.60 1,800.00 0.0
E-Waved-40-45-SSTR3 3,110.00 3,300.00 1.4 3,120.00 3,300.00 1,796.40 1,800.00 0.0
E-Waved-40-45-SSTR4 2,760.00 2,940.00 102.7 2,760.00 2,940.00 1,695.40 1,800.00 0.0
E-Waved-40-45-SSTR5 2,600.00 2,640.00 481.8 2,640.00 2,640.00 2.2 486 0.0
E-Waved-40-45-SSTR6 2,580.00 2,640.00 98.2 2,580.00 2,640.00 1,699.60 1,800.00 0.0
E-Waved-40-75-SSTR1 4,680.00 5,280.00 2.8 4,680.00 5,280.00 1,795.60 1,800.00 0.0
E-Waved-40-75-SSTR2 3,921.40 4,260.00 6.5 3,960.00 4,260.00 1,791.80 1,800.00 0.0
E-Waved-40-75-SSTR3 3,441.40 3,720.00 2.1 3,480.00 3,720.00 1,796.10 1,800.00 0.0
E-Waved-40-75-SSTR4 3,480.00 3,840.00 22.4 3,480.00 3,840.00 1,775.80 1,800.00 0.0
E-Waved-40-75-SSTR5 3,180.00 3,300.00 387.1 3,180.00 3,300.00 1,411.00 1,800.00 0.0
E-Waved-40-75-SSTR6 2,943.50 3,060.00 45.6 3,000.00 3,060.00 1,752.20 1,800.00 0.0
E-Waved-40-105-SSTR1 6,840.00 6,840.00 0.8 6,840.00 6,840.00 1.3 3.3 -5.8
E-Waved-40-105-SSTR2 5,991.10 6,000.00 73.1 6,000.00 6,000.00 1.4 75.9 -2.9
E-Waved-40-105-SSTR3 5,567.10 5,580.00 35.9 5,580.00 5,580.00 1.4 38.6 -3.1
E-Waved-40-105-SSTR4 6,300.00 6,300.00 0.5 6,300.00 6,300.00 1.4 3.2 -6.3
E-Waved-40-105-SSTR5 5,753.30 5,820.00 11.3 5,760.00 2,760.00 17.3 33.2 0.0
E-Waved-40-105-SSTR6 5,480.00 5,520.00 3 5,520.00 5,520.00 1.6 6.2 0.0





4 Impact of Warehouse Capacities on
Vehicle Routing

4.1 Introduction

Deliveries of products to customers within predefined time windows are a common
service requirement in many modern supply chains. For example, a timely delivery of
shipments is important in B2C distribution channels, such as online groceries (Agatz
et al., 2011), retail stores (Spliet & Gabor, 2014) and shipment consolidations in
cross-dock facilities (Dellaert et al., 2018). Consequently, many companies impose
time windows on the delivery of orders. The way in which these time windows are
defined and distributed across customers has an impact on the cost and performance
of delivery operations (Quak & de Koster, 2009; Akyol & De Koster, 2013, 2018).
Delivery time windows also have significant implications on warehouse operations.
Warehouse managers have to ensure that items are picked from warehouse locations
and prepared for shipment in a timely manner so that vehicles can depart from the
warehouse at an appropriate time. The planning of warehouse operations is particularly
challenging because multiple constrained warehouse processes interact, and these
processes have to be carefully planned to ensure a timely departure of orders from the
warehouse and consequently a timely order delivery at customer locations. However,
most literature on vehicle routing overlooks the internal warehouse constraints and
only focuses on the distribution of items between the warehouse and delivery locations,
either computationally (Laporte, 2009; Spliet & Gabor, 2014) or empirically (Quak
& de Koster, 2009; Akyol & De Koster, 2013, 2018). The inherent underlying
assumption in these works is that a secondary distribution is more expensive than
other related processes in the supply chain, and warehouse managers have sufficient
capacity at their disposal to easily absorb and accommodate any routing needs without
any additional financial burden. In practice, however, vehicles may not be ready
to be loaded when warehouse constraints are not taken into consideration (Rijal
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et al., 2020). As a result, we have observed cases in practice where the warehouse
processes have become overwhelmed to execute the vehicle routes that have been
generated without consideration of these warehouse operations. In some cases, the
distribution plan was even rendered infeasible as it violated warehouse capacity
constraints. These circumstances highlight the conflicting objectives of transportation
managers and warehouse managers. Additionally, the costs incurred at warehouses
make up a larger share of the overall supply chain costs than transportation (Alicke
& Lösch, 2010). This is particularly the case in the retail industry, which is largely
affected by delivery time windows (Akyol & De Koster, 2013). Therefore, there
exists a need and opportunity for warehouse and transportation managers to jointly
optimize warehouse and transportation activities such that more efficient system-wide
operations are achieved. The goal of this paper is to determine under which operating
conditions managers should optimize warehouse operations jointly or even before the
transportation processes.

In the following, we describe the three most important warehouse processes that
managers need to consider when constructing vehicle routes with time windows that
dictate the execution of these warehouse processes:

i. Order picking is the process of retrieving items from storage locations in the
warehouse to fulfill customer orders (De Koster et al., 2007). The order picking
capacity is restricted by the number of available robots in automated warehouses
(Azadeh et al., 2019), or by the number of scheduled order pickers at different times
of the day in warehouses where order picking is performed manually (De Koster
et al., 2007). Especially in the latter type of warehouses, this capacity fluctuates
during the day due to different shifts of employees and break times.

ii. Staging is the activity of preparing the items that have been picked for the
shipment. It is normally identified for the purpose of consolidating shipments
to a single destination. Consequently, this process negates the need for perfect
synchronization of order picking and loading of vehicles. The staging area is
usually located directly behind the dock doors of a warehouse. In many Asian
and Western European warehouses this space is severely restricted in comparison
to the daily order picking output of the warehouse. Once a staging area is fully
occupied, order picking operations have to be halted and vehicles have to be
loaded and dispatched before additional items can be sent to the staging area.

iii. Loading is the process of physically moving items onto vehicles and is therefore
the last process performed at the warehouse. It serves as the interface between



4.1 Introduction 179

warehouse operations and route planning of delivery vehicles. The loading capacity
of vehicles is restricted by the number of available dock doors as well as the number
of loading personnel and available equipment in the warehouse. Vehicles can
only be dispatched from the warehouse once they are loaded with all items that
have to be delivered on their route. Upon vehicle dispatch, the staging space is
released for other items to be picked and staged.

The interactions between the warehouse processes and transportation planning is
visualized in Figure 4.1. As the staging process is at the heart of the warehouse
operations, the size of the staging area as well as the speed at which it can be filled
(through order picking) and be vacated (through loading) determine whether these
warehouse processes need to be considered when constructing vehicle routes. In
particular, a small staging space requires the joint planning of order picking and
loading. Furthermore, if vehicles are required to be loaded earlier in order to vacate
staging space for later shipments, any additional costs associated with the early use
of the vehicle and truck driver cannot be overlooked. Therefore, when warehouses
have a limited order picking capacity, a small staging area, or a limited number of
loading docks, it becomes necessary to use a more holistic approach to the planning
of order deliveries and vehicle routing (Rijal et al., 2020).

Order picking Staging Loading Routing

Figure 4.1: Warehousing and transportation processes considered in this paper

The guiding research question for this paper is: “Under which conditions should
managers jointly plan warehouse operations and transportation for warehouses with
limited order picking, staging and loading capacity such that orders are delivered in
their respective time windows?" A handful of papers have partly considered warehouse
operations when constructing vehicle routes. Dabia et al. (2019) integrate a limited
loading capacity at warehouses in vehicle routing problems with time windows. In
their problem formulation, the warehouse has shift- (or time-) dependent loading
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capacities that are taken into consideration when the vehicle departure from the
warehouse is scheduled. They do not consider any additional warehousing processes
such as staging or order picking limitations. From the warehousing perspective, Moons
et al. (2017, 2019) propose a model that integrates order picking and vehicle routing
with time windows. In their problem, customer orders become known to the warehouse
dynamically, and the warehouse manager needs to determine a sufficient number
of temporary employees to ensure that orders are picked and delivered within their
respective time windows. The operational context of their work may appear closely
related to ours. However, staging and loading are two important processes that are
overlooked in their approach. In e-commerce, packages are small and large staging
spaces or loading capacities may not be required. However, staging and loading
constraints present significant challenges in many warehouses (and particularly in
retail warehouses). Using the terminology from machine scheduling, the works of
Dabia et al. (2019) and Moons et al. (2017, 2019) can be considered as single machine
scheduling problems (either order picking or loading) together with vehicle routing.
In contrast, our problem is equivalent to a two-stage machine scheduling problem (i.e.,
order picking and loading) with a finite buffer (i.e., staging). This requires different
models and solution procedures. We contribute to the literature by developing a more
general vehicle routing model that incorporates order picking, staging and loading
processes. In addition, we provide a solution methodology that is based on dynamic
programming, which can be adapted readily to many applications where warehouse
operations are constrained and have an impact on transportation.

The outline of our paper is as follows. In Section 4.2, the relevant literature is discussed.
The model formulation of the problem and the algorithm to solve the problem are
presented in Section 4.3 and Section 4.4, respectively. Computational experiments
and managerial insights generated from a case study are reported in Section 4.5. The
paper concludes in Section 4.6 with our final remarks and a discussion how to extend
our work.

4.2 Literature Review

In this section, we provide an overview of three streams in the literature that are
relevant to our study: vehicle routing with time windows, capacitated warehouse
planning, and integrated production and distribution.
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4.2.1 Routing problems with time windows

The vehicle routing literature is vast and varied. In this section, we only discuss vehicle
routing problems with hard time windows (VRPTW), which require that customers
have to be visited within a specified time interval. In particular, we emphasize studies
that combine warehouse processes with the routing of vehicles.

Several studies have empirically investigated the impact of hard time window con-
straints on secondary distribution costs. One of the main insights is that tighter and
overlapping time windows across cities lead to a non-linear increase in transportation
costs (Muñuzuri et al., 2005; Quak & de Koster, 2007). However, most studies focus
on computationally solving VRPTW with the development of exact algorithms that
find an optimal solution (Desrochers et al., 1992; Kohl et al., 1999; Kallehauge et al.,
2005; Desaulniers et al., 2008; Baldacci et al., 2011) or heuristic procedures that
find close-to-optimal solutions (Savelsbergh, 1985; Solomon, 1987; Cordeau et al.,
2001; Ropke & Pisinger, 2006a; Vidal et al., 2012). In these studies, the aim is to
minimize the total travel distance of vehicles. An exception includes Savelsbergh
(1992), who presents an edge-exchange mechanism for the problem where the objective
is to minimize the total travel duration since vehicles might have to wait at customer
locations before they can unload the orders. Similarly, Tilk & Irnich (2017) propose
a dynamic programming approach for the same problem but with only one vehicle.
They refer to the problem as the minimum tour duration problem (MTDP).

Regardless of the objective function, whether it minimizes distance or duration, all of
the aforementioned studies assume decoupled warehousing and distribution decisions.
These problems assume that all units that have to be shipped are already picked and
available for shipment at the beginning of the planning horizon (i.e., the ready time
equals t = 0), and the authors ignore the interaction with warehousing processes. A
separate class of vehicle routing problems exists where orders have heterogeneous
ready times (or release times) (Cattaruzza et al., 2016). However, the release times in
these problems are input parameters that are determined a priori and are not part of
the decision-making process.

Hempsch & Irnich (2008) study routing problems where multiple vehicle routes
compete for limited resources. For example, vehicles require loading capacity at the
warehouse. As discussed in Section 4.1, this directly affects the departure times of
other vehicles from the warehouse. This class of problems are called routing problems
with intertour resource constraints. For a variety of routing problems with intertour
resource constraints, Irnich (2008b) presents a unified local search procedure that is
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based on resource extensions along a giant route representation of a solution, where
a giant route represents a sequence of individual routes based on relevant time and
space information. As an example, the sequence in which trucks depart from the
warehouse can be the order in which routes are represented in the giant route.

Van der Zon (2017) and Dabia et al. (2019) investigate the so-called vehicle routing
problem with time windows and shifts, which belongs to the family of routing problems
with intertour resource constraints. In these papers, a shift defines a continuous
duration of time during which the scheduled loading capacity of the warehouse
remains constant. The aim of the problem is to generate routes that minimize the
total travel distance of routes without violating the loading capacity of each shift
(i.e., hard limit) or where these loading capacities can be exceeded with some penalty
(i.e., soft limit). Similar to the previously described routing problems, this problem
also assumes that the order picking and staging capacities of the warehouse are not
constrained. Van der Zon (2017) presents an adaptive large neighborhood search
algorithm for the problem with a soft loading capacity limit, and Dabia et al. (2019)
present an exact branch-price-and-cut algorithm for the problem with a hard loading
capacity limit. In the same nomenclature, we can also classify our problem as a
routing problem with intertour resource constraints. However, the crucial difference is
that we have three separate resources - order picking, staging and loading capacities -
which in turn interact with each other as well as with the vehicle routes.

4.2.2 Capacitated warehouse planning

Numerous processes exist upstream of the warehouse and can be classified into
replenishment, order picking, packing, loading, shipping and processing returns
(De Koster et al., 2007). The specification of each of these processes can vary across
warehouses. However, the largest effort by warehouse managers is usually placed
on optimizing the order picking process as this contributes to the majority of the
warehousing costs (De Koster et al., 2007). Productivity gains in the order picking
activities can be achieved by batching orders (Gademann et al., 2001), generating
more efficient routes (Roodbergen & de Koster, 2001), and assigning orders to pickers
based on personal traits of the pickers (Matusiak et al., 2017).

