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Abstract

Many (paralel) branch and bound algorithms look very different from each
other at first glance. They exploit, however, the same underlying computational
model. This phenomenon can be used to define branch and bound algorithms in
terms of a set of basic rules that are applied in a specific (predefined) order.

In the sequential case, the specification of Mitten’s rules turns out to be suf-
ficient for the development of branch and bound algorithms. In the parallel case,
the situation is abit more complicated. We have to consider extra parameters such
aswork distribution and knowledge sharing. Here, the implementation of parallel
branch and bound algorithms can be seen as a tuning of the parameters combined
with the specification of Mitten’srules.

These observationslead to generic systems, where the user provides the speci-
fications of the problem to be solved, and the system generates a branch and bound
algorithm running on a specific architecture. We will discuss some proposals that
appeared in the literature.

Next, we raise the question whether the proposed models are flexible enough.
We analyzethe design decisionsto be taken when implementing a parallel branch
and bound algorithm. It results in a classification model, which is validated by
checking whether it captures existing branch and bound implementations.

Finally, we return to the issue of flexibility of existing systems, and propose
to add an abstract machine model to the generic framework. The model definesa
virtual parallel branch and bound machine, within which the design decisions can
be expressedin terms of the abstract machine. Wewill outline someideasonwhich
the machine may be based, and present directions of future work.

Note: This paper hasbeen submitted for publicationin ‘ Solving Combinatorial Op-
timization Problemsin Parallel’, LNCS, Springer, Berlin.

1 Introduction

Branch and bound a gorithms solve optimization problems by applying a small set of
basic rules within a divide-and-conquer-like framework. The framework is about the
same in all applications, whereas the specification of the rulesis problem dependent.
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This observation forms the main motivation for our paper: an automatic generation of
the framework, tailored to the problem to be solved.

Roughly speaking, branch and bound methods generate search treesin which each
node correspondsto asubset of thefeasiblesolutionset. A subproblemassociated witha
nodeiseither solved directly, or itssolution setissplit, and for each subset anew nodeis
added tothetree. The processisimproved by computing abound onthesolutionvauea
node can produce. If the bound isworse than the val ue of the best solutionfound so far,
the node cannot produce a better solution, and, hence, it can be excluded from further
examination. The order in which the nodes are sel ected for evaluation may be arbitrary,
but awell chosen specific order (e.g., depth first or best bound) will generally reduce
the computational effort considerably. We refer to Corréa & Ferreira[1995] for amore
detailed description of branch and bound and the formalism to be used.

In the description of the agorithm, we can clearly identify the four basic rules, as
there are: the branching rule for the decomposition of nodes, the bounding rule for
bound computations, the sel ection rule for choosing the next node to be evaluated, and
the elimination rule for excluding nodes from possible eval uation.

On sequential computers, the specification of the rules makes up most of the work
to obtain a useful algorithm. Further, a better structural understanding of the problem
to be solved, i.e., asharper specification of the basic rules, amost immediately leadsto
shorter computation times, and larger tractable instances.

The advent of parallel computers changed the situation dramatically. Insight into
the problemitself isno longer sufficient to obtain an efficient parallel branch and bound
algorithm. Implementations highly depend on the target architecture, and even on the
search tree (to be) generated. This situationis highly undesirable from a user point of
view. Instead of just coping with the problem itself, the user has to take nontrivia de-
cisions concerning external matters.

To relieve the user from the burden of coping with issuesthat are hardly related to
the problem to be solved, severa approaches are possible. First, one could alleviate
the pain by providing alibrary with high-level problem independent routines (e.g., for
the manipulation of the search treg). The user has complete control over the solution
process, sincethelibrary routineshaveto be called explicitly. An example can be found
in Cung, Dowgji, Le Cun & Roucairol [1995].

Another approach isto definean architectureindependent virtual parallel branch and
bound machine. Here, themachineisresponsiblefor the solutionprocess. User routines
play apassiverole, i.e, they wait to be activated by themachine. Theadvantageisclear.
The user only hasto providethe problem specific functionsthrough awell-defined user
interface. The interface should incorporate al relevant aspects of branch and bound,
but it must not be too genera either. In other words, the interface must ensure that all
branch and bound algorithms are captured, but it must not prevent the generation of
efficient code. In our opinion, it is not opportuneto requirethat aframework devel oped
for branch and bound is aso suited for other tree search agorithms, such as the ones
stemming from the area of game trees.

The second approach seems to offer more opportunities for our aim to develop a
robust and easy to use branch and bound system, that is able to produce efficient code
for arbitrary problems on arbitrary architectures. It will form the base of our paper.

In the remainder, we assume that optimization means minimization. In thiscontext,



a bound means alower bound, and a feasible solution provides an upper bound on the
optimal solution value. We will further use the notions of open list and active set to
denote the set of nodesthat are still to be evaluated. The organization of the paper isas
follows.

Section 2 gives an overview of branch and bound. We focus on model s that specify
the branch and bound paradigm in a problem independent way. When such a branch
and bound model is implemented, we arrive a a so called generic branch and bound
system.

Section 3 discusses some proposals for generic branch and bound systems that ap-
peared in the literature. In these systems, a user can plug in basic branch and bound
rules for the problem at hand, after which the system will generate a (parallel) branch
and bound algorithm running on a specific paralel architecture.

In Section 4, we arguewhether the proposed systemsare flexibleenough. Therefore,
wefirst of al need toinvestigate the design decisionsto be taken by an implementor of
paralel branch and bound. This resultsin a classification model, which isthen inves-
tigated by checking whether existing paralel branch and bound implementations can
find aplace in it. The section ends with a stochastic model, within which the behavior
of acommon type of parallel branch and bound a gorithm can be analyzed.

Having investigated the possibilitiesand pitfallsin parald branch and bound im-
plementations, we return to the question of whether the proposed models for generic
branch and bound are flexible enough. Section 5 is devoted to thisdiscussion. Anidea
is proposed to add an abstract machine model to the generic branch and bound frame-
work within which the design questionstrested in Section 4 can be specified.

In Section 6, we will present the conclusions and indicate future work.

2 Branch and bound

The first branch and bound algorithms appear in papers in the fifties and early sixties,
where researchers describe enumerative schemes for solving what we would now call
NP-hard problems [Eastman, 1958; Rossman, Twery & Stone, 1958; Land & Doaig,
1960; Gilmore, 1962]. Because of the generality of the approach and itsreported effec-
tiveness, the method became widely spread. In fact, itis still amgjor tool for solving
hard problems. The first ones to call the method branch and bound are Little, Murty,
Sweeney & Karel [1963] in their innovating paper on the traveling salesman problem.

