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Devwudfw

Zh frqvwuxfw olplwlqj dqg vpdoo vdpsoh glvwulexwlrqv ri pd{lpxp olnholkrrg hvwl0
pdwruv +poh, iurp wkh surshuw| wkdw wkh| vdwlvi| wkh �uvw rughu frqglwlrq +irf,1 Wkh
irf uhodwhv wkh poh ri wkh dqdo|}hg prgho wr wkh poh ri dq hqfrpsdvvlqj prgho dqg
vkrzv wkdw wkh poh ri wkh dqdo|}hg prgho lv d uhdol}dwlrq iurp wkh olplwlqj ru vpdoo
vdpsoh glvwulexwlrq ri wkh poh ri wkh hqfrpsdvvlqj prgho jlyhq wkdw wkh irf krogv1 Zh
fdq wkxv xvh wkh xqltxh frqglwlrqdo +olplwlqj ru vpdoo vdpsoh, ghqvlw| ri wkh poh ri wkh
hqfrpsdvvlqj prgho jlyhq wkdw wkh irf krogv wr frqvwuxfw wkh olplwlqj ru vpdoo vdpsoh
ghqvlw|2glvwulexwlrq ri wkh poh ri wkh dqdo|}hg prgho1 Wr surri wkh ydolglw| ri wklv ds0
surdfk dqg wkxv ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw|/ zh xvh lw wr frqvwuxfw
wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrq ri wkh olplwhg lqirupdwlrq poh dqg vkrz wkdw
wkh| duh lghqwlfdo wr uhvs1 wkh vdpsolqj ghqvlw| dqg wkh h{suhvvlrq glvfxvvhg hovhzkhuh
lq wkh olwhudwxuh1 Zh dqdo|}h wkh vpdoo vdpsoh ghqvlw| ixuwkhu dqg uhodwh lw wr h{lvwlqj
h{suhvvlrqv dqg vkrz lwv olplwlqj ehkdylru lq fdvh ri zhdn dqg vwurqj lqvwuxphqwv1

4 Lqwurgxfwlrq

Wkh vwdwlvwlfdo surshuwlhv ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri d vshfl�f
prgho duh w|slfdoo| rewdlqhg iurp lwv forvhg irup dqdo|wlfdo h{suhvvlrq1 Wkh vwdwlvwlfdo surs0
huwlhv wkhq uhvxow iurp wkh gl�huhqw +udqgrp, hohphqwv ri wkh forvhg irup h{suhvvlrq ri wklv
hvwlpdwru1 Wkh olplwlqj dqg vpdoo vdpsoh glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru
duh w|slfdoo| frqvwuxfwhg lq wklv zd|/ vhh e�}� Skloolsv +4<;6,1 Lw lv/ krzhyhu/ dovr srvvleoh
wr frqvwuxfw wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrq wkurxjk dq lpsolflw dssurdfk wkdw lv
edvhg rq d surshuw| ri wkh pd{lpxp olnholkrrg hvwlpdwru lqvwhdg ri wkh suhylrxvo| uhihuuhg wr
h{solflw dssurdfk zklfk xvhv wkh dqdo|wlfdo h{suhvvlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru1
Wkdw surshuw| lv wkh �uvw rughu frqglwlrq iru d pd{lpxp ri wkh olnholkrrg zklfk lv vdwlv�hg
e| wkh pd{lpxp olnholkrrg hvwlpdwru1 Wkh �uvw rughu frqglwlrq fdq eh vshfl�hg vxfk wkdw
lw uhodwhv wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh dqdo|}hg prgho wr wkh
pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj prgho1 Zkhq wkh olplw0
lqj ru2dqg vpdoo vdpsoh glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv

�Hfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp/ S1R1 Er{ 4:6;/ 6333 GU Urwwhugdp1 Hpdlo=
nohlehujhqCihz1hxu1qo1 Wkh dxwkru wkdqnv wkh Qhwkhuodqgv Irxqgdwlrq iru Vflhqwl�f Uhvhdufk +Q1Z1R1, iru
wkhlu �qdqfldo vxssruw1
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ri wkh hqfrpsdvvlqj prgho lv nqrzq/ wklv pd{lpxp olnholkrrg hvwlpdwru fdq eh frqvlghuhg
dv d uhdol}dwlrq iurp wkdw glvwulexwlrq1 Wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv
ri wkh dqdo|}hg prgho lv uhodwhg wr wklv hvwlpdwru wkurxjk wkh �uvw rughu frqglwlrq1 Lw fdq
wkhuhiruh eh frqvlghuhg dv d uhdol}dwlrq ri wkh udqgrp yduldeoh fkdudfwhul}lqj wkh pd{lpxp
olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj prgho xqghu wkh frqglwlrq wkdw
wkh �uvw rughu frqglwlrq krogv1 Lw lv wkxv d gudzlqj iurp wkh frqglwlrqdo ghqvlw| ri wkh pd{0
lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj prgho jlyhq wkdw wkh �uvw
rughu frqglwlrq krogv1 Zkhq wklv frqglwlrqdo ghqvlw| lv xqltxh/ lw fdq eh xvhg wr frqvwuxfw
wkh olplwlqj dqg2ru vpdoo vdpsoh glvwulexwlrq2ghqvlw| ri wkh pd{lpxp olnholkrrg hvwlpdwru ri
wkh sdudphwhuv ri wkh dqdo|}hg prgho1

Lq Nohlehujhq +4<<;,/ vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw|
duh jlyhq1 Wkhvh vx!flhqw frqglwlrqv @�J� uhtxluh wkdw wkh hyhqw zkhuh zh zdqw wr frqglwlrq
rq fdq eh uhsuhvhqwhg lq dq xqdpeljlrxv zd|1 Wkh uhvxowlqj frqglwlrqdo ghqvlwlhv dyrlg wkh
Eruho0Nroprjrury sdudgr{/ zklfk vwdwhv wkdw wkh ghqvlw| ri d suredelolw| glvwulexwlrq lv qrw
gh�qhg rq vhwv ri phdvxuh }hur/ vhh h1j1 Nroprjrury +4<83,/ Eloolqjvoh| +4<;9,/ dqg Guë}h
dqg Ulfkdug +4<;6,/ dqg fdq wkhuhiruh eh xvhg wr frqvwuxfw wkh olplwlqj dqg vpdoo vdpsoh
glvwulexwlrqv ri pd{lpxp olnholkrrg hvwlpdwruv1