In the warehousing literature, the general assumption is that the ready times of orders
(i.e., the time at which an order is picked and ready for shipment) are not constrained.
Some exceptions include Elsayed et al. (1993) and Elsayed & Lee (1996) who consider
deadlines of orders in automated warehouses as well as Henn et al. (2012), Scholz et al.
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(2017) and Van Gils et al. (2018a) who minimize the tardiness of orders in manual
warehouses by assigning and sequencing orders to order pickers. Rijal et al. (2020)
propose an order picker scheduling problem that generates workforce schedules for
multiple shifts by assigning and sequencing orders to order pickers while ensuring that
the staging time windows of orders are respected. The staging time windows in their
problem arise from the interaction between the time windows when vehicles have to
depart the warehouse and the limited staging space. These staging time windows are
determined apriori and serve as input for their warehouse optimization problem.

In practice, we observe that departure deadlines of orders that are generated by solving
a vehicle routing problem first and then imposing these deadlines on the warehouse
puts a significant strain on warehouse processes. In some cases, vehicles cannot depart
before the specified departure time because of limitations in the warehouse processes.
Jointly optimizing warehouse operations and routes for vehicles does not only overcome
these challenges but also provides an opportunity to achieve a lower system-wide cost
of operations. However, none of the studies in the warehousing literature investigate
the simultaneous planning of vehicle routing together with warehouse operations.

4.2.3 Integrated production and distribution

When the ready times of shipments from facilities are jointly derived together with
the problem that considers production scheduling and vehicle routing, this category
of problems are called the integrated production scheduling with outbound distribution
scheduling problem (Chen & Pundoor, 2006; Chen, 2010). In many applications,
the perishable nature of products makes it necessary to determine production and
delivery decisions in an integrated manner. For instance, the production schedule and
distribution processes are jointly optimized for the delivery of mixed concrete (Naso
et al., 2007; García & Lozano, 2004; Garcia et al., 2004; García & Lozano, 2005),
fixed life adhesives (Armstrong et al., 2008), newspapers (Hurter & Van Buer, 1996;
Van Buer et al., 1999; Chiang et al., 2009) or nuclear medicine (Lee et al., 2014).
Because of the complexity of the integrated problem, many studies make context-
specific simplifying assumptions such as a single production machine, a single vehicle
or vehicles with infinite capacities (Potts, 1980; Hall & Shmoys, 1989; Woeginger,
1998; Zdrzałka, 1995; Lee & Chen, 2001).

Almost all papers in the literature consider industrial applications with a fixed number
of machines, either single machine (Garcia et al., 2004; Geismar et al., 2008; Garcia
et al., 2004; Low et al., 2013, 2014; Amorim et al., 2013; Belo-Filho et al., 2015) or
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multiple parallel machines (Lee et al., 2014; Farahani et al., 2012; Amorim et al.,
2013; Belo-Filho et al., 2015). These problems are categorized by industrial settings
where changing the number of machines is not an operational decision. Moons et al.
(2017) is the only work that considers the number of employees as part of the decision
problem. The authors present a mixed integer linear programming (MILP) model
that integrates the order picking problem with the vehicle routing problem in an
offline fashion for an online setting where orders with delivery time windows arrive
dynamically. These arrival times are considered the release times of orders for the
warehouse. The objective of the problem is to minimize the sum of the transportation
cost (which is approximated by the duration) and the cost of order picking such that
all orders are delivered in time.

To the best of our knowledge, only Moons et al. (2017, 2019) consider the interaction
between order picking and transportation activities in an integrated manner. The
choice to only consider order picking is justified as the focus of their study is on B2C
online warehouses where shipment sizes are usually small and staging and loading
operations are not likely to have an impact on order picking or routing decisions.
However, in long distance multi-echelon distribution or retail warehousing, orders have
a substantial volume and they constrain the staging space and loading operations. As
we will see in the following section, incorporating these processes in the vehicle route
planning problem is important and definitely not trivial.

4.3 Problem Description and Model Formulation

In this section, we discuss the details of the problem and we present a model formulation
of the problem.

4.3.1 Problem description

The description of the vehicle routing component of the problem is identical to the
traditional vehicle routing problem with time windows (Solomon, 1987). We extend
this description with warehouse processes that constrain the departure time of trucks
from the warehouse (i.e., the start time of each route).
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Vehicle Routing

The network of the warehouse and all customer locations is represented by a graph
G = (V ′, A) , where V ′ indicates the set of vertices and A the set of arcs. A set of n
customer locations is indicated by the vertices V := {1, 2, . . . , n}. The warehouse is
represented by node 0 to indicate vehicle departures from the facility, and by node
n+ 1 to indicate vehicle returns to the warehouse. The complete set of locations is
represented by the set V ′ := {0}∪V ∪ {n+ 1}. The travel time between two locations
i and j is given by τij . The service time required at location i is indicated by σi. The
time window for delivery at customer i ∈ V is denoted by [ai, bi], where the service
(unloading) at that customer has to start within this time window. Deliveries to
customers are made with homogeneous vehicles, represented by set K, where each
vehicle has a capacity of Q units. Customer i ∈ V demands a total of qi units. Split
deliveries are not allowed. The planning horizon starts at time 0 and ends at time
Tday.

Order Picking

Within the planning horizon of Tday time units, the order picking activities are
performed by order pickers who can start their shift at different times of the day. The
number of available order pickers at the warehouse fluctuates over time due to these
shifts as well as their break times. Accordingly, we discretize the planning horizon into
a set of time segments S, where a time segment s ∈ S indicates a time interval during
which the number of available order pickers is constant. In particular, the beginning
and ending of a time segment s ∈ S is given by Tbegs and Tends , respectively, and the
number of order pickers within this segment is indicated by ps. For the simplicity of
exposition, we define Tends := Tbegs′ when time segment s′ immediately succeeds time
segment s.

In many warehouse environments, the number of units in an individual order can
be large and the pick routes can be long (e.g., for brick-and-mortar retailers). To
determine the warehouse operations associated with such orders, it is usually sufficient
to include the total number of products in an order (i.e., the order size) rather than
including specific information about individual products (such as the product locations
and distances between product locations in the warehouse). For instance, Çeven &
Gue (2015) use approximate order picking times to represent the workload of orders in
an order picking system. Similarly, we assume that order pickers are identical and are
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capable of picking orders at a rate of µ units per picker per time unit. In a separate
problem (outside the scope of our study), items can be combined to pick routes for
order pickers with the use of a batching algorithm.

As a result, the total number of units that can be picked at any given time in the
planning horizon can be derived by piece-wise linear functions of the time segments.
For a time segment s ∈ S, the number of units that can be picked per time unit
is given by βs := psµ. For a planning horizon with four time segments, Figure 4.2
illustrates how the total order picking capacity impacts the order picking output at
different time segments. The height where the line of a time segment s starts is given
by the overall number of units that can be picked until the beginning of that time
segment, which equals αs :=

s∑
s′=2

(Tbegs′ − Tbegs′−1)βs′ for s ∈ S \ {1} and α1 := 0. Note

that the cumulative order picking capacity is an upper limit on the order picking
output of the warehouse (as illustrated by the solid (blue) line in Figure 4.2), which
is only achieved if there are no restrictions on the staging capacity of the warehouse.

Staging

In large warehouses, staging spaces may be sufficiently large so that no restrictions are
imposed on the order picking process. However, space is limited in most warehouses.
Therefore, staging areas are commonly restricted, and they impose limitations on the
order picking output.

The staging space acts as a buffer between the order picking and loading (or dispatching)
processes. The warehouse has a limited staging capacity of Z units at any time. If the
staging area is fully occupied, order picking activities have to be halted until vehicles
are loaded and dispatched to vacate some space in the staging area. For example, the
number of units in the staging area reaches the staging capacity in the second time
segment of Figure 4.2. As a result, the adjusted order picking output is indicated
by the horizontal dashed (red) line. This illustrates the trade off between routing
and warehousing operations: the overall order picking output of the warehouse can
increase if vehicles are loaded earlier to free the staging space. This is indicated
by the dash-dotted (brown) line in Figure 4.2. However, this may incur additional
transportation costs.
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Loading

Trucks are loaded at dock doors, where D represents the set of identical dock doors.
The loading speed at each dock door is λ units per unit time. This loading capacity
is determined by the type of units handled at the warehouse and the choice of
the equipment used for loading the units. We assume that the loading capacity is
significantly larger than the order picking capacity of the warehouse (i.e., λ� βs for
all s ∈ S). This assumption is not restrictive as the order picking process is typically
more time consuming than the loading process.

Cost of operation

As illustrated in Figure 4.2, warehouse operations can be more productive when a
truck departs early from the warehouse. As a result, a truck might have to wait before
it can deliver the shipment within the delivery time window at a certain customer
location. The usual objective in the VRPTW (i.e., minimizing total travel distance)
does not capture any of these additional waits. Therefore, the objective in our problem
is to minimize the time during which vehicles are used, from the instant loading starts
until they return to the warehouse after completion of the route, while ensuring that
the warehouse operations are feasible. Such an objective function is similar to the
objective in the MTDP (Tilk & Irnich, 2017).

4.3.2 Model formulation

The notation for all input parameters of our vehicle routing problem with warehouse
considerations is summarized in Table 4.1, whereas all decisions variables (including
simplifying notations) are presented in Table 4.2.

In the remainder of this section we discuss the objective function and all constraints
associated with the warehousing and transportation activities that are included in
our problem formulation.

Objective function

The objective in our problem formulation is to minimize the total duration that
vehicles are occupied for loading and transportation (which can include wait times
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Table 4.1: Notations for the input parameters of the problem (both warehouse and
transportation parameters)

Vehicle routing parameters
V set of customer locations
V ′ set of customer locations and the warehouse
A set of arcs
K set of vehicles
σi service time at location i ∈ V ′
τij travel time between locations i and j ∈ V ′
ai start of the service time window at location i ∈ V ′
bi end of the service time window at location i ∈ V ′
qi number of units demanded by location i ∈ V ′
Q capacity of a vehicle

Warehouse parameters
S set of time segments in the planning horizon
Tbegs start time of time segment s ∈ S
Tends end time of time segment s ∈ S
ps number of order pickers available in time segment s ∈ S
µ order picking rate of one order picker (i.e., number of units picked per

unit time)
βs order picking rate in time segment s ∈ S (equals µps)
Z maximum number of units that can be physically located in the staging

area at any time
D set of outbound dock doors
λ loading rate (i.e., number of units loaded per hour)

before a vehicle can deliver the products in the designated time windows of the
customers to visit):

min
∑
k∈K

(
tkn+1 − lk

)
(4.1)

Routing constraints

The transportation of units to customer locations by vehicles, where the delivery is
restricted to a given time interval, is represented by the constraints (4.2) until (4.9).
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Table 4.2: Notation for the decision variables of the problem (including simplifying
notations)

Decision variables
xkij is 1 if vehicle k travels along arc (i, j) ∈ A, else 0
lk start time to load truck k ∈ K
tki start time of order delivery at node i ∈ V ′ by vehicle k ∈ K
ck number of units available at the staging area when the loading of

truck k ∈ K starts
osk total number of units that can be picked until the loading of vehicle

k ∈ K starts if the vehicle is loaded in time segment s ∈ S, else 0
yks is 1 if the loading of vehicle k ∈ K starts in time segment s ∈ S, else

0
uk
′k
d is 1 if the loading of vehicle k ∈ K∪{0} starts after vehicle k′ ∈ K∪{0}

is loaded at the same dock door d ∈ D (where k = 0 indicates a dummy
vehicle index)

Simplifying notations
δ+(i) set of arcs emerging from node i
δ−(i) set of arcs incoming to node i
x(δ+(i))k :=

∑
j∈V

xkij

x(δ−(i))k :=
∑
j∈V

xkji

q(k) :=
∑
i∈V

qix(δ+(i))k

∑
k∈K

x(δ+(i))k = 1 ∀i ∈ V (4.2)

x(δ+(0))k = x(δ−(n+ 1))k = 1 ∀k ∈ K (4.3)

x(δ+(i))k = x(δ−(i))k ∀i ∈ V, k ∈ K (4.4)

tki + σi + τij ≤ tkj +M(1− xkij) ∀(i, j) ∈ A, k ∈ K (4.5)

ai ≤ tki ≤ bi ∀i ∈ V ′, k ∈ K (4.6)

q(k) ≤ Q ∀k ∈ K (4.7)

xki,j ∈ {0, 1} ∀(i, j) ∈ A, k ∈ K (4.8)

0 ≤ tki ≤ Tday ∀i ∈ V ′, k ∈ K (4.9)
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Constraints (4.2) ensure that each customer node i is visited exactly once. Constraints
(4.3) and (4.4) serve as flow conservation constraints: each vehicle k has to leave
and return to the warehouse, and if a vehicle k arrives at node i it also has to leave
node i, respectively. A shipment should be delivered at node j after the delivery
at node i (i.e., the previous customer) is completed by the same vehicle k plus the
travel time between the two locations by constraints (4.5), and the delivery should
occur within the specified time window according to constraints (4.6). The number
of units delivered in a route cannot exceed the loading capacity of a vehicle k based
on constraints (4.7). Constraints (4.8) and (4.9) indicate the domain of the decision
variables for the routing component of the problem.