The key issuein thispaper isthe observation that branch and bound al gorithms can
be described in a problem independent way. Lawler & Wood [1966] recognize thisin
thelr survey paper — thefirst paper that presentsamodel of branch and bound. A branch
and bound model tries to capture the genera ideas that can be found in al branch and
bound algorithms (like subproblem decomposition and elimination by lower bound),
separating these from the details that are specific for a particular problem instance or
algorithm (liketheway aproblemisrepresented, or the specification of thelower bound
calculation). An example hereof can be foundin Corréa& Ferreira[1995].

In the next subsection, we will describe some model s which have been proposed in
theliterature. Aswe will see, the abstraction levels of these models vary. For instance,
although each model presents the notion of pruning of subproblemsfrom the openlist,



the more concrete models, e.g., the model of Ibaraki [1976], incorporate techniques to
be used for this purpose (like the bound test, or the dominance test), whereas the more
abstract model in Kumar & Kanal [1983] merely describes pruning as an operator from
sets of subproblemsto sets of subproblems, together with some propertiesit should ex-
hibit.

A branch and bound model specifies a high-level abstract algorithm operating on
abstract datatypes like ‘ subproblem’, for which operators like ‘ compute lower bound’
are defined. If in such amodel the genera branch and bound part can be clearly sepa-
rated from the problem part, then the model can be made practical. Theresult iscalled
generic branch and bound.

The ideais to generate an implementation of the abstract algorithm. It resultsin
an incomplete branch and bound al gorithm suited for general applications. In order to
turn the algorithm into a concrete one, the problem specific part must be added, i.e., the
implementation of the abstract data types and the associated high-level operators.

The advantage of thisapproach isthat a user can now concentrate on the problem
itself, working towards a good i mplementation of the abstract branch and bound rules,
without having to worry about typical branch and bound implementation details. For
instance, complications around managing the open list as a priority list (e.g., what to
do if the open list outgrows available memory?) have aready been taken care of in
the generic part. The advantage becomes especidly evident when parale branch and
bound is considered, because there are many more implementation details to take care
of inthiscase.

One hasto be careful when choosing a branch and bound model on which ageneric
branch and bound system isto be based. If themodel istoo abstract auser hastoimple-
ment potentially very inefficient operators, e.g., the abstract pruning operator in Kumar
& Kana [1983], dluded to above. If, on the other hand, the model is too specific, it
might preclude the exploitation of techniques enhancing the efficiency of thea gorithm.
For instance, if the model specifies that determining whether a subproblem constitutes
afeasible sol ution must be done using an operator provided especially for thispurpose,
whilefor acertain problem domain theresult isroutinely obtained as a side effect of the
decomposition, then obviously morework will be performed than needed.

21 Modds

In this subsection, we will give a succinct overview of the models of branch and bound
appearing in papers by Lawler & Wood [1966], Mitten [1970], Ibaraki [1976, 19774,
1977b], and Kumar & Kanal [1983] and Nau, Kumar & Kanal [1984]. Wewill not cover
all details, but instead concentrate on the underlyingidess, the datatypes, and operators
that the authorsdistinguish, and wewill give some remarks on the high-level branch and
bound algorithms that are presented. We do not discuss more recent models because
these are generaly dight variants of the older ones presented here.

Lawler & Wood [1966]

The model of Lawler & Wood isbased on the observation that many branch and bound
algorithmsrefer to theidea of the relaxation of hard problemsto easier ones. The stan-



dard example isinteger programming. The relaxation of the constraint that the optimal
solution should be an integer valued vector to the admittance of real valued solutions,
transforms the problem into the easier linear programming problem.

Suppose a hard problem P is transformed into a relaxation P/, and suppose P’ has
optimal (minimal) solutions'. Now if § isasolutionof P aswell, thens' isaso amin-
imal solution of P, because P' is more general than P. If S isnot a solution of P, then
the objective function value associated with s must be a lower bound to the minimal
solution of P. Inthelatter case, theidea— when branching— istotransform P’ intoa
set of new problemsP, .. ., P, (for somek > 1), by adding constraintsto P’ that exclude
s asasolutionof any P'.

Lawler & Wood then investigate necessary properties of the new relaxed subprob-
lems such that solving al of them will eventually yield a minimal solution of P, and
sufficient conditionsfor a subproblem to be eliminated by alower bound test.

Althoughbranching and boundingare clearly visiblein the model, emphasisismore
on the mechanism behind branching and bounding: a bound isto be obtained by solv-
ing arelaxed problem, and children of a subproblem can only be obtained by adding
new congtraints. One could say that the working of the branch and bound algorithmis
obscured by one particular mechanism to be used to obtain abound or adecomposition.

Mitten [1970]

The model of Mitten is much more abstract than the previous one, in the sense that it
does not emphasize one specia technique to obtain alower bound or a decomposition.
This more abstract approach is based on theideato model subproblems by the set of all
their solutions. On the other hand, the idea of relaxation is still visible, because Mit-
ten embeds the set S of feasible solutionsin alarger set T of solutionsof a more gen-
eral problem, and models subproblems not by subsets of Shut by subsets of T, thereby
allowing ‘infeasible solutions’ in the analysis. The representation of subproblemsin
termsof T instead of S, however, isnot essentid (cf. Kumar & Kanal [1983], Nau, Ku-
mar & Kanal [1984], and Corréa & Ferreira[1995]).

Thismodel isremarkably liberal. For instance, branchingismodel ed by an operator
B3, which takes as an argument aset of subproblems (thefull openlist) and whichyieldsa
new set of subproblems(anew open list). Mitten listspropertiesthat 3 should have, es-
sentially amounting to the condition that each subproblem in the argument (modeled as
asubset of T) must be partitionedinto one or more subproblems (‘ smaller’ subsetsin T)
intheresult of thefunction, under the condition that at each invocation some ‘ progress
should be made. The model, therefore, alows for more than one subproblem to be de-
composed at atime.

Pruning is ‘implemented’ by three operators. First of dl, thereis alower bound
operator working on subproblems, which should deliver alower bound to the value of
all solutionsin T of itsargument. Noticethat thelower bound isnot necessarily avalue
of asolutionin T, as was the case in the model by Lawler and Wood.

Secondly, thereis an upper bound operator, taking a set of subproblems (the open
list) as an argument, which yields an upper bound to the optimal solution over all sub-
problemsin that set. Again, the upper bound is not necessarily the value of a solution.



