FrqglwlrqdoGhqvlwlhvlq Hfrqrp hwulfv

Iudqn Nohlehujhq^±

Hfrqrp hwulf Lqvwlwxwh Uhsruw<; 862D

Devwudfw

Vwdwlvwlfdolqihuhqfh lq qhvwhg olqhdup rghovwkdwuhvxowiurp olqhduuhvwulfwlrqvrq wkh sdudp hwhuv ri hqfrp sdvvlqj olqhdu p rghov fdq eh frqvlghuhg wr uhvxowiurp wkh frqgl0 wlrqdoglvwulexwlrq xqghu wkh hqfrp sdvvlqj p rgho1 Z h h{whqg wklv uhdvrqlqj wr qhvwhg p rghov wkdwuhvxowiurp j hqhudo+qrqolqhdu, uhvwulfwlrqv e| gh�qlqj vx! flhqwfrqglwlrqv wkdw/ z khq vdwlv�hg e| wkh udqgrp yduldeohv dqg wkh uhvwulfwlrqv/ hqvxuh wkh h{lvwhqfh ri dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdoghqvlw| 1 Vwdwlvwlfdolqihuhqfh lq wkhvh qhvwhg p rghov fdq wkhq eh frqvlghuhg wr uhvxowiurp vxfk d frqglwlrqdo ghqvlw| 1 Wklv qryho p dqqhuri frqgxfwlqj vwdwlvwlfdodqdo| }hvohdgverwk wr vrp h qhz uhvxowvdqg doorz vrqh wr rewdlq vrp h douhdg| nqrz q uhvxowv lq d gl�huhqwp dqqhu1 Lq Ed| hvldq vwdwlvwlfv/ wkh frqglwlrqdoghqvlwlhvvkrz krz wr frqvwuxfwvshfl�f fodvvhvri sulruviruwkhsdudp hwhuvri qhvwhg p rghov/ sulruv rq wkh sdudp hwhuv ri hqfrp sdvvlqj p rghov wkdwlp so| dq douhdg| vshfl�hg sulru rq wkh sdudp hwhuv ri wkh qhvwhg p rgho/ Ed| hv idfwruv xvlqj +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlrv dqg Ed| hvldq vfruh vwdwlvwlfv1 Lq fodvvlfdovwdwlvwlfdodqdo| 0 vlv/ wkh frqglwlrqdoghqvlwlhv r�hudq dowhuqdwlyh dssurdfk iru frqvwuxfwlqj vp doovdp soh dqg olp lwlqj glvwulexwlrqvri p d{lp xp olnholkrrg hvwlp dwruvdqg fodvvlfdovfruhvwdwlvwlfv1

41Lqwur gxfwlr q

Lq wkhfodvvlfdovwdwlvwlfdodqdo| vlvri olqhdup rghov/ wkhohdvwvt xduhvhvwlp dwruri wkhuhj uhvvlrq sdudp hwhuv riwhq kdv d qrup doglvwulexwlrq hlwkhu lq vp doovdp sohv ru dv| p swrwlfdoo| 1 Xqghu wkh dssursuldwh dvvxp swlrqv/ wkh ohdvwvt xduhv hvwlp dwruv ri uhj uhvvlrq sdudp hwhuv ri rwkhu olqhdu p rghov wkdwduh qhvwhg lq wkh lqlwldohqfrp sdvvlqj olqhdu p rghoduh wkhq dovr qrup doo| glvwulexwhg1 Xvxdoo| wkhvh uhvxowv duh rewdlqhg lqghshqghqwo| e| hydoxdwlqj wkh forvhg irup h{suhvvlrqv ri wkh hvwlp dwruv1 Z h fdq/ krz hyhu/ dovr rewdlq wklv uhvxowe| frqvlghulqj wkdw wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rghofrqvlvwri wz r glvmxqfwvhwv/ rqh wkdwfrqwdlqv wkh sdudp hwhuvri wkh qhvwhg p rghodqg rqh wkdwfrqwdlqvwkh sdudp hwhuvwkdwvkrz wkh gl�huhqfh ehwz hhq wkh hqfrp sdvvlqj dqg qhvwhg p rgho1 Wkh glvwulexwlrq ri wkh ohdvwvt xduhv hvwlp dwru ri wkh sdudp hwhuvri wkh qhvwhg p rghofdq wkhq eh rewdlqhg iurp wkh frqglwlrqdoglvwulexwlrq ri wkh ohdvwvt xduhv hvwlp dwru ri wkh sdudp hwhuv ri wkh �uvwvhwj lyhq wkdwwkh ohdvwvt xduhv hvwlp dwru ri wkh sdudp hwhuv ri wkh vhfrqg vhwlv ht xdowr }hur1 Wkh qrup dolw| ri wkh ohdvw vt xduhv hvwlp dwru ri wkh sdudp hwhuv ri wkh qhvwhg p rghowkhq uhvxowv ehfdxvh wkh frqglwlrqdo

±Hfrqrp hwulf Lqvwlwxwh/ Hudvp xv Xqlyhuvlw| Urwwhugdp / S1R1Er{ 4: 6; / 6333 GU Urwwhugdp / Wkh Qhwkhu0 odqgv1 Hp dlo=nohlehuj hqCihz 1hxu1qo1 Krp hsdj h=kwws=22z z z 1hxu1qo2ihz 2hl2idfxow| 2nohlehuj hq1 Wkh dxwkru wkdqnv wkh Qhwkhuodqgv Ruj dqlvdwlrq iru Vflhqwl�f Uhvhdufk +Q1Z 1R1, iru wkhlu �qdqfldovxssruw1

ghqvlwlhv ri wkh gl�huhqwhohp hqwv ri d p xowlyduldwh qrup doglvwulexwhg udqgrp yhfwru duh doo qrup do1

Lq Ed| hvldq vwdwlvwlfdodqdo| vlvd vlp loduuhdvrqlqj fdq eh sxuvxhg wr rewdlq wkh srvwhulruv ri wkh sdudp hwhuv ri gl�huhqwqhvwhg olqhdup rghoviurp d qrup dosrvwhulruri wkh sdudp hwhuv ri dq hqfrp sdvvlqj olqhdu p rgho/ vhh Wldr hw1 do1 +4<: : ,1

Wkh lqihuhqfh lq qhvwhg olqhdu p rghov/ wkdwuhvxowiurp olqhdu uhvwulfwlrqv rq wkh sdudp h0 whuv ri hqfrp sdvvlqj olqhdu p rghov/ fdq wkxv lq erwk vwdwlvwlfdosdudglj p v eh frqvlghuhg wr uhvxowiurp frqglwlrqdol}dwlrq duj xp hqwv1 I ru p ruh frp solfdwhg qhvwhg p rghov/ wkdwuhvxow iurp qrqolqhdu uhvwulfwlrqv rq wkh sdudp hwhuv ri hqfrp sdvvlqj p rghov/ wkrurxj k vwdwlvwlfdo dqdo| }hvedvhg xsrq frqglwlrqdol}dwlrq duj xp hqwvkdyh qrwehhq ghyhorshg suhylrxvo| 1Wkhvh dqdo| }hv kdyh qrwehhq ghyhorshg dv lwz dv wkrxj kwwkdwwkh| z rxog vx�hu iurp wkh Eruho0

Nrop rj rury sdudgr{/ vhh eν℘νNrop rj rury +4<83, dqg Eloolqj voh| +4<; 9,/ z klfk vwdwhv wkdw wkh ghqvlw| ri d suredelolw| glvwulexwlrq lv qrwxqlt xho| gh�qhg rq vhwv ri p hdvxuh }hur1 Lq wkh fdvh ri wkh qhvwhg olqhdu p rghov wkdwuhvxowiurp olqhdu uhvwulfwlrqv rq wkh sdudp hwhuv ri hqfrp sdvvlqj olqhdu p rghov/ lwlv/ krz hyhu/ srvvleoh wr edvh wkh vwdwlvwlfdolqihuhqfh rq wkhvh nlqg ri frqglwlrqdoghqvlwlhv1Wklvvkrz vwkdwwkh Eruho0Nrop rj rury sdudgr{ lvqrwdvuhvwulf0 wlyh dvlwvhhp vdqg wkdwfrqglwlrqdoghqvlwlhvj lyhq olqhduuhvwulfwlrqvrq wkh udqgrp yduldeohv duh surshuo| gh�qhg1 Lwlv hyhq srvvleoh wr ixuwkhu h{whqg wklv fodvv ri uhvwulfwlrqv/ iru z klfk xqlt xh h{suhvvlrqv ri wkh frqglwlrqdoghqvlwlhv h{lvw/ dqg wr vshfli| vx! flhqwfrqglwlrqv wkdw/ z khq vdwlv�hg e| wkh +xquhvwulfwhg, udqgrp yduldeohvdqg wkh uhvwulfwlrq xsrq z klfk z h z dqw wr frqglwlrq/ hqvxuh wkh h{lvwhqfh ri dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdoghqvlw| j lyhq wkh uhvwulfwlrq1 Wkh wz r fuxfldohohp hqwv ri wkhvh frqglwlrqv duh wkdwwkh ghqvlw| ri wkh +xquh0 vwulfwhg, udqgrp yduldeohv kdv wr eh nqrz q dqg wkdwsdudp hwhuv h{lvwwkdwxqdp elj xrxvo| uh hfwwkh uhvwulfwlrqvdqg qrwklqj hovh1Lq fdvhri wkholqhduuhvwulfwlrqv/ wkhodwwhusdudp hwhuv uhvxowlq d qdwxudoz d| exwlq fdvh ri qhvwhg p rghov wkdwuhvxowiurp qrqolqhdu uhvwulfwlrqv lw lvriwhq ohvvreylrxvkrz wr frqvwuxfwwkhp dqg z khwkhuwkh| vdwlvi| wkh vx! flhqwfrqglwlrqv1

Z hvkrz / krz hyhu/ wkdwwkhuhvwulfwlrqvlp srvhg e| vrp hfrp p rqo| xvhg p rghovlq hfrqrp hw0 ulfv dqg wlp h vhulhv dqdo| vlv rq wkh sdudp hwhuv ri hqfrp sdvvlqj olqhdu p rghov gr vdwlvi| wkh vx! flhqwfrqglwlrqv dqg wkdwz h wkxv fdq frqvwuxfwdq xqlt xh h{suhvvlrq ri wkh frqglwlrqdo ghqvlw| j lyhq wkhvh uhvwulfwlrqv1

Rqfh xqlt xh frqglwlrqdoghqvlwlhv fdq eh vshfl�hg/ ydulrxv lqihuhqwldosurfhgxuhv lq erwk

Ed| hvldq dqg fodvvlfdovwdwlvwlfdodqdo| }hv fdq eh edvhg xsrq wkhp 1 H{dp sohv z khuh wkh| fdq eh dssolhg lq Ed| hvldq dqdo| }hv duh= Eζνø Wr frqvwuxfwj hqhudofodvvhv ri sulruv iru wkh sdudp hwhuvri qhvwhg p rghovwkdwuhvxowiurp uhvwulfwlrqv/ z klfk vdwlvi| wkhvx! flhqwfrqglwlrqv irudq xqlt xhfrqglwlrqdoghqvlw| / rq wkhsdudp hwhuvri hqfrp sdvvlqj p rghovz khuhwkhj hqhudo fodvvhv ri sulruv duh douhdg| gh�qhg iru1 EζζνøWr frqvwuxfwwkh sulru rq wkh sdudp hwhuv ri dq hqfrp sdvvlqj p rgho wkdwlp solhv dq douhdg| vshfl�hg sulru rq wkh sdudp hwhuv ri d qhvwhg p rgho1 Wklv lv hvshfldoo| frqyhqlhqwz khq wkh xsgdwlqj iurp sulru wr srvwhulru lv reylrxv lq wkh hqfrp sdvvlqj p rghoexwqrwlq wkh qhvwhg p rgho1Lq wkdwfdvh wkhsulrurq wkhsdudp hwhuv ri wkh hqfrp sdvvlqj p rghouhyhdovsurshuwlhvri wkh srvwhulruri wkh sdudp hwhuvri wkh qhvwhg p rghodqg vkrz vwkh sodxvleolw| ri wkh vshfl�hg sulrurq wkh sdudp hwhuvri wkh qhvwhg p rgho1

I xuwkhup ruh/ lwfdq eh xvhg iru d vhqvlwlylw| dqdo| vlv1 Eζζζνø Wr frqvwuxfwwkh Ed| hv idfwru iru p rghofrp sdulvrq xvlqj wkh +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlr1 EζϵνøWr frqvwuxfw d Ed| hvldq whvwvwdwlvwlf/ ζνeνwkh Ed| hvldq vfruh vwdwlvwlf1 Lq fodvvlfdo vwdwlvwlfdo dqdo| }hv/ wkh xqlt xh frqglwlrqdoghqvlw| fdq iru h{dp soh eh xvhg= +L1, Wr frqvwuxfwwkh vp doovdp soh dqg olp lwlqj glvwulexwlrqv ri wkh p d{lp xp olnholkrrg hvwlp dwru ri wkh sdudp hwhuv ri d qhvwhg p rghoiurp wkh vp doovdp soh dqg olp lwlqj glvwulexwlrqv ri wkh p d{lp xp olnholkrrg hvwlp dwru ri wkh sdudp hwhuv ri dq hqfrp sdvvlqj p rgho dqg +LL1, wr frqvwuxfwh{dfwdqg dv| p swrwlf

glvwulexwlrqv ri fodvvlfdovfruh vwdwlvwlfv1 Lq wkh sdshu/ z h eulh | glvfxvv hdfk ri wkh deryh dssolfdwlrqv dqg frp sduh wkhp z lwk wkh wudglwlrqdodqdo| }hv +z khq wkhvh h{lvw,1 Wkh frqwhqwv ri wkh sdshu duh ruj dql}hg dv iroorz v1 Lq vhfwlrq 5/ z h glvfxvv wkh gl�huhqw lvvxhvwr frqvwuxfwwkhfrqglwlrqdoghqvlw| j lyhq d vshfl�f uhvwulfwlrq z lwk uhvshfwwr wkhEruho0 Nrop rj rury sdudgr{1 Z h j lyh vx! flhqwfrqglwlrqv wkdw/ z khq vdwlv�hg e| wkh +xquhvwulfwhg, udqgrp yduldeohvdqg wkh uhvwulfwlrq/ hqvxuh wkdwdq xqlt xh h{suhvvlrq ri wkh frqglwlrqdoghq0 vlw| h{lvwv1 Lq vhfwlrq 6/ dv dq looxvwudwlrq/ z h frqvwuxfwwkh xqlt xh frqglwlrqdoghqvlwlhv wkdw uhvxowz khq z h lp srvh uhgxfhg udqn ruh{srqhqwldouhvwulfwlrqvrq qrup doglvwulexwhg udqgrp p dwulfhv/ yhfwruv1Vhfwlrq 7 vkrz vwkdwfrp p rqo| xvhg p rghovlq hfrqrp hwulfvdqg wlp hvhulhv dqdo| vlv/ olnh frlqwhj udwlrq/ vlp xowdqhrxvht xdwlrq dqg dxwruhj uhvvlyh p rylqj dyhudj h p rghov/ fruuhvsrqg z lwk wkh uhvwulfwlrqv iurp vhfwlrq 6 z khq lp srvhg rq wkh sdudp hwhuv ri d olqhdu p rgho1 Vhfwlrq 8 glvfxvvhv wkh gl�huhqwfrqvht xhqfhvEζνø0Eζϵνøri wkh xqlt xh frqglwlrqdoghq0 vlwlhv iru Ed| hvldq dqdo| }hv1 Lq vhfwlrq 9/ z h glvfxvv wkh frqvht xhqfhv +L1,0+LL1, ri wkh xqlt xh frqglwlrqdoghqvlwlhv iru fodvvlfdovwdwlvwlfdolqihuhqfh rq p d{lp xp olnholkrrg hvwlp dwruv dqg fodvvlfdovfruh vwdwlvwlfv1I lqdoo| wkh vhyhqwk vhfwlrq frqfoxghv1

51Gr xqlt xh F r qglwlr qdoGhqvlwlhv H{lvwB

P dq| vwdwlvwlfdodqdo| }hvfrqgxfwhg lq hfrqrp hwulfvdqg wlp hvhulhvdqdo| vlvlp solflwo| lp srvh uhvwulfwlrqvrq +xquhvwulfwhg, udqgrp yduldeohv1Glvwulexwlrqdouhvxowvfdq ehrewdlqhg lq wkhvh fdvhv e| frqvwuxfwlqj frqglwlrqdoSuredelolw| Ghqvlw| I xqfwlrqv +sgiv, ri udqgrp yduldeohv j lyhq wkdwd fhuwdlq hyhqw/ l1h1 wkh uhvwulfwlrq/ rffxuv1 Wkhvh frqglwlrqdo sgiv fdq wkhq eh xvhg iru ydulrxv fdvhv lq erwk Ed| hvldq dqg fodvvlfdovwdwlvwlfv ri z klfk z h glvfxvv d ihz h{dp sohv1D fuxfldosureohp lq wklvnlqg ri dqdo| vlvlv/ krz hyhu/ wkdwz h/ lq p rvwfdvhv/ fdqqrw fkdudfwhul}h wkh hyhqw/ z khuh z h z dqwwr frqglwlrq rq/ lq dq xqlt xh z d| 1 Wklv skhqrp hqrq lv nqrz q dv wkh Eruho0Nrop rj rury sdudgr{/ vhh h1j1 Eloolqj voh| +4<; 9,/ Guº}h dqg Ulfkdug +4<; 6,/ Nrop rj rury +4<83,/ Srlulhu+4<<8, dqg Z roshuw+4<<8,/ z klfk vwdwhv wkdwwkh ghqvlw| ri d suredelolw| glvwulexwlrq lvqrwxqlt xho| gh�qhg rq vhwvri p hdvxuh }hur1Lwlp solhvwkdwz h fdqqrw�qg xqlt xh h{suhvvlrqv ri wkh frqglwlrqdosgiv z khuh z h duh lqwhuhvwhg lq1 Wkxv wkh dqvz huwr wkh t xhvwlrq udlvhg lq wkh wlwoh ri wklvvhfwlrq z rxog eh qr$Rq wkh rwkhukdqg/ mrlqw sgiv ri vhyhudoudqgrp yduldeohv duh ghfrp srvhg lqwr surgxfwv ri frqglwlrqdodqg p duj lqdo sgiv1Lwlvz hoo0nqrz q iruh{dp sohwkdwwkhgl�huhqwhohp hqwvri d elyduldwhqrup doglvwulexwhg udqgrp yhfwrukdyh frqglwlrqdoqrup dosgiv j lyhq wkh rwkhu hohp hqw/ vhh iru h{dp soh ] hooqhu +4<: 4,1 Wklv/ krz hyhu/ frqwudglfwv d olwhudolqwhusuhwdwlrq ri wkh Eruho0Nrop rj rury sdudgr{ vlqfh lwvxj j hvwv wkdwwkh frqglwlrqdosgi ri d udqgrp yduldeoh j lyhq d vshfl�f hyhqwlq vrp h fdvhvkdvdq xqlt xhh{suhvvlrq1Vr/ wkhdqvz huwr wkht xhvwlrq udlvhg lq wkhwlwohri wklvvhfwlrq z rxog wkhq eh vrp hwlp hv$ Z h wkhuhiruh qhhg wr ghwhup lqh lq z klfk fdvhv z h fdq dqg fdqqrw frqvwuxfwxqlt xhh{suhvvlrqvirufrqglwlrqdosgivdqg z khwkhulwlvsrvvleohwr gh�qh qhfhvvdu| dqg2ruvx! flhqwfrqglwlrqvwkdwqhhg wr eh vdwlv�hg lq rughuwr eh deoh wr gr vr1Z h looxvwudwh wklv srlqwxvlqj dq h{dp soh ri d elyduldwh qrup doglvwulexwlrq1

5141F r qglwlr qdoGhqvlwlhv r i wkh Elyduldwh Qr up do

Frqvlghu wkh vfdodu udqgrp yduldeohv ϱdqg ⇁ z klfk duh elyduldwh qrup doglvwulexwhg z lwk p hdq f dqg fryduldqfh p dwul{ l E’ ] ◁^� ◁^{�2}

◁^{2�} ◁^{22} ⌊ øνWkh mrlqwsgi ri ϱdqg ⇁ uhdgv/

REϱc⇁ø’ E2Zø_{∋ �}⇕l ⇕_{∋ �2} i T ⌋ ∗ � 2 ] ϱ ⇁ ⌊^≺ l_{∋ �} ] ϱ ⇁ ⌊ ⌈ c +514, vxfk wkdwwkh frqglwlrqdosgi ri ϱj lyhq ⇁ dqg wkh p duj lqdosgi ri ⇁ uhdg/

REϱ⇕⇁ø ’ E2Z◁^{�ν2}ø_{∋ �2} i T ⌋ ∗ � 2◁^{�ν2}

Eϱ∗ ◁^{�2}◁_{∋ �}^{22} ⇁ø_2 ⌈ c +515,

RE⇁ø ’ E2Z◁^{22}ø_{∋ �2} i T ⌋ ∗ � 2◁^{22}

⇁_2 ⌈ c +516, z khuh ◁^{�ν2} ’ ◁^� ∗ ◁^{�2}◁_{∋ �}^{22} ◁^{2�}νLq wkh iroorz lqj z h glvfxvv wz r gl�huhqwnlqg ri uhvwulfwlrqv wkdwz hlp srvhrq ϱdqg ⇁z klfk looxvwudwhwkhlvvxhvlqyroylqj wkhEruho0Nrop rj rury sdudgr{1

Wkh �uvwuhvwulfwlrq z h lp srvh lv ⇁’ fν

514141F r qglwlr qlqj r q ⇁’ f

Lp srvlqj wkh uhvwulfwlrq ⇁ ’ f rq wkh elyduldwh qrup doglvwulexwhg udqgrp yduldeohv ϱdqg ⇁ fdq eh frqgxfwhg lq ydulrxv z d| v1 Wkh p rvwreylrxv rqh lv gluhfwo| xvlqj ⇁1 Wkh sgi ri ϱ xqghuwkh uhvwulfwlrq wkdw⇁’ f wkhq uhdgv

R^oEϱø ∈ REϱc⇁ø⇕^{⇁’ f} +517, ’ REϱ⇕⇁’ fø ’ E2Z◁^{�ν2}ø_{∋ �2} i T ⌋ ∗ � 2◁^{�ν2}

ϱ_2 ⌈ c z khuh o vwdqgv iru uhvwulfwhg dqg ⇕^{⇁’ f} iru hydoxdwhg lq ⇁ ’ f1 Wkh sgi xqghu wkh uhvwulfwlrq wkdw⇁ ’ f lv lq wklv fdvh lghqwlfdowr wkh frqglwlrqdoghqvlw| ri ϱ+515, j lyhq ⇁ ’ fνDqrwkhu z d| wr lp srvh wkh uhvwulfwlrq lv xvlqj 5 ’_⇁^ϱ ’ fνWkh mrlqwghqvlw| ri Eϱc5øuhdgv

REϱc5ø’ E2Zø_{∋ �}⇕ϱ⇕⇕l ⇕_{∋ �2} i T ⌋ ∗ � 2 ϱ_2 ] � 5 ⌊^≺ l_{∋ �} ] � 5 ⌊ ⌈ c +518, vlqfh ⇕aEEϱc⇁øcEϱc5øø⇕’ ⇕ϱ⇕cz khuh aEEϱc⇁øcEϱc5øø’_{YEϱ ⇁ø≺}^{YEϱ 5ø} νZ khq z h lp srvh 5 ’ f lq +518,/ z h rewdlq

R^oEϱø ∈ REϱc5ø⇕^{5’ f} +519, ∈ ⇕ϱ⇕i T ⌋ ∗ � 2◁^{�ν2}

ϱ_2 ⌈ c z klfk lv qrwlghqwlfdowr +517,/ vhh Guº}h dqg Ulfkdug +4<; 6,/ Srlulhu +4<<8,/ dqg Z roshuw