Order picking and staging constraints

Constraints (4.10) until (4.21) capture the interaction between the order picking and
staging activities and the time when the loading process of a vehicle can start.

lk−1 ≤ lk ∀k ∈ K \ {1} (4.10)

lk ≥
∑
s∈S

T begs yks ∀k ∈ K (4.11)

lk ≤
∑
s∈S

T ends yks ∀k ∈ K (4.12)∑
s∈S

yks = 1 ∀k ∈ K (4.13)

oks =
(
αs + βs(lk − T begs )

)
yks ∀s ∈ S, k ∈ K (4.14)

c1 ≤
∑
s∈S

o1
s (4.15)

ck ≤ ck−1 − q(k − 1) +
∑
s∈S

oks −
∑
s∈S

ok−1
s ∀k ∈ K \ {1} (4.16)

ck ≤ Z ∀k ∈ K (4.17)

q(k) ≤ ck ∀k ∈ K (4.18)

0 ≤ ck, lk ∀k ∈ K (4.19)

0 ≤ oks ∀k ∈ K, s ∈ S (4.20)

yks ∈ {0, 1} ∀k ∈ K, s ∈ S (4.21)
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Constraints (4.10) determine the sequence in which the loading of vehicles start.
Constraints (4.11) and (4.12) determine the corresponding time segment in which
the loading of vehicle k starts. Note that the optimal time to start the loading of
a vehicle is also affected by the availability of dock doors, which is explained later.
Constraints (4.13) force each vehicle k to be loaded in one of the time segments s ∈ S.
Even unused vehicles are scheduled to be loaded at one of the time segments but with
zero units. The total number of units that can be picked until the loading of vehicle
k starts in time segment s is given by constraints (4.14). Together with constraints
(4.14), constraints (4.15) and (4.16) determine the number of units at the staging
area when the loading for vehicle k starts, and constraints (4.17) limit the number
of picked units that can be staged at any time. Finally, constraints (4.18) ensure
that vehicle k can only be loaded with the number of units that are available at the
staging lanes. Constraints (4.19) to (4.21) define the domain of the decision variables
associated with the order picking and staging processes.

Dock-door specific loading capacity constraints

The sequence in which the loading of vehicles starts at each dock door d ∈ D is
recorded by the decision variables uk′kd . The following constraints represent dock-door
specific loading activities.

tk0 ≥ lk + q(k)
λ

∀k ∈ K (4.22)

lk ≥ tk
′

0 −M(1− uk
′k
d ) ∀k, k′ ∈ K, d ∈ D (4.23)∑

k∈K

u0k
d ≤ 1 ∀d ∈ D (4.24)∑

d∈D

∑
k′∈{0}∪K

uk
′k
d = 1 ∀k ∈ K (4.25)

∑
k′∈{0}∪K

uk
′k
d =

∑
k′∈{0}∪K

ukk
′

d ∀k ∈ K, d ∈ D (4.26)

uk
′k
d ∈ {0, 1} ∀k, k′ ∈ K ∪ {0}, d ∈ D (4.27)

Constraints (4.22) ensure that vehicle k can only depart from the warehouse after it
is fully loaded. Constraints (4.23) allow for a subsequent vehicle k′ to start loading at
the same dock door d when the preceding vehicle k has departed. Constraints (4.24)
ensure that at most one vehicle can be labeled as the first to be processed at dock
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door d. Finally, constraints (4.25) and (4.26) preserve that each vehicle k is assigned
to once to a dock door and there is another (dummy) vehicle assigned before and after
vehicle k at the assigned dock door d, respectively. These constraints are comparable
to the flow conservation constraints in constraints (4.4). Constraints (4.27) define the
domain of the additional decision variables.

The loading operations modelled by constraints (4.22) until (4.27) make the assumption
that the loading resources (e.g., people, pallet trucks) are not shared between dock
doors. This is typical for warehouses where truck drivers load the vehicle themselves.
This implies that the loading operations at a dock door are not constrained by similar
operations at other doors. However, if the same set of loading resources is shared
by all dock doors, this can be easily modeled by assuming that the warehouse has
only one dock door with a loading capacity equal to λ and the constraints (4.23) and
(4.24) as well as constraints (4.26) and (4.27) have to be adjusted accordingly.

Linearization of order picking constraints

Note that the order picking constraints (4.14) are non-linear as both lk and yks are
decision variables. In order to rewrite the problem formulation as a linear model,
these constraints can be replaced by the following inequalities:

oks ≤
(
αs + βs(Tends − Tbegs )

)
yks ∀s ∈ S, k ∈ K (4.28)

oks ≥ αsyks ∀s ∈ S, k ∈ K (4.29)

oks ≤ αsyks + βs(lk − Tbegs ) ∀s ∈ S, k ∈ K (4.30)

oks ≥ αsyks + βs(lk − Tbegs )− Tday max
s∈S
{βs}(1− yks ) ∀s ∈ S, k ∈ K (4.31)

Symmetry breaking constraints

The aforementioned problem formulation still suffers from issues of symmetry that can
negatively impact the performance of commercial solvers when solving the problem.
The routing component of the problem has less symmetry since the start times to
load a vehicle has an impact on the objective function value. Additionally, vehicles
are sequenced in an increasing order of the start times when they are loading, see
constraints (4.10). Symmetry in the assignment of trucks to dock doors can be partially
eliminated by incorporating the following equalities into the model formulation:
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u0,k
k = 1 ∀k ∈ {1, . . . , |min{|D|, |K|}} (4.32)

Constraints (4.32) ensure that the first series of vehicles to start loading are assigned
to dock doors in an ascending order (i.e., the first vehicle is assigned to the first dock
door, the second vehicle to the second dock door, and so on) until all vehicles are
assigned or all dock doors have been exhausted. This pattern of dock-door assignments
can only be used as valid equalities for the first vehicles to be loaded at each dock
door.

The proposed problem is NP-complete as the VRPTW is a special case of our problem.
When we only consider the warehousing operations, the problem is comparable to a
two-stage flow shop problem with a finite buffer. The first stage corresponds to the
order picking operations, staging is the limited buffer, and the loading operations is
the second stage of the problem.

4.4 Solution Procedure

We propose to solve the problem formulated in the previous section as a linear pro-
gramming with dynamic programming and the giant route representation introduced
by Irnich (2008b). Unlike other routing problems, where the cost of an individual
route is not affected by the start time when other routes are loaded, the solution
approach to our problem requires a solution representation that not only captures
information on individual routes but also the sequence in which the vehicles are loaded
at the warehouse. When multiple vehicles compete for the same resources to execute
distinct routes, the start times when vehicles are loaded and the associated use of
limited resources can be readily represented by and extracted from a giant route
(Irnich, 2008b). The giant route representation that we propose enables us to readily
encode the loading times and departure times of vehicles and to evaluate the cost and
feasibility of the solution. The solution procedure relies on a number of key concepts
that we outline first to build intuition for the approach.

For any given route R, the minimal duration represents the shortest time required to
load the vehicle with the units it needs to deliver, to visit the customer nodes and
to return to the warehouse. This includes any waiting time at customer locations if
necessary to adhere to the start of the delivery time windows. Additionally, a route
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incurs only the minimal duration if the loading of the vehicle starts within a time
window between the so-called earliest-minimal-duration-loading-time (ELTR) and
the latest-minimal-duration-loading-time (LLTR). A vehicle cannot execute route
R without violating the delivery time window at one or more customer locations
visited in route R if the loading of the vehicle starts after LLTR. In contrast, it is
feasible for a vehicle to start the loading process before ELTR, but this incurs an
additional cost as the vehicle has to wait before it can deliver the items at one or
more customer locations. Figure 4.3 illustrates how the cost of executing a route
R can be determined as a function of ELTR and LLTR. The values of ELTR and
LLTR depend on the customer locations visited in route R. Therefore, these values
are determined dynamically in the solution approach by adapting the methodology
proposed by Tilk & Irnich (2017) for the MTDP.
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Start time to load a truck

Earliest minimal duration
loading time (ELT)

Latest minimal duration
loading time (LLT)

Minimal duration

Figure 4.3: Duration cost of a route as a function of the time when the truck is
loaded

The solution procedure develops a complete solution by progressively adding customer
locations to routes and routes to the giant route representation. The sequencing of the
routes is determined in descending order of the start times when a vehicle is loaded for
the route, i.e, the first route added to the giant route is loaded last at the warehouse.
In general, it is better for a vehicle to start loading as late as possible (i.e., at LLTR)
as this leaves the most time for the order picking process without additional costs.
However, postponing the loading of all vehicles can capacitate warehouse operations
and render the entire operations infeasible. The proposed solution approach aims to
avoid this outcome by checking and calculating the optimal times when the loading
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of vehicles start. This verification mechanism requires to evaluate the utilization of
loading, staging and order picking resources. To explain the dynamic programming
procedure, we first present the augmented graph, labels, extension functions and
acceleration techniques that are used in the dynamic programming algorithm. An
overview how these components are combined in the DP algorithm is provided in
Section 4.7.1.

4.4.1 Augmented graph

The graph introduced in Section 4.3 requires a number of adjustments to use it in our
solution approach. Consider the set of vertices V ′ that specifies the set of customer
nodes as well as the start and end location of each route. Additionally, vertex 0̃
represents the start of the planning horizon and is added to V ′. All customer nodes
in V are connected to each other by arcs. Furthermore, node n + 1 has outgoing
arcs to each vertex in V and one incoming arc originating from node 0. Similarly,
node 0 has incoming arcs originating from each vertex in V, and two outgoing arcs:
one to node n+ 1 to indicate the start of a new route and one to node 0̃ to indicate
the beginning of the operations. An illustration of this augmented graph with three
customer nodes is represented in Figure 4.4. The solution in the figure has one giant
route where route (0, 3, n+ 1) is loaded at the warehouse before route (0, 1, 2, n+ 1)
is loaded. Note that a vehicle completes only one route and routes are added to the
giant route representation from the right-to-left direction. The associated giant route
representation of the final solution is represented by |0̃|0|3|n+ 1|0|1|2|n+ 1|, where
"|" separates the sequence of the nodes that are visited.

n+ 10̃ 0

1

3

2

V

Figure 4.4: An example of an augmented graph for the dynamic programming
procedure
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4.4.2 Labels

The dynamic program (DP) uses labels to store information on partial solutions. The
hth label with node i as the first visited node in the partial solution is indicated by
the label Lih = (i, R, qRh , lih, l0h, cih, c0h, m̃i

h, T
bw
i , κh, T

Av
h , (V 1

h , . . . , V
|V|
h )), where

• i is the first vertex (or customer node) visited in the partial solution

• R is the incomplete route indicated by the set of vertices in the partial solution,
i.e., a route starting at node n+ 1 which has not yet reached node 0

• qRh is the number of units delivered by a vehicle in route R

• lih is the time when the loading process starts for route R if node i is the first
node to visit in route R

• l0h is the time when the loading process starts for the route that succeeds the
incomplete route R (determined with the DP)

• cih is the number of units at the staging area when the loading process starts
for route R at time lih if node i is the first customer to visit on route R

• c0h is the number of units at the staging area when the loading process starts
for the route that succeeds route R

• m̃i
his the total duration required for loading and transportation of routes added

to the partial solution so far, where node i is the first customer to visit in route
R

• T bwi = (T bw,timei , T bw,duri , T bw,helpi ) represents the time resources for node i,
where

- T bw,timei is the latest start time to visit node i in route R

- T bw,duri is Tday minus the minimal duration required for route R

- T bw,helpi is Tday minus the earliest possible completion time of the route
with the minimal duration

• κh is the number of vehicles used so far in the partial solution

• TAvh := (TAvh,1 , . . . , TAvh,|D|) is a vector of size |D| where TAvh,d represents the latest
time dock door d ∈ D is available

• V vh is 1 if node v ∈ V is visited in the partial solution
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A label represents a feasible solution if the time resources at the nodes are within
the following bounds: T bw,timei ∈ [ai, bi], T bw,duri ∈ [0,Tday] , T bw,helpi ∈ [0,Tday],
qRh ≤ Q, and κh ≤ |K|. The first label is initialized at node n+ 1 as Ln+1

h := (n+
1, ∅, 0,Tday,Tday, 0, 0, T bwi , 1, TAvh , (V 1

h , . . . , V
|V|
h )), where T bwi = (Tday,Tday,Tday),

and TAvh,d := Tday for all d ∈ D.

4.4.3 Resource extension functions

Labels are created and updated with the use of resource extension functions along
four different types of nodes in the augmented graph, where each type represents a
different dimension of the solution: (i) times when vehicles are loaded and departure
from the warehouse, (ii) times when customer locations are visited, (iii) times when
vehicles return to the warehouse, and (iv) the time when all vehicles have completed
the operations for the planning horizon. Unique extension functions (and procedures)
of resources are specified to transition from each of these nodes in the augmented
graph, which are discussed in the remainder of this subsection.

4.4.3.1 Extension to nodes in V

The extension to a node v ∈ V represents a visit to the customer location. This
extension procedure is the most involved and consists of several subroutines: (i) check
the feasibility of a given route R without considering the warehousing operations, (ii)
determine the latest-minimal-duration-loading-time LLTR, (iii) calculate the minimal
cost of route R and (iv) determine the optimal start time to load the vehicle for route
R in the partial solution.