Wr vkrz wkh ydolglw| ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg wkh vpdoo vdpsoh
dqg olplwlqj glvwulexwlrqv uhvxowlqj iurp lw/ zh xvh wkh ghyhorshg phwkrgrorj| lq d qrqwulyldo
h{dpsoh/ ��e� wr frqvwuxfw wkh olplwlqj dqg vpdoo vdpsoh glvwulexwlrq ri wkh olplwhg lqirupdwlrq
pd{lpxp olnholkrrg hvwlpdwru1 Wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru lv
xvhg lq lqvwuxphqwdo yduldeoh uhjuhvvlrq prghov zklfk duh qhvwhg lq d vwdqgdug olqhdu prgho1
Xvlqj wkh xqltxh frqglwlrqdo ghqvlw| frqfhsw zh frqvwuxfw wkh vpdoo vdpsoh dqg olplwlqj
glvwulexwlrq ri wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru iurp wkh vshfl�hg vpdoo
vdpsoh dqg olplwlqj glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh
hqfrpsdvvlqj olqhdu prgho/ ��e� wkh ohdvw vtxduhv hvwlpdwru1 Wklv h{dpsoh lv qrqwulyldo lq wkh
vhqvh wkdw wkh uhvwulfwlrq ohdglqj wr wkh lqvwuxphqwdo yduldeoh uhjuhvvlrq prgho zkhq lpsrvhg
rq wkh hqfrpsdvvlqj olqhdu prgho lv pruh frpsolfdwhg wkdq d olqhdu uhvwulfwlrq lq zklfk fdvh
wkh uhvxowv iroorz vwudljkwiruzdugo|1 Wkh uhvxowlqj vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv duh
lghqwlfdo wr uhvs1 wkh vdpsolqj ghqvlw| dqg wkh dqdo|wlfdo h{suhvvlrq glvfxvvhg hovhzkhuh lq
wkh olwhudwxuh1 Wklv surriv wkh ydolglw| ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg
wkh surfhgxuh iru frqvwuxfwlqj vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv wkdw uhvxowv iurp lw1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh vkrz krz vpdoo vdpsoh dqg olplwlqj
glvwulexwlrqv ri pd{lpxp olnholkrrg hvwlpdwruv uhvxow iurp wkh vpdoo vdpsoh dqg olplwlqj glv0
wulexwlrqv ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj prgho1
Wkh| uhvxow iurp wkh surshuw| ri wkh pd{lpxp olnholkrrg hvwlpdwru wkdw lw vdwlv�hv wkh �uvw
rughu frqglwlrq dqg wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw|1 Zh wkhuhiruh dovr jlyh wkh
vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw|/ vhh Nohlehujhq +4<<;,1
Lq vhfwlrq 6/ zh vkrz wkh ydolglw| ri wkh dssurdfk e| xvlqj lw wr frqvwuxfw wkh vpdoo vdpsoh
ghqvlw| ri wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru1 Zh dqdo|}h wkh surshuwlhv
ri wkh uhvxowlqj vpdoo vdpsoh ghqvlw|/ olnh lwv uhodwlrqvkls wr douhdg| h{lvwlqj h{suhvvlrqv/ vhh
e�}� Pduldqr dqg Vdzd +4<:5, dqg Skloolsv +4<;6,/ dqg lwv olplwlqj ehkdylru zkhq vdpsoh
vl}h lqfuhdvhv lq fdvh ri zhdn dqg vwurqj lqvwuxphqwv/ vhh e�}� Vwdljhu dqg Vwrfn +4<<:, dqg
Qhovrq dqg Vwduw} +4<<3,1 Zh dovr vkrz lwv htxlydohqfh zlwk wkh vdpsolqj ghqvlw| ri wkh
olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru dqg wkxv ri wkh ydolglw| ri frqvwuxfwlrq
wkh vpdoo vdpsoh ghqvlw| xvlqj wkh frqglwlrqdo ghqvlw| dssurdfk1 Lq vhfwlrq 7/ zh frqvwuxfw
wkh olplwlqj glvwulexwlrq ri wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru xvlqj wkh
frqglwlrqdo ghqvlw| dssurdfk dqg vkrz wkdw lw lv htxlydohqw wr wkh h{suhvvlrq vwdwhg hovhzkhuh
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lq wkh olwhudwxuh/ vhh e�}� Kdxvpdq +4<;6,1 Lq vhfwlrq 8 zh gudz vrph frqfoxvlrqv @�J� wkdw wkh
xqltxh frqglwlrqdo ghqvlw| dssurdfk r�huv d qryho surfhgxuh iru frqvwuxfwlqj vpdoo vdpsoh
dqg olplwlqj glvwulexwlrqv ri pd{lpxp olnholkrrg hvwlpdwruv wkdw fdq vrphwlphv eh pruh ru
ohvv frqyhqlhqw wkdq wkh wudglwlrqdo dssurdfk wkdw xvhv wkh h{solflw h{suhvvlrq ri wkh pd{lpxp
olnholkrrg hvwlpdwru1

5 Pd{lpxp Olnholkrrg Lqihuhqfh xvlqj Xqltxh Frqgl0

wlrqdo Ghqvlwlhv

Wkh pd{lpxp olnholkrrg +po, hvwlpdwru ri wkh sdudphwhuv ri d vshfl�f qhvwhg prgho fdq eh
frqvlghuhg dv d uhdol}dwlrq ri d udqgrp yduldeoh1 Ixuwkhupruh/ po hvwlpdwruv vdwlvi| wkh �uvw
rughu frqglwlrq +irf, iru d pd{lpxp ri wkh olnholkrrg1 Wklv irf lv riwhq vxfk wkdw lw uhodwhv
wkh po hvwlpdwru ri wkh sdudphwhuv ri d qhvwhg prgho wr wkh po hvwlpdwru ri wkh sdudphwhuv ri
dq hqfrpsdvvlqj prgho1 Vlqfh erwk wkhvh hvwlpdwruv duh uhdol}dwlrqv ri udqgrp yduldeohv/ wkh
udqgrp yduldeoh fkdudfwhul}lqj wkh po hvwlpdwru ri wkh sdudphwhuv ri wkh qhvwhg prgho fdq
eh frqvlghuhg dv d uhdol}dwlrq ri wkh udqgrp yduldeoh fkdudfwhul}lqj wkh po hvwlpdwru ri wkh
sdudphwhuv ri wkh hqfrpsdvvlqj prgho jlyhq wkdw wkh irf krogv1 Wklv surshuw| fdq eh xvhg wr
frqvwuxfw wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv ri wkh po hvwlpdwru ri wkh sdudphwhuv ri
wkh qhvwhg prgho iurp wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrq ri wkh po hvwlpdwru ri wkh
sdudphwhuv ri wkh hqfrpsdvvlqj prgho1 Lw lqyroyhv wkh xvh ri frqglwlrqdo ghqvlwlhv wkdw vkrz
wkh ehkdylru ri wkh udqgrp yduldeoh fkdudfwhul}lqj wkh po hvwlpdwru ri wkh sdudphwhuv ri wkh
hqfrpsdvvlqj prgho jlyhq wkdw wkh irf krogv1 Ehfdxvh ri wkh Eruho0Nroprjrury sdudgr{/ vhh
h1j1 Nroprjrury +4<83, dqg Eloolqjvoh| +4<;9,/ wkhvh frqglwlrqdo ghqvlwlhv qhhg wr eh gh�qhg
vxfk wkdw wkh| xqdpeljxrxvo| uh hfw wkh lpsrvhg uhvwulfwlrq/ khuh wkh irf1 Zh wkhuhiruh �uvw
eulh | glvfxvv wkh xqltxhqhvv ri wkhvh frqglwlrqdo ghqvlwlhv ehiruh zh surfhhg zlwk dsso|lqj
wkhp wr po hvwlpdwruv1 Iru d pruh hoderudwh glvfxvvlrq ri xqltxh frqglwlrqdo ghqvlwlhv zh
uhihu wr Nohlehujhq +4<<;,1

