BASIS- AND TRIPARTITION IDENTIFICATION FOR QUADRATIC PROGRAMMING AND LINEAR COMPLEMENTARITY PROBLEMS From an interior solution to an optimal basis and viceversa

Arjan B. Berkelaar^1, Benjamin Jansen^2, Kees Roos^3, Tamás Terlaky^4

March 6, 1996

Abstract

Optimal solutions of interior point algorithms for linear and quadratic programming and linear complementarity problems provide maximal complementary solutions. Maximal complementary solutions can be characterized by optimal (tri)partitions. On the other hand, the solutions provided by simplex–based pivot algorithms are given in terms of complementary bases. A basis identification algorithm is an algorithm which generates a complementary basis, starting from any complementary solution. A tripartition identification algorithm is an algorithm which generates a maximal complementary solution (and its corresponding tripartition), starting from any complementary solution. In linear programming such algorithms were respectively proposed by Megiddo in 1991 and Balinski and Tucker in 1969. In this paper we will present identification algorithms for quadratic programming and linear complementarity problems with sufficient matrices. The presented algorithms are based on the principal pivot transform and the orthogonality property of basis tableaus.

Key words: Basis Recovery, Tripartitions, Principal Pivot Transforms, Balinski-Tucker Tableaus, Quadratic Programming, Linear Complementarity Problems, Interior Point Methods, Sufficient Matrices, Crossover, Criss-Cross Method.

1Supported by Tinbergen Institute Rotterdam, The Netherlands; Partially supported by Ortec Consultants B.V., Gouda,

The Netherlands; Department of Econometrics and Operations Research, Econometric Institute, faculty of Economics, Erasmus University Rotterdam, The Netherlands. e-mail: berkelaar@opres.few.eur.nl

2Supported by the Dutch Organization for Scientific Research (NWO), grant 611-304-028. Currently he is working at

Centre for Quantitative Methods (CQM) B.V., Eindhoven, The Netherlands.

3Department of Statistics, Probability and Operations Research, faculty of Technical Mathematics and Computer Science,

Delft University of Technology, The Netherlands. e-mail: roos@twi.tudelft.nl

4ibid.

1 Introduction

Interior point algorithms provide maximal complementary solutions, which can be characterized by optimal partitions in linear programming (LP) and optimal tripartitions in quadratic programming (QP) and linear complementarity problems (LCPs). Pivot algorithms provide basic solutions; these basic solutions have a one-to-one relation to their characterization, the so-called bases. Thus, optimal solutions of interior point algorithms for LP and QP and LCPs can be characterized in terms of optimal (tri)partitions. Optimal solutions of pivot algorithms (such as the simplex method) are represented by optimal bases. In the case of uniqueness of the optimal solution both concepts coincide, however non-uniqueness is quite common in practical problems. In case of non-uniqueness, an optimal solution of an interior point method is a point in the relative interior of the optimal face [16, 21, 31, 33]. Recently the use of combined interior-point and pivot algorithms is being considered (see, e.g. [1]). Both from a theoretical and a practical point of view it is interesting to investigate how maximal complementary solutions and complementary basic solutions can be found from each other. Below some reasons will be mentioned why an optimal bases might be needed in some cases. In the sequel we will speak of an optimal basis identification (BI) algorithm and an optimal (tri)partition identification (TI) algorithm. A BI-algorithm is an algorithm which generates an optimal complementary basis, starting from a complementary solution (and its corresponding (tri)partition). A TI-algorithm generates an optimal (tri)partition and a maximal complementary solution, starting from an optimal basis.

It is well known that for LP a BI-algorithm exists. This algorithm is due to Megiddo [32] and is strongly polynomial (see also [14, 48]). For linear programming this algorithm is very efficient in practice (see, e.g. [5, 6]), but, to our best knowledge, until now, no such algorithm exists for QP and LCPs. In this paper we present a strongly polynomial BI-algorithm for QP and LCPs with sufficient matrices (to be defined later). This algorithm is a generalization of the algorithm of Megiddo. Although our algorithm is of both theoretical and practical interest, we will mainly be concerned with the theoretical aspects.

For LP there also exists a TI-algorithm. This algorithm is due to Balinski and Tucker [3]. Balinski and Tucker used this algorithm or procedure to proof the existence of strictly complementary solutions for LP by constructing so–called Balinski-Tucker tableaus. In this paper their approach is generalized to QP and LCPs with sufficient matrices to obtain a TI-algorithm. To our best knowledge such an algorithm did not exist yet for QP and LCPs.

In LP there are several reasons ([5, 14]) why it might be important to have an optimal basis. For each of these reasons we will point out a similar reason for QP and LCPs. We will only slightly mention the reasons for QP and LCPs since many results are not completely known or are still in progress.

• Basic solutions typically have a small number of non–zero coordinates, which might be advantageous in some practical applications. This can also be said of QP and LCPs. However, there are also situations in which a strictly complementary solution or the knowledge of the optimal partition is needed (see [15]).

• In commercial OR-packages sensitivity and postoptimal analysis are based on optimal bases. Although several papers have pointed out that this approach can lead to misleading and incorrect conclusions (see e.g. [15, 18, 36]), people are still used to it. However, we would like to stress that it is unnecessary to stick to sensitivity analyses using optimal bases (see e.g.[15, 21]). In QP and LCPs sensitivity analysis is hardly being performed at a commercial level at all. Berkelaar et al. [4] considered sensitivity analysis using tripartitions instead of bases for QP. As an example they consider the mean-variance portfolio models of Markowitz [30]. These models are often used by financial institutions.

• Simplex based solvers for both LP and QP are until date more efficient than interior point methods in the case of reoptimization. This is particularly the case in mixed integer programming, based on cutting planes and branch and bound techniques. Techniques based on concepts in interior point theory are still in research, see for example [34].

• For numerical reasons it sometimes might be necessary to have an optimal basis solution instead of an optimal (tri)partition. Interior point methods can sometimes suffer from round–off errors with respect to complementarity.

The two basic tools that are used in both the BI-algorithm and the TI-algorithm are

1. Principal pivoting (see, e.g. [8, 9, 10, 11, 43, 44]).

2. Elimination based on the orthogonality property of pivot tableaus (see, e.g. [12, 17, 25, 39]).

The principal pivot transform was first introduced by Tucker [43, 44]. Cottle and Dantzig were the first to use this transform in their principal pivoting method (see [8, 9, 10, 11]) for linear complementarity problems with P -matrices and positive semidefinite matrices (see Section 2). The principal pivot transform is also a basic ingredient of the criss-cross methods presented by Terlaky et al. ([17, 23, 25, 39, 40]).

Unless stated explicitly otherwise we will stick to the following notational convention. Lowercase letters will denote scalars or vectors. Matrices will be denoted by capitals, and sets will be denoted by calligraphic letters. If x ∈ IR^n is a vector, then we denote by capital X the diagonal matrix X = diag(x_i).

This paper is organized as follows. Section 2 contains a brief overview of the principal pivot transform and some invariance theorems. Section 3 deals with the concepts of tripartitions and bases and describes the orthogonality property of pivot tableaus. In Section 4 the BI-algorithm is presented. We will describe the Balinski-Tucker tableaus for LCPs and present the TI-algorithm in Section 5. Finally, in Section 6 we will give a short summary and mention directions for further research.

2 Principal pivot Transform and some Invariance Theorems

Consider the linear complementarity problem (LCP).