Feasibility check of route R ignoring warehouse constraints: To determine the feasibility
of route R without considering the warehouse constraints, the extension function
fbw(Tj , i) extends the time resources T bwj from node j to node i along the arc (i, j)
for nodes i ∈ V:

T bw,timei = f timebw (Tj , i) := min{T timej − τij − σi, bi} (4.33)

T bw,duri = fdurbw (Tj , i) := min{T bw,durj − τij − σi, T bw,helpj − τij − σi + bj} (4.34)

T bw,helpi = fhelpbw (Tj , i) := min{T bw,durj − aj , T bw,helpj } (4.35)
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If the time resources T bwi are within the feasibility bounds for node i, then the route
can be completed by the vehicle when all warehouse constraints are completely ignored.
The new customer location i is added to R := {i} ∪ R and qRh :=

∑
i∈R

qi. Similarly,

V ih := 1. However, the feasibility and cost of the solution also depend on the latest
time that the loading of the vehicle can start for route R (i.e., lih) and the number of
units required at the staging lane when the loading starts (i.e., cih). To determine lih,
we first need to determine LLTR.

Calculation of LLTR: To determine LLTR, the resources in an auxiliary straight line
graph need to be extended with the use of a forward propagation function. This
is based on the premise that node i is the first node to visit in the route that is
being created. Let ϑR(ñ) denote the last node to visit in route R that consists of
ñ nodes to visit. The auxiliary graph contains two additional nodes: node 0 and
node õ. Node õ indicates the start time to load the vehicle for route R, and node 0
indicates the departures of the vehicle from the warehouse (i.e., when the loading is
completed). For the dummy node õ, the earliest and latest arrival times are 0 and
Tday, respectively. The arc travel time τõ0 := qRh /λ indicates the time required to
load the vehicle for route R. Finally, the service time at node õ equals σõ := 0. An
example of the auxiliary graph is visualized in Figure 4.5. Note that the auxiliary
graph is a straight line graph that is generated with every extension, and it has a
different interpretation and it is significantly smaller than the augmented graph that
has been explained earlier.

0 ϑ1
R ϑ2

R ϑ3
R ϑñ

Rϑñ−1
Rõ

Figure 4.5: Auxiliary graph to determine the latest minimal duration loading time
LLTR

We can determine the minimal duration loading time and LLTR for a route R with
either the forward slack time method (Savelsbergh, 1992), the time warp method
(Vidal et al., 2013) or the forward propagation function (Tilk & Irnich, 2017). We
use the latter approach as it is symmetric to the backward propagation that has
been explained earlier. The resources vector in the forward propagation function is
represented by T fwi = (T fw,timei , T fw,duri , T fw,helpi ). The semantics of the resources
are as follows:

- T fw,timei is the start time to visit (or service) node i
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- T fw,duri is the minimum duration from the start time a vehicle for route R is
loaded until the vehicle returns to the warehouse

- T fw,helpi is the latest possible start time a vehicle for route R can be loaded
while ensuring that it can visit all customer locations within their respective
time windows

The resource vector is initialized at node õ as (0, 0, Tday). The extension function
ffw(Tj , i) extends the resources from node i to node j along the arc (i, j) in a forward
manner until it reaches node ϑR(ñ):

T timej = f timefw (Ti, j) := max{T timei + σi + τij , aj} (4.36)

T durj = fdurfw (Ti, j) := max{T duri + σi + τij , aj − Thelpi } (4.37)

Thelpj = fhelpfw (Ti, j) := min{bj − (T duri + σi + τij), Thelpi } (4.38)

The latest time a vehicle can be loaded without violating the delivery time windows
of the customers in route R is given by LLTR := ThelpϑR(ñ).

So far, the procedure has determined if the incomplete route R is feasible without
considering the warehouse operations, it calculated LLTR and determined the mini-
mum duration of the route without considering other routes that are already added
to the partial solution. Next, the start time to load a vehicle (i.e., lih) is adjusted
(if necessary) to ensure that the warehouse operations are optimized and that it is
feasible to execute route R as well as the other routes that are already added to the
partial solution.

Determine and optimize lih: The latest start time to load a vehicle (i.e., lih) is
determined in two stages. First, only the loading resources are considered to determine
lih. Next, the order picking and staging resources are considered and the value of lih is
adjusted if necessary to satisfy all capacity constraints related to the warehousing
processes.

The value of lih is restricted by LLTR as the vehicle cannot be loaded later than this
value. In addition, a vehicle for route R cannot be loaded after any other route that is
already included to the giant route (i.e., not after l0h) as the solution is constructed in
a descending order when the loading of vehicles starts. Finally, the availability of dock
doors also limits when the loading of the vehicle for a route can start. Consequently,
the latest start time to load a vehicle is given by

lih = min{LLTR, l0h, TAvh,d̃ −
qRh
λ
}, (4.39)
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where d̃ := arg maxd∈D{TAvh,d} is the dock door that facilitates the latest start time to
load the vehicle at the warehouse.

Next, we add the staging and order picking constraints at the warehouse to optimize
the start time when to load the vehicle for route R. Let the function o(t) denote
the cumulative order picking capacity of the warehouse from the beginning of the
planning horizon until time t. The optimal value of lih is then adjusted based on the
following three rules:

Rule 1: If o(lih) < qRh +
∑

i∈{i|V i
h

=0,∀i∈V }
qi + c0h − (o(l0h)− o(lih)), then the incomplete

route R is infeasible. The order picking operations has time until lih to pick the units
for the customers in route R and the units for the customers not yet considered in the
partial solution (i.e., , qRh and

∑
i∈{i|V i

h
=0,∀i∈V }

qi units, respectively). Additionally, at

the start time to load the vehicle for route R, c0h − (o(l0h)− o(lih)) units are required
to be present at the staging area for the routes already added to the partial solution.
If the cumulative order picking capacity o(lih) is smaller than this required number of
units, the solution is not feasible at any cost and the label can be discarded. Otherwise,
rules 2 and 3 are applied to the solution.

Rule 2: If qRh + c0h − (o(l0h)− o(lih)) ≤ Z, then the number of units that are necessary
to be present at the staging area at the time when loading the vehicle for route R is
less than the staging limit. Consequently, the value of lih is feasible and the number
of units at the staging lane can be set to cih := qRh + c0h − (o(l0h)− o(lih)).

Rule 3: If qRh + c0h − (o(l0h) − o(lih)) > Z, then the staging capacity is violated.
Consequently, the start time to load the vehicle for route R has to be moved forward
to the latest time that ensures that the vehicles for the routes that are loaded after the
vehicle for route R is loaded have sufficient time for order picking without violating
the staging limit. The new start time to load the vehicle for route R is then given by
lih := maxt{t|o(t) ≤ o(l0h) + Z − qRh − c0h} and cih := min{Z, o(lih)}. Rule 1 needs to
be reapplied to check the feasibility whether the new value of lih satisfies the order
picking capacity.

The worst-case complexity of the extension functions for all nodes in V is given by
O(n+ log(s)), where n is the number of customer nodes in a vehicle route and s is
the number of time segments in the order picking planning horizon.
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4.4.3.2 Extension to node 0

An extension to node 0 indicates that an individual route in the partial solution has
been finalized. As a result, the associated costs and start time to load the vehicle for
the route can be calculated. We can set l0h := ljh and c0h := cjh. Additionally, we need
to determine the cost of the partial solution.

T bw,timei =gtimebw (Tj , i) := min{T timej − τij −
qRh
λ
, lhi } (4.40)

T bw,duri =gdurbw (Tj , i) := min{T bw,durj − τij −
qRh
λ
, T bw,helpj − τij −

qRh
λ

+ bj} (4.41)

T bw,helpi =ghelpbw (Tj , i) := min{T bw,durj − aj , T bw,helpj } (4.42)

The earliest start time to load the vehicle for route R while respecting the minimal
duration is given by ELTR := max{0, T bw,duri − T bw,helpi }. If the start time to load
the vehicle is between ELTR and LLTR, the cost to execute the new routes (including
route R) equals Tday−T bw,duri . However, if the start time to load the vehicle is earlier
than ELTR, then the duration required by the vehicle to execute route R is given by
Tday − T bw,helpi − lhi . Therefore, the cost of adding route R to the partial solution is
m̃h
i := m̃h

i + max{Tday − T bw,duri ,Tday − T bw,helpi − lhi }.

Furthermore, dock door d̃ facilitates the latest start time to load the vehicle for route
R, such that d̃ := arg maxd∈D{TAvh,d}. The latest time that dock door d̃ becomes
available is adjusted to TAv

h,d̃
:= lih. As the solution is developed in a descending order

of the start time to load the vehicles, the latest time that the remaining dock doors
d ∈ D \ {d̃} are adjusted to TAvh,d := min{TAvh,d , lih +Q/λ}. Note that these updates are
not necessary to determine the optimal start times to load vehicles, but they assist
in performaning dominance checks between solutions, which is explained in the next
subsection.

4.4.3.3 Extension to node n+ 1

A visit to node n+ 1 in the solution representation signifies that a new route is to be
executed by a different vehicle. This requires resetting the following elements of the
label: the vector of time resources is reset to T bwi = (Tday,Tday,Tday), R := {n+ 1}
to indicate a new route, and κ := κ+ 1 to indicate the use of an additional vehicle.
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4.4.3.4 Extension to node 0̃

Finally, once the label reaches node 0̃, all customer nodes are visited in the solution.
All elements of the labels are unchanged. Note that extending a label h to node 0̃
is not done unless all customer nodes are visited in the solution, i.e., V vh = 1 for all
v ∈ V.

4.4.4 Acceleration techniques

To speed up the labeling algorithm and find feasible solutions rapidly, we apply two
acceleration techniques.

4.4.4.1 Dominance rules

If the following conditions hold for two labels Lih and Lih′ , then any possible extension
of Lih′ is also possible as extension of label Lih with no higher costs:

i. qRh ≤ qRh′

ii. lih ≥ lih′

iii. cih ≤ cih′

iv. c0h ≤ c0h′

v. m̃i
h ≤ m̃i

h′

vi. T bwi,h ≥ T bwi,h′ for each element of the vectors

vii. TAvh,d ≥ TAvh′,d for all d ∈ D

viii. V vh ≥ V vh′ for all v ∈ V

When all dominance rules (i) until (viii) apply, this is called complete dominance.
In that case, label Lih′ can be removed from the solution space as it is guaranteed
to result in sub-optimal solutions. When only the dominance rules (i) until (vi)
apply, the problem becomes comparable to the shortest path problem with resource
constraints (Desaulniers et al., 2008). Removing the last two elementary conditions
between labels is called relaxed dominance. In that case, label Lih′ is reserved in a
pool of labels that are only considered for extension if no label remains that is not
dominated by the complete dominance check.
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4.4.4.2 Precedence rule

Besides the dominance rules to discard labels, we also use the precedence check
introduced in the following proposition.

Proposition 4.1. Given two routes R1 and R2, where ELTR1 ≤ ELTR2 , LLTR1 ≤
LLTR2 and qR1 = qR2 , if there exists a feasible solution to the problem, there exists
an optimal solution where the start time to load the vehicles asociated with route R2

is at or after the start time to load the vehicles for route R1.

We refer to Section 4.7.2 for the proof of this proposition.

Proposition 4.1 is directly used to verify whether the routes in a (partial) solution can
be optimal. If that is not the case, the labels associated with those (partial) solutions
are immediately discarded. To further speed up the algorithm, we tentatively relax the
equality condition between the start times to load the vehicles. Consequently we also
eliminate labels where the routes satisfy the three conditions of Proposition 4.1, but the
start times to load the vehicles associated with the routes are equal. Finally, if a partial
solution has two routes R1 and R2 for which ELTR1 ≤ ELTR2 , LLTR1 ≤ LLTR2

and qR1 ≤ qR2 , and the start time to load the vehicle for route R1 is after the start
time load the vehicle for route R2, then the extension of the label associated with the
(partial) solution is postponed by adding it to same pool of labels that are dominated
based on the relaxed dominance rules.

The algorithm uses these acceleration strategies dynamically in the following manner.
First, in order to find feasible solutions rapidly, acceleration strategies are used and
the discarded labels are reserved for later extensions. If no improved solution is found
within 10,000 extensions since the last improvement, acceleration strategies are not
used until an improved feasible solution is found again. This dynamic use of the
acceleration strategies help to find good solutions more rapidly while also paying
attention to improve the lower bounds (see Section 4.7.1 for more details).

4.5 Case study

This section presents a numerical investigation on the performance of the dynamic
programming algorithm proposed in Section 4.4 to solve the problem as formulated in
Section 4.3. The numerical instances are generated based on a case study presented
by one of the largest grocery retailers in The Netherlands. Using a case study
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from practice provides an opportunity to apply realistic values from industry for the
parameters in the problem (such as order picking rate, staging limit, loading rates
and so on). These values are not available from other instances commonly used in the
vehicle routing literature. Another motivation to use a case study is that the results
generated from the experiments provide managerial insights that can be translated
into real-world operations. The solution procedure is implemented in C++ on an i7
3.6 GHz machine with 16 GB of RAM. This section only reports the results for the
dynamic programming algorithm and does not include the performance of commercial
solvers such as Gurobi or CPLEX, as such solvers are not able to generate optimal
solutions or even feasible solutions within a reasonable amount of computation time
(we used a stopping criterion of 1,800 seconds in the experiments that we conducted).

4.5.1 Generation of instances

The instances that we generate have two distinct components: parameters associated
with the network of retail stores (such as location, travel duration and demand) and
the parameters associated with the warehouse operations (such as shift structures of
order pickers, size of the staging area and number of dock doors). A description how
we derived the values for all parameters of the problem is presented in this subsection.