514 Xqltxh Frqglwlrqdo Ghqvlwlhv

Wkh Eruho0Nroprjrury sdudgr{/ vhh h1j1 Nroprjrury +4<83,/ Eloolqjvoh| +4<;9,/ Guë}h dqg
Ulfkdug +4<;6,/ Srlulhu +4<<8, dqg Zroshuw +4<<8,/ vwdwhv wkdw wkh ghqvlw| ri d suredelolw|
glvwulexwlrq lv qrw gh�qhg rq vhwv ri phdvxuh }hur1 Wklv zrxog lpso| wkdw zh fdqqrw vshfli|
wkh frqglwlrqdo ghqvlw| ri d udqgrp yduldeoh jlyhq d fhuwdlq hyhqw lq dq xqltxh zd|1 Rq wkh
rwkhu kdqg zh riwhq vshfli| mrlqw ghqvlwlhv ri udqgrp yduldeohv dv surgxfwv ri frqglwlrqdo dqg
pdujlqdo ghqvlwlhv1 Iru h{dpsoh lq fdvh ri d elyduldwh qrupdo glvwulexwlrq lw lv zhoo nqrzq
wkdw wkh frqglwlrqdo ghqvlw| ri rqh ri wkh udqgrp yduldeohv jlyhq wkh rwkhu lv qrupdo1 Wklv/
krzhyhu/ frqwudglfwv d olwhudo lqwhusuhwdwlrq ri wkh Eruho0Nroprjrury sdudgr{ dv lw lqglfdwhv
wkdw frqglwlrqdo ghqvlwlhv duh lq vrph fdvhv xqltxho| gh�qhg1 Lq Nohlehujhq +4<<;, vx!flhqw
frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw| duh wkhuhiruh gh�qhg1

Vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw| iru wkh frqwlqxrxv
udqgrp yduldeoh % G &� �( zkrvh vsdfh/ rq zklfk lw lv gh�qhg/ lv xquhvwulfwhg dqg kdv ghqvlw|
RE%�( jlyhq wkh uhvwulfwlrq }E%� ' f( }E%� G 6��c 6 	 &c dqg }E%� lv frqwlqxrxv gl�huhqwldeoh
dqg lv gh�qhg rq wkh zkroh vsdfh ri %( duh=

Frqglwlrq 41 Dq lqyhuwleoh uhodwlrqvkls ehwzhhq % dqg E+c 5� h{lvwv> + ' �E%� G 6 � �c
5 ' sE%� G E& � 6� � �c zkhuh � lv frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh iru doo
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ydoxhv ri % dqg s lv frqwlqxrxv dqg frqwlqxrxv gl�huhqwldeoh h{fhsw +pd|eh, iru vrph
orzhu glphqvlrqdo vxevsdfhv ri wkh vsdfh ri %( zklfk lv vxfk wkdw jlyhq wkdw 5 grhv qrw
uhvxow iurp rqh ri wkh orzhu glphqvlrqdo vxevsdfhv zkhuh sE%� lv qrw frqwlqxrxv/ zh fdq
xqltxho| vroyh % iurp E+c 5� iru doo ydoxhv ri + lqfoxglqj rq doo wkh orzhu glphqvlrqdo
vxevsdfhv ri wkh vsdfh rq zklfk + lv gh�qhg1

Frqglwlrq 51 Wkh uhvwulfwlrq }E%� ' f lv htxlydohqw zlwk + ' f dqg lpsrvhv qr uhvwulfwlrqv
rq 5�

Zkhq wkh vx!flhqw frqglwlrqv duh vdwlv�hg/ wkh xqltxh h{suhvvlrq iru wkh frqglwlrqdo ghq0
vlw| ixqfwlrq ri wkh udqgrp yduldeoh % jlyhq wkdw }E%� ' f uhdgv/ vhh Nohlehujhq +4<<;,/

RoE%� 2 RE%�m}E%�'f +4,

2 RE%E+c 5��m+'fmaE%c E+c 5��m+'fmc

zkhuh aE%c E+c 5�� lv wkh mdfreldq ri wkh wudqvirupdwlrq iurp % wr E+c 5� dqg m+'f vwdqgv iru
hydoxdwhg lq + ' f� Lq fodvvlfdo vwdwlvwlfdo dqdo|vlv wkhvh xqltxh frqglwlrqdo ghqvlwlhv fdq @�J�
eh xvhg wr frqvwuxfw vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv ri po hvwlpdwruv1 Wkh uhvxowlqj
vpdoo vdpsoh ru olplwlqj glvwulexwlrqv fdq wkhq eh frpsduhg zlwk douhdg| nqrzq dqdo|wlfdo
h{suhvvlrqv ru ghqvlwlhv frqvwuxfwhg wkurxjk Prqwh0Fduor vlpxodwlrq wr vkrz wkh ydolglw| ri
wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw|1 Qrwh wkdw wkh vx!flhqw frqglwlrqv iru dq xqltxh
frqglwlrqdo ghqvlw| duh vwulfwhu wkdq wkh frqglwlrqv iru wudqviruplqj udqgrp yduldeohv/ vhh
Nohlehujhq +4<<;,1

515 Uhvwulfwlrqv lpsrvhg e| wkh Iluvw Rughu Frqglwlrq

Po hvwlpdwruv vdwlvi| wkh irf iru d pd{lpxp ri wkh olnholkrrg1 Jlyhq wkh olplwlqj ru vpdoo
vdpsoh glvwulexwlrq ri d po hvwlpdwru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj prgho/ wkh irf
fdq eh vhhq dv d uhvwulfwlrq lpsrvhg rq wkh xquhvwulfwhg udqgrp yduldeoh ri zklfk wkh po
hvwlpdwru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj prgho lv d uhdol}dwlrq1 Zkhq wkhvh uhvwulfwlrqv
vdwlvi| wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw|/ wkhvh xqltxh
frqglwlrqdo ghqvlwlhv fdq eh xvhg wr frqvwuxfw wkh olplwlqj ru vpdoo vdpsoh glvwulexwlrq ri
wkh po hvwlpdwru ri wkh sdudphwhuv ri wkh qhvwhg prgho iurp wkh olplwlqj ru vpdoo vdpsoh
glvwulexwlrq ri wkh po hvwlpdwru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj prgho1

Frqvlghu iru h{dpsoh wkh prgho/

+ ' fsE)� n 0c +5,

zkhuh + G A � �( f G A � &( 0 G A � �c 0 � ?Efc j2UA �c ) G 6 � �( sE)� G & � �/ frqwlqxrxv
dqg frqwlqxrxv gl�huhqwldeoh h{fhsw +pd|eh, iru vrph orzhu glphqvlrqdo vxevsdfhv ri wkh
vsdfh rq zklfk ) lv gh�qhg1 H{dpsohv ri prgho +5, duh wkh vlpxowdqhrxv htxdwlrq prgho/ wkh
dxwruhjuhvvlyh prylqj dyhudjh prgho dqg qxphurxv rwkhuv1
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Wkh �uvw rughu frqglwlrq +irf, iru d pd{lpxp ri wkh +orj0, olnholkrrg uhdgv/
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oE�� lv d frqwlqxrxv gl�huhqwldeoh ixqfwlrq dqg dq lqyhuwleoh uhodwlrqvkls ehwzhhq � dqg )
h{lvwv vxfk wkdw Y)

