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1. T R A D I T I O N A L  TREATMENT OF LABOUR IN MACRO PRODUCTION 

F U N C T I O N S  

In macro production functions labour appears as one single factor 
of production, sometimes accompanied by  another factor, education, 
based either on time series or cross section data. The variable labour 
is usually introduced as the quanti ty  of labour. This quant i ty  is 
commonly measured by the number of workers employed, some- 
times corrected for changes in the number of hours worked; quality 
differences between groups of employees are hardly brought into the 
picture. As a consequence, the light shed on distribution problems 
with the aid of production functions only concerns income distri- 
bution over broad factors such as land, labour and capital. One of 
the well-known initial findings was that  with a Cobb-Douglas pro- 
duction function the share of labour in total income is equal to the 
exponent given to labour. This exponent has not greatly changed 
over time, implying that labour income before redistribution consti- 
tutes almost a constant portion of national income. The share per 
income recipient can change, however, if the number of workers does 
not change proportionally with the total population engaged in 
production. 
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Professor Tinbergen most cordially upon his 70th birthday, which he celebrated on 12th 
April, 1973. 
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2. NEW NEEDS MUST BE MET 

Given the increased need for understanding quantitative personal 
income distributions (as distinct from the distribution over factors), 
more attention must be given to differences in the quality of labour. 
Income distribution statistics show that a much larger part of in- 
come inequality is due to differences in labour income than to 
income from capital. Since income can be seen as at price, income 
distribution will be the outcome of two distributions: one applying 
to the supply side of the market and one referring to the demand 
side. In principle the market is the market for all factors of pro- 
duction, but  in this essay it will be limited to the labour market  and 
its divisions. 

In the last decades a good deal of attention has been given to the 
supply of labour of different qualities, especially by  the 'human 
capital school' of (mainly American) economists. We owe an admi- 
rable survey of the research done until 1970 by  this school to one of 
its leaders, Jacob Mincer E6]. The influence of this school has only 
slowly penetrated into Europe, however; a fact illustrated by  a 
survey written by  the well-known Danish scholar Kj eld Bj erke in the 
same year Ill in which this group is represented only by  one quota- 
tion of Mincer from 1958. In the present essay I will follow the 
human capital school's emphasis on the quant i ty  of schooling re- 
ceived as the most important characteristic of the quality of labour 
supplied. (This is not to deny that other aspects of quality such as 
years of experience, has also been considered by  them.) I differ from 
them in my definition of the role of demand. Here the American 
school tends to use a short term approach, taking employment 
figures as an index for demand; little attention is given to the feed 
back of short term employment (or unemployment) to wage or 
salary levels. A notable exception to this generalization, however, is 
Freeman's s tudy of the market for college-trained manpower [4~. 
The aim of my  essay is to add a medium-to-long term demand re- 
lation to the supply relation. Because of a lack of most other data 
needed, I shall concentrate on the educational component of the 
quality of labour. A few remarks about other apects to be given 
attention in subsequent research will be added in Section 8. 
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3. DEMAND FOR TYPES OF SKILL TO BE INCORPORATED IN THE 

PRODUCTION FUNCTION 

A demand for labour of varying skill levels is made by  the orga- 
nizers of production. Production should be defined in its widest sense 
including, for instance, education and the production of public 
services. Labour demand can be derived from a general production 
function which expresses national product as a function of the 
quantities of labour applied in the production process. Even if we 
stick to the use of only one aspect of the quality of labour, the 
quanti ty  of schooling, we must differentiate between the schooling 
normally required for the execution of a given productive task and 
the actual schooling of the person engaged for that  task. In this 
simple first approach only three levels of eduction will be consider- 
ed - the first, the second, and the third level - as usually distin- 
guished. The quantities of persons engaged will be expressed by  a 
symbol 4,v where 4 is the portion of the total active population 
carrying out tasks for which the level s (I, 2 or 3) is preferred, but  
people with level v are being used. Knowing that they will not always 
succeed in attracting people so that  v = s, the organizers of pro- 
duction will also t ry  to obtain people when v =# s. They are as- 
sumed to know what the contribution of such people to the product 
will be; this is expressed in the parameters of the production func- 
tion. In a situation where less people of highest schooling are 
available than could be used in the production process, a rational 
behaviour of both the demand and the supply side of the market  will 
imply that  v < s, and the total active population can be repre- 
sented by  the matrix of Table 1. 