4.5.1.1 Retail store information

The retailer operates four warehouses, where each facility serves four non-overlapping
regions in The Netherlands. In this case study, we focus on the regional warehouse
that supplies the retail stores in the northwest of the country. The region contains 277
store locations of different sizes. Smaller stores tend to be closer toward city centers
while larger stores are further away from a city center. The retailer provided us with
the travel durations between the warehouse and retail stores for predefined routes.
The complete matrix with all travel durations was accessed from Google Geolocation
API, which shows that the closest store is 10 minutes away from the warehouse and
the furthest store is 120 minutes away. On average, it takes 40 minutes to drive
between the warehouse and a retail store location.

The number of deliveries to retail stores ranges between 163 and 317 locations per
day. The daily operations start at 11pm and the earliest arrival time at a customer
location is at least 240 minutes and at most 1,260 minutes after that (with an average
of 850 minutes after the start of the daily operations). The length of the delivery time
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window to start the service at a store location is on average 60 minutes, but can be
as tight as 5 minutes or as large as 3 hours. The average service time (or unloading
time) at a retail store location is 100 minutes.

Deliveries are made to retail stores with trucks that can hold at most 54 roll cages,
which have a standard unit size and are used to consolidate products. The size of
the order delivery to retail stores is measured in terms of the number of roll cages.
The minimum and maximum order size is 3 and 54 roll cages, respectively, with an
average of 27.8 roll cages.

To solve the instances in our experiments within a reasonable amount of time (i.e.,
within 1,800 seconds as stopping criterion), we consider instances with only 10 retail
locations that are sampled from the retailer’s network. To generate instances with a
similar diverse set of characteristics as observed by the reatiler, we develop a number
of scenarios. The store locations in each scenario are based on a clustered or random
sampling strategy (Solomon, 1987). Besides store locations, we use travel time, drop
size, unloading time and time window length to differentiate between retail store
characteristics as proposed by Quak & de Koster (2007).

To select store locations with a clustered sampling strategy, we first create clusters
based on travel distances between the warehouse location and the retail stores. A
clustering technique with complete linkage (Friedman et al., 2001) suggests that
there are three clusters of store locations in the data set. A K-means clustering
technique is applied to allocate each retail store to one of the three clusters (Arthur
& Vassilvitskii, 2007). The store locations in each of the three disjoint clusters and
the warehouse location are shown in Figure 4.6: one cluster contains stores in and
around Amsterdam (cluster 2), whereas the other two clusters contain stores east and
north of the Amsterdam region (cluster 1 and 3, respectively).

The travel time (or distance) between the warehouse and a retail store defines the
structure of the delivery network and the delivery cost. Additionally, the drop size (or
the ratio of the order size relative to the vehicle capacity) determines the utilization
of vehicles as well as the complexity of any vehicle routing solution. A drop size closer
to one indicates a full truck load delivery, and the routing decisions are not necessary
challenging. However, routing decisions become more important and complex when
drop sizes are smaller and multiple customer locations are visited by a vehicle in a
single route. The unloading time (or service time) required to unload a vehicle at a
customer location also has an impact on the usage of the vehicles and the possible
routes that can be constructed. Finally, the time window length to start the unloading
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Figure 4.6: Store and warehouse locations, and clusters of stores based on the travel
time between locations

at retail stores determines the time pressure in our instances. With larger time
windows, the delivery planning becomes more flexible. Figure 4.7a summarizes the
distribution of the travel time, unloading time and arrival time window length as
observed in the retailer’s data with box-and-whisker plots. Figure 4.7b illustrates the
distribution of the drop sizes in the retailer’s data.

In addition to the aformentioned dimensions, Quak & de Koster (2007) also propose
percentage of stores in shopping areas and delivery frequency as other dimensions to
consider when constructing numerical instances for vehicle routing problems. We do
not include these dimensions as they are not relevant to our problem.
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Figure 4.7: Box-and-whisker plot of retail store characteristics in our case study

For each retail location we classify the four delivery dimensions of Quak & de Koster
(2007) as low, medium or high. If the value of a dimension for a store location falls
within the first tercile of the observations across all store locations, it is classified as
low; if the value falls within the first and second tercile, it is classified as medium;
and otherwise it is classified as high. This approach is taken for all dimensions except
for the travel time as travel time and store locations are related. To classify the travel
time of a particular store location as one of the three levels, we use the terciles of
the observations across all store locations of the same cluster that the store location
that we are classifying belongs to. Otherwise, most store locations that are classified
at the low level for the travel time would belong to cluster 2. This would result in a
bias towards the clusters when store locations are randomly sampled from the same
level of the travel time dimension. The threshold values for the three levels of each
dimension are presented in Table 4.3. This results in 162 combinations for the store
characteristics.

4.5.1.2 Warehouse information

Outbound trucks are loaded at 29 dock doors which are used with different intensity
levels across the week. The demand for dock-door availability is reflected by the
number of vehicles (or routes) departing from the warehouse. However, the number of
vehicle departures is determined when routes are constructed. A reasonable estimator
for the potential utilization of dock doors before routes are constructed is the number
of customer orders per dock door per day. This value indicates the highest possible
utilization of dock doors, because at the worst case a unique vehicle will be required
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for each customer. In the data set, the number of customers per dock door ranges
between 5 and 10 orders, with an average of 8.5 customer orders per dock door. In
our instances, the customer-to-dock-door ratio is set at 10 for scenarios with a high
utilization and at 5 for scenarios with a low utilization.

Truck drivers load vehicles at a rate of 15 minutes for a full truck load of 54 roll cages.
Dabia et al. (2019) set the value of the loading rate by dividing the planning horizon
into three non-overlapping shifts, where an equal loading capacity is used in each
shift. The authors use a loading rate equal to 105%, 120% or 150% of one third of the
daily loading demand. Moons et al. (2019) use a fixed loading time of 20 minutes per
vehicle regardless of the quantity loaded into the vehicle. We believe that a constant
loading time per roll cage is a more accurate representation than a constant loading
time per truck. Therefore, we use a loading rate of 54 roll cages in 15 minutes as
observed in the retailer’s data.

Data regarding the utilization of the staging area was not shared by the retailer.
However, we relate the total size of the staging area to the daily outbound volume.
On the day with the lowest demand (i.e., sum of the order sizes), the staging area
can hold 59.5% of the daily output at once. On the most challenging day, the staging
space can hold only 31.2% of the daily output at any given time. To mimic the impact
of a limited staging area, the size of the staging space is set to 30%, 45% and 60%
of the daily outbound volume in our numerical instances (indicated by low, medium
and high levels, respectively).

The order pickers work in three 9-hour shifts starting at hour 0, 8 and 9 (where hour
0 represents the starts of the day at 11pm). They have a 15-minute coffee break
after two hours of the start of their shift, a 30-minute lunch break after 3.5 hours
and another 15-minute coffee break after 6 hours. Figure 4.8 shows a Gantt chart
of the three order picking shifts. The orders are picked in batches of 5 roll cages
at a time, and each batch requires two hours to complete. In Gong & De Koster
(2008) and Moons et al. (2019), the time to pick an order ranges between 10 and 27
minutes for an e-commerce environment, where orders have an average size of three
lines. We decided to use the same order picking rate as observed by the retailer to
maintain consistency, and any deviation can unintentionally impact the feasibility of
our numerical instances. The difference in order picking rate can be explained by the
fact that our case study is from an offline retailer instead of an online retailer.

It is a complicated process to determine the appropriate number of order pickers for
each shift. Currently, the company’s warehouse managers do this based on experience
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and intuition. Rijal et al. (2020) present a methodology to schedule order pickers
when the staging of orders have time windows that are determined after the start
times to load the vehicles are established. We cannot use the same procedure to
solve the problem in this paper as the start times to load the vehicles are part
of the decision variables. However, the procedure presented in Section 4.4 can be
adapted to derive the minimum number of order pickers for each shift in the following
manner. Let the latest start time to load the vehicle for retail store location j ∈ V
be defined as l̂j := (bj − τ0j − qj/λ). However, because of the staging limit and the
number of available dock doors, this latest start time l̂j may not be feasible for all
customer locations j ∈ V and may have to be adjusted accordingly. The adjustment
is determined by applying a relaxed version of the dynamic programming algorithm
proposed in Section 4.4. The new latest start time to load the vehicle is denoted by
l̃j and has to adhere to the ascending order of the start times to load the vehicles at
the warehouse (i.e., in the ascending order of l̂j). Initially, the size of the staging area
and the number of available dock doors are set at low levels (i.e., 30% of the daily
output and one dock door, respectively), whereas the number of available pickers
is set to infinity. The actual number of order pickers can be determined once the
tentative start times to load the vehicles are determined. Let ωi indicate the minimum
number of order pickers in shift i ∈ {1, 2, 3}. The values for these variables can be
found by minimizing the value of

∑
i∈{1,2,3}

ωi subject to the order picking requirements

associated with the start times l̃j to load the vehicles for all customer orders j ∈ V.
This requires us to solve a simple linear programming model (see Section 4.7.3 for the
details of this problem formulation). The values of ωi are directly used as the number
of order pickers for each shift when the order picker availability is set to a scenario
with a low level in the numerical instance. When the order picker availability is set
to a medium or high level, the number of order pickers is increased by 25% or 50%,
respectively.
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A summary of the dimensions for the warehouse operations and its threshold values
are presented in Table 4.3. With 162 combinations for the store characteristics in the
distribution network and another 18 combinations for the warehousing characteristics,
this reslts in a numerical test bed that contains 2,916 instances.

4.5.2 Performance of DP algorithm

Table 4.4 summaries the results on the performance of the algorithm developed
in Section 4.4, where we distinguish between instances with clustered and random
store locations. Instances solved indicates the number of instances that is solved to
optimality as well as the total number of instances considered. Optimality gap %
indicates the average percentage gap between the upper and lower bound as determined
within the run time for the instances that are not solved to optimality. The average
increase in the total routing costs (i.e., the total duration that vehicles are occupied)
due to the warehouse limitations is calculated as %∆(cost) = (z(C)−z(U))/z(U)×100,
where z(C) is the objective function value of the best solution found by the dynamic
programming algorithm for the instance with capacitated warehouse parameters, and
z(U) is the objective function value of the best solution if warehouse resources are
unconstrained (i.e., the number of dock doors, the number of order pickers and the
size of the staging area are infinite). Finally, CPU reports the average computation
time required to find the best (or optimal) solution for the instances.

The results show that the proposed solution procedure generates near-optimal solutions.
For all except for 16 of the 2,916 instances, an optimal solution is found within the
time limit of 1,800 seconds, with an average computation time of 50.4 seconds. For the
instances not solved to optimality, the average gap between the best found solution
and the lower bound as determined within 1,800 seconds is 4.9% (with a maximum of
10.0%). However, when the algorithm runs for two hours instead of 1,800 seconds,
the same solution is proven to be optimal for all of these 16 instances. Consequently,
we conclude that an optimal solution is found for all instances within 1,800 seconds,
only the lower bound might not have converged within that time restriction.

The required computation time to solve the instances depends on the level of the
dimensions that specify the instances. Concerning the store characteristics in the
vehicle routing network, the direct travel time between the warehouse and the retail
stores (F = 26.02, p < 0.01), the drop size (F = 62.92, p < 0.01) and the length of
the delivery time windows (F = 97.35, p < 0.01) have a significant impact on the
computation time. In the warehouse characteristics, only the number of available
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dock doors (F = 3.98, p < 0.03) and the size of the staging area (F = 5.43, p <
0.03) have a significant impact on the run time. The other dimensions that specify
the characteristics of the instances have no statistically significant impact on the
computation time.

4.5.3 Impact of limited warehousing resources

Figure 4.9 presents a comparison between the routing solutions with limited warehous-
ing resources and routing solutions that are not constrained by warehouse operations.
It shows the relative increase in the total route duration (i.e., the objective function
value), the relative increase in the total number of vehicles (or routes) and the absolute
increase in route duration per vehicle when averaging the results over one level for the
dock door utilization, size of the staging area or availability of the order pickers. From
the results in Figure 4.9a it becomes clear that the limited availability of warehousing
resources has a significant impact on the total duration of the optimal routes. In
particular, the objective function value increases on average by 2.3% when warehouse
resources are constrained. The size of the staging area has the largest impact: when it
is restricted to 30%, 45% or 60% of the daily output, this leads to an increase of the
total duration for the optimal routes by 5.14%, 1.18% or 0.43%, respectively. When
the availability level for the order pickers is set to low, medium or high, the total
duration of the optimal routes increases by 3.87%, 1.75% or 1.14%, respectively. The
levels of utilization for the dock doors do not have a significantly different impact on
the total duration of the optimal routes. This is because the loading time for each
vehicle is small compared to the picking time of orders.

The availability of the order pickers has the largest impact on the number of vehicles
(or routes) that are needed. Compared to the instances with no constrained warehouse
operations, the average number of vehicles increases from 7.6 to 7.9 over all instances
(i.e., an increase of 3.89%) when the order picker availability is low. See Figure 4.9b
for more details. When we consider the change of the route duration for individual
vehicles, Figure 4.9c illustrates that the size of the staging areas has again the most
significant impact. In particular, the total route duration over all vehicles increases
more than the increase in the number of vehicles needed when the staging area is
constrained to low levels, which results in an average increase of 3.54% for the route
duration of a vehicle. In contrast, when the staging area is hardly restricted (i.e., it
has a high level), there is a small increase in the total route duration over all vehicles
(on average only 0.43%) but the number of required vehicles to perform these routes
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increases by 1.47% on average, such that the route duration per vehicle decreases by
1.11% on average.

