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Abstract

Diffuse priors lead to pathological posterior behavior when used in
Bayesian analyses of Simultaneous Equation Models (SEMs). This results
from the local nonidentification of certain parameters in SEMs. When this,
a priori known, feature is not captured appropriately, an a posteriori favor
for certain specific parameter values results which is not the consequence
of strong data information but of local nonidentification. We show that
a proper consistent Bayesian analysis of a SEM explicitly has to consider
the reduced form of the SEM as a standard linear model on which nonlin-
ear (reduced rank) restrictions are imposed, which result from a singular
value decomposition. The priors/posteriors of the parameters of the SEM
are therefore proportional to the priors/posteriors of the parameters of the
linear model under the condition that the restrictions hold. This leads to
a framework for constructing priors and posteriors for the parameters of
SEMs. The framework is used to construct priors and posteriors for one,
two and three structural equation SEMs. These examples jointly with a
theorem, which states that the reduced forms of SEMs accord with sets of
reduced rank restrictions on standard linear models, show how Bayesian
analyses of generally specified SEMs are conducted.
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1 Introduction

Since the early forties people have focussed on the development of statistical
methods for analyzing Simultaneous Equation Models (SEMs), see a.o. [16] and
[2]. This shows the importance of models which are able to generate variables
simultaneously as it is a stylized fact of many economic time series. The SEM is
not only an important model but also a rather complicated one because of the
problems which can occur regarding the identification of the different structural
form parameters. The identification of the structural form parameters is reflected
in the rank and order conditions which result from the reduced form, see [18]. The
order condition reflects overall identification while the rank condition reflects local
(non) identification. This latter phenomenon, local nonidentification, is shown to
lead to pathological posterior behavior when diffuse priors are used in Bayesian
analyses of the SEM. This behavior occurs in the traditional Bayesian analyses
of SEMs documented in the literature, see a.o. [8], [10] and [11]. We show its
occurence in a limited information (one equation) analysis of the SEM. Similar
behavior can be found in other specifications of the SEM as well since the origin
of the pathological posterior behavior, the local nonidentification of parameters,
is exemplary to SEMs.

In order to obtain a consistent Bayesian analysis of a SEM, which does not
suffer from different kind of pathologies, we construct a framework in which the
reduced form of a SEM is specified as a multivariate linear model with nonlinear
(reduced rank) restrictions on its parameters. Using singular value decomposi-
tions we specify the restrictions such that an one-to-one correspondence with a
linear model is obtained when the restrictions do not hold; and the reduced form
of the SEM is obtained when they hold. The proposed framework leads to invari-
ance of the priors and posteriors with respect to the specification of the model.
The resulting posteriors of the parameters of the SEM accord with the posterior
of the embedding linear model. Our analysis is similar to the construction of the
Savage-Dickey density ratio, see [7]. That is, we construct the priors/posteriors
in the points where the hypothesis (restriction) holds. In contrast, the posterior
of the parameters of a SEM, derived in the usual way using a diffuse prior, is in-
consistent in the sense that the resulting posterior of its embedding linear model
is not a member of the standard class of posteriors of linear models, see [19].

The contents of the paper is organized as follows. In section 2, we show
the before mentioned pathologies arising in the posteriors of the parameters of
an incomplete (one structural equation analysis of a) SEM when diffuse priors
are used. Sections 3 and 4 show how an incomplete SEM is rewritten as a
multivariate linear model with nonlinear parameter restrictions, which leads to
a framework for prior and posterior analysis. Singular value decompositions are
used in this framework which are similar to the canonical correlations used in a
limited information maximum likelihood analysis, see [2]. In section 5, posterior
simulators are constructed to sample from the posterior of the parameters of




an incomplete SEM. Section 6 extends the one structural equation analysis to
a full system analysis by showing that a fully specified SEM accords with a set
of reduced rank restrictions on a linear model. Different subsections then show
what the framework for prior/posterior analysis then amounts to for two and
three structural equation examples and also show that the order condition for a
full system analysis of a SEM can differ from the order condition resulting from
an one structural equation analysis. Finally the seventh section concludes.

2 Nonidentification and Pathological Posterior
Behavior

To show the consequences of local nonidentification of parameters of SEMs for
their posteriors, we analyze, as an example, the one (set of) structural equation(s)
model also known as INcomplete Simultaneous Equations Model (INSEM). As
the results for the posteriors of the INSEM are exemplary for other specifica-
tions of the SEM, the importance of a proper treatment of the issue of local
nonidentification is shown by the analysis of the INSEM.

We use as specification of the INSEM, see [38],

n = YaB+ Z1y+e, (1)
Yo = Zillia + ZoIlyg + €3,

where y; : T x 1, and Y2 : T x (m — 1), are endogenous and Z; : T x k;, and
Zy : T X ka, k = ki + ks, contain the (weakly) exogenous, see [12], and lagged
dependent variables, 8 : (m — 1) x 1, v : ky x 1, Il = ([T}, [I},)" : k x (m — 1)
and we assume that (e; €2) ~ n(0,2 ® Ir). The identification problems arise
when the parameter Ily; = O (or has reduced rank) as (parts of) the structural
form parameter 3 is then nonidentified. This is easily seen when we construct
the reduced form of the INSEM from equation (1),

= i+ Zollaeff + &, (2)
Yo = Zillia + ZoIlgy + €9,

where m; = v + 1288, & = &1 + 20, (& e2) ~ n(0,2), £ = B'QB, B =
1 0

-8 Ina
disturbances &; are not affected by the value of 3. So, the likelihood is flat and
nonzero in the direction of 8 when IIy; = 0. If we use flat (diffuse) priors in a
Bayesian analysis of the INSEM, such that the joint posterior is proportional to
the likelihood, also the joint posterior of the different parameters will be flat and
nonzero in the direction of 3 for zero values of Ily,. This property is passed on
to the marginal posteriors, which are the integrals of the joint posterior over the

) . When Il = 0, 3 drops out of the model in equation (2) and the




Figure 1: Bivariate Posterior (3, m32) demand equation Tintner model

different parameters. To show the consequences for the marginal posteriors in
practice, we calculated the marginal posteriors of the parameters of the demand
equation of the ” Tintner meat market” model, see [35]. In this exact identified
model, y; reflects quantity of meat consumed, s is the price of meat, z; is national
income per capita, z; is the cost of processing meat (all variables are in deviation
from their mean).

In figure 1, the joint posterior of B and Ily; is drawn for the Tintner meat
market dataset and figure 2 contains the contourlines of this bivariate posterior.
The functional form of this posterior is obtained by using a flat prior (o< 1) and
integrating out (X, 1, m2), and reads,

p(B, MY, Z) o |(y1 — ZoTlnaB) Mz, e)(n — ZolIpB)| 72T —0m=1) (3)
(Y2 = ZaTlpa) My, (Ya — ZaTlgy)| 4T R1=m=D),

as Yg = Zlﬂlg ar ZQH22 + €9 and Mv = IT — V(V’V)_IV’, V= Zl, V= (Zl Eg).
Both figures 1, 2, and the functional form of the posterior in equation (3) show
that the marginal posterior does not depend on 3 when IlI3; = 0 as it is flat
and nonzero in the direction of 3 for zero values of Ilz;. This implies that the
marginal posterior of Ily;, which is the integral of the posterior in equation (3)
over 3, will be infinite at Ilss = 0 as at this particular value of I1;, we construct
an integral of a function over an infinite parameter region while the function itself
does not depend on the parameter 3 over which we integrate. So, the integral
will be proportional to the size of the parameter region, i.e. infinity. Both the
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Figure 2: Contourlines marginal posterior (3, I152) demand equation

functional form of the marginal posterior of 19,

'H’22Z5M(21Y2)Z2H22| ]—%(T—k1—2(m—1))
5y Z5 M 2, v, v2) Z21l22|

|(Ya — ZoIlag) Mz, (Ys — 22H22)|_%(T_k1_m_1), (4)

p(|Y,Z) o |[MpyZs Mz, ey Zallpa| 3]

and the marginal posterior of IIys for the Tintner dataset from figure 3 show
this phenomenon and consequently the value of the posterior of Iy, is infinite at
H22 =0.

The nonidentification of 3 has also consequences for its own marginal pos-
terior. The marginal posterior of 3, which belongs to the class of 1-1 poly ¢
densities, see 3], (8], [9], [11], and [31] for an efficient algorithm to calculate the
moments of this class of densities, reads

POIY,2) o | — Vo) Mz, (s — )BT (5)
|(y1 — YaBB) Mz, (yy — Ya3)|~2T—F1-m~1).

and this posterior has fat tails resulting from the flat nonzero conditional poste-
rior of 3 given IIy; = 0. For the case of the Tintner model, the marginal posterior
is even nonintegrable which is also plausible given the fat tails of the marginal
posterior of 3 shown in figure 4. In general, the moments of the posterior in equa-
tion (5) exist up to/including the degree of overidentification minus 1 implying
that exact identified models lead to nonintegrable posteriors when diffuse priors
are used.



Figure 4: Marginal posterior 3 demand equation Tintner model




A popular method for numerical calculation of posterior densities is by con-
structing the conditional posteriors and to perform Gibbs Sampling, see [13] and
[33]. When this Markov Chain Monte Carlo (MC?) algorithm is used to com-
pute the marginal posteriors of the parameters of the INSEM, as in [15], the
local nonidentification problems lead to a reducible Markov Chain since when a
locally nonidentified parameter value is drawn, the sampler continues drawing
nonidentified parameter values, such that the region of locally nonidentified pa-
rameter values is an absorbing state in the Markov chain. The posterior violates,
therefore, the convergence conditions for Gibbs Samplers as outlined in [32]. A
solution to this problem is to use informative priors but the validity of this ap-
proach is questionable when priors are used which are not in accordance with the
likelihood.