TABLE 1 

MATRIX OF ACTIVE POPULATION, ASSUMING (A) FULL EMPLOYMENT; 
(B) [SCARCITY OF EDUCATED MANPOWER AND (C) THREE LEVELS OF 

EDUCATION 

Actual schooling v=  I 2 3 Total 
Schooling 1 411 �9 41. 
Required s = 2 . 421 42~ �9 42. 

3 4~ 433 43. 
Total 4.1 4.2 4.3 1 

Although it is conceivable that  431 ~ 0, it is not rational and 
the actual figure is small enough to be neglected. This means that,  
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apar t  from capital  and land, we have  five skill levels as inputs  in 
the realm of labour.  

4 DIGRESSION ON THE POSSIBILITY OF CONTINUOUS DISTRIBUTIONS 

OF SKILL 

A more general  approach is conceivable if we assume tha t  bo th  
s and v can take any  value between a min imum of zero and some 
m a x i m u m  S or V, meaning tha t  s and  v are considered as cont inuous 
variables. Ins tead  of the ma t r ix  of Table  1 we would then use a two- 
dimensional  f requency distr ibution wi th  densities r v), and to ta l  
manpower  could then be wri t ten as an integral :  

8 

1 = I ds f dv d?(s, v) (4.1) 
0 0 

Such a procedure  might  be frui t ful  if r can be wri t ten  as a not  
too complicated funct ion of s and v, for instance, the normal  or the 
lognormal  distr ibution.  Moreover, the p roduc t ive  contr ibut ion  of the 
element  r v)ds dv should be known explici t ly and be close to a 
not  too complicated funct ion of s and  v. Exercises with figures for 
a number  of product ion  sectors did not  disclose a simple shape for 
e i ther  of these functions and did not  encourage B. H e rm an  and 
myself  to follow this procedure.  These exercises actual ly  referred 
to the two product ion factors of capi ta l  (including human  capital) 
and 'pure ' ,  ( that  is, unskilled) labour  [51. In the present  essay I 
therefore  s tuck to the much simpler discrete-value system expressed 
in Table  t. 

5. Two ALTERNATIVE COBB-DoUGLAS PRODUCTION FUNCTIONS IN 

Csv 

In a first a t t emp t  to use a Cobb-Douglas-like product ion  funct ion 
in Csv E77, I in t roduced  (for two values of s and v each) the funct ion : 

y = Cr162162 (5.1) 

where y represents  to ta l  national p roduc t  and C is propor t ional  to 
the cont r ibut ion  made by  the capi ta l  stock. 

This funct ion has the inconvenience tha t  y = 0 for r or r = 0, 
which is complete ly  unrealistic;  hence, the funct ion (5.I) has to be 
rejected. As factors (in the ma themat i ca l  meaning  of tha t  phrase) 
we have  to in t roduce sums of r  of e i ther  the same s or the same v. 
Accordingly,  two al ternat ives can be formula ted  in the case de- 
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scribed by our Table 1. If we combine r with the same s, we 
consider as one production factor the group of people havifig the 
same job; if we combine r with the same v, we consider as one 
production factor the group of people with the same education. In 
neither case can we simply take the unweighted sums, i .e.,  r + 
+ r or r +421,  since the productivity of an individual with 
an education not intended for the job will differ from the productiv- 
i ty of an individual with the appropriate level of education for the 
job considered. Of the two alternatives, the former seems best if 
data on incomes in jobs (or job groups) are available, whereas the 
latter is to be preferred if data on incomes in relation to education 
received are available. An additional condition for the application 
of the former alternative is that  jobs must be classified according 
to the education required. The absence of this sort of data for most 
countries made me choose in favour of the second alternative, im- 
plying that  the production function was specified as in Equation 
(5.2): 

Y • C(•11 -iF ~21r -~- ~32r162 p~ (5.2) 

Here ~2i constitutes the productivity ratio between individuals 
with education 1 on jobs 2 and l; and ~32 that  ratio between 
persons with education 2 on jobs 3 and 2. Both ~'s will be > I, 
with an upper limit expressing that  the (marginal) productivity on 
job 2 of an individual with education 1 will be lower than, or at 
most equal to the (marginal) productivity of an individual with 
education 2. These assumptions were not made in a previous article 
on the same subject [9j. 

In additio'n, I assume that in a configuration with a very small 
r ~21 will be very little above I; similarly for r and ~za2. This 
assumption is based on the underlying assumption that in reality 
job 1 stands for a group of jobs, of which the most productive one 
is very close to the least productive job belonging to group 2. 
Admittedly, a more precise elaboration of this point of view would 
be useful. 