Based on the previous results, it is concluded that the size of the staging area and the
availability of the order pickers have the largest impact. When the restrictions on the
two warehouse resources are combined, this has an even larger effect on the increase
of the total duration of the optimal routes (F = 14.79, p < 0.01 after controlling for
the main effects). The impact when restrictions on the staging area and the order
picker availability are combined is illustrated in Figure 4.10 (similar to Figure 4.9).
Besides the average impact, this figure also includes the 95% confidence interval for
each of the three performance measures. It shows that the effect of additional staging
area space is larger when the order picking workforce is limited and vice versa. When
the warehouse is severely constrained in the number of order pickers and the size of
the staging area, the average increase in total route duration is 8.3% compared to the
solutions where the warehouse resources are not constrained (see Figure 4.10a), and it
can be as high as 91.5%. Figure 4.10b illustrates that the impact of the staging area
on the number of routes (or vehicles needed for the transportation) is minor, regardless
of the order picker availability. This corresponds to our conclusion from Figure 4.9b.
However, the size of the staging area and the availability of order pickers have a
significant combined impact on the route duration per vehicle (F = 7.01, p < 0.01 after
controlling for the main effects). Similar to the impact on the total route duration,
the staging space has a larger impact on the route duration per vehicle when the
order picker availability is low (see Figure 4.10c). Based on these figures, we conclude
that limited warehouse resources are compensated by the deployment of more vehicles
and some of the vehicles have to be loaded at the warehouse earlier to free space
in the staging area compared to routing plans where warehouse resources are not
constrained.

4.5.4 Managerial Insights

The trade-offs between the utilization of order pickers, the utilization of the staging
area and the total duration of the optimal routes become clear from Figure 4.10.
When the available space for staging is high, the savings in the total vehicle duration
from employing additional order pickers are only marginal. In warehouses with
severely limited staging space, if transportation managers are willing to accept an
average increase of the total duration of routes by 8.4%, the warehouse managers can
operate the warehouse with 50% fewer order pickers (when comparing the order picker
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availability from high to low). However, the validity of this decision relies on the
relationship between the cost for order pickers, vehicles and truck drivers. To better
understand these trade-offs between the objectives of warehouse and transportation
managers, the system-wide cost needs to be studied. In this case study, we use
an hourly cost rate to use a large rigid truck in The Netherlands of e20 and the
hourly wage for a truck driver is e21 (Quak & de Koster, 2009). The hourly wage
for an order picker is set as 50%, 100% or 150% of the hourly wage for a truck
driver (corresponding to low, medium or high levels for the cost of the order picking
operations). Furthermore, the cost of a truck-trailer combination is approximately
e160,000, which depreciates on average over 7 years (Janssen et al., 2015). We assume
that a working week consists of 7 days and there are 48 working weeks in a year.

Figure 4.11 shows the average total transportation costs and the average total costs of
order picking for different levels of the hourly wage for order pickers, the availability
of order pickers and the size of the staging area. Details on these costs are provided
in Section 4.7.4. It becomes apparent that the cost of additional order pickers cannot
be offset by the savings that can be generated in transportation costs when more
order pickers are available. This observation is consistent in all instances regardless of
their characteristics for the store locations, travel time, drop sizes, unloading time or
time window length. This finding suggests that logistics managers should re-evaluate
the conventional focus to prioritize the optimization of routing costs over warehouse
costs when warehouses have significant operational constraints. Particularly when
the number of available order pickers or the size of the staging area is limited, supply
chain management should give precedence to the objectives of warehouse managers
over the isolated optimization of vehicle routes.

4.6 Conclusion

In this study, we investigate the joint planning of warehouse operations and trans-
portation for warehouses with limited capacities for order picking, staging and loading
when deliveries are dictated by time windows. Most work in the vehicle routing
literature does not include any warehouse limitations, and only a handful of papers
have incorporated just one warehousing aspect when deciding on the delivery planning.
This paper contributes to the vehicle routing and the warehouse planning literature
by presenting an integrated model that captures the interactions between the three
most important warehouse processes (i.e., order picking, staging and loading) and the
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planning of delivery routes with time windows. We develop a dynamic programming
algorithm to solve the problem exactly.

To gain managerial insights into the impact of warehouse restrictions on routing costs,
we have performed extensive numerical experiments on instances that are generated
from industry data. The results indicate that when warehouse resources are restricted
(particularly the availability of the order picking workforce and the size of the staging
area), the delivery plans have to be adapted to consider these warehouse restrictions.
When the cost for order picking and transportation are analyzed, it becomes clear
that the costs associated with additional order pickers to alleviate the order picking
restrictions are significantly higher than the savings in the transportation costs (both
trucker driver and vehicle costs). This statement remains true even when the hourly
wage for an order picker is only 50% of the hourly wage for a truck driver. For instance,
when the order picker availability is reduced by 33%, this restricts the vehicle routing
but the total transportation costs would increase by only 2-5% (depending on whether
the staging area is also restricted). In other words, it is more cost effective to focus on
reducing the number of order pickers rather than optimizing the routing of vehicles.
These findings contradict the traditional approaches in the literature and practice
to focus on the optimization of distribution processes rather than the warehouse
operations. Therefore, when warehouses have a limited number of order pickers
available, it is crucial for logistics managers to consider warehouse resources when
performing route planning. This paper proposes a solution method that can support
the decision-making process by warehouse and transportation managers to accomplish
this.

A number of assumptions regarding the available warehouse capacities are made in
our problem formulation. In particular, we assume fixed capacities. The number of
available dock doors or the size of the staging area cannot be changed on a daily
basis. However, the number of available order pickers can vary. Another assumption
is that the order picking capacity is known before the route planning is decided. This
is a reasonable assumption for many warehouses where the number of employees
is a decision that is made at a tactical level. However, the size of the workforce
can be determined operationally on a day-to-day basis when a warehouse has many
flexible order pickers (Rijal et al., 2020). A joint optimization of the staffing levels
for order picking together with the route planning of vehicles can be a valuable
research direction for such warehouses. Finally, in this paper we assume that the
order picking rate is continuous. This assumption is not restrictive for an environment
with retail warehouses where orders are large and picking routes are long. However,
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for warehouses where order sizes are small (such as e-commerce warehouses), it might
be more suitable to also consider the size of each customer order.

4.7 Appendix

4.7.1 Pseudocode of dynamic programming algorithm

This appendix includes an overview how the labels Lih = (i, R, qRh , lih, l0h, cih, c0h, m̃i
h

, T bwi , κh, T
Av
h , (V 1

h , . . . , V
|V|
h )) on the vertices i ∈ V ′ for route R in the augmented

graph are updated with resource extension functions, where fbw(Tj , i) and gbw(Tj , i)
extend the time resources T bwj from node j to node i along the arc (i, j) for nodes
i ∈ V and nodes i ∈ {0}, respectively. If the time resources in the new label are
feasible, then the new label is added to the label set Lj . After all labels are extended,
the accelaration techniques are applied to eliminate labels from the label set Lj that
are known to be sub-optimal. This is repeated until all customers are visited and the
vehicles have returned to the warehouse.

Algorithm 3 Dynamic programming algorithm

1: Ln+1
h := (n+ 1, ∅, 0,Tday,Tday, 0, 0, T bwi , 1, TAvh , (V 1

h , . . . , V
|V|
h )) . Initialization

at route completion node, n+ 1
2: Ln+1 := L ′n+1 := {Ln+1

h }
3: for i ∈ V ′ \ {n+ 1} do
4: Li := ∅, L ′i := ∅ . Initialization at remaining nodes
5: ∆← {n+ 1} . Vertices with labels to be processed
6: R← {n+ 1} . Route under consideration
7: η := 0 . Count of extensions since last improved solution
8: while ∆ 6= ∅ do
9: for j ∈ ∆ do
10: for i ∈ V ′ \ {j} do . Feasible nodes only
11: for Ljh ∈ L ′j do
12: η := η + 1
13: if V i

Li
h

= 0 then . If i is not already visited
14: if i ∈ V then . Extension to customer nodes
15: Ti := fbw(Tj , i), R← R ∪ {i}, Adjust other resources

16: if i ∈ {0} then
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17: Ti := gbw(Tj , i), R← R ∪ {i}, Adjust other resources

18: if i ∈ {n+ 1} then
19: R← {n+ 1}, T bwi := (Tday,Tday,Tday), κ := κ+ 1

20: if i ∈ {0̃} then
21: if V j

′

h = 1 ∀j′ ∈ V then
22: if m̃i

h < m̃0̃
h′ ∀L0̃

h′ ∈ L0̃ then . Improved solution
found

23: η := 0
24: if Ti is feasible then
25: ADD Lih := (i, R, qRh , lih, l0h, cih, c0h, m̃i

h, T
bw
i , κh, T

Av
h , (V 1

h , . . .

, V
|V|
h )) to Lj

26: if Lj changed then
27: Lj ← DOMINANCE(Lj) . Eliminate dominated labels
28: L ′j ← PARTIALDOMINANCE(Lj) . Eliminate partially

dominated labels
29: if η > 10, 000 then L ′j ← Lj

30: ∆← ∆ ∪ {j}

31: ∆← ∆ \ {j}

32: return arg minL∈L0̃
{m}

4.7.2 Proof of Proposition 4.1

Proof : Consider that the routes R1 and R2 are loaded at time lR1 and lR2 , respectively,
where lR2 ≤ lR1 . To prove the proposition, it suffices to show that the order in which
the vehicles are loaded for these routes can be interchanged without increasing the the
total costs and without violating the feasibility conditions. Let the new start times to
load the routes R1 and R2 be l′R1

and l′R2
, respectively. Consequently, we can switch

the start times to load the routes, i.e., l′R1
:= lR2 and l′R2

:= lR1 . As qR1 = qR2 , the
staging and loading plans remain identical.

Let us denote the total cost in addition to the minimal duration cost by m(R1, Rr).
Since lR2 ≤ lR1 , we obtain

m(R1, R2) := max{ELTR1 − lR1 + ELTR2 − lR2 , ELTR1 − lR1 , ELTR2 − lR2 , 0}.
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Because ELTR1 − lR1 ≤ ELTR2 − lR2 , we can rewrite this as

m(R1, R2) := max{ELTR1 − lR1 + ELTR2 − lR2 , ELTR2 − lR2 , 0}.

When the order in which the vehicles for the routes are loaded is interchanged, the
new cost m′R1,Rr

equals

m′(R1, R2) := max{ELTR1 − l
′

R1
+ ELTR2 − l

′

R2
, ELTR1 − l

′

R1
, ELTR2 − l

′

R2
, 0}

:= max{ELTR1 − lR2 + ELTR2 − lR1 , ELTR1 − lR1 , ELTR2 − l
′

R2
, 0}.

Since ELTR2 − lR2 ≥ ELTR1 − lR2 and ELTR2 − lR2 ≥ ELTR2 − lR1 , we obtain
m(R1, R2) ≥ m′(R1, R2). This completes the proof.

4.7.3 Determining the minimum number of order pickers in each
shift

Before we determine the number of order pickers, we determine the latest start time
to load the vehicle for customer location j ∈ V based on a relaxed version of the
dynamic programming algorithm presented in Section 4.4, where we assume that
each vehicle visits only one customer location before returning to the warehouse.
The order in which the vehicles are loaded corresponds to the increasing order of
bj−τ0j−qj/λ, and the order picking capacity in the warehouse is assumed to be infinite
(see Section 4.5.1.2 for more details). Let us denote the resulting latest start time to
load the vehicle for customer location j ∈ V by l̃j . The time segment corresponding to
l̃j is denoted by ỹj and the order in which the vehicles for the customers are loaded at
the warehouse is indicated by the function v(·). Table 4.5 provides an overview of all
notations for the input parameters as well as the decision variables for this problem.

To determine the minimum number of order pickers for each of the three shift types
in our case study, we solve the following linear programming model:

min
∑

i∈{1,2,3}

ωi (4.43)

subject to
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Table 4.5: Notations for the problem to determine the minimum number of order
pickers for each shift

Parameters
l̃j latest start time to load the units for customer location j ∈ V determined

by the relaxed dynamic program
ỹj := {s |Tbegs < lj ≤ Tends }
v(n) nth customer in ascending order of l̃j ∀j ∈ V
qj the number of units demanded by customer location j ∈ V

Decision variables
ωi number of order pickers scheduled in shift i ∈ {1, 2, 3}
õj total number of units that can be picked until the loading of the vehicle for

customer j ∈ V starts
c̃j number of units available at the staging area when the loading of the vehicle

for customer j ∈ V starts

Simplifying notations
Ωs := {ωi ∀ i ∈ {1, 2, 3}|order pickers in shift i work in time segment s∀s ∈ S}

õj ≤ µ
ỹj−1∑
s′=2

∑
i∈Ωs′

ωi

(
Tbegs′ − Tbegs′−1

)
+ µ

∑
i∈Ωỹj

ωi

(
l̃j − Tbegỹj

)
∀j ∈ V

(4.44)

c̃v(1) ≤ õv(1) (4.45)

c̃v(n) ≤ c̃v(n−1) − qv(n−1) + (õv(n) − õv(n−1)) ∀n ∈ {2, 3, . . . |V|}
(4.46)

c̃j ≥ qj ∀j ∈ V
(4.47)

ωi ∈ Z+
0 ∀i ∈ {1, 2, 3}

(4.48)

The objective in (4.43) is to minimize the total number of order pickers over the three
shifts. Constraints (4.44) determine the overall picking capacity at the start time
to load the vehicle associated with the customer in node j. The first term in the
right-hand side of the constraint represents the number of units that can be picked
until the beginning of the time segment in which the order for customer location
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j ∈ V starts to be loaded in a vehicle. The second term represents the number of
units that can be picked from the time segment in which the loading of the vehicle
for customer j is started until the vehicle is loaded with all units for that customer.
Constraints (4.45) and (4.46) ensure that the necessary items are picked and become
available at the staging area when the vehicles are loaded. Constraints (4.47) ensure
that sufficient units are available to load in the vehicle for each customer location
j ∈ V at the time when the loading starts. The final constraints indicate that the
decision variables are either zero or positive integers.