The integrability problems of the posteriors discussed previously result from
the dependence of the structural form parameter 3 on Ily; in the INSEM. In
classical statistical analysis, see [1], [28] and [30], the parameter 3 is analyzed
conditional on a so-called concentration parameter, which is essentially a Wald
test for Ilos = 0 and shows whether the information in the likelihood is concen-
trated around Ily; = 0. When this concentration parameter tends to infinity in
the limit, normal asymptotic theory can be applied, see [1] and [28]. If Iy, = 0,
however, estimators of (3, like 2SLS, converge to random variables, see [29]. The
integrability problems outlined above show that also in a Bayesian analysis 3 has
to be analyzed given Ilyy, which is natural given that the identification problems
in the likelihood result from model inadequacies, i.e. the nonidentification of 3
at [Iy; = 0, and are not the result of inferior data. As we know a priori that these
integration problems will arise, there is a need for a framework which formalizes
the way the parameters are analyzed conditional on one another and which leads
to nonpathological posteriors. In the next sections, this framework is constructed.

3 Priors for the INSEM parameters

In the previous section, we showed that the parameters which suffer from local
nonidentification problems should be analyzed conditional on the value of their
identifying parameters. This is one of the main properties obtained through the
priors constructed in this section. In previous versions of this paper, see [22], and
also [5] Jeffreys’ priors are used to obtain this property. The resulting posterior,
when this prior is used, is, however, not nested within the assumed posterior
of the embedding unrestricted linear model. This is a key property of the priors
constructed in this section. The prior we construct in this section is based on [19],
where it is shown that a whole range of models can be considered as nonlinear
restrictions of the parameters of a standard linear model. This gives a general
framework for the analysis of a large class of models, see for example [20] and
[21].



3.1 SEMs as linear models with nonlinear parameter re-
strictions

Overidentified SEMs can be seen as a nonlinear restriction on the parameters
of a multivariate linear model. It is well known how priors/posteriors for the
standard linear model are constructed. If we explicitly consider the SEM as a
nonlinear restriction on the parameters of a linear model, the priors/posteriors
of the parameters of the SEM result, straightforwardly, as proportional to the
priors/posteriors of the parameters of the linear model under the condition that
the restrictions on these parameters hold.

To show the restrictions imposed by a SEM on the parameters of a linear
model consider the INSEM (1) and its reduced form (2) which is a linear model
with restrictions on its parameters. To show these restrictions, we add a pa-
rameter A to this model which is such that when it is nonzero, (i.) there is an
one-to-one correspondence with a standard linear model and when it equals zero
both (ii.) the reduced form of the INSEM results and (#i.) it is locally uncor-
related with specific other parameters. This latter property is needed to obtain
priors/posteriors of the parameters of the INSEM which are invariant with re-
spect to the specification of the model. Several restrictions imposed on the linear
model namely lead to the reduced form of the INSEM but only one restriction also
leads to priors/posteriors which are invariant with respect to parameter transfor-
mations. The non invariance is a consequence of the Borel-Kolmogorov Paradox,
see [4] and [11], and for more details on this posterior invariance, see [19] and
[21]. The resulting model, which we call the unrestricted SEM, reads,

( n Y ) = Z1( LoV 1 67 )+32H22 ( I B ) (6)
+Z2H22J_’\( B In )J_ + ( & €2 ) ,

where A : (kp—m+1)x1and Iy, ( B Im_q )l are the orthogonal complements

/

of Ty, ( B I ) resp., such that II},IIy, = 0, ( B In, )( 8 I, )L _

!
0, and Il Il2e; = Iy, (5 I )l(ﬁ Iy )i =1 (ie. Iy =
14 /
( ~o0ll3;  Tkyom-1 ) (Tkz—m—1+Tloo T35 Tl Tl ) ~%, when Tlpp = ( [lyy, My ) ;

Hgo1 : (m —1) x (m — 1), Hagp : (ko —m +1) x (m — 1), a.nd(ﬁ I )Lz

(1+ B’ﬂ)*% ( 1 -4 )) Note that the orthogonal complements used in other
parts of the paper are defined identical to the ones stated above.

It is clear that when A = 0, (6) is identical to (2) and since X is multiplied by
the orthogonal complements of the matrices containing 3 and Il,,, the information
matrix is block diagonal at A = 0. We therefore say that ) is locally uncorrelated
with 3 and I, at A = 0. The one-to-one correspondence between the parameters




of (6) and a standard linear model,

(n%)=(a 2)(3 &)+ (6 a). @

where ¢ : ky x 1, @3 : ky x (m — 1), can be shown using a Singular Value
Decomposition (SVD) of & = ( b1 P ) , see [26],

®=USV', (8)

where U : ko xm, U'U = Ip; V:m xm, V'V = I,;; and S : m x m is a diagonal
matrix containing the (nonnegative) singular values (in decreasing order). If we

write,
Ui 2 S1 0 vl V12
U= .S = dV = , 9
( U ug ) ( 0 s ) o ( Var va ) ( )
where Uu, Sl, 1/21 g (m — ].) X (m — 1), 89, V12 : 1x ].; 'U;l, Vg9, Uy : (m - 1) X ].,

Uy : (kg —m+ 1) x (m — 1); uge : (k2 — m + 1) x 1, the following relationship
between (Ilz2, 3,A) and (U, S, V') results,

(S0

. (10)

Ull / (=il ) ’ -1 ’ ’ —
[y = ( Us, S1Va1, B = Vyp "vi, and X = (ugyug) " Fugsatys(v)av12)

Furthermore the SVD shows that A is identified by the smallest singular value of
® contained in s;.

The above implies that the INSEM can be considered as a nonlinear (reduced
rank) restriction, A = 0, on the parameters of the linear model in (7). We
can therefore construct the priors/posteriors of the INSEM (1) as proportional
to the priors/posteriors of the parameters of the linear model (7) evaluated in
A = 0. In the following subsection we discus a framework to construct priors and
posteriors which is based on this property. The resulting framework for prior
and posterior analysis can also be used in a full system analysis in which SVDs
have to be applied recursively. As this becomes notationally more complicated
we discus this in a later section. Note also that the analysis for exact identified
SEMs directly results from the standard linear model since there is an one-to-
one correspondence between the parameters of the structural form and the linear
model in that case.

3.2 Prior Framework for SEMs

As shown previously, the INSEM can be considered as a nonlinear restriction
of a standard linear model. It is, however, not possible to analytically derive




the conditional posterior of the parameters, m,, 3, II;2 and Ils;, given the pa-
rameter reflecting the restrictions, A, and Q, see also [19]. To show this let
0 = (ﬂ’ll,lg, HIQ,HQQ) and = (‘I’, 11, le), then

an
N (11)

where 7 is a function of # and A, unsem stands for unrestricted SEM and lin for
linear model. Assume that the posterior of 7 is well behaved, which is typically
the case for the posterior of the parameters of a standard linear model, then
we cannot give an exact expression of the conditional posterior of € given A,
Punsem (6|2, 2, Y, Z), including its normalizing constants. Consequently to obtain
a consistent analysis, in the sense that the INSEM has to be comparable with its
embedding linear model, we cannot ignore that the INSEM is a linear model with
nonlinear restrictions and just proceed by deriving a posterior as done in section
2. This derivation namely implicitly assumes that the posterior is proportional
t0 Punsem (8, A|$2, Y, Z)|r=0, which would imply a posterior for the parameters of
the linear model in A =0,

punsem(gu A|Qy Y1 Z) X ple‘n("?(ga A)IQ, Y! Z)|

a6, A
plin(TI'Q:Y-: Z)')\:O Ocpunsem(n(g:uk)lﬂi Ya Z)|1\=0|( (an ))|A=0|- (12)

As shown in section 2 the posterior punsem (€, A|€2, Y, Z)|a=0 is badly behaved and
the resulting behavior of p;n(n|€2,Y, Z)|x=0 will only be worse. This posterior
of the parameters of a linear model does not belong to (or is nested within)
the standard class of posteriors of parameters of linear models and therefore the
analysis is inconsistent. Also slight modifications of the INSEM, to for example
an INSEM which is nested in the original INSEM, lead to a completely different
posterior of the parameters of the embedding linear model which emphasizes the
inconsistency even more. We therefore use the priors/posteriors of the parameters
of the linear model as a base to construct the priors/posteriors of the parameters
of the INSEM. So, we specify a prior for the parameters of the linear model, for
example a diffuse or natural-conjugate prior, see [37], and we evaluate this prior
in A = 0 to obtain the prior for the INSEM, see also [21],

pinsem(ga Q) x punsem(ga A) Q)lA:O (13)
0
0.8 sz(’fl(ga ’\):Q)b\=0|( 7

3(9,/\)”":0"
where insem stands for INSEM.

3.2.1 Diffuse Prior

Using the framework resulting from (13), a diffuse (Jeffreys’) prior for the para-
meters of the linear model, (m;q, 115, @, ),

Piin(m11, 12, @, Q) o Q301 @ 2/ Z|3, (14)
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implies the prior for the parameters of the INSEM, (3, m;, I115, g9, Q2),

pinaem(ﬁa 11, H121 H221 Q) (15)
o [Q72H™DI0 @ Z'Z|}|J(@, (M2, 8, M) | amol
o |Q 2katmD)| Z1 7, 47| B QB |E O\, | 2 My, ZoTT, B
| BQ B & Zéle Zo B_J_Q_lel &® Zéle Z2H22 |%
6’19_13’ & H5225M21 Zo 6’19_161 &® H'22ZEMZIZ2H22

where B = (8 In-1 ), |J(®, (T, 8,N)| = |55%;| and is constructed in ap-
pendix a.

The prior (15) shows that [ is analyzed conditional on the value of IIy, as it
should be according to the local nonidentification of 3 for lower rank values of
[I3;. Furthermore, the prior shows the functional form of a diffuse prior for the
parameters of the INSEM. This accords with our conclusions from the previous
section that diffuseness for models like the INSEM has to defined in a different
way.