In each iteration, al subproblemswith lower bound larger than the upper bound on the
open list can be discarded.

Mitten also specifies a third operator implementing a feasibility test, by demand-
ing that there existsacollection C containing only subproblems, the e ements of which
arenotin S, i.e., the subproblems contain only nonfeasible solutions. The collection C
must not necessarily be exhaustive, but it must contain at least al singleton sets. The
feasibility operator must be able to decide for an arbitrary subproblem whether or not
itisinC.

Mitten then proceeds by givingamathematical definition of afunction, say PRUNE,
acting on collections of subsets of T (the open list), and yielding the result after dis-
carding all subproblems detected asinfeasible by the feasibility test, aswell as al sub-
problems that are found to be useless by the bound test. The result of an iteration
of the abstract branch and bound algorithm starting with open list A is then given by
PRUNE(B(A)).

Ibaraki [1976, 1977a, 1977b]

The contribution of the papers by Ibaraki isthreefold. First of all, the subproblems are
specified as objects without further structure. Thisisauseful approach if one wantsto
derive a generic branch and bound a gorithm. The abstract agorithm does not depend
on the internals of a problem specification, and it has to manipulate a problem only by
applying operators on it. Hence, there is a nice separation of the abstract branch and
bound algorithmand the problem dependent part. The generic branch and bound system
is responsible for handling the user defined functionsin the appropriate way, whereas
the user gives structureto the problem by specifying the objects and implementing the
operators.

Clearly, theoperatorsshould be easily implementableaswell. |baraki’smodel spec-
ifies an operator O which, when applied to a subproblem P, should yield al its optimal
solutions, and an operator f which takes a subproblem P and delivers the value of an
optimal solution. Unfortunately, these operatorsare certainly not easily implementable.

However, a closer inspection of the algorithm reveals that the O- and f-operators
are only applied on a specific subset of subproblems, consisting of ‘the set of subprob-
lemsincidentally solved in the computation of the lower bound’. Although this seems
a strange phenomenon at first sight, the idea is in fact plausiblein case lower bounds
are calculated by arelaxation of the problem to be bounded. So again, we encounter a
model where bounding by relaxation is essentially incorporated.

The second contribution of |baraki’s model isthat dominance is modeled, by defin-
ing a dominance relation with the property that, if P dominates P/, the optimal solu-
tion of P isno greater than that of P'. Again, the approach is quite amenable to generic
branch and bound, because the user can now specify arelation with the above property
which can be efficiently implemented. The abstract agorithm could then take care of
the nontrivia job of checking whether newly generated subproblems are dominating or
are dominated by older subproblems.

Thefinal contributionof themodel istheintroductionof theideaof aselection oper-
ator. Thegeneral operator isdifficult toimplement because it takes aset of subproblems
(the open list) as an argument. Ibaraki proposes to define the selection operator using



a heuristic function h, which assigns to each problem a priority. This operator can be
straightforwardly implemented for a specific problem by the user. The selection oper-
ator isthen defined as * sel ect the subproblem with the best h-vaue', which amountsto
the fact that the abstract branch and bound a gorithm should implement the open list as
apriority list.

Kumar & Kanal [1983], Nau, Kumar & Kanal [1984]

Themodel of Kumar & Kanal [1983] isavariant of Mitten’smodel intwo respects. First
of dl, it models asubproblem by its set of feasible solutionsonly. The paper showsthat
building an abstract branch and bound model using this representation of subproblems
isnot an essential restriction of Mitten’smodel.

The second deviationfrom Mitten’smodel isamorelibera definition of the PRUNE
operator. The operator isnow specified asafunctionthat takesa set of subproblemsand
delivers anew set of subproblems with the property that the optimal solution over all
subproblemsin the argument has the same value as the optimal solution over all sub-
problemsintheresult set. A very general definitionindeed, the operator does not spec-
ify any mechanism such as alower bound test, afeasibility test, or adominancerelation.
Due to its generality, the PRUNE operator is not very suitable for generic branch and
bound, because the user now has to specify an operator which takes as a parameter aset
of subproblems, whichisclearly aharder task then specifying alower bound cal culation
on one subproblem, or a dominance rel ation between two subproblems.

In asubsequent paper [Nau, Kumar & Kanal, 1984], afew refinements of the model
are presented. Firgt, thegeneralized model isrestricted in severa ways by showing how
the PRUNE operator and the branch operator can be implemented in terms of simpler
operators(for thebranch operator, thishas been discussed dready in | baraki’smodédl). It
leadsto several ‘more concrete’ abstract branch and bound agorithms, e.g., one where
pruning is realized only by lower bounds, and another where both lower bounds and
dominance are used for pruning.

Furthermore, also aong the lines of Ibaraki’s moddl, it is argued that a distinction
should be made between the representation of a subproblem and the set of al feasible
solutions of a subproblem, i.e., that modeling a subproblem by itsfeasible solutionsis
not adequate, since concrete branch and bound a gorithms act on representations, and
not on sets of solutions.

For instance, itisquitewell possiblethat branching fromasubproblem Pyieldsonly
one new subproblem P’ (with the same set of feasible solutions). This means that the
lower bound operator cannot be adequately captured by the original model [Kumar &
Kanal, 1983], because calculating alower bound for P might yield another value than
for P', whereas in the moddl they are represented by the same solution set.

The paper, therefore, suggests an adaptation of the model. Each subproblemisnow
represented by an abstract representation, whereupon the operators should act. The de-
sired properties of the operators are defined in terms of a ‘ derepresentation’ function,
which islike the O-function of Ibaraki.



2.2 Comments

The branch and bound model of Lawler & Wood hasbeen quiteinfluential, whichisone
of thereasons why confusion has arisen about the essential s of branch and bound (aswe
now appreciate it). An overview of some of the disagreements on whether this or that
particular agorithm (e.g., a pha-betagame tree search) can be classified as abranch and
bound instance, isgiven in Kumar & Kanal [1983] and Nau, Kumar & Kanal [1984].

Ibaraki’s model can be seen as a forma specification of (a generaization of) the
Lawler & Wood model. It fits closely to branch and bound as applied in practice, and
provides a good starting point for building a generic system on. Parallelism, however,
isnot contained in the model, but it can be incorporated in a simple way.