6. A SIMPLE COMPLETE MODEL" OF INCOME DISTRIBUTION 

With the production function introduced in Section 5 we now 
proceed to the construction of a simple complete model in which 
both deman.d for various types of labour and also supply plays a 
part. Supply behaviour will be based on the utility functions of the 
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persons involved.  Wi th  regard to  these funct ions I shall s t ick to a 
t r e a t m e n t  in t roduced  and defended at  some length elsewhere [8, 9]. 
This implies tha t  u t i l i ty  functions contain  as variables income af te r  
t ax  xsv and the  indicator  of the job chosen s, and as a p a r am e te r  
the individual ' s  character is t ic  v; t h ey  are of the  form:  

co = ln{xsv + � 89  - -  2) 2 - -  � 89  - -  v) 2} (6.1) 

where the form as well as the coefficients co and c2 are the same for 
all individuals.  In  order  tha t  individuals with educat ion 1 are willing 
to accept  e i ther  a job 1 or a job 2, the  corresponding utili t ies mus t  
be equal  for s = v = I and for s = 2, v = 1, implying t h a t :  

Xll + �89 = x21 --  �89 (6.2) 

Similarly, in order  tha t  individuals wi th  educat ion 2 are indifferent  
v i s - a - v i s  jobs 2 and 3 we must  have :  

x22 = x ~  + �89 --  �89 (6.3) 

Here  the x's are incomes af ter  redis t r ibut ion;  we assume tha t  
income af ter  t ax  is a first approx imat ion  of the  x's and replace x 
by  l - -  t, where l is p r imary  income and  t is t ax  paid f rom l. Since 
the x's enter  into the model  only  in the shape of Xll - -  x21 and  
x22 - -  x32, we only  have to use the t 's in the  two following equat ions:  

l l l  - -  121 = - - �89 - -  �89 + t l l  - -  t21 (6 .4 )  

/22 - -  /32 : !2C0 - -  �89 -4- /22 - -  t32 (6 .5 )  

In  the applicat ions we will add:  

t l l  - -  t21 = 0.15(/11 --/21) (6.6) 

/22 --  t32 : 0.25(/22 --  /32) (6.7) 

where 0.15 and  0.25 s tand  for the marginal  t ax  rates concerned.  
Again as a first approximat ion  we shall assume 0.15 and 0.25 to be 
constant ,  which is incorrect  if large shifts in incomes occur. An 
impor t an t  fea ture  of the roles of (6.4) and  (6.5) is tha t  t hey  are valid 
if and only  if $21  • 0 and 682 # O. In  order  these $ to be equal  to 
zero, x21 need not  be 'as high as required '  by  (6.2), nor  need x32 
to be 'as high as required '  by  (6.3); in such cases we m a y  have :  

1 (6.2') x l l  + �89 > x21 --  ~c2 

x22 > x32 + �89 --  �89 (6.3') 
P r i m a r y  incomes for the five categories of employees will be equal  
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to their  marginal  productivities, where ~21 and ~32 are assumed to 
be constants  for each individual in a given situation" 

61 = ply (6.8) 
r + ~2142, 

/21 = ~21plY (6.9) 
r + -2i42i 

paY (6.10) 
/22~ r + ~32r 

132 -~ ~32mY (6.1 1 ) 
422 + ~32r 

133 -- pay (6.12) 
433 

Assuming, for the reasons given in Section 5, tha t  as $ varies, 
has to approach 1 if the corresponding r approaches zero, we put  : 

~2i = 1 + ~1521 (6.13) 

~32 ---- 1 + a2r (6.14) 

The total  number  of people with education 1 and with education 2 
are given : 

$11 + r = F1 (6.15) 

422 + 6a2 ---- F2 (6.16) 

Finally,  we specify tha t  121 _~ 122 and/a2  _< la3, again as discussed 
in Section 5. Since the $'s are the central  variables in our model, in 
view of their  role in the production function, we prefer to express 
the last two conditions in terms of these variables: 

1 -~- a1r __< p2 F1 + ai$221 (6.17) 
pi F2 + =2$232 

I + ~2r --< "p~ F2 + ~25232 (6.18) 
m 433 

These restrictions constitute constraints on the ~'s; whenever they 
are not fulfilled, we have to drop (6.13) or (6.14) or both and replace 
them with equations (6.17) or (6.18) or both. 
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The  model  now presented consists of four al ternat ives,  depending 
on the role of the two restrictions (6.2/6.2') and (6.3/6.3'). These 
a l ternat ives  have been tabu la ted  in Table  2. The  problem they  all 
help to solve is to find the unknowns y, r l, t, 1 and  ~, number ing  15, 
for which we have equat ions (5.2), (6.4) th rough  (6.18) and in 
addit ion : 

Y~ r = 1 (6.19) 

The number  of equat ions  also amounts  to 15. 