3.2.2 Natural Conjugate Prior

In case of a natural conjugate prior for the parameters of the linear model, we
specify an inverted-Wishart prior for {2 and a matrix normal prior for (), II;5, ®)
given ),

Pin() G expl (2] (16)

1
ptm(ﬂ'u,ﬂm,‘blﬂ) x |Q|_%m|A|%kexp[—§tr(Q‘1(( m Il ) - P)'

v Dy
a5 ) =P

where G : m xm, A : k x k, G and A are positive definite symmetric (pds)
matrices, P : k x m, and h is the prior degrees of freedom parameter. The matrix

A can be decomposed as
An Ap
A= , 17
( Ay Ag (17)

where Ajy : ky x ky, Ajg = Ay, @ ky X ky, Aga : ko X ko. The prior of the parameters
of the INSEM resulting from py;n (711, [112, ®,82) can again be constructed using
(13),

pinsem(ﬁﬂﬁllanl2sn22aﬂ) (18)
X plin(ﬂ'lla H12a q}(ﬁm H22, A)w Q) |A=0|J((I)1 (H22a 6? )‘))l)\=0|
o |G|%h|ﬂ|_%(h+kl+m+l)IAll]%mlBJ_Q_lBilé(k2_m+l)|H’22_]_A22.1H22,L|%
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=

| BQ B’ ® Asgq BQle; ® AggqIlgy
VB @Iy Asn: €7 te; @ M)y Ag Tz

1 11 ' m 12
epl-gir@ @+ (g 1 ) - Pra Fiy B2 ) - P

where Agy 1 = Ag — A1 A A2 and the specification of (18) is not unique.

It may be that we have more knowledge about possible values of the pa-
rameters of the INSEM than about the parameters of the linear model. This
knowledge can be used in the construction of the prior of the parameters of the
linear model as these parameters are an exact function of the parameters of the
INSEM when the restriction A = 0 holds.

The prior (18) does not belong to a known class of probability density func-
tions and we do not know analytical expressions of its moments or normalizing
constant. These properties can be calculated using Monte-Carlo simulation and
in the fifth section we construct this simulation algorithm.

4 Posteriors of the INSEM parameters

The framework for constructing the priors of the parameters of the INSEM can
directly be applied to construct the posteriors of the parameters of the INSEM.
Since the likelihood of the INSEM is a continuous function of the parameters, it
follows that the posterior, which is proportional to the product of the prior and
the likelihood, can be evaluated in the same way as the prior,

Pinsem (8, T11, 112, 52, QY Z) (19)
X Pinsem (B, 11, 12, 22, Q) Linsem (Y| B, 11, 12, Iag, 2, Z)
X Punsem (B, A, m11, iz, Mo, @) [a=0Lunsem (Y8, A, w11, 2, 2o, Q, Z) |5=0
o< prn(min, 2, (8, A, Tlag), Q) r=o|J (P, (22, B, A)) | =0l

Liin (Y| 11, Ihia, @(8, A, 22), 2, Z)|r=o.

In the following two subsections, we construct the posteriors for different specifi-
cations of the prior, i.e. a diffuse and natural conjugate prior.

4.1 Posterior INSEM using Diffuse Prior

Using the diffuse prior (15), the joint posterior of the parameters of the INSEM
can directly be constructed from this prior and the likelihood using (19),

Dinsem (B, 11, 12, [, Q|Y, Z) (20)
X Pinsem (B, 11, 2, Iae, Q) L(Y'| B, 711, 112, 20, 2, Z)
o [QATHRAmED| 70 7, |3 B LB |3l DT, Z0 My, 2511, |}

12



B

| BQ B’ ® Z’él‘f\/fz1 79 BQ‘lel ® ZéMZl Zollon |
6’19“13’ & HQQZEle 22 e’IQ_lel ® I_.[,‘QQZEJ,FVJ'-Z1 Zgngz

exp[w%tr(ﬂ_l(( 1 Yo ) - ( Z Zy ) ( ?11“[1212‘(3 g;z ))'

(( Y1 YZ)"’(ZI Z2)(71—?212ﬁ g;z ))))]

The posterior (20) does not belong to a known class of probability density func-
tions nor do any of the conditional posteriors, apart from the conditional posterior
of (11, I112) given (3, IIag, ©2), which is matrix-normal, belong to a known class of
probability density functions. So, we can only analytically integrate out (m;, I1;,)
to obtain the marginal posterior of (3,129, 2),

pinsem(ﬁa H221 Q|Y, Z) X |Ql_%(T+m+1)|B_LQ_IBS_|%(k2*m+1)
I BO'B'® ZéMleg BQ*IeI ® Zéle Z9lla |%
B'IQWJB’ ® H’mZéleZg 6’19_161 ® HJQQZéle ZQHz‘z
' i 1 =
|H22_1_Z£M2122H22J_|é EXP[—atT(Q 1(( n Yo ) - 221]22( B In ))’
le(( n Y ) = Z2H22( B Im_ )))] (21)

The posterior (21) is proportional to the marginal posterior of (®,{2) evaluated
in A=0,

pinsem(ﬁa H22, Q|Y3 Z) x Ph’n(‘I’(ﬁa )\1 H22): QD/: Z)L\:D"J((I)a (H22: ﬁ} A))|z\=0|‘
(22)
In section 5, we construct Importance and Metropolis-Hastings samplers for cal-
culating the marginal posteriors and moments of (21) which exploit (22).

4.2 Posterior INSEM using Natural Conjugate Prior

Identical to the posterior of the parameters of the INSEM using a diffuse prior
(20), we can construct the posterior of the parameters of the INSEM when we
use the natural conjugate prior (18),

pinsem(ﬁv W111H121H2219]Y3 Z) (23)
o IQ‘—-;-(T+k1+m+l)|(A + Z’Z)n|%mtBJ_Q—IBL|%(k2_m+1)

| BQ B’ ® (A + Z’Z)gg,l Bﬂ‘lel ® (A + Z’Z)22_1H22 |
6’19_13’ ® H’22(A -4+ Z’Z)QQ.I 6’10_161 ® H’22(A + Z’Z)ggllngg

(& o

! ’ i ___}i —1/A 11 I, Ay
|H22J_(A + Z Z)22~1H22J_12 exp[ QtT'(Q (G -t (( H22ﬂ H22 ) H)

m1 II;9

220 g 52 ) -

13




where [T = (A+ Z'2)"Y(2'Y + AP),G = G+YY -MA+Z2)I, Y =
( y1 Y ) Again similar to the posterior using a diffuse prior (20), only the
conditional posterior of (myy,1l12) given (3, Ilaz,§2) belongs to a known class of
probability density functions and (myy,[I;2) are the only parameters which can
be integrated out analytically to obtain the marginal posterior of (8, s, 2),

Pinsem (8, oz, QlY, Z) o |Q3T+™+D| B, Q1 B |3(ka=m+1)

| BB @ (A+Z'Z)n,  BQ'e, ® (A+ Z'Z)aalln 4
QB @ Uypy(A+ Z'Z)pn1 & er ® (A + Z'Z) 311l

[T, (A + Z’Z)22.1H2u|% exp[—%tr(ﬂ_l(é + (g2 ( B8 Inm_s ) _ flz)'
(A+ Z'Z)221 (I ( B Im-1 ) — I0,)))]. (24)

where II = ( IT) 1T, )f,lzll:kIXm, Iy : ke x m.
Also for this posterior it holds that (22) applies and this is used in the following
section to construct a posterior simulator.

5 Simulating Posteriors

As mentioned before the posteriors (21) and (24) do not belong to a standard
class of probability density functions nor do their conditional posteriors. We
can therefore not perform Gibbs sampling as the conditional posteriors are non-
standard. In the simulation algorithms constructed in this section, we generate
drawings from a probability density function which approximates the true pos-
terior. To correct for not drawing from the true posterior, weights are attached
to each drawing of the parameters proportional to the ratio of the posterior and
the approximating density in the generated parameter points. These weights can
both be used in an Importance, see [24] and [14], and Metropolis-Hastings, see
[27] and [17], algorithm to draw from the posterior which explains why we discus
them at first. Later on we briefly discuss the two different simulation algorithms.

We use the posterior of the unrestricted SEM, punsem(8, A, I15,0|Y, Z), as
approximating density of the posterior of the INSEM, pinsem (8, a2, 2|Y, Z). The
posterior of the unrestricted SEM contains the parameter A, however, which is
not present in the posterior of the INSEM. In order to obtain a density which
both accords with the posterior of the INSEM and contains A, we assume that
) is generated given (8, Iy, 2) from a proper conditional density g(A[S3, Iz, ),
which we specify ourselves, see [6], [36] and [21]. Furthermore, we assume that
3, Iy, and  are generated from pinsem (B g9, Q]Y, Z). So, as density function
to be approximated by Punsem (3, A, Iz, Q|Y, Z) we have,

g(/\|ﬁv H22a Q)pinsem(ﬁa H22: Q|Y: Z) X 9‘(/\|ﬁ, ng, Q)(pun&em(ﬁa /\a H221 Q|Y1 Z)lA:O)-
(25)
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The weight function then becomes,

g(A|8, a2, Q) (Punsem (5, A, 22, Q|Y, Z) | x=0)
) /\) II ’ Q) = . 26
w(B, X a2, Y Punsem (B, M iz, QY Z) (26)

The quality of the approximating density punsem (3, A, 22, Q|Y, Z) crucially de-
pends on the chosen specification of g(A|3, Ilz2, ?). In case we use the diffuse prior
for the parameters of the INSEM (15), the natural choice of g(A|3, II, ) is,

9(AIB, Mz, ) = (2m)~2*2=m4| B, Q71 B |#*a=™ ([T}, | 2\ M, Zyllpy |}
1 / v/ ! 3
exp[~§tr(BJ_Q‘lBl(,\ — )\) !22_]_ZQMZ1 ZQHQg_L(A — /\))], (27)

where i = (H,22_LZ£MZ1 ZgHng_)*l gleéle}/Q_lBi(B_L\Q_IBS_)_I, while

9(N|B, Mz, Q) = (2m)~2ke=m+D)| B, Q1 B! |22 4D|[T), | (A + Z'Z) 91 TTn |
1 N2 & 14 ] Y
exp[—EtT(BLQ_IBl(A O /\) H22J_(A + Z Z)22.1H22_;_(A E A))], (28)

where A = (I, (A + Z'Z)g.1109y) )My, (AP + Z'Y),Q 1B/ (B.O1B)),
AP+Z'Y = ((AP+Z'Y) (AP+ Z'Y)y) , (AP+Z'Y), : ky xm, (AP+ 2'Y), :
ko x m, is the natural choice of g(A|3, IIx2, ©?) when we use the natural conjugate
prior (16). The weight function resulting from these choices of g read in both

cases, |J(®, ( ) [x=ol
| J(@, (8, A, T22)) |a=0
w(f, A, Iy, Q) = [J(®, (8, A, 1))

where g(A|3, 52, 2) should be chosen from (27) and (28) according to the prior
involved.