4.7.4 Detailed result for Figure 4.11

To calculate the average annual cost for the transportation (both vehicle and truck
driver), we use an hourly cost rate of e20 to use a vehicle and an hourly wage of e21
for a truck driver (Quak & de Koster, 2009). The cost of a truck-trailer combination
is approximately e160,000, which depreciates on average over 7 years (Janssen et al.,
2015). The hourly wage for an order picker is set as 50%, 100% or 150% of the hourly
wage for a truck driver (corresponding to low, medium or high levels for the cost of
the order picking operations). Furthermore, we assume that a working week consists
of 7 days and there are 48 working weeks in a year.

Table 4.6 provides a summary of the average total costs. The first row indicates the
results when the warehouse operations are not constrained. The fixed transportation
costs consist of the costs associated with the depreciation of the vehicles. The variable
transportation costs consist of the hourly wages paid for the truck drivers as well as
the hourly cost for using the vehicle (both are proportional to the travel duration).
The order picking costs are determined based on the availability of the order pickers
(i.e., proportional to

∑
s ps).
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5 Conclusions and future outlook

In this dissertation, we investigate the impact of external temporal constraints from
upstream and downstream facilities on warehouses with an emphasis on warehouses
with manual workforce. Warehouses often face external temporal constraints such
as time windows to unload and process vehicles from suppliers or delivery time
windows to process and (un)load vehicles for customers. In warehouses that are
operated manually, managers have to plan the use of warehouse workers and other
resources to ensure that a high service level is maintained while considering the
temporal constraints. Complicating factors such as labor laws and union agreements
make the planning of manual workers particularly challenging. However, most of
the warehousing literature focuses on the use of machines in warehouses and not
humans. Even when the use of human workers is considered, they do not consider any
of the specifics that pertain to the use of manual workers. Additionally, the literature
largely assumes that warehouses are isolated entities whose operational planning can
be done independently without consideration for upstream or downstream temporal
constraints. This dissertation contributes to the literature by focusing on manually
operated warehouses as part of larger supply chain networks and investigates the
impact of external constraints on the planning of resources in the warehouse.

We focus on three different planning problems in manual warehouses in this dissertation.
The first study in the dissertation investigates the planning of cross-dock operations
constrained by time windows of inbound and outbound trucks. The cross-dock facility
uses cross-dock workers to process shipments using a temporary storage area and
a limited number of dock doors, some of which can operate in mixed mode. In a
second study, a warehouse with limited staging lanes has to plan the flexible order
pickers to ensure that orders are picked and delivered to the staging lanes within
order dependent delivery due time windows. The last study investigates the usage
of order pickers and truck loaders in warehouses within limited availability of the
staging area and dock doors. Together with warehouse planning, this study plans
delivery routes for vehicles with delivery time windows at customer locations. We
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formulate mathematical models and develop exact and heuristic solution approaches
to solve the problems. These models and algorithms can provide valuable assistance
as decision support to warehouse managers. In addition, experiments are performed
with the models and algorithms based on industry data to provide practical insights
on warehouse operations.

5.1 Conclusions

In Chapter 2 of this dissertation, we investigate the integrated scheduling and assign-
ment of trucks to dock doors in a unit-load cross-dock facility where a subset of dock
doors can operate in mixed mode. Temporally, processing of inbound and outbound
trucks is constrained by time windows. Inbound time windows cannot be violated
whereas outbound trucks can depart from the warehouse with penalized delays. Most
of the literature as well as practice only consider either the scheduling or assignment
of trucks to dock doors in cross-docks facilities with mixed-mode dock doors. When
assignment and scheduling decisions are integrated, they are only considered for either
inbound or outbound operations. However, the use of sequential solution approaches
can lead to sub-optimal solutions and even to infeasible solutions. In this chapter,
we develop a model that allows simultaneous scheduling and assignment of trucks to
dock doors. To solve realistic instances of the problem, an adaptive large neighbor-
hood search (ALNS) algorithm is developed. The solution of the integrated model
is validated against optimal sequential solutions as well as solutions generated by
metaheuristics from the literature that solve the problem sequentially (schedule-first-
assign-second). Extensive experiments on randomized data used in the literature
demonstrate that the integrated solution approach can reduce operational costs on
average by 12% compared to the optimal sequential solutions and as much as 20-30%
compared to the heuristic solutions to address the problems sequentially.

Additionally, the integrated solution approach is used to investigate the impact of
the position and the proportion of mixed-mode dock doors on operational costs. The
findings suggests that for U-shaped cross-dock terminals, the utilization of dock doors
impacts the value of mixed-mode dock doors. When the dock-door utilization is low,
the positioning of mixed-mode dock doors is more important, and the strategy of
placing mixed-mode dock doors at the center of the cross-dock facility provides the
largest benefit. However, when utilization is high, the proportion of mixed-mode
dock doors becomes more important. In either of the low or high utilization cases,
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the results suggest that at least 40% of the dock doors should be used in the mixed
mode, and they should be positioned at the center of the cross-dock facility. This
study also makes a contribution by providing a framework that can be used to make
layout decisions, such as determining the proportion and position of the mixed-mode
dock doors. A simplified version of the solution approach developed in this chapter is
currently used by a Dutch retailer to plan their cross-dock operations.

In Chapter 3, we study the scheduling of flexible manual order pickers in warehouses
with delivery due time windows. The manual workers are hired on a short notice
and are only paid from the start until the end of their shift. The start and end
times of the shift are variable and part of the warehouse manager’s decision. Using
these flexible order pickers, managers have to ensure that orders are picked and
delivered to the staging area of the warehouse within order-dependent delivery due
time windows. In this environment, workforce scheduling (of order pickers) has to
consider traditional personnel scheduling decisions such as determining the start and
end times of shifts and break times together with the scheduling and assignment of
order-picking activities. Two mathematical models are formulated for the problem.
To solve the problem, we develop an exact procedure based on a brand-and-price
framework. Additionally, to generate quality solutions within limited time, we develop
a heuristic based on the large neighborhood search (LNS) algorithm. Computational
experiments illustrate that the LNS is able to generate quality solutions within
reasonable computation times. To further test the applicability of the proposed
solution approach and generate practical insights, we conduct a case study at the
warehouse operations of the largest grocery retailer in The Netherlands. The case
study compares a variety of shift structures and their impact on the order picking
cost at the warehouse. The results show the value of flexibility in break scheduling for
workers. Without additional costs to the warehouse, the managers can ensure that
the order pickers are compensated for shifts of at least 8 hours (instead of the current
minimum compensation of 6 hours) in return for flexible breaks (i.e., breaks with
15 minutes of flexibility in their starting time compared to the current case). This
study contributes to the warehousing literature by introducing and demonstrating
the importance of incorporating personnel scheduling decisions into traditional order
picking problems. The models and solution approaches developed in this chapter can
be valuable for further extensions and adaptations. Managerially, this work shows
that workforce scheduling, and in particular the idea of flexible breaks, can be a lever
for gaining efficiency in warehouses. This study has been translated into a decision
support tool that is currently used by a Dutch retailer.
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The fourth chapter of this dissertation studies the impact of hard time windows at
customer delivery locations on the operations of warehouses with limited resources.
This problem is inspired by the operational challenges faced by the warehouse operation
of a large Dutch grocery retailer. The warehouse under consideration has a limited
time-dependent order picking capacity which arises from the use of manual order
pickers in multiple shifts with breaks. Additionally, the warehouse has limited staging
space, which serves as a buffer between the order picking and loading operations.
The warehouse managers have to translate the schedule of outbound delivery trucks
into plans for the usage of warehouse resources. When staging space is limited in
comparison to the daily output from the warehouse, warehouse may not be able to
ensure that vehicle can leave with the required shipments in the departure times
determined by distribution plans. A potential solution to this problem lies in the
planning of the delivery routes while jointly taking the limited warehouse resources
into consideration. However, the literature mostly considers a decoupled approach
to the problem where the warehouse and transportation problems are solved in
isolation. When they are integrated, the problems consider only one of warehouse
processes, either order picking or loading. We formulate a model for the holistic
problem that can develop routes for vehicles to deliver orders to customers with
hard time window constraints while simultaneously considering limited order picking,
staging and loading capacities. A dynamic programming algorithm is developed to
solve the problem exactly. Computational experiments are performed on instances
that are generated from industry data provided by a large Dutch retailer. The results
suggest that a limited staging area and a limited order picker availability have a
significant and multiplicative impact on the cost of distribution routes. When the
staging area and order picker availability are low, the duration of routes increases
on average by 8.3% compared to optimal routes not constrained by any warehousing
resources. Furthermore, when the costs of order pickers, trucks and truck drivers
are analyzed, the results suggest that even when the cost of order pickers is 50%
less than the cost of truck drivers, it is better for the system to incur additional
costs on distribution (costs of trucks and truck drivers) rather than at the warehouse
as it is done traditionally. This study contributes to the warehousing literature by
developing a holistic problem which can capture the interaction of limited resources
in warehouse processes and the planning of distribution routes. For practitioners,
this work illustrates that when warehouse resource are limited and heavily utilized,
the traditional approach of generating distribution plans first and imposing them on
warehouse operations needs to be reconsidered.
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5.2 Future outlook

The planning problems studied in this dissertation consider warehouses with manual
operations and some external temporal constraints. Our case examples are predomi-
nantly based on the offline retail warehouse operations. While this warehouse setting
is important, these operational contexts represent only a small sample of warehouse
environments in practice. Given the trends of adoption of automation and the rise
of e-commerce, several opportunities exist in extending the problems studied in this
dissertation to consider different and richer warehouse operations.

In Chapter 2, the experiments primarily consider U-shaped cross-dock facilities and
present limited results for I-shaped cross-dock facilities. Existing results on the best
shape of cross-dock facilities (Bartholdi & Gue, 2004) only consider exclusive-mode
dock doors. A new analysis on the shapes and layouts with mixed-mode dock doors
could be valuable for practitioners. Additionally, positioning and determining the size
of the temporary storage area have an impact on the operational cost of cross-dock
facilities. A problem that can incorporate the size and position of the temporary
storage area into the design decision could enable a more informed cross-dock design.
Achieving these objectives requires the formulation of new cross-dock problems and
developing new solution approaches.

The second study in this dissertation assumes that the batches of orders have been
determined before workforce scheduling. Extending the problem to consider batching
of orders can provide larger operational benefits. An added advantage of this approach
enables incorporating the order picker location into the decision problem. Using this
information, decision support systems can generate batches in such a way that order
pickers will be at pick locations closer to the break areas when they need to go for
breaks. This will shorten the time wasted by order pickers traveling to and from break
areas. An efficient solution approach that can solve a problem with these details will
be a valuable addition to the literature. It will also be of value to practice as higher
cost savings may be achieved.

The last study in the dissertation assumes that customers have hard delivery time
windows. This is true for most retailer stores. However, in some cases, a subset of
customers may have soft time window constraints which can be violated with a penalty.
The study in Chapter 2 considers this scenario. Extending soft time windows into the
problem can make the study more general. Similarly, a straight forward extension of
the work would be to generate warehouse plans with fixed routes but variable times
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for the start of loading for the routes. This extension retains the sequential decision
making process as is done in practice, but provides managers a planning support to
identify which routes need to be loaded earlier or later to ensure that the warehouse
operations are feasible.

This study also assumes fluid order picking work rates which assumes that an order
can be picked by multiple order pickers at the same time. This assumption is a
good approximation for the order picking process in retail warehouses that have a
large output volume where orders are large and pick routes are long. However, when
orders are small (as in warehouses for e-commerce), the assignment of individual
orders to order pickers can be necessary. Assigning orders to order pickers while
considering multiple warehouse processes and routing of vehicles is likely to be a
prohibitively complex problem. It will not allow for a scalable exact solution approach.
Nevertheless, even a heuristic approach that can handle real-sized instances would be
a valuable contribution to the warehouse management literature.

An overlapping theme in all of the studies in this dissertation is offline planning where
all the orders are known before the planning is performed. This is not a restrictive
assumption for retail warehouses where orders from retailers are known in advance.
However, when orders arrive during the planning horizon, incorporating them into
existing personnel scheduling decisions can be challenging and will require a new
framework for formulating and solving the problems. We envision that the operational
planning models will increasingly consider an online problem setting. The operating
environment in warehouses also invites challenges to mitigate uncertainties. Order
pickers may take a longer time to pick orders or take breaks. Trucks may arrive late at
the warehouse or some of the dock doors may become nonfunctional. A paradigm shift
in warehouse management that considers dynamic disruption management, similar
to those in aircraft and railway operations, could be a challenging but worthwhile
direction of study. This goal can be achieved as is done in practice by decomposing
holistic problems into smaller sub-problems such as batching orders and assigning
them to order pickers in real time. However, this approach can be suboptimal and
provides opportunities for improvement. Using problem formulations that incorporate
uncertainties, in particular a robust optimization framework, can help achieve these
goals. We believe that this will be a new and exciting direction for the research on
operational planning of warehouse processes.
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Summary

Warehouse management is critical to the success of supply chains. But, to achieve larger
supply chain goals such as on-time and cost efficient delivery can be difficult because
of the limited resources available at the warehouse. Planning the human workers in
a warehouse is arguably complex, because managers have to consider issues such as
start and end times of shifts, breaks, and incentive payment schemes. Obviously, these
types of restrictions are less important in automated warehouses. When warehouses
have temporal restrictions on the processing time of inbound trucks or when they
have deadlines for outbound orders, these constraints impact the schedules and cost
of employing human workers. In this environment, warehouse management has to
consider the temporal restrictions from external entities as well as the limited resources
available at the warehouse. This thesis contributes to the warehousing literature by
focusing on manual warehouse operations with such external temporal constraints. We
develop mathematical models for three operational warehouse planning problems that
need to plan human workers with consideration for the limited warehouse resources
and with external temporal constraints. Additionally, we propose solution approaches
for these problems and perform computational experiments to derive insights.

