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ABSTRACT

Companion based matrix functions are rational matrix functions admitting a
minimal realization involving state space matrices that are first companions. Necessary
and sufficient conditions are given for a rational matrix function to be companion
based. Minimal factorization of such functions is discussed in detail. It is shown that
the property of being companion based is hereditary with respect to minimal factoriza-
tion. Also, the issue of minimal factorization is reduced to a division problem for pairs
of monic polynomials of the same degree. In this context, a connection with the
Euclidean algorithm is made. The results apply to canonical Wiener-Hopt factoriza-
tion as well as to complete factorization. The analysis of the latter leads to a
combinatorial problem involving the eigenvalues of the state space matrices. The
algorithmic aspects of this problem are intimately related to the two machine flow
shop problem and Johnson’s rule from job scheduling theory.

1. INTRODUCTION

The material in this paper is concerned with rational n X n wmatrix
functions W that are analytic at o with W() = I, the n X n identity matrix.
From systems theory it is known that if W is such a matrix function, then it
can be written in the form

W(A) =1, + C(AI, — A) "B, (1.1)
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where A is an m X m matrix, B is an m X n matrix, and C is an n X m
matrix. An expression (1.1) is called a realization of W. The realization (1.1)
is called a minimal realization if m is the smallest possible integer such that
W admits a realization (1.1). We say that W is companion based if it admits a
minimal realization (1.1) where A and AX= A — BC are first companion
matrices.

As will be explained in a forthcoming paper [10], both minimal and
complete factorization of a companion based matrix function W are issues
that are closely related to the two machine flow shop problem (2MFSP) and
Johnson’s rule from job scheduling theory. In the current paper, however, the
emphasis is on the study of companion based matrix functions per se.

In Section 2 we collect together some material on companion matrices
and rational matrix functions that will be needed later. In particular, we
discuss the subjects of minimal and complete factorization of rational matrix
functions. We also consider simultaneous similarity of two companion matri-
ces with their transposes. In this context an interesting connection with the
Bezout matrix appears.

Section 3 is devoted to the description of companion based matrix
functions. Here outer product representations play an important role. These
are representations of a rational matrix function of the form

[ w,(A) 1
1 wy(A)
‘WM=%+R§' S | 7SR TP R T
w,_ (1)
v, |
where the polynomials p,w,...,w, and the complex numbers u,,..., u,

satisfy certain conditions. Among other things, it will be shown that all
companion based 2 X 2 matrix functions can be obtained in a simple way
from the functions

oo

p(Ay 1 r(A)

IO N BEAETEY [pxu) —p(n][o 1
p(A)
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Here p and p™ are monic polynomials of the same positive degree m, r is a
polynomial of degree less than m, and p, p™ and r do not have any common
zero.

Section 4 is concerned with minimal factorization of companion based
rational matrix functions. We prove that the property of being companion
based is hereditary with respect to minimal factorization. That is, if W is
companion based and W = UV is a minimal factorization of W, then U and
V are companion based as well. Furthermore, we present necessary and
sufficient conditions guaranteeing that W is companion based if W = UV is
a minimal product of companion based matrix functions U and V. It is also
shown that for a companion based matrix function W there exists a one-to-one
correspondence between its minimal factorizations and specific factorizations
of two monic polynomials associated with W, namely its pole and zero
polynomial. The results apply to canonical Wiener-Hopf factorization as well
as to complete factorization.

In Section 5 we discuss some algorithmic aspects related to the construc-
tion of minimal and, in particular, complete factorizations of companion
based matrix functions. We first describe how Johnson’s rule from job
scheduling theory can be used to determine whether a given companion
based matrix function admits complete factorization. Thereafter we make the
results of Section 4 explicit for the companion based 2 X 2 matrix functions.
That is, we show how all minimal factorizations of a companion based 2 X 2
matrix function can be obtained. Here a connection with the Fuclidean
algorithm is made.

As a final part of this introductory section we give an overview of some
notation and conventions that are use in this paper. The notation " is used
for the set of complex (column) n-vectors. The n X n identity matrix is
denoted by I,. The superscript ' signals the operation of taking transposes.
The characteristic polynomial of an n X n matrix A is denoted by p,. So
pa(A) = det(Al, — A). If W is a matrix function, then the matrix functions
W7 and W™ are defined by W'(A) = W(A)" and W™ '(A) = W(A)~'. For
polynomials p,,..., p;, the notation ged(p,,...,p) =1 means that
P1.---, px do not have any common zero. Finally, we follow the convention
that nonzero constant functions are viewed as polynomials of degree zero.
The zero function is viewed as a polynomial of degree —1.

2. PRELIMINARIES

In this section we collect together some properties of first companion
matrices and some preliminaries on systems theory that are used in this

paper.
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2.1, Similarity of First and Second Companion Matrices
A matrix A is called a first companion m X m matrix if it has the form

0 1 0
0 0 ’ 0
A= ; . S N (2.1)
0 0 1
—ay, —Ta a4 " a4y

where a,, ..., a, , are complex numbers. More specifically, we sometimes
call the matrix A in (2.1) the first companion matrix associated with the
monic polynomial p(A) = A™ + a,_; A"~ + -+ +a,. Recall that this poly-
nomial is precisely the characteristic polynomial p, of A. Second companion
matrices are the transposes of first companion matrices. For basic material on
companion matrices, see Lancaster and Tismenetsky [22].

It is well known that a square matrix and its transpose are always similar.
For companion matrices this statement can be made more explicit. Indeed, if
the matrix A is given by (2.1), then the so-called symmetrizer H of A is the
matrix

[ a, a, a,, 1]
ay 0
H = , (2.2)
a,_, 0
| 1 o - 0 0 ]

and it is well known that HA = ATH. Since it is obvious that H is invertible,
this proves that A and A’ are similar.

We shall now discuss this matter for pairs of different companion matri-
ces. The following proposition is a special case of a result of Bart and Thijsse
[11, 12]. We present a new proof exhibiting a connection with the Bezout
matrix. For information on the Bezout matrix, see [22, Section 13.3].

PrROPOSITION 2.1. Let A and Z be different first companion m X m
matrices. Then there exists an invertible m X m matrix S such that SAS™! =
A" and SZS™' = Z" if and only if A and Z do not have a common eigenvalue.

Proof. Let S be an invertible m X m matrix such that SAS™' = A” and
$ZS~' = Z" and assume that « is a common eigenvalue of A and Z. Then
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the vector v =1 @ -+ a™ 'l is a common eigenvector of A and Z
corresponding to the eigenvalue «. Hence Sv is a common eigenvector of AT
and Z" corresponding to the eigenvalue a. Now choose x. y € &" such that

(A
[1 A - /\m—l]x: 7)\"( ), [1 - Am»l]y
-«

pz(A)
= . (23
A—a (2:3)
where p,(A) = det(AI, — A) and p,(A) = det(Al,, — Z). Then x €
Ker(al, — A") and y € Ker(al,, — Z"), as can be verified by writing out

m

the corresponding equations and taking into account that x,,_, = 1. Since
A" and Z" are nonderogatory, the eigenspaces Ker(al, — A") and
Ker(al,, — Z") are one-dimensional (cf. Lancaster and Tismenetsky [22]).

Therefore both x and y are scalar multiples of Sv. Taking into account that
the right hand sides in (2.3) are monic polynomials, it follows that p, = p,.
But this contradicts the assumption A # Z. Thus the “only if 7 part of the
proposition has been proved.

Next consider the Bezout matrix &8 associated with p, and p,. That is.
& = (b)) is the m X m matrix defined by

DA (A pa( ) — pa( ) po (A _
PaCA) p2( i) = pa i) pz(A) 55 b A,

A—p i=1j=1

By the Barnett factorization theorem, & = Hp,(A), where H is the sym-
metrizer of A given by (22). Using that HA = A"H, we now obtain
BA = Hp,(A)A = HAp,(A) = A"Hp,(A) = A'#. By interchanging the
roles of A and Z, we also get FZ = Z'%#. Indeed, the Bezout matrix
associated with p, and p, is —%. The “if part” of the proposition is now an
immediate consequence of the well-known fact that & is invertible if and

only if p, and p; do not have a common zero. ]
The matrix S appearing in Proposition 2.1 is essentially unique. Indeed, Vif
S is any invertible m X m matrix such that SAS™' = A" and $ZS™' = Z',

then S is a scalar multiple of the Bezout matrix % associated with p, and
Pz

To see this, we argue as follows. Write A — 7 = be! where b and ¢ are
nonzero vectors in @™ such that the m X m matrix C = [b Ab --- A" 'b]
is invertible. This is possible, since A and Z are different first companion
matrices. For b one can take the mth unit vector in ™. Now cb? = AT —
Z" = S(A —Z)S ' =(ShXc"S™!). As a rank factorization is essentially
unique, there exists o # 0 such that S = oc. Analogously, cb” = A"~
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ZT =B(A - 2) B! = (BbXc"#™"), and there exists 7+# 0 such that
&b = rc. It follows that

SC = [Sb SAb SAm-lb] — O'[C ATC (AT)m-lc].
In a similar way we have
FBC = [‘@b BAb - ﬂAm—lb] _ T[C ATe e (AT)m_lc],

Hence 7SC = o%C. Since the matrix C is invertible, this identity implies
that S = (¢/7)% and the desired result has been obtained.