Y�� lv lqyhuwleoh iru doo )c �(
	� dqg 	) vwdqgv iru wkh po hvwlpdwru ri wkh vshfl�f

sdudphwhu1
Wkh irf +6, uhodwhv wkh po hvwlpdwru ri )c 	)c zklfk fdq eh xqltxho| vroyhg iru iurp 	�c wr

wkh �|0ydoxhv� 	X ri wkh olqhdu prgho/

+ ' fxn 0� +7,

Wkh �|0ydoxhv� 	X fdq eh frqvlghuhg dv d uhdol}dwlrq ri d udqgrp yduldeoh1 Vlqfh wkh irf +6,
krogv iru doo uhdol}dwlrqv ri wklv udqgrp yduldeoh/ zh fdq frqvlghu 	�c dqg wkxv dovr 	)c dv d
uhdol}dwlrq ri wklv udqgrp yduldeoh jlyhq wkdw wkh uhvwulfwlrq lpsrvhg e| wkh irf krogv1 Zkhq
wklv uhvwulfwlrq vdwlv�hv wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo
ghqvlw| dqg wkh ghqvlw| ixqfwlrq ri 	X lv nqrzq/ zh fdq frqvwuxfw wkh ghqvlw| ri 	� dv wkh
xqltxh frqglwlrqdo ghqvlw| ri 	X jlyhq wkdw wkh irf krogv1 D vlplodu uhdvrqlqj fdq eh sxuvxhg
wr rewdlq wkh olplwlqj glvwulexwlrq ri 	) iurp wkh olplwlqj glvwulexwlrq ri 	Xc zkhq wklv olplwlqj
glvwulexwlrq kdv d nqrzq ghqvlw| ixqfwlrq1

51514 Vpdoo Vdpsoh Glvwulexwlrqv ri Pd{lpxp Olnholkrrg Hvwlpdwruv

Zkhq wkh ghqvlw| ixqfwlrq ri 	X lq +6, lv nqrzq/ vd| 	X � ?EXfc U&�c Xf ' Ef �f�
�
2sE)f�j

3�c
zh fdq frqvwuxfw wkh vpdoo vdpsoh glvwulexwlrq ri wkh po hvwlpdwru 	)1 Zkhq 7 ' f �f dqg
kdv d �{hg ixoo udqn ydoxh/ vxfk wkdw f lv qrqvwrfkdvwlf/ dqg Ys

Y)� lqyhuwleoh ;)c wkh irf +6,
hvvhqwldoo| lpsrvhv wkh uhvwulfwlrq/

	X� oE	�� � fc +8,

rq wkh udqgrp yduldeoh 	Xc zklfk kdv dq lghqwlw| fryduldqfh pdwul{/ vlqfh +6, krogv iru doo
ydoxhv ri wkh udqgrp yduldeoh 	X� Zkhq +8, vdwlv�hv wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh
ri dq xqltxh frqglwlrqdo ghqvlw|/ wkh sgi ri wkh po hvwlpdwru 	) uhvxowv iurp wkh frqglwlrqdo
suredelolw| ghqvlw| ixqfwlrq +sgi, ri 	X jlyhq wkdw +8, krogv/

RoE	)� 2 RoE	�E	)��maE	�c 	)�m +9,

dqg RoE	�� 2 RE 	X�m	X'oE	��
2 RE 	XE	�c 	b��m	b'fmaE 	Xc E	�c 	b�m	b'fmc
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zkhuh 	b G E& � 6� � � uhsuhvhqwv wkh uhvwulfwlrq +8, +ehfdxvh ri frqglwlrq 5,/ o vwdqgv iru
uhvwulfwhg wr lqglfdwh wkdw zh grqrw xvh wkh pdujlqdo ghqvlwlhv gluhfwo| uhvxowlqj iurp 	Xc
dqg aE	�c 	)� lv wkh mdfreldq ri wkh wudqvirupdwlrq iurp 	� wr 	)� Lq vhfwlrq 6/ zh dsso| wkh
deryh dujxphqwv wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh olplwhg lqirupdwlrq pd{lpxp
olnholkrrg +olpo, hvwlpdwru1 Zh vkrz wkhuh wkdw wkh dqdo|wlfdo h{suhvvlrq ri wkh vpdoo vdpsoh
ghqvlw| lv htxdo wr wkh ghqvlw| rewdlqhg e| vlpxodwlrq zklfk wkxv vkrzv wkh ydolglw| ri wkh
frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg wkh surfhgxuh iru frqvwuxfwlqj vpdoo vdpsoh
glvwulexwlrqv wkdw uhvxowv iurp lw1

Wkh vpdoo vdpsoh ghqvlw| frqvwuxfwhg e| xvlqj +9, uhvxowv iurp dq lpsolflw dujxphqw dv
lw lv rewdlqhg iurp wkh surshuw| ri wkh po hvwlpdwru wkdw lw vdwlv�hv wkh irf +6,1 Wkh vpdoo
vdpsoh glvwulexwlrqv iru pd{lpxp olnholkrrg hvwlpdwruv glvfxvvhg lq wkh olwhudwxuh/ vhh h1j1
Skloolsv +4<;6, dqg Pduldqr dqg Vdzd +4<:5,/ duh doo frqvwuxfwhg xvlqj dq h{solflw h{suhvvlrq
ri wkh pd{lpxp olnholkrrg hvwlpdwru/ l1h1 wkh vpdoo vdpsoh glvwulexwlrq lv frqvwuxfwhg xvlqj
wkh h{dfw forvhg irup dqdo|wlfdo h{suhvvlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru dqg wkh
ghqvlwlhv ri wkh gl�huhqw hohphqwv ri lw/ dqg gr qrw uhvxow iurp d uhvwulfwlrq lpsrvhg rq d
vshfl�f udqgrp yduldeoh1 Wkh surfhgxuh iru frqvwuxfwlqj wkh vpdoo vdpsoh glvwulexwlrq xvlqj
wkh xqltxh frqglwlrqdo ghqvlwlhv lv dsshdolqj dv lw fdq dovr eh dssolhg lq fdvhv zkhuh zh fdqqrw
frqvwuxfw forvhg irup dqdo|wlfdo h{suhvvlrqv ri wkh pd{lpxp olnholkrrg hvwlpdwru1

Zh qrwh wkdw iru dq revhuyhg vdpsoh/ 	X lv mxvw d vwdwlvwlf vxfk wkdw wkh irf +6, grhv
qrw lpso| wkh uhvwulfwlrq +8,/ zklfk lv dovr qrw srvvleoh/ dqg zh fdq mxvw vroyh iru 	) iurp
+6,1 Krzhyhu/ zkhq 	X lv d udqgrp yduldeoh gh�qhg rq wkh -& dqg +6, krogv iru doo ri lwv
uhdol}dwlrqv/ wkh irf +6, grhv lpsrvh wkh uhvwulfwlrq +8, rq wkh udqgrp yduldeoh 	X1

51515 Olplwlqj Glvwulexwlrq ri Pd{lpxp Olnholkrrg Hvwlpdwruv

Wkh irf +6, fdq dovr eh xvhg wr rewdlq wkh olplwlqj ehkdylru ri wkh po hvwlpdwru 	) zkhq wkh
olplwlqj ehkdylru ri 	X durxqg lwv wuxh ydoxh Xf lv nqrzq/ vd|

s
A E 	X � Xf� , ?Efc U&�c 	X '