Find x, s ∈ IR^n such that −M x + s = q, x ≥ 0, s ≥ 0, x^T s = 0, (1) where q ∈ IR^n and M ∈ IR^{n×n}. We will refer to this problem by the pair LCP(q, M ). Let us first recall the definitions of some matrix classes from literature.

Definition 2.1 A matrix M ∈ IR^{n×n} is said to be a P -matrix if all its principal minors are positive. The set of such matrices is denoted by P. A matrix M ∈ IR^{n×n} is said to be a P_0-matrix if all its principal minors are nonnegative. The set of such matrices is denoted by P_0.

Definition 2.2 A matrix M ∈ IR^{n×n} is said to be positive semi-definite if x^T M x ≥ 0 for all x ∈ IR^n. It is called positive definite if x^T M x > 0 for all x ∈ IR^n, x ≠ 0.

It is clear by the following proposition, that if M is symmetric, the set P and the set of positive definite matrices are equivalent. Analogous, the set P_0 and the set of positive semi–definite matrices are equivalent if M is symmetric.

Proposition 2.1 [38, Theorem 6E, pp. 341 ] Let M ∈ IR^{n×n} be symmetric. The following statements are equivalent

1. M positive (semi–) definite.

2. All principal minors of M are positive (nonnegative).

3. All eigenvalues of M are positive (nonnegative).

It is well known [8, 11, 25] that a QP problem can be formulated as an LCP. This goes as follows. Consider the QP in symmetrical form, as found in [25, 35, 42].

min_{x,z} c^T x +^1_2 x^T C^T Cx +^1_2 z^T z s.t. Ax + Bz ≥ b, x ≥ 0 This primal QP problem and its dual form yield a pair LCP(q^{(1)}, M^{(1)}), where

M^{(1)} = −R −A A^T −Q q^{(1)} = −b c ,

and R = BB^T , Q = C^T C. The QP problem in the standard formulation, often found in literature, is stated as follows (QP) min_x { c^T x + 1 2 x^T Qx : Ax = b, x ≥ 0 } , where c, x ∈ IR^n, b ∈ IR^m, A an m × n matrix with full row rank and Q a symmetric positive semidefinite n × n matrix. The Wolfe–dual of (QP) is given by (QD) max_{u,y,s} { b^T y − 1 2 u^T Qu : A^T y + s − Qu = c, s ≥ 0 } . These problems yield a pair LCP(q^{(2)}, M^{(2)}), where

M^{(2)} = 0 −A A^T −Q q^{(2)} = −b c .

According to the following definition both M^{(1)} and M^{(2)} are called bisymmetric.

Definition 2.3 A square matrix M ∈ IR^{n×n} is said to be bisymmetric [43] (BS) if there exists a permutation matrix P ∈ IR^{n×n} such that

P^T M P = D E −E^T F , (2) where D and F are symmetric. This form will be referred to as the canonical bisymmetric form, or, if it is clear from the context that a matrix is bisymmetric, simply as canonical form.

Remark 2.1 When both D and F are zero matrices, the matrix M is a skew-symmetric (SS) matrix. In general a matrix M is skew-symmetric if M^T = −M .

Skew-symmetric matrices are always positive semidefinite. In the sequel we will consider positive semidefinite bisymmetric matrices only.

Definition 2.4 A matrix M ∈ IR^{n×n} is called row sufficient (RS) if XM^T x ≤ 0 implies XM^T x = 0 for every vector x. It is called column sufficient (CS) if XM x ≤ 0 implies XM x = 0 for every vector x. If it is both row and column sufficient, M is called sufficient (S).

Väliaho [45] proved that the class of sufficient matrices is equivalent to the class P_∗ of Kojima et al. [26]. Furthermore, the following inclusions are well known from literature. SS ⊂ BS ⊂ P SD ⊂ S = P_∗ ⊂ CS ⊂ P_0, S ⊂ RS ⊂ P_0. P ⊂ CS, For sufficient matrices the following sign–properties hold.

Proposition 2.2 Let M ∈ IR^{n×n}.

• Let M ∈ RS with m_{ii} = 0 for some i. If m_{ij} ≠ 0 for some j, then m_{ji} ≠ 0, and in this case m_{ij}m_{ji} < 0. • Let M ∈ CS with m_{ii} = 0 for some i. If m_{ji} ≠ 0 for some j, then m_{ij} ≠ 0, and in this case m_{ji}m_{ij} < 0. • Let M ∈ S with m_{ii} = 0 for some i. Then, m_{ij} ≠ 0 for some j if and only if m_{ji} ≠ 0, and m_{ij}m_{ji} < 0. Corollary 2.1 Let for some i, m_{ii} = 0. Then, by Proposition 2.2

• Let M ∈ RS. If m_{ji} ≥ 0 for all j, then m_{ij} ≤ 0 for all j. If m_{ji} ≤ 0 for all j, then m_{ij} ≥ 0 for all j. • Let M ∈ CS. If m_{ij} ≥ 0 for all j, then m_{ji} ≤ 0 for all j. If m_{ij} ≤ 0 for all j, then m_{ji} ≥ 0 for all j. • Let M ∈ S. m_{ij} ≥ 0 for all j if and only if m_{ji} ≤ 0 for all j,

and m_{ij} ≤ 0 for all j if and only if m_{ji} ≥ 0 for all j.

Before we will consider the principal pivot transform, let us describe submatrices and principal rearrangements first.

Definition 2.5 Let a matrix M ∈ IR^{m×n} be given. For index sets I ⊆ {1, . . ., m} and J ⊆ {1, . . . , n} the matrix M_{IJ} is the submatrix of M whose entries lie in the rows of M indexed by I and the columns indexed by J . If m = n and I = J , the submatrix M_{II} is called a principal submatrix of M and the determinant of M_{II} is called a principal minor of M .

Thus, a submatrix is simply a composition of some entries of a matrix in the same row- and columns– order as the matrix itself. A special submatrix of an arbitrary matrix is a so–called leading submatrix. Leading submatrices will be used in the principal pivot transform (see Section 4.3).

Definition 2.6 Let M ∈ IR^{n×n} be given. For a given integer k : (1 ≤ k ≤ n), the principal submatrix M_{II} , where I = {1, . . ., k} is called a leading submatrix of M . The corresponding determinant is called a leading principal minor of M .

Closely related to the concept of leading submatrix is the principal rearrangement of a matrix.

Definition 2.7 Let M ∈ IR^{n×n} and I ⊆ {1, . . . , n} be given. Then, there exists a permutation matrix P such that the principal submatrix M_{II} appears as a leading submatrix in the matrix P AP^T . The matrix P AP^T is called a principal rearrangement of M with respect to I.

Proposition 2.3 [10] Every principal rearrangement of a row or column sufficient matrix is row or column sufficient.

Proposition 2.4 [10] Every principal submatrix of a row or column sufficient matrix is row or column sufficient.

The principal pivot transform

We will shortly describe the principal pivot transform, as found in [8, 9, 10, 43]. Consider a pair LCP(q, M ). Let I be a subset of {1,. . . ,n} and let J denote its complement. Suppose that the principal submatrix M_{II} is nonsingular. Furthermore, we suppose that M_{II} is a leading principal submatrix (this can be done by means of a principal rearrangement). We can now write s = q + M x in partitioned form

s_I = q_I + M_{II} x_I + M_{IJ} x_J s_J = q_J + M_{J I} x_I + M_{J J} x_J .