The Mitten and Nau, Kumar & Kana models are quite general and mathematically
very attractive. Theiterativeprocess of replacing the openlist A by PRUNE(B(A)) un-
til an optimal solutionisfound, isapureformulation of the branch and bound paradigm.
However, since the operatorsinvolved are applied to full open lists, they are very pow-
erful. Assaid before, they are generaly not easy to implement. Another reason why
the operators are not very atractive, isthat now the framework has|ess optionsfor par-
allelization, which may seem strange at first glance, because the operations alow for
the evaluation of several nodes in a singleiteration of the algorithm. In this scenario,
however, the user becomes responsible for creating sufficient parallelism and the sys-
tem must be ableto detect it, both of which are, of course, undesirable, if notimpossible.
Without internal knowledge of the user defined operations, theframework can only par-
allelize by distributing the operations over severa processors. A better parallelization
can, therefore, be obtained when the user specifies many small operationsinstead of a
few time-consuming ones, as in the mechanism of Ibaraki.

3 Proposalsfor generic branch and bound

A number of generic branch and bound systems can be found in the literature. Most of
them have been developed to obtain efficient parallel implementations of branch and
bound a gorithms on a specific architecture in an easy way.

There are several reasons why generic branch and bound has not been very popular
on sequential computers. Oneisthat after the specification of the basic rulesthe trans-
lationto a sequential algorithmisrather straightforward. The coding of the rulesforms
most of the work, and the implementation of the method itself israther simple.

What ismoreimportant, isthe observation that — generic or not — the most impor-
tant feature of sequentia branch and bound is the fact that almost al of the effort can
be put into getting a better structural understanding of the problem. A more subtlefor-
mulation of the rules, such as sharper bounds or a more elaborate branching criterion,
immediately pays off in shorter computing times.

In thissection, we will briefly deal with three approaches to generic paralle branch
and bound: the DIB system (a distributed implementation of backtracking) from Wis-
consin [Finkel & Manber, 1987], the system developed in Karlsruhe [Kuck, Midden-
dorf & Schmeck, 1993], and the East Anglia system based on the higher-order func-
tion approach [McKeown, Rayward-Smith & Turpin, 1991; Rayward-Smith, Rush &



McKeown, 1993]. The approaches have in common that they adopt a parallel version
of Ibaraki’s model (see Section 2.1), where the paralelism is exploited at the level of
the evaluation of nodes. The distribution of the nodes over the processors is restricted
to one or sometimes more (East Anglia) fixed strategies.

The DIB system [Finkel & Manber, 1987]

TheDIB systemisageneric systemfor backtracking(i.e., itismoregeneral thangeneric
branch and bound), and has been implemented on the Crystal multicomputer, consisting
of anumber of VAXes connected by afast token ring network. The user hasto definea
datatypePr obl enilype, and can specify anumber of procedures acting on objects of
thistype, threeof whicharemandatory: Fi r st Pr ob definingtheorigina problem, the
root of the search tree which isan object of type Pr obl enilype, Gener at e defining
how a (sub)problem can be decomposed, and Pr i nt Answer needed for output.

Branching isimplemented piecewise. Each call of Gener at e delivers one child.
This operator accepts theparent problem asinput parameter. The parent must also bean
output parameter because it hasto be updated by Gener at e: it must beregistered how
many children have been generated aready. The procedure has an output parameter of
type Pr obl eniType, which will be the newly generated child.

The user has no means to control the way subproblems are divided over the ma-
chines. DIB is quite autonomous in that respect. It generates children by caling
Gener at e, and distributesthese over the available machines. There isno globa list
of subproblems, and priority of subproblems cannot be taken into account.

Interestingly enough, the DIB system accepts implementations of problem depen-
dent procedures, in which the user inserts calls to procedures defined by the DIB sys-
temitsalf. In thisway, communication can be established. For instance, DIB definesa
procedure Repor t Resul t that takes a parameter P of type Pr obl enType, which
might contain asolution. The effect isthat P is sent to the supervising machine, which
then automatically appliesthe user defined operator Pri nt Answer to P.

In order to be able to implement branch and bound, global information, such as the
current upper bound, must be made availableto al machines. To thisend, DIB offersa
broadcast mechanism. The user should define an additional type | nf oType. Objects
of thistype can be sent to al other machines in the network simultaneously by calls
of the procedure Br oadcast | nf 0. Receiving machines can become aware of newly
sent information by executing the DIB procedure UseNew nf o.

Although DIB offers meager tools to update and interrogate central data, and is,
hence, not very well suited to implement branch and bound, the system has been dis-
cussed here because it givesan ideaon how theinterface of ageneric branch and bound
system might look like. Especidly the ideato provide the user with the option to call
procedures supplied by the system in the implementation of the problem dependent op-
erators, isinteresting. Such amechanism is not found in the other generic systems dis-
cussed below.



TheKarlsruhe system [Kuck, Middendorf & Schmeck, 1993]

The Karlsruhe system by Kuck, Middendorf & Schmeck is a rather straightforward
generic branch and bound system, implementing branch and bound with elimination of
subproblems only by bounding, and sel ection of subproblems using a heuristic priority
function. The user should describe the problem to be solved in terms of two datatypes,
which implement the type subproblem, and a handful of instance functions, implement-
ing the branch and bound operators.

The system accepts the operators Gener at eNodeFor | ni ti al Probl em
which should define the problem to be solved, Cr eat eChi | dr en, which should
implement the branching operator, Cal cul at eLower Bound for the lower bound
computation, and Cal cul atePriority for the determination of the prior-
ity of a subproblem in the open lists. Furthermore, there should be an operator
| sTer mi nal Node that tests whether a subproblem cannot be branched from
any more. On such termina subproblems, the operator Cal cul at eSol uti on
will be applied to extract the optima solution. Finally, an optional operator
Cal cul at eHeuri sticSol uti on can be provided which determines a (pos-
sibly suboptimal) solution for a subproblem, which could be used as an upper bound.

Aninteresting ideais to define a subproblem in terms of two data types instead of
one. One data type stores a complete description of the initid problem (e.g., the dis-
tance matrix in the case of the traveling salesman problem), while the other serves to
describe asubproblemin ashort way by giving the‘ moves|eading to thissubproblem’,
i.e., by giving arepresentation of the steps needed to transform the initial probleminto
the subproblem at hand (e.g., alist of required and forbidden edges). Another way to
look at the mechanism isto consider theinitial problem as acompletely unspecified so-
[ution from which the optimal solutionisbuilt up in a stepwise fashion, by adding more
and more components or constraints. For instance, solving a shortest path problem can
be done by extending the candidate shortest path with a new edgein every step, start-
ing from the empty path. This technique to represent a subproblem by two data types
has a beneficial effect on the efficiency of the resulting algorithm. Subproblems must
be stored in the priority list, and if subproblems are small, the list can contain more of
them. Moreover, in paralel implementations subproblems will frequently be sent from
one processor to another, and smaller descriptions of subproblemswill result in faster
transmission times.