+4<<8, iru vlp lodu h{dp sohv1 Wklv skhqrp hqrq vkrz v d ihdwxuh ri wkh Eruho0Nrop rj rury sdudgr{1 Lq wklv fdvh/ krz hyhu/ 5 ’ f lv qrwdoz d| v ht xlydohqwwr ⇁ ’ f vlqfh 5 ’ f fdq erwk lp so| ⇁ ’ f dqg ϱ’ ⊖ △ vxfk wkdwz khq ϱ’ ⊖ △ dqg 5 ’ fc qr xqlt xh ydoxh iru ⇁ lv lp solhg1 Vr/ wkh wz r uhvwulfwlrqv ⇁ ’ f dqg 5 ’ f duh qrwlghqwlfdodqg lq wklv fdvh/ j lyhq ϱc

wkh vshfl�fdwlrq xvlqj 5 grhvqrwdoorz xvwr xqlt xho| vroyh ⇁ iurp Eϱc5øiruhyhu| ydoxh ri 5ν Lwlv wkhuhiruh qdwxudowr xvh wkh uhvwulfwlrq ⇁’ f +ru frqwlqxrxv lqyhuwleoh ixqfwlrqv wkhuhri, lqvwhdg ri 5 ’ f dv wkh odwwhu vshfl�fdwlrq qrwdoz d| v uhsuhvhqwv wkh dqdo| }hg uhvwulfwlrq1 D gluhfwfrqvht xhqfhri wklvh{dp sohlvwkdwxqlt xhh{suhvvlrqvri frqglwlrqdosgivri Eϱc⇁øj lyhq iru h{dp soh 5 ’^⇁_ϱ ’ � ru 5 ’ ϱ⇁ ’ �cgr qrwh{lvwehfdxvh z h fdqqrwxqlt xho| vroyh ⇁ iurp hyhu| ydoxh ri Eϱc5øνVr/ hyhq wkrxj k dq dqdo| wlfdoh{suhvvlrq ri wkh p duj lqdosgi ri 5 fdq eh frqvwuxfwhg/ z klfk lv d Fdxfk| ghqvlw| / z h fdqqrwuhsuhvhqwwkh uhvwulfwlrq lq whup v ri lwdqg wklv vkrz v wkdwwkh h{lvwhqfh ri dq dqdo| wlfdoh{suhvvlrq ri wkh p duj lqdoghqvlw| lv dqrwkhu lvvxh wkhq wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| 1

Wkhh{dp sohvkrz vwkhlp sruwdqfhri wkhvsdfhvrq z klfk wkhudqgrp yduldeohvduhgh�qhg1 Z khq wkhvh vsdfhv duh �qlwh/ ϱ’ ⊖ △ lv rxwvlgh ri wkh vsdfh ri ϱdqg 5 ’ f E5 ’^⇁_ϱø wkhq fruuhvsrqgv z lwk ⇁ ’ fνI ru d �qlwh vsdfh ri Eϱc⇁ø z h fdq wkxv xqlt xho| vroyh ⇁ iurp hyhu| ydoxh ri Eϱc5ødqg dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdosgi grhvwkhuhiruh qrwh{lvwlq wkdw fdvh +rqh fdq kdyh grxewderxwwkh ydoxh ri wkh mdfreldq ri wkh wudqvirup dwlrq iurp Eϱc⇁øwr Eϱc5ølq wkdwfdvh wkrxj k,1

Frqglwlrqdosgivrq hyhqwvolnh ⇁’ f lq wklvh{dp soh fdq eh frqvwuxfwhg lq d t xlwh qdwxudo z d| vlqfh yduldeohv h{lvwwkdwxqdp elj xrxvo| uhsuhvhqwwkh dqdo| }hg uhvwulfwlrq1 I ru rwkhu nlqg ri uhvwulfwlrqv/ olnh +wkh p hqwlrqhg, ϱ⇁’ �cwklv lv/ krz hyhu/ qrwwkh fdvh1

514151F r qglwlr qlqj r q ϱ^2 n ⇁^2 ’ �

Wkh uhvwulfwlrq ϱ^2 n ⇁^2 ’ � fdq eh vshfl�hg lq ydulrxv z d| v1 H{dp sohv duh b ’ ϱ∗ √ �∗ ⇁^2 ’ fc > ’ ⇁ ∗ ∫ �∗ ϱ^2 ’ fc w ’ ϱ^2 n ⇁^2 ’ � dqg o^2sE↽ ø ’ �/ z khuh sE↽ ø ’ ] ULtE↽ ø tı?E↽ ø ⌊_≺ l ] ULtE↽ ø tı?E↽ ø ⌊ c ] ϱ ⇁ ⌊ ’ l^�2 ] oULtE↽ ø otı?E↽ ø ⌊ ν Ri wkhvh uhvwulfwlrqv rqo| wkh odvw

rqh/ o^2sE↽ ø ’ �c lv ydolg iru vshfli| lqj wkh uhvwulfwlrq vlqfh wkh wudqvirup dwlrq iurp Eϱc⇁øc ∗ △ Ψ ϱΨ △ c ∗ △ Ψ ⇁ Ψ △ c wr Eoc↽ øc f ⪰ o Ψ △ c f ⪰ ↽ Ψ 2Zc lv vxfk wkdwEϱc⇁ø fdq eh xqlt xho| vroyhg iurp Eoc↽ ø iru dooydoxhv ri Eoc↽ ø z klfk grhv qrwkrog iru wkh wudqv0 irup dwlrqv iurp Eϱc⇁ø wr Ebc⇁øc E>cϱø dqg EwcϱøνWklv dj dlq vkrz v wkh lp sruwdqfh ri wkh Eruho0Nrop rj rury sdudgr{ dqg lwvkrz v wkdwuhvwulfwlrqv vkrxog eh deoh wr eh uhsuhvhqwhg lq whup v ri yduldeohv iurp z klfk z h fdq doz d| v vroyh iru wkh rulj lqdoyduldeohv lq rughu wr kdyh xqlt xh frqglwlrqdoghqvlwlhv/ hyhq rq dooorz hu glp hqvlrqdovsdfhv1 Wklv frqglwlrq lv vwurqj hu wkdq mxvwlqyhuwlelolw| ehwz hhq wkh vshfl�fdwlrq ri wkh udqgrp yduldeohv frqwdlqlqj d yduldeoh uhsuhvhqwlqj wkh uhvwulfwlrq dqg wkh ruj lqdoyduldeohvdvvkrz q lq wkh suhylrxv h{dp soh z khuh wkh mrlqwghqvlw| ri Eϱc5ø+518, lvsurshuo| gh�qhg exwuhsuhvhqwlqj wkh uhvwulfwlrq xvlqj 5 grhv qrwohdg wr dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdosgi ehfdxvh z h fdqqrwdoz d| v xqlt xho| vroyh ⇁ iurp Eϱc5øνLq j hqhudo/ uhvwulfwlrqv gr qrwdoorz iru vxfk d uhsuhvhqwdwlrq1 Wkh mrlqwsgi ri Eoc↽ øuhdgv REoc↽ ø’ E2Zø^{∋ �}⇕o⇕i T ⌋ ∗ � 2 o^2 ⌈ c +51: ,

vxfk wkdwwkh sgi ri Eϱc⇁øxqghu wkh uhvwulfwlrq ϱ^2 n ⇁^2 ’ o^2sE↽ ø’ � fdq eh uhsuhvhqwhg e|

+Qrwh wkdwvlqfh o lv qrq0qhj dwlyh/ vt xduh urrwv duh xqlt xho| gh�qhg, R^oEϱc⇁ø ∈ R^oE↽ Eϱc⇁øø⇕aEEoc↽ øcEϱc⇁øø⇕^ϱ2^{n ⇁}2^{’ �}⇕c +51; , R^oE↽ ø ∈ REoc↽ ø⇕^{o’ Es E↽ øø∋} �^2 ∈ \ \ \ ] ULtE↽ ø tı?E↽ ø ⌊^≺ l ] ULtE↽ ø tı?E↽ ø ⌊ \ \ \ ∋_�^2

i T ⌋ ∗ � 2 ] ] ULtE↽ ø tı?E↽ ø ⌊^≺ l ] ULtE↽ ø tı?E↽ ø ⌊ ⌊ ∋ �⌈ ν Z h fdq frqvwuxfwwkh frqglwlrqdoghqvlw| +51; , ehfdxvh hyhu| olqh z lwk gluhfwlrq ↽ ehj lqqlqj lq +3/3, rqo| fxwv wkurxj k wkh flufoh ϱ_2 n ⇁_2 ’ � rqfh vxfk wkdwrqo| rqh xqlt xh ydoxh ri o lv dvvrfldwhg z lwk hyhu| ydoxh ri ↽ ν

5151Vx! flhqwF r qglwlr qv ir u Xqlt xh F r qglwlr qdoGhqvlwlhv

Wkh h{dp sohv ri wkh elyduldwh qrup dolq wkh suhylrxv vxevhfwlrq vkrz vrp h fdvhv z khuh dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdo sgi j lyhq wkh uhvwulfwlrq h{lvwv1 Wkhvh duh/ krz hyhu/ t xlwh h{fhswlrqdo fdvhv dv wkhvh h{suhvvlrqv lq j hqhudo gr qrwh{lvw1 Wkh frqglwlrqdo sgiv h{lvwlq wkhvh fdvhv ehfdxvh wkh uhvwulfwlrqv vdwlvi| wz r frqglwlrqv wkdwdoorz xv wr rewdlq xqlt xh h{suhvvlrqv ri wkh frqglwlrqdoghqvlwlhv1 Wkh lqyroyhg udqgrp yduldeohv qdp ho| kdyh dq lqyhuwleoh uhodwlrqvkls z lwk dqrwkhuvshfl�fdwlrq ri wkhp wkdwfrqvlvwvri wz r glvmxqfwvhwv ri yduldeohv1Wkhvhwz r vhwvduhvxfk wkdw=Eζνøwkhyduldeohvlq wkh�uvwvhwrqo| dqg frp sohwho| uh hfwwkh lp srvhg uhvwulfwlrq dqg Eζζνøj lyhq wkdwwkh yduldeohvlq wkh vhfrqg vhwgr qrwolh lq d orz huglp hqvlrqdovxevsdfh iurp z klfk z h fdqqrwxqlt xho| vroyh iruwkh ruj lqdoyduldeohv/ lw lvsrvvleoh wr xqlt xho| vroyh iruwkh ydoxh ri wkh rulj lqdoyduldeohvirudooydoxhvri wkh yduldeohv lq wkh �uvwvhw+wklvlvdovr sduwo| uh hfwhg lq wkh z rug rqo| lq Eζøø1Lq wkh h{dp soh lq 51414 wkh uhvwulfwlrq lv vshfl�hg rq ⇁ dqg qr uhvwulfwlrq lv lp srvhg rq ϱvxfk wkdwwkhvh frqglwlrqv duh vdwlv�hg e| gh�qlwlrq1 Lq wkh h{dp soh lq 51415/ z h wudqvirup Eϱc⇁ø wr Eoc↽ øνWkh uhvwulfwlrq lv wkhq frp sohwho| fdswxuhg e| o dqg ↽ lv qrwd�hfwhg e| lw1 I xuwkhup ruh/ j lyhq ↽ / z h fdq vroyh Eϱc⇁øiurp Eoc↽ øiru hyhu| ydoxh ri o vxfk wkdwwkh frqglwlrqv duh vdwlv�hg1 Vr/ lq erwk h{dp sohv z h fdq uhsuhvhqwwkh uhvwulfwlrqv lq whup v ri wkh +wudqvirup hg, udqgrp yduldeohv lq dq xqdp elj xrxv z d| 1

Wkh ixqfwlrqv wkdwuhsuhvhqwwkh suhylrxvo| dqdo| }hg uhvwulfwlrqv duh doofrqwlqxrxv dqg frqwlqxrxvgl�huhqwldeoh1Wkh lqyroyhg udqgrp yduldeohvduh dovr frqwlqxrxvdqg wkh vsdfh rq z klfk wkh| duh gh�qhg lvqrwirup doo| uhvwulfwhg1I ruwkhvh fdvhvz h fdq wkxvgh�qh vx! flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdo sgi ri wkh udqgrp yduldeohv j lyhq wkh uhvwulfwlrqv1

Vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdoghqvlw| iru wkh frqwlqxrxv udqgrp yduldeoh ϱGς⋄ �( zkrvh vsdfh/ rq zklfk lwlv ghfflqhg/ lv xquhvwulfwhg dqg kdv sgi

REϱø( jlyhq wkh uhvwulfwlrq ℘Eϱø’ f( ℘EϱøG6 ⋄ �c6 Ψ ςcdqg ℘Eϱølvfrqwlqxrxvglffihuhqwldeoh dqg lv ghfflqhg rq wkh zkroh vsdfh ri ϱ( duh=

F r qglwlr q 41 Dq lqyhuwleoh uhodwlrqvkls ehwzhhq ϱdqg E⇁c5ø h{lvwv> ⇁ ’ ΠEϱø G6 ⋄ �c

5 ’ sEϱø GEς∗ 6 ø⋄ �c zkhuh Π lv frqwlqxrxv dqg frqwlqxrxv glffihuhqwldeoh iru doo ydoxhv ri ϱdqg s lv frqwlqxrxv dqg frqwlqxrxv glffihuhqwldeoh h{fhsw+p d| eh, iru vrp h orzhu glp hqvlrqdovxevsdfhv ri wkh vsdfh ri ϱ( zklfk lv vxfk wkdwjlyhq wkdw5 grhv qrw uhvxowiurp rqh ri wkh orzhuglp hqvlrqdovxevsdfhvzkhuh sEϱølvqrwfrqwlqxrxv/ zh fdq

xqltxho| vroyh ϱiurp E⇁c5ø iru dooydoxhv ri ⇁ lqfoxglqj rq doowkh orzhu glp hqvlrqdo vxevsdfhv ri wkh vsdfh rq zklfk ⇁ lv ghfflqhg1

F r qglwlr q 51 Wkh uhvwulfwlrq ℘Eϱø’ f lv htxlydohqwzlwk ⇁ ’ f dqg lp srvhv qr uhvwulfwlrqv rq 5ν Frqglwlrq 4 lp solhv wkdwwkhuh duh qr orz hu glp hqvlrqdovxevhwv ri wkh vsdfh rq z klfk ⇁ lv gh�qhg z khuh z h fdqqrwxqlt xho| rewdlq ϱiurp E⇁c5øcj lyhq wkdw5 grhv qrwuhvxowiurp d ydoxh ri ϱwkdwolhv lq d orz hu glp hqvlrqdovxevsdfh z khuh sEϱølvqrwfrqwlqxrxv1 Dv d uhvxow ri wklv dqg frp elqhg z lwk frqglwlrq 5/ ⇁ rqo| uhsuhvhqwvwkh uhvwulfwlrq dqg qrwklqj hovh1 Z h xvh⇁wr rewdlq dq xqlt xhh{suhvvlrq iruwkhfrqglwlrqdosgi z klfk lvxqlt xhvlqfh⇁doorz vxvwr rqo| frqglwlrq rq wkh uhvwulfwlrq dqg qrwklqj hovh dvrwkhuvshfl�fdwlrqv/ olnh wkh rqhvuhihuuhg wr lq 514/ z rxog gr ehfdxvh wkh| qrwrqo| frqglwlrq rq wkh uhvwulfwlrq exwdovr rq rwkhuwklqj v1 Frqglwlrq 4 dovr hqvxuhv wkdwwkh vsdfhv ri ⇁ dqg ℘Eϱø kdyh ht xdop hdvxuhv2glp hqvlrqv dqg oduj ho| wkhuhiruh z h dyrlg wkh Eruho0Nrop rj rury sdudgr{1 Wkh frqglwlrqv rq 5 fruuhvsrqg z lwk wkh vwdqgdug frqglwlrqviruwudqvirup lqj udqgrp yduldeohv/ vhh Srlulhu+4<<8,1Lwlp solhv iruh{dp soh wkdwz khq ϱ’ Eϱ_� ϱ_2ø^≺c5 ’^{ϱ�}_2 lvdoorz hg iruexw⇁’^{ϱ�}_2 lvqrw1Wkh frqglwlrqvrq ⇁ duh wkxv vwurqj hu wkdq wkh qrup dofrqglwlrqv iruwudqvirup lqj udqgrp yduldeohv1 Lq j hqhudo/ wkhvshfl�fdwlrq ri E⇁c5ølvqrwxqlt xh1I ruh{dp soh/ z khq E⇁c5øvdwlv�hvfrqgl0 wlrqv4 dqg 5/ vr grhvERE⇁øc5øcz khuh Rlvdq lqyhuwleoh dqg frqwlqxrxvgl�huhqwldeoh ixqfwlrq1 Frqglwlrqv 4 dqg 5 vwlooohdg wr dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdosgi wkrxj k ehfdxvh/ z khq E⇁_�c5_�ø dqg E⇁_2c5_2øerwk vdwlvi| frqglwlrqv 4 dqg 5/ wkh mdfreldq ri wkh wudqvirup dwlrq iurp ϱwr E⇁_�c5_�øhydoxdwhg lq ⇁_� ’ f lvsursruwlrqdowr surgxfwri wkh mdfreldq ri wkhwudqviru0 p dwlrq iurp ϱwr E⇁_2c5_2øhydoxdwhg lq ⇁_2 ’ f dqg wkhmdfreldq ri wkh wudqvirup dwlrq iurp 5_2 wr 5_�νWklvlv vwdwhg lq ohp p d 41 Vlqfh wkh odwwhumdfreldq grhvqrwlqyroyh ⇁_� dqg ⇁_2cwklv lv qrw d wulyldouhvxowdqg lwwkhuhiruh j lyhv xv d frqyhqlhqwwrrowr yhuli| z khwkhu frqglwlrqv 4 dqg 5 krog1Lwdovr uhvxowvlq d frqyhqlhqwwudqvlwlylw| surshuw| vlqfh qr p dwwhuz kdwvshfl�fdwlrq xvhg lqlwldoo| / lwvkrz v wkdwz h fdq vwloorewdlq wkh sgi ri wkh ghvluhg vshfl�fdwlrq1 Odwhu z h vkrz h{dp sohv z khuh z h h{solflwo| yhuli| wkhvh surshuwlhv1

Ohp p d 41 Z khq E⇁_�c5_�ødqg E⇁_2c5_2øcE⇁_�c5_�ødqg E⇁_2c5_2øduh qrwlghqwlfdo/ vdwlvi| frqglwlrqv 4 dqg 5 wkhq wkh wudqvlwlylw| surshuw| /

⇕aEϱcE⇁_�c5_�øø⇕_{⇁�’ f} ⇕∈ ⇕aEϱcE⇁_2E⇁_�c5_�øc5_2E⇁_�c5_�øøø⇕_{⇁2’ f} ⇕⇕aE5_2c5_�ø⇕c

krogv1 I xuwkhup ruh/ doovshflfflfdwlrqv E⇁c5ø wkdwkdyh dq lqyhuwleoh uhodwlrqvkls zlwk ϱdqg dffrug erwk zlwk frqglwlrq 5 dqg wkh wudqvlwlylw| surshuw| dovr vdwlvi| frqglwlrq 41

Sur r i= vhh Dsshqgl{ D141

Wkh deryh frqglwlrqvduh vxfk wkdwwkh uhvxowlqj frqglwlrqdosgi h{dfwo| fruuhvsrqgvz lwk wkh frqglwlrqdosgi wkdwuhvxowv iurp ghfrp srvlqj wkh mrlqwsgi ri E⇁c5ø lqwr d surgxfwri frqglwlrqdodqg p duj lqdoghqvlwlhv>RE⇁c5ø ’ RE5⇕⇁øRE⇁øcvxfk wkdwR_oE5ø ∈ RE5⇕⇁ ’ føνWkh frqglwlrqvuxoh rxwdq| dp elj xlw| uhj duglqj wkhvshfl�fdwlrq ri wkh uhvwulfwlrqvlq whup vri wkh +wudqvirup hg, udqgrp yduldeohv/ vxfk wkdwz h dyrlg wkh Eruho0Nrop rj rury sdudgr{/ dqg wkh| lp so| wkdwwkh udqgrp yduldeohv uhsuhvhqwlqj wkh uhvwulfwlrq rqo| uhsuhvhqwwkh uhvwulfwlrq dqg qrwklqj hovh1 Wkh frqglwlrqdoghqvlwlhv z h xvh duh hdvlhu wr rewdlq/ krz hyhu/ wkdq wkh frp sohwh ghfrp srvlwlrq lqwr frqglwlrqdov dqg p duj lqdov ehfdxvh lwlv qrwqhfhvvdu| wr kdyh dq dqdo| wlfdoh{suhvvlrq ri RE⇁ølq rughu wr eh deoh wr frqvwuxfwwkhp 1 Z h fdq wkhuhiruh vwloo :

rewdlq wkhvh frqglwlrqdo ghqvlwlhv hyhq lq fdvh lwlv qrwsrvvleoh wr frqvwuxfwwkh p duj lqdo ghqvlw| RE⇁ødqdo| wlfdoo| 1 Vr/ wkh vx! flhqwfrqglwlrqvfruuhvsrqg z lwk wkh h{lvwhqfh ri d z hoo0 gh�qhg ghfrp srvlwlrq lqwr frqglwlrqdov dqg p duj lqdov ri wkh nlqg glvfxvvhg iru h{dp soh iru wkh elyduldwh qrup dolq 51414 dqg 514151

Wkh vhwri uhvwulfwlrqv iru z klfk xqlt xh frqglwlrqdo sgiv h{lvwp d| eh oduj hu wkdq wkh rqh uhvxowlqj iurp frqglwlrqv 4 dqg 5/ wkdwlv z k| z h uhihu wr wkhp dv vx! flhqwfrqglwlrqv/ exwwkhvh frqglwlrqv duh z hdn hqrxj k wr eh deoh wr dqdo| }h vrp h p rghov frp p rqo| xvhg lq hfrqrp hwulfv dqg wlp h vhulhv dqdo| vlv dqg vwurqj hqrxj k wr lp so| xqlt xh h{suhvvlrqv ri wkh frqglwlrqdov sgiv j lyhq wkh uhvwulfwlrqv dv vwdwhg lq wkh qh{wwkhruhp 1

Wkhr uhp 5141 Z khq ϱdqg wkh uhvwulfwlrq ℘Eϱø ’ f vdwlvi| frqglwlrqv 4 dqg 5/ dq xqlt xh h{suhvvlrq iruwkh frqglwlrqdoghqvlw| ri ϱjlyhq wkdw℘Eϱø’ f/

R^oEϱø ∈ REϱø⇕^{℘Eϱø’ f} +51<, ∈ R^oE5Eϱøø⇕aEE⇁c5øcϱø⇕^{℘Eϱø’ f} ⇕c z khuh R^oE5ø ∈ RE⇁c5ø⇕^{⇁’ f} ∈ REϱE⇁c5øø⇕^{⇁’ f} ⇕aEϱcE⇁c5øø⇕^{⇁’ f} ⇕dqg E⇁c5ø uhvxowiurp frqglwlrqv 4 dqg 5>h{lvwv1

Sur r i= vhh Dsshqgl{ D151

Ehiruh z h surfhhg z lwk glvfxvvlqj krz wkh deryh frqglwlrqvfdq eh dssolhg lq fodvvlfdodqg

Ed| hvldq vwdwlvwlfv/ z h �uvwvkrz wkh frqglwlrqdoghqvlwlhvwkdwuhvxowz khq z h lp srvh vshfl�f uhvwulfwlrqv rq qrup doglvwulexwhg udqgrp yduldeohv1 Dv z h z loovkrz odwhu/ wkhvh uhvwulfwlrqv fruuhvsrqg z lwk vrp h frp p rqo| xvhg p rghov lq hfrqrp hwulfv dqg wlp h vhulhv dqdo| vlv1