7
�
2 	xj3�c Xf ' 7

�
2sE)f�j

3�c 7 ' R *�4A<"
�

f�f
A

�

� Wklv olplwlqj ehkdylru fdq eh frqvwuxfwhg

xvlqj wkh uhvwulfwlrq lpsrvhg e| wkh irf rq 	X/

�

Ef �f�
�
2
Ys

Y)�
m	)j3�

��
�

Ef �f�
�
2 	xj3� � Ef �f�

�
2 sE	)�j3�

�

� f /+:,
�

Ef �f�
�
2
Ys

Y)�
m	)j3�

��
�

Ef �f�
�
2

�

	x� sE)f�
�

j3� � Ef �f�
�
2 EsE	)�� sE)f��j

3�
�

� f�

Wkh olplwlqj ehkdylru ri 	X lv vxfk wkdw
s
A
�

	X�Xf

�

frqyhujhv wr d udqgrp yduldeoh % zlwk

ghqvlw| ixqfwlrq/

R E%� ' E2Z�3
�
2& i T

�

��

2
%�%

�

� +;,
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Vr/ vlqfh
s
A
�

	X�Xf

�

frqyhujhv wr d udqgrp yduldeoh dqg wkh frqglwlrq +:, krogv iru hyhu|

ydoxh 	)c lw dovr lpsolhv wkdw/

*�4
A<"

�s
A

�

7
�
2
Ys

Y)�
j3�

��
�s

A7
�
2

�

	x� sE)f�
�

j3� �
s
A7

�
2 EsE	)�� sE)f��j

3�
�

�

� f /

*�4
A<"

��

Yo

Y��
m	�
��

�s
A
�

	X�Xf

�

�
s
A
�

oE	��� oE�f�
��

�

� f /

*�4
A<"

��

Yo

Y��
m	�
��

�

%�
s
A
�

oE	��� oE�f�
��

�

� f� +<,

dv 7 ' R *�4A<"
�

f�f
A

�

dqg oE	�� ' 7
�
2sE	)�j3� lv dq lqyhuwleoh frqwlqxrxv gl�huhqwldeoh

ixqfwlrq1 Wklv uhvxowv iurp wkh frqwlqxrxv pdsslqj wkhruhp/ vhh Eloolqjvoh| +4<;9,1 +<, krogv
iru hyhu| ydoxh ri % zklfk lv d udqgrp yduldeoh gh�qhg rq -&� Wklv lv wkhuhiruh rqo| srvvleoh
zkhq

%�
s
A
�

oE	��� oE�f�
�

� f� +43,

Vr/ zkhq +<, vdwlv�hv wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw|/
zh fdq frqvwuxfw wkh olplwlqj glvwulexwlrq ri 	�c dqg wkxv dovr ri 	)c iurp wkh ghqvlw| ri % jlyhq
wkdw +43, krogv/

s
A
�

oE	��� oE�f�
�

, %m}E%�'fc +44,

zkhuh }E%� ' f lv htxlydohqw zlwk +43,1 Lq vhfwlrq 7/ zh jlyh dq h{dpsoh zkhuh zh frqvwuxfw
wkh olplwlqj glvwleulexwlrq ri wkh olpo hvwlpdwru xvlqj wkh deryh dujxphqwv dqg vkrz wkdw
wkh uhvxowlqj olplwlqj glvwulexwlrq lv htxlydohqw wr wkh rqh vwdwhg lq wkh olwhudwxuh/ vhh e�}�
Kdxvpdq +4<;6,1 Wklv ixuwkhu vkrzv wkh ydolglw| ri wkh deryh dujxphqwv dqg wkh frqfhsw ri
dq xqltxh frqglwlrqdo ghqvlw|1

Zh qrwh wkdw zh rewdlq wkh olplwlqj glvwulexwlrq ri wkh po hvwlpdwru ri wkh sdudphwhuv ri
wkh qhvwhg prgho e| h{solflwo| xvlqj frqglwlrq +43, zklfk uhvxowv iurp wkh irf1 Wklv uhvxowv
vlqfh +<, lpsolhg +43, ehfdxvh +<, krogv iru wkh udqgrp yduldeoh %� Zkhq zh dqdo|}h dq
revhuyhg vdpsoh/ zh kdyh rqo| rqh uhdol}dwlrq vxfk wkdw +<, grhv qrw lpso| htxdolw| ri sE	)�
dqg 	x iru wkh revhuyhg vdpsoh/ zklfk lv dovr qrw srvvleoh lq jhqhudo1 Lghqwlfdo wr wkh suhylrxv
vxevhfwlrq zkhuh wkh irf +6, lpsolhg +8,/ wkh irf +<, lpsolhv +44, ehfdxvh lw lv gh�qhg lq whupv
ri d udqgrp yduldeoh/ %�

6 Vpdoo Vdpsoh Ghqvlw| ri wkh OLPO Hvwlpdwru

Wr surri dqg looxvwudwh wkh dssolfdelolw| ri wkh xqltxh frqglwlrqdo ghqvlwlhv iru frqvwuxfwlqj
vpdoo vdpsoh ghqvlwlhv ri po hvwlpdwruv/ zh xvh wkh lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho1 Dq
lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho fdq eh frqvlghuhg dv d uhvwulfwlrq rq wkh sdudphwhuv ri
d olqhdu prgho dqg zh xvh wklv surshuw| wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri lwv pd{lpxp
olnholkrrg hvwlpdwru/ wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg +olpo, hvwlpdwru1 Zh xvh
wklv h{dpsoh ehfdxvh wkh uhvwulfwlrq lpsrvhg rq wkh sdudphwhuv ri wkh olqhdu prgho e| wkh
lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho lv qrw wkdw vwudljkwiruzdug zklfk lw lv iru h{dpsoh
zkhq zh frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh po hvwlpdwru ri wkh sdudphwhuv ri d olqhdu
prgho e| xvlqj wkdw lv d uhvwulfwlrq rq dq hqfrpsdvvlqj olqhdu prgho1 Wkh dssolfdelolw| ri wkh
frqfhsw ri xqltxh frqglwlrqdo ghqvlwlhv lv reylrxv lq wkdw fdvh1

:



614 Lqvwuxphqwdo Yduldeoh Uhjuhvvlrq Prgho

Wkh lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho lq vwuxfwxudo irup fdq eh uhsuhvhqwhg dv d olplwhg
lqirupdwlrq vlpxowdqhrxv htxdwlrq prgho/ vhh Kdxvpdq +4<;6, dqg Nohlehujhq dqg ]lyrw
+4<<;,/

+� ' t2q n ~� n 0�c +45,

t2 ' f�n ~K n T2c

zkhuh +� dqg t2 duh d A �� dqg A � E6��� pdwul{ ri hqgrjhqrxv yduldeohv/ uhvshfwlyho|/ ~ lv
d A � &� pdwul{ ri lqfoxghg h{rjhqrxv yduldeohv/ f lv d A � &2 pdwul{ ri h{foxghg h{rjhqrxv
yduldeohv +ru lqvwuxphqwv,/ 0� lv d A � � yhfwru ri vwuxfwxudo huuruv dqg T2 lv A � E6 � ��
pdwul{ ri uhgxfhg irup huuruv1 Wkh E6� ��� � dqg &�� � sdudphwhu yhfwruv q dqg � frqwdlq
wkh vwuxfwxudo sdudphwhuv1 Wkh yduldeohv lq f dqg ~/ zklfk pd| frqwdlq odjjhg hqgrjhqrxv
yduldeohv/ duh dvvxphg wr eh ri ixoo froxpq udqn/ xqfruuhodwhg zlwk 0� dqg T2 dqg zhdno|
h{rjhqrxv iru wkh vwuxfwxudo sdudphwhu q1 Wkh huuru whupv 0�| dqg T2|c zkhuh 0�| ghqrwhv wkh
|0wk revhuydwlrq rq 0� dqg T2| lv d froxpq yhfwru ghqrwlqj wkh |0wk urz ri T2/ duh dvvxphg wr
eh qrupdoo| glvwulexwhg zlwk }hur phdq/ dqg wr eh vhuldoo| xqfruuhodwhg dqg krprvnhgdvwlf
zlwk 6�6 fryduldqfh pdwul{