The system transforms the rules and data given by the user into a paralel branch
and bound system running on atransputer network. A sequential implementationispro-
vided aswell. The parald system isbuilt around local open lists. Subproblemswith
high priority aredistributed regul arly between neighboringprocessors. Theonly param-
eter theuser caninfluenceistherate according to which node exchangetakesplace. The
system has been tested on the traveling salesman problem and the set covering problem.

The Karlsruhe system implements a rather rigid abstract branch and bound algo-
rithm. A user can influence the resulting algorithm only by tuning the operators, and a
littlebit by setting the exchange rate of subproblems between adjacent processors. Re-
grettably, the paper is rather loose in its description of the user interface. Theinterface
should betested on more branch and bound problemsin order to determineitsstrengths
and weaknesses.
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The East Anglia higher-order function approach [McKeown, Rayward-Smith &
Turpin, 1991; Raywar d-Smith, Rush & McKeown, 1993]

The East Angliasystem is much more el aborate than the Karlsruhe system, both in the
abstract branch and bound operations it can handle and in the run time options with
which theuser can tunetheefficiency of the execution of theresulting algorithm. There
isasequentia implementation, aswell as a parallel implementation on a Meiko trans-
puter rack. Inthe sequentia case only, the user can use pruning by dominance and even
by isomorphism (cf. Ibaraki [1978]).

Subproblems are represented in a similar fashion as in the Karlsruhe system. The
user should provide the operators Bound and Pr i or i t y with the obvious meaning,
and an operator | s Dom taking two subproblems and yielding a bool ean, which will be
trueif thefirst subproblem dominatesthe second one. Also, an operator | sonor ph can
be specified for checkingisomorphism. Checking whether asubproblem correspondsto
afeasiblesolutionisdoneintwo stages: first, theoperator Label determinesasolution
for the subproblem, and then, the operator | sFeasi bl e determines whether the so-
Iutionisafeasible one. For the correctness of the algorithm, the operator Label must
deliver afeasible solution only if the feasible solution is an optima one. The reason
behind this mechanism is unclear.

Branching can be defined by an operator Chi | d, which takes a subproblem and
deliversalist of itschildren. However, to relieve the user of the burden of maintaining
lists, itisaso possibleto define auxiliary operators, not unlikethe one used for decom-
position in the DIB system, from which the generic systems can builditsown Chi | d
operator.

Some techniques for diminishing the overhead associated with testing for domi-
nance and isomorphism are available as well. For instance, the user can define an oper-
ator which associates a class number with a subproblem. These class numbers should
have the property that, if one subproblem dominates another one, both subproblems
should have the same class number. The generic system will store subproblems in
equivalence classes, and only subproblemsin the same class need to be compared, i.e.,
subjected to the user defined dominance operator.

For the parallel implementation, a few mechanisms can be used to distribute sub-
problems over the processors. Furthermore, the user can specify whether the parallel
branch and bound agorithm will be synchronous or asynchronous, and, in the latter
case, how many processors will share a list of active subproblems. Extremes are one
global list for the whole system, or onelocal list for each processor. In thisway, many
algorithmsgivenin Corréa & Ferreira[1995] can be specified.

The East Angliasystem is by far the most flexible generic branch and bound sys-
tem of the three. Unfortunately, the papers do not comment on the applicability of the
interface, i.e., thereis no evidence whether existing branch and bound agorithms can
be described easily using this interface, and whether such a description will be trans-
formed by the system into an efficiently executing parallel program, using the tuning
options availableto the user.
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4 Towardsgeneric parallel branch and bound

As argued before, generic branch and bound does not add much value on sequentia
computers. However, if ageneric systemisdesired, the interfaces of the Karl sruhe and
East Angliasystems form a sound basis. Most likely, only minor changes have to be
made to meet the user’s needs.

Intheparallel case, thingsare different. The user not only hasto take care of the ba-
sic branch and bound operations, but al so needs to take into account anumber of design
issues aswell, e.g., which load distribution strategy should be applied, should there be
one global open list or should thislist be distributed, and if so, how? The generic sys-
tems presented in the previous section may define a useful interface, but on the design
issue part they are evidently shortcoming.

Furthermore, there are technical issuesto beinvestigated, rel ated to the architecture
of thetarget paralldl machine, things like the precise technicalities of the interprocess
communi cation mechanism, the system calls needed to establish anumber of cooperat-
ing processes on different machines, and thelike.

If we want to make some statements about whether generic branch and bound can
be of some help here, and if so, which features should be added to generic branch and
bound, we first have to make alittle study of parallel branch and bound as such.

The paralldization of branch and bound agorithmsis possible at different levels.
In the first place, the paralelism inside the basic rules can be exploited. This type of
paralelization may give good results, but has the disadvantage that it requiresinsight
into the problem to be solved, which of courseis an enormous drawback for a generic
system. Second, in general many nodes are available for evaluation. Hence, the evalu-
ation of nodesin parallel also may give good speedups. Here, we do not need to know
anything about what is going on inside the evaluation of a node. The approach will,
therefore, bethe ided basisfor ageneric system.

Althoughthe parallel evaluation of nodes seems a simple mechanism, the effort re-
quired to achieve an effective implementation should not be underestimated. Thereisa
trade-off between keeping the processors busy doing useful work (i.e., evaluating nodes
that might lead to an optimal solution) and the work to be done by the paralée algo-
rithm to reach that goa. There are many solutionsto this so called dynamic load bal-
ancing problem. Depending on the problem type, problem instance, and architectureto
be used, a different method may be effective.

In the literature, a diversity of algorithms can be found. It turns out, however, that
the agorithms, although very different at first glance, use the same basic computational
model, and that they can be classified by means of only a few parameters. In the re-
mainder of thissection, wewill review ataxonomy that, as far as we know, capturesall
algorithmsproposed sofar. Wewill demonstrate by some examples how parallel branch
and bound a gorithmsindeed fit into the taxonomy. Finally, wewill review preliminary
work which may help usto take a decision on how to tune important parameters auto-
matically.
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4.1 A classification model

As the division of the work among the processors is an important part of a parallel
branch and bound a gorithm, the storage of the set of active nodesisthefirst parameter
to consider. Another parameter isthe access to the set of nodes. Can it be done at arbi-
trary moments during execution, or do processors have to wait for each other, i.e., isthe
algorithm synchronized or not? Thetaxonomy proposed in Corréa & Ferreira[1995] is
based on these parameters. De Bruin & Trienekens [1992] consider additiona param-
eters, such as the unit of work and the possibility of interrupting a processor during its
execution.