61F r qglwlr qdoGhqvlw| j lyhq Uhvwulfwlr q ir uwkh Qr up doGlvwulexwlr q

Lq wklv vhfwlrq z h vkrz wz r h{dp sohv ri wkh frqglwlrqdosgi wkdwuhvxowv z khq z h lp srvh d vshfl�f uhvwulfwlrq rq d qrup doglvwulexwhg udqgrp yduldeoh1 Wz r rwkhu nlqg ri uhvwulfwlrqv rq qrup doglvwulexwhg udqgrp yduldeohv duh douhdg| glvfxvvhg lq 51414 dqg 51415 dqg gluhfw h{whqvlrqv ri wkhvh h{dp sohv/ wr j hqhudo olqhdu uhvwulfwlrqv dqg vskhuhv2hoolsvrlgv z lwk wkh p hdq ri wkh qrup doudqgrp yduldeohvdvwkhlufhqwhu/ duh vwudlj kwiruz dug1Z h wkhuhiruh grqrw ixuwkhu glvfxvv h{whqvlrqv ri wkhvh uhvwulfwlrqv1 Lq wkh iroorz lqj wz r vxevhfwlrqv/ z h lp srvh uhgxfhg udqn dqg h{srqhqwldouhvwulfwlrqv rq qrup doglvwulexwhg udqgrp yhfwruv2p dwulfhv1

6141Uhgxfhg Udqn Uhvwulfwlr q r q P dwulf0yduldwh Qr up do

Frqvlghuwkh udqgrp p dwul{/ f Gς⋄ 6 cwkdwkdvd p dwulf0yduldwh qrup doglvwulexwlrq/ vhh eν℘ν

Guº}h dqg Ulfkdug +4<; 6, dqg ] hooqhu+4<: 4,/ z lwk p hdq > dqg fryduldqfh p dwul{ El ◯ σ_{∋ �}øc z khuh > Gς⋄ 6 cl G6 ⋄ 6 dqg σ Gς⋄ ςcl dqg σ srvlwlyh gh�qlwh v| p p hwulf p dwulfhv1 Wkh sgi ri f wkxv uhdgv/

REf ø’ E2Zø_{∋ �2 ς6} ⇕σ ⇕_{�2 6} ⇕l ⇕_{∋ �2 ς}i T ⌋ ∗ � 2 ȷoEl_{∋ �}Ef ∗ >ø_≺σ Ef ∗ >øø ⌈ ν +614,

Z h z dqwwr dqdo| }h wkh udqgrp p dwul{ f xqghu wkh uhvwulfwlrq wkdwlwv udqn lv ht xdowr o z klfk lv ohvv wkdq 4 ı?Eςc6 ødqg oduj hu wkdq fc o∂⋆ςEf ø’ o Ψ 4 ı?Eςc6 øν +615, ;

VlqfhEL^{22}L_≺^{22}ø_{∋ �}2 L^{22} dqg T_≺^{�2}ET^{�2}T_≺^{�2}ø_{∋ �}2 duhruwkrj rqdop dwulfhv/ t lvd urwdwlrq ri wkhvlqj xodu ydoxhv frqwdlqhg lq 7^2νVr/ uhvwulfwlqj t lv ht xlydohqwz lwk uhvwulfwlqj wkh vp doohvw4 ı?Eς∗ oc6 ∗ oø vlqj xodu ydoxhv frqwdlqhg lq 7^2 vlqfh wkh mdfreldq ri wkh wudqvirup dwlrq iurp t wr

7^2 lv rqh1 Lwlv dovr p ruh frqyhqlhqwwr lp srvh d uhvwulfwlrq rq t vlqfh lwkdv qr vlj q dqg rughulqj uhvwulfwlrqv olnh wkh vlqj xoduydoxhv1

Vshfl�fdwlrq +619,0+61<, vdwlv�hv frqglwlrqv 4 dqg 51 Frqglwlrq 4 lv vdwlv�hg vlqfh f fdq rqo| qrwxqlt xho| eh vroyhg iurp E⃗^�cΦ ct ø ru Eℓ^2cθ ct ø iru orz hu udqn ydoxhv ri T^{2�}c L^� uhvshfwlyho| 1 Wklv uhvxowv iurp wkh lqyhuvh wkdwlv wdnhq ri wkhvh p dwulfhv z khq frqvwuxfwlqj

Φ dqg θ νZ khq T^{2�}c L^� kdyh ixoo udqn ydoxhv/ z h fdq xqlt xho| vroyh f iurp E⃗^�cΦ ct øc

Eℓ^2cθ ct øirudooydoxhvri t νWklvuhvxowvehfdxvh t lq +61<, lvdq ruwkrj rqdowudqvirup dwlrq ri wkh vlqj xodu ydoxhv dqg wkh vlqj xodu ydoxhv duh xqlt xho| gh�qhg/ vhh J roxe dqg ydq Ordq

+4<; <,1Vr/ vlqfh wkh uhvwulfwlrq lvqrwvshfl�hg rq Φ ruθ cfrqglwlrq 4 lvvdwlv�hg1Frqglwlrq

5 lv vdwlv�hg ehfdxvh wkh uhgxfhg udqn uhvwulfwlrq +615, lv ht xlydohqwz lwk t ’ f dqg grhvqrw lqyroyh wkh rwkhu yduldeohv1 Wklv lv vkrz q lq +619,/ dv t ’ f lp solhv wkdw+619, lv ht xlydohqw z lwk +616,0+618,1 Wr ixuwkhu yhuli| z khwkhu frqglwlrq 4 dqg 5 duh vdwlv�hg z h fkhfn iru wkh wudqvwlylw| surshuw| lp solhg e| ohp p d 41 I ru wklv/ z h xvh wkh mdfreldq ri wkh wudqvirup dwlrq ri wkh xquhvwulfwhg f wr E⃗^�cΦ ct øhydoxdwhg lq t ’ f/ z klfk lv frqvwuxfwhg lq dsshqgl{ F/

⇕aEf cE⃗^�cΦ ct øø⇕^{t ’ f} ⇕ +6143, ’ \ \ ] ℓ_≺^� ◯ U^ς ] U^{6 ∋ o} f ⌊ ◯ ⃗^� ℓ_≺^‡ ◯ ⃗^‡ ⌊ \ \

’ \ \ ] ℓ_≺^� ◯ U^ς ] U^{6 ∋ o} f ⌊ ◯ ⃗^� ⌊^≺] ℓ_≺^� ◯ U^ς ] U^{6 ∋ o} f ⌊ ◯ ⃗^� ⌊ \ \ � 2

’ \ \ ] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊^≺] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊ \ \ � 2 c dqg lv vlp sol�hg e| xvlqj wkdw⃗_≺^�⃗^‡ ’ fc⃗_≺^‡ ⃗^‡ ’ U^{ς∋ o}c ℓ^�ℓ_≺^‡ ’ fc ℓ^‡ ℓ_≺^‡ ’ U^{6 ∋ o}νWkh wudqvlylw| surshuw| uhvxowv iurp +6143, ehfdxvh z khq Eθ cℓ^2ct ø lv dqrwkhu vhwri yduldeohv/ z khuh Eℓ cθ^2øvsdq f xqghu uhgxfhg udqn/ wkdwvdwlvi| frqglwlrqv 4 dqg 5/ lwkrogv wkdw

⇕aEf cEℓ^2cθ ct øø⇕^{t ’ f} ⇕ +6144, ’ \ \ ] YϵeSEf ø YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø ⌊^≺] YϵeSEf ø YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø ⌊ \ \ � 2

’ \ \ ] ] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊ ] YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø_≺ YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø ⌊ ⌊^≺ ] ] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊ ] YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø_≺ YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø ⌊ ⌊ \ \ � 2

’ \ \ ] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊^≺] YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø ⌊ \ \ � 2 \ \ ] YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ø_≺ YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø ⌊ \ \ ’ ⇕aEf cE⃗^�cΦ ct øø⇕^{t ’ f} ⇕⇕aEE⃗^�cΦ øcEℓ^2cθ ø⇕c ehfdxvh_{YEϵeSE⃗�ø≺ ϵeSEΦ ø≺ø≺} YEϵeSEℓ^2ø_≺ ϵeSEθ ø_≺ø lv d vt xduh p dwul{ dqg lwvkrz v wkdwwkh wudqvlylw| surshuw| krogv

iru vshfl�fdwlrq +619,0+61; , dqg wkdwlwwkxv vdwlv�hv frqglwlrqv 4 dqg 51 Vr/ vlqfh wkh wz r

vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh h{suhvvlrq ri wkh frqglwlrqdoghqvlw| duh vdwlv�hg/ z h fdq frqvwuxfwwkh frqglwlrqdoghqvlw| ri wkh p dwulf0yduldwh qrup doglvwulexwhg udqgrp p dwul{ f j lyhq wkdwlwv udqn lv ht xdowr oc

R_oEf ø ∈ REf ø⇕_{o∂⋆ςEf ø’ o} +6145, ∈ R_oE⃗_�Ef øcΦ Ef øø⇕aEE⃗_�cΦ ct øcf ø⇕_{o∂⋆ςEf ø’ o}⇕c R_oE⃗_�cΦ ø ∈ REf E⃗_�cΦ ct øø⇕_{t ’ f} ⇕aEf cE⃗_�cΦ ct øø⇕_{t ’ f} ⇕ ∈ \ \ \ ] ℓ_�ℓ^≺_� ◯ U_ς Φ ◯ ⃗_� Φ^≺◯ ⃗^≺_� U_{6 ∋ o} ◯ ⃗^≺_�⃗_� ⌊ \ \ � 2

i T ⌋ ∗ � 2 ȷoEl^{∋ �}E⃗_�ℓ_� ∗ >ø^≺σ E⃗_�ℓ_� ∗ >øø ⌈

∈ ⌣Et ⇕⃗_�cΦ ø⇕_{t ’ f} ⌣E⃗_�cΦ øc z khuh

⌣Et ⇕⃗_�cΦ ø +6146, ’ E2Zø^{∋ �2 Eς∋ oøE6 ∋ oø}⇕ℓ_‡ l^{∋ �}ℓ^≺_‡ ⇕^{�2 Eς∋ oø}⇕⃗^≺_‡ σ ⃗_‡ ⇕^{�2 E6 ∋ oø}

i T ⌋ ∗ � 2 ȷoEℓ_‡ l^{∋ �}ℓ^≺_‡ Et ∗ >_t ø^≺⃗^≺_‡ σ ⃗_‡ Et ∗ >_t øø ⌈ c ⌣E⃗_�cΦ ø +6147, ∈ \ \ \ ℓ_�ℓ^≺_� ◯ U_ς ℓ^≺_� ◯ ⃗_�

Φ^≺◯ ⃗_� ] U_{6 ∋ o} f ⌊_≺ ◯ ⃗^≺_�⃗_� ⟨ ≺ )] ℓ^≺_� ◯ U_ς U_6 ◯ ⃗_� ⌊_≺] l ◯ σ^{∋ �} ⌊

] ℓ^≺_� ◯ U_ς U_6 ◯ ⃗_� ⌊⌊_{∋ �} ℓ_�ℓ^≺_� ◯ U_ς ℓ^≺_� ◯ ⃗_�

Φ^≺◯ ⃗_� ] U_{6 ∋ o} f ⌊_≺ ◯ ⃗^≺_�⃗_� ⟨ \ \ \ � 2

i Td∗ � 2 EȷoEl^{∋ �}E⃗_�ℓ_� ∗ >ø^≺σ E⃗_�ℓ_� ∗ >øø∗ ȷoEl^{∋ �}ℓ^≺_‡ Eℓ_‡ l^{∋ �}ℓ^≺_‡ ø^{∋ �}

ℓ_‡ l^{∋ �}E⃗_�ℓ_� ∗ >ø^≺σ ⃗_‡ E⃗^≺_‡ σ ⃗_‡ ø^{∋ �}⃗^≺_‡ σ E⃗_�ℓ_� ∗ >øøøoc

dqg >_t ’ E⃗^≺_‡ σ ⃗_‡ ø^{∋ �}⃗^≺_‡ σ E> ∗ ⃗_�ℓ_�øl^{∋ �}ℓ^≺_‡ Eℓ_‡ l^{∋ �}ℓ^≺_‡ ø^{∋ �}ν

Lq +6145, z h vkrz wkdwR_oEf ø lv sursruwlrqdowr wkh surgxfwri wkh frqglwlrqdoghqvlw| ⌣Et ⇕⃗_�cΦ ø+6146, hydoxdwhg lq t ’ f dqg ⌣E⃗_�cΦ ø+6147,1 Z h qrwh wkdwwkhvh ghqvlwlhv grqrw uhsuhvhqwwkh frqglwlrqdoghqvlw| ri t j lyhq E⃗_�cΦ ødqg wkh p duj lqdoghqvlw| ri E⃗_�cΦ øνZ h wkhuhiruh dovr lqglfdwh wkhvh ghqvlwlhv e| ⌣ lqvwhdg ri RνZ h fdqqrwdqdo| wlfdoo| frqvwuxfwwkh lqwhj udwlqj frqvwdqwri wkh wuxh frqglwlrqdoghqvlw| ri t j lyhq E⃗_�cΦ øvxfk wkdwqr dqdo| wlfdo h{suhvvlrq ri wkh p duj lqdoghqvlw| ri E⃗_�cΦ øh{lvwv1 Wklv uhvxowv ehfdxvh t lv suhvhqwlq wkh mdfreldq ri wkh wudqvirup dwlrq iurp f wr E⃗_�cΦ ct øcaEf cE⃗_�cΦ ct øøcvhh dsshqgl{ F1Wkh surshuw| wkdwR_oEf øfdq eh vshfl�hg dvwkh surgxfwri wkh frqglwlrqdodqg p duj lqdovkrz q lq +6145, doorz v xv/ krz hyhu/ wr frqgxfwvrp h ri wkh dqdo| }hv glvfxvvhg lq odwhu vhfwlrqv1 Wklv h{sodlqvz k| z h h{solflwo| p hqwlrq wklvghfrp srvlwlrq1Z h qrwh wkdwwkhvh dqdo| }hvduh edvhg rq ⌣Et ⇕⃗_�cΦ ø+6146, dqg grqrwlqyroyh ⌣E⃗_�cΦ ø+6147,1

Wkhsgi R_oEf ølq +6145, grhvqrwehorqj wr d nqrz q fodvvri ghqvlwlhv1Dqdo| wlfdoh{suhvvlrqv iruwkhp rp hqwvri f xqghuuhgxfhg udqn ruwkhp rp hqwvri wkhyduldeohvvsdqqlqj lwvuhgxfhg udqn vsdfh/ olnh ⃗_� dqg Φ / duh wkhuhiruh xqnqrz q1 Wkh ghqvlw| lv surshu wkrxj k vlqfh lwlv frqvwuxfwhg xvlqj d surshu ghqvlw| ri wkh xquhvwulfwhg udqgrp p dwul{ f νD surshuw| ri lwlv

dovr p hqwlrqhg mxvwderyh z khuh lwlv vkrz q wkdwlwfdq eh vshfl�hg dv wkh surgxfwri wkh frqglwlrqdoghqvlw| ⌣Et ⇕⃗^�cΦ ø +6146, hydoxdwhg lq t ’ f dqg wkh p duj lqdoghqvlw| ⌣E⃗^�cΦ ø

+6147,1 Lq Nohlehuj hq dqg Sdds +4<<; , dqg Nohlehuj hq dqg ydq Glmn +4<<; ,/ doj rulwkp v wr vdp soh iurp +6145, duh frqvwuxfwhg1

6151H{s r qhqwldoUhvwulfwlr qv r q P xowlyduldwh Qr up do

Frqvlghu wkh udqgrp yhfwru ϱ( ϱGς⋄ �cς∼ 2( wkdwkdv d p xowl0yduldwh qrup doglvwulexwlrq z lwk p hdq > dqg fryduldqfh p dwul{ σ_{∋ �}c> Gς⋄ �cdqg σ Gς⋄ ςsrvlwlyh gh�qlwh v| p p hwulf1

Wkh sgi ri ϱuhdgv/

REϱø’ E2Zø_{∋ �2 ς}⇕σ ⇕_{�2} i T ⌋ ∗ � 2 Eϱ∗ >ø_≺σ Eϱ∗ >ø ⌈ ν +6148,

Z h lp srvh ς∗ 2 h{srqhqwldouhvwulfwlrqv rq ϱ/ ϱ^ζ ’ 5ϱ^{ζ∋ �}c ζ’ 2cνννcςc +6149, z khuh ϱ’ Eϱ^�νννϱ^ςø_≺cdqg 5 G�⋄ �clvd udqgrp yduldeoh wkdwuhvxowviurp wkh uhvwulfwlrqv1 Z h uhsuhvhqwwkhvh uhvwulfwlrqv xvlqj /

⇁^ζ ’ ϱ^{ζn 2} ∗ 5ϱ^{ζn �}c ζ’ �cνννcς∗ 2c +614: , vxfk wkdwϱfdq eh vshfl�hg dv/ ⟩ ⟩ ⟩ ϱ^� ϱ^2 ϱ^fi ν ϱ^ς

⨆ ⨆ ⨆ ⟨ ’ ⟩ ⟩ ⟩ ϱ^� 5ϱ^� ⇁^� n 5_2ϱ^� ν ⇁^{ς∋ 2} n 5_{ς∋ �}ϱ^�

⨆ ⨆ ⨆ ⟨ c +614; , z khuh ⇁ ’ E⇁^�ννν⇁^{ς∋ 2}ø_≺νWkh vshfl�fdwlrq +614: ,0+614; , vdwlv�hv wkh vx! flhqwfrqglwlrqv 4 dqg

5 iru wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdosgi ri ϱj lyhq wkh uhvwulfwlrqv1 Z lwk uhvshfwwr frqglwlrq 4/ z h fdq xqlt xho| vroyh iruϱlq +614; , iurp Eϱ^�c5c⇁øirudooydoxhvri Eϱ^�c5c⇁øz khq ϱ^� ∃’ fνVlqfh wkh uhvwulfwlrq lv qrwvshfl�hg rq ϱ^�cfrqglwlrq 4 lv wkxv vdwlv�hg1 Frqglwlrq 5 lv vdwlv�hg ehfdxvh +614; , lvht xlydohqwwr +6149, z khq ⇁’ f lq +614; ,1 Wr ixuwkhuyhuli| wkhvh frqglwlrqv z h fkhfn z khwkhu wkh wudqvlylw| surshuw| uhvxowlqj iurp ohp p d 4 krogv1 I ru wklv/ lwlvlp sruwdqwwr qrwh wkdwdoowkrxj k 5 lvsuhvhqwlq doouhvwulfwlrqv/ lwfdq rqo| eh rewdlqhg dv wkh udwlr ri_{ϱζn �}^{ϱζ} cζ’ �cνννcς∗ �cvlqfh vt xduh urrwvri qhj dwlyh ydoxhvduh qrwsurshuo| gh�qhg1

Dqrwkhuvshfl�fdwlrq ri ϱlq whup v ri yduldeohv uhsuhvhqwlqj wkh uhvwulfwlrq +6149, lvwkhuhiruh ⟩ ⟩ ⟩ ⟩ ⟩ ⟩

ϱ^� ν ϱ^{ζ∋ �} ϱ^ζ ϱ^{ζn �} ϱ^{ζn 2} ν ϱ^ς

⨆ ⨆ ⨆ ⨆ ⨆ ⨆ ⟨ ’

⟩ ⟩ ⟩ ⟩ ⟩ ⟩

π^� n ϵ_{∋ ζ}ϱ^ζ ν π^{ζ∋ �} n ϵ_{∋ �}ϱ^ζ ϱ^ζ ϵϱ^ζ π^ζ n ϵ_2ϱ^ζ ν π^{ς∋ 2} n ϵ_{ς∋ ζ∋ �}ϱ^ζ

⨆ ⨆ ⨆ ⨆ ⨆ ⨆ ⟨ c +614<, z khuh � Ψ ζΨ ςcϵ G� ⋄ �cπ ’ Eπ^�νννπ^{ς∋ 2}ø_≺ dqg z khq π ’ fc+614<, lv ht xlydohqwwr +6149,1

Wkh mdfreldq ri wkh wudqvirup dwlrq iurp ϱwr Eϱ^�c5c⇁øc⇕aEϱcEϱ^�c5c⇁øø⇕/ lv ht xdowr ⇕ϱ^�⇕νWkh

mdfreldq ri wkh wudqvirup dwlrq iurp ϱwr Eϱ_ζcϵcπøc⇕aEϱcEϱ_ζcϵcπøø⇕/ lv ht xdowr ⇕ϱ_ζ⇕νEhfdxvh ϱ_� ’ ϵ^{∋ ζ}ϱ_ζc5 ’ ϵcz khq π ’ ⇁ ’ f( lwwkxv krogv wkdw⇕aEEϱ_ζcϵøcEϱ_�c5øø⇕’ ⇕5^{∋ ζ}⇕vxfk wkdw ⇕aEϱcEϱ_�c5c⇁øø⇕_{⇁’ f} ⇕’ ⇕aEϱcEϱ_ζcϵcπ øø⇕_{π ’ f} ⇕⇕aEEϱ_ζcϵøcEϱ_�c5øø⇕’ ⇕5^ζϱ_�⇕⇕5^{∋ ζ}⇕’ ⇕ϱ_�⇕cz klfk vkrz v wkdwwkh wudqvlwlylw| surshuw| krogv dqg wkhuhiruh wkdwfrqglwlrqv 4 dqg 5 duh vdwlv�hg1 Vr/ vlqfh doofrqglwlrqv duh vdwlv�hg z h fdq frqvwuxfwwkh xqlt xh frqglwlrqdoghqvlw| ri ϱj lyhq +6149,/ R_oEϱø ∈ REϱø⇕_{ϱζn �’ 5ϱζcζ’ �cνννcς∋ �} +6153, ∈ R_oEϱ_�Eϱøc5Eϱøø⇕aEEϱ_�c5c⇁øcϱø⇕_{ϱζn �’ 5ϱζcζ’ �cνννcς∋ �}⇕c R_oEϱ_�c5ø ∈ REϱEϱ_�c5c⇁øø⇕_{⇁’ f} ⇕aEϱcEϱ_�c5c⇁øø⇕_{⇁’ f} ⇕

∈ ⇕ϱ_�⇕i T ∗ � 2 ⟩ ⟩ ϱ^� ⟩ ⟩ � 5 ν 5^{ς∋ �} ⨆ ⨆ ⟨ ∗ > ⨆ ⨆ ⟨ ≺ σ ⟩ ⟩ ϱ^� ⟩ ⟩ � 5 ν 5^{ς∋ �} ⨆ ⨆ ⟨ ∗ > ⨆ ⨆ ⟨ ∈ RE⇁⇕ϱ_�c5ø⇕_{⇁’ f} RE5cϱ_�øc z khuh

RE⇁⇕ϱ_�c5ø ’ E2Zø^{∋ �2 Eς∋ 2ø}⇕σ_{22}⇕^{�2} i T ⌋ ∗ � 2 E⇁∗ >_⇁ø^≺σ_{22}E⇁∗ >_⇁ø ⌈ c +6154,

REϱ_�c5ø ’ E2Zø^{∋ �}⇕ϱ_�⇕⇕σ_{�ν2}⇕^{�2} i T ⌋ ∗ � 2 ] ] ϱ_� 5 ⌊ ∗ >_{ϱ5} ⌊_≺ +6155, ] � f f ϱ_� ⌊ σ_{�ν2} ] � f f ϱ_� ⌊ ] ] ϱ_� 5 ⌊ ∗ >_{ϱ5} ⌊ ⌈ c

dqg σ ’ ] σ_� σ_{�2} σ_{2�} σ_{22} ⌊ ( σ_� G2 ⋄ 2( σ_{22} GEς∗ 2ø⋄ Eς∗ 2ø( σ^≺_{�2}cσ_{2�} GEς∗ 2ø⋄ 2( σ_{�ν2} ’