2.2, Review of Rational Matrix Functions

In this subsection we review some material from systems theory. The
material is concerned with rational n X n matrix functions. It will be
assumed in this paper that these functions are analytic at ® with value I, the
n X n identity matrix. The relevant references are Bart et al. [4], Bart et al.
[5], DeWilde and Vandewalle [14], Gohberg et al. [17], Kailath [19], Kalman
[20], Kalman et al. [21]), and Sahnovic [25].

Let W be a rational n X n matrix function. By a realization of W we
mean a representation of the form

W(A) =1, + C(AL, — A) "B, (2.4)

where A is an m X m matrix, B is an m X n matrix, and C is an n X m
matrix. If W satisfies the standing assumption formulated above, then it is
always possible to find such a representation.

The standing assumption implies that W’ and W~! are also well-defined
rational n X n matrix functions. A realization (2.4) of W implies a realization
of W7, namely

WT(A) =1, + BY(AL, — A7) 'C”. (2.5)

It is customary to write A™ for the matrix A — BC. With this notation, (2.4)
implies

Wl(A) =1, - C(AL, — AX) ' B. (2.6)
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The smallest possible m for which a rational matrix function W admits a
realization (2.4) is called the McMillan degree of W and is denoted by 6(W).
It equals the total number of poles of W counted according to pole
multiplicity. A discussion of this notion is given after the next paragraph. Note
that (W) = 0 if and only if W(A) = I, for all A.

The realization (2.4) is called minimal if m = 8(W). The minimality of
(2.4) implies that of (2.5) and (2.6). In particular, the McMillan degrees of
W, W' and W~! are the same. Minimal realizations are essentially unique: if
(2.4) is a minimal realization of W, then all minimal realizations of W can be
obtained by replacing A, B, and C with SAS™!, SB, and C s respectively
where § is an invertible m X m matrix. This result is known as the state
space isomorphism theorem.

At this point we shall explain the notion of pole multiplicity already
referred to above. Let W be a rational n X n matrix function and let a be a
complex number. In a deleted neighborhood of a we have the Laurent
expansion

W(A) = k_};_ (A — )W, (2.7)

where r is a positive integer not smaller than the order of a as a pole of W.
Write

_Wfr Wb o W W, 1
0 w_, . wW_,
(W, a) = rank| RIS . (2.8)
0 0 W_o. W_.n
K 0 o W,

Then 8(W, a) does not depend on the choice of r, and 8(W, a) is not
smaller than the pole order of W at a. Also, 8(W, a) = 0 if and only if « is
pole of W of order zero, i.e., W is analytic at . The number 8(W, a) is
called the local degree or the pole multiplicity of W at a. As was mentioned
already, the McMillan degree of W equals the number of poles of W
counted according to pole multiplicity. In other words,

S(W) = T 8(W, ).

REE
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Here the summation can be restricted to those u that are genuine poles of
w.

Note that « is a pole of W if and only if a is a pole of WT. A complex
number a is called a zero of W if it is a pole of W', The zero multiplicity
of a as a zero of W then equals the pole multiplicity S(W=L a)of a as a
pole of W1

To facilitate later discussions, we now associate two scalar polynomials
with W, namely its pole polynomial py, and its zero polynomial pj,. They
are defined by

pw(D) =(A-a)(A-a,),  py(D)=(r-0af)(A-ay),

where «,, ..., a,, are the poles of W counted according to pole multiplicity
and af,..., a,; are the zeros of W counted according to zero multiplicity.
Both py and pyy; are monic and have degree 8(W).

Again let (2.4) be a minimal realization of W. Then « is a pole of W with
pole order r if and only if & is a pole of (A, — A)~" with pole order r.
Furthermore, a is a pole of W with pole multiplicity & if and only if « is an
eigenvalue of A with algebraic multiplicity k. Thus the poles of W coincide
with the eigenvalues of A. In particular, py, = p,, and similarly, pg, = p,~.
Also,

X

pw(A)

det W(A) = (N

To see this, let (2.4) be a minimal realization of W, and note that
det W(A) = det| I, + C(AL, — A) ' B]
= det|I,, + (AL, — A) "' BC]
= det[ 1, + (AL, — A) '({AL, — A%} — {AL, - 4))]
= det[(AL, — 4) (AL, — A%)]

det()\Im - AX) pw(A)
- det(AL, — A) - Pw(A)’
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Here we used the well-known identity det(I + PQ) = det(I + QP) valid for
matrices P and Q of appropriate sizes.

A pole o of W is called geometrically simple if its pole multiplicity
equals its pole order. So a pole a is geometrically simple if and only if a is
an eigenvalue of A of geometric multiplicity 1. Hence all poles of W are
geometrically simple if and only if A is nonderogatory.

The McMillan degree 6(W) is sublogarithmic in the following sense. 1f
W =W, -+ W, is a factorization of W, then

S(W) < 8(W,) + - +8(W,). (2.9)

Of special interest are factorizations with equality in (2.9). These are called
minimal factorizations. In such factorizations pole-zero cancellation does not
occur (cf. Bart et al. [4]). Note that the following holds true. Let W = W

W, be a factorization of W. Then this factorization is minimal if and only if

Pw = Pw, Pw or, equivalently, pg =py -+ py . A minimal factoriza-
tion W = W, Wk induces a minimal factonzatlon of W' and W™!
namely W' = W' -« W and W' = W' -« W', There exist nontrivial

rational matrix functions without any nontrivial minimal factorization.

A rational matrix function is called elementary if it has McMillan degree
one. A complete factorization is a minimal factorization involving elementary
factors only. Thus a complete factorization is a factorization of the form

1
I, + —R, |, 2.10
n /\ a,“ ”l) ( )

W(A) = (1,, + X_—l-ZR‘)

where m is the McMillan degree W, «, ..., @, are the poles of W counted
according to pole multiplicity, and R\, ..., R,, are n X n matrices of rank 1.

With the complete factorization (2.10) of W we can associate complete
factorizations of W7 and W', Indeed,

. 1
W) = (1,,+ 7—-—3) -
-

m

1 ,
I, + g RZ). (2.11)
1

Also, each R, can be written as R, = ¢;h] for some nonzero vectors b, and
¢, Hence if we define o = o, — b/c, = a; — trace R, for i = 1..... m.

then (2.10) implies

1 1
W*l()\) = (I”—X_—ax—ﬂm)-u(['l— ';\—"—a—X—Rl) (212)
i

m
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3. COMPANION BASED MATRIX FUNCTIONS

Let W be a rational n X n matrix function that is analytic at o~ with
W(=) = I, (standing assumption). We say that W is companion based if it
admits a minimal realization

W(A) =1, + C(AL, — A) " 'B, (3.1)

where A and A™ are first companion matrices. If W is companion based,
then the poles of W, W7, and W~ are geometrically simple. This is clear
from the material presented in Section 2.2.

In this section we study companion based matrix functions with pre-
scribed pole and zero polynomial. In Section 3.1 we give a general description
of such matrix functions. In Section 3.2 we specialize to companion based
matrix functions admitting an outer product representation. The minimally
sized companion based matrix functions with prescribed pole and zero
polynomial are studied in Section 3.3. Finally, in Section 3.4 we give another
representation of companion based matrix functions that is closely related to
the outer product representation and that is useful in the study of minimal
factorizations.

PrOPOSITION 3.1.  Let W be a companion based n X n matrix function.
Then WL s companion based as well. Furthermore, W7 s companion

based if and only if either py, = py or ged(py; pyw) = 1.

Recall that py, and py; are the pole polynomial and the zero polynomial
of W, respectively. These polynomials were defined in Section 2.2.

Proof. Let (3.1) be a minimal realization of W such that A and A™ are
first companions. Then (2.6) is a minimal realization of W™!. Now A* is a
first companion, and the same is true for (A*)* = A*+ BC = A. This proves
the first part of the proposition.

Next, suppose W is companion based and py, = pg or ged(py; pw) =
1. If W is given by (3.1), then (2.5) is 2 minimal realization of W 7. Recall
that pyw = ps, pw = pax, and that A and A are first companion matrices.
Thus A =A%, or A and A do not have any common eigenvalue. So,
according to the material presented in Section 2.1, there exists an invertible
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m X m matrix S such that SAS™! = AT and SA*S™! = (AX)T. By substitut-
ing SAS™' for A" in (2.5), we find that

WT(A) =1, + B'S(AL, — A) 's”'c”

is a minimal realization of W7 as well. Since A — ST!CTBTS = S7'(A” —
CT™BT)S = STHAX)TS = A%, we may conclude that W7 is companion
based.