Using that M_{II} is nonsingular we may eliminate x_I, and obtain a system of the form

x_I = q^∗_I + M^∗_{II}s_I + M^∗_{IJ} x_J s_J = q^∗_J + M^∗_{J I} s_I + M^∗_{J J} x_J ,

where

M^∗ = M^{∗II} M^{∗IJ} M^∗_{J I} M^∗_{J J} = M −1 II −M^{−1}_{II} M_{IJ} M_{J I} M^{−1}_{II} M_{J J} − M_{J I}M^{−1}_{II} M_{IJ} and q^∗ = q^{∗I} q^∗_J = −M −1 II q_I q_J − M_{J I} M^{−1}_{II} q_I. The resulting matrix M^∗ is called a principal pivot transform of M w.r.t. the index set I. Similarly, the vector q^∗ is called a principal pivot transform of q. The above transformation defined by the matrix M_{II} is called a principal pivot transformation. This is in fact a block pivot on M_{II} , which is called shortly also as principal pivoting. Following Keller [22] and Van de Panne and Whinston [35] a 1 × 1 principal pivot is called diagonal pivot and a 2 × 2 principal pivot is called exchange pivot.

The principal pivot transform as used in so–called complementary pivot algorithms consists of a basic transformation: a set of basic variables is replaced by its complementary set. Many algorithms to solve (LCP) are based on complementary pivot theory ([9, 29]). Lemke [29] describes three different schemes. Lemke’s scheme 1, has become known as Lemke’s pivot algorithm or Lemke’s method (see also [28]). Most of these complementary pivot algorithms go through on so–called almost complementary solutions.

Definition 2.8 Let x, s ∈ IR^n. We call (x, s) an almost complementary solution of the pair LCP(q, M ) if there exists precisely one index k ∈ {1, . . ., n} such that x_is_i = 0, i = {1, . . ., n}\k, and x_ks_k ≠ 0. In Lemke’s Scheme 1 an artificial variable x_0 is introduced in order to obtain feasible almost complementary solutions for the augmented problem. The block pivots in the principal pivot transform consists of a finite number of nonprincipal pivots each of which produces an almost complementary set of basic variables in the current transform. Since we only use diagonal pivots and exchange pivots in our BI-algorithm, almost complementarity occurs on exchange pivots only. The principal pivot transform, described in the preceding section, consists of a basic transformation: a set of basic vectors is replaced by its complementary set. Nonnegativity and complementarity conditions are preserved in Lemke’s [28] and Wolfe’s [47] methods. These algorithms stop if equality conditions are fulfilled. In Keller’s [22], Cottle- Dantzig’s [9] and Van de Panne-Whinston’s [35] methods equality and complementarity conditions are satisfied while nonnegativity is partially preserved. In Klafszky-Terlaky’s [17, 25, 39] criss-cross methods equality and complementarity conditions are satisfied while nonnegativity is not preserved.

The success of pivot algorithms such as the criss-cross method is related to invariance (see [8, 9, 10, 43]) of certain classes of matrices under principal pivoting. Such invariance theorems correspond to the four matrix classes mentioned above : P -matrices, P(S)D-matrices, bisymmetric matrices and sufficient matrices.

Theorem 2.1 [43] The class of P is invariant under principal pivoting.

Theorem 2.2 [8] The classes of P D and P SD matrices are invariant under principal pivoting.

Corollary 2.2 The classes of negative definite and negative semidefinite matrices are invariant under principal pivoting.

Theorem 2.3 [44] The class BS is invariant under principal pivoting.

Theorem 2.4 [10] The classes RS, CS and S are invariant under principal pivoting.

Due to these invariance theorems and the fact that the class of sufficient matrices is the largest among the above mentioned classes we will develop our BI- and TI-algorithm for LCPs with sufficient matrices. The reader will easily verify that all the results hold also for the other special classes, including convex quadratic programming as well.

3 Optimal Tripartitions and Bases

3.1 Maximal Complementary Solutions and Tripartitions

The set of solutions in LCPs and QP can be characterized by maximal complementary solutions (cf. Güler and Ye [16]), and the corresponding tripartition. Define

B := {i : x_i > 0 in at least one solution x of (LCP)}

N := {i : s_i > 0 in at least one solution s of (LCP)} T := (B ∪ N )^c = {1, . . . , n}\(B ∪ N ). We denote this tripartition by π := (B, N , T ), and we will refer to it as the optimal tripartition. This is a straightforward generalization of the concept of optimal partitions in LP (see, e.g. [21]). A maximal complementary solution (x, s) is a solution for which x_i > 0 ⇐⇒ i ∈ B; s_i > 0 ⇐⇒ i ∈ N , and it was shown to exist by Güler and Ye [16]. Moreover, they proved that interior point methods such as Carpenter et al. [7] and Vanderbei [46] generate such a solution (in the limit). In linear programming the set T is empty, which leads to the existence of strictly complementary solutions. This was first shown by Goldman and Tucker [13] (see e.g. Schrijver [37] and Jansen et al. [19] for an IPM based proof). The resulting partition (B, N ) is called the optimal partition. In this paper we will be concerned with optimal tripartitions.

3.2 Orthogonality Property of Basic Tableaus

We will now describe the orthogonality properties (cf. [12, 17, 25, 39]) of basic tableaus, which will play a crucial role in our BI-algorithm. Let T̄ ∈ IR^{m×n} be an arbitrary matrix, let the columns of T̄ be denoted by t̄_i, i = 1, . . ., n and let B denote a basis chosen from the column vectors of T̄ . Furthermore we denote by J_B the set of basic indices, and similarly by J_N the set of nonbasic variables (J = {1, . . ., n} = J_B ∪J_N ). Then the tableau of T̄ (in condensed form) w.r.t. B contains coefficients τ_{ik} of basic vector t̄_i in the basic representation of nonbasic vector t̄_k, that is t̄_k = ∑ i∈JB τikt̄i for all k ∈ J. Furthermore, we will

introduce vectors t^{(i)}, i ∈ J_B and t_{(k)}, k ∈ J_N as follows

t^{(i)}_j = τ_{ij} if j ∈ J_N ,

1 if i = j,

0 otherwise, t_{(k)j} = τ_{kj} if j ∈ J_B,

−1 if j = k,

0 otherwise.

Thus, t^{(i)} is defined as a row of the canonical tableau corresponding to T̄ , and t_{(k)} is defined as a column of the dual canonical tableau. In other words, t^{(i)} lies in the rowspace of the canonical tableau of T̄ and t_{(k)} lies in the column space of the dual canonical tableau. The well–known orthogonality property can now be stated in the following lemma.

Lemma 3.1 [24] Let B and B̃ denote two bases. Then, t^{(i)T} t̃_{(k)} = 0, ∀i ∈ J_B , k ∈ J_Ñ .

Proof:

If B = B̃ the proof is obvious. The row space of the canonical tableau spanned by {t^{(i)} : i ∈ J_B } is the orthogonal complement of the subspace spanned by {t_{(k)} : k ∈ J̄_B }. The orthogonal complement of the row space of a matrix is its null space (see [38, p. 138]). Using two well–known results from linear algebra, that the row space and the null space of a matrix are invariant under pivoting (e.g. see [38, pp. 91,92]) the lemma can be concluded. 2

The orthogonality of tableaus will be used here for the following (compact) tableau of LCPs. Let us record the data of LCP(q, M ) in a tableau. The next table shows the standard initial tableau for LCPs in condensed form.

1 x_1 · · · x_n

s_1 q_1 m_{11} · · · m_{1n} . . . . . . . . . . . s_n q_n m_{n1} · · · m_{nn} In LCP(q, M ), s_1, . . . , s_n are the basic variables and x_1, . . . , x_n are the nonbasic variables. These terms have the synonyms dependent variables and independent variables, respectively. The columns associated with the basic variables are linearly independent. The matrix of columns with a maximal set of basic variables is called a basis.