σ_� ∗ σ_{�2}σ^{∋ �}_{22} σ_{2�}( > ’ E>^≺_� >^≺_2ø^≺( >_� G2 ⋄ �( >_2 GEς∗ 2ø⋄ �( >_⇁ ’ >_2 n ϱ_�

5^2 ν 5^{ς∋ �} ⟨ n

σ^{∋ �}_{22} σ_{2�} ] � f f ϱ_� ⌊ ] ] ϱ_� 5 ⌊ ∗ >_{ϱ5} ⌊ ( >_{ϱ5} ’ ] � f f ϱ^{∋ �}_� ⌊ >_�ν

Wkh frqglwlrqdoghqvlw| +6153, vkrz v wkh ixqfwlrqdoirup ri wkh ghqvlw| ri d p xowlydul0 dwh qrup doglvwulexwhg udqgrp yhfwru xqghu wkh h{srqhqwldouhvwulfwlrq +6149,1 Wklv ghqvlw| grhvqrwehorqj wr d nqrz q fodvv ri sgiv vxfk wkdwdqdo| wlfdoh{suhvvlrqv ri lwv p rp hqwv gr qrwh{lvw1 Lwlv d surshu ghqvlw| wkrxj k vlqfh lwlv frqvwuxfwhg iurp d surshu qrup dosgi1 Wkh frqglwlrqdosgi +6153, kdv wkh vdp h surshuw| dv wkh frqglwlrqdosgi +6145, vlqfh lwfdq eh vshfl�hg dv wkh surgxfwri d frqglwlrqdoqrup dosgi hydoxdwhg lq f dqg dqrwkhu +lq wklv fdvh dovr qrup do, p duj lqdosgi1 Dq lp sruwdqwgl�huhqfh z lwk +6145, lv/ krz hyhu/ wkdw+6154, dqg +6155, duh wkh wuxh frqglwlrqdodqg p duj lqdosgiv ri ⇁ dqg Eϱ_�c5ø uhvshfwlyho| z kloh wklv grhvqrwkrog iru +6146, dqg +6147,1 Z h wkhuhiruh dovr lqglfdwh wkhp e| Rlqvwhdg ri ⌣ dv lq +6146, dqg +6147,1 Z h p hqwlrq wkhvh ghfrp srvlwlrqv vlqfh wkh| doorz xv wr frqgxfwvrp h ri wkh dqdo| }hvglvfxvvhg lq odwhuvhfwlrqv1Lq Nohlehuj hq dqg Krhn +4<<9,/ doj rulwkp vwr vdp soh iurp +6153, duh frqvwuxfwhg1

71P r ghov fr uuhvs r qglqj z lwk wkh F r qglwlr qdoGhqvlwlhv

Ehiruh z h surfhhg z lwk wkh fodvvlfdo dqg Ed| hvldq dssolfdwlrqv ri wkh xqlt xh frqglwlrqdo ghqvlwlhv/ z h �uvweulh | glvfxvvwkh vwdwlvwlfdop rghovlq wkhdqdo| }hvri z krp wkh frqglwlrqdo ghqvlwlhv iurp wkh suhylrxv vhfwlrq duh xvhg1

7141Uhgxfhg Udqn Sdudp hwhu P dwulfhv

Uhgxfhg udqn sdudp hwhup dwulfhvdsshdulq frp p rqo| xvhg vwdwlvwlfdop rghovlq hfrqrp hwulfv dqg wlp h vhulhv dqdo| vlv1 Dp rqj vwwkhvh duh vlp xowdqhrxv ht xdwlrqv p rghov/ lqvwuxp hqwdo yduldeoh uhj uhvvlrq p rghov/ frlqwhj udwlrq p rghov dqg idfwru p rghov1 Lq wkh iroorz lqj / z h eulh | glvfxvv wz r ri wkhvh p rghov/ ζνeνvlp xowdqhrxv ht xdwlrqv dqg frlqwhj udwlrq p rghov1

714141Vlp xowdqhr xv Ht xdwlr qv P r gho

Frqvlghud vlp xowdqhrxvht xdwlrqvp rgho+vhp , z lwk rqhfrp sohwho| vshfl�hg vwuxfwxudoht xd0 wlrq z klohwkhrwkhuht xdwlrqvduhlq +xquhvwulfwhg, uhgxfhg irup 1Wkhuhvxowlqj nlqg ri dqdo| vlv lvdovr nqrz q dvolp lwhg lqirup dwlrq dqdo| vlvrulqvwuxp hqwdoyduldeoh uhj uhvvlrq/ vhh Kdxvp dq

+4<; 6,/

⇁^� ’ t^2q n 1^�c +714, t^2 ’ f Ø n 1^2c z khuh ⇁^� GA ⋄ �c t^2 GA ⋄ E6 ∗ �øcfrqwdlq wkh hqgrj hqrxv yduldeohv>f GA ⋄ ςc frqwdlqv wkh lqvwuxp hqwv wkdwduh z hdno| h{rj hqrxv ru odj j hg hqgrj hqrxv yduldeohv/ vhh Hqj oh eȷν∂ν

+4<; 6,/ ς∼ E6 ∗ �ø( E1^� 1^2ø ⊃ ⋆EfcP ◯ U^Aø( P G6 ⋄ 6 c srvlwlyh gh�qlwh v| p p hwulf1 D p ruh j hqhudo vshfl�fdwlrq ri +714, uhvxowv z khq z h dgg lghqwlfdo h{sodqdwru| yduldeohv wr doo ri lwv ht xdwlrqv1 Vlqfh wklv grhvqrwfkdqj h wkh dqdo| vlv ri +714, ehvlghv frqgxfwlqj dq dx{loldu| uhj uhvvlrq ehiruhkdqg/ z h xvh wkh qrwdwlrqdoo| p ruh frqyhqlhqwvshfl�fdwlrq +714,1

Wkh uhgxfhg udqn surshuw| ri wkh sdudp hwhuv ri +714, ehfrp hv fohdu z khq z h frqvwuxfwlwv uhvwulfwhg uhgxfhg irup e| vxevwlwxwlqj t^2 lq wkh �uvwht xdwlrq ri +714,/ ] ⇁^� t^2 ⌊ ’ f Ø ] q U^{6 ∋ �} ⌊ n 0c +715, z khuh 0 ’ ] 1^� n 1^2q 1^2 ⌊ c 0 ⊃ ⋆Efcl ◯ U^Aøc l ’ ] � f q U^{6 ∋ �} ⌊^≺ P ] � f q U^{6 ∋ �} ⌊ νWkh uh0 gxfhg udqn surshuw| uhvxowvvlqfhwkhudqn ri wkhς⋄ 6 p dwul{ Ø ] q U^{6 ∋ �} ⌊ fdq qhyhuh{fhhg

6 ∗ �νWkh vshfl�fdwlrq Ø ] q U^{6 ∋ �} ⌊ fruuhvsrqgvz lwk wkh lghqwl�hg uhsuhvhqwdwlrq ri d uh0 gxfhg udqn p dwul{ +617, z lwk o ’ 6 ∗ �cΦ ’ qc⃗^� ’ Ø Eς’ ςc6 ’ 6 øνVr/ wkh uhgxfhg udqn uhvwulfwlrq lp solhg e| wkh vhp +714, rq wkh sdudp hwhuv ri d vwdqgdug olqhdu p rgho/ ] ⇁^� t^2 ⌊ ’ f x n 0c +716, z khuh x Gς⋄ 6 cxquhvwulfwhg>fdq eh uhsuhvhqwhg e| wkh yduldeohvvsdqqlqj wkh uhgxfhg udqn uhvwulfwlrq lp solhg e| +617,1Z khq b GEς∗ 6 n �ø⋄ �cuhsuhvhqwvwkh sdudp hwhuvvsdqqlqj wkh uhgxfhg udqn uhvwulfwlrq rq x dqg vdwlv�hv frqglwlrqv 4 dqg 5/ lwlv wkxv ht xdowr t lq +61<,1

Ehfdxvh x lv lghqwlfdowr f lq +619,/ lwfdq wkhuhiruh eh +xquhvwulfwhgo| , vshfl�hg dv x ’ Ø ] q U^{6 ∋ �} ⌊ n Ø^‡ b ] q U^{6 ∋ �} ⌊ ‡ c +717,

z khuh Ø_‡ dqg ] q U_{6 ∋ �} ⌊ ‡ duh ht xlydohqwwr ⃗_‡ cℓ_‡ lq +619,1 Erwk frqglwlrqv 4 dqg 5 duh vdwlv�hg e| bcvhh 614/ vxfk wkdwz khq b ’ f lq +717,/ +716, lv ht xlydohqwwr +715, dqg wkh vhp +714, wkhuhiruhfruuhvsrqgvz lwk wkholqhdup rgho+716, xqghuwkhuhvwulfwlrq wkdwlwvsdudp hwhu x lv vxfk wkdwb ’ fν

714151Huur u F r uuhfwlr q F r lqwhj udwlr q P r gho

Wkh uhgxfhg udqn surshuw| ri dq huurufruuhfwlrq frlqwhj udwlrq p rgho+hffp , lvreylrxv iurp lwv vshfl�fdwlrq/ vhh Hqj oh dqg J udqj hu +4<; : , dqg Mrkdqvhq +4<<4,/

– ϱ_ȷ ’ k^≺q^≺ϱ_{ȷ∋ �} n 0_ȷ c ȷ ’ �cνννcAc +718,

z khuh qck^≺ Gς⋄ ocq ’ EU_o q^≺_2ø^≺cq_2 GEς∗ oø⋄ ocϱ_ȷ Gς⋄ �c0_ȷ Gς⋄ �clv l1l1g1 qrup doz lwk p hdq f dqg fryduldqfh p dwul{ l ( wkdwlq p dwul{ qrwdwlrq uhdgv/

– f ’ f_{∋ �}qk n 0c +719,

z khuh – f ’ E– ϱ_�ννν– ϱ_Aø^≺cf_{∋ �} ’ Eϱ_f νννϱ_{A∋ �}ø^≺c0 ’ E0_�ννν0_Aø^≺νWkh udqn ri wkh ς⋄ ςsdudp hwhu p dwul{ qk fdqqrwh{fhhg oνI xuwkhup ruh/ wkh qrup dol}lqj uhvwulfwlrqv lp srvhg rq q duh vxfk wkdwqk fruuhvsrqgv z lwk wkh lghqwl�hg uhsuhvhqwdwlrq ri d uhgxfhg udqn sdudp hwhu p dwul{ +618, z lwk o ’ ocθ ’ q_2cℓ_2 ’ k Eς’ ςc6 ’ 6 øνWkh hffp fdq wkhuhiruh eh vshfl�hg dv d uhgxfhg udqn uhvwulfwlrq rq wkh sdudp hwhuv ri wkh olqhdup rgho/

– f ’ f_{∋ �}Kn 0c +71: ,

z khuh KGς⋄ 6 cxquhvwulfwhg1Ehfdxvh wkh vshfl�fdwlrq ri qk lvlghqwlfdowr +618,/ Klv ht xdo wr f lq +619,/

K’ qk n q_‡ bk_‡ c +71; ,

z khuh q_‡ c k_‡ duh lghqwlfdo wr ⃗_‡ c ℓ_‡ lq +619,1 b lv lghqwlfdo wr t lq +61<, dqg vlqfh lw vdwlv�hv erwk frqglwlrqv 4 dqg 5/ wkh hffp +719, lv ht xlydohqwwr wkh olqhdu p rgho+71: , z lwk lwv sdudp hwhu K uhvwulfwhg wr ydoxhv iru z klfk b ’ fν Z h qrwh wkdw+718, uhsuhvhqwv wkh vlp sohvwvshfl�fdwlrq ri dq hffp dqg ydulrxvrwkhuyduldeohvolnh odj vri – ϱ_ȷ dqg ghwhup lqlvwlf frp srqhqwv fdq eh dgghg wr lw1I ruqrwdwlrqdofrqyhqlhqfh z h rqo| glvfxvv +718,1

714161Lp s olfdwlr qv r i fr qglwlr qdoghqvlwlhv ir u uhgxfhg udqn p r ghov

Wkh frqglwlrqdoghqvlw| ri d p dwulf0yduldwh qrup doj lyhq udqn uhgxfwlrq/ wkdwlv glvfxvvhg lq 614/ fdq eh xvhg wr dqdo| }h wkh vhp / hffp dqg rwkhu uhgxfhg udqn p rghov lq erwk Ed| hvldq dqg fodvvlfdodqdo| }hv1 Lq Ed| hvldq dqdo| vlv/ wkh sdudp hwhuv duh frqvlghuhg wr eh d gudz lqj iurp d sgi dqg d Ed| hvldq dqdo| vlv ri wkh uhgxfhg udqn sdudp hwhu p rghov wkhuhiruh uhvxowv iurp wkh frqglwlrqdoghqvlw| ri d p dwulf0yduldwh qrup doj lyhq udqn uhgxfwlrq1Z h glvfxvvwkh frqvht xhqfhvri wklvlq vhfwlrq 81Lq fodvvlfdodqdo| vlv/ olp lwlqj dqg vp doovdp soh glvwulexwlrqv ri wkh ohdvwvt xduhv hvwlp dwru ri wkh sdudp hwhuv ri wkh xquhvwulfwhg uhgxfhg irup ri d vhp duh qrup do/ vhh Kdxvp dq +4<; 6, dqg Skloolsv +4<; 6,1 Wkh olp lwhg lqirup dwlrq p d{lp xp olnholkrrg +olp o, hvwlp dwru/ vhh Dqghuvrq dqg Uxelq +4<7<,/ lp solflwo| uhgxfhv wkh udqn ri wkh ohdvwvt xduhv hvwlp dwru ri wkh xquhvwulfwhg uhgxfhg irup 1 Lwfdq wkhuhiruh eh frqvlghuhg dv d gudz lqj iurp wkh vp doovdp soh glvwulexwlrq ri wkh ohdvwvt xduhv hvwlp dwru j lyhq wkdwlw kdv uhgxfhg udqn1 Wklv lp solhv wkdwz h fdq xvh wkh frqglwlrqdoghqvlw| ri wkh p dwulf0yduldwh qrup doj lyhq udqn uhgxfwlrq wr frqvwuxfwwkh vp doovdp soh dqg olp lwlqj glvwulexwlrq ri wkh olp ohvwlp dwrudqg wr shuirup h{dfwwhvwv1Z h ixuwkhu glvfxvv wklv lq vhfwlrq 91

7151DUP D+4/4, p r gho

Wkh h{srqhqwldouhvwulfwlrq glvfxvvhg lq 615 fruuhvsrqgv z lwk wkh uhvwulfwlrq z klfk dq Dx0 wrUhj uhvvlyhP rylqj Dyhudj h p rghori rughu+4/4, +DUP D+4/4,, lp srvhvrq dq dxwruhj uhvvlyh p rgho1 Wkh DUP D+4/4, p rghouhdgv/ E�∗ 4uøϱ^ȷ ’ E�∗ kuø0^ȷ c ȷ ’ �cνννcAc +71<, z khuh u lv wkh odj rshudwru/ u_ρϱ^ȷ ’ ϱ^{ȷ∋ ρ}c0^ȷ l1l1g1 qrup doz lwk p hdq f dqg yduldqfh j_2νWkh

DU p rgholp solhg e| +71<, uhdgv ϱ^ȷ ’ ȷ⋃ ζ’ �

S^ζϱ^{ȷ∋ ζ} n 0^ȷ c +7143, z khuh S^� ’ 4 ∗ kcS^ζ ’ kS^{ζ∋ �}cζ’ 2cνννcAcS’ ES^�νννS^Aø_≺νZ h qrwh wkdwwr frqvwuxfw+7143,/ z h dvvxp hg d qrq}hur ydoxh iruϱ^f dqg }hur ydoxhv ri ϱ^{∋ �}cνννcϱ^{∋ ↑} νJ lyhq wkhvh dvvxp swlrqv/ wkh lp solhg DU sro| qrp ldofdq eh rewdlqhg iurp wkh DUP D sro| qrp ldohyhq z khq wkh lqyhuw0 lelolw| frqglwlrqv ri wkh P D sro| qrp ldoduh qrwvdwlv�hg/ vhh I xoohu +4<: 9,1 Wkh uhvwulfwlrqv rq S^ζ fruuhvsrqg z lwk wkh uhvwulfwlrqv+6149, z lwk ς’ AνZ h fdq wkxvvshfli| wkh DUP D+4/4, p rgho+71<,/

⇁’ 4⇁^{∋ �} ∗ k0^{∋ �} n 0c +7144, z khuh ⇁ ’ Eϱ^�νννϱ^Aø_≺c ⇁^{∋ �} ’ Eϱ^f νννϱ^{A∋ �}ø_≺c 0^{∋ �} ’ E0^f ννν0^Aø_≺c 0 ’ E0^�ννν0^Aø_≺ E0^f ’ ⇁^f øc dv wkh uhvwulfwlrq b ’ f rq wkh sdudp hwhuwri wkh olqhdu p rgho/

⇁’ ⃗wn 0c +7145, z khuh ⃗ ’ E⇁^{∋ �}ννν⇁^{∋ A}øc⇁^{∋ ζ} ’ Efνννf ⇁^f ννν⇁^{A∋ ζ}ø_≺ GA⋄ �cdqg wckc4cb duh lghqwlfdowr uhvs1ϱc5c ϱ^� n 5 dqg ⇁iurp +614; ,1Vlqfhb lvht xlydohqwwr ⇁lq +614; ,/ lwvdwlv�hvfrqglwlrqv4 dqg 5 dqg wkh DUP D+4/4, p rgholv wkhuhiruh ht xlydohqwwr wkh olqhdup rgho+7145, z lwk lwv sdudp hwhuw uhvwulfwhg wr ydoxhv iru z klfk b ’ fνZ h fdq wkxv xvh wkh frqglwlrqdoghqvlw| ri wkh qrup do j lyhq wkh h{srqhqwldouhvwulfwlrq frqvwuxfwhg lq 615 wr dqdo| }h wkh DUP D+4/4, p rgho1 Vlqfh wkh sdudp hwhuv duh frqvlghuhg wr eh d gudz lqj iurp d sgi lq Ed| hvldq dqdo| vlv/ d Ed| hvldq dqdo| vlvri DUP D p rghovuhvxowviurp wklvfrqglwlrqdosgi1Z h glvfxvvwklvp ruh hoderudwho| lq vhfwlrq 81Lq fodvvlfdodqdo| vlv dqg xqghuvwdwlrqdulw| / wkh olp lwlqj glvwulexwlrq ri wkh ohdvw vt xduhv hvwlp dwru ri wESø lv qrup do/ vhh I xoohu +4<: 9,1 Wkh p d{lp xp olnholkrrg hvwlp dwru ri E4ckø lp solflwo| lp srvhv wkh uhvwulfwlrq b ’ f +ru ht xlydohqwo| S^ζ ’ kS^{ζ∋ �}cζ’ �cνννcAøcrq wkh ohdvwvt xduhvhvwlp dwruri wESøνZ h fdq wkhuhiruh frqvwuxfwwkh frqglwlrqdoghqvlw| z klfk uhvxowvz khq z hlp srvhwkhvhuhvwulfwlrqvrq wkholp lwlqj glvwulexwlrq ri w+SøνWklvwkhq uhvxowv lq wkh olp lwlqj glvwulexwlrq ri Ekc4øνZ h ixuwkhuglvfxvv wklv lq vhfwlrq 91

81Ed| hvldq Dqdo| vlv

Wkhxqlt xhfrqglwlrqdoghqvlwlhvj lyhq wkhuhvwulfwlrqvwkdwuhvxowiurp vhfwlrqv5 dqg 6 fdq eh xvhg iru gl�huhqwsxusrvhv lq Ed| hvldq dqdo| vlv1 Lq wkh iroorz lqj vxevhfwlrqv z h glvfxvv irxu wrslfv z khuh wkh frqglwlrqdoghqvlwlhv dsshdu1 I luvw/ z h glvfxvv krz wkhvh ghqvlwlhv duh xvhg wr frqvwuxfwj hqhudofodvvhvri sulruv/ olnh qrqlqirup dwlyh dqg frqmxj dwh/ iruwkh sdudp hwhuvri wkh iurp wkh uhvwulfwlrqv uhvxowlqj p rghov1 Vhfrqg/ j lyhq d vshfl�hg sulru rq wkh sdudp hwhuv

ri wkh dqdo| }hg qhvwhg p rgho/ wkh frqglwlrqdoghqvlwlhv vkrz xv wkh sulru rq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rghowkdwlp solhvlw1Z khq wkh odwwhup rgholvolqhdulq wkh sdudp hwhuv/ hdfk surshuw| ri lwv*sdudp hwhuvsulrulvgluhfwo| uh hfwhg lq wkhsrvwhulrudqg wkhuhiruhhqdeohv xvwr yhuli| wkh sodxvlelolw| ri wkh vshfl�hg sulru1Wklug/ z h vkrz wkdwEd| hvidfwruvirup rgho frp sdulvrq uhvxowiurp wkhfrqglwlrqdoghqvlwlhvdqg irxuwk/ wkhfrqglwlrqdoghqvlwlhvdoorz rqh wr frqvwuxfwlqyduldqwEd| hvldq whvwvwdwlvwlfv/ Ed| hvldq Vfruh Vwdwlvwlfv/ wr whvwwkh ydolglw| ri wkh qhvwhg p rgho1 Wkh qh{wirxu vxevhfwlrqv eulh | glvfxvv hdfk ri wkh deryh wrslfv1

8141J hqhudoF odvvhv r i Sulr uv

Wkh vx! flhqwfrqglwlrqv/ ohp p d 4 dqg wkhruhp 514 qrwrqo| doorz xv wr frqvwuxfwxqlt xh frqglwlrqdoghqvlwlhvwkdwduh edvhg rq wkh qrup doghqvlw| / dvlq vhfwlrq 6/ exwfdq eh dssolhg wr rwkhu frqwlqxrxv ghqvlwlhv dv z hoo1 Z h fdq wkhuhiruh xvh wkhvh frqglwlrqdo ghqvlwlhv wr frqvwuxfwwkh j hqhudofodvvhv ri sulruv/ olnh qrqlqirup dwlyh dqg +qdwxudo, frqmxj dwh/ iru wkh sdudp hwhuv ri qhvwhg p rghov wkdwuhvxowiurp uhvwulfwlrqv/ z klfk vdwlvi| wkh frqglwlrqv iru xqlt xh frqglwlrqlqj / rq wkh sdudp hwhuv ri hqfrp sdvvlqj p rghov z khuh wkh j hqhudofodvvhv ri sulruv duh douhdg| gh�qhg iru1 H{dp sohv ri wkhvh nlqg ri p rghov duh j lyhq lq wkh suhylrxv vhfwlrq z khuh wkh vhp / hffp dqg DUP D+4/4, duh doouhvwulfwlrqv/ iru z klfk z h fdq frqvwuxfw xqlt xh frqglwlrqdoghqvlwlhv/ rq wkh sdudp hwhuvri olqhdup rghovz khuh j hqhudofodvvhvri sulruv duh douhdg| gh�qhg iru1

J lyhq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rgho/ vd| Xcwkh sdudp hwhuv ri wkh dqdo| }hg qhvwhg p rgho/ vd| ↽ cdqg wkh sdudp hwhuv vsdqqlqj wkh uhvwulfwlrq/ wkdwuhvxowlq wkh qhvwhg p rghoz khq lp srvhg rq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj olqhdu p rghodqg vdwlvi| frqgl0 wlrqv 4 dqg 5/ vd| bcd sulru REXøvshfl�hg rq X wkxv lp solhv wkh sulru