We summarize the different steps involved in obtaining the weight function,
attached to the i—th drawing, ¢ = 1,..., N, in a simulation algorithm as follows,
see also [21],

g(A| 8, 2z, ) |r=o, (29)

e Draw O from p,(Q|Y, Z)
Draw ®* from py,, (@0, Y, Z).

Perform a singular value decomposition of ® = U*S*V¥

Compute 3, A, II2 according to (9)-(10)

Compute w(f*, XY, [T5,, ) according to (29)

Draw },, [T}, from p(m 1, IL;2|®(5%, A, I05,), Y, Z)|a=0
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The posteriors of the linear model parameters, Q) and &, used in the first
step, are standard density functions, i.e. inverted-Wishart and matrix normal
respectively, in case of diffuse or natural conjugate priors. The exact functional
specification of these densities depends on the specification of the involved priors
and is straightforward to construct, i.e.,

Den(QY, Z) o | Q- FTHmD) exp[—%tr(ﬂflcg)], (30)

where | = 0, Q = Y'MzY in case of the diffuse prior, and | = h and Q = G in
case of the natural conjugate prior, and

Pen(BI0,Y, Z) o || F exp[——;-tr(ﬂ_l((b _yyw@-2a), (1)

where & = (Z4Mz, Z5) 1 Z4Mgz,Y, W = Z3Mz, Z3, in case of the diffuse prior,
and & =TIy, W = (A + Z'Z)2, in case of the natural conjugate prior.

The weight function can either be used in an Importance or Metropolis-
Hastings Sampling algorithm to calculate the marginal posteriors or moments
of these. Using the Importance Sampling algorithm, see [24] and [14], we approx-
imate the moment E(f(m11, 12, 3, 22, Q)) by

N w(@, N, Ty, @) (i, Ty, 7, Ty, )
E ,H ,H ,Q — 1=1w(18: y 1122 : .1]_.: 12., y 1199, .
(f(ﬂll 12:6 22 )) Zi\;l w(ﬁz’ )\2,1'[1.221 Q’)

In [14] it is shown that under quite general conditions central limit theorems can
be used to prove the convergence of the approximation (32) to its true value.
Statistics which show the numerical accuracy of the approximation (32) are also
constructed using these central limit theorems.

The weights (26) can also be used in a Metropolis-Hastings (M-H) algorithm,
see [27] and [17], known as the independence sampler, see [34]. This algo-
rithm constructs a Markov Chain from the drawn (m},, 113, 5°, Ty, ©°)’s. The
(i, 1Ty, 8%, by, ©)’s in this Markov Chain are accepted as drawings from the
posterior. This is achieved using the following steps,

(32)

0.:=1

1. Draw (mif?, IIi3Y, 71, TI55!, @) using the simulation scheme stated pre-
viously. Given that (m},, iy, 8", L5y, €2') is accepted as drawing from the
posterior, (it?, II3", 4771, II55", 0°+") is accepted as the (i+1)—th drawing
w(ﬁi)Ai,ngaﬂ‘-)

(B A T )

i1 i+l . i1 . . . . . .
("Ti—{ ,1-[1142- :62+1aH12-5 :Qﬁ-l) = (Wilantl.'zvﬁl’nlwvﬂl)'

from the posterior with probability, min( 1), otherwise

2.i=1+1. Gotol.
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When the resulting Markov Chain, (7},,II},, 3,115, Q'), i = 1,...; has con-
verged to its equillibrium distribution, say after H drawings, we can record
(w5, MYy, 3%, 1155, 92Y), ¢ = H + 1, ...; as simulated values of the parameters from
the posterior.

These simulation algorithms can also be used to calculate Bayes Factors and
Bayesian Lagrange Muliplier Statistics, see [21].

The algorithms can also be used to obtain drawings from the natural conjugate
prior (18). In that case, the natural choice of the involved g(\|3, 3o, ) reads,

9(A|B, Tz, Q) = (27)~3%2—m+1)| B, 71 B! |2k2=m+ V[T, | Ay TTpy, |2

1 , A
exp[w—g—tr(BLQ*IBL(/\ - A)’H’22J_A22‘1H22_L(/\ — /\))], (33)

where i e (Hi?ziAzz‘]_HQQ_L)_1H52LA22_1PQQ_IBL(BJ‘Q_]"BL)LI, P = (P{ Pﬁ)!,
Pyt ky xm, Py : ks x m, and pun(QY, Z), pun(®|Q,Y, Z), both result from
(16). This also shows the conjugateness of this prior as it equals the posterior
using a diffuse prior of some arbitrary set of observations which doesnot hold
for the extended natural conjugate priors, which are also specifieds for SEMs,
used by [10] and [11]. Note that the simulation algorithms do not calculate v, as
v = 711 + II;23, we can easily incorporate -y into these algorithms.

6 Full System Analysis

The INSEM is a reduced rank restriction on a parameter matrix of a linear
model. A full system analysis of a SEM can also be specified as a linear model
with nonlinear restrictions on its parameters. Again these restrictions are reduced
rank restrictions but the difference with the INSEM is that they can depend on
one another in a recursive way. Theorem 1 states that the reduced form of a
SEM is a linear model with reduced rank restrictions on its parameter matrices.

Theorem 1 Assume that a SEM has the following specification,

(v %) (3om 5o ) 2
I'em O
= ( Zﬁl Zrh Zm ) me me +( Em Em )
) Ty

where the number of variables contained in Y, is chosen such that Uyym : i X jm
(¢m = Jm) and Upm : Ly X jm are unrestricted, the parameter matrices, ['mm
I X Jmy Dmm @ b X Jmy Bam @ Jm X Jmy Bam @ Jm X Jmy Bmm @ Jm X Jm,
Bimm : Jm X jm, contain (some) parameters which are restricted to zero except for
B, which has all diagonal elements equal to one and some offdiagonal elements
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equal to zero, and Bpm = I, ; then the reduced form of the SEM from equation
(34) is equal to a set of reduced rank restrictions on the standard linear model,

( Ya Yn )= ( Zin Zim Zm )‘I"f‘&,
where ® : (Iz + L + im) X (Gm + Jm)-
Proof: see appendix B.

Theorem 1 shows that we can also use the framework for prior/posterior
analysis, constructed in the previous sections, in a full system analysis of a SEM.
An important difference with this analysis is, however, the dependence of the
different reduced rank restrictions on one another. For the INSEM we can either
analyze ® conditional on (w1, II)5) or vice versa. So, the conditionalization of
these parameters on one another does not matter. This does not hold for the
full system analysis as we can conclude from the proof of theorem 1. This gives
a strict ordering in which the reduced rank restrictions have to be imposed and
hence how the parameters have to be analyzed conditional on one another. The
reduced form of the SEM constructed in appendix b shows already some im-
portant conditionalization rules for the parameters of the SEM. For example, the
structural form parameter 3., is analyzed conditional on the structural form pa-
rameter [(3.,,. More of these conditionalization rules will appear when the reduced
form is constructed further.

The conditionalization rules also imply rank and order conditions, which can
differ from the INSEM based conditions generally used. This is essentially the
point made in [25]. Regarding the conditionalization rules, the reduced form,
constructed in appendix b, shows that 8, is identified when I has full rank
(or when that part of Il;z; which is multiplied by the nonzero parts of Bmm
has full rank). When the INSEM based conditions are used, it is assumed that
no restrictions are imposed on Il;. If restrictions are imposed, however, the
resulting rank and order conditions can become different. In the following, an
example of this will be discussed. It can also be seen in Gmns, which is identified
jointly by Iz, HsmBam and Il,,,,, and its rank and order conditions therefore
depend on the specification of the SEM.

As mentioned before, the framework for prior/posterior analysis constructed
in the previous sections can also be used to construct the posteriors of the pa-
rameters in a full system analysis of a SEM. When we apply this framework
we have to give an exact specification of the reduced form and its (hyper) pa-
rameters reflecting the restrictions which obey the three conditions, that (i.)
when these (hyper) parameters are nonzero, the model is observationally equiv-
alent with a standard linear model and when these (hyper) parameters are zero,
(72.) both the reduced from of the SEM results and (iii.) these (hyper) parame-
ters are locally uncorrelated with specific other parameters. This enables us to
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construct the prior/posterior of the parameters of the SEM as proportional to
the prior/posterior of the parameters of the linear model under the restriction
that the (hyper) parameters are zero which is identical to the construction of
priors/posteriors for the INSEM. As there are differences involved compared to
the analysis of the INSEM, because the reduced form has a more complicated
structure and the number of additional parameters we have to simulate in the
posterior simulator increases, see (25), we give two detailed examples, a two and
three (sets of) equation(s) model, to indicate all these differences. These exam-
ples jointly with theorem 1 show how a full system analysis of a kind of SEM is
to be conducted.