Finally, assume that W7 is companion based. Then W7 admits a minimal
realization

WT()\) = In + Cl( AIm - [\l)\l B]‘ (32)

where A and A, — B,C, are first companions. Clearly, W and W' have the
same pole polynomial. So A and A, have the same characteristic polynomial,
which implies A = A,. Similarly, we find A*= A as well. Now (2.5) and
(3.2) are two minimal realizations of W'. So the state space isomorphism
theorem guarantees the existence of an invertible m X m matrix S such that
SAS™! = AT and SA*S™' = (A*)". By Proposition 2.1, we find A = A”, or
A and A* do not have any common eigenvalue. Thus py = py or
ng(pW; p{;;) = 1. u

3.1. General Description

Throughout this section p is a monic polynomial of positive degree m
given by p(A) = A" + a,,_ A" "' 4+ -+ +a,A + a,. With the polynomial p
we associate the m X m matrix function R,(A) = p(AXAIL, — A)™'. where
A is the m X m companion matrix associated with p. If we write R (1) =
[r, (DN, 1, then it is easy to verify that

(A) Clj*l)‘“r];2 + o ta AT, 8>
T, = L i i
if Am+1—j—1 + am—ll\mJﬂ_Jiz 4+ e +aj)‘x—1’ i </

Note that R, is an m X m matrix polynomial of degree m — 1. The last
column of R, equals [t A - A

Let h be a k-vector polynomial (i.e. a k X 1 matrix polynomial) of degree
not exceeding m — 1. Then there exists a unique k X m matrix H such that

h(A) =H[1 A - A" '] = HR (N)e,.
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Here e, is the mth unit vector [0 -+ 0 1J7 in &™. The matrix H will be
called the coefficient matrix of h.

THEOREM 3.2.  Let W be a rational n X n matrix function with (W) =
m, and let p and p* be different monic polynomials of the same positive
degree m. Then the following statements are equivalent:

X

(i) W is companion based, py, = p and pj, = p™.
(ii) There exists an invertible n X n matrix T such that W has the form

1 0 h(A HR (MG
W(A) =1, + —=T (4) AL P
p(A) o o0 0
where h is a k-vector polynomial of degree not exceeding m — 1, the bottom
entry of h is p*~p, H is the coefficient matrix of h, and G is an
m X (n — k) matrix. Here k is a positive integer not exceeding n.

Proof. Suppose (i) is satisfied, so W is companion based, p,, = p, and
pw = p~. Then W can be written in the form (3.1) where A and A™ are the
first companion matrices associated with p and p”, respectively. Now
BC = A — A% is a rank 1 matrix which can be written as BC = e, v" where
p*(V) —pW) =01 A =+ A" " =0"R (Ae,,. A routine argument (in-
volving column and row operations) shows that there exists an invertible
n X n matrix T such that BT and T 'C have the form

BT = [0 e, B,], T7'C=1|,7]

where B, is an m X (n — k) matrix and C, is a (k — 1) X m matrix. Here k
is a positive integer not exceeding n. So we get

T 'W(ANT =1, + T 'C(AL, — A) 'BT

1
=] + —P(/\) T_ICRP(A)BT
1 0 C()Rp()‘)em C()Rp(A) BO
"Ly |0 TR (e, oTR() B
0 0 0
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Now we introduce

C()Rp( )‘) €

h(A) = | .
( UFR’)(A)é)'Il

Then h is a k-vector polynomial of degree not exceeding m — 1, and the
bottom entry ¢'R (Me,, of h equals p*— p. Also,

C, }
‘UT

is the coefficient matrix of h. Putting G = B,, we see that (ii) is satisfied.
Conversely, suppose there exists a positive integer k and an invertible
n X n matrix T with the properties described in (ii). Write

C
H=[ M
UI

where v € " and C; isa(k — 1) X m matrix. Then "R (Ae,, = p*(A) —
p(A) and

m

H =

C,
T-'W(MNT =1, + 1R (M0 ¢ G
( ) n ])(A) (9] ]J( )[ (/m ]
0
C(i
=1, + |7 (AL, = A) [0 ¢, G],
0

where A is the first companion associated with p. Put

C,
BT=[0e, Gl. T 'C=|,r
0

Then W admits the realization (3.1). Observe that A=A — BC = A —
e,v’. This implies that A” is the first companion matrix associated with p~.
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Since m = 8(W), the realization (3.1) is minimal. Hence W is companion
based. Clearly, py, = p and pg = p*. So (i) is satisfied. [

Theorem 3.2 deals with the case where p # p*. The case where p = p*
can be treated in a similar way. For this case the following observation is
useful. If p = p*, then A = A%, which implies BC = A — AX= 0. Further,
if B is an m X n matrix, C is an n X m matrix, and BC = 0, then there
exists an invertible n X n matrix T such that

B=1[0 BT, C-= T[%O},

where B, is an m X k matrix, C, is a (m — k) X m matrix, and k is a
positive integer not exceeding m.

The description of companion based matrix functions in Theorem 3.2 is
not completely satisfactory, because it is based on the condition 8(W) = m.
This condition does not play a role in the implication (i) = (ii), but it does
appear in the proof of (ii) = (i). However, in this proof it can be avoided
under the assumption ged(p; h,, ..., h;) = 1, which is sufficient to guaran-
tee 8(W) = m. This idea is worked out in more detail for a special case in
the next section.

3.2.  Outer Product Representations

Let p and p”* be monic polynomials of the same positive degree m, and
let W be a rational n X n matrix function. By an outer product representa-
tion of W with respect to p and p™ we mean a representation of the form

[ w,(A) ]
1 w,(A)
W(A) =1, + —— : [wi pe o o m] (33)
p(A)
wn*l( )‘)
| wn(A) J
where u,,..., i, are complex numbers, not all equal to zero, w, ..., w, are

polynomials of degree less than m, and pw, + - +pw, = p*—p.
A few comments are in order. First it should be noted that if W admits an
outer product representation with respect to p and p*, then rank [W(A) —
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1,1 <1 for all but a finite number of A. Further, if W admits an outer
product representation with respect to p and p*, then

i w(A) ]
w,(A)

1
‘Vﬁl(A) =In - pX()\) . [I“Ll IJ’Z e ,'Ln~l I“Ln]‘
wn~l(/\)

w?I(A)

where —(pw, + - +pw,) = —(p“—p)=p — p*. Thus W admits an
outer product representation with respect to p and p* if and only if W'
admits an outer product representation with respect to p* and p. Finally, a
straightforward computation, based on the identity det(I + PQ) = det(I +
QP), shows that, if W admits an outer product representation with respect to
p and p*, then

p*(A)
p(A)

det W(A) =

In particular, the unique rational scalar matrix function W admitting an outer
product representation with respect to p and p* is W(A) = p*(A)/p(A).

PROPOSITION 3.3.  Let W be a rational n X n matrix function, and let p
and p* be monic polynomials of the same positive degree m. Then the
following statements are equivalent:

(i) W admits an outer product representation with respect to p and p™;
(i) W admits a realization W(A) = I, + C(AI,, — A)"'B, where A is
the first companion matrix associated with p, A is the first companion
matrix associated with p™, and rank B = 1;
(iii) W admits a realization W(A) =1+ C(AL, — A)"'B, where the
characteristic polynomials of A and A™ are p and p*, respectively, and
where rank B = 1.

For a fourth equivalent statement, see Proposition 3.9 below.



16 H. BART AND L. G. KROON

Proof. Suppose (3.3) is an outer product representation of W with
respect to p and p*. Let A be the first companion matrix associated with p.
Then it is well known that

0 1
A
(AL, —A)" ; ! :
! p( /\) Am.— 2
1 AT 1
Since w, ..., w, are polynomials of degree less than m, there exists a unique
n X m matrix C such that
- 5
w,(A) 1
wy(A) A
||
w,-1(A) AT
. AT 1

Furthermore, we define the m X n matrix B as follows.

0
0

B= , [,‘Ll I'LZ o I"Ln~l l"n]'
0
1

Combining these definitions, we find

-1

I, +C(AL, —A) 'B
i w](/\) |
1 wz()‘)
=I +— : [ mo o w1 =W,
p(A) w_ ()
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Recall that A is the first companion matrix associated with p. The structure
of the matrix B implies that A™ is a first companion matrix as well. In fact,
A is the first companion matrix associated with p*, because p(A) =
det(AI, — A) and

p (N _ det(AL, — A™)
ooy detWN = o Ay

Since rank B = 1 we may conclude that (i) implies (ii). It is evident that (ii)
implies (iii). So it remains to be shown that (iii) implies G).

For this we argue as follows. Assume W(A) = I, + C(AI, — A)"'B,
where the characteristic polynomials of A and A* are p and p*, respec-
tively, and where rank B = 1. Then the m X n matrix B can be factorized as

where at least one product u,v, is nonzero. Furthermore, by Cramer’s rule,
the matrix function C(AI, — A)"! can be written in the form

1
C(AL, —A) ' = m)—D()\),

where D(A) is an n X m matrix polynomial of degree less than m. Now put

[ wl( A) 1 [ V] i
w2( A) L)
o | =DM -
wn— l( A) Vm -1
w"( /\) L Vm ]




18 H. BART AND L. G. KROON

Then wy, ..., w, are polynomials of degree less than m, and (3.3) is satisfied.
Finally, the relation p,w, + - +p,w, = p*~ p can be deduced as follows.