Wewill now explain the parameters in more detail, following the above mentioned
references closdly.

The first parameter concerns the storage of the active nodes. Extremes are the
shared data object model and the distributed data model.

In the shared data object model, there is a single database containing the set of ac-
tive nodes. At any point in time, the processors keep the database consistent with all
generated information. The advantageis clear: as the database contains al interesting
information, the processors can work on nodes that are of highest priority. The disad-
vantage of keeping the database consistent isthat the processors have to communicate
frequently. Not surprisingly, the communication may beabottleneck in somesituations.

In the distributed data model, each processor maintains a database with a set of
active nodes. When selecting a node, a processor retrieves the node from the local
database, and newly generated nodesare kept locally aswell. Measures haveto betaken
when alocal database becomes empty and, hence, a processor may becomeidle. There
are many solutions to overcome this problem of dynamic workload sharing. We will
give some examples later. The advantage of the model is that the communication can
be kept to aminimum, but the certai nty that processors aways are doing useful work is
lost.

The above models can be seen as both ends of abroad spectrum. In between them,
thereisavariety of others. For instance, the processors can be split into groups, where
each group behaves according to the shared data object model, and the groups apply the
distributed data model among themselves.

A second parameter to be chosen isthe unit of work. Up to now, we haveimplicitly
assumed that the database, whether global or local, was updated each time a node had
been evaluated. One can, however, aso think of |etting a processor perform a limited
search starting from a given node (which decreases the need for communication), or
think of splittingthe evaluation of anodewith respect tothebasic rulesand updating the
database after the compl etion of each of the rules (which increases the communication,
but at the same time improves the quality of the database).

The third parameter is the synchronization switch. When completing its unit of
work, a processor has two options: it waits until all other processors have completed
their unit of work too, or it continuesimmediately. Especialy in the pure shared data
object model, it may befavorabletowait for other processors. Synchronizationimplies
that the processors have full knowledge of the solution process at the time of selecting
a new unit of work. Consequently, the processors can choose the ‘best’ units of work.
In the asynchronous case, aprocessor might not be aware of important information that
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is being generated by another processor. Again thereis atrade-off between the possi-
bilities. Synchronizationwill limit the amount of (what turnsout to be) useless work to
be performed, but al so causes (unnecessary) idleness of processors.

As last parameter, we consider the interruption switch. To be able to use the in-
formation generated by other processors, a processor has to detect the update of the
database. There are two basic ways in which a processor can become aware of an up-
date: the processor can poll the database, i.e., check the database at regular time in-
tervals, or the processor can be interrupted whenever the database is updated. Upon
an interrupt, the unit of work currently being worked upon is preempted, the processor
checks the database, and decides whether to continue with the current unit of work or
to perform another task which at present seems more appropriate. Inthelatter case, the
preempted unit of work isstored in its current state in the database.

Tuning the parameters is not always easy. It depends on factors like problem type
(i.e., the specification of the basic rules), the problem instance (the size of the set of
active nodes may vary heavily), and on the architecture (not every architecture supports
arbitrary settingsof the parameters, communication protocolsmay befast or slow, etc.).

The target architecture also plays an important role in the last phase of the imple-
mentation. Processor capabilitiesand interconnection networksinfluence the actual im-
plementation initsfina stage.

Looking at the implementation of a parallel branch and bound a gorithm, the path
from the basic rules to implementation is much more complicated than in the sequen-
tial case (see Figure 1). Programming turns out to be a precise job, bearing in mind all
possibilities.

But suppose an efficient implementation has been obtained for a particular com-
puter, what happens if this computer is replaced by another one? Most likely, a new
algorithm has to be developed. The parameters have to be tuned again, and a new im-
plementation has to be made. The situation becomes bizarre in cases where the under-
lying architecture remains the same, but where the basic rules (for the same problem)
are modified or the problem instance to be solved is changed. Even then, aredesign of
the implementation may be needed.

4.2 Examples

The taxonomy described in the previous section turns out to be quite powerful . We will
illustratethison some examples. Inthea gorithms, we do not mention the update of the
current best solution: in all cases, a processor which computes a better solution to the
problem, sends the solutionto all other processorsimmediately.

Li & Wah [1986]

Asthealgorithmdescribed by Li & Wah usesthe shared dataobject model, in asynchro-
nized fashion, it can be considered the‘classical’ parallel branch and bound algorithm.
In the al gorithm, the processors eval uate anode (i .., perform the branching, bounding,
etc.), update the global database, wait for each other to be ready, and then decide col-
lectively which nodes should be eval uated in the next iteration. Interruptsdo not occur.
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Figure 1: The implementation phases.

Trienekens [1990] and Kindervater [1991]

The agorithms developed by Trienekens and by Kindervater are essentially the same;
both are based on thefarmer-worker (oftenalso called master-slave) principle. A farmer
processor keepstrack of the nodesthat areto be considered for branching, and the other
processors (the workers) evaluate the nodes. Anidleworker processor immediately re-
ceives a node from the farmer, evaluates the node, and sends the results back to the
farmer. The agorithm is about the same as the previous one, except that the database
isstored in a single processor, and that there are no synchronizations.

The difference between the two implementations lies in the reported performance.
Trienekensobtai nsquitegood speedups, where Kindervater doesnot. Astheunderlying
problem differs(traveling salesman vs. jobshop), thetimes needed for the eval uation of
asinglenode are wide apart. |n the jobshop problem, the time needed for an evaluation
is very small and the farmer becomes a bottleneck, whereas in the traveling salesman
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problem thisisnot the case. A theoretical explanationwill be given in the next subsec-
tion.

Vornberger [1987] and Clausen & Traff [1991]

Both Vornberger and Clausen & Tréaff exploit thedistributed datamodel: each processor
maintains its own database with active nodes. Vornberger implements his agorithm
on a network of transputers, and Clausen & Traff make use of an iPSC hypercube. In
both agorithms, the distribution of the workload is done ‘on overload’. A processor
determines after the evaluation of a node and the corresponding update of its database,
whether or not to send nodes to neighboring processors.

In Vornberger’s algorithm, a processor decides to send a node to neighboring pro-
cessors on atime-stamp basis. After a certain amount of time, a processor sends nodes
(if available) to neighboring processors. Theinterva variesfor each neighbor, depend-
ing on the quality of the last node received from that neighbor.