6.1 Two (sets of) equations

We specify the structural form of the two (sets of) equation(s) model by,

Yi = Yofbi + 41 + Zol'ay + 64, (35)
Yo = Yifo+ ZiT2 + Z30'3; + 9,

where Y7 : T'x m,, Y2 : T X my; contain the endogenous variables, Z; : T x ky,
Zy : T X ko, Z3 : T x kg; contain (weakly) exogenous and lagged dependent
va.ria.bles; kg > mi, ks > Mg, M = My + My, (61 62) ~ n(O,E@IT), }81 Iy X MMy,
Bo:mq X mg, ['11 1 by X my, I'g 2 ky X mg, Iy ¢ ko X my, I'sp 1 k3 X ms. The
reduced form of (35), which can be constructed using the proof of theorem 1,
reads

Y1 = Zillg + Zolly + Zsll5006, + &, (36)
Yo = Zilliz + 251151 8; + ZsIls; + &,

where I1;; = (T'11 4+ ['1261)(Imy, — BoB1) ", Moy = Doy (I, — B2B1) ™", My = (T2 +
Fllﬁ?)(fmz _ﬁlﬁb)*l: H32 - F32(Im2_ﬁ162)_1) fl - (El+52ﬂ1)(Im1 _ﬁ2ﬁ1)_1: £2 =
' Iml -

(e2+€182)(Imy = B132) 71, (€1 €2) ~ n(0,Q2®1Ir), T = B'QB, B = —B Iﬂ2

ma
Similar to the reduced form of the INSEM (2) and as indicated in the proof of
theorem 1, we add parameters to the reduced form to obtain a model, which
we call unrestricted SEM (UNSEM), which is observationally equivalent with a
linear model and when these added parameters are zero both the reduced form
(36) results and the added parameters are locally uncorrelated with specific other
parameters,

( Y1 Y, ) = 7 ( Iy, Ihe ) +22H21( I, B2 ) +Z?,H32( B I, ) (37)
+Z2H21¢/\2( In, B )l + Z3llza1 Ay ( Br Im, )J_ + ( & & ) ;

where Ay : (k2 —m;) X mg, A3 : (k3 —my) X my, and the orthogonal complements
Iy, 30y, ( I, B )J_ and ( 61 Im, )l are defined similar to the ones used
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in (6), see appendix c. It is clear that when A; = 0, A3 = 0, the reduced form (36)
results and that Ay and A3 are locally uncorrelated, when they are equal to zero,
with (Ily;, B2) and (I3, 31) respectively. When A2 # 0, A3 # 0, again similar to
(6), (37) is observationally equivalent with the linear model,

®y

(Y1 Y2)=(Zl Za 23) $2)+(fl 52), (38)

where ®; = ( I, Il ) , @o : ko x m, @3 : k3 x m. Using a SVD, the equality
between (37) and (38) can be shown. SVDs are also used to obtain (32, A2, IIy;)
from @, and (31, A3, [I32) from @3, see appendix c. The resulting relationships are
similar to (8)-(10) and straightforward to derive. The SEM (35) is consequently
a linear model with nonlinear restrictions on its parameters, Ay = 0, A3 = 0. The
framework for prior/posterior analysis of the INSEM discussed in sections 3-4 can,
therefore, directly be extended to the two equation SEM (35). So, we specify a
prior for the parameters of the linear model (®;, ®,, ®3,2), for example a diffuse
or natural conjugate prior, and this implies a prior for the parameters of the SEM
(36) as this SEM equals the linear model evaluated in A, = 0, A3 = 0 (Note that
we use the reduced form (36) but this model is observationally equivalent with
the SEM (35)),

Psem (11, Iz, B1, B2, a1, 32, §2) (39)
X Punsem (11, 2, B1, B2, A2, Az, 21, I32, ) | a,=0,35=0
o Piin(P1, P2(B2, A2, 1), P3(B1, Az, a2), Q)| rg=0,25=0

| (@2, (B2, Az, 121)) |ra=0l[ T (3, (B1, A3, II32)) | xe=ol

where sem stands for SEM, unsem for UNSEM, and lin for linear model and the
jacobians J(®2, (B2, A2, II21)), J(®s, (61, A3, II52)) are straightforward to derive
given the derivation of the jacobian of the transformation in case of the INSEM
and are stated in appendix ¢. Using (39) and the expressions of diffuse and natural
conjugate priors for the linear model, (14) and (16), we can again construct the
functional expressions of diffuse and natural conjugate priors for SEMs like (36).
For reasons of compactness and similarity with section 3 we do not give the exact
functional expressions.

For the posterior exactly the same reasoning as for the prior applies, i.e. the
posterior of the parameters of the SEM (36) is proportional to the posterior
of the parameters of the linear model under the imposed restriction. We can
decompose the posterior of the linear model into a product of marginal and
conditional posteriors which belong to a standard class of density functions, i.e.
normal or inverted-Wishart, see a.o. [37]. This property can directly be used to
decompose the posterior of the SEM,

psem(nllaHl2pﬂ1:ﬂ2:n2lyn32aQ|Y) Z) (40)
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X Punsem (11, g, Br, B, Az, Ag, oy, Tsg, QY Z)|3,=0,25=0
X Pn(P1, P2(Ba, Mg, Izy), @3(B1, As, Ia2), QY Z)|r,=0,25=0
| (D2, (B2, A2, I121)) [x, =0l J (P3, (B1, A3, Iaz2)) x50
o Plin(P1|P2(B2, A2, Ia1), @3(B1, A3, II32), 2, Y, Z)[5,20,5=0
Puin(P2(B2, A2, a1 ) | @3 (51, A3, [I32), 2, Y, Z)[r;=0,03=0
|J (D2, (B2, Az, 21) ) [ap=0l
Piin(®3(B1, A3, I132) |2, Y, Z)|ng=0]J (P35, (B, A3, Is2)) |as=0]
pun (Y, Z).

Note that we can also use other orderings in this decomposition. To simulate
parameters from the posterior of the SEM (36), we use the decomposition of the
posterior of the SEM (40). This allows us to split the simulation in two different
steps. Furthermore, we add in the two different steps parameters to the model
which we, similar to section 5, assume to be generated from some conditional
density g, which we specify ourselves. In case of diffuse priors, the following
choices of these functions are the most natural ones,

91(Xs]B1, Maz, Q) = (27) 72| B . Q71 By |35|0y, Z4 Mz, 7, ZsTls, 3™
1 , i , i
eXP[—EtT(BuQ—lBu(/\s — A3)' Mgy ZgM 7, 2,)Z3ll50) (As — As))],  (41)

92(\a| B2, Ty, @3, Q) = (2) 77| By Q7' By, |32|M0y, | Z5 My, ZTly , | 2™
1 o R
exp[—EtT(BQJ_Q*IBgJ_()\g e )\Q)IHSM_ZQMZIZ;;H;;M_()Q - /\2))], (42)

Wherel2=k2—m1,l3=k3—TTL2,le(61 Imz),B2=(Im1 62)1

Xy = (W, Z3M(z, 2,) 23321 ) Mgy, ZaM(z, 7)Y Q' B, (B0 B}, ),
Ao = (Mg, ZoMy, Zollp 1 )y | ZyMz, (Y — Z3@3)Q 7' By (Bo Q7' By )7L

The weight functions of the two different steps of the simulation algorithm, in-
volving both (41) and (42), then become,

|J (@3, (81, A3, 52)) | rg=0]
|J(®@3, (81, A3, II3,)]
|J (D2, (B2, A2, I21)) | ag=ol

'UJ2([32,/\2,H21,Q|‘1)3) = |J(<I)2 (ﬂ2 AQ H21)| g2(A2lﬁ27H217(I)3)Q)|A2=644)

The different steps involved in obtaining the weight attached to a certain drawing
i,t=1,..., N, of the parameters of the SEM, can then be summarized as follows,

91(As| B, O3z, Q) [rg=0, (43)

w1 (B, As, [I32, Q)
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1. Draw ¥ from py,(Q|Y, Z)
Draw &% from piin(®3]2,Y, Z).

Compute 5i, Aj, IT§, from & using a SVD

Compute wi (3, s, IT§,, ) according to (43)

BowoN

Draw (1)22 from Ptz‘n(@Q'(I)B(ﬁi, AB) HgZ)? Qia Y) Z)l/\3=0

=

Compute £33, A, II5; from @ using a SVD

6. Compute wa(35, A}, Ih,, | ®3(B:, Az, IT4;)) | ae=0 according to (44)
7. Compute total weight i—th drawing :

w(B, N, Mg, B3, Xy, Iy, ) = wy X wy

8. Draw q)ii from plin(q)ll(DZ(ﬁ;) A21 HEl)? (I)S(ﬁL )\33 !2.32)! Qia Ya Z)IAQ:O,A:;:O

The posteriors from which we simulate are all standard, in case of diffuse or
natural conjugate priors, and are similar to the ones used in the algorithm in sec-
tion 5. The values of other structural form parameters can directly be calculated
using the equations directly below (36) given the drawings from the algorithm
above. The resulting total weights, w, can then be used in an Importance or M-H
sampler as discussed in section 5 to obtain a posterior simulator of the posterior
of the parameters of the SEM (36).