4 Basis Identification (BI) Algorithm

4.1 Basis Identification

In this section the basis identification algorithm for LCPs with sufficient matrices is presented. From Section 2 we know that sufficient matrices include skew-symmetric matrices and bisymmetric matrices. Therefore, the presented algorithm is also applicable to LP and QP. Having a complementary (possibly maximal complementary) solution, the algorithm primarily consists of two phases. Given an arbitrary initial basis (we can for example choose initial slacks) we try to bring as much positive variables in the basis as possible. The first phase consists of diagonal and exchange pivots, the basic variables with value zero are replaced by the non–zero nonbasic variables. In the second phase the set B is reduced, using the orthogonality property described in the preceding section, and if necessary some principal pivots are performed. This continues until B is empty.

The complete basis identification algorithm is formally given as follows.

Algorithm 4.1 Basis Identification Algorithm

Suppose that a complementary solution (x, s) of LCP(q, M ) and its corresponding tripartition π := (B, N , T ) are available^5. Let M̄ = [−M, E] be the coefficient matrix of the LCP. Choose an arbitrary complementary basis. For simplicity let us assume that the initial basic variables are s_i, the nonbasic

5Note that it is not necessary to have a maximal complementary solution and an optimal tripartition.

N T B 0 · · · 0 0 · · · 0 + · · · +

+ MN N MN T MN B^. N_+ 0 MT N MT T MT B^. T_0 0 MBN MBT MBB^. B_0

Table 1: Condensed starting tableau for the optimal basis identification algorithm.

variables are x_i. This can be done by using principal pivots and by renaming the variables. Let j := 0. We will denote the vector of basic variables by s̄ and the vector of nonbasic variables by x̄. Denote, x̄^0 = x̄ and s̄^0 = s̄, and B^0 = B, T^0 = T and N^0 = N . Let j = 1. In Table 1 the starting tableau for the algorithm is presented.

Phase I: Increasing the number of positive variables in the basis

While B^j not empty do

1. Choose an arbitrary index k from B^j , such that there exists an m_{kℓ} ≠ 0, where ℓ ∈ T^j ∪ B^j . If no such k exists then goto Phase II.

2. If m_{kk} < 0 do a diagonal pivot, s̄^j_k leaves the basis and x̄^j_k enters the basis. Thus, B^j reduces by one index. Goto step 4.

3. Else we have k ≠ ℓ, such that m_{ℓk} ≠ 0 (for sufficient matrices, m_{kk} = 0 and m_{kℓ} ≠ 0). Do an exchange pivot on the pair (k, ℓ). In this case, x̄^j_k and x̄^j_ℓ both enter the basis, while s̄^j_k and s̄^j_ℓ both leave the basis. The set B^j reduces either by one or two indices.

4. j ← j + 1. Update B^j , N^j and T^j and redefine x and s as the set of nonbasic and basic variables.

Goto step 1.

At the end of this phase either B^j is empty or M_T j_Bj = 0 and M_Bj_Bj = 0. If B^j is empty we are done.

Phase II: Reduction of B.

While B^j not empty do

1. Choose an arbitrary index k ∈ B^j , corresponding to a nonbasic variable x̄^j_k. Let t_{(k)} be as defined in the preceding section. Note that since t_{(k)} is in the null space of M̄ , we have M̄ t_{(k)} = 0.

2. Eliminate a positive coordinate of either x_Bj or s_N j using t_{(k)}. In the preceding phase, we have obtained M_T j_Bj = 0 and M_Bj_Bj = 0. Therefore, when one element of t_{(k)} is non–zero, the corresponding element in (x̄^j , s̄^j) is positive. Eliminating positive coordinates of x_Bj can be done by means of (x̄^j , s̄^j) + ϑt_{(k)}.

Choosing an appropriate scalar ϑ ∈ IR (by a ratio-test), we can eliminate at least one positive variable, while preserving the nonnegativity. The variable(s) which is (are) eliminated will be called reducing variable(s), the operation itself will be referred to as reduction.

3. If B^j reduces by at least one index and N^j remains unchanged we update B^j , N^j and T^j , j ← j +1, redefine x and s, and goto step one.

4. Else the set N^j reduces by either one or more indices, then we call Phase I again.

5. j ← j + 1, and goto step one.

Before proving that the algorithm is well defined, first some comments regarding the BI-algorithm. In Phase I, step 2, we process a diagonal pivot, and check for negativity of m_{kk}. From the sign–properties of sufficient matrices in Section 2, it is clear that m_{kk} cannot be positive for the classes considered. For exchange pivots (Phase I, step 3 and Phase II, step 5) we need m_{kl} ≠ 0 and m_{lk} ≠ 0, this is also provided by the sign–properties (see Section 2). Thus, the algorithm is correct and executable. We might ask for necessary and sufficient properties for the finiteness of the algorithm (see also [17]). The only properties used till now in this algorithm are that diagonal and exchange pivots are possible. From the sign–properties and the remarks above it is clear, that for sufficient matrices these pivotal operations are possible. Moreover, even for column sufficient matrices we can conclude that by the sign–properties diagonal and exchange pivots are possible (we need to change step 1 of Phase I in order to get this result). Note that after a diagonal or exchange pivot, the transformed matrix M is still in the same matrix class, due to the invariance theorems from Section 2. The algorithm reduces to a variant of Megiddo’s procedure in the LP case. Then, no diagonal pivots are possible and, in fact, the algorithm is performed twice simultaneously, both on the primal and dual problem.

4.2 Finiteness & Strong Polynomiality of the BI-algorithm

In this section we will deal with the finiteness, the polynomiality and the flexibility of the presented BI-algorithm. These are the main results of this paper for the BI-algorithm. The BI-algorithm could have been presented more formally as is done by Megiddo. However, we have chosen for a representation of the BI-algorithm in terms of tableaus and pivots, both for simplicity and for clarity.

Theorem 4.1 If M belongs to the class of sufficient matrices, then the BI-algorithm applied to the pair LCP(q, M ) is finite and strongly polynomial. Moreover, the algorithm finds a complementary basis in at most O(n^3) operations.

Proof:

Phase I consists of principal pivoting, and at most | B + T | pivots are necessary to obtain that M_{T B} = 0 and M_{BB} = 0 or that B is empty. Note that at each diagonal and at each exchange pivot B reduces by at least one index. In Phase II, at each step at least one nonzero coordinate of B or N is reduced to zero. If set N reduces, Phase I is called and set B is reduced again, so at most | B + N | pivots are necessary to obtain that B is empty. The total number of iterations is at most n, since the part of B reduced in Phase I doesn’t need to be reduced in Phase II anymore. Thus, in the worst case, the algorithm needs at most | B + N + T |= n pivots. So, the algorithm is finite. Furthermore, in Phase I the solution remains the same, only pivoting is involved to rearrange the indices. In Phase II reduction takes place. The vector t_{(k)} is chosen such that M̄ t_{(k)} = 0, and thus, although the solution changes, it remains feasible. That complementarity of the bases is preserved during the algorithm is a result of the principal pivot transform for diagonal and exchange pivots. The reduction step only reduces the number of positive coordinates in the solution, hence its complementarity is preserved. Since only pivoting and elimination are involved in the algorithm, strong polynomiality follows immediately. It is well–known that the complexity of one pivot is O(n^2). At most n pivots are needed and at most n reductions which cost at most n · O(n) arithmetic operations. Therefore, the whole algorithm takes at most O(n^3) arithmetic operations, independently of the input length. 2

Megiddo [32] used the BI-algorithm for LP to prove some complexity results for LP. Using the BIalgorithm presented here we can generalize these results to QP and LCPs with sufficient matrices. We sketch the proof only for the case of sufficient LCPs. Consider the next three problems.