R_oE↽ ø ∈ RE↽ cbø⇕_{b’ f} +814, ∈ REXE↽ cbøø⇕_{b’ f} ⇕aEXcE↽ cbøø⇕_{b’ f} ⇕c z khuh o vwdqgv iru uhvwulfwhg wr lqglfdwh wkdwlwlv qrwwkh p duj lqdosulru ri ↽ lq wkh hqfrp 0 sdvvlqj p rgho>rq wkh sdudp hwhuvri wkh qhvwhg p rgho↽ νI ruwkh sdudp hwhuvri olqhdup rghov/ j hqhudo fodvvhv ri sulruv olnh qrqlqirup dwlyh dqg +qdwxudo, frqmxj dwh duh vshfl�hg/ vhh eν℘ν Ehuj hu +4<; 8,/ Srlulhu +4<<8, dqg ] hooqhu +4<: 4,1 +814, vkrz v krz wr h{whqg wkhvh fodvvhv ri sulruv wr wkh sdudp hwhuv ri qhvwhg p rghov wkdwuhvxowiurp d uhvwulfwlrq z klfk vdwlv�hv frqgl0 wlrqv 4 dqg 5 rq wkh sdudp hwhuv ri dq hqfrp sdvvlqj olqhdu p rgho1 Frqmxj dwh sulruv iru wkh sdudp hwhuv ri wkh p rghov glvfxvvhg lq wkh suhylrxv vhfwlrq wkhuhiruh gluhfwo| uhvxowiurp wkh frqglwlrqdoghqvlwlhv iurp vhfwlrq 61 Wklv uhvxowv vlqfh dsduwiurp wkh fryduldqfh sdudp hwhuv/ frqmxj dwh sulruv iru wkh sdudp hwhuv ri olqhdu p rghov duh qrup doghqvlwlhv1 Lq vhfwlrq 6/ z h lp srvhg uhvwulfwlrqvrq wkhvhqrup doghqvlwlhvwkdwh{dfwo| fruuhvsrqg z lwk wkhvhp / hffp dqg DUP D+4/4, p rghodqg frqvwuxfwhg wkh frqglwlrqdoghqvlwlhv j lyhq wkhvh uhvwulfwlrqv1 Wkhvh frqglwlrqdoghqvlwlhv duh wkhuhiruh lghqwlfdowr wkh sulruv uhvxowlqj iurp +814, z khq REXø lv d qrup doghqvlw| 1Frqmxj dwh sulruviruwkhsdudp hwhuvri wkhvhp dqg hffp wkhuhiruh fruuhvsrqg z lwk +6145,/ z khq z hxvhwkhdssursuldwhh{suhvvlrqviruℓ_ζ dqg ⃗_ζcz klohd frqmxj dwhsulruiru wkhsdudp hwhuvri wkhDUP D+4/4, p rghofruuhvsrqgvz lwk +6153,/ z khq z hxvhwkhdssursuldwh h{suhvvlrqviruϱ_� dqg 5νWkhvh frqmxj dwh sulruvuhvxowvlqfh qr uhvwulfwlrqvduh vshfl�hg rq l ru j^21 Lq Nohlehuj hq dqg Krhn +4<<9,/ Nohlehuj hq dqg Sdds +4<<; ,/ Nohlehuj hq dqg ydq Glmn +4<<; ,/ dqg Nohlehuj hq dqg ] lyrw+4<<; ,/ wkh uhvxowlqj sulruvduh xvhg lq Ed| hvldq dqdo| }hvri uhvshfwlyho| dup d/ frlqwhj udwlrq/ vlp xowdqhrxvht xdwlrqvdqg lqvwuxp hqwdoyduldeoh uhj uhvvlrq p rghov1 4:

Wkh srvwhulruv ri wkh sdudp hwhuv duh sursruwlrqdo wr wkh surgxfwri wkh sulru dqg wkh olnholkrrg dqg wkhuhiruh kdyh dq lghqwlfdovwuxfwxuh dv +814, vlqfh wkh olnholkrrg lv frqwlqxrxv lq wkh sdudp hwhuv/

R^oE↽ ⇕↼ ø ∈ R^oE↽ øuE↼ ⇕↽ ø +815, ∈ REXE↽ cbøø⇕^{b’ f} ⇕aEXcE↽ cbøø⇕^{b’ f} ⇕uE↼ ⇕XE↽ cbøø⇕^{b’ f} ∈ REXE↽ cbø⇕↼ ø⇕^{b’ f} ⇕aEXcE↽ cbøø⇕^{b’ f} ⇕ν Wklv dovr vkrz v wkdwwkh frqmxj dwh sulruv uhvxowlqj iurp +814, duh srvwhulruv ri duwl�fldo gdwdvhwv1

Lq Nohlehuj hq dqg ] lyrw+4<<; ,/ lwlvvkrz q wkdwdovr wkh Mh�uh| v*sulrulq wkh lqvwuxp hqwdo yduldeoh uhj uhvvlrq p rgho/ z klfk lv sursruwlrqdo wr wkh vt xduh urrwri wkh ghwhup lqdqwri lqirup dwlrq p dwul{/ uhvxowviurp wkh frqglwlrqdoghqvlw| dssurdfk dvlwohdgvwr d srvwhulruri wkh sdudp hwhuv ri wkh lqvwuxp hqwdoyduldeoh uhj uhvvlrq p rghowkdwlv wkh xqlt xh frqglwlrqdo srvwhulruri wkhsdudp hwhuvri d olqhdup rghoj lyhq wkdwd vshfl�f sdudp hwhup dwul{ kdvuhgxfhg udqn1

8151Lp s olhg Sulr u r q Sdudp hwhuv Hqfr p s dvvlqj P r gho

Wkh uhodwlrqvkls ehwz hhq wkh sulru ri wkh sdudp hwhuv ri d qhvwhg p rghodqg wkh sulru ri wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rgho+814, dovr lp solhv wkh sulru rq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rghoz khq z hgluhfwo| vshfli| wkhsulrurq wkhsdudp hwhuvri wkhqhvwhg p rgho1

Wklv uhvxowv iurp +51<, vlqfh z khq R^oE↽ ølv vshfl�hg

REXø⇕^{℘EXø’ f} ∈ RE↽ EXøcbEXøø⇕^{℘EXø’ f} ⇕aEE↽ cbøcXø⇕^{℘EXø’ f} ⇕ +816,

∈ R^oE↽ EXøø⇕aEE↽ cbøcXø⇕^{℘EXø’ f} ⇕

∈ R^oE↽ EXøøE⇕aEXcE↽ EXøcbEXøøø⇕^{b’ f} ⇕ø_{∋ �}c z khuh z h kdyh xvhg wkdwb ’ f lv ht xlydohqwz lwk ℘EXø ’ f dqg wkdwE↽ cb ’ fø xqlt xho| gh�qhv X +frqglwlrqv 4/ 5,1 Rqo| wkh sulruiruydoxhv ri X iru z klfk ℘EXø’ f gluhfwo| uhvxowv iurp R^oE↽ øvxfk wkdwwkh lp solhg sulruiruj hqhudoydoxhv ri X uhdgv/

REXø∈ ⌣EXøREXø⇕^{℘EXø’ f} c +817, z khuh ⌣EXø≤ � z khq ℘EXø’ fν

Doowkrxj k wkh sulru ri ↽ rqo| gh�qhv wkh sulru ri X rq d vxevhwri wkh vsdfh rq z klfk lw lv gh�qhg/ wkh vxevhwiru z klfk ℘EXø ’ fcvxfk wkdwz h grqrwnqrz lwv ehkdylru lq j hqhudo/ lwlv qhyhuwkhohvv d frqyhqlhqwwrrowr yhuli| wkh sodxvlelolw| ri wkh sulru ri ↽ νWklv hvshfldoo| krogv z khq wkh qhvwhg p rgholv qrwolqhdu lq lwv sdudp hwhuv z kloh wkh hqfrp sdvvlqj p rgho lv1 Lq wkdwfdvh/ wkh surshuwlhv ri wkh lp solhg sulru rq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rghodsshdulq dq lghqwlfdoz d| lq wkh srvwhulruri wkh sdudp hwhuvri wkh qhvwhg p rgho1Wklv uhvxowv ehfdxvh wkh hqfrp sdvvlqj p rgholv olqhdu lq wkh sdudp hwhuv vxfk wkdwwkh surshuwlhv ri wkh sulru duh dovr suhvhqwlq wkh srvwhulru1 Wkh qhvwhg p rgholv/ krz hyhu/ qrqolqhdu lq wkh sdudp hwhuv vxfk wkdwwkh xsgdwlqj iurp wkh sulru vshfl�hg rq wkh sdudp hwhuv ri wkh qhvwhg p rghowr lwv srvwhulru lv ohvv reylrxv1 I xuwkhup ruh/ wr dqdo| }h wkh qhvwhg p rghoz h grqrw qhhg wr nqrz wkh ehkdylruri REXøiruydoxhvri X iruz klfk ℘EXø∃’ f vlqfh wkhvh ydoxhvgrqrw fruuhvsrqg z lwk wkh dqdo| }hg p rghoz klfk lp solhv wkdw℘EXø’ fν

Lq Nohlehuj hq dqg ] lyrw+4<<; ,/ wkh lp solhg sulru rq wkh sdudp hwhuv ri dq hqfrp sdvvlqj olqhdu p rgholv xvhg wr dqdo| }h vhyhudo�gl�xvh sulruv� rq wkh sdudp hwhuv ri dq lqvwuxp hqwdo 4;

’ REb⇕↼ ø⇕^{b’ f} ⊎]^{RoE↽ øuE↼ �↽ cbø�b ’ f RE↽ �bc↼ ø�b’ f} )^{RE↽ cb ø�b’ f u E↼ �↽ cb ø�b ’ f} ⊎⊎ RE↽ cbøu E↼ �↽ cb ø⌢b⌢↽ [ ⌊ ⌢↽ ⊎⊎ RE↽ cbøuE↼ ⇕↽ cbø⌢b⌢↽ ’ REb⇕↼ ø⇕^{b’ f} ⊎ ] R^oE↽ ø RE↽ cbø⇕^{b’ f} RE↽ ⇕bc↼ ø⇕^{b’ f} ⌊ ⌢↽ ’ ⊎ ] R^oE↽ ø RE↽ cb⇕↼ ø⇕^{b’ f} RE↽ cbø⇕^{b’ f} ⌊ ⌢↽ z khuh z h kdyh xvhg wkdwRE↽ cb⇕↼ ø’_{RE↽ cbøuE↼ �↽ cbø} ⊎⊎ RE↽ cbøuE↼ �↽ cbø⌢b⌢↽ cdqg z khq R^oE↽ ø’ RE↽ ⇕bø⇕^{b’ f} ’ RE↽ cbø⇕^{b’ f} ⊎ RE↽ cbø⇕^{b’ f} ⌢↽ ’ REXE↽ cbøø⇕^{b’ f} ⇕aEXcE↽ cbøø⇕^{b’ f} ⇕ ⊎ REXE↽ cbøø⇕^{b’ f} ⇕aEXcE↽ cbøø⇕^{b’ f} ⇕⌢↽ c +819, wklv h{suhvvlrq vlp sol�hv wr wkh Vdydj h0Glfnh| ghqvlw| udwlr/ vhh Glfnh| +4<: 4,/ l1h1 wkh udwlr ri wkh p duj lqdosrvwhulrudqg sulrukhlj kwlq wkh srlqwri wkh uhvwulfwlrq/ 7↼ Eb ’ fø’ REb⇕↼ ø⇕^{b’ f} ⊎ ] R^oE↽ ø RE↽ cbø⇕^{b’ f} RE↽ ⇕bc↼ ø⇕^{b’ f} ⌊ ⌢↽ +81: , ’ REb⇕↼ ø⇕^{b’ f} ⊎ ] R^oE↽ ø RE↽ ⇕b ’ føREbø⇕^{b’ f} RE↽ ⇕bc↼ ø⇕^{b’ f} ⌊ ⌢↽

’ ⊎ )^{RE↽ cbø�b ’ f} ⊎ RE↽ cbø�^{b ’ f} ⌢↽ [ RE↽ cb⇕↼ ø⇕^{b’ f} RE↽ cbø⇕^{b’ f} ⌢↽ ’ ⊎ RE↽ cb⇕↼ ø⇕^{b’ f} ⌢↽ ⊎ RE↽ cbø⇕^{b’ f} ⌢↽ ’ REb⇕↼ ø⇕^{b’ f} REbø⇕^{b’ f} ν Wkh Ed| hv idfwruv +818,/ +81: , vkrz wkdwwkh xqlt xh frqglwlrqdo ghqvlwlhv duh qhfhvvdu| wr rewdlq wkh Ed| hvidfwruirufrp sdulqj d qhvwhg p rghoz lwk dq hqfrp sdvvlqj p rghoxvlqj wkh

Vdydj h0Glfnh| ghqvlw| udwlr ru lwv j hqhudol}dwlrq e| Yhuglqhool dqg Z dvvhup dq/ vhh Glfnh|

+4<: 4, dqg Yhuglqhool dqg Z dvvhup dq +4<<8,1

Wkhvshfl�fdwlrq ri wkhsulruR^oE↽ øfrp sduhg wr REXølvlp sruwdqwiruwkh frkhuhqf| ri wkh

Ed| hv I dfwru1 Z khq R^oE↽ ø vwurqj o| gl�huv iurp RE↽ ⇕bø⇕^{b’ f} lq ixqfwlrqdoirup / wkh uhvxowlqj

Ed| hvI dfwruvehfrp h +z hdno| , lqfrkhuhqw/ vhh Ehuj hu+4<; 8, dqg Srlulhu+4<<8,1Wkh udwlr ri wkh j hqhudol}hg Vdydj h0Glfnh| ghqvlw| udwlr +818, dqg wkh Vdydj h0Glfnh| ghqvlw| udwlr +81: , lv wkhuhiruh lp sruwdqwdv lwuhyhdov wkdwsduwri wkh Ed| hv I dfwru wkdwfdq eh dwwulexwhg wr qrw vshfli| lqj wkh sulruR^oE↽ ødffruglqj wr wkh xqlt xh frqglwlrqdoghqvlw| duj xp hqwviurp vhfwlrq 5/ θ 8 Eb ’ fø

7↼ Eb ’ fø ’ ⊎ R^oE↽ øuE↼ ⇕↽ ø⌢↽ ⊎ RE↽ ⇕bø⇕^{b’ f} uE↼ ⇕↽ cbø⇕^{b’ f} ⌢↽ +81; ,

’ ⊎) R^oE↽ ø_{RE↽ cb�↼ ø�b ’ f} RE↽ cbø�^{b’ f} [ ⌢↽ ) ⊎^{RE↽ cb�↼ ø�b ’ f ⌢↽} ⊎ RE↽ cbø�^{b’ f} ⌢↽ [

’ ⊎ R_oE↽ ø )_{RE↽ cb�↼ ø�b ’ f} ⊎ RE↽ cb�↼ ø�_{b’ f} ⌢↽ [ )_{RE↽ cbø�b’ f} ⊎ RE↽ cbø�_{b ’ f} ⌢↽ [ ⟨ ⌢↽

’ ⊎ ] R_oE↽ ø RE↽ ⇕bc↼ ø⇕_{b’ f} RE↽ ⇕bø⇕_{b’ f} ⌊ ⌢↽ ν Xvlqj wkh lp solhg sulru rq wkh sdudp hwhuv X ri wkh hqfrp sdvvlqj p rgho+816,/ +81; , fdq dovr eh vshfl�hg dv/

θ 8 Eb ’ fø 7↼ Eb ’ fø ’ ⊎ ] R_oE↽ ø RE↽ ⇕bc↼ ø⇕_{b’ f} RE↽ ⇕bø⇕_{b’ f} ⌊ ⌢↽ ν +81<,

’ ⊎ ℘EXø’ f ⟩ RoEXø )_{REX�↼ ø} ⊎ ℘EXø’ f REX�↼ ø⌢X [ )_{REXø} ⊎ ℘EXø’ f REXø⌢X [ ⨆ ⟨ ⌢X

’ ⊎ ℘EXø’ f

∂EXø

KEXø SEXø ⌢Xc z khuh ∂EXø ’ R_oEXøc KEXø ’^{REX�↼ ø⊎}_{℘EXø’ f REX�↼ ø⌢X} c SEXø ’^{REXø⊎}_{℘EXø’ f REXø⌢X} dqg ⊎ ℘EXø’ f ∂EXø⌢X ’ ⊎ ℘EXø’ f KEXø⌢X ’ ⊎ ℘EXø’ f SEXø⌢X ’ �c z klfk vrp hwlp hv uhyhdov wkh surshuwlhv ri wkh udwlr

ri wkh Ed| hv I dfwru dqg wkh Vdydj h0Glfnh| ghqvlw| udwlr lq d p ruh vwudlj kwiruz dug z d| 1 Hvshfldoo| z khq wkhqhvwhg p rgholvvxfk wkdwvshfl�f sdudp hwhuvduhorfdoo| qrqlghqwl�hg/ dv lq wkh vhp / hffp dqg dup d p rghov/ dqg wkh surshu sulru ri wkh sdudp hwhuv ri wkh qhvwhg p rghogrhvqrwfdswxuh wklv ihdwxuh/ Ed| hv idfwruv fdq ehfrp h lqfrkhuhqw1 Wklv uhvxowv hyhq wkrxj k z h kdyh vshfl�hg d surshusulrudqg lqvwhdg ri frp sdulqj wkh p rghoz lwk b ’ f z lwk wkh p rghoz lwk b ∃’ fcwkh Ed| hv idfwru wkhq hvvhqwldoo| frp sduhv wkh p rghoz lwk b ’ f dqg wkh rwkhu sdudp hwhuv dwwkhlu ydoxhv ohdglqj wr orfdoqrqlghqwl�fdwlrq z lwk wkh xquhvwulfwhg p rgho1 Vr/ wkh Ed| hv idfwru wkhq grhvqrwwhvwwkh vshfl�hg k| srwkhvlv dqg d idlu ehwlv wkxv qrwsrvvleoh/ ζνeνwkh Ed| hv idfwru lv wkhq lqfrkhuhqw1

Wkh +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlr lv rqo| lqwhqghg wr frp sduh qhvwhg p rghov z lwk hqfrp sdvvlqj p rghov dqg wkhuhiruh lqyroyhv xqlt xh frqglwlrqdo ghqvlwlhv1 Wkh Ed| hv idfwru iru frp sdulqj p rghov wkdwduh qrwlq vrp hz d| qhvwhg z lwklq rqh dqrwkhu fdq vwloo eh rewdlqhg xvlqj wkh +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlr z khq erwk p rghov kdyh dq hqfrp sdvvlqj p rgholq frp p rq1 Z khq wklv lv qrwwkh fdvh/ wkh +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlr fdq qrweh xvhg wr rewdlq wkh Ed| hv idfwru1 Lq hfrqrp hwulfv/ wkh +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlr lvforvho| uhodwhg wr wkh srvwhulrulqirup dwlrq fulwhulxp ri Skloolsv dqg Sorehuj hu/ vhh Skloolsv dqg Sorehuj hu+4<<7/4<<9, dqg Skloolsv +4<<9,1 Lq Nohlehuj hq dqg Sdds +4<<; ,/ wkh Vdydj h0Glfnh| ghqvlw| udwlr +81: , lv xvhg wr frp sduh hffp vz lwk gl�huhqwfrlqwhj udwlrq udqnv1Doowkhvhp rghovduhqhvwhg lq wkhvdp hhqfrp sdvvlqj olqhdup rghodqg rqh sulrulvvshfl�hg rq wkh sdudp hwhuvri wkdwp rghoiurp z klfk wkh sulruv rq wkh sdudp hwhuv ri wkh p rghov z lwk wkh gl�huhqwfrlqwhj udwlrq udqnv duh wkhq frqvwuxfwhg iurp xvlqj +814,1 Lq Nohlehuj hq dqg Krhn +4<<9,/ wkh Vdydj h0Glfnh| ghqvlw| udwlr +81: , lv xvhg wr frp sduh DUP D p rghov z lwk wkh vdp h vxp p hg odj ohqj wkv ri wkhlu DU dqg P D sro| qrp ldov1 Vr/ dq DUP D+5/4, lv frp sduhg z lwk dq DU+6,/ DUP D+4/5, dqg P D+6,1 Lq erwk ri wkhvh dssolfdwlrqv ri wkh Vdydj h0Glfnh| ghqvlw| udwlr wkh dqdo| }hg p rghov duh vxfk wkdwvshfl�f sdudp hwhuvduh orfdoo| qrqlghqwl�hg1E| ghgxflqj wkhsulruvri wkh qhvwhg p rghov iurp wkh surshu frqmxj dwh sulru rq wkh sdudp hwhuv ri wkh hqfrp sdvvlqj olqhdu p rgho/ wkh sureohp ri wkh orfdoqrqlghqwl�fdwlrq lv ghdowz lwk lq d vwudlj kwiruz dug z d| 1

8171Ed| hvldq Vfr uh Vwdwlvwlfv

Wkh xqlt xh frqglwlrqdoghqvlwlhv lp so| wkdwz h fdq frqvlghu wkh srvwhulru ri wkh sdudp hwhuv ri d qhvwhg p rghodv sursruwlrqdowr wkh frqglwlrqdosrvwhulru ri wkh sdudp hwhuv ri wkh hq0 frp sdvvlqj p rghoj lyhq wkdwwkh sdudp hwhuvz klfk uhsuhvhqwwkh uhvwulfwlrq ri ht xdolw| ri wkh wz r p rghov dqg vdwlvi| frqglwlrqv 4 dqg 5 duh ht xdowr }hur1 Vr/ z h hvvhqwldoo| frqvlghu wkh sdudp hwhufrq�j xudwlrq ri wkhqhvwhg p rghodvd gudz lqj iurp wkh srvwhulruri wkhsdudp hwhuv ri wkh hqfrp sdvvlqj p rghowkdwlv vxfk wkdwwkh sdudp hwhuv z klfk uhsuhvhqwwkh uhvwulfwlrq duh h{dfwo| ht xdowr }hur1Lq Nohlehuj hq dqg Sdds +4<<; ,/ whvwvwdwlvwlfv/ wr z klfk wkh| uhihudv

Ed| hvldq Vfruh Vwdwlvwlfv +EVV,/ duh frqvwuxfwhg wkdwhydoxdwh z khwkhu wkh gudz lqj iurp wkh srvwhulru ri wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rghowkdwohdgv wr wkh qhvwhg p rghoolhv lq wkh wdlov ri wkh srvwhulru ri wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rgho1 Wkh EVVwkxv vkrz v wkh sodxvlelolw| ri wkh uhvwulfwlrq lp srvhg rq wkh sdudp hwhuvri wkh hqfrp sdvvlqj p rgho1Wkh

EVVrqo| xvhv wkh srvwhulruri wkh sdudp hwhuv ri wkh qhvwhg p rghodqg lvlqyduldqwwr sdudp 0 hwhu wudqvirup dwlrqv1 Lwlv wkhuhiruh gl�huhqwiurp wkh klj khvwsrvwhulru ghqvlw| edvhg whvw vwdwlvwlfv wkdwduh glvfxvvhg lq Er{ dqg Wldr +4<: 6,1 Lwlv vrp hz kdwuhodwhg wr wkh Ed| hvldq whvw0vwdwlvwlf wkdwlvfrqvwuxfwhg lq Srlulhu+4<; ; , exwgl�huvlq frqvwuxfwlrq iurp wkdwvwdwlvwlf dv lwlv edvhg rq dq lp surshu sulru1

Wkh ghulydwlrq ri wkh EVVfrqvlvwv ri irxuvwhsv=

41 Wkh srvwhulru ri wkh sdudp hwhuv ri wkh qhvwhg p rgholv vshfl�hg dv wkh surgxfwri d vwdqgdug frqglwlrqdoghqvlw| / ri wkh sdudp hwhuuh hfwlqj wkh uhvwulfwlrq hydoxdwhg lq wkh srlqwz khuh wkh uhvwulfwlrq krogv/ dqg d p duj lqdoghqvlw| ri wkh sdudp hwhuvri wkhqhvwhg p rgho/ olnh lq +6145, dqg +6153,1