TABLE 2 

FOUR ALTERNATIVE SITUATIONS OF THE SOLUTION OF THE INCOME 

DISTRIBUTION MODEL 

Validity of Number Values of Remai- 
equations of ning un- 

Case (6.2) or (6.3) or (6.4) (6.5) equa- 421 4a2 knowns 
(6.2') (6.3') tions 

1 (6.2) (6.3) yes yes 15 :# 0 ~ 0 15 
2 (6.2') (6.3') no no 13 --~ 0 = 0 I3 
3 (6.2') (6.3) no yes 14 = 0 =76 0 14 
4 (6.2) (6.3') yes no 14 ~ 0 = 0 14 

7. THE IlvIPACT OF EDUCATION ON INCOME DISTRIBUTION 

The  coefficients and the values of the variables prevail ing in the 
Nether lands  a round 1960 have been es t imated  b y  the au thor  and 
presented  elsewhere E81. Among the da ta  are the to ta l  numbers  
(expressed as par ts  of the active populat ion) F1 and F2 of people 
with first-level and second-level educat ion,  the remainder  1 - -  F1 --  
- - F 2  = Caa represent ing the por t ion  with third-level  educat ion.  
These three figures amounted  to 0.91, 0.06 and 0.03, respectively.  
The  o ther  da t a  are shown in Table 3; in addi t ion we had:  r = 0.12 
and r = 0.03. 

TABLE 3 

DATA OF THE INCOME DISTRIBUTION MODEL, AROUND 1960 

Coefficients: pl p2 pa C co c2 c~l ct2 
Values : 0.648 0.088 0.064 15.0 0.63 2.84 2.3 5.0 

Source: [8] 

I Where t symbolizes tll--&l and t22--ta2. 
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In the present section I want to illustrate the impact of education 
on income distribution, assuming the model approximates reality. 
This will be done by showing some numerical values of the un- 
knowns satisfying the model for higher values of F2 and r and 
consequently lower values for F1. This primitive way, having il- 
lustrative value only, was chosen because of the complicated non- 
linear nature of the equations (5.2), (6.17) and (6.18). In fact some 
of the unknowns r were given prechosen values and the correspond- 
ing case position in Table 2 and the values of F1 and F2, as well as 
these of the other unknowns, were determined in turn. 

The results will be found in Table 4, some comments on which 
will follow. 

TABLE 4 

VALUES OF El ,  F2 AND THE UNKNOWNS IN THE INITIAL POSITION A 
AND THREE ALTERNATIVE POSITIONS (B THROUCI~ D) 

Case A B C D 

F1 0.91 0.88 0.85 0.8 I 
F2 0.06 0.08 0.09 O. I I 
~33 0.03 0.04 0.06 0.08 

r 0.12 0.14 0.00 0.00 
~32 0.03 0.032 0.00 0.00 
lu  5.4 6.8 6.9 7.35 
121 7.4 9.1 
/22 12.2 9.7 8.9 7.35 
/32 13.7 1 1.2 
laa 19.0 15.0 9.7 7.35 
y 9.05 9.35 9.10 9.15 

Before we draw some conclusions from Table 4, our understanding 
of the income formation process represented by the model may be 
facilitated by the following mental experiment. Suppose somebody 
doubts whether the possibility of substitution between manpower 
of different education created by the Cobb-Douglas production 
function makes it at all probable that  the mixed groups r and r 
occur. He might rather think that  everybody with education 1 
takes a job 1, and similarly for levels 2 and 3. This, however, would 
lead, in a case of relatively large F1 and F2, to incomes ln, 122 and 
13a different to the extent that  equations (6.2) and (6.3), and hence 
(6.4) and (6.5), would not be fulfilled in the sense inverse to (6.2') 
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and  (6.3'): their  lef t -hand sides would be smaller than  their  r ight-  
hand  sides. Wi th  such big income differences it  would become 
a t t r ac t ive  to a number  of people with educat ion 1 to app ly  for a job 2 
and  for some people wi th  educa t ion  2 to look for a job 3. Such acts 
would reduce the income differences unti l  (6.2) and (6.3) are fulfilled; 
and  this is w h y  the mixed groups - or at least one of t hem - m a y  
come into existence. The  closer we come to the  s i tuat ion where F1, 
F2 and  r = 1 - -  F1 - -  F2 are propor t ional  to pl, p2 and p3 (Case 
D), the  less will the differences between ln ,  122 and 133 become and 
then,  in fact,  there  is no need for people to take  a job not  correspond- 
ing to thei r  level of education.  