P ' �@o

�

0�|
T2|

�

'

�

j�� P�2

P2� P22

�

� +46,

Wkh ghjuhh ri hqgrjhqlhw| ri t2 lq +45, lv ghwhuplqhg e| wkh yhfwru ri fruuhodwlrq frh!flhqwv

gh�qhg e| 4 ' P
3�*2�
22 P2�j

3�*2
�� dqg wkh txdolw| ri wkh lqvwuxphqwv lv fdswxuhg e| ��

Vxevwlwxwlqj wkh uhgxfhg irup htxdwlrq iru t2 lqwr wkh vwuxfwxudo htxdwlrq iru +� jlyhv wkh
qrqolqhduo| uhvwulfwhg uhgxfhg irup vshfl�fdwlrq

t ' f�� n ~[n Tc +47,

zkhuh t '
�

+� t2
�

c � '
�

q U63�
�

c [ ' K�n
�

� f
�

c T '
�

�� T2
�

c �� ' 0�nT2q
dqg/ khqfh/ E��| T

�
2|�
� kdv fryduldqfh pdwul{

l ' �@o

�

��|
T2|

�

'

�

/�� l�2

l2� l22

�

'

�

e��
�

��
P

�

e��
�

�

c +48,

zkhuh e� G 6�� lv wkh �uvw 6 glphqvlrqdo xqlw| yhfwru1 Qrwh wkdw [ lv dq xquhvwulfwhg &��6
pdwul{1

Wkh xquhvwulfwhg uhgxfhg irup ri wkh prgho h{suhvvhv hdfk hqgrjhqrxv yduldeoh dv d olqhdu
ixqfwlrq ri wkh h{rjhqrxv yduldeohv dqg lv jlyhq e|

t ' fxn ~[n Tc +49,

zkhuh x G &2�6� Vlqfh wkh xquhvwulfwhg uhgxfhg irup lv d pxowlyduldwh olqhdu uhjuhvvlrq prgho
doo ri wkh uhgxfhg irup sdudphwhuv duh lghqwl�hg1 Lw lv dvvxphg wkdw &2 � 6� � vr wkdw wkh
vwuxfwxudo sdudphwhu yhfwru q lv �dssduhqwo|� lghqwl�hg e| wkh rughu frqglwlrq1 Zh fdoo wkh
prgho mxvw0lghqwl�hg zkhq &2 ' 6�� dqg wkh prgho ryhu0lghqwl�hg zkhq &2 : 6��� &�6n�
lv wkxv wkh ghjuhh ri ryhulghqwl�fdwlrq1 q lv lghqwl�hg li dqg rqo| li o@?&E�� ' 6 � �� Wkh
h{wuhph fdvh lq zklfk q lv wrwdoo| xqlghqwl�hg rffxuv zkhq � ' f dqg/ khqfh/ o@?&E�� ' fc
vhh Skloolsv +4<;<,1 Wkh fdvh ri �zhdn lqvwuxphqwv�/ dv glvfxvvhg e| Qhovrq dqg Vwduw} +4<<3,/

;



Vwdljhu dqg Vwrfn +4<<:,/ Zdqj dqg ]lyrw +4<<;,/ dqg ]lyrw/ Qhovrq dqg Vwduw} +4<<;,/ rffxuv
zkhq � lv forvh wr }hur ru/ dv glvfxvvhg e| Nlwdpxud +4<<7,/ Gxirxu dqg Nkdodi +4<<:, dqg
Vkhd +4<<:, zkhq � lv forvh wr kdylqj uhgxfhg udqn1

Wkh sdudphwhu q lv w|slfdoo| wkh irfxv ri wkh dqdo|vlv1 Zh fdq wkhuhiruh vlpsoli| wkh
suhvhqwdwlrq ri wkh uhvxowv zlwkrxw fkdqjlqj wkhlu lpsolfdwlrqv e| vhwwlqj � ' f dqg K ' f
E[ ' f� vr wkdw ~ gursv rxw ri wkh prgho1 Lq zkdw iroorzv/ ohw & ' &2 ghqrwh wkh qxpehu
ri lqvwuxphqwv1 Zh qrwh wkdw wkh irup ri wkh dqdo|wlfdo uhvxowv iru q lq wklv vlpsol�hg fdvh
fduu| ryhu wr wkh pruh jhqhudo fdvh zkhuh � 9' f dqg K 9' f e| lqwhusuhwlqj doo gdwd pdwulfhv
dv uhvlgxdov iurp wkh surmhfwlrq rq ~�

615 OLPO hvwlpdwru

Wkh pd{lpxp olnholkrrg hvwlpdwru ri qc 	qc lv rewdlqhg iurp wkh frqfhqwudwhg orj0olnholkrrg
zklfk uhvxowv zkhq zh kdyh frqfhqwudwhg rxw � dqg P iurp wkh orj0olnholkrrg ri wkh sdudphwhuv
ri wkh prgho +45,/ vhh e�}� Kdxvpdq +4<;6,/

*L}EuEqmfc t �� '
�

2
A *L}

�

�

�

�

E+� � t2q�
��fE+� � t2q�

E+� � t2q��E+� � t2q�

�

�

�

�

+4:,

'
�

2
A *L}

�

�

�

�

�� E+� � t2q�
�fEf �f�3�f �E+� � t2q�

E+� � t2q��E+� � t2q�

�

�

�

�

'
�

2
A *L} m�� #m c

zkhuh �f ' UA � fEf �f�3�f �c # ' E+�3t2q��fEf�f�3�f�E+�3t2q�
E+�3t2q��E+�3t2q� � Vlqfh wkh frqfhqwudwhg orj0

olnholkrrg ri q lv d prqrwrqlf ghfuhdvlqj ixqfwlrq ri #cpd{lpl}lqj zlwk uhvshfw wr q lv lghqwlfdo
wr �qglqj wkh plqlpdo ydoxh ri #c

# ' 4�?
q

�

E+� � t2q�
�fEf �f�3�f �E+� � t2q�

E+� � t2q��E+� � t2q�

�

c +4;,

zklfk lv lghqwlfdo wr vroylqj wkh hljhqydoxh sureohp/

m#t �t � t �fEf �f�3�f �t m ' f / +4<,

m#U6 � Et �t �3�	xf �f 	xm ' fc

zkhuh 	x ' Ef �f�3�f �tc dqg wr xvh wkh vpdoohvw urrw ri +4<,/ vhh Dqghuvrq dqg Uxelq +4<7<,
dqg Krrg dqg Nrrspdqv +4<86,1 Wkh olpo hvwlpdwru ri qc 	qc lv wkhq frqwuxfwhg vxfk wkdw wkh

hljhqyhfwru dvvrfldwhg zlwk # htxdov @E� �	q
�
��c zkhuh @ lv wkh �uvw hohphqw ri wkh hljhqyhfwru

dvvrfldwhg zlwk #�

616 Uhgxfhg Udqn Uhvwulfwlrq rq Udqgrp Pdwul{

Wkh olpo hvwlpdwru frqvwuxfwhg suhylrxvo| xvhv wkh olnholkrrg ri wkh vwuxfwxudo irup +45,1 Wkh
irf +6,/ zklfk zh xvh wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw|/ lv/ krzhyhu/ vshfl�hg rq wkh olqhdu
prgho +5,1 Zh wkhuhiruh xvh wkh uhvwulfwhg uhgxfhg irup +47, wr rewdlq wkh irf wkdw doorzv iru