Problem 1. Given M and q find a complementary basis or conclude that no such basis exists.

Problem 2. Given M and q such that a complementary solution exists, find a complementary basis.

Problem 3. Given M and q and (x_I , s¯_I ) ≥ 0, where I ⊂ {1, . . ., n}. Furthermore it is given that there exists a complementary solution (x̄, s̄) such that x̄_I = x_I and s̄¯_I = s¯_I . Find a complementary basis.

Theorem 4.2 If there exists a strongly polynomial time algorithm that finds an optimal basis, given an optimal solution for either the primal or the dual (QP), then there exists a strongly polynomial algorithm for the general QP problem.

Theorem 4.3 If there exists a strongly polynomial-time algorithm that solves LCP Problem 3, then there is a strongly polynomial algorithm for solving the sufficient LCP.

Proof:

The proof essentially follows the same line as the proof in [32], with Megiddo’s algorithm replaced by ours. We will sketch the proof here. We consider the three problems above. The proof follows from the following reductions. Assume that there exists a strongly polynomial algorithm for Problem 3 (this is in the theorem). Using feasibility and optimality arguments, Problem 2 can be reduced to Problem 3. Applying the BI-algorithm we can find a basis for Problem 2. This can be done in strongly polynomial time (cf. Theorem 4.1). We have obtained a strongly polynomial algorithm for Problem 2. Again using feasibility and optimality arguments, Problem 1 can be reduced to Problem 2 and we apply the BI-algorithm again. Now, we have obtained a strongly polynomial algorithm for Problem 1. For the complete proof for LP we refer to Megiddo [32]. 2

The BI-algorithm is very flexible. One is free to choose the initial complementary basis and design numerically stable pivot rules for the sequence of the diagonal and the exchange pivots. The flexibility of the BI-algorithm could be exploited in efficient numerical implementations, the same way as Megiddo’s algorithm is implemented for LP (see for example Bixby’s implementation [5] of Megiddo’s algorithm) by choosing an efficient starting basis. The BI-algorithm could also be embedded in combined interior point- pivot algorithms, see e.g. Andersen and Ye [1], or in adapted form can be used for generalized purification procedures [27] and crossover from IPM solvers to Simplex–based solvers.

The BI-algorithm has a broad range of applications. The only restriction for a class of matrices is invariance under principal pivot transforms and the sign–properties. Thus, the algorithm can for example be used on LP (skew symmetric matrices [19]), QP (bisymmetric matrices) and LCPs with sufficient matrices. Thus, the algorithm is also applicable to any LCP with matrices from the class P_∗ of Kojima et al. [26]. Even more, the algorithm is applicable to LCPs with column sufficient matrices^6, despite of the fact that no polynomial algorithm to solve such problems exists up till date. However, if we have any complementary solution, the algorithm can be used to find a complementary basis in strongly polynomial time.

5 Tripartition Identification (TI) Algorithm

5.1 Balinski-Tucker tableaus for LCPs

Balinski and Tucker [3] introduced a staircase-shaped optimal tableau for linear programming. This tableau is called a Balinski-Tucker tableau. Balinski and Tucker showed that it is possible to find a strictly complementary solution of an LP from such a Balinski-Tucker tableau very easily by performing some additions (summing up two vectors). Since the complexity of such operations is O(n), a strictly complementary solution of an LP can be found in strongly polynomial time from a Balinski-Tucker tableau. Recently, Zhang [48] showed that a Balinski-Tucker tableau can be found in polynomial-time, using a primal interior point algorithm. Moreover, he showed that if a pair of complementary solutions is known, it is possible to construct a Balinski-Tucker tableau in strongly polynomial time. In this section we will extend Balinski-Tucker tableaus to LCPs. From this Balinski-Tucker tableau for LCPs the optimal tripartition can easily be obtained, as we shall see in Section 5.2.

The following lemma is a generalization of a corollary of the main theorem in [3]. We prove it for LCPs with sufficient matrices by using the criss-cross method [17, 25].

Lemma 5.1 Let j, j̄ denote an arbitrary distinguished complementary pair. Then, one of the following three complementary tableaus can always be found in a finite number of pivot operations

j j j̄ j̄ – j̄ 0 ⊕ · · · ⊕ j 0 ⊕ · · · ⊕ ⊖ ⊖ ⊖ . . . . . . ⊖ ⊖ ⊖

where ⊕ and ⊖ denote nonnegative and nonpositive numbers respectively^7.

6It only takes a minor adaption to the algorithm; step 1 in Phase I should be adapted using the sign–properties for

column sufficient matrices.

7Observe that the position of j̄ and j in the first tableau can be interchanged by a diagonal pivot, resulting in an

equivalent tableau for j and j̄.

Proof:

The proof follows essentially the same line as the proof of the criss-cross method [39, 25, 17] for LP, QP and LCPs with sufficient matrices. We present the algorithm below and refer to the proof in [17, 24]. The criss-cross method for LCP with sufficient matrices is as follows

Algorithm 5.1 Criss-Cross Method

Initialization:

Define the initial starting basis by s = q and let x = 0 be the nonbasic variables. The initial tableau is given by [−M, E, q]. Pivot rule:

1. Leaving variable selection:

Let k := min{i : s_i < 0 or x_i < 0}. If there exists no such k, then STOP; (a feasible solution has been found).

Else assume, without loss of generality, that s_k < 0. 2. Entering variable selection:

2.1. Diagonal pivot:

If −m_{kk} < 0, then perform a diagonal pivot and goto step 1. (s_k leaves the basis and x_k enters the basis). If −m_{kk} = 0, then select an exchange pivot. (the case −m_{kk} > 0 cannot occur).

2.2. Exchange pivot:

We know that m_{kk} = 0 in this case. Let ℓ := min{j : −m_{kj} < 0 or − m_{jk} > 0}. If there exists no ℓ, STOP; LCP is infeasible. Else there exists an ℓ, with m_{ℓk}m_{kℓ} < 0 (due to the sign properties for sufficient matrices), then perform an exchange pivot on (ℓ, k) and Goto step 1. (s_k and x_ℓ leave the basis, and x_k and s_ℓ enter the basis). NB. The case m_{ℓk}m_{kℓ} ≥ 0 cannot occur.

Applying the criss-cross method to the LCP where the column of j plays the role of q, we get the first or second tableau when the criss-cross method stops at step 1, and - by an additional exchange pivot - tableau 3 as the criss-cross method stops at step 2.2. 2

In the sequel we will assume that for any complementary solution (x, s) of LCP(q, M ), a corresponding tableau is available. Applying Lemma 5.1 to a tableau which corresponds to a complementary solution (x, s) of LCP(q, M ) we can discern two cases (the first tableau or one of the the other two). These cases are addressed to in the following lemmas. We will give a definition first, on improving complementarity of a complementary solution of LCP(q, M ).

Definition 5.1 Let (x, s) ≥ 0 denote a complementary solution of LCP(q, M ). Let t be a vector of appropriate size. We say that using vector t, the complementarity of (x, s) can be improved by k if there is an appropriate θ ∈ IR such that (x, s) + θt ≥ 0, is again a complementary solution with k new strictly complementary elements. Thus, k complementary variables that were both zero before the addition become strictly complementary when the addition is performed.