P (A) _ _ pywy(A) + o +p,w,(A)
oY) =detW(A) =1+ ey

PROPOSITION 3.4. Let W be a rational n X n matrix function, and let p
and p* be monic polynomials of the same positive degree m. Suppose W
admits an outer product representation (3.3) with respect to p and p*. Then
the following statements are equivalent:

@) (W) =m;
(ii) gcd( P Wy, ..., Wy px) = ];
(iii) W is companion based, py, = p, and py, = p*.

Condition (ii) can be replaced by ged(p; wy;...;w,) =1 or
ged(w;...;w,; p*) = 1. This is clear from the identity pw, + - +
pt0, = P~ p-

Proof. Since p has degree m, it is clear that (iii) implies (i). To prove
the reverse implication, we write W in the form (3.1) where A and A are
the first companion matrices associated with p and p*, respectively. This is
possible by Proposition 3.3. If 8(W) = m, then the realization is minimal,
and it follows that (iii) is satisfied.

It remains to be shown that (i) and (ii) are equivalent. For this we argue
as follows. Let a be a pole of W and write r = r(«a) for the order of « as a
pole of W. Let the Laurent expansion of W at a be given by (2.7). Then the
pole multiplicity 8(W, a) of W at a is given by (2.8). For j = 1,..., r, the
n X n matrix W_; in the matrix (2.8) has the form w_, = xj[ [T TR
Bo-) M,]where x; € @™, This is clear from (3.3). Hence 8(W, &) does not
exceed the rank of the following nr X r matrix

[x, x,_, = = x5 %
0 X,  X._, Xy
0 0 X, X,
0 0 0 x,
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Since x, # 0, the rank of this matrix equals r = r(a). So 8(W, a) < r(a).
On the other hand, we always have 8(W, a) > r(a). Thus 8(W, a) = r(a).

It follows that 8(W) = m if and only if £,8(W, a) = m, where the
summation is taken over all poles of W. From (3.3) we see that r(a) does
not exceed the multiplicity m (a) of « as a zero of p. Also, the multiplicities
of the zeros of p add up to m. Hence 8(W) = m if and only if the following
holds: a complex number a is a pole of W if and only if & is a zero of p,
and in that case r(a) = mp(a). But this is, in turn, equivalent to the
requirement that ged(p; w;...;w,) = L. [ |

Although Propositions 3.3 and 3.4 give some information on the class of
companion based matrix functions, they do not provide an exhaustive descrip-
tion of this class.

ExaMPLE 3.5. Let the rational matrix function W be defined by

1 0 A% 1
S0 A A
AT 0 0 O

W(A) =1, +

Then W admits a minimal realization W(A) = I, + C(AI; — A)"'B where

ST

Clearly, A is a first companion matrix, and it can be verified easily that A™ is
a first companion matrix as well. It follows that W is companion based. On
the other hand, W does not admit an outer product representation, since
ranklW(A) — I,] = 2 for all but a finite number of A.

o oo
SO~
S = O
(=N
S = O
[ el ew]

3.3.  Companion Based Matrix Functions of Minimal Size

In this subsection we describe the minimally sized companion based
matrix functions with prescribed pole and zero polynomial. Let p and p™ be
two monic polynomials of the same positive degree m. By n_, (p, p™) we
denote the smallest possible n for which there exists a companion based
n X n matrix function W with py = p and py, = p™. First we consider the
case where p and p* are different and have at least one common zero.

THEOREM 3.6. If p and p* are different monic polynomials of the same
positive degree m with at least one common zero, then n_, (p, p™) = 2.



20 H. BART AND L. G. KROON

Moreover, for a rational 2 X 2 matrix function W, the following statements
are equivalent:

X

(i) W is companion based, py, = p, and pyy = p*,
(i) 8(W) =m, and W admits an outer product representation with
respect to p and p*.

Proof. Since p and p* have at least one common zero, a scalar rational
function with pole polynomial p and zero polynomial p* does not exist. So
noin(p, p*) = 2. On the other hand, it is clear from Proposition 3.3 that
noa(p, p*) < 2. To see this, consider the matrix function

1
1 —_
p(A) | 1 1
o px(A) “Iz“'_—p(/\)'[px(/\) _p()‘)][o l]. (3.4)

p(A)

According to Proposition 3.4, this matrix function is companion based and has
pole polynomial py and zero polynomial pg,. It follows that
P, P = 2.

We now turn to the second part of the theorem. From Proposition 3.4 we
know that (ii) implies (i). So we have to show that (i) implies (ii). Here the
fact that W is a 2 X 2 matrix function plays a crucial role. Suppose W is as in

(i), and let
W(A) =1, + C(AL, — A)'B

be a minimal realization of W such that A and A are the first companion
matrices corresponding to p and p*, respectively. Then BC = A — A has
rank 1. Now B is an m X 2 matrix and C is a 2 X m matrix. Hence if
rank B = 2 and rank C = 2, then rank BC = 2 as well, contradicting the fact
that rank BC = 1. Thus rank B = 1 or rank C = 1. As we shall see in the
next paragraph, the latter is impossible, so rank B = 1. But then W admits an
outer product representation with respect to p and p*, according to Proposi-
tion 3.3. The desired result is now clear from Proposition 3.4.

To see that, indeed, rank C # 1, we argue as follows. Recall that W7
admits a minimal realization

WT(A) =1, + BT(AL, — A7) 'C™.
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The characteristic polynomial of AT is p, and that of AT = CTBT = (AT
is p*. Assume now that rank C = 1. Applying Proposition 3.3 to W7 we see
that W7 admits an outer product representation with respect to p and p™.
The McMillan degree of W7 is the same as that of W, namely m. Therefore
Proposition 3.4 guarantees that W7 is a companion based 2 X 2 matrix
function. It follows from Proposition 3.4 guarantees that W7 is a companion
based 2 X 2 matrix function. It follows from Proposition 2.1 that py = py
or ged( py; pw) = 1. However, both conclusions contradict our assumptions.
It follows that rank C # 1. [ ]
Theorem 3.6 remains true when the condition p # p* is dropped. When
p = p”~ the identity u,w, + pow, = p*— p reduces to w, = —(p,/p)w,
or wy, = —(u,/my)w;. So in this case the result takes the following form.

THEOREM 3.7. If p is a monic polynomial of positive degree m, then
nop, p) = 2. Moreover, for a rational 2 X 2 matrix function W, the
following statements are equivalent:

(i) W is companion based, p\, = p and py = p:
(ii) W has the form

_ w(A) T M
W()‘) =1+ P(/\)[ @ ][Pﬂ IJvz],

where p, and p, are complex numbers, not both equal to zero, w is a
polynomial of degree less than m, and ged(p; w) = 1.

This result reflects the fact that, if p = p*, then W is companion based if
and only if W7 is companion based. Finally, we still have to consider the
case ged(p; p™) = L.

THEOREM 3.8. If p and p™ are different monic polynomials of the same
positive degree m with ged(p; p*) = 1, then n (p, p™) = 1. In this case
p~(X)/p(A) is the unique companion based scalar function with pole polyno-
mial p and zero polynomial p*. Moreover, for a rational 2 X 2 matrix
function W, the following statements are equivalent:

X

(i) W is companion based, py, = p, and p3y, = p’;
(i) 8(W) =m, and W or W' admits an outer product representation
with respect to p and p*.
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Proof. Obviously, if W is a companion based scalar matrix function with

pw = p and py = p*, then W(A) = p*(A)/p(A). Conversely,

P _ 1
OO e e

where w, =p*—p and u, = 1. Now Proposition 3.4 guarantees that
p*(A)/p(A) is companion based with pole polynomial p and zero polynomial
X

The second part of Theorem 3.8 can be proved in a similar way to the
second part of Theorem 3.6. According to Proposition 2.1, we have in this
case again that W is companion based if and only if W7 is companion based.
Hence both cases rank B = 1 and rank C = 1, appearing in the proof of
Theorem 3.6, can occur now. The latter explains the symmetry with respect
to W and W7 in the theorem. u

Note that the assumption ged(p; p*) = 1 allows for some special choices
of the “parameters” w,, ..., u,, and w,, ..., w, featuring in (3.3). Indeed, by
choosing g, =0, p, =1, w; =0, and w, = p*— p, one sees that the
2 X 2 matrix function W given by

1 0
W) = |, p (M)
p(A)

is companion based with py, = p and py, = p*. This could already have
been guessed from the first part of Theorem 3.8.

3.4. Another Representation

In Section 3.2 we concentrated on outer product representations of
companion based matrix functions. We shall now discuss another (related)
representation, which is particularly useful in studying minimal factorization
of companion based 2 X 2 matrix functions in Sections 4 and 5. Our first
observation in this context holds for matrix functions of arbitrary size. It can
be viewed as a supplement to Theorem 3.2 and is strongly related to
Proposition 3.3.