6.2 Three (sets of) Equations

As an example of a three (sets of) equation(s) model, we use (Note that contrary
to the two equation model, the specification of a three equation model is not
unique),

Y1 = YoBu + 21T + e, (45)
Yo = Y303 + Z1[12 + Zol'ao + €2,
Yy = Y1613 + Yafos + Zol93 + 23033 + €3,

where Y; : T x my, Yo : T X my, and Y3 : T X mg, contain the endogenous
variables and Z; : T x ki, Za : T x ky, and Z3 : T X k3, contain lagged endogenous
and weakly exogenous variables, (321 : mg X my, 32 1 M3 X M2, Bz 1 My X M3,
ﬁgg I Mmoo X Mg, Fl]_ X k‘l X ma, F12 : kl X Ma, sz 5 kg X ma, P23 : kg X ms,
Ty : k3 X ma, m = my + mg + ma. (1 €2 €3) ~ n(0,£ ® Ir). For the model in
equation (45) to be properly identified the following (INSEM) order conditions
need to be fulfilled, ko + k3 > maq, ks > mg, ki > my + ma. Using the proof of
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theorem 1, the reduced form of the model in equation (45) is constructed and
reads,

IT
Yi = 4l +( Zy Zollss ) ( 53222 )ﬁm + &1, (46)

Yo = Zillig + Zollye + Z31l330330 + &2,

Ys = Z(IIy I)s) ( g;: ) + Zollgs + Z3lls3 + &3,

where (I'y; T'12) = (II1; II12) ( _{B;l Im_%iz%m ) , T3z = a3(Imy — B2(518s —

81)), (Taz Ts) = (ITzp Thao) ( o P ) (6 66)B, = (61 2 64),
32 ma
( I, 0 —pis )
L =BOB,B=| —fa In, —fs |.Thereduced form in equation (46) is
0 "'183‘2 Im
again a system of reduced rank matricses like the reduced forms of the one equation
(2) and two equation (36) models. An important difference with these models is
that its reduced rank matrices depend on another which is a.o. reflected in the
identification of 35; which depends on one of the other structural form parameters,
B32. This difference also leads to a change in the order condition compared to
the INSEM. According to the INSEM order condition, (35; is identified when
ky + k3 > my, i.e. the number of excluded exogenous variables is at least equal to
the number of included endogenous variables, see [18]. The model in equation (45)

109 has full rank. Although
33339

this matrix has k; + k3 rows, which accords with the standard order condition,
it’s row rank can never exceed ky + m3 (< k2 + k3) as it can be specified as

0 I3 B2
It is, therefore, important that the identification of the different parameters of
a SEM in a full system analysis is conducted using the restricted reduced form
parameter matrix instead of the unrestricted one as this can lead to different rank
and order conditions, see also [25]. This different order condition results from the
dependence of the, by the SEM (46) imposed, reduced rank structures on one
another, see also proof of theorem 1. The reduced rank structures appearing in
the two equation model do not depend on one another, as can be concluded from
(37), and therefore the INSEM order conditions still apply there.

As a consequence of the sequential dependence between the reduced rank
structures, not only the order conditions of the INSEM and the SEM (45) differ,
as indicated above, but also the parameters which we add to the model (46) to
make it observationally equivalent to a linear model are different from the ones we
used before, see also the proof of theorem 1. In the cases of the INSEM (6) and

shows, however, that (35, is identified when

and the last matrix in this product has ky + mgs rows.
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the two equation SEM (37), the parameters added to the reduced form, to make
it observationally equivalent to a linear model, do not depend on one another in
a sequential way. The parameters added to (46) do, however, depend on each
other sequentially. To show this consider the linear model,

o,

(v 2 5 )=(2 2 za)($2)+(§l & &), ()
3

The model (46) can be obtained by using a, what we call, unrestricted SEM
specification of the parameters of (47),

¢, = (Hu I ) ( ;;ml ?m g::) (48)

Im1 0 ﬁ13
+(H11 II;, )J_Al(o In, B )l:
Bo1 I, O B Im, O
e ( 0 O Im3 + eJ.A2 0 0 Im3 N ) (49)

_ [y Iy
o = (Mg ), (50
0; = Il ( Pz Iy ) + 1335 Az ( B2 I, )L (51)

where the orthogonal complements are defined similar to the ones used in (6),
see also appendix d, A; : (k1 — my — my) X m3, Ay : (kg + ks — mg — mgz) X my,
A3 i (k3 —m3) x my. To get a better impression of the implications of the different
orthogonality conditions in (48)-(51), we substitute the expression of © in (P
o),

((I)g)__( 115, I3 )(ﬁn I, O )
P3 ) H33( B2 I, ) +H331_/\3( Bz Im, )J_ 0 0 In

8033 a3 B In, O

* ( Hsa( P32 I, ) + 331 A3 ( Bsz  Im, )l )l/\2 ( 0 0 Iy, )1(52)
It is clear from (48)-(51) that when A\; = 0, A, = 0, A3 = 0, the model (46)
results. Furthermore, when A\; = 0, Ay = 0, A3 = 0, ), is locally uncorre-
lated with (Hn,nlz,ﬂm,ﬁ%), /\3 with (H33,,832), and Az with ﬁgl and all pa-
rameters contained in O, i.e. Ily, g3, 133, A3, F32. SVDs are needed to obtain
(11, iz, Ar, Bi, Bas) from @4, (6, Mg, Ba1) from (@,, b3) and (IIyy, Mas, Mag, As, B32)
from ©, and to show the observational equivalence between the model imposed
by (48)-(51) and (47) when A; # 0, Ay # 0, A3 # 0. These SVDs are stated in
appendix d. The sequential dependence between the structural form parameters
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now reflects itselves in SVDs which have to be applied recursively, a.o. of © which
already results from a SVD as it is the reduced form of an INSEM,

}71 = 1'72ﬁa\2 + ZIAII + vy, (53)
Yo = Z1An + ZpAgn + vy,

where }71, }}2, Z~1 and 22 are datama.tric&s, Agl = H23, A22 = H33, All = Hgg -
A1 833. O is therefore similar to the (II);. II7 . )" parameter matrix used in the
proof of theorem 1.

So, the SEM (46) is again a linear model with restrictions on its parame-
ters. We can, therefore, again apply the framework for prior/posterior analysis
constructed in the previous sections, i.e. we take the prior/posterior of the pa-
rameters of (46) as proportional to the prior/posterior of the parameters of the
linear model under the condition that the restrictions hold,

Psem(B21, B32, P13, Baz, Iy, Mg, Moy, Tgg, I35, Q2) (54)
X Punsem (21, B32, 013, B23, A1, A2, Az, 11, g, g, Tag, Mas, )| (x;00,05)=0
o Plin(®1(Br3, Bz, Ar, My, 1),

(@2, @3)(Ba1, Az, O(Ilag, Tla3, I33, A3, B32), )| (A1, 00,08)=0

|J (@1, (Brs, B2z, A1, T, ) ) a0l [T (O, (22, Mas, Mas, Ag, B32))| ag=ol

| J((®2, P3), (Ba1, A2, O(Ilay, Ilgs, Mss, A3, Ba2)|rs=0)) | ra=0l

where J(®1, (813, Bas, M1, Iy, [ha)), J(O, (Ilag, Mg, 33, A3, B32)), J (P2, D3), (Ba1, A2, ©))
are the jacobians of the transformation from ®, to (813, 823, A1, 111, [12), (@2, ®3)
to (ﬁgl,Ag, 6) and O to (Hgg, H23, H33, /\3,632) and these ja.cobians are stated in
appendix d. When we specify a diffuse (14) or natural conjugate prior (16) for
the linear model, (54) shows the implied prior for the SEM. We do not give the
exact functional expressions as they can be constructed along the lines of section
5%

Also for the posterior, we can use the framework described previously. Fur-
thermore, we can use the decomposition of the posterior of the linear model into
a product of conditional and marginal densities,

Psem (821, B32, F13, Bos, i1, Iy, Ilog, s, I1a3, QY Z) (55)
X Punsem (P21, B32, P13, B23, A1, A2, Az, Iy, Mg, Moy, Mas, M3, Y, Z)|(a,.20,05)=0
o Prin(®1(B13, Bas, A1, Iy, I;2),

(@2, @3)(Ba1, A2, O(Ia2, Ilaz, a3, A3, Bs2), Y, Z)|(a1,22,28)=0

| J (@1, (B13, Bass A1, 1, Thig) ) |a, ol | J(©, (Tl2g, Tas, M3, A3, B32)) | rs=0

|J((®2, P3), (821, Az, O(Ilg2, I3, 33, A3, F32)|r5=0)) [ a0=0l,
< Prin(P1(Br3, Ba3, A1, iy, Ih2) [ (P2, @3)(B21, A2, ©), Y, Z)|(a1,25.09)=0

|J (@1, (Br3, Bas, A1, iy, Iha)) |, =
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Diin ((®o, P3)(B21, A2, O(Ilag, oz, a3, A3, B32) 1, Y, Z)|(az,05)=0

| (P2, D3), (Ba1, A2, O(az, I3, M3, Az, B2)[3=0)) [r2=0]

|J(©, (T2, I3, I3, A3, B32)) [as=ol

pfin(ﬂlya Z)
Note that for this model only a few decompositions of the posterior into condi-
tional and marginal posteriors are allowed for, i.e. (P2, ®3) given ®; and vice
versa as because of the reduced rank structure imposed by the SEM, we cannot
for example analyze ®; given ®;3 or vice versa. We use the decomposition of
the posterior (55) to construct a posterior simulator. Again, similar to previous
sections, to simulate from the posterior of (46) we add parameters to the model,
i.e. Ay, Az, A3, which we assume to be drawn from a specific conditional density,
which we specify ourselves, see (25). In case of a diffuse prior for the linear model
(14), natural choices for these conditional densities are,