Lemma 5.2 Suppose that a complementary solution (x, s) of LCP(q, M ) is given and the corresponding complementary tableau M̃ . Furthermore, assume that the following subtableau results from applying Lemma 5.1 to a complementary part of the subtableau corresponding to (x, s), where both x_i = 0 and s_i = 0.

Let us denote this tableau by T_1. The upper left tableau containing the negative numbers and the zero diagonal element is denoted by T̄_1. Let the number of negatives in the first column of T̄_1 equal ℓ. Assume that the elements of (x, s) corresponding to the first column of T_1 are zero. Then, the complementarity of (x, s) can be improved by ℓ + 1.

Proof:

Let j denote the index of the variable corresponding to the first column of T_1. In Section 3.2 we defined vectors t_{(j)}, j ∈ J̄_B . Tableau T_1 can be regarded as a subtableau of M̃ , which contains the zero set of the complementary solution (where x + s = 0). As a consequence we have in the full tableau M̃ , and in t_{(j)}, j ∈ J̄_B , such a sign-pattern that t_{(j)i} ≤ 0 when both x_i = 0 and s_i = 0 We can subtract the vector t_{(j)} from (x, s), however we should care about a ratio-test (x, s) − θt_{(j)}, where θ is an appropriate scalar. We obtain strict complementarity for ℓ + 1 new elements of the solution. The additional strict complementary is obtained by definition of t_{(j)} (see Section 3.2). Thus, complementarity improves by ℓ + 1. 2

The above lemma corresponds to the last two tableaus of Lemma 5.1. The first tableau is considered in the next lemma, which provides the tool to identify the indices in T .

Lemma 5.3 Consider the following sufficient LCP.

− m̂ d̂T q̂ M̂ ξ̂ x̂ + σ̂ ŝ = 0, (3)

where q̂, d̂ ∈ IR^n, m̂ ∈ IR, M̂ is sufficient and m̂ > 0 and q̂ > 0. If LCP(q̂, M̂) has a complementary solution, then the augmented LCP (3) has no complementary solution with either σ̂ > 0 or ξ̂ > 0 (i.e. their index belongs to T in the optimal tripartition).

Proof:

First assume to the contrary that there exists a complementary solution (ξ̂, x̂, σ̂, ŝ) with ξ̂ > 0 (hence σ̂ = 0). Since (3) is homogeneous, we can assume without loss of generality that ξ̂ = 1. Writing out the LCP in an equations system we get

−d̂^T x̂ + σ̂ = m̂ (4) −M̂ x̂ + ŝ = q̂. (5) Multiplying (5) by X̂, we obtain −X̂M̂ x̂ + X̂ŝ = X̂q̂. Since X̂, ŝ are complementary we have X̂ŝ = 0. Hence, X̂M̂ x̂ = −X̂q̂ ≤ 0 because q̂ > 0. From the definition of sufficiency, we have X̂M̂ x̂ = 0, hence, X̂q̂ = 0, which implies x̂ = 0 because q̂ > 0. Now, from (4) we get σ̂ = m̂ which contradicts complementarity. Similarly we can obtain that σ̂ > 0 is also impossible. If we pivot on ‘m̂’ (1×1 principal pivot), the role of ξ̂ and σ̂ is interchanged, while the same sign structure follows for σ̂, thus by the above argument it follows that σ̂ = 0 in any complementary solution. In other words the index corresponding to σ̂ and ξ̂ belongs to the set T of the optimal tripartition. 2

Lemma 5.4 Suppose that a complementary solution (x, s) of LCP(q, M ) and the corresponding complementary tableau M̃ are given. Furthermore, assume that the following subtableau results from applying Lemma 5.1 to a complementary part of the subtableau corresponding to (x, s), where both x_i = 0 and s_i = 0.

− ⊖ . . ⊖

Let us denote this tableau by T_2. The upper left negative diagonal element is denoted by T̄_2. The pair corresponding to T̄_2 is in T .

Proof:

Let us rewrite tableau T_2 as follows

−m̂ −d̂^T

−q̂ −M̂

where m̂ > 0 a scalar, q̂ > 0 and d̂ vectors of the same size and M̂ is sufficient. By Lemma 5.3, there exists no complementary solution for this sub-LCP with ξ̂ > 0 and σ̂ > 0. We conclude that the corresponding index of ξ̂ and σ̂ is in T . 2

+ B̄x . . + 0 T̄1 . . . T̄1 0 · · · 0 0 · · · 0 . . . . . . . . . . . . . . . . 0 · · · 0 0 · · · 0 0 · · · 0 . . . . . . . T 0 0 · · · 0 + B̄s . . + Table 2: A Balinski-Tucker tableau for LCPs.

Using the lemmas above we give the next definition, which is a generalization of the tableaus that Balinksi and Tucker [3] considered.

Definition 5.2 A Balinski-Tucker tableau for LCPs is a complementary basis tableau where the subtableaus corresponding to the zero components of the complementary basis have structure T̄_1 (corresponding to Lemma 5.2), a block of zero elements, and a block corresponding to all indices in T . Table 2 is an illustration of a Balinski-Tucker tableau for LCPs.

Theorem 5.1 Given a complementary solution (x, s) for LCP(q, M ), where M is sufficient, and a corresponding complementary tableau, we can construct a Balinski-Tucker tableau for LCPs in a finite number of steps.

Proof:

The proof consists of repeatedly applying Lemma 5.1 to a sequence of sub-LCPs. The set of basic variables corresponding to x that are zero are denoted by B_x. Similarly we denote the set of zero basic variables corresponding to s by B_s. Rearrange columns of the tableau corresponding to (x, s) to get the following tableau.

+ . . + 0 * * . . Bx 0 0 * * . . Bs 0 + . . + The proof is constructive. We start by picking an arbitrary element of either B_x or B_s. Let us denote this element by j. After applying Lemma 5.1, one of the two cases distinguished in the Lemmas 5.2 and 5.4 occur. Since only principal pivoting is used in the criss-cross method [17], each tableau and subtableau remains sufficient in the subsequent steps. If the first case of Lemma 5.1 occurs with a negative diagonal element, then the corresponding pair belongs to T . This pair is rearranged to the last pair of (B_x, B_s). The procedure is repeated for the remaining subproblem. In the other case, a subset of variables with a subtableau T_1 is identified. These elements (pairs) are removed from the subproblem and the procedure is repeated. Note that for the first case (the situation of Lemma 5.4) the sub-LCPs will not reduce in size. All columns corresponding to the indices in T should stay in the subproblem. However, choosing another driving column, which does not correspond to the indices in T , the procedure can be continued. Therefore, the number of variables, whose status is still undecided, reduces. Note that principal rearrangements of sufficient matrices are sufficient (Proposition 2.3). Since only a finite number of pivots is needed to obtain the two distinguished cases, and the number of variables still undecided decreases by at least one at each step, constructing a Balinski-Tucker tableau for LCPs can be done in a finite number of steps. Repeatedly applying Lemma 5.1 gives a Balinski-Tucker tableau for LCPs. 2

Remark 5.1 Since we are free to choose the indices ‘j’ we can conclude that a Balinski-Tucker tableau (for LCPs) is not unique in general.

Remark 5.2 The cardinality of the set T is equal to the number of T̄_2 blocks that occur during the process, or the size of the last block in a Balinski-Tucker tableau for LCPs.

5.2 Tripartition Identification

In this section we will outline the optimal tripartition identification algorithm. This algorithm is mainly based on the constructive proof of Theorem 5.1 and that of the next theorem.