Coming now to a closer look at  Table  4, we must  remove at  once 
one possible misunders tanding  b y  establishing tha t  to ta l  income 
includes capital  income, which is supposed to be one-fifth of it. This 
can be seen at  once from Case D. 

The main  conclusion to be drawn from the model  - and apar t  
from some of the details discussed in Section 6 - is tha t  if the number  
of people able to absorb a third-level  educat ion amounts  to 8 per cent 
of the act ive popula t ion  and those able to absorb a secondary  edu- 
cat ion to 11 per  cent, a complete ly  equal  income dis t r ibut ion would 
be possible in so far  as educat ion alone determines  man 's  p roduc t ive  
capabil i ty.  1 

Similarly, if the  number  of people able to absorb a third-level  
educat ion is double the number  which had  such an educat ional  level 
in 1960 (Case C), an income dis t r ibut ion showing considerably less 
inequal i ty  than  the 1960 distr ibution would be possible: the rat io 
of 133 to /11 being about  1.5 as against 3.5 in 1960. Case B is close 
to the bounds  (6.17) and (6.18), whereas C does not  fulfil these 
bounds,  meaning tha t  the mixed 6 's  have  to be zero. As a conse- 
quence (6.2) and  (6.3) (and hence (6.6) and (6.7)) need not  be fulfilled 
either, which results in a considerable fall in laa. Case D where 
F1 : F2 : r ----- pl : p2 : p3 results in complete  income equalization.  

In  view of all this, the  quest ion of what  por t ion of the act ive 
popula t ion  is able and willing to absorb a third-level  educat ion  
becomes highly re levant  for a j~dgement  of the possibilities of 
reducing income inequalities. Some contr ibut ions  to an answer can 
be found in a s tudy  b y  De Wolff  E2~ according to which 77% more  
than  in 1960 would have  been able to absorb a secondary  educat ion 

1 I n  t h i s  c a s e  t a x e s  w i l l  h a v e  t o  b e  h i g h e r  f o r  s = v = 1 t h a n  f o r  s = v ~ 2 o r  3 .  
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and 190~/o more than in 1960 to absorb a third-level education. If 
these figures are correct, the bottle neck would be somewhat greater 
in secondary than in third-level education, but a situation close to D 
would be within reach! 

8. FURTHER RESEARCH IS NEEDED 

This essay only claims to be a very modest at tempt to start 
research along the lines indicated. Its main restriction lies in its 
assuming only one feature, the educational one, to be relevant to 
income. Although there is some evidence, in a study by De Wolff 
and Van Slijpe [3], that  education is the most important among the 
three factors - education, intelligence and social background - the 
two latter do also influence income (quite apart from income from 
capital). Other factors such as used in job evaluation and career 
planning should have a place in a more realistic theory. I t  seems of 
particular importance that  the huge material available in scattered 
sources about the two latter aspects be brought together ill statistical 
form. Income x after redistribution could be estimated more exactly, 
as has already been done on some occasions. Some well-known 
possible further refinements are the specification of age, sex, and 
years of experience. The additional question may be raised how 
technological development may be introduced into this type of 
production function. Finally, international comparisons will be use- 
ful for various purposes. 
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Sum m ary  

LABOUR WITH DIFFERENT TYPES OF SKILLS AND JOBS 
AS PRODUCTION FACTORS 

A Cobb-Douglas production function with labour of three different 
levels of education is proposed. The quant i ty  of labour with pr imary 
education is defined as the number of people having jobs requiring 
pr imary education plus the number of people with pr imary education 
who actually have jobs requiring secondary education, the latter being 
given a weight above one. An analogous definition applies to the quant i ty  
of labour with secondary education, where some people will actually have 
jobs requiring either second or third-level schooling. A simple model 
where utility functions developed elsewhere are also involved is used to 
determine the income distribution over levels of education and jobs for 
given numbers of labourers with pr imary and secondary education. 
Doubling the number of those with second and thirdlevel schooling will 
reduce income differences to about one half. 