<



frqvwuxfwlqj wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru1 Wklv irf uhdgv/
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c mE	lc	qc	�� vwdqgv iru hydoxdwhg lq E	lc 	qc 	�� dqg 	K 	( vwdqgv iru

K( hydoxdwhg dw E	lc 	qc 	��� Qrwh wkdw wkh irf +53, dovr lqyroyhv wkh fryduldqfh pdwul{ hvwlpdwru
	l dv zh grqrw nqrz lwv ydoxh olnh lq wkh irf +6,1 Qrwh dovr wkdw rqo| lq fdvh ri dq xqnqrzq
ydoxh ri wkh fryduldqfh pdwul{ duh wkh vwuxfwxudo irup +45, dqg wkh uhvwulfwhg uhgxfhg irup
+47, htxlydohqw1

Lq fdvh wkh ghqvlw| ri wkh glvwxuedqfhv lv nqrzq/ zh fdq frqvwuxfw wkh vpdoo vdpsoh ghqvlw|
ri wkh olpo hvwlpdwru1 Iru h{dpsoh zkhq T � ?Efclf 
 UA � dqg wkh wuxh ydoxh ri �c qc lv �f/
qf uhvshfwlyho|1 Wkh ohdvw vtxduhv hvwlpdwru lv wkhq glvwulexwhg dv
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zklfk vwdqgv iru d Zlvkduw glvwulexwlrq zlwk vfdoh pdwul{ �
A3&lf dqg A�& ghjuhhv ri iuhhgrp1

Wkh phdq ri wklv glvwulexwlrq lv A3&
A

lf� Iru ghwdlov rq wkh Zlvkduw glvwulexwlrq/ vhh Pxlukhdg
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f �c ��e� wkh �|0ydoxhv� ri 	xc gluhfwo| uhvxowv iurp +54,/
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zkhuh Xf ' 7
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f � Vr/ wkh vwdwlvwlf 	X fdq eh vhhq dv d uhdol}dwlrq iurp wkh glvwulexwlrq
+56,1 Zkhq zh frqvlghu wkh irf +53, h{suhvvhg lq wkh udqgrp yduldeoh 	X/ wkh irf fdq rqo| eh
vdwlv�hg zkhq 	X lv jhqhudwhg xqghu wkh frqglwlrq wkdw

	X� 	K 	( � f� +57,

Wklv krogv dv 	X lv d udqgrp yduldeoh dqg wkh irf +53, krogv iru doo ri lwv uhdol}dwlrqv1 Zkhq
+57, vdwlv�hv wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw|/ zh
fdq frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru iurp wkdw frqglwlrqdo ghqvlw|1

Wkh uhvwulfwlrq +57, lv d uhgxfhg udqn uhvwulfwlrq dv lw lpsolhv wkdw wkh udqn ri wkh & �6
+udqgrp, pdwul{ 	X lv htxdo wr 6� �� 	K lv qdpho| d &� E6� �� pdwul{ dqg 	( d E6� ���6

43



pdwul{ vxfk wkdw wkh udqn ri 	K 	( lv htxdo wr 6 � �� Wkh udqn ri d pdwul{ lv uhsuhvhqwhg e|
wkh qxpehu ri qrq}hur vlqjxodu ydoxhv/ zklfk duh jhqhudol}hg hljhqydoxhv ri qrq0v|pphwulf
pdwulfhv/ vhh Jroxe dqg ydq Ordq +4<;<,1 Wkh vlqjxodu ydoxhv uhvxow iurp wkh vlqjxodu ydoxh
ghfrpsrvlwlrq/

	X ' L7T �c +58,

zkhuh L dqg T duh & � & dqg 6 � 6 pdwulfhv vxfk wkdw L �L � U& dqg T �T � U6c dqg 7
lv d & �6 uhfwdqjxodu pdwul{ zklfk frqwdlqv wkh qrqqhjdwlyh vlqjxodu ydoxhv lq ghfuhdvlqj
rughu rq lwv pdlq gldjrqdo E' Er�����r66�� dqg lv htxdo wr }hur hovhzkhuh1 Wkh uhgxfhg udqn
uhvwulfwlrq +57, lpsrvhg e| wkh irf lv wkxv wkh uhvwulfwlrq wkdw wkh vpdoohvw vlqjxodu ydoxh ri
	X lv htxdo wr }hur1

Lw lv frqyhqlhqw wr uhsuhvhqw wkh udqn uhvwulfwlrq rq 	X xvlqj wkh vshfl�fdwlrq
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Wkh vshfl�fdwlrq ri 	b lq +5;, lv vxfk wkdw 	b lv dq ruwkrjrqdo wudqvirupdwlrq ri wkh vpdoohvw
vlqjxodu ydoxh frqwdlqhg lq r21 Wklv lpsolhv wkdw zh fdq dozd|v vroyh r2 iurp 	b iru doo ydoxhv
ri 	b1 Wklv lv dovr uh hfwhg lq wkh Mdfreldq ri wkh wudqvirupdwlrq iurp r2 wr 	b zklfk lv htxdo
wr rqh dqg lqghshqghqw ri wkh rwkhu sdudphwhuv dv zhoo dv wkh gdwd1 Uhvwulfwlqj wkh vpdoohvw
vlqjxodu ydoxh wr }hur lv wkxv htxlydohqw wr uhvwulfwlqj 	b wr }hur dqg wkh udqn uhvwulfwlrq +57,
lv wkxv htxlydohqw zlwk 	b ' f� Wkh udqn uhvwulfwlrq +57, uhvxowlqj iurp wkh irf wkxv vdwlv�hv
wkh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri dq xqltxh frqglwlrqdo ghqvlw| dqg zh fdq xvh lw
wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru1

4Ohw T eh dq q�q v|pphwulf pdwul{ zlwk vshfwudo ghfrpsrvlwlrq T @ S�S 3 zkhuh S lv dq q�q ruwkrjrqdo
pdwul{ ri hljhqyhfwruv dqg � lv dq q� q gldjrqdo pdwul{ ri hljhqydoxhv1 Wkh vtxduh urrw ri T lv wkhq gh�qhg
dv T