Theorem 5.2 If a Balinski-Tucker tableau for LCPs is available a maximal complementary solution and its corresponding tripartition can be derived in strongly polynomial time.

Proof:

The proof is constructive. We are only interested in the basic variables in the optimal basis which are zero, the other variables are strictly complementary. In order to obtain a maximal complementary solution, we need to improve the complementarity of the pair of variables that are zero. Let (x, s) denote a complementary solution of LCP(q, M ), such that the variables for which the solution already satisfies strict complementarity correspond to the indices of the sets B̄_x and B̄_s. If (x, s) is maximal complementary we are finished. Else we will show that complementarity can be improved. Subsequently applying Lemma 5.2, we conclude that complementarity of (x, s) improves for the T̄_1 blocks. For T̄_1 the scalar θ (see the proof of Lemma 5.2) needs to be chosen to assure that the positive part of (x, s) stays positive. For the zero block in the Balinski-Tucker tableaus for LCPs complementarity can be further improved. Let us denote this zero block by T̄_3. We can perform an addition for each column of t_{(j)} of T̄_3. Let j denote the index of the corresponding column of the Balinski-Tucker tableau for LCPs. We subtract a small multiple of the column t_{(j)} from the current complementary solution (x, s). By definition of t_{(j)} it is clear that the complementarity of (x, s) improves by one. Applying this for all columns of T̄_3 we obtain strict complementarity of the corresponding elements of (x, s). In this way, strict complementarity is reached for all the elements not in the identified T block. The complementarity cannot be improved, for the indices corresponding to the elements belonging to the set T (see the proof of Lemma 5.4). With the above procedure we have now obtained a maximal complementary solution. 2

The TI-algorithm is outlined as follows

Algorithm 5.2 Tripartition Identification Algorithm

1. Start with an optimal basis and its corresponding tableau.

2. We keep the basic solution fixed and construct a Balinski-Tucker tableau for LCPs by using the procedure described in the proof of Theorem 5.1.

3. From the basic solution we construct a maximal complementary solution by using the procedure described in the proof of Theorem 5.2

Note that the algorithm is applicable for LP, QP and LCPs with sufficient matrices. LP is a special case of the above procedure. For LP the situation of Lemma 5.4 in the proof of Theorem 5.2 cannot occur. All diagonal elements are zero for LP. Indeed we conclude from the algorithm that the set T is empty and strict complementarity is obtained (cf. Section 3.1).

The finiteness of Algorithm 5.2 is a corollary of Theorems 5.1 and 5.2.

Corollary 5.1 The TI-algorithm is finite and finds an optimal tripartition.

Proof:

Constructing a Balinski-Tucker tableau for LCPs can be done in a finite number of pivots. In constructing a maximal complementary solution only a finite number of additions is needed. We conclude that the TIalgorithm is finite. Since, the solution obtained after applying the procedure of Theorem 5.2 is maximal complementary the proof is completed. 2

If we use pivoting to obtain a Balinski-Tucker tableau for LCPs, the TI-algorithm is not polynomial. However, finding a Balinski-Tucker tableau for LCPs consists of solving sub-LCPs. Using the BI-algorithm from Section 4 we can construct a polynomial Balinski-Tucker tableau identification algorithm, and hence another TI-algorithm. This is stated in the next theorem.

Theorem 5.3 There exists a polynomial algorithm to identify a Balinski-Tucker tableau, and hence a polynomial TI-algorithm.

Proof:

Finding a Balinski-Tucker tableau for LCPs consists of solving sub-QP problems or sub-LCPs. Using an interior point method (see, Anstreicher et al. [2] for QP or the algorithm Kojima et al. [26] for LCP) we can solve these subproblems in polynomial time. However, as we know in general we will obtain a maximal complementary solution and not a basic solution as is needed for constructing a Balinski- Tucker tableau for LCPs. Applying the BI-algorithm from Section 4 we can find basic solutions of the sub-QP problems and sub-LCPs. The BI-algorithm is strongly polynomial (see, Theorem 4.1), thus we can find a Balinski-Tucker tableau for LCPs in polynomial time. It remains to be shown that from a Balinski-Tucker tableau for LCPs a maximal complementary solution and its corresponding tripartition can be found in polynomial time. Applying Theorem 5.2 a maximal complementary solution and its corresponding tripartition can be found in strongly polynomial time. This completes the proof. 2

6 Summary and Subjects of Further Research

In this paper we have presented generalizations of the results of Megiddo [32] and Balinski and Tucker [3] for LP to QP and LCP with sufficient matrices. First, we have described an algorithm to find a complementary basis starting from a complementary solution (for example the maximal complementary solution provided by an interior point algorithm). Second, we have provided a method to find a maximal complementary solution and its corresponding tripartition starting from a complementary basis. A subject of further research is to incorporate the presented algorithms in efficient implementations for combined interior point and pivot algorithms. We believe that the discussed algorithms provide a clearer insight in the difference and connection between optimal bases and optimal tripartitions.

Zhang’s algorithms [48] are closely related to Megiddo’s algorithm for optimal basis identification. Independently, Tijssen and Sierksma [41] obtained similar results. Using the BI-algorithm proposed in this paper and a Balinski-Tucker tableau for LCPs, it is interesting to examine if a similar result as Zhang’s, holds for QP and LCPs with sufficient matrices. That is, to examine whether it is possible to find a Balinski-Tucker tableau for LCPs in strongly polynomial time, starting from an optimal tripartition and its corresponding maximal complementary solution for QP and LCPs.

References

[1] Andersen, E.D. and Ye, Y. (1994), Combining Interior-Point and Pivoting Algorithms for Linear Programming, Technical Report, Department of Management Sciences, University of Iowa, Iowa City.

[2] Anstreicher, K., Hertog, D. den, Roos, C. and Terlaky, T. (1993), A Long Step Barrier Method for Convex Quadratic Programming, Algorithmica 10, 365–382.

[3] Balinski, M.L. and Tucker, A.W. (1969), Duality Theory of Linear Programs: A Constructive Approach with Applications, SIAM Review 11, 347–377.

[4] Berkelaar, A.B., Jansen, B., Roos, C. and Terlaky, T. (1996), Sensitivity Analysis in Degenerate Quadratic Programming, Report 9611/A, Econometric Institute, Erasmus University Rotterdam, P.O. Box 1738, 3000 DR Rotterdam, The Netherlands.

[5] Bixby, R.E. and Saltzman, M.J. (1992), Recovering an Optimal LP Basis from an Interior Point Solution Technical Report 607, Clemson University, Clemson, SC.

[6] Bixby, R.E. (1994), Progress in Linear Programming, ORSA Journal on Computing 6, 15–22.

[7] Carpenter, T.J., Lustig, I.J., Mulvey, J.M. and Shanno, D.F. (1993), Higher Order Predictor- Corrector Interior Point Method SIAM Journal on Optimization 3, 696–725.

[8] Cottle, R.W. (1967), The Principal Pivoting Method of Quadratic Programming, in Mathematics of the Decision Sciences Part I (G.B. Dantzig and A.F. Veinott, eds.), Lectures in Applied Mathematics 11, 144–162.

[9] Cottle, R.W. and Dantzig, G.D. (1968), Complementary Pivot Theory of Mathematical Programming, Linear Algebra and its Applications 1, 103–125.

[10] Cottle, R.W., Pang, J.S., Stone, R.E. (1992), The Linear Complementarity Problem, Academic Press, INC., San Diego, California.