Clausen & Tréff develop a different mechanism. Here, a processor determines
whether thesize of itsdatabaseisacceptable. If it containstoo many nodes, the superflu-
ous hodes are sent to neighboring processors. The maximum size of thelocal database
is updated dynamically according to some heuristic rules.

Further, both a gorithmsare compl etel y asynchronous, and processors cannot bein-
terrupted. Incoming messages are dealt with after the eval uation of a node.

Jansen & Sijstermans[1989]

Jansen & Sijstermans aso use the distributed data model. However, they work with
processes instead of processors. The algorithm employs a variable number of identi-
cal processes, each of which examines its own part of the subtree. While evaluating a
node, aprocess can decideto create an additiona processthat evaluates a child node of
the current node and all children thereof. The newly created process performsitswork
independently of the creating process.

The number of processes that can coexist, and hence the decision whether or not to
create anew process, depends on the target architecture and on the problem instance to
be solved.

Miller & Pekny [1989]

The agorithm by Miller & Pekny isbased on the ‘ processor shop’ modedl. It uses two
different databases, the first one contains nodes that still have to be evaluated com-
pletely, and the second one with nodes, whereof the bound has been computed, but that
are waiting to be branched.

Anidle processor first tries to select anode from the database with nodes that have
to becompletely evaluated. On success, theprocessor computesthebound for that node
and putsthenode, if it cannot be eliminated, inthe second database. If thefirst database
is empty the processor selects a node from the second database, decomposes the node,
and puts the children generated in the first database. |f both databases are empty, the
processor waits until work becomes available in either one of the databases
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This agorithm aso fits in the taxonomy. It can be seen as an asynchronous algo-
rithmwithinthe shared dataobject model with unitsof work at thelevel of theexecution
of the basic branch and bound rules.

4.3 Analysis

As the examples show, there exists a broad scal e of implementationsof parallel branch
and bound algorithms. Inthefirst place, architecturesarevery different from each other.
Algorithmsefficient on one machine may behave poorly onancther one. But evengiven
aspecific architecture, there may benoidea implementation. Not only thenature of the
problem to be solved, but a so the shape of the search tree to be explored influences the
performance of an actua implementation.

Parallel branch and bound a gorithmsencountered in the literaturetry to captureal
possi ble applications, but most of them only obtain near optimal resultsfor the problem
at hand given a specific architecture. To overcome such situations, we would need a
prediction of what to expect when actually performing aparallel evaluation of thesearch
tree.

There has not been done much research into the search trees generated by branch
and bound agorithms. Smith [1984] randomly generates search trees and anayzes the
time and space compl exity of their explorationin the sequential case. Evidence is pre-
sented that the traveling salesman problem can be solved in polynomial time, i.e., that
the generated search tree has a polynomial number of nodes on the average. For an al-
gorithm to be successful inthe parallel case, at any time the number of nodes available
for evaluation should be high enough to keep processors busy. As Smith does not make
any statementsin thisdirection, more research should be done, hopefully leading toin-
teresting results.

As long as atheoretical description of generated search trees does not exist, one
could try to give atheoretical explanation of the observed behavior of the agorithm,
and extend thisto the general case. Among the few thingsthat have been donein this
respect istheinvestigation of the occurrence of anomalousbehavior, i.e., adding apro-
cessor to the computer at hand decreases the running time for a problem instance more
than can be expected from just adding computational power to the system, or the ad-
dition of a processor causes a slowdown. As the resultsin this area do not affect our
argumentation, we do not go into detail, but refer to Corréa & Ferreira[1995] for an
overview and further references. As another example, we will discuss the queueing
network model developed by Boxma & Kindervater [1991]. The model can be used to
describe the farmer-worker agorithm from Trienekens [1990] and Kindervater [1991]
(see the previous subsection), and to anayze the observed different speedups.

Recall that inthefarmer-worker model, afarmer keepstrack of the generated search
tree, and sends a node to aworker as soon as one becomes idle. The workers eval uate
the nodes they receive, send the results back to the farmer, and wait for the farmer to
send a new node for eva uation.

Thisgivesriseto the queueing model of Figure 2, with P customers, each customer
corresponding to one particular worker. Thisis awell known queueing model, often
referred to as themachinerepair model (the P customers being P machines which after
breakdown have to be repaired in repair facility F).
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Figure 2: The machine repair modd.

The machine repair model has been extensively studied in the queueing literature
(see, for example Tijms [1986]). Under the assumption that the service times at the
P serversW, ..., Wp of service station W are independent, identically distributed with
mean 1/a, and the service times at F are independent, negative exponentially dis-
tributed stochastic variables, with mean 1/[3, the number of busy serversat W isgiven
by:

r? /P!

TP 1
2j=071

ri1 I,

with
r= B/G

Figure 3 displays the fraction of busy servers as a function of 3/Pa. The figure
showsthat, for P > r (B/Pa < 1), thefraction of busy servers decreases rapidly, when
B/Pa decreases.

Theresultsof Trienekensand Kindervater are now easily explained. Inthetraveling
salesman problemthevalueof 3/Pa isgrester than oneand good speedups are obtained,
whereas in the jobshop this valueis small and the observed speedup is poor.

Although the model isasimplification of the real world (e.g., it assumes that there
are dways enough nodes available for eval uation, the average speed of the farmer is
assumed constant, etc.), it can be auseful tool for the development of aparallel branch
and bound algorithm, because it gives agood indication whether or not the shared data
object model isthe right choice.
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Figure 3: Fraction of busy serversasfunctionof 3/Pa for P=1,2,4,8,16,32,64,128.

To concludethissection, wewouldliketo stressthat moreresearch inthisareacould
lead to a better understanding of parallel branch and bound algorithms.

5 Towardsan abstract model for branch and bound

In the preceding sections, we have seen that a parallel branch and bound a gorithm can
be investigated at three levels. First of dl, there is the level of a branch and bound
model, which is captured in the interface of a generic branch and bound system. At
thisleve, statements about the rel ative efficiency of the user provided operators can be
formulated (e.g., branching isfast, but bounding istime consuming), and the complex-
ity of the problem in terms of the size of the search tree or its critical subtree can be
described (cf. Corréa & Ferreira[1995]).

The second level isthe design level. Relevant issues are discussed in Section 4.1,
like synchronicity versusasynchrony, distributed versus centralized open lists, determi-
nation of the unit of work, etc.