51 Lq wkh xquhvwulfwhg fdvh ri qr lp srvhg uhvwulfwlrq/ wkh frqglwlrqdoghqvlw| ri wkh sdudp 0 hwhu uh hfwlqj wkh uhvwulfwlrq lv xvhg wr frqvwuxfwd ixqfwlrq ri doowkh sdudp hwhuv wkdw lv vxfk wkdwlw/ ζνeνwkh EVV/ lv vwrfkdvwlfdoo| lqghshqghqwri wkh sdudp hwhuv wkdwgrqrw uhsuhvhqwwkhuhvwulfwlrq/ ζνeνwkh sdudp hwhuvri wkh qhvwhg p rgho/ dqg kdvd vwdqgdugl}hg glvwulexwlrq1

61 Vlqfh wkh EVVlv vwrfkdvwlfdoo| lqghshqghqwri wkh sdudp hwhuv wkdwgrqrwuhsuhvhqwwkh uhvwulfwlrq/ lwuhwdlqv wkh vdp h glvwulexwlrq z khq z h wdnh wkh h{shfwdwlrq ri lwz lwk uhvshfwwr wkhvh sdudp hwhuv dqg wkh p duj lqdo ghqvlw| ri wkhp wkdwuhvxowv iurp wkh ghfrp srvlwlrq ri wkh srvwhulru ri wkh sdudp hwhuv ri wkh qhvwhg p rgho1

71 Wkh EVVwr whvwiru wkh sodxvlelolw| ri wkh uhvwulfwlrq lp srvhg e| wkh qhvwhg p rghorq wkh sdudp hwhuvri wkh hqfrp sdvvlqj p rghouhvxowve| wdnlqj wkh h{shfwdwlrq ri wkh EVV ryhuwkh sdudp hwhuvri wkh qhvwhg p rghoz lwk uhvshfwwr wkh srvwhulruri wkh sdudp hwhuv ri wkh qhvwhg srvwhulru lqvwhdg ri wkh p duj lqdoghqvlw| xvhg lq wkh suhylrxv vwhs1 Z h wkhq frp sduh wkh ydoxh ri wkh uhvxowlqj vwdwlvwlf z lwk lwvglvwulexwlrq lq wkh xquhvwulfwhg fdvh1

Wkh EVVlv wkxv d whvwvwdwlvwlf wkdwlv frp sxwhg xqghu wkh qxook| srwkhvlv exwlwv glvwul0 exwlrq uhvxowv iurp wkh dowhuqdwlyh k| srwkhvlv1 Lq Nohlehuj hq dqg Sdds +4<<; , d surri ri wkh ydolglw| ri wkh EVVdqg lwv h{dfwixqfwlrqdoirup duh j lyhq1 I xuwkhup ruh/ wkh gl�huhqwvshfl0

�fdwlrqvri lwiruvhyhudofrp p rqo| whvwhg k| srwkh}hvlq olqhdup rghov/ olnh rp lwwhg yduldeohv/ vhuldofruuhodwlrq/ frlqwhj udwlrq/ duh frqvwuxfwhg1Dvwkh frp sxwdwlrq ri wkhEVVrqo| lqyroyhv wkh qhvwhg p rgholwlv d frqyhqlhqwgldj qrvwlf wr whvwwkh sodxvlelolw| ri wkh lp solflwo| / e| wkh qhvwhg p rgho/ lp srvhg uhvwulfwlrqv1

91F odvvlfdoDqdo| vlv

Wkh suhylrxv vhfwlrq vkrz hg Ed| hvldq dssolfdwlrqv ri wkh xqlt xh frqglwlrqdoghqvlwlhv1 Wkh xqlt xh frqglwlrqdoghqvlwlhv dovr kdyh frqvht xhqfhv irufodvvlfdovwdwlvwlfdodqdo| }hv ri hfrqr0 p hwulf dqg wlp h vhulhv p rghov1 Lq wkh iroorz lqj vxevhfwlrqv/ z h eulh | glvfxvv wz r ri wkhvh frqvht xhqfhv1 Wkh �uvwfrqvht xhqfh lqyroyhv wkh olp lwlqj dqg vp doovdp soh glvwulexwlrqv ri p d{lp xp olnholkrrg hvwlp dwruv +p ohv,1Wkh vhfrqg rqh ghdov z lwk h{dfwwhvwv ri k| srwkhvhv1

9141Glvwulexwlr qv r i P d{lp xp Olnholkr r g Hvwlp dwr uv

Wkhp ohvdwlv�hvwkh�uvwrughufrqglwlrq +irf, irud p d{lp xp ri wkhorj 0olnholkrrg1Z khq wkh p oh lv wkh xqlt xh vroxwlrq wr wkh irf/ z h fdq lq sulqflsoh frqvwuxfwlwv olp lwlqj dqg2ru vp doo vdp soh glvwulexwlrq1 Wkh irf fdq eh vshfl�hg vxfk wkdwlwuhodwhv wkh p oh ri wkh sdudp hwhuv ri wkh dqdo| }hg qhvwhg p rghowr wkh p oh ri wkh sdudp hwhuv ri dq hqfrp sdvvlqj p rgho1 Erwk wkhvh p ohv fdq eh frqvlghuhg dv uhdol}dwlrqv ri udqgrp yduldeohv1 I ru doouhdol}dwlrqv ri wkh p oh ri wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rgho/ wkh xqlt xhqhvv frqglwlrq lp solhv wkdw wkhuh lv h{dfwo| rqh vroxwlrq wr wkh irf iru d p d{lp xp ri wkh orj 0olnholkrrg ri wkh qhvwhg p rgho1Wklvlvlq j hqhudoqrwsrvvleoh dqg wklvfrqglwlrq wkhuhiruh lp srvhvd uhvwulfwlrq rq wkh udqgrp yduldeoh wkdwfkdudfwhul}hvwkh p oh ri wkh sdudp hwhuvri wkh hqfrp sdvvlqj p rgho/ vhh Nohlehuj hq +4<<; ,1 Z khq wklv uhvwulfwlrq vdwlv�hv wkh vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| / wkh frqfhswri dq xqlt xh frqglwlrqdoghqvlw| fdq eh xvhg wr frqvwuxfwwkh olp lwlqj ru vp doovdp soh glvwulexwlrq ri wkh p oh ri wkh sdudp hwhuv ri wkh qhvwhg p rghoiurp wkh olp lwlqj ru vp doovdp soh glvwulexwlrq ri wkh p oh ri wkh sdudp hwhuv ri wkh hqfrp sdvvlqj p rgho1

Frqvlghu/ iruh{dp soh/ wkh p rgho/

⇁’ f sE↽ øn 0c +914,

z khuh ⇁ GA⋄ �( f GA⋄ ς( 0 GA⋄ �c0 ⊃ ⋆Efcj^2U_Aøc↽ G6 ⋄ �( sE↽ øGς⋄ �/ frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh h{fhsw+p d| eh, iru vrp h orz hu glp hqvlrqdovxevsdfhv ri wkh vsdfh rq z klfk ↽ lv gh�qhg1 H{dp sohv ri p rghov olnh +914, duh wkh vlp xowdqhrxv ht xdwlrq p rgho/ wkh dxwruhj uhvvlyh p rylqj dyhudj h p rghodqg qxp hurxv rwkhuv1

Wkh irf irud p d{lp xp ri wkh +orj 0, olnholkrrg uhdgv/ � j^2 ] Ys Y↽^≺ ⇕_{Ψ↽} ⌊_≺ f^≺E⇁∗ f sEΨ↽ øø ’ f ∝ +915, � j^2 ] Ys Y↽^≺ ⇕_{Ψ↽} ⌊_≺ f^≺f ] Ef^≺f ø^{∋ �}f^≺⇁∗ sEΨ↽ ø ⌊ ’ f ∝ � j^2 ] Ys Y↽^≺ ⇕_{Ψ↽} ⌊_≺ f^≺f ) Ψx ∗ sEΨ↽ ø [ ’ f ∝ ] Ef^≺f ø^{�2} Ys Y↽^≺ ⇕_{Ψ↽} j^{∋ �} ⌊_≺) Ef^≺f ø^{�2} Ψxj^{∋ �} ∗ Ef^≺f ø^{�2} sEΨ↽ øj^{∋ �} [ ’ f ∝ ] Yo Y↽^≺ ⇕_{Ψ↽} ⌊_≺) ΨX ∗ oEΨΣEΨ↽ øø [ ’ f ∝ ] ] Yo YΣ^≺ ⇕Ψ_{Σ EΨ↽ ø} ⌊ ] YΣ Y↽^≺ ⇕_{Ψ↽} ⌊ ⌊_≺) ΨX ∗ oEΨΣEΨ↽ øø [ ’ f ∝ ] YΣ Y↽^≺ ⇕_{Ψ↽} ⌊_≺] Yo YΣ^≺ ⇕Ψ_{ΣEΨ↽ ø} ⌊_≺) ΨX ∗ oEΨΣEΨ↽ øø [ ’ fc

z khuh Ψx ’ Ef_≺f ø_{∋ �}f_≺⇁( ΨX ’ Ef_≺f ø_{�2} Ψxj_{∋ �}cΣ G6 ⋄ �( oEΣøGς⋄ �coEΣø’ Ef_≺f ø_{�2} sE↽ øj_{∋ �}c oEΣø lv d frqwlqxrxv gl�huhqwldeoh ixqfwlrq dqg dq lqyhuwleoh uhodwlrqvkls ehwz hhq Σ dqg ↽ h{lvwv vxfk wkdw_{Y↽}^{YΣ} ≺ lv qrqvlqj xodu iru doo↽ c Σ( ΨΣ dqg Ψ↽ vwdqg iru wkh p ohv ri wkh vshfl�f sdudp hwhuv>dqg z h kdyh xvhg wkh fkdlq uxoh ri gl�huhqwldwlrq/_{Yo}^{Y↽ ≺}⇕^{Ψ↽} ’ )^{Yo} YΣ_≺⇕ΨΣ EΨ↽ ø [ )^{YΣ} Y↽_≺⇕Ψ↽ [ ν Wkhirf +915, uhodwhvwkhp ohri ↽ cΨ↽ cz klfk fdq ehxqlt xho| vroyhg iruiurp ΨΣcwr wkh�ȷ0ydoxhv�

ΨX ri wkh olqhdu p rgho/

⇁’ f x n 0c +916, dqg z h fdq vroyh iru Ψ↽ iurp ΨX xvlqj +915,1 Vlqfh_{Y↽}^{YΣ} ≺ lv qrqvlqj xodu hyhu| z khuh/ wkh irf +915, lv ht xlydohqwz lwk ] Yo YΣ_≺ ⇕Ψ^{Σ EΨ↽ ø} ⌊^≺) ΨX ∗ oEΨΣEΨ↽ øø [ ’ fc +917, dqg z h fdq dovr vroyh iru ΨΣ iurp ΨX xvlqj +917, dqg wkhq vroyh iru Ψ↽ iurp ΨΣν

Z h uh hfwwkh irf lq lwvp rvwsulp lwlyh irup vxfk wkdwlwgrhvqrwlqyroyh dq| gdwdp dwulfhv olnhf_≺f νWklvlvdfklhyhg e| vshfli| lqj lwlq whup vri wkh�ȷ0ydoxhv� ΨX z klfk fdq ehfrqvlghuhg dv d uhdol}dwlrq ri d udqgrp yduldeoh z lwk dq lghqwlw| fryduldqfh p dwul{1 Ehfdxvh ri wklv odwwhu surshuw| / wkh orj 0olnholkrrg lv vwulfwo| t xdgudwlf lq ΨX dv ΨX lv qrwz hlj kwhg e| d vshfl�f gdwdghshqghqwp dwul{ lq wkh orj 0olnholkrrg1 Uhvwulfwlrqv fdq wkhuhiruh gluhfwo| eh lp srvhg rq ΨX dqg gr qrwqhhg wr eh vfdohg e| dq dgglwlrqdo gdwdghshqghqwp dwul{/ hvwlp dwru ru sdudp hwhu1

Lq Nohlehuj hq +4<<; ,/ lwlv vkrz q wkdwwkh xqlt xhqhvv ri wkh p oh ri wkh sdudp hwhuv ri wkh qhvwhg p rgho/ ΨΣcdv wkh vroxwlrq wr wkh irf iru doouhdol}dwlrqv ri ΨX lp srvhv d uhvwulfwlrq rq wkh udqgrp yduldeoh ΨXνZ khq_{Yo}^{YΣ} ≺ kdv ixooudqn iru dooydoxhv ri Σcwklv uhvwulfwlrq lv/

ΨX ∗ oEΨΣø≤ fν +918,

I urp uhdol}dwlrqv ri ΨX wkdwvdwlvi| wklv uhvwulfwlrq/ z h fdq xqlt xho| vroyh iru ΨΣc dqg wkxv dovr iru Ψ↽ cdqg frqvwuxfwwkh ghqvlwlhv ri wkhvh udqgrp yduldeohv1 Lq rughu wr eh deoh wr gr wklv/ wkh uhvwulfwlrq +918, kdv wr vdwlvi| wkh vx! flhqwfrqglwlrqviruwkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| dqg wkh ghqvlw| ixqfwlrq ri ΨX kdv wr eh nqrz q1 Z khq wkhvh frqglwlrqv krog/ z h fdq frqvwuxfwwkh ghqvlw| ri ΨΣ iurp wkh xqlt xh frqglwlrqdoghqvlw| ri ΨX j lyhq wkdw

+918, krogv1 D vlp lodu uhdvrqlqj fdq eh sxuvxhg wr rewdlq wkh olp lwlqj glvwulexwlrq ri Ψ↽ iurp wkh olp lwlqj glvwulexwlrq ri ΨXcz khq wklv olp lwlqj glvwulexwlrq kdv d nqrz q ghqvlw| ixqfwlrq1

I ru dq revhuyhg gdwdvhw/ wkh uhdol}hg ydoxh ri ΨX qhyhu vdwlv�hv wkh uhvwulfwlrq +918, z klfk p lj kweh frqvlghuhg dvdq duj xp hqwdj dlqvwwkh ydolglw| ri wkh suhylrxvo| glvfxvvhg dssurdfk1

Krz hyhu/ vlqfh wkh xquhvwulfwhg ΨX kdvp ruh hohp hqwvwkdq ΨΣclwfrqvlvwvri wz r glvwlqfwsduwv/ rqh sduwiurp z klfk z h vroyh ΨΣ dqg rqh sduwz klfk z h hvvhqwldoo| glvfdug z khq z h vroyh iru

ΨΣνWkh sduwri ΨX z khuh ΨΣ lvvroyhg iurp grhvvdwlvi| wkh uhvwulfwlrq +918, dqg wkdwsduwlvwkh rqo| sduwlq z klfk z h duh lqwhuhvwhg wr ghwhup lqh wkh ghqvlw| ri ΨΣνHvwlp dwlrq doj rulwkp vwkdw hvwlp dwh ΨΣ iurp ΨX xvlqj wkh irf +917, dovr rshudwh lq wklv z d| dqg dovr +lp solflwo| , glvfdug vshfl�f hohp hqwv ri ΨX1 Wkh p dlq gl�huhqfh ehwz hhq vxfk dq dssurdfk dqg wkh rqh glvfxvvhg deryh lv wkdwwkh odwwhu dssurdfk h{solflwo| iurp wkh rxwvhwvkrz v z klfk sduwri ΨX lwlv j rlqj wr xvh wr ghwhup lqh ΨΣ z kloh wkh hvwlp dwlrq doj rulwkp lp solflwo| glvfdugvfhuwdlq sduwvri ΨX lq hvwlp dwlqj ΨΣν

914141Vp dooVdp s oh Glvwulexwlr qv r i P d{lp xp Olnholkr r g Hvwlp dwr uv

Z khq wkh ghqvlw| ixqfwlrq ri ΨX lq +917, lvnqrz q/ vd| ΨX ⊃ ⋆EX_f cU_ςøcX_f ’ Ef^≺f ø^�2 sE↽_f øj^{∋ �}c z h fdq frqvwuxfwwkh vp doovdp soh glvwulexwlrq ri wkh p oh Ψ↽ 1 Z khq 7 ’ f^≺f dqg kdv d �{hg ixooudqn ydoxh/ vxfk wkdwf lv qrqvwrfkdvwlf/^{Yo}_{YΣ} ≺ kdv ixooudqn/^{Y↽}_{YΣ} ≺ lqyhuwleoh ∅ ↽ ( wkhq/ dv glvfxvvhg suhylrxvo| / wkh xqlt xhqhvv ri wkh p oh dv vroxwlrq wr wkh irf +915, lp srvhv wkh uhvwulfwlrq/

ΨX ∗ oEΨΣø≤ fc +919,

rq wkh udqgrp yduldeoh ΨXcz klfk kdvdq lghqwlw| fryduldqfh p dwul{/ dvwkh p oh ΨΣ lvwkh xqlt xh vroxwlrq wr wkh irf +915, iru doo ydoxhv ri wkh udqgrp yduldeoh ΨXνZ khq +919, vdwlv�hv wkh vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| / wkh sgi ri wkh p oh Ψ↽ uhvxowv iurp wkh frqglwlrqdosgi ri ΨX j lyhq wkdw+919, krogv/

R_oEΨ↽ ø ∈ R_oEΨΣEΨ↽ øø⇕aEΨΣcΨ↽ ø⇕ +91: , dqg R_oEΨΣø ∈ REΨΣcΨbø⇕_{Ψb’ f} ∈ REΨXEΨΣcΨbøø⇕_{Ψb’ f} ⇕aEΨXcEΨΣcΨbø⇕_{Ψb’ f} ⇕c z khuh Ψb GEς∗ 6 ø⋄ � uhsuhvhqwvwkhuhvwulfwlrq +919, +ehfdxvhri wkhvx! flhqwfrqglwlrqvirudq xqlt xh frqglwlrqdoghqvlw| ,/ o vwdqgviruuhvwulfwhg wr lqglfdwh wkdwz h grqrwxvh wkh p duj lqdo ghqvlwlhv uhvxowlqj iurp ΨX gluhfwo| / dqg aEΨΣcΨ↽ ø lv wkh mdfreldq ri wkh wudqvirup dwlrq iurp ΨΣ wr Ψ↽ ν

Wkh vp doovdp soh ghqvlw| frqvwuxfwhg e| xvlqj +91: , uhvxowviurp dq lp solflwduj xp hqwdv lwlvrewdlqhg iurp wkh surshuw| ri wkh p oh wkdwlwlvwkh xqlt xh vroxwlrq wr wkh irf +915,1Wkh vp doovdp soh glvwulexwlrqv iru p ohv glvfxvvhg lq wkh olwhudwxuh/ vhh h1j1 Skloolsv +4<; 6, dqg P duldqr dqg Vdz d +4<: 5,/ duh doofrqvwuxfwhg xvlqj dq h{solflwh{suhvvlrq ri wkh p oh/ l1h1 wkh vp doovdp soh glvwulexwlrq lv frqvwuxfwhg xvlqj wkh h{dfwforvhg irup dqdo| wlfdoh{suhvvlrq ri wkh p oh dqg wkh ghqvlwlhv ri wkh gl�huhqwhohp hqwv ri lw/ dqg gr qrwuhvxowiurp d uhvwulfwlrq lp srvhg rq d vshfl�f udqgrp yduldeoh1 Wkh surfhgxuh iru frqvwuxfwlqj wkh vp doo vdp soh glvwulexwlrq xvlqj wkh xqlt xh frqglwlrqdo ghqvlwlhv lv wkhuhiruh dsshdolqj dv lwfdq dovr eh dssolhg lq fdvhv z khuh z h fdqqrwfrqvwuxfwd forvhg irup dqdo| wlfdoh{suhvvlrq ri wkh p oh1 Z h qrwh wkdwiru dq revhuyhg vdp soh/ ΨX lv mxvwd vwdwlvwlf dqg wkh irf +915, fdqqrwlp so| wkh uhvwulfwlrq +919,1 Z h fdq wkhq mxvwvroyh iru Ψ↽ iurp +915,1 E| vroylqj iru Ψ↽ z h wkhq/ krz hyhu/ lp solflwo| glvfdug d sduwri ΨX dqg wkh sduwri ΨX iurp z klfk Ψ↽ lv hvvhqwldoo| vroyhg grhvvdwlvi| +919,1Vr/ wr frqvwuxfwwkh vp doovdp soh ghqvlw| ri Ψ↽ cz h fdq dvz hoolp srvh +919, iurp wkh rxwvhwdqg frqvwuxfwwkh ghqvlw| ri Ψ↽ iurp wkh frqglwlrqdoghqvlw| ri ΨX j lyhq +919,1

914151Olp lwlqj Glvwulexwlr q r i P d{lp xp Olnholkr r g Hvwlp dwr uv

Wkh irf +915, fdq dovr eh xvhg wr rewdlq wkh olp lwlqj ehkdylruri wkh p oh Ψ↽ z khq wkh olp lwlqj ehkdylru ri ΨX durxqg lwv wuxh ydoxh X_f lv nqrz q/ vd| ∫ AEΨX ∗ X_f ø⇔ ⋆EfcU_ςøc ΨX ’ 7^�2 Ψxj^{∋ �}c X_f ’ 7^�2 sE↽_f øj^{∋ �}c7 ’ R*ı4_{Aℜ ↑} ]_{f ≺f} A ⌊ νWklvolp lwlqj ehkdylrufdq eh frqvwuxfwhg xvlqj wkh uhvwulfwlrq lp srvhg e| wkh irf rq ΨX/ ] Ef^≺f ø^{�2} Ys Y↽^≺ ⇕_{Ψ↽} j^{∋ �} ⌊_≺) Ef^≺f ø^{�2} Ψxj^{∋ �} ∗ Ef^≺f ø^{�2} sEΨ↽ øj^{∋ �} [ ≤ f ∝+91; , ] Ef^≺f ø^{�2} Ys Y↽^≺ ⇕_{Ψ↽} j^{∋ �} ⌊_≺) Ef^≺f ø^{�2} ) Ψx ∗ sE↽_f ø [ j^{∋ �} ∗ Ef^≺f ø^{�2} EsEΨ↽ ø∗ sE↽_f øøj^{∋ �} [ ≤ fν

Wkh olp lwlqj ehkdylruri ΨX lvvxfk wkdw ∫ A ) ΨX ∗ X^f [ frqyhuj hvwr d udqgrp yduldeoh ϱz lwk ghqvlw| ixqfwlrq/

REϱø’ E2Zø_{∋ �2 ς}i T ⌋ ∗ � 2 ϱ_≺ϱ ⌈ ν +91<,

Vr/ vlqfh ∫ A ) ΨX ∗ X^f [ frqyhuj hvwr d udqgrp yduldeohdqg wkh frqglwlrq +91; , krogviruhyhu| ydoxh Ψ↽ clwdovr lp solhv wkdw/ *ı4^{Aℜ ↑} ⌋∫ A ] 7_{�2} Ys Y↽_≺ j_{∋ �} ⌊^≺)∫ A7_{�2} ) Ψx ∗ sE↽^f ø [ j_{∋ �} ∗ ∫ A7_{�2} EsEΨ↽ ø∗ sE↽^f øøj_{∋ �} [⌈ ≤ f ∝ *ı4^{Aℜ ↑} ⌋∫ A ] YΣ Y↽_≺ ⇕^{Ψ↽} ⌊^≺] Yo YΣ_≺ ⇕Ψ^Σ ⌊^≺)∫ A ) ΨX ∗ X^f [ ∗ ∫ A ) oEΨΣø∗ oEΣ^f ø [[⌈ ≤ f ∝ *ı4^{Aℜ ↑} ⌋] Yo YΣ_≺ ⇕Ψ^Σ ⌊^≺) ϱ∗ ∫ A ) oEΨΣø∗ oEΣ^f ø [[⌈ ≤ fν+9143, dv 7 ’ R*ı4^{Aℜ ↑} ]^{f ≺f} A ⌊ dqg oEΨΣø ’ 7_�2 sEΨ↽ øj_{∋ �} lv d frqwlqxrxv gl�huhqwldeoh ixqfwlrq ri ΨΣc