[11] Dantzig, G.D. and Cottle, R.W. (1963), Positive (Semi)–Definite Programming, ORC 63–18 (RR), Operations Research Center, University of California, Berkeley. Revised in Nonlinear Programming (J. Abadie, ed.), North–Holland, Amsterdam, 1967, 55–73.

[12] Fukuda, K. and Terlaky, T. (1986), A General Algorithmic Framework for Quadratic Programming and a Generalization of the Edmonds-Fukuda Rule as a Finite Version of the Van de Panne–Whinston Method, Reprint, Department of Operations Research, Eötvös University, Budapest, Hungary.

[13] Goldman, A.J. and Tucker, A.W. (1956), Theory of Linear Programming, in Linear Inequalities and Related System (H.W. Kuhn and A.W. Tucker, eds.), Annals of Mathematical Studies, No. 38, Princeton University Press, Princeton, New Jersey, 53–97.

[14] Gondzio, J. and Terlaky, T. (1994), A Computational View of Interior–Point Methods for Linear Programming, Technical Report 94–73, Faculty of Applied Mathematics and Computer Science, Technical University Delft, Delft, The Netherlands.

[15] Greenberg, H.J. (1994), The Use of the Optimal Partition in a Linear Programming Solution for Postoptimal Analysis, Operations Research Letters 15, 179–185.

[16] Güler, O. and Ye, Y. (1993), Convergence Behaviour of Some Interior–Point Algorithms, Mathematical Programming 60, 215–228.

[17] Hertog, D. den, Roos, C., Terlaky T. (1993), The Linear Complementarity Problem, Sufficient Matrices, and the Criss-Cross Method, Linear Algebra and its Applications 187, 1–14.

[18] Jansen, B., Jong, J.J. de, Roos C. and Terlaky, T. (1993), Sensitivity Analysis in Linear Programming: Just Be Careful!, Report AMER.93.022, Royal/Shell Laboratories Amsterdam, Amsterdam, The Netherlands.

[19] Jansen, B., Roos, C. and Terlaky T. (1994), The Theory of Linear Programming: Skew Symmetric Self-Dual Problems and the Central Path, Optimization 29, 225–233.

[20] Jansen, B., Roos, C. and Terlaky T. (1995), Optimal Bases Versus Optimal Partitions for Postoptimal Analysis in Linear Programming submitted to European Journal of Operations Research.

[21] Jansen, B., Roos, C., Terlaky, T. and Vial, J.Ph. (1993), Interior–Point Methodology for Linear Programming: Duality, Sensitivity Analysis and Computational Aspects, in Optimization in Planning and Operation of Electric Power Systems (K. Frauendorfer, H. Glavitsch and R. Bacher, eds.), Physica-Verlag, 57–124.

[22] Keller, E. (1973), The General Quadratic Optimization Problem, Mathematical Programming 5, 311–337.

[23] Klafszky, E. and Terlaky, T. (1989), Some Generalizations of the Criss-Cross Method for the Linear Complementarity Problem of Oriented Matroids, Combinatorica 9(2), 189–198.

[24] Klafszky, E. and Terlaky, T. (1991), The Role of Pivoting in Proving Some Fundamental Theorems of Linear Algebra, Linear Algebra and its Applications 151, 97–118.

[25] Klafszky, E. and Terlaky, T. (1992), Some Generalizations of the Criss-Cross Method for Quadratic Programming, Optimization 24, 127–139.

[26] Kojima, M., Megiddo, N. and Noma, T. (1989), Homotopy Continuation Methods for Complementary Problems, Research Report RJ 6638 (63949), IBM Research, Almaden Research Center, San Jose, CA 95120-6099.

[27] Kortanek, K.O. and Zhu, J. (1988), New Purification Algorithms for Linear Programming, Naval Research Logistics Quarterly 35, 571–583.

[28] Lemke, C.E. (1965), Bimatrix equilibrium points and mathematical programming, Management Science 11, 681–689.

[29] Lemke, C.E. (1968), On Complementary Pivot Theory, in Mathematics of the Decision Sciences part I (G.B. Dantzig and A.F. Veinott, eds.) Lectures in Applied Mathematics 11, 95–114.

[30] Markowitz, H.M. (1959), Portfolio Selection, Efficient Diversification of Investments, Cowles Foundation for Research in Economics at Yale University, Monograph 16, John Wiley & Sons, New York.

[31] Megiddo, N. (1989), Pathways to the Optimal Set in Linear Programming, In Progress in Mathematical Programming–Interior Point And Related Methods (N. Megiddo, ed.), Springer Verlag, New York, 131–158.

[32] Megiddo, N. (1991), On Finding Primal– and Dual–Optimal Bases, ORSA Journal on Computing 3, 63–65.

[33] Monteiro, R.D.C and Tsuchiya, T. (1992), Limiting Behaviour of the Derivatives of Certain Trajectories Associated with a Monotone Horizontal Linear Complementarity Problem, Working paper, 92-28, Dept. of Systems and Industrial Engineering, University of Arizona Tucson, AZ 85721.

[34] Mitchell, J.E. (1994), Fixing Variables and Generating Classical Cutting Planes when Using an Interior Point Branch and Cut Method to Solve Integer Programming Problems, Technical Report 216, Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, NY 12180-3590.

[35] Panne, C. van de and Whinston, A. (1969), The Symmetrical Formulation of the Simplex Method for Quadratic Programming, Econometrica 37, 507–527.

[36] Rubin, D.S. and Wagner, H.M. (1990), Shadow Prices: Tips and Traps for Managers and Instructors, Interfaces 20, 150–157.

[37] Schrijver, A. (1986), Theory of Linear and Integer Programming, John Wiley and Sons, New York. [38] Strang, G. (1976), Linear Algebra and its Applications Harcourt Brace Jovanovich, San Diego. [39] Terlaky, T. (1985), A Convergent Criss-Cross Method, Optimization 16, 5, 683–690. [40] Terlaky, T. (1987), A Finite Criss-Cross Method for Oriented Matroids, Journal of Combinatorial Theory, Ser. B. 42, 319–327.

[41] Tijssen, G.A. and Sierksma, G. (1995), Balinski-Tucker Simplex Tableaus: Dimensions, Degeneracy, Degrees, and Interior Points of Optimal Faces, Research Report 95A15, Graduate School/Research Institute Systems, Organization and Management (SOM), University of Groningen, Groningen, The Netherlands.

[42] Todd, M.J. (1985), Linear and Quadratic Programming in Oriented Matroids, Journal of Combinatorial Theory, Ser. B. 39, 105–133.

[43] Tucker, A.W. (1960), A Combinatorial Equivalence of Matrices, Proceedings of Symposia in Applied Mathematics 10, (R. Bellman and M. Hall, eds.), American Mathematical Society, 129–140.

[44] Tucker, A.W. (1963), Principal Pivot Transforms of Square Matrices, SIAM Review 5, 305. [45] Väliaho (1994), P_∗ Matrices are Just Sufficient, Research Report, Department of Mathematics, University of Helsinki, Helsinki, Finland. To appear in Linear Algebra and its Applications.

[46] Vanderbei, R.J. (1994), LOQO: An Interior Point Code for Quadratic Programming, Technical Report, Department of Civil Engineering and Operations Research, Princeton University, Princeton, NJ 08544.

[47] Wolfe, P. (1959), The Simplex Method for Quadratic Programming, Econometrica 27, 382–398. [48] Zhang, S. (1994), On the Strict Complementary Slackness Relation in Linear Programming, In Advances in Optimization and Approximation (Ding-Zhu Du and Jie Sun, eds.), 347–361.