In Chapter 2, we study integrated scheduling and assignment of trucks to dock doors in
a unit-load cross-dock facility with mixed-mode dock doors. The cross-dock operation
is constrained by processing time windows for inbound and outbound vehicles. The
aim of the operational problem is to synchronize the processing time and dock location
of inbound and outbound trucks such that outbound trucks depart from the cross-dock
with minimal delays and such that shipments can be moved from inbound to outbound
trucks directly without being moved to a temporary storage area. Additionally, the
objective is to have cross-dock workers travel as little as possible within the cross-dock
facility to move shipments between dock doors and between the dock doors and
temporary storage area. We formulate a mathematical model for the problem and
develop an adaptive large neighborhood search algorithm to solve it. The solution
approach is benchmarked against state-of-the-art sequential approaches that solve the
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problem sequentially by scheduling trucks first and assigning them second. The results
suggest that the integrated approach can reduce operational cost by 12% on average
compared to the sequential approach. Furthermore, computational experiments show
that the percentage as well as the positions of mixed-mode dock doors are important
for U-shaped cross-dock terminals with low dock-door utilization. However, only the
percentage of mixed-mode dock doors is important for cross-dock facilities that are
heavily utilized. The solution approach is also applied to a case study investigating
cross-dock operations of a large Dutch retailer. The retailer currently uses a simplified
version of our solution approach to plan the dock-door layouts in its cross-dock
facilities.

The third chapter studies a shift scheduling problem for distribution centers with
limited staging space. The warehouse has limited space to buffer orders compared to
the number of orders that leave the warehouse, and each customer order has to be
picked and brought to the staging area within a predefined order-dependent delivery
due time window. The warehouse uses flexible order pickers who work in multiple,
potentially overlapping, shifts to pick and deliver the orders. To ensure that the orders
are delivered to the staging area within their due time window, scheduling of the
flexible order pickers has to consider the start and end times of shifts, break periods
of workers as well as the order to picker assignment and sequencing of orders. We
present two formulations for the problem and develop two solution approaches. The
first solution approach is exact, based on a branch-and-price framework, while the
second one is a heuristic based on large neighborhood search. Extensive computational
experiments are conduced to validate the solution approaches. Additionally, a case
study is done to investigate the impact of flexible break times for a large Dutch
retailer’s distribution center. The results show that the retailer can make substantial
savings by adopting flexible breaks that have 15 minutes flexibility in the time they
start. The solution approach developed in this study also has been translated to a
decision support tool for the retailer.

In Chapter 4 of this thesis, we investigate planning of operations in warehouses with
limited order picking, staging and loading resources. The warehouse uses manual
workers who work in multiple shifts to pick orders. Once an order is picked it
is brought to a staging area before it is loaded in a truck via a dock door. The
staging space acts as a buffer between the order picking and dispatching of trucks and
presents unique challenges to managers. For example, if many vehicles need to depart
simultaneously, the staging space can be full and the order picking may have to stop.
In the traditional approach, the deliveries to customers (or retail stores) is planned
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first and the outbound schedule of orders is then imposed on the warehouse. This
sequential approach is not only suboptimal but can lead to infeasible plans because of
the limited resource availability in the warehouse. In this study, we present a model of
the problem that can generate routes with consideration for the limited resources in
the warehouse. We develop a dynamic programming algorithm to solve the problem.
Computational experiments on instances generated from real-life data show that the
proposed solution approach can generate good solutions. Furthermore, the results
suggest that when warehouse resources are severely limited, it is cheaper to focus on
hiring fewer order pickers at the warehouse than to adopt the traditional approach
of optimizing transportation resources first and warehouse resources second. This
observation holds true even when the cost of order pickers is 50% less than the cost
of truck drivers.





Samenvatting (Summary in Dutch)

Magazijnbeheer is cruciaal voor het succes van supply chains. Echter, om grotere
supply chain doelen te bereiken, zoals: een tijdige en kostenefficiënte levering, kan een
uitdaging zijn vanwege de beperkte middelen die beschikbaar zijn in de magazijnen.
Wat het plannen van de werknemers in een magazijn complex maakt, is dat managers
rekening moeten houden met zaken als begin- en eindtijden van (ploegen)diensten,
pauzes en beloningsregelingen. Dit soort beperkingen zijn uiteraard minder belangrijk
in geautomatiseerde magazijnen. Wanneer magazijnen tijd gerelateerde restricties
hebben op de verwerkingstijd van inkomende vrachtwagens of deadlines hebben voor
uitgaande bestellingen, hebben deze restricties invloed op de schema’s en kosten van
de ingezette werknemers. In deze omgeving moeten magazijnbeheerders rekening
houden met de tijd gerelateerde beperkingen die veroorzaakt worden door externe
factoren en rekening houden met de beperkte middelen die beschikbaar zijn in het
magazijn. Dit proefschrift draagt bij aan de wetenschappelijke literatuur op het
gebied van magazijnen en distributiecentra door zich te concentreren op handmatige
magazijn operaties met dergelijke externe tijdsbeperkingen. We ontwikkelen wiskun-
dige modellen voor drie operationele magazijnplanningsproblemen die werknemers
moeten plannen met inachtneming van beperkte magazijnmiddelen en met externe
tijdsbeperkingen. Daarnaast stellen we oplossingsbenaderingen voor deze problemen
voor en voeren we computationele experimenten uit om inzichten te verkrijgen.

In hoofdstuk 2 bestuderen we de geïntegreerde planning en toewijzing van vrachtwa-
gens voor het docken van deuren in een unit-load crossdock-faciliteit met mixed-mode
dockdeuren. De crossdock-operatie is gebonden aan restricties met betrekking tot
tijdvensters voor inkomende en uitgaande voertuigen. Het doel van het operationele
probleem is om de verwerkingstijd en de docklocatie van inkomende en uitgaande
vrachtwagens zo te synchroniseren dat uitgaande vrachtwagens met minimale vertra-
gingen van het crossdock vertrekken en zo te synchroniseren dat zendingen rechtstreeks
van inkomende naar uitgaande vrachtwagens kunnen worden verplaatst zonder naar
een tijdelijke opslagruimte te hoeven gaan. Daarnaast is het doel om crossdock-
medewerkers zo weinig mogelijk binnen de crossdock-faciliteit te laten rondlopen om
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zendingen tussen dockdeuren en tijdelijke opslagruimte te verplaatsen. We formuleren
een wiskundig model voor het probleem en ontwikkelen een variant op het Adaptive
Large Neighborhood Search algoritme om het op te lossen. De oplossingsbenadering
wordt vergeleken met de modernste sequentiële benaderingen die het probleem ach-
tereenvolgens oplossen door eerst vrachtwagens te plannen en ze vervolgens toe te
wijzen. De resultaten suggereren dat de geïntegreerde aanpak de operationele kosten
gemiddeld met 12% kan verlagen in vergelijking met de sequentiële aanpak. Bovendien
laten computationele experimenten zien dat zowel het percentage als de posities van
mixed-mode dockdeuren belangrijk zijn voor U-vormige crossdockterminals met een
laag gebruik van dockdeuren. Echter, alleen het percentage mixed-mode dockdeuren
is belangrijk voor crossdock-faciliteiten die intensief worden gebruikt. De oplossings-
aanpak wordt ook toegepast op een case study naar crossdock-activiteiten van een
grote Nederlandse detailhandelaar. De detailhandelaar gebruikt momenteel een ver-
eenvoudigde versie van onze oplossingsbenadering om de lay-out van de dockdeur in
zijn crossdock-faciliteiten te plannen.

Het derde hoofdstuk bestudeert een probleem met shiftplanning voor distributiecentra
met beperkte orderverzamelingsruimte. Het magazijn heeft beperkte ruimte om bestel-
lingen te bufferen in vergelijking met het aantal bestellingen dat het magazijn verlaat,
en elke klantorder moet worden gepickt en naar het verzamelgebied worden gebracht
binnen een vooraf gedefinieerde orderafhankelijke leveringstijdsvenster. Het magazijn
maakt gebruik van flexibele orderpickers die in meerdere, mogelijk overlappende,
ploegen werken om de orders te picken en af te leveren. Om ervoor te zorgen dat de
bestellingen binnen het gewenste tijdsbestek worden afgeleverd bij het verzamelgebied,
moet bij het plannen van de flexibele orderpickers rekening worden gehouden met de
begin- en eindtijden van diensten, met pauzeperiodes van werknemers, evenals met
de toewijzing van bestellingen aan pickers en de volgorde van die bestellingen. We
presenteren twee formuleringen voor het probleem en ontwikkelen twee oplossings-
richtingen. De eerste oplossingsaanpak is exact, gebaseerd op een branch-and-price
framework, terwijl de tweede een heuristiek is gebaseerd op het Large Neighborhood
Search algoritme. Er worden uitgebreide computationele experimenten uitgevoerd om
de oplossingsbenaderingen te evalueren. Daarnaast wordt er een case study gedaan
om de impact van flexibele pauzetijden voor een groot distributiecentrum van een
Nederlandse detailhandelaar te onderzoeken. De resultaten tonen aan dat de detail-
handelaar aanzienlijke besparingen kan realiseren door flexibele pauzes in te voeren
die 15 minuten flexibiliteit hebben in hun aanvangstijd. De oplossingsaanpak die in
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dit onderzoek is ontwikkeld, is ook vertaald naar een beslissingsondersteunende tool
voor de detailhandelaar.

In Hoofdstuk 4 van dit proefschrift onderzoeken we de planning van operaties in
magazijnen met beperkte order picking- en laadmiddelen en beperkingen gerelateerd
aan de orderverzamelplaats. Het magazijn maakt gebruik van werknemers die in
meerdere ploegen werken om orders te picken. Nadat een bestelling is gepickt,
wordt deze naar een verzamelplaats gebracht voordat deze via een dockdeur in een
vrachtwagen wordt geladen. De verzamelplaats fungeert als buffer tussen het order
verzamelen en verzenden van vrachtwagens en stelt managers voor unieke uitdagingen.
Als er bijvoorbeeld veel voertuigen tegelijk moeten vertrekken, kan de verzamelplaats
vol zijn en moet het order verzamelen mogelijk stoppen. Bij de traditionele aanpak
worden de leveringen aan klanten (of winkels) eerst gepland en vervolgens wordt het
uitgaande orderschema opgelegd aan het magazijn. Deze sequentiële aanpak is niet
alleen suboptimaal, maar kan tot onhaalbare plannen leiden vanwege de beperkte
beschikbaarheid van middelen in het magazijn. In deze studie presenteren we een
model van het probleem dat routes kan genereren met inachtneming van de beperkte
middelen in het magazijn. We ontwikkelen een dynamic programming algoritme om
het probleem op te lossen. Computationele experimenten met instanties die zijn
gegenereerd op basis van real-life data laten zien dat de voorgestelde oplossingsaanpak
goede oplossingen kan opleveren. Bovendien suggereren de resultaten dat wanneer
de magazijnmiddelen zeer beperkt zijn, het goedkoper is om te focussen op het
inhuren van minder orderpickers in het magazijn dan om de traditionele aanpak te
volgen, waarbij eerst de transportmiddelen en daarna de magazijnmiddelen worden
geoptimaliseerd. Deze waarneming geldt zelfs wanneer de kosten van orderpickers
50% lager zijn dan die van vrachtwagenchauffeurs.
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Managing External Temporal 
Constraints in Manual 
Warehouses

ARPAN RIJAL
Most of the warehouse operations are still performed manually despite the increasing development and 
adoption of automated warehouse solutions. Planning human workers in a warehouse is a complex task 
because managers have to consider issues such as start and end times of shifts, breaks, and incentive 
payment schemes. When warehouses have temporal restrictions on the processing time of inbound 
trucks or when they have deadlines for outbound orders, these constraints impact the schedules and cost 
of employing human workers. In this environment, warehouse management has to consider the temporal 
restrictions from external entities as well as the limited resources available at the warehouse. In this thesis, 
we study the impact of external temporal constraints in three operational planning problems at manual 
warehouses. We develop mathematical models for the problems, propose solution approaches for them 
and conduct computational experiments to derive insights. 

The first study in the dissertation explores integrated scheduling and assignment of trucks to dock doors 
in unit-load cross-dock facilities with mixed mode dock doors. The processing time of both inbound and 
outbound trucks at the cross-dock are constrained by time windows. In the second study, we investigate 
order picker scheduling problem in distribution centers where order picking operations are constrained 
temporally by predefined time windows for delivery of orders to the staging area of the warehouse. In the 
final study, we consider the impact of delivery time windows at customers on the capacity requirements 
of three warehouse processes – order picking, staging and loading.  
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