Σ G6 ⋄ �cΣ lvdq lqyhuwleoh ixqfwlrq ri ↽ νWklvuhvxowviurp wkh frqwlqxrxvp dsslqj wkhruhp / vhhEloolqj voh| +4<; 9,1Lghqwlfdowr wkhfdvh ri wkhvp doovdp sohglvwulexwlrq/ wkhuhlvdq xqlt xh vroxwlrq ΨΣ wr +9143, iru hyhu| srvvleoh ydoxh ri ϱz klfk lv d udqgrp yduldeoh gh�qhg rq _ςν

Vlqfh_{Yo}^{YΣ} ≺ kdv ixooudqn iru dooydoxhv ri Σ/ wklv lp srvhv wkh uhvwulfwlrq/ ϱ∗ *ı4^{Aℜ ↑} ∫ A ) oEΨΣø∗ oEΣ^f ø [ ≤ fc +9144, rq wkh udqgrp yduldeoh ϱνVr/ z khq +9144, vdwlv�hv wkh vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| / z h fdq frqvwuxfwwkh olp lwlqj glvwulexwlrq ri ΨΣcdqg wkxvdovr ri Ψ↽ ciurp wkh ghqvlw| ri ϱj lyhq wkdw+9144, krogv/ ∫ A ) oEΨΣø∗ oEΣ^f ø [ ⇔ ϱ⇕^{℘Eϱø’ f} c +9145, z khuh ℘Eϱø’ f lv ht xlydohqwz lwk +9144,1

Z h qrwh wkdwz h rewdlq wkh olp lwlqj glvwulexwlrq ri wkh p oh ri wkh sdudp hwhuvri wkh qhvwhg p rghoe| h{solflwo| xvlqj frqglwlrq +9144, z klfk uhvxowv vlqfh wkh p oh lv wkh xqlt xh vroxwlrq wr wkh irf1I ruvwdwlvwlfvuhvxowlqj iurp dq revhuyhg gdwdvhwwklvfrqglwlrq lvqrwvdwlv�hg exw wkh hohp hqwv ri wkhvh vwdwlvwlfv iurp z klfk wkh p oh ΨΣ lv hvvhqwldoo| vroyhg/ gr vdwlvi| +9144,1

914161Ds s olfdwlr q r i wkh xqlt xh fr qglwlr qdoghqvlwlhv wr olp ohvwlp dwr u

Lq Nohlehuj hq +4<<; ,/ wkh olp lwlqj dqg vp doovdp soh glvwulexwlrq ri wkh olp lwhg lqirup dwlrq p d{lp xp olnholkrrg +olp o, hvwlp dwru duh frqvwuxfwhg xvlqj wkh xqlt xh frqglwlrqdoghqvlwlhv1

Wkh olp lwlqj glvwulexwlrq wkdwuhvxowv lv lghqwlfdowr wkh h{suhvvlrqv glvfxvvhg hovhz khuh lq wkh olwhudwxuh/ vhh eν℘νKdxvp dq +4<; 6,/ dqg wkh rewdlqhg vp doovdp soh ghqvlw| lvlghqwlfdowr wkh vdp solqj ghqvlw| 1 Wklv wkxv vkrz v wkh ydolglw| ri frqvwuxfwlqj vp doovdp soh dqg olp lwlqj glvwulexwlrqv ri p ohv xvlqj xqlt xh frqglwlrqdoghqvlwlhv dqg dovr ri wkh frqfhswri dq xqlt xh frqglwlrqdoghqvlw| lwvhoi1

9151F odvvlfdoVfr uh Vwdwlvwlfv

Wkh uhvwulfwlrqv +919, dqg +9145, lp srvhg e| wkh irf rq udqgrp yduldeohv wkdwfkdudfwhul}h wkh vp doovdp soh dqg olp lwlqj ehkdylruri p ohvri wkh sdudp hwhuvri hqfrp sdvvlqj p rghovfdq dovr eh xvhg wr frqvwuxfwh{dfwdqg dv| p swrwlf glvwulexwlrqv ri fodvvlfdovfruh vwdwlvwlfv/ vhh eν℘νHqj oh +4<; 7,1Wkhvh whvwvwdwlvwlfvuhvxowt xlwh qdwxudoo| ehfdxvh wkh uhvwulfwlrqv+919, dqg +9145, duh lp srvhg rq udqgrp yduldeohv z lwk lghqwlw| fryduldqfh p dwulfhv1

Frqvlghu wkh qxoo k| srwkhvlv/ M_f Gx_f ’ sE↽ ø/ wkdwp dnhv +916, ht xdo wr +914,1 Wklv k| srwkhvlv lv ht xlydohqwz lwk M_f G℘EX_f ø ’ ℘E7^�2 x_f j^{∋ �}ø ’ f GEς∗ 6 ø⋄ �/ wkdwvdwlv�hv frqglwlrqv 4 dqg 5/ dqg lp solhv wkdwwkh qxook| srwkhvlv dp rxqwv wr M_f Gb_f ’ fcvhh vhfwlrq 9141 Qrwh wkdwX_f lv wkh wuxh ydoxh ri Xν

Lq wkh fdvh ri wkh vp doovdp soh glvwulexwlrq/ wkh uhvwulfwlrq lp srvhg e| wkh irf +919, lv ht xlydohqwz lwk wkh uhvwulfwlrq ℘EΨXø’ fcwkdwfdq eh p rghoohg xvlqj wkhsdudp hwhuΨbclp srvhg rq wkh udqgrp yduldeoh ΨXc ΨX ’ 7^�2 Ψxj^{∋ �}νWkh vp doo vdp soh glvwulexwlrq ri wkh p d{lp xp olnholkrrg hvwlp dwru Ψ↽ wkhq uhvxowv dv/ vhh +91: ,/

R_oEΨ↽ ø ∈ R_oEΨΣEΨ↽ øø \ \aEΨΣcΨ↽ ø \ \ +9146,

dqg R_oEΨΣø ∈ REΨΣcΨbø⇕Ψ_{b’ f}

∈ REΨXEΨΣcΨbøø⇕Ψ_{b’ f} \ \ \a ) ΨXc ) ΨΣcΨb [[\ \_{Ψb’ f} c

z khuh ΨX ’ 7^�2 Ψxj^{∋ �}coEΨΣø’ 7^�2 sEΨ↽ øj^{∋ �}c ΨΣ G6 ⋄ � dqg ΨΣ kdv dq lqyhuwleoh uhodwlrqvkls z lwk Ψ↽ νWr whvwwkh qxook| srwkhvlv/ M_f Gb ’ fcz h rqo| xvh R_oEΨΣødqg vlp lodu wr vhfwlrq 817/ R_oEΨΣø fdq riwhq eh vshfl�hg dv/

R_oEΨΣø∈ ⌣EΨb⇕ΨΣø⇕_{Ψb’ f} ⌣EΨΣøc +9147,

z khuh⌣EΨb⇕ΨΣødqg ⌣EΨΣøduhsurshughqvlw| ixqfwlrqvri z klfk ⌣EΨb⇕ΨΣøehorqj vwr d vwdqgdug fodvv1 Wkh p rgho rewdlqhg xqghu wkh qxoo k| srwkhvlv fruuhvsrqgv z lwk b_f ’ fν Wkh frqglwlrqdo ghqvlw| ⌣EΨb⇕ΨΣø xqghu wkh qxook| srwkhvlv/ M_f Gb ’ fc fdq eh xvhg wr yhuli| z khwkhu +wkh lp srvhg, Ψb ’ f lvd sodxvleohgudz lqj iurp wkhghqvlw| ⌣EΨb⇕ΨΣøxqghuM_f Gb ’ fνI ruwklvz hxvh wkhfodvvlfdovfruhvwdwlvwlf wkdwwhvwvM_f Gb ’ f dj dlqvwM_� Gb ∃’ f1Wkhfodvvlfdovfruhvwdwlvwlf lvd ixqfwlrq ri EΨbcΨΣøiruz klfk z h fdq frqvwuxfwlwvsgi xqghuM_f iurp ⌣EΨΣcΨbø’ ⌣EΨb⇕ΨΣø⌣EΨΣøν Wkh fodvvlfdovfruh vwdwlvwlf lvvxfk d ixqfwlrq wkdwlwlvvwrfkdvwlfdoo| lqghshqghqwiurp ΨΣ dqg kdv d vwdqgdugl}hg ghqvlw| 1 Wkh p duj lqdosgi ri wkh fodvvlfdovfruh vwdwlvwlf wkhuhiruh uhvxowv iurp ⌣EΨΣcΨbø dqg z h fdq xvh lwwr rewdlq wkh fulwlfdoydoxhv1 Z h frqvlghu wkh fodvvlfdovfruh vwdwlvwlf iruwkhrevhuyhg gdwdvhwdvd uhdol}dwlrq iurp wklvglvwulexwlrq dqg fdq frp sduhlwz lwk wkh fulwlfdoydoxhv wr ghwhup lqh lwv vlj ql�fdqfh1 D vlp lodu uhdvrqlqj ohdgv wr wkh dv| p swrwlf glvwulexwlrq ri wkh fodvvlfdovfruh vwdwlvwlf z klfk xvhvwkh olp lwlqj glvwulexwlrqvri wkh p oh wkdw uhvxowiurp wkh xqlt xh frqglwlrqdoghqvlwlhv dqg duh glvfxvvhg lq wkh suhylrxv vxevhfwlrq1

: 1F r qfoxvlr qv

Z h gh�qhg vx! flhqwfrqglwlrqv iru wkh h{lvwhqfh ri dq xqlt xh frqglwlrqdoghqvlw| 1 Vhyhudo hfrqrp hwulf dqg wlp h vhulhv p rghov uhvxowiurp uhvwulfwlrqv rq hqfrp sdvvlqj olqhdu p rghov wkdwvdwlvi| wkhvh vx! flhqwfrqglwlrqv1 Erwk Ed| hvldq dqg fodvvlfdolqihuhqfh lq wkhvh p rghov wkhq +fdq eh frqvlghuhg wr, uhvxowiurp wkhvh frqglwlrqdo ghqvlwlhv1 Lq Ed| hvldq vwdwlvwlfv wkh xqlt xh frqglwlrqdoghqvlwlhv doorz xv wr frqvwuxfwEζνøwkh vshfl�f fodvvhv ri sulruv iru wkh 5:

sdudp hwhuvri wkhvh qhvwhg p rghov/ Eζζνøsulruvrq wkh sdudp hwhuvri wkh hqfrp sdvvlqj p rghov wkdwlp so| dq douhdg| vshfl�hg sulrurq wkhsdudp hwhuvri wkhqhvwhg p rgho/ EζζζνøEd| hvidfwruv uhvxowlqj iurp +j hqhudol}hg, Vdydj h0Glfnh| ghqvlw| udwlrv dqg Eζϵνø Ed| hvldq vfruh vwdwlvwlfv1

Lq fodvvlfdovwdwlvwlfdodqdo| vlv/ wkh xqlt xh frqglwlrqdoghqvlwlhv r�hu dq dowhuqdwlyh dssurdfk wr frqvwuxfwwkhvp doovdp sohdqg olp lwlqj glvwulexwlrqvri +L1, p d{lp xp olnholkrrg hvwlp dwruv dqg +LL1, fodvvlfdovfruh vwdwlvwlfv1

Vhyhudodssolfdwlrqv ri wkh frqglwlrqdoghqvlwlhv lq sudfwlfh h{lvw= Nohlehuj hq dqg Krhn

+4<<9, dqg Nohlehuj hq dqg Sdds +4<<; , xvh Eζνødqg Eζζζνølq Ed| hvldq dqdo| }hv ri uhvs1 dup d dqg frlqwhj udwlrq p rghov> Nohlehuj hq dqg ydq Glmn +4<<; , xvh Eζνø lq d Ed| hvldq dqdo| vlv ri vlp xowdqhrxv ht xdwlrqv p rghov>Nohlehuj hq dqg ] lyrw+4<<; , xvh Eζνøc Eζζνø dqg +L1, lq d frp sdulvrq ri fodvvlfdodqg Ed| hvldq dqdo| }hv ri lqvwuxp hqwdoyduldeoh uhj uhvvlrq p rghovdqg

Nohlehuj hq +4<<; , frqvwuxfwv olp lwlqj dqg vp doovdp soh glvwulexwlrqv ri olp lwhg lqirup dwlrq p d{lp xp olnholkrrg hvwlp dwruv xvlqj +L1,1 Wkhvh dqdo| }hv ixuwkhu vkrz wkh lp sruwdqfh ri wkh xqlt xh frqglwlrqdoghqvlwlhv dqg frqwdlq erwk hohp hqwv wkdwfrxogqrwkdyh ehhq ghulyhg z lwkrxwwkhp +Eζνø∗ Eζϵνøø dqg hohp hqwv wkdwfrxog dovr kdyh ehhq rewdlqhg xvlqj dqrwkhu dssurdfk ++L1,0+LL1,,1 Wkh odwwhu wkxv vkrz wkh ydolglw| ri wkh iudp hz run iru frqgxfwlqj vwd0 wlvwlfdolqihuhqfh xvlqj frqglwlrqdoghqvlwlhvdqg wkh frqglwlrqdoghqvlwlhvlwvhoi dvwkh| ohdg wr wkh vdp h uhvxowvdvrewdlqhg ehiruh1 Lwlvwkhuhiruh lqwhuhvwlqj wr ixuwkhulqyhvwlj dwh z kdwqhz vwdwlvwlfdouhvxowv fdq eh rewdlqhg xvlqj wkh frqglwlrqdoghqvlwlhv1

5;

lp solhv wkdwwkh uhvwulfwlrq ℘Eϱø’ f fruuhvsrqgv z lwk ⇁^� ’ f dqg lp srvhv qr uhvwulfwlrqv rq

5^�νKrz hyhu/ z khq ⇁^� frqvlvwvri wz r dgglwlyh sduwv/ rqh ri z klfk rqo| ghshqgvrq ⇁^2 dqg rqh z klfk rqo| ghshqgv rq 5^2/ ⇁^� ’ f wkxv lp srvhv d uhvwulfwlrq rq 5^2 dqg wkhuhiruh frqglwlrq 5 lv ylrodwhg1 ⇁^� wkxv rqo| ghshqgv rq ⇁^2 dqg_{Y⇁�}^{Y5}≺^2 ’ f ∅ 5^2νJ lyhq frqglwlrq 5 dqg lqyhuwlelolw| ehwz hhq ϱdqg E⇁c5øcwkh wudqvlwlylw| surshuw| lvwkxvht xlydohqwwr frqglwlrq 4/ vlqfh lwvkrz v wkdw⇁rqo| uhsuhvhqwvwkhuhvwulfwlrq dqg qrwklqj hovh/ dqg lwlvwkxvd frqyhqlhqwwrrowr fkhfn z khwkhu frqglwlrq 4 krogv1

D151 Sur r i r i wkhr uhp 5141

Frqvlghuwz r vshfl�fdwlrqv/ E⇁^�c5^�ødqg E⇁^2c5^2øwkdwduhqrwlghqwlfdodqg vdwlvi| frqglwlrqv

4 dqg 51Wkh vshfl�fdwlrq ri wkh frqglwlrqdoghqvlw| ri ϱj lyhq ℘Eϱø’ f uhdgv/ R^oEϱø ∈ REϱø⇕^{℘Eϱø’ f} ∈ R^oE5^2Eϱøø⇕aEE⇁^2c5^2øcϱø⇕^{℘Eϱø’ f} ⇕ z khuh R^oE5^2ø ∈ RE⇁^2c5^2ø⇕^{⇁2’ f} ∈ REϱE⇁^2c5^2øø⇕^{⇁2’ f} ⇕aEϱcE⇁^2c5^2øø⇕^{⇁2’ f} ⇕νFrqglwlrq 5 lp solhv wkdw

⇁^2 frp sohwho| uh hfwvwkh uhvwulfwlrq dqg ehfdxvh E⇁^�c5^�ødqg E⇁^2c5^2øvdwlvi| frqglwlrq 4/ vxfk wkdwRE⇁^�c5^�ø dqg RE⇁^2c5^2ø duh z hoo0gh�qhg/ ⇁^� ’ f lv ht xlydohqwz lwk ⇁^2 ’ f dv ϱfdq eh xqlt xho| vroyhg iurp E⇁^�c5^�øc E⇁^2c5^2ø iru doo ydoxhv ri ⇁^�c ⇁^2 j lyhq wkdw5^�c 5^2 doorz iru lw1

I xuwkhup ruh/ lwuhvxowv iurp ohp p d 4 wkdw/

⇕aEϱcE⇁^2E⇁^�c5^�øc5^2E⇁^�c5^�øøø⇕^{⇁2’ f} ⇕⇕aE5^2c5^�ø⇕ ∈ ⇕aEϱcE⇁^�c5^�øø⇕^{⇁�’ f} ⇕∝

⇕aEϱcE⇁^�c5^�øø⇕^{⇁�’ f} ⇕_{∋ �}⇕aE5^2c5^�ø⇕ ∈ ⇕aEϱcE⇁^2E⇁^�c5^�øc5^2E⇁^�c5^�øøø⇕^{⇁2’ f} ⇕_{∋ �} ∝

⇕aEE⇁^�c5^�øcϱø⇕^{℘Eϱø’ f} ⇕⇕aE5^2c5^�ø⇕ ∈ ⇕aEE⇁^2c5^2øcϱø⇕^{℘Eϱø’ f} ⇕ν

Frp elqlqj wklv | lhogv/ R^oEϱø ∈ REϱø⇕^{℘Eϱø’ f} ∈ R^oE5^2Eϱøø⇕aEE⇁^2c5^2øcϱø⇕^{℘Eϱø’ f} ⇕

∈ R^oE5^2Eϱøø⇕aE5^2c5^�ø⇕⇕aEE⇁^�c5^�øcϱø⇕^{℘Eϱø’ f} ⇕

∈ R^oE5^�E5^2Eϱøøø⇕aEE⇁^�c5^�øcϱø⇕^{℘Eϱø’ f} ⇕

∈ R^oE5^�Eϱøø⇕aEE⇁^�c5^�øcϱø⇕^{℘Eϱø’ f} ⇕c z khuh R^oE5^�ø ∈ RE⇁^�c5^�ø⇕^{⇁�’ f} ∈ REϱE⇁^�c5^�øø⇕^{⇁�’ f} ⇕aEϱcE⇁^�c5^�øø⇕^{⇁�’ f} ⇕νWklv surriv wkhruhp 5141

Wkhsuhvhqfhri wkhmdfreldq ri wkhwudqvirup dwlrq iurp 5^2 wr 5^� dovr vkrz vwkdwwkhfrqglwlrqv rq 5 duh z hdnhu wkdq wkh frqglwlrqv rq ⇁ dqg fruuhvsrqg z lwk wkh vwdqgdug frqglwlrqv iru wudqvirup lqj udqgrp yduldeohv1

E1Sur r i r i Uhodwlr qvkls +61<, ehwz hhq +619, dqg +61: ,

Wkh vshfl�fdwlrq ri f uhdgv/ f ’ ] L^� L^{�2}

L^{2�} L^{22} ⌊ ] 7^� f f 7^2 ⌊ ] T_≺^� T_≺^{2�}

T_≺^{�2} T_≺^{22} ⌊

’ ⃗^ζℓ^ζ n ⃗^‡ t ℓ^‡ c ζ’ �c2c vxfk wkdw

⃗^ζℓ^ζ ’ ] L^�

L^{2�} ⌊ 7^� ] T_≺^� T_≺^{2�} ⌊ c ζ’ �c2c

dqg ⃗_‡ t ℓ_‡ ’ ] L_{�2} L_{22} ⌊ 7_2 ] T^≺_{�2} T^≺_{22} ⌊ ν Frqvht xhqwo| /

⃗_� ’ ] L_� L_{2�} ⌊ 7_�T^≺_{2�}c Φ ’ T^{∋ �≺}_{2�} T^≺_�c

ℓ_2 ’ L_�7_� ] T_� T_{2�} ⌊_≺ c θ ’ L_{2�}L^{∋ �}_� c

Vxevwlwxwlqj wkhvh h{suhvvlrqv lq wkh vshfl�fdwlrq ri ℓ_‡ dqg ⃗_‡ j lyhv/

⃗_‡ ’ ] ∗ ⃗^{∋ �≺}_� ⃗^≺_{�2} U_{ς∋ o} ⌊ EU_{ς∋ o} n ⃗_{�2}⃗^{∋ �}_� ⃗^{∋ �≺}_� ⃗^≺_{�2}ø^{∋ �2} ’ ] ∗ L^{≺∋ �}_� 7^{∋ �}_� T^{∋ �}_{2�} T_{2�}7_�L^≺_{2�} U_{ς∋ o} ⌊ EU_{ς∋ o} n L_{2�}L^{∋ �}_� L^{≺∋ �}_� L^≺_{2�}ø^{∋ �2} ’ ] ∗ L^{≺∋ �}_� L^≺_{2�} U_{ς∋ o} ⌊ EU_{ς∋ o} n L_{2�}L^{∋ �}_� L^{≺∋ �}_� L^≺_{2�}ø^{∋ �2} c

dvL^≺_�L_{�2} n L^≺_{2�}L_{22} ’ f +ehfdxvh ri wkh ruwkrj rqdolw| ri L,/ L_{�2}L^{∋ �}_{22} ’ ∗ L^{≺∋ �}_� L^≺_{2�}cdqg L^≺_{�2}L_{�2} n L^≺_{22}L_{22} ’ U_{ς∋ o}cvxfk wkdw

⃗_‡ ’ ] L_{�2}L^{∋ �}_{22} U_{ς∋ o} ⌊ EU_{ς∋ o} n L^{∋ �≺}_{22} L^≺_{�2}L_{�2}L^{∋ �}_{22} ø^{∋ �2} ’ ] L_{�2} L_{22} ⌊ L^{∋ �}_{22} EL^{≺∋ �}_{22} EL^≺_{22}L_{22} n L^≺_{�2}L_{�2}øL^{∋ �}_{22} ø^{∋ �2} ’ ] L_{�2} L_{22} ⌊ L^{∋ �}_{22} EEL^{≺∋ �}_{22} L^{∋ �}_{22} ø^{∋ �}ø^{�2} ’ ] L_{�2} L_{22} ⌊ L^{∋ �}_{22} EL_{22}L^≺_{22}ø^{�2} ν

Vlp loduo| iru ℓ_‡ /

ℓ_‡ ’ ] Φ U_o ⌊ ‡ ’ EU_{6 ∋ o} n Φ^≺Φ ø^{∋ �2} ] U_{6 ∋ o} ∗ Φ^≺ ⌊ ’ EU_{6 ∋ o} n T_�T^{∋ �}_{2�} T^{≺∋ �}_{2�} T^≺_�ø^{∋ �2} ] U_{6 ∋ o} ∗ T_�T^{∋ �}_{2�} ⌊ ’ EU_{6 ∋ o} n T^{∋ �≺}_{�2} T^≺_{22}T_{22}T^{∋ �}_{�2} ø^{∋ �2} ] U_{6 ∋ o} T^{∋ �≺}_{�2} T^≺_{22} ⌊ ’ ET^{∋ �≺}_{�2} ET^≺_{�2}T_{�2} n T^≺_{22}T_{22}øT^{∋ �}_{�2} ø^{∋ �2} T^{≺∋ �}_{�2} ] T^≺_{�2} T^≺_{22} ⌊ ’ ET^{∋ �≺}_{�2} T^{∋ �}_{�2} ø^{∋ �2} T^{≺∋ �}_{�2} ] T^≺_{�2} T^≺_{22} ⌊ ’ ET_{�2}T^≺_{�2}ø^{�2} T^{≺∋ �}_{�2} ] T^≺_{�2} T^≺_{22} ⌊ c vlqfh T^≺_�T_{�2} n T^≺_{2�}T_{22} ’ fcvxfk wkdw∗ T^{≺∋ �}_{2�} T^≺_� ’ T_{22}T^{∋ �}_{�2} cdqg T^≺_{�2}T_{�2} n T^≺_{22}T_{22} ’ U_{6 ∋ o}νFrqvh0 t xhqwo| lq rughu wr kdyh ht xlydohqfh/

t ’ EL_{22}L^≺_{22}ø^{∋ �2} L_{22}7_2T^≺_{�2}ET_{�2}T^≺_{�2}ø^{∋ �2} ’ τ 7_2↼ c

z khuh τ ’ EL^{22}L_≺^{22}ø_{∋ �}2 L^{22}cdqg ↼ ’ T_≺^{�2}ET^{�2}T_≺^{�2}ø_{∋ �}2 νErwk τ dqg ↼ duh ruwkrj rqdop dwulfhv/ vlqfh τ_≺τ ’ U^{ς∋ o} dqg ↼ ↼_≺ ’ U^{6 ∋ o}cvxfk wkdwt ht xdov wkh vp doohvwvlqj xodu ydoxh suh dqg srvwp xowlslhg e| ruwkrj rqdo yhfwruv2p dwulfhv ru vwdwhg gl�huhqwo| / t lv d urwdwlrq ri wkh vlqj xodu ydoxhv durxqg wkh rulj lq1