PROPOSITION 3.9. Let W be a rational n X n matrix function, and let p
and p™ be monic polynomials of the same positive degree m. Then W admits
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an outer product representation with respect to p and p™ if and only if W can
be written in the form

ri(A)
1 0 0 o0
r2(A)
0 1 0 Y

W(A) =T} : : T, (3.5)
rn-l(/\)

0 0 1 P(/\)
p*(A)

00 TP

where T is an invertible n X n matrix and r, ..., r,_, are n — 1 polynomi-
als of degree less than m.

Proof. Suppose W has the form (3.5). Then W can be written as

i r(A) )
1 ra(A)
W(A) =1, + —T! . [00 - 01]T,
Y :
P
L T"()\) i

where r, = p*— p. Thus if we define w,

[ wy(A) ] [ (A ]
wy(A) ra(A)
: =T :
w, 1(A) ra-1(A)
| wa(A) ] [ ()]

[wy o - mooy ]l =[00 - 01]T,



24 H. BART AND L. G. KROON

then W has the form (3.3). This is an outer product representation of W
with respect to p and p*. Indeed,

[ wi(A) |
wy(A)
prw(A) + A (A) = [y sy o Baoy sl

w,_1(A)
| w, (1)

I ri(A) ]

ra(A)

=[00 - 0 1]
ra_1(A)
BN

It

() = p*(A) — p(A).

Conversely, assume (3.3) is an outer product representation of W with
respect to p and p*. Choose an invertible n X n matrix T such that the last
row of T equals the vector [, n, *=* m,_, p,), and write

i () ] T w(A) |
ra(A) wy(A)

ro (V) w,_1(A)
| () | w(D)

Then r,..., r, are polynomials of degree less than m. Since r, = pw,

+ ++ +p,w, = p*— p, the rational matrix function W is of the form (3.5).

n

Note that in this proof, ged(p;w;;...;w,; p*) =1 if and only if

ged(ps rp;...5 1,3 p) = 1. It is now obvious that there exist counterparts

to Proposition 3.4 and to the second parts of Theorem 3.6, 3.7, and 3.8. For
example, we have the following result (cf. Theorems 3.6 and 3.7).
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THEOREM 3.10. Let W be a rational 2 X 2 matrix function, and let p
and p™ be monic polynomials of the same positive degree m with at least one
common zero. Then the following statements are equivalent:

X

(i) W is companion based, py, = p, and py, = p™;
(i) W is of the form

r(A)
. p(A)

W(A) =T () T (3.6)
p(A)

where T is an invertible 2 X 2 matrix, r is a polynomial of degree less than

m, and ged(p; r; p*) = 1.

Since p and p* “have at least one common zero, r cannot be the zero
polynomial. Hence (3.6) can be written as

1

p(A)
p*(A)
p(A)

W(X) = 07'(A) o(N). Q(A)=[é T(OA)]T-

In view of this result, the matrix

1

p(A)
p™(A)
p(A)

My()) =
0

already appearing in (3.4), can be viewed as a “model” companion based
2 X 2 matrix function. When p = p*, the expression (3.6) becomes

Lo
W(A) =T""! p(A) |T-
0 1
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This again reflects the fact that in this case W is companion based if and only
if this is true for W7 (take for T the reversed identity). In the situation when

ged(p; p*) = 1, one also has the description (ii), with the understanding that
one has to allow for taking transposes (cf. Theorem 3.8).

4. MINIMAL FACTORIZATION

In this section we study minimal factorization of companion based matrix
functions. First we show that the property of being companion based is
hereditary with respect to minimal factorization.

THEOREM 4.1. Let U, V, and W be rational n X n matrix functions, and
let W = UV be a minimal factorization of W. If W is companion based, then
U and V are companion based as well. Furthermore, in that case

ged(py; py) = 1.
Proof. We start by choosing minimal realizations of U and V:
U(A) =1, + C(AL, —A,) "B, (4.1)
V(A) =1, + Cy(AL, — A,) ' B,. (4.2)

Here m, = 8(U) and m, = 8(V). Further, we introduce the matrices

B B,
3 - B2

Then A is an m X m matrix, B is an m X n matrix, and C is an n X m
matrix where m = m, + m,. From the product rule for realizations (cf. Bart
et al. [4]) we know that

, c =|[c, C,]. (4.3)

Al BICZ
1o A,

W(A) =1, + C(AL, — A)"'B (4.4)

is a realization of W, which is minimal, as m = m, + my, = 8(U) + 8(V) =
8(W). Since W is companion based, the state space isomorphism theorem
implies the existence of an invertible m X m matrix S such that SAS™! and
SA*S~! are first companions. Now it follows from the results of Bart and
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Thijsse [12] that BC = A — A™ has rank at most 1 and can be represented in

the form BC = bcT where b, ¢ € ™ and b is a common cyclic vector for A
and A™ (cf. also Bart and Thijsse [11]). The latter means that

rank[b Ab - A" 'b] = rank|b A%b -+ (A%)" '] =m.

b= | D ~ |2
b2 ’ c |’
where b, by, c,, and ¢, are vectors of appropriate sizes. Following the

standard convention, we put A = A, — B/C, = A, —b,c] and A =
A, — B,C, = A, — b,cl. Since A™ is of the form

]
A= , (4.5)

T Ax
—byef  A;

Further, we write

it follows that b, is a cyclic vector for A}, Analogously, b, is a cyclic vector
for A,. Furthermore, A, — A = b,cl and A, — AS = b,ci. But then it
follows that A, and A admit simultaneous reduction to first companion
matrices, and that the same holds for A, and A (cf. Bart and Thijsse [11,
12]. Thus both U and V are companion based.

Next, let the matrix M be the direct sum of A, and AJ. Then

A, 0
M= =
0 AJ

Z;][o cf].

Ay blcg
0 A,

e ]fo e

= A —

Here [bT bI) isa cyclic vector for A, which implies that it is a cyclic vector
for M as well. As a consequence, M is similar to a first companion matrix. In
particular, each eigenvalue of M has geometric multiplicity 1. But this
implies that A; and A do not have any common eigenvalue. The latter is
equivalent to ged(py; p3) = 1. [ |

In view of Theorem 4.1, it is natural to pose the following question.
Suppose W = UV is a minimal factorization of W where both U and V are
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companion based matrix functions with ged(p,; py) = 1. Does this imply
that W is also companion based? In general, the answer is negative. For
example, if

1
1+~ 0 N
W(A) = | v = A ;
0  1+-— 0 1
i A
1 0
V) =1y 141
A

then 6(W) =2, 8(U) = 6(V) =1, and W = UV is a minimal factorization
of W. Furthermore, U and V are companion based, and W is not (indeed,
rank[W(A) — I,] = 2 for all A # 0).

Necessary and sufficient conditions in terms of the realizations (4.1) and
(4.2) guaranteeing that a minimal product of companion based matrix func-
tions is companion based as well are provided in Proposition 4.3. This
proposition is based on the following well-known auxiliary result.

LEMMA 4.2.  Suppose A and 7 are square matrices, a is a cyclz'c vector
for A, and z is a cyclic vector for Z. Let the matrix M be the direct sum of A
and Z. Then the following statements are equivalent:

(i) A and Z do not have any common eigenvalue;

.. A 0
(i) [Z 0 Z]'

is a cyclic vector for M = [

Note that if a is a cyclic vector for A, then A is similar to a companion
matrix. This is equivalent to the condition that each eigenvalue of A has
geometric multiplicity 1. Of course, a similar result holds for Z as well.

Proof. 1f A and Z have a common eigenvalue, then the corresponding
eigenspace of M has dimension 2. This implies that a cyclic vector for M
does not exist.

Conversely, if A and Z do not have any common eigenvalue, then each
eigenvalue of M has geometric multiplicity 1. Now Hautus’ test from systems
theory [18] can be used to show that [a” z"]" is a cyclic vector for M
whenever ¢ and z are cyclic vectors for A and Z respectively. The details are
left to the reader. a
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PROPOSITION 4.3. Let U and V be companion based matrix functions,
given by (4.1) and (4.2) respectively. Suppose further W = UV is a minimal
factorization of W, and let A, B and C be given by (4.3).

(i) Assume A # A and A, # A5 . Then W is companion based if and
only if A and A do not have any common eigenvalue and rank BC = 1.
(i) Assume A, = A and A, #+ AY. Then W is companion based if and
only if Ay and A} do not have any common eigenvalue, rank BC = 1,
B,C, = b,cj # 0 where b, is a cyclic vector for A, = A}, and B,C, = 0.
(iii) Assume A| # A and A, = AJ. Then W is companion based if and
only if A and A7 do not have any common eigenvalue, rank BC = 1,
B,C, = 0, and B,C, = b,c] # 0 where b, is a cyclic vector for A, = AS.
(iv) Assume A, = A and A, = AY. Then W is companion based if and
only if A, and AY do not have any common eigenvalue and BC = 0.

Note that the condition that A, and A} do not have any common
eigenvalue is equivalent to the condition ged(p,; py) = 1. Unfortunately.
the conditions in (ii) and (iii) involving B,C, and B,C, (which are not quite
elegant) cannot be omitted. Examples of this can be found easily.