91(M|B13, Bos, 111, 12, o, 3,02) (56)
= (2m)73(B,, Q7 By |34|(Ty Ty2), 23 23 (T Thyp) ]2
exp[—5tr(Br 7 B (h — &) (Tt M), Z423(In M) (= M),
92(A2|B21,0,9) (57)
= (@) ¥2|By Q7 By, |¥2(0/(Zs Z5)' Mz (Z: Z5)OL™
exp[«—%tr(BuQ‘lB;l(/\g )0 (2 Zs) M (Za Z5)OL(A — A2))l,
93(As| B2, B21, 133, 2) (58)
= (2m) 35| By, By By By 84| Mlyy  Z4M 7, 7,)Z5) I, | 7™
exp[—%t?”(BaLBzﬂ_lBQB:'u(/\3 — Xa)' Ty, Z3M (2, 7)Z5) T3 (As — Aa))),

where ll = kl—ml—mg, lg = k)g-{-kg—’ﬁ’l.g—“mg, l3 = kg—m;g, Bl —

(i (Yo () ey

Moo= (O i), Z1 2y (T M) )~ (T Tap), Z3(Y — Zo®2 — Z3®s)
Q7'By (Bl B )T

Ao = (O (22 Z3)' Mz, (22 Z3)0,)7'e (2, Zg)'leYﬂ_lBél(BgJ_Q_lB’u)_l,

A = (lyy, ZMz, 2,)Z3)0331) ' ag) Z3Miz, 2,)Y ' ByBs, (B3 B2Q "By By )™

As we simulate from a density which approximates the posterior of (46), weight

functions are involved in the different steps of the posterior simulator. As we

simulate three different parameters, i.e. A;, A9, A3, which are not present in the
original posterior we want to simulate from, three weight functions are involved,

w1 (13, Bos, A1, 11, 12, Q| P2, P3) (59)
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|J((I)1’(18137523?/\17HII,H12))|,\1=U|
B | A 0,1, Mg, @2, 3, Q)|5,=
IJ((I)la(.613,623,A1,H11,H12))| gl( 1|ﬁ1316237 11, 1112, ¥'2, ¥'3, )!AL_—O

w2(/8217A23 e}ﬂ) (60)
|J((¢’21 @3), ()6211 A27 e))|A2=0 A3=0|
= ' A2lBa1, 0, ) rgmorae
IJ((¢2,¢3), (,621,)\2, e))|A3¢D| 92( 2|:821 )lA 0,A3=0
w3(Bs2, Ba1, As, a3, €2) (61)
|J(©2, (832, A3, 33)) | ap=0]

— A . Ba1, s, )| re=0,
|J(©2, (Bs2, A3, I133))| 93(As|Bs2, Ba1, M3z, ©2)|x,=0

where J(®1, (513, 23, A1, IIhn, Ihha)), J((D2, ®3), (Ba1, A2, ©)) and J(O2, (B2, A3, I133))
are the jacobians of the different parameter transformations, see appendix d.

The different steps involved in obtaining the weight attached to a certain
drawing 7, i = 1,..., N, of the parameters of the SEM (46), can then be summa-
rized as follows,

1. Draw Q' from py,, (Y, Z)
Draw ( 5, (D?i) from plm(‘bz, q’3|Qi, Y, Z)

Compute 35, A, ©" from (®%, ®%) using SVD
Compute (35,, A%, [I4; from ©% using SVD
Compute w3 (555, 551, Aj, i3, )

Compute wy (3, A\, 0%, )

Draw ®% from pp, (®,|®%, @5, Y, Z)|r,—0r3=0
Compute fi3, B33, A, Ty, T}, from &

Compute wi (B3, B33, A}, M1y, g, 8| ®5, B3)[x,=0,25=0

e S

Compute total weight ¢-th drawing: w = w; X wy X w;

The total weights can be used in an Importance or M-H sampler, as indicated
in section 5, to obtain a posterior simulator of the posterior of the parameters of
(46).

Jointly with theorem 1, the examples of the two and three structural equations
SEMs show how Bayesian analyses of generally specified SEMs are conducted.
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7 Conclusions

The traditional Bayesian analysis of SEMs using diffuse priors, as proposed by
e.g. (8], [10] and [11], suffers from local nonidentification problems which lead
to an a posteriori favor for certain parameter values while it is not the result
of information in the prior or data. We therefore constructed a framework in
which the priors/posteriors of the parameters of the SEM are proportional to
the priors/posteriors of the parameters of the linear model under the condition
that the restrictions, imposed by the SEM on the parameters of the linear model,
holds. We applied the resulting consistent framework to examples of one, two and
three structural equation SEMs, for which expressions of the priors and posteriors
are derived jointly with posterior simulators. Using a theorem, which states that
the reduced form of any kind of SEM accords with a linear model with reduced
rank restrictions of its parameters, the analysis of the examples can be generalized
to other specifications of SEMs in a straightforward way.

Using results from [21], we can also construct tools for model comparison like
Bayes Factors, Posterior Odds Ratios and Bayesian Lagrange Multiplier statis-
tics. In future work we will construct and apply these procedures to analyze the
support for (multiple structural equations) SEMs in practice. It is also interesting
to analyze the theoretical properties of the derived posteriors, as for example in
[5] where functional expressions are constructed for the marginal posterior of the
structural form parameters of the INSEM using a Jeffreys’ prior, to investigate
the similarities/differences between small sample distributions of classical statis-
tical estimators and the marginal posteriors of the structural form parameters.
Both limited information maximum likelihood (LIML) estimators, see [2], and the
posteriors of the parameters of the INSEM are namely constructed using SVDs,
which correspond with canonical correlations in case of the LIML estimator. So,
it is interesting to investigate to what extent these similarities hold further.
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Appendix.

A. Jacobian of transformation from linear model to INSEM

For the derivation of the Jacobian of the transformation from the linear model
parameters to the parameters of the INSEM, it is notationally convenient to
conduct this transformation in two steps, (i.) from ® to (Il9;,69,3,A) where
0, = H222H2_211, and ('M‘.) from (Hggl,ag,ﬁ, A) to (H221, [Is9, 3, /\) In the fOHOWing
we construct the jacobians of the two transformations.

We can denote ¢ as,

- (e 1)(3)

= Ol B + 0, \B1,

where 8 = (Im_11 9’2)', QJ_ = (—92 Ikg—m+1)’(Ik2—m+1 + 929’2)_%7 B = (ﬁ Im—l),
B, = (1+ 3'8)"2(1 —f'). The jacobians of ® with respect to Iz, 8, 8 and A
then read,

Ovec(P)

"= vty =700
_ Ovec(®) ., Jvec(0) L Ovec(6,)
B2 = Ovec(fy) (BTon ®Ik2)8vec(92)’ (BLA Ikﬂ)é‘vec(ﬂg)’
_ Ovec(®) Ovec(B) Ovec(B,)
J = dvec(B) = (In @ 01L321) dvec(B)’ +(In@0.2) dvec(B)’
_ Ovec(®) ,
Jo = 8vec(A)’ = (BL®0,)
where
ovec(f) 0
BUEC(QQ)’ - (Im—l E ( Ikg—m-l-l )) '
duecls) _ b (I
dvec(By) = —(H™"'® ( 0 ))KkZ_m"'l‘m_l +
—6 Avec((H?)™1) Bvec(H?) dvec(H)
(Ikz—m+1 ® I 1 »
ka—m+1 Ovec(Hz) Ovec(H)' Ovec(f,)

= —(H?®H 1),

Ovec(H? i . i
avec((H)? = ((Irg-m+1® Hé)Kkz—m+1,k2—m+1 + (H? ® Iiy—mn1)) %,
dvec(H

B'UGC((OQ))’ = (92 ® Ikz—m+1) + (Ikg—m+1 @ 02)Kk2—m+1,m,-—1,
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doecB) (e1® Im—1),
Qvec(B,) /{0 -1
BecB) (( s )®3 Monsa +

(1 -8)e1)
= —(B7@B%) =-B71

= (1®B¥) + (BY @ 1)Ky,)"! =% -4

= (B @)Kn_11+ (10 5) =28,

and H = Iy, _m41 +0:05, HIHY = H, B = (1+3'8), B¥B} = B, e, is the first m
dimensional unity vector, K;; : ij X ij, are socalled commutation matrices such
that for any W : i x j, vec(W’) = K; juec(W), vec(W) = K; ,vec(W'), K;; = K!

tl-?,

see [26]. The jacobian of the transformation from & to (Il1, 2, 3, A) then reads,

dvec(®)
O(vec(Ilz1 ) vec(Bs)' vec(B) vec())')

=(J1 A A J4).

Since 0y = Il59,I15;;, the jacobians of the transformations from (Ily91, 64, 3, M) to
521, 322, B, and A read,

Im—l @ I‘m—l
g, = O(vec(Ilga1)" vec(82) vec(B) vec(A)'Y _ ~T55 ® Myeollz),
Ovec(Ilyg ) 0
0
0
G, — O(vec(Ilggy ) vec(fs)' vee(B) vec(N)') . 157 ® Iky i1
a’UeC(Hzgg)’ 0
0
( 0
G - O(vec(Ilaz)" vec(By) vec(B) vec(A)') 0
b dvec(f) | 19
\ 0
[ 0
. = O(vec(Ilpz1)" vec(fa)' vec(B) vec(A)') 0
v dvec(N)’ B 0
1 ® Ikz—m+1
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The jacobian of the transformation from & to (Ilys, 8, A) then becomes,

|7 (2, (22, B, A))|

| Ovec(P) |
O(vec(Ilgy) vee(B) vec(N)')

| Ovec(®) |
O(vec(Ilag ) vec(8s) vec(B) vec(A)')
|6(vec(l'l221)' vec(6,)' vee(B)' vec(A)')’|

O(vec(Ilag) vec(B) vec(A))
= [(&h & Js Ja)I(G1 G2 Gs Gu)l.

So,

J(@, (2, 8,\))rz0=( B ® Iy, 1@y B @, )

B. Proof of theorem 1.
Assume that the reduced form of the SEM,

YaBmm = Zal'mm + Zaml'mm + Em,

reads,
Ya = Zallamn + Zamllnm + En,

where [T = Dam Bk, Hmm = D BrL,, and this reduced form is equivalent to

mm)

a set of nonlinear (reduced rank) restrictions on the parameters of a linear model
and the (hyper) parameters of this linear model, which are restricted to zero to
obtain the reduced form, are locally uncorrelated with specific other parameters.