F 1Mdfr eldq r i wudqvir up dwlr q wr Uhgxfhg Udqn Vs hflfflfdwlr q

I ru wkh ghulydwlrq ri wkh mdfreldq ri wkh wudqvirup dwlrq iurp wkh xquhvwulfwhg p dwul{ f wr wkh vshfl�fdwlrq +619,0+61<,/ lwlvqrwdwlrqdoo| frqyhqlhqwwr frqgxfwwklv wudqvirup dwlrq lq wz r vwhsv/ Eζνø iurp f wr E⃗^�cφ^2cΦ ct ø z khuh φ^2 ’ ⃗^{�2}⃗_{∋ �}^� cdqg Eζζνø iurp E⃗^�cφ^2cΦ ct ø wr E⃗^�c⃗^{�2}cΦ ct øνQrwh wkdwz h rqo| frqvwuxfwwkh mdfreldq dvvrfldwhg z lwk +617, dqg wkh mdfreldq ri rwkhuvshfl�fdwlrqv fdq eh frqvwuxfwhg lq dq lghqwlfdoz d| dv wklv mdfreldq1

Z h fdq ghqrwh f dv/ f ’ ] φ φ^‡ ⌊] ⃗^� f f t ⌊ ] ℓ^� ℓ^‡ ⌊

’ φ ⃗^�ℓ^� n φ^‡ t ℓ^‡ c z khuh φ ’ EU^o φ_≺^2ø_≺c φ^‡ ’ E∗ φ^2 U^{ς∋ o}ø_≺EU^{ς∋ o} n φ^2φ_≺^2ø_{∋ �}2 c ℓ^� ’ EΦ U^oøc ℓ^‡ ’ EU^{6 ∋ o} n

Φ_≺Φ ø_{∋ �}2 EU^{6 ∋ o} ∗ Φ_≺øνWkh mdfreldqv ri f z lwk uhvshfwwr ⃗^�cφ^2cΦ dqg t wkhq uhdg/ a^� ’ YϵeSEf ø YϵeSE⃗^�ø_≺ ’ Eℓ_≺^� ◯ φ ø a^2 ’ YϵeSEf ø YϵeSEφ^2ø_≺ ’ Eℓ_≺^�⃗_≺^� ◯ U^ςø YϵeSEφ ø YϵeSEφ^2ø_≺ n Eℓ_≺^‡ t_≺◯ U^ςø YϵeSEφ^‡ ø YϵeSEφ^2ø_≺ a^fi ’ YϵeSEf ø YϵeSEΦ ø_≺ ’ EU^6 ◯ φ ⃗^�ø YϵeSEℓ ø YϵeSEΦ ø_≺ n EU^6 ◯ ℓ^‡ t ø YϵeSEℓ^‡ ø YϵeSEΦ ø_≺ a^e ’ YϵeSEf ø YϵeSEt ø_≺ ’ Eℓ_≺^‡ ◯ φ^‡ ø z khuh YϵeSEφ ø YϵeSEφ^2ø_≺ ’ ] U^o ◯ ] f U^{ς∋ o} ⌊ ⌊ c YϵeSEφ^‡ ø YϵeSEφ^2ø_≺ ’ ∗ EM_{∋ �2 ≺}◯ ] U^o f ⌊ øg^{ς∋ oco} n EU^{ς∋ o} ◯ ] ∗ φ_≺^2 U^{ς∋ o} ⌊ ø YϵeSEEM_�2 ø_{∋ �}ø YϵeSEM_�2 ø_≺ YϵeSEM_�2 ø YϵeSEMø_≺ YϵeSEMø YϵeSEφ^2ø_≺ c YϵeSEEM_�2 ø_{∋ �}ø YϵeSEM_�2 ø_≺ ’ ∗ EM_{∋ �2 ≺}◯ M_{∋ �2} øc YϵeSEM_�2 ø YϵeSEMø_≺ ’ EEU^{ς∋ o} ◯ M_{�2} øn EM_{�2 ≺}◯ U^{ς∋ o}øø_{∋ �}c YϵeSEMø YϵeSEφ^2ø_≺ ’ Eφ^2 ◯ U^{ς∋ o}øn EU^{ς∋ o} ◯ φ^2øg^{ς∋ oco}c

YϵeSEℓ_�ø YϵeSEΦ ø^≺ ’ E ] U_{6 ∋ o} f ⌊ ◯ U_oøc YϵeSEℓ_‡ ø YϵeSEΦ ø^≺ ’ ∗ E ] f U_o ⌊ ◯ ↼^{∋ �2} øg_{oc6 ∋ o} n E ] U_{6 ∋ o} ∗ Φ^≺ ⌊_≺ ◯ U_{6 ∋ o}ø YϵeSE↼^{∋ �}2 ø YϵeSE↼^�2 ø^≺ YϵeSE↼^�2 ø YϵeSE↼ ø^≺ YϵeSE↼ ø YϵeSEΦ ø^≺ c YϵeSE↼^{∋ �}2 ø YϵeSE↼^�2 ø^≺ ’ ∗ E↼^{∋ �2 ≺}◯ ↼^{∋ �2} ø’ ∗ ↼^{∋ �}c YϵeSE↼^�2 ø YϵeSE↼ ø^≺ ’ EEU_{6 ∋ o} ◯ ↼^{�2} øn E↼^{�2 ≺}◯ U_{6 ∋ o}øø^{∋ �}c YϵeSE↼^�2 ø YϵeSEΦ ø^≺ ’ EΦ^≺◯ U_{6 ∋ o}øg_{oc6 ∋ o} n EU_{6 ∋ o} ◯ Φ^≺øc dqg M ’ U_{ς∋ o} n φ_2φ^≺_2cM^�2 M^�2 ’ Mc↼ ’ EU_{6 ∋ o} n Φ^≺Φ øc↼^�2 ↼^�2 ’ ↼ cg_{ζcρ} Gζρ⋄ ζρcduh vrfdoohg frp p xwdwlrq p dwulfhvvxfk wkdwirudq| C Gζ⋄ ρcϵeSEC^≺ø’ g_{ζcρ}ϵeSECøcϵeSECø’ g_{ρcζ}ϵeSEC^≺øc g_{ρcζ} ’ g^≺_{ζcρ}cvhh P dj qxv dqg Qhxghfnhu +4<; ; ,1 Qrwh wkdwz khq P lv srvlwlyh +vhp l0,gh�qlwh v| p p hwulf/ P ’ [ “ [^≺c z khuh [ duh ruwkrj rqdo hlj hqyhfwruv dqg “ lv d gldj rqdo p dwul{ frqwdlqlqj wkh hlj hqydoxhv/ wkhq P^�2 ’ [ “^�2 [^≺ lv dovr v| p p hwulf1

Wkh mdfreldq ri wkh wudqvirup dwlrq iurp f wr E⃗_�cφ_2cΦ ct øwkhq uhdgv/ YϵeSEf ø YEϵeSE⃗_�ø^≺ ϵeSEφ_2ø^≺ ϵeSEΦ ø^≺ ϵeSEt ø^≺ø ’ ] a_� a_2 a_fi a_e ⌊ ν Vlqfh φ_2 ’ ⃗_{�2}⃗^{∋ �}_� cwkh mdfreldqv ri wkh wudqvirup dwlrqv iurp E⃗_�cφ_2cΦ ct øwr ⃗_�c⃗_{�2}cΦ c dqg t uhdg/

C_� ’ YEϵeSE⃗_�ø^≺ ϵeSEφ_2ø^≺ ϵeSEΦ ø^≺ ϵeSEt ø^≺ø^≺ YϵeSE⃗_�ø^≺ ’ ⟩ U_o ◯ U_o ∗ ⃗^{∋ �≺}_� ◯ ⃗_{�2}⃗^{∋ �}_� f f ⨆ ⟨

C_2 ’ YEϵeSE⃗_�ø^≺ ϵeSEφ_2ø^≺ ϵeSEΦ ø^≺ ϵeSEt ø^≺ø^≺ YϵeSE⃗_{�2}ø^≺ ’ ⟩ ⟩ f ⃗^{∋ �≺}_� ◯ U_{ς∋ o} f f ⨆ ⨆ ⟨

C_fi ’ YEϵeSE⃗_�ø^≺ ϵeSEφ_2ø^≺ ϵeSEΦ ø^≺ ϵeSEt ø^≺ø^≺ YϵeSEΦ ø^≺ ’ ⟩ f f U_{6 ∋ o} ◯ U_o f ⨆ ⟨

C_fi ’ YEϵeSE⃗_�ø^≺ ϵeSEφ_2ø^≺ ϵeSEΦ ø^≺ ϵeSEt ø^≺ø^≺ YϵeSEt ø^≺ ’ ⟩ f f f U_{6 ∋ o} ◯ U_{ς∋ o} ⨆ ⟨

Wkh mdfreldq ri wkh wudqvirup dwlrq iurp f wr E⃗^�cΦ ct øwkhq ehfrp hv/ ⇕aEf cE⃗^�cΦ ct øø⇕ ’ ⇕ YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ ϵeSEt ø_≺ø ⇕ ’ ⇕ YϵeSEf ø YEϵeSE⃗^�ø_≺ ϵeSEφ^2ø_≺ ϵeSEΦ ø_≺ ϵeSEt ø_≺ø ⇕ ⇕ YEϵeSE⃗^�ø_≺ ϵeSEφ^2ø_≺ ϵeSEΦ ø_≺ ϵeSEt ø_≺ø_≺ YEϵeSE⃗^�ø_≺ ϵeSEΦ ø_≺ ϵeSEt ø_≺ø ⇕ ’ ⇕ ] a^� a^2 a^fi a^e ⌊ ⇕⇕ ] C^� C^2 C^fi C^e ⌊ ⇕ν Vr/ aEf cE⃗^�cΦ ct øø⇕^{t ’ f} ’ ] ℓ_≺^� ◯ U^ς ] U^{6 ∋ o} f ⌊ ◯ ⃗^� ℓ_≺^‡ ◯ ⃗^‡ ⌊ ν Wr suryh wkdw⇕EaEf cE⃗^�cφ^2ct cΦ øø⇕∼ ⇕EaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} ø⇕/ z h xvh wkdw aEf cE⃗^�ct cΦ øø ’ aEf cE⃗^�cφ^2ct cΦ øøaEE⃗^�cφ^2ct cΦ øcE⃗^�ct cΦ øøν Dv vkrz q suhylrxvo| aEE⃗^�cφ^2ct cΦ øcE⃗^�ct cΦ øø⇕^{t ’ f} ’ aEE⃗^�cφ^2ct cΦ øcE⃗^�ct cΦ øøν

Lwdovr krogv wkdw aEf cE⃗^�cφ^2ct cΦ øø’ aEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} n τc z khuh τ ’ ) f Eℓ_≺^‡ t_≺◯ U^ςø_{YϵeSEφ ‡ ø} YϵeSEφ^2ø_≺ EU6 ◯ φ ‡ t ø YϵeSEφ^‡ ø YϵeSEΦ ø_≺ f [ vxfk wkdw

EaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} øτ_≺ ’ fν

Wklv lp solhv wkdw ⇕aEf cE⃗^�cφ^2ct cΦ øø⇕ ’ ⇕aEf cE⃗^�cφ^2ct cΦ øøaEf cE⃗^�cφ^2ct cΦ øø_≺⇕_{�2} ’ ⇕EaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} øEaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} ø_≺n τ τ_≺⇕_{�2}

∼ ⇕EaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} øEaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} ø_≺⇕_{�2} ∼ ⇕EaEf cE⃗^�cφ^2ct cΦ øø⇕^{t ’ f} ø⇕ dqg frqvht xhqwo| ⇕aEf cE⃗^�ct cΦ øø⇕∼ ⇕EaEf cE⃗^�ct cΦ øø⇕^{t ’ f} ø⇕ν

Uhihuhqfhv

^4‘ Dqghuvrq/ W1Z 1dqg K1Uxelq1 Hvwlp dwruv ri wkh Sdudp hwhuv ri d Vlqj oh Ht xdwlrq lq d Frp sohwh Vhwri Vwrfkdvwlf Ht xdwlrqv1 Wkh Dqqdov ri P dwkhp dwlfdoVwdwlvwlfv/ 54=8: 3� 8; 5/ +4<7<,1

^5‘ Ehuj hu/ M1R1 VwdwlvwlfdoGhflvlrq Wkhru| dqg Ed| hvldq Lqihuhqfh1 Vsulqj hu0Yhuodj +Qhz \ run,/ +4<; 8,1

^6‘ Eloolqj voh| / S1Suredelolw| dqg P hdvxuh1 Z loh| +Qhz \ run,/ +4<; 9,1

^7‘ Er{/ J 1H1S1dqg J 1F1Wldr1 Ed| hvldq Lqihuhqfh lq VwdwlvwlfdoDqdo| vlv1 Dgglvrq0Z hvoh| +Uhdglqj / P D,/ +4<: 6,1

^8‘ Glfnh| / M1P 1 Wkh Z hlj kwhg Olnholkrrg Udwlr/ Olqhdu K| srwkhvhv rq Qrup doOrfdwlrq Sdudp hwhuv1Wkh Dqqdov ri P dwkhp dwlfdoVwdwlvwlfv/ 75=537�556/ 4<: 41

^9‘ Guº}h/ M1K1dqg M1I 1Ulfkdug1 Ed| hvldq Dqdo| vlv ri Vlp xowdqhrxv Ht xdwlrqv v| vwhp v1 Lq ] 1J ulolfkhvdqg P 1G1Lqwuloolj dwru/ hglwru/ Kdqgerrn ri Hfrqrp hwulfv/ yroxp h 41Hovhylhu Vflhqfh +Dp vwhugdp ,/ +4<; 6,1

^: ‘ Hqj oh/ U1I 1 Z dog/ Olnholkrrg Udwlr/ dqg Odj udqj h P xowlsolhu Whvwv lq Hfrqrp hwulfv1 Lq ] 1J ulolfkhvdqg P 1G1Lqwuloolj dwru/ hglwru/ Kdqgerrn ri Hfrqrp hwulfv/ Yroxp h 51Hovhylhu Vflhqfh +Dp vwhugdp ,/ 4<; 71

^; ‘ Hqj oh/ U1I 1dqg F1Z 1M1J udqj hu1 Fr0lqwhj udwlrq dqg huuru fruuhfwlrq =Uhsuhvhqwdwlrq/ hvwlp dwlrq dqg whvwlqj 1 Hfrqrp hwulfd/ 88=584�5: 9/ 4<; : 1

^<‘ Hqj oh/ U1I 1/ Khqgu| G1I 1dqg Ulfkdug M10I 1 H{rj hqhlw| 1 Hfrqrp hwulfd/ 84/ sdj hv 5: : � 637/ 4<; 61

^43‘ I xoohu/ Z 1D1Lqwurgxfwlrq wr VwdwlvwlfdoWlp h Vhulhv1 Z loh| +Qhz \ run,/ +4<: 9,1

^44‘ J hz hnh/ M1Ed| hvldq Uhgxfhg Udqn Uhj uhvvlrq lq Hfrqrp hwulfv1Mrxuqdori Hfrqrp hwulfv/ : 8=454�479/ +4<<9,1

^45‘ J roxe/ J 1K1dqg F1I 1ydq Ordq1 P dwul{ Frp sxwdwlrqv1 Wkh Mrkq Krsnlqv Xqlyhuvlw| Suhvv +Edowlp ruh,/ +4<; <,1

^46‘ Kdxvp dq/ M1D1 Vshfl�fdwlrq dqg Hvwlp dwlrq ri Vlp xowdqhrxv Ht xdwlrqv V| vwhp v1 Lq ] 1 J ulolfkhv dqg P 1G1Lqwuloolj dwru/ hglwru/ Kdqgerrn ri Hfrqrp hwulfv/ yroxp h 41Hovhylhu Vflhqfh +Dp vwhugdp ,/ +4<; 6,1

^47‘ Mrkdqvhq/ V1 Hvwlp dwlrq dqg k| srwkhvlv whvwlqj ri frlqwhj udwlrq yhfwruv lq J dxvvldq yhfwrudxwruhj uhvvlyh p rghov1Hfrqrp hwulfd/ 8<=4884�48; 3/ +4<<4,1

^48‘ Nohlehuj hq/ I 1 Dq Dowhuqdwlyh Dssurdfk iru Frqvwuxfwlqj Vp dooVdp soh dqg Olp lwlqj Glvwulexwlrqvri P d{lp xp Olnholkrrg Hvwlp dwruv1Hfrqrp hwulf LqvwlwxwhUhsruwv<; 772D/ 4<<; 1

^49‘ Nohlehuj hq I 1dqg H1] lyrw1Ed| hvldq dqg FodvvlfdoDssurdfkhvwr Lqvwuxp hqwdoYduldeoh Uhj uhvvlrq1 Hfrqrp hwulf Lqvwlwxwh Uhsruw<; 682D/ 4<<; 1

^4: ‘ Nohlehuj hq/ I 1dqg K1Krhn1 Ed| hvldq Dqdo| vlv ri DUP D P rghov xvlqj Qrqlqirup dwlyh

Sulruv1Hfrqrp hwulf Lqvwlwxwh Uhsruw<8862D/ Hudvp xv Xqlyhuvlw| Urwwhugdp / 4<<91

^4; ‘ Nohlehuj hq/ I 1dqg K1N1ydq Glmn1 Ed| hvldq Vlp xowdqhrxv Ht xdwlrq Dqdo| vlv xvlqj Uh0 gxfhg Udqn Vwuxfwxuhv1 Hfrqrp hwulf Wkhru| / 47/ 4<<; 1 iruwkfrp lqj 1

^4<‘ Nohlehuj hq I 1dqg U1Sdds1Ed| hvldq Vfruh Vwdwlvwlfvlq OlqhduP rghov1Whfkqlfdouhsruw/

Hfrqrp hwulf Lqvwlwxwh/ Hudvp xv Xqlyhuvlw| Urwwhugdp / 4<<; 1

^53‘ Nohlehuj hq/ I 1dqg U1Sdds1Sulruv/ Srvwhulruvdqg Ed| hvI dfwruvirud Ed| hvldq Dqdo| vlv ri Frlqwhj udwlrq1Hfrqrp hwulf Lqvwlwxwh Uhsruw<; 542D/ 4<<; 1

^54‘ Nrop rj rury/ D1Q1I rxqgdwlrqvri wkh Wkhru| ri Suredelolw| 1Fkhovhd +Qhz \ run,/ +4<83,1

^55‘ P dj qxv/ M1U1dqg K1Qhxghfnhu1P dwul{ GlffihuhqwldoFdofxoxvzlwk Dssolfdwlrqvlq Vwdwlv0 wlfv dqg Hfrqrp hwulfv1 Z loh| +Fklfkhvwhu,/ +4<; ; ,1

^56‘ P duldqr/ U1V1 dqg W1 Vdz d1 Wkh H{dfwI lqlwh0Vdp soh Glvwulexwlrq ri wkh Olp lwhg0

Lqirup dwlrq P d{lp xp Olnholkrrg Hvwlp dwru lq wkh Fdvh ri Wz r Lqfoxghg Hqgrj hqrxv

Yduldeohv1Mrxuqdori wkh Dp hulfdq VwdwlvwlfdoDvvrfldwlrq/ 9: =48<�496/ 4<: 51

^57‘ Skloolsv/ S1F1E1 H{dfwVp dooVdp soh Wkhru| lq wkh Vlp xowdqhrxv Ht xdwlrqv P rgho1 Lq

] 1 J ulolfkhv dqg P 1G1 Lqwuloolj dwru/ hglwruv/ Kdqgerrn ri Hfrqrp hwulfv/ Yro141 Qruwk0

Kroodqg Sxeolvklqj Fr1/ Dp vwhugdp / 4<; 61

^58‘ Skloolsv/ S1F1E1Hfrqrp hwulf P rghoGhwhup lqdwlrq1Hfrqrp hwulfd/ 97=: 96�; 45/ +4<<9,1

^59‘ Skloolsv/ S1F1E1dqg Z 1Sorehuj hu1 Srvwhulru Rggv Whvwlqj iru d XqlwUrrwz lwk Gdwd0 edvhg P rghoVhohfwlrq1 Hfrqrp hwulf Wkhru| / 43=: : 7�; 3; / +4<<7,1

^5: ‘ Skloolsv/ S1F1E1dqg Z 1Sorehuj hu1Dq Dv| p swrwlf Wkhru| ri Ed| hvldq LqihuhqfhiruWlp h

Vhulhv1 Hfrqrp hwulfd/ 97=6; 4�745/ +4<<9,1

^5; ‘ Srlulhu/ G1M1Ed| hvldq Gldj qrvwlf Whvwlqj lq wkhJ hqhudoOlqhduUhj uhvvlrq P rgho1Lq M1P 1

Ehuqdugr/ P 1K1GhJ urrw/ G1Y1Olqgoh| dqg D1I 1P 1Vp lwk/ hglwru/ Ed| hvldq Vwdwlvwlfv 6/ sdj hv : 58�: 651R{irug Xqlyhuvlw| Suhvv/ 4<; ; 1

^5<‘ Srlulhu/ G1M1 Lqwhup hgldwh Vwdwlvwlfv dqg Hfrqrp hwulfv= D Frp sdudwlyh Dssurdfk1 P LW

Suhvv/ +Fdp eulgj h/ P D,/ +4<<8,1

^63‘ Wldr/ J 1F1/ Z 10\ 1Wdq dqg \ 10F1Fkdqj 1 Vrp h Dvshfwv ri Elyduldwh Uhj uhvvlrq Vxemhfw wr OlqhduFrqvwudlqwv1 Mrxuqdori Hfrqrp hwulfv/ 8=46�68/ 4<: : 1

^64‘ Yhuglqhool/ L1dqg O1Z dvvhup dq1Frp sxwlqj Ed| hvI dfwruvXvlqj d J hqhudol}dwlrq ri wkh

Vdydj h0Glfnh| Ghqvlw| Udwlr1 Mrxuqdori wkh Dp hulfdq VwdwlvwlfdoDvvrfldwlrq/ <3=947�

94; / 4<<81

^65‘ Z roshuw/ U1M1Frp p hqwrq=Lqihuhqfhirud Ghwhup lqlvwlf Srsxodwlrq G| qdp lfvP rghoiru

Erz khdg Z kdohv/ e| / D1H1Udiwhu| / J 1K1Ulyhqv dqg M1H1] hk1 Mrxuqdori wkh Dp hulfdq

VwdwlvwlfdoDvvrfldwlrq/ <3=759�75: / +4<<8,1

^66‘ ] hooqhu/ D1Dq Lqwurgxfwlrq wr Ed| hvldq Lqihuhqfh lq Hfrqrp hwulfv1 Z loh| / +4<: 4,1