Proof.  (i): From Theorem 4.1 we know that the condition that A, and
A} do not have any common eigenvalue [i.e. ged(p, pt) = 1] is necessary.
Furthermore, it is obvious that the condition rank BC = 1 is necessary as
well. Thus we can proceed to prove the sufficiency of the conditions. Write

A—A"=BC =

bili +
bz][c, cz], (4.6)

where b, b,, ¢, and ¢, are vectors of appropriate sizes. Then A, — A" =
bic] and A, — AJ = byc}. Since rank factorizations are essentially unique, it
follows that b, is a cyclic vector for A, and b, is a cyclic vector for A,
Further, Lemma 4.2 implies that

A0

0 Af |

b
[bl ] is a cyclic vector for the matrix M =
2

We also have

A=M B,
= + b2

0cf].  av—wm- [Z][ 0].
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This implies that [b] b}]" is a common cyclic vector for A and A*. In view
of (4.6) and the results of Bart and Thijsse [12], it follows that A and A*
admit simultaneous reduction to first companion matrices. Thus W is com-
panion based.

(i): Again, the condition that A, and AJ do not have any common
eigenvalue and the condition rank BC = 1 are necessary. Furthermore, if W
is companion based and A, # A, then

b
A—A%=BC = [b;][c{ el].

where [b] b}]" is a common cyclic vector for A and A*. Now bycl # 0
implies ¢, # 0. Also, if [b] bI1" is a cyclic vector for A%, then b, is a cyclic
vector for A, = A), which implies b, # 0. As a consequence, b,cl # 0.
Together with b,c] = 0 and rank BC = 1, this implies bycT = 0. Thus the
necessity of the conditions has been established.

The sufficiency of the conditions can be proved in the same way as in ().
Indeed, using the fact that rank factorizations are essentially unique, one can
deduce from the given conditions that

A—AX=BC =

b
b;][o .

where b, is the given cyclic vector for A; = A{* and b, is a common cyclic
vector for A, and AJ. Thus [b] b}]" is a common cyclic vector for A and
A%

(iii): The proof of (iii) is similar to that of (ii).

(iv): As before, the condition that A, and A do not have any common
eigenvalue is necessary. Furthermore, suppose rank BC = 1. Then

b
A — AX=BC = [b:J[c{ 1],

where [b] b]]" is a common cyclic vector for A and A*. Thus b, is a cyclic
vector for A, = A, which implies b, # 0. However, b,c] = A, — A = 0.
As a consequence, ¢; = 0. In a similar way it follows that ¢, = 0. However,
¢, =0 and ¢, = 0 contradicts the assumption rank BC = 1. It follows that
BC = 0. Thus the necessity of the conditions has been established. The
sufficiency of the conditions is obvious. [ |
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In Theorem 4.4 we describe all minimal factorizations of a given compan-
ion based matrix function in terms of special factorizations of the associated
pole and zero polynomial.

THEOREM 4.4. Let W be a companion based n X n matrix function. Let
# be the collection of all ordered pairs (U, V) where U and V are companion
based n X n matrix functions and W = UV is a minimal factorization of W.
Furthermore, let 2 be the collection of all ordered pairs (p, p™) where p is a
monic divisor of the pole polynomial py,, p™ is a monic divisor of the pole
polynomial py,;, deg p + deg p*= 8(W) and ged(p; p™) = 1. For (U, V)
EH, define ®(U,V)=(py,py). Then ®: # >F is a well-defined
bijection.

Proof. Let (U,V) €#. So W = UV is a minimal factorization of W.
From Section 2 we know that py = pyp, and py = pipy. So py is a
monic divisor of py, and py is a monic divisor of pj,. Also deg p, +
deg py = 8(U) + 8(V) = 8(W). Finally, in Theorem 4.1 we have shown
that ged(py; py) = 1. Thus @ is well defined.

Next we have to prove that ® is a bijection. To that end, we choose a
minimal realization

W(A) =1, + C(AL, — A) 'B, (4.7)

where A and A™ are first companion matrices. Let W = UV be a minimal
factorization of W. From Bart et al. [4] we know that there exists a unique
direct sum decomposition ™ = M & N with the following properties: M is
A-invariant, n is A*-invariant, and U and V admit the minimal realizations

U(A) =1, + Cy (A, ~ Ay) ' By, (4.8)

1

V(A) =1, + Cy(Aly — Ay) ' By. (4.9)

Here A,,, Ay, By, By, Cy, and C,, are determined by

AM BMCN
= ‘M®&N>M®N, (4.10)
0 Ay
BM
B= F" > M@ N, (4.11)
BN

c=[Cy Cy]:M®N-@" (4.12)
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and, as a consequence,

Ay — ByCy 0

AX=
_BNCM Ay _BNCN

'M®N->M&N. (413)

Now py(A) = det(AI,, — A,) and, since A is a first companion, we have
M = Ker p,y(A). Also, py(A) = det(AIy, — Ay + ByCy) and N =
Ker py( A™). We conclude that M and N are completely determined by p,
and py. Thus U and V are completely determined by p, and p;. This
implies the injectivity of ®.

Finally, we establish the surjectivity of ® by constructing O (p, p*) for
a given pair (p, p*) €. Put M = Ker p(A) and N = Ker p*(A*). Then
A[M]C M and AX[N] € N. To describe M and N we write

p(A) = (A= )" (A= )",
pX(A) = (A= p )" (A= )™,

where u,, ..., u, are t different complex numbers. Recall in this context that
ged(p; p™) = 1. We also put

1 d* CmiaT
vk(z)=-ﬂgz—,;[l FARTTIN Aty X

where z is a complex variable and k = 0,..., m — 1. Thus the matrix F

defined by

F= [Uo( #1)o oo U (), v Be) e,
Ony-1( M2)s o, 0o ) v On - I‘(‘t)] (4.14)

is a (confluent) Vandermonde matrix (cf. Barnett [3] and Lu [24]). Since A is
a first companion matrix, p is a divisor of py,, and py = det(AI, — A), it is
well known that the space M = Ker p(A) is spanned by the vectors

vk(p,j), j=l,...,s;k=0,...,nj—l.
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Analogously, the space N = Ker p*( A*) is spanned by the vectors
Uk([.Lj), j=s+1...,t:k=0,..., n, — 1.

Now n, + - +n, = deg p + deg p*= 8(W) = m. Furthermore, it is well
known that for the (confluent) Vandermonte matrix F defined by (4.14) we
have

t t
det F=T1] TT (m - pdj)"“” # 0.

j=lk=j+1

Thus ™ = M & N. With respect to this direct sum decomposition, we write
A, B, C, and A™ in the form (4.10), (4.11), (4.12), and (4.13) respectively.
Further, let U(A) and V(A) be as in (4.8) and (4.9). We claim that (U, V) =
O (p, p*). Indeed, W = UV, and this is a minimal factorization. In other
words, (U, V) €. Also, py(A) = det(Al,, — Ay) = p(A) and pi(A) =
det(AIy — Ay + ByCy) = p*(A).So (U, V) = (p, p*), as desired. W

Elaborating on the proof of Theorem 4.4, we remark that at first sight
@' depends on the choice of the minimal realization (4.7) of W. Since ®
does not, such a dependence cannot exist. The following argument will make
this transparent. Suppose

W(A) =1, + C,(AL, — A,) 'B, (4.15)

is another minimal realization of W such that A, and A[* are first compan-
ions. By the state space isomorphism theorem, there exists an invertible
m X m matrix S such that

A, = SAS™ !, B,=SB, C,=CS', AY = SA*S L.

These identities imply det(Al, — A) = det(AI,, — A,) and
det(AI, — A*) = det{Al, — A["). Since the matrices involved are first com-
panion matrices, A = A, and AX= A[.

From Bart et al. [4] we know that there is a one-to-one correspondence
between the minimal factorizations of W on the one hand and the pairs
(M, N) of subspaces of &™ satisfying A{M]Cc M, AX[N]JC N,and M & N
= @™ on the other. Let (M, N) be such a pair, and consider the associated
minimal factorization W = UV induced by (4.7) and W = UV, induced by
(4.15). We claim that U = U, and V = V,. In order to see this, it is sufficient
to show that SIM] c M and S[N] < N. Indeed, in that case the matrices S
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and S™!' can be written as follows with respect to the decomposition

" =M@&N:
S 0 St 0
s=M ., si=|M .
0 Sy 0 Sy!

Furthermore, the matrices A, B, and C and the matrices A;, B,, and C,
admit the following representation with respect to the decomposition &™ =
Meo®N:

[A,, B, C
M MY“N _
A=l rt B=[B, Byl
Kei
c=1 M
| Cn
—SMAMSI\_ll SMBMCNSI\71
A, = . B,=[Sy,B, SyByl,
1 0 SNANS[TJI 1 [ MPM N N]
Cy Sy
C, = Tl
CySy

Using (4.8) and (4.9), one sees that U = U, and V = V,.

Thus what remains to be shown is that SIM] c M and S[N] € N. Now
A=A, = SAS 1 so AS = SA. Since A is a first companion matrix, hence
nonderogatory, it follows that S is a polynomial in A. But then the invariant
subspace M for A is invariant for S as well. Analogously, N is invariant for S.