Thethird level has been moreimplicit up till now. It isthe level of thetarget archi-
tecture on which the paralel program hasto run. Apart from al the technica details
that wetry to avoid when using generic systems, there are al so efficiency parameters at
thislevel. For instance, atransputer rack is optimized towards communication speed,
and theratio of the computation power of the processors versus the communication ef-
ficiency favors the communication. On a number of fast work stations connected via
ethernet, the ratio is turned around.

Apart from technicalities, the essentia decisions on how a branch and bound algo-
rithm is paralelized are taken at the second level. There is, however, an interplay be-
tween the different levels. Asan example, consider the decision whether or not to usea
centralized open list. Thedecisionistaken at the second level, but itis, anongst others,
influenced by thetime needed for branching and bounding or the shape of thesearch tree
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to be generated (first level), and the interprocessor communication (third level).

In the generic branch and bound systems from the literature, the flexibility at the
highest level is abundant. The user is completely free to specify the implementation
of the basic rules. At the design level, thereis much less liberty. The only system of-
fering some freedom is the East Anglia system, where a few parameters can be set to
one of afew predefined values. Once the parameters are set, however, they cannot be
dynamically adjusted.

Atthebottomlevel, thegeneric branch and bound systems proposed in theliterature
are completely rigid: the target architecture is fixed. An interesting question is how
generic systems behave when they are implemented on different architectures. Stated
otherwise, one could wonder whether it is always straightforward to trandate a branch
and bound a gorithm, specified in ageneric framework, to an arbitrary architecture. We
suspect that thisis not the case, and that the user should be able to provide some hints
as how the trandlation should be performed.

Our aim isto combinethe ease of use of generic branch and bound with theflexibil-
ity that different design strategies and different target parallel architectures offer. That
isto say, we want to use generic branch and bound, but still be able to obtain an algo-
rithm for our specific problem, based on the right decisions at the design level. One of
our problemsisto find away to introducethe desired flexibility.

Consider the discussion of the agorithms by Kindervater and Trienekens in Sec-
tion 4.2. Wewould liketo be able to express that a better strategy in the jobshop algo-
rithm (Kindervater) isto solve nodes to optimality, whereas for the traveling salesman
problem (Trienekens) nodes should be evaluated only one level deep, i.e., it should be
possibleto indicate the best unit of work. In an ideal situation, the setting of the unit of
work isderived frominformation obtained a thefirst level (execution of the branch and
bound rulesisrelatively time consuming in the Trienekens case, and relatively efficient
intheKindervater case), and at thethird level (thedescription of thetarget architecture).

The above discussion suggests that there isa need to formul ate decisions at the de-
signlevel. To thisend, we propose to i ntroduce acomputational model, or abstract ma-
chine. The concept isdepicted in Figure 4.

The abstract model isintended to define avirtual paralel architecture. Theideais
that it should be possibleto formul ate design decisionsinterms of the abstract machine,
whereby the peculiarities of the target architecture remain hidden (the advantage of
generic branch and bound), without sacrificing expressivity. For instance, it should be
ableto specify that there are many workers eval uating nodes and asinglefarmer main-
taining the open list, without making explicit on which machine the open list should
reside, or even whether the farmer and a worker should share one processor.

The approach has the following additional advantages. Using the abstract machine,
one could specify parameters of the underlying architecture, e.g., adjacent processors
can communicate fast, but broadcasts might be expensive. A very promising feature
isthat the computation can be monitored in terms of the abstract machine. One could
envision that the user is presented graphical feedback about the computation going on,
such that a better understanding of the behavior of the algorithm can be obtained.

We do not know what language or graphical system should be used to define the
abstract machine level. Oneideais to base the abstract machine on the farmer-worker
model in which the farmer processis responsible for del egating work to and accepting
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Figure 4: The abstract machine.

results from the workers. That is, the farmer should implement the selection strategy,
and do some of theglobal pruning. Noticethat we speak of onefarmer, but that itisquite
possible to have a distributed i mplementation of the process. Of course, the decisionto
have more than one farmer process should be expressible in our model.

The workers are then responsible to apply the other branch and bound operations,
e.g., branching, bounding and local elimination of subproblems. In this case too, it
might be conceptually simpler to talk about one worker, but again the availability of
more workers should be expressible in our model.

Apart from farmers and workers, it seems that another type of processisneeded, for
which we coin the name supervisor. This process should handle all meta-information,
and monitor the traffic and the idleness of the workers and farmers. The supervisor
should aso be responsible to interact with the user, providing information about the
way the computationisevolving. Finally, one should be ableto program the supervisor
so that it will execute feedback |oops, based on the way the computation proceeds, and
according to the options that the supervisor has at its proposd (e.g., switch to another
boundingruleif oneisavailable, or change the number of farmer and worker processes).
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6 Conclusionsand futurework

In this paper, we gave an overview of abstract branch and bound models and of propos-
als for generic branch and bound systems. Branch and bound models vary from very
abstract ones, which are difficult to implement, to more concrete ones, which can be
turned into an interface of a generic branch and bound system in a rather straightfor-
ward way.

A generic branch and bound system should not only specify an interface, given by
the basi ¢ branch and bound rules, but should a so generate an efficient implementation,
different for each particular parallel architecture. Closer inspection of existing systems
showsthat auser iscompletely freein specifying animplementation of the basic branch
and bound operators. There is, however, much less choice at the deeper levels of the
implementation: the target architecture is fixed, and the intermediate level, on which
design decisions are taken regarding load balancing, data distribution, etc., can only be
influenced in one of the proposed systems, and then only in arather inflexible way.

Asaremedy, we propose to add a new layer to a generic branch and bound system,
theso called abstract machinethroughwhichitispossibleto generate moreflexibilityin
specifying design options. The machine abstractsfrom peculiaritiesof specific concrete
paralel architectures, thus allowing the user to concentrate at the higher level design
issues.

Another advantage of the approach isthat the system can give feedback to the user
on how the computation proceeds in terms of the abstract machine, and that it seems
possible to specify feedback actionsto be taken by the systems in case bottlenecksin
the execution of the program are detected.

The ideas presented in this paper are sketchy. It seems that much research is still
needed. For instance, itisnot at al clear how an abstract machine should be defined, and
what should be expressible in it. Furthermore, we need to investigate the flexibility of
theinterface defined by the generic branch and bound systems proposedintheliterature.
We plan to recode some exi sting branch and bound a gorithmsin terms of these systems,
in order to find out whether refinements are needed.

Inthe end, we hopeto arrive a a system that is robust, easy to use, and yet flexible
enough to accommodate a broad range of different branch and bound implementations
on paralel architectures of different types.
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