The parameter matrix of the reduced form of the SEM from theorem 1 reads,

(Trmn O\ (Ban Bam ™
Fmrﬁ Fﬁam B. - B
0 I"!mm mm ™mm

= mm Dmm _R-1 _p-1 -1
0 me Bmm.ﬁi Bmm Bﬁwﬁ Bmm.ﬁm
Mam (L + BamBmm) ~amBmm
- Hmﬁl('[jﬁ; + ﬁﬁzmﬁmﬁm) - Hrﬁmﬁmﬁl Hfhm - Hmrﬁﬁﬁzm y
\ _Hmmﬂmfﬂ Hmm

gmm ! ) ( B + BimBam B Bmm Brm  — B Biam B m )
m

B—l

mm.m)

Bmm.m - Bmm_BmmB;ulanm = Bmm_BmmBmﬁu Bmm.rﬁ. = Bmm“BmmB%}mBmm,
Bmm = BmmBrL, Bam = BmmBzL . This implies, as both Iy, and Ty, are

mm? mm.m*
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unrestricted, that no restrictions are imposed on Il,,,, and I13,,. The linear model
of which the reduced form is a nonlinear restriction reads,

(Yo Yo )=(2n Zam Zm )®+E,
where @ : (lz + I, + im) X (jm + jm) and can be specified as,

(1)11 (1)12
=] & P |,
q)31 (1)23

Q11 ¢l X Jmy Po1 il X s P31 1 T X Jms P12 b X gy P22t I X G,
P93 @ iy X Jm. To obtain the restrictions on the linear model parameters which
result in the reduced form, we specify ¢ as,

(I)ll (I)12 ell 912
Dy Py = O ( I, 0O )‘f' B2 ( —Beam I )
D3, Po3 0 Mm
0
+ 0 :

Hmm_LAmm(“ﬁmﬁz Ij )_L

O © | EAES 0
(82 82) = (B ) (5 =fam )+ (5 )Hlam (0 1)
+(Hmmm(rjﬁ. ~Bam )l)

0 ?
where 611 : lﬁ X jﬁ” 621 : lm X jr‘m 612 : l,-—n X jm, 622 e lm X jm- It is clear
from the chosen specification that when A, = 0, Asnm = 0, the reduced form
results and that A, is locally uncorrelated (when it is zero) with the parameters
contained in II,,m and Bmm, and Amy is locally uncorrelated (when it is zero) with
the parameters contained in Iz and Bs.,. As we can apply the same kind of
decomposition on Il,,,, and II,,, which we assumed to be possible, and since I1,,
and Il,,,, are unrestricted, such that there is no need to decompose them further,
we can recursively apply the above decomposition and thereby the theorem is
proved.

C. Singular Value Decomposition and Jacobians two equation model

For the two equation model, reduced rank restrictions are imposed on the
parameter matrices ®, and ®3. In the following we state the SVDs and the
jacobians involved with these two parameter matrices. We start with &,.

IIo;; O B
o = (vu) (M 0)(2)

= YllonuBa+ Y AaBay,
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where g = (IT5y; IT5,), o1y : my x my, Tgyg 2 (k2 — ;’nl) x my, Y = Hapallz,
w - (Iml ¢2) wl = (—192 Ikz—ml)’(IkZ—ml + ¢2¢£)—§: B2 = (Iml 62): BQL =
(Im, + B382)"2 (=B} Im,). A SVD can be used to obtain these parameters from

q)2:
‘I) _ Ull U12 Sl 0 ‘/11 ‘/12
: Us1 Us 0 S Vau Vg )7
where U'U = I,,; V'V = I,; U1, S1, Vi1 : my X my; Sa, Vag @ ma X ma; Us :

(k)g — ml) X ma; U12 1My X Mo, U22 : (kg == ml) X Ma; V21, V1’2 Mg X My; and Sz
contains the smallest m, singular values of ®,. This leads to the relations,

I1211 = Ullslvna 1/)2 U21U11a
By = (VaVii')'s A2 = (UsoUszs) "2Un2S5Vy(Viy Vaz) 2.

The jacobians of ®; with respect to I3y, 19, B2 and A, read,
Ovec(®Ps)

Ji o= Bvec(llm) (By®%)
o Bvec(i)g) IEs U 31’86(1/") RV 6U8C(¢’J_)
Jo = Bvec(va) = (B3I ® Iiy) Bvecya) + (By1 Ay ® Iky) Buec(yn)
_ Ovec(®y) Ovec(Bz) Ovec(Ba, )
J3 = vec(By) (Im ® Yllan) Bvec(By) + (Im ® Y1 A2) Bvec(By)
B dvec(P,) e
U= Ovec(Ag) (B2, ® %)
where
dvec(y) 0
dvec(ya) (Iml . ( [ )) ,
wees) _ oy (Im
iy = (e (G )) Ko+
I o ( — ) dvec(H2) dvec(H?) Avec(H)
ka—m; Iiy-my )" Qvec(H?%)' Ovec(H)' dvec(is)”’
Avec(H™ %) _ —(H_%’®H‘%)
Bvec(H?) ’
dvec(H?) B 3 1 .
Bvec(H)’ - ((Ikﬂ—ml ® H )K’c2—m1.k2—m1 + (H ® IkZ—ml)) ?
Ovec(H)
Bvec(n) (Y2 ® Iiy—my) + (Tky—m, ® ¥2)Kiy—mmy my
Ovec(By) 0
dvec(B) (( I )®I"‘1)’

33



5vec(82l) _—(( I

dvec(Bs) 0 ) OB 2 Ko ma

, ' dvec(B~2) Bvec(B?) Bvec(B)
(=85 T ) @ o) TS Brcc(BY Buecl)

M — _(B—%r ® B_%)

BUEC(B%)’ )
Bvec(B%) B N N y
a’UBC(B)’ B ((Im2 ® B ) + (B ® Im2)Km2,m2) ]
3Uec(8% ’ ;
Doy = 2 ® ) Ky + Iy © )

and H = Iy, pm, +2ty, HIH? = H, B = (I;n, +8,3), BY B} = B. The jacobian
of the transformation from ®; to (Ily;q, 12, 32, A2) then reads,
Ovec(®P2)
d(vec(Ila11)" vec(ihs) vee(B2) vec(As))

Since 15 = II515I15;;, the jacobians of the transformations from (Ma11, ¥a, B2, A2)
to H‘le) H2121 ﬁ21 and )‘2 read,

=(J1 Jo Js J4).

Iy @ Iy,
Gl _ 3(1;6(:(1'1211)’ 'UGC(’!/)Q)’ 'UBC(BQ)’ 'UGC()Q)')’ _ —Hrzlll! ® H212H2_111
dvec(Ilyy;)’ 0
0
0
o - O(vec(Ilan)" vec(yh) vec(Ba) vec(Na)') | Myl ® Iiy—m,
g = —
a’UEC(Hgm)' 0
\ 0
( 0
Gy = d(vec(Ila1y) vec(r) vec(Ba) vec(As)') _ 0
dvec(By) Ly, @ I,
\ 0
0
Gy = O(vec(Ila11)" vec(yn) vee(Ba)' vec(Ay)') _ 0
Ovec(Aq) 0

\ Imz @ Ikg—ml

The jacobian of the transformation from ®, to (Ily;, 82, A2) then becomes,

|J(®2, (21, B2, A2))|
| Ovec(®;) |
O(vec(Ilz)' vec(B)' vec(Aq)')
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dvec(P,) |

d(vec(Ila1r )" vee(ths)' vec(B2) vec(Aq)')

|8(vec(H211) vec(2)" vee(B2)' veC(/\2)')"
O(vec(Ilz,) vec(Bz)" vec(As)')

= |(J1 Jy J3 4) ( 1 G2 Gs G4)|-

The specification of ®5 reads,

_ I3, O By
q’s—(“l)(o n) (5 )

where 0 = (I, 85)', By = (61 Im,), M3z = (Igy Mp0)', Mgo1 : ma X mg, Tlap :
(ks — m2) X mg, Oy = H322H321 So, the specification of ®3 is identical to the
specification of ® for the INSEM. The parameters (Il32, 31, A3) can therefore be
obtained using the SVDs (8)-(10) and changing the sizes of the involved matrices,
i.e. ko to k3, m — 1 to mg, 1 to m,. Also the jacobian involved in the parameter
transformation of the INSEM is identical to the jacobian in case of ®3 when we
change the sizes of the involved matrices in the outlined manner.

D. Singular Value Decomposition and Jacobians three equation
model

For the three equation model, reduced rank restrictions are imposed on the
parameter matrices (@, ®5)’, © and ®,. The important difference with the INSEM
and the two equation model lies in © which itself already results from a reduced
rank restriction. As we have to analyze O given (®), ®3)’, we start with the SVD
and jacobian involved with (®) ®4)’. The specification of (&, ®4)’ reads,

®, |\ Ba1 Im, O Ba1 Im, 0
(%)_@(0 0 In )T 0 0 1. ),

This implies that when @ = (®g) Po3), Py : ko X (my + mg), Pog : ky X mg;

e e
Oy = (P37 P3z), P31 1 k3 X (my + ma), P32 : k3 X m3; © = S
O Oy

O 1 ky X (ml +m2), O12 : ke X m3, Oy : k3 X (m1 +m2), O99 : k3 X mg; that
the following equality holds,

O12 _ 29

O ®3y )
and we are left with,

P e e
(@21)=(8;)(ﬁ21 I, )+(921)L)\2(ﬁ21 I, )i,
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which is again identical to the specification of ® for the INSEM such that when
we change the sizes of the matrices in the appropriate manner, i.e. k; to ks + k3,
m — 1 to my and 1 to mg3, we can directly use the SVDs and jacobians for ¢ of
the INSEM.

The SVDs and jacobians for ©, are constructed using (50) and (51),

( Oz O ) = Haa( Bz I, ) + 331 A3 ( Baz Im, )L-
Again this specification is identical to the specification of ® for the INSEM such
that we can use the SVD and jacobians specified for the INSEM when we change
the sizes of the matrices in the appropriate manner, i.e. k; to k3, m — 1 to mg
and 1 to ma.

The specification of ®, reads,

¢, = (Hn H12)(Im1+m2 (g;g))+
(Hu I )J_)\1(Im1+mz (g;:))J—

This specification is identical to the specification of ®; in the two equation model
such that we can use the jacobians and the SVD listed there when we change the
sizes of the matrices in the appropriate manner, i.e. ky to k;, m; to m; + my and
ma to mg.
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