ExaMPLE 4.5. In this example we consider the companion based matrix
function W defined by

1 1
_ 1
_ (2+1)° | (A= )2(r+i)
WL = X4 (A= 20)(A + 20)

A2+l (A —d)(A +1)
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Note that py, = (A = i)*(A +i)* and pyy = (A — 2iMA — A + XA +
2i). Hence if we define p, = (A — )%, p, = (A + )%, pJ = (A — 2iXA —
i), and py = (A + iXA + 2i), then obviously py, = p, p, and py = p'ps .
Furthermore, ged(p,; p5) = 1. By applying techniques that are described
further in Section 5, we find the following minimal factorization of W:

n() C)
(A — i)’ (A + i)

W) = (A=20)(A=i) || -~ (A+20)(A+i)
(A —i)? (A +i)

where r(A) = (=5iA — 11) and r,(A) = 5 (5iA — 14).

A rational matrix function is called irreducible if it does not admit any
nontrivial minimal factorization. Obviously, each elementary rational matrix
function is irreducible. For nonelementary companion based matrix functions
we have the following result.

COROLLARY 4.6. Let W be a companion based matrix function with
8(W) > 2. Then W is irreducible if and only if there exists a complex number
a such that py(A) = piy(X) = (A — a)®™) fordl A € &.

Theorems 4.1 and 4.4 are concerned with minimal factorizations of
companion based matrix functions involving two factors. Analogous results
can be obtained for minimal factorizations involving more than two factors. In
that context the relevant factorizations of py, and pg, are of the form

X

Pw=PpP1"" P  Pw=P1 " P>

where py,..., p, and py,..., p{ are monic scalar polynomials with deg p,
=degp for j=1,....k and ged(p,...p;p7,...p) =1 for j=
1,...,k — 1. The factor W, of the corresponding minimal factorization

X

W, -+ W, of W has pole poiynomial p; and zero polynomial p*. The proof
of this more general result is basically an induction argument based on the
results of Theorems 4.1 and 4.4.

A complete factorization of W is a minimal factorization involving 8(W)
factors. The existence of a complete factorization can be determined by
repeated application of the Theorems 4.1 and 4.4. The details are as follows.
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CoRoLLARY 4.7. If W is a companion based matrix function with
8(W) = m, then W admits complete factorization if and only if there exist
orderings ay, ..., a,, and ai,..., a) of the zeros of py, and py, such that
a, * ) whenever i < j.

Such orderings exist if and only if there exists an ordering B,..., B, of
the (different) common zeros of py, and py; such that

k

imx(ﬁi)+ Ym(B)Y<m+1, h=1,...k (4.16)

i=1 i=h

Here m( B;) and m™( B;) denote the algebraic multiplicity of B; as a zero of
pw and py, respectively. In Section 5 we present an algorithm, based on
Johnson’s rule from job scheduling theory, for verifying whether the combina-
torial condition in Corollary 4.7 can be satisfied (see also [11], Remark 2.5
and [12], Proposition 2.2).

If «,..., a, is an ordering of the zeros of py, and af,..., a, is an
ordering of the zeros of py; satisfying the condition e; # a whenever
i <j, then W admits complete factorization. In fact, for appropriate rank 1
matrices R; one has the complete factorizations (2.10), (2.11), and (2.12) of
W, W7, and W™, respectively. Corollary 4.7 can also be deduced by
combining Theorems 3.2 and 6.1 in Bart and Hoogland [6].

In the final part of this section we consider canonical right Wiener-Hopf
factorization with respect to the real line of a companion based matrix
function W. A canonical right Wiener-Hopf factorization is a special case of a
minimal factorization. For information on Wiener-Hopf factorization, see [4],
[15], [16], and the references given there. Instead of the real line, one can
also consider other closed contours on the Riemann sphere. Sometimes we
shall omit the reference to the real line.

X

COROLLARY 4.8. Let W be a companion based n X n matrix function.
Then the following statements are equivalent:

(i) W admits canonical right Wiener-Hopf factorization with respect to
the real line;

(i) the polynomials py, and py, have no zeros on the real line, and the
number of zeros of py, in the open upper half plane equals the number of
zeros of py; in the open upper half plane.

Here the zeros are counted according to multiplicity. The results remains
true when right Wiener-Hopf factorization is replaced by left Wiener-Hopf
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factorization. In particular, it follows that W admits canonical right Wiener-

Hopf factorization if and only if W admits canonical left factorizations (cf.
Ball and Ran [2]).

Proof. Let W= W_W_ be a canonical right Wiener-Hopf factoriza-
tion. Let the pole and zero polynomials of W_ and W, be denoted by p |
p., p~, and pJ. Then p_ and p* have no zeros in the closed lower half
plane, and p, and p% have no zeros in the closed upper half plane. Also
pw=p_p, and py = p*p%. So py and py; have no zeros on the real
line. Also deg p_= deg p*. Thus the number of zeros of py, in the open
upper half plane equals the number of zeros of py, in the open upper half
plane.

Conversely, assume that (i) is satisfied. Write py = p_p, and py =
p~p’, where p_ and p* have no zeros in the closed lower half plane and
p. and p% have no zeros in the closed upper half plane. By assumption
deg p. = deg p”, so deg p_+ deg pi= 8(W). Clearly, ged(p_; p¥) = 1.
Apply now Theorem 4.4. This gives a minimal factorization of W, and it
should be clear that it is a canonical right Wiener-Hopf factorization. |

ExampLE 4.9. The factorization shown in Example 4.4 is a canonical
right Wiener-Hopf factorization with respect to the real line.

Corollary 4.8 is concerned with canonical Wiener-Hopf factorization of
companion based matrix functions. More general results can be obtained for
noncanonical Wiener-Hopf factorization of such functions. For instance, it
can be shown that for a companion based matrix function either all factoriza-
tion indices are nonnegative or all factorization indices are nonpositive. The
authors intend to return to this topic in a future publication.

5. ALGORITHMIC ASPECTS AND EXAMPLES

Corollary 4.7 shows that a companion based matrix function W admits
complete factorization if and only if a combinatorial condition involving the
zeros of the polynomials py, and py, is satisfied. To check whether or not
this condition can be satisfied, a simple algorithm, based on Johnson’s rule
from job scheduling theory, is available. Assuming that the zeros of py and
pvw are known, the algorithm is as follows. Write

Pw(A) = (A - BI)M (A - Bk)”»
pa(A) = (A =B)" (A= B)", (5.1)
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where B,,..., B, are k different complex numbers. Next, create a list
(d,,...,dy;) containing the nonnegative integers si,..., s, ¢,...,% in
nondecreasing order. This list is called the D(egrees)-list. Now one proceeds
as follows.

1. Start with two empty lists. The first list is called the F(irst)-list and the
second list is called the L(ast)-list.

2. Do while the D-list is nonempty:
a. If the first number in the D-list equals s, for some b, then put b at
the front of the L-list else put b at the rear of the F-list.
b. Delete s, and t, from the D-list.

3. Combine the F-list (bl,...,bq) and the L-list (hqﬂ,...,bk) into
(bl,...,bq,bqﬂ,...,bk).

Then W admits complete factorization if and only if
Yttt Xs, <m+1,  h=1...k (5.2)

Note that this condition is similar to (4.16). Furthermore, if the condition
(5.2) is satisfied, then s, < 1 and t, < 1. Thus in that case

Boys-es By, Boysevos Byysoes Buyivevs Buy, o+ (Bay)

sp, times Sp, times Sp,_, times

is an ordering ay, ..., a,, of the zeros of py,. Here the parentheses around
By, are used to indicate that B, may or may not be present, depending on
whether s, = 1 or 5, = 0. Also,

(Bbl)’ Bbg""’Bbz""’ Bbk,ly--wBbk_l, Bbk’---,Bbk

tp, times ty, _, times tp, times

is an ordering ay,..., a;, of the zeros of py;. The parentheses around B,
are used as above.

If (5.2) is satisfied, then the above orderings satisfy the desired combina-
torial condition a; # a;° whenever i < j, which was mentioned in Corollary
4.7. This means that tilere exist complete factorizations (2.10), (2.11), and
(2.12) of W, W7, and W™, A justification of the algorithm is given in Bart
and Kroon [9, 10].
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It is illustrative to provide some background information on the above
algorithm. The inequalities (5.2) can be rewritten as

max[{O} U {itb, + {:Sb, —(m + 1)‘ = lk}] =0. (5.3)
i=1 i=~h

The left hand side of (5.3) has an interesting interpretation: it equals the
smallest nonnegative integer z for which there exists an ordering a,..., a
of the zeros of p, and an ordering af', ..., ax

m

m

of the zeros of p* such that

a, *+ o

s I<i<jgsm—=.

Actually, this result is a special case of Johnson’s rule associated with the two
machine flow shop problem (2MFSP) from job scheduling theory (cf. Baker
[1]D. This connection with 2MFSP will be explained in more detail in the
forthcoming paper [10] (see also [9]).

Johnson’s rule is a fast algorithm. Initially sorting the degrees of the
polynomials p and p* can be done in O(m log m) time. The remaining part
of the algorithm takes O(m) time. So the complete procedure takes
O(m log m) time. Note that m is the McMillan degree (W) of W.

From now on, let p and p* be monic polynomials of the same positive
degree m. In the remainder of this section we specialize to the case of
companion based 2 X 2 matrix functions having p as pole polynomial and
p* as zero polynomial. In Section 3 we have seen that these functions can be
obtained in a simple way from the special function

r(A)
p(A)
p*(A)
p(A)

M(A) = (5.4)

Here r is a polynomial of degree less than m such that ged(p; r; p™) = 1.

We shall describe all minimal factorizations of the companion based
matrix function M involving two factors. The basis for our analysis is the
following well known lemma (cf. Lang [23]). The proof of this lemma shows
that there is a connection with the Sylvester matrix (also called the resultant)
associated with two polynomials.
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LEMMA 5.1, Let g, and g, be two monic scalar polynomials, let d =
deg g, + deg q,, and assume gcd(q,; q;) = 1. Then for each polynomial r of
degree less than d the polynomial equation

ngy trygy=r (5.5)
has a unique solution r, and r, with deg r| < deg q, and deg r, < deg q,.

Proof. Put s =deggq, and ¢ = degq,. The case s =0 or t =0 is
trivial. So we assume that both s and ¢ are positive. Write

r(A) =xo +x A4, AT ra(A) =yo+y Aty AL

Then Equation (5.5) can be transformed into a system of d linear equations
in the unknowns x,,...,x,_, and y,,..., y,_;. The coefficient matrix
associated with this system of equations is the resultant (also called the
Sylvester matrix) of the polynomials g, and g,. It is well known that the
determinant of this matrix equals I'T;_ ,IT;_,(n; — v,), where p,, ..., u, are
the zeros of g, and v,,..., v, are the zeros of g,. Since ged(q,; g5) = 1, the
determinant is nonzero. Thus the system of equations is uniquely solvable. ®

In connection with Lemma 5.1, the following observation can be made.
As ged(q,; ;) = 1, one can employ the Euclidean algorithm to produce two
polynomials @, and a, such that a,q, + a,q, = 1. These polynomials can be
used next to describe the polynomials r, and r, featuring in the lemma.
Indeed, one can take r| = a,;r (mod g¢,) and r, = a,r (mod q,).

Now we will describe all minimal factorizations of the companion based
matrix function M given by (5.4). Let p, be a monic divisor of p, and let
ps be a monic divisor of p*. Assume deg p, + deg p;’ = m and ged(p,;
py) = 1. Then we have

P=pPiP2,  P=piPss (5.6)

where deg p, = deg p{* and deg p, = deg p;'. From Lemma 5.1 we know
that the polynomial equation

rps trop=r (5.7)
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has a unique solution r,, r, where r; and r, are polynomials with deg r, <
deg p, and deg r, < deg p,. It is not difficult to see that for these polynomi-
als 7, and r, we have

S [, s, e
s ||t e pa(h)
RS PRTCVN I BROTCO N | FROTO VN I

p(A) pi(A) pa(A)

Combining (5.6) and (5.7) and taking into account ged(p; r, p™) = 1, it is
easy to deduce that ged(p,; r), p7') = ged(p,: ry, p3) = 1. Hence the fac-
tors in the right hand side of (5.8) are companion based with McMillan
degrees deg p, and deg p,, respectively.

Conversely, let M = UV be any minimal factorization of M. Then (5.6) is
satisfied by p, = py, py =pv. pi =pg. and pd = py. We know that
ged(py: py) = 1, which implies that we can solve Equation (5.7) with
p1 = py and pJ = py. Thus we can produce the minimal factorization (5.8).
The first factor in (5.8) has pole polynomial p, = p,., and the second factor
has zero polynomial p; = p{. As we have seen in Theorem 4.4, these
properties determine the factors uniquely. So the factors in (5.8) are U and V.

Summarizing, we see that the minimal factorization problem for M
(involving two factors) has been reduced to finding solutions to the following
two subproblems:

(i) Find monic polynomials p,, p,, p;. and ps with deg p, = deg p/
and deg p, = deg pJ, satisfying p = p,p,. p” = pipy. and
ged(py; p3) = 1.

(ii) Find polynomials r, and r, with degr, < degp, and deg r, <
deg p,, satistying r, p;’ = ryp, = r.

If subproblem (i) has been solved, then the existence of a (unique)
solution to subproblem (ii) is guaranteed by Lemma 5.1.

In accordance with Corollary 4.6, we see again that (5.4) is irreducible if
and only if either m = 1 or there exists & € & such that py,(A) = pj.(A) =
(A — a)" forall A € €. In the latter case (5.4) reduces to

) r(d)
M(2) = (A —a)"
0 1
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and the condition ged(p; 7; p*) = 1 amounts to r(a) # 0. Note that this
result shows some similarity with the results of Cohen [13], who describes the
monic irreducible 2 X 2 matrix polynomials.

It is also possible to describe the minimal factorizations of M involving
more than two factors. Suppose p = p, -- p, and p*=p - p;, where
Proe-es p,and py, ..., p; are monic polynomials with deg p, = deg p;* for
j=1..., h and ged(p,...psp/iy.-pi) =1 for j=1,., h —1. An
induction argument based on Lemma 5.1 yields that the polynomial equation

h
X i X =
Z%qpl Pi-1Pjs1 pr =T
i

has a unique solution r,..., r, with deg r; < deg p; for j =1,..., h. This
leads to the minimal factorization

F1 r() ]
p(M)
M(A) = x
o P
| (Y
[ () ] ra(A) ra(A)
BTN XN I e
pr(M H, prY o P
pi(A) | P2(2) Pa( )

of M such that the jth factor has pole polynomial P; and zero polynomial
px. )
! As was observed before, M admits complete factorization if and only if

there exists an ordering a,..., a,, of the zeros of p, and an ordering

af,..., a, of the zeros of py such that a; # & whenever i <j. This

leads to a complete factorization of M such that @ and a].>< are the pole and

the zero of the jth factor. To describe this complete factorization, we note
that, under the given combinatorial ordering condition, the equation

'ZQU—aJmU—QPMA—@Ly%A—%)=dM(5%

j=1
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has a unique solution ¢,...,c,, consisting of m complex numbers. The
associated complete factorization has the form

r{A
e
4
M(A) = ()
0 A
L p(Y)
—1 1 1 Cy 1 Cm
A— oy A= a, A—a,
- . A~ af A—af |7 . A—al
| A~ a A~ a, A—a,

EXaAMPLE 5.2. Let the companion based matrix function M be defined
by

1
(A +1)°(A-1)°
/\2
(A=)’

Then p,(A) = (A + DA — D® and pji(A) = (A + DA*(A — 1). Thus,
referring to (5.1), we have k = 3 and B, B,, B; = — 1,0, 1. Furthermore,
$1, 85,83 = 3,0,3 and t,t,, t; = 3,2, 1. After applying Johnson’s rule, we
find that the necessary and sufficient condition (5.2) for the existence of a
complete factorization is satisfied. In fact,

1,1,1, -1, -1, -1, 1,-1,-1,-1,0,0

are the unique orderings of the zeros of p,, and py; that satisfy the desired
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ordering condition (a; # ] whenever i < j). This implies that M admits
precisely one complete factorization, namely

c c
e 1 2 1 2
L A-1 A—1
M) =" A-1 A+l A+1
0 1 0 0
A-1 A1
c c
e, 71 > 1 0
A+l A+l
0 1 0 0
A+l A+l
where ¢, = 4, ¢, = — 1, ¢ =%, ¢, = — 3, cs= —1, and ¢ = —1. The

equation corresponding to (5.9) that (uniquely) determines these values for ¢,
to ¢q4 is

(A + 1A% 4+ cy(A = (A + DA + (A = DA+ 1)A°
Fe( A= DA 4 og(A = DA+ DA+ (A - 1)°(A+1)° = 1.
(5.10)

The values of ¢, c,;, and ¢ can be found easily by substituting A = 1,
A= —1, or A =0 into (5.10). Thereafter, c,, c;, and ¢5 are obtained by
taking the derivative of (5.10) and again substituting these values for A.

ExaMpPLE 5.3. Next we consider the companion based matrix function M
defined by
1
(A+ 1A -1)°
(A+1)A
(x—1)

M(A) =

Note that this matrix function is only slightly different from the one studied
in Example 5.2. In this case py(A) =(A + DA = 1)° and py(Q) =
(A + DAA — D). Thus we have again k =3 and B, B,.8; = — 10,1
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However, in this case s, s,, s; = 3,0,3 and ¢, t,, t; = 4, 1, 1. After applying
Johnson’s rule, we find that the necessary and sufficient condition (5.2) for
the existence of a complete factorization cannot be satisfied. This implies that
M does not admit complete factorization.

However, M admits a minimal factorization into five factors: four elemen-
tary factors and one factor with McMillan degree 2. This result is obtained by
applying techniques that will be described in the forthcoming paper [10]
already referred to before.
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