4
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Wkh frqglwlrqdo ghqvlw| ri 	X jlyhq wkdw +57, krogv wkhq uhdgv/
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zkhuh e� lv wkh �uvw 6 glphqvlrqdo xqlw| yhfwru1 Vlqfh 	X lq +5<, kdv d uhgxfhg udqn ydoxh
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2 	� 	�l2� +64,/ krzhyhu/ dvvxphv wkdw zh nqrz wkh ydoxh ri lf

zklfk zh grqrw dqg zh wkhuhiruh qhhg wr uhsodfh lw e| dq hvwlpdwru ri lw/ zklfk dovr kdv d
ghqvlw| ixqfwlrq/ lq rughu wr vroyh E	qc 	�� iurp E	Kc 	B�� D srvvleoh hvwlpdwru ri lf lv 	l dqg
zh fdq xvh lw lqvwhdg ri lf lq +64,1 	l lv/ krzhyhu/ qrw wkh rqo| hvwlpdwru2udqgrp yduldeoh
wkdw fdq uhsuhvhqw lf dqg zh fdq xvh lq rughu wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh
olpo hvwlpdwru1 Dq| hvwlpdwru2udqgrp yduldeoh zlwk d phdq wkdw lv sursruwlrqdo wr lf dqg lv
vwrfkdvwlfdoo| lqghshqghqw ri 	X fdq eh xvhg vxfk wkdw zh fdq fkrrvh wkdw hvwlpdwru2udqgrp
yduldeoh zklfk ohdgv wr wkh prvw frqyhqlhqw h{suhvvlrq ri wkh vpdoo vdpsoh ghqvlw|1 Zh
wkhuhiruh xvh 	\ ' lf

	l3�lf lqvwhdg ri 	l dv lw ohdgv wr d pruh frqyhqlhqw h{suhvvlrq ri wkh
vpdoo vdpsoh ghqvlw|1 	\ lv glvwulexwhg dv/
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vxfk wkdw lw fdq eh xvhg dv wkh hvwlpdwru2udqgrp yduldeoh uhsuhvhqwlqj lf lq +64,1 Zh/
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zklfk vkrzv wkdw 	\ � �` EAlfn��f�
�
f7f�f�fc A � &n6� �� dqg kdv wkxv fkdqjhg ehfdxvh

ri wkh udqn uhgxfwlrq lpsrvhg rq 	X dqg wkh ghshqghqfh ri E	qc 	�� rq 	\� Qrwh wkdw wkh phdq
ri wklv lqyhuwhg0Zlvkduw ghqvlw| lv �

A3&n63�EAlf n��f�
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f7f�f�f dqg

wkdw wklv ghqvlw| lv fhqwhuhg forvh durxqg lwv phdq iru uhdvrqdeo| odujh ydoxhv ri A EA : 2D�� D
jrrg dssur{lpdwlrq ri wkh pdujlqdo ghqvlw| ri 	q lv wkhuhiruh RoE	qm	\ ' lf n
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Wklv lv dovr wkh uhdvrq zk| zh xvh 	\ lqvwhdg ri 	l vlqfh wkh uhvxowlqj pdujlqdo ghqvlw| ri
	l grhv qrw ehorqj wr d vwdqgdug fodvv zkloh wkh ghqvlw| ri 	\ grhv vxfk wkdw zh fdq xvh lwv
surshuwlhv/ olnh wkh phdq dv vkrzq deryh1

617 Surshuwlhv ri wkh Vpdoo Vdpsoh Ghqvlw|

Wkh suhylrxv +vxe,vhfwlrqv irfxvvhg rq wkh frqvwuxfwlrq ri wkh vpdoo vdpsoh ghqvlw| ri wkh
olpo hvwlpdwru1 Lq wklv vhfwlrq zh glvfxvv wkh surshuwlhv ri wkh uhvxowlqj h{suhvvlrq ri wkh
vpdoo vdpsoh ghqvlw| +68,1 Zh glvfxvv wkh vpdoo vdpsoh ghqvlw| lwvhoi/ lwv uhodwlrqvkls zlwk wkh
douhdg| h{lvwlqj h{suhvvlrqv lq wkh olwhudwxuh/ lwv frqyhujhqfh surshuwlhv zkhq wkh vdpsoh vl}h
lqfuhdvhv/ krz lw uhodwhv wr wkh vdpsolqj ghqvlw| dqg lwv lpsolfdwlrqv iru whvwlqj k|srwkhvhv1

61714 Wkh Vpdoo Vdpsoh Ghqvlw|

Wkh frqglwlrqdo vpdoo vdpsoh ghqvlw| ri 	q jlyhq 	\ +69, frqvlvwv ri wkh surgxfw ri d Fdxfk|
nhuqho dqg d vlqjoh lq�qlwh vxp1 Vlqfh wkh �uvw hohphqw ri wkh lq�qlwh vxp grhv qrw ghshqg
rq 	qc wkh wdlo ehkdylru ri wkh frqglwlrqdo ghqvlw| lv lghqwlfdo wr wkh wdlo ehkdylru ri wkh
Fdxfk| ghqvlw|/ ��e� qr �qlwh prphqwv ehvlghv wkh glvwulexwlrq h{lvw1 Ixuwkhupruh/ ehfdxvh
wkh pdujlqdo ghqvlw| ri 	\ lv �qlwh hyhu|zkhuh/ dv lw lv dq lqyhuwhg0Zlvkduw ghqvlw|/ wkh wdlo
ehkdylru ri wkh pdujlqdo ghqvlw| ri 	q lv wkxv lghqwlfdo wr wkh wdlo ehkdylru ri wkh frqglwlrqdo
ghqvlw| ri 	q jlyhq 	\� Vr/ dovr pdujlqdoo| qr �qlwh prphqwv ri 	q ehvlghv wkh glvwulexwlrq h{lvw1
Zkhq �f ' fc wkh rqo| hohphqw uhpdlqlqj ri wkh lq�qlwh vxp lv d frqvwdqw vxfk wkdw lq wkdw
fdvh wkh frqglwlrqdo vpdoo vdpsoh ghqvlw| ri 	q jlyhq 	\ lv hyhq htxdo wr d Fdxfk| ghqvlw|1
Dqrwkhu vlpsol�fdwlrq rffxuv zkhq 	\�2

	\3�22 ' q�f vlqfh wkh frqglwlrqdo ghqvlw| lv v|pphwulf lq
wkdw fdvh1

D qlfh dqg hohjdqw ihdwxuh ri wkh mrlqw vpdoo ghqvlw| ri E	qc 	\� lv wkdw lw fdq eh ghfrpsrvhg
lqwr wkh surgxfw ri d pdujlqdo ghqvlw| ri 	\ wkdw ehorqjv wr d nqrzq fodvv ri ghqvlw| ixqfwlrqv/
��e� wkh lqyhuwhg0Zlvkduw/ dqg d frqglwlrqdo ghqvlw| ri 	q jlyhq 	\� Wklv lv dovr wkh uhdvrq zk|
zh xvh 	\ lqvwhdg ri 	l� Zh fdq wkhuhiruh xvh wkh surshuwlhv ri wkh lqyhuwhg0Zlvkduw ghqvlw| lq
rxu dqdo|vlv1 Wkh phdq ri wkh lqyhuwhg0Zlvkduw glvwulexwlrq ri 	\ lv htxdo wr �

A3&n63�EAlf n

��f�
�
f7f�f�f� � lf n

�
A
��f�

�
f7f�f�f dqg lwv yduldqfh lv sursruwlrqdo wr �

A
/ vhh Pxlukhdg

+4<;5,1 Wkh phdq ri 	\ lv wkhuhiruh htxdo wr �
A
wlphv wkh h{shfwdwlrq ri wkh txdgudwlf irup

ri wkh hqgrjhqrxv yduldeohv/ �
A
.Et �t �� Wklv uhvxow lv qrw wkdw vxusulvlqj vlqfh t �t lv xvhg

wr frqvwuxfw wkh olpo hvwlpdwru lq +4<,1 Ehfdxvh wkh yduldqfh ri 	\ lv sursruwlrqdo wr �
A
c wkh

ghqvlw| ri 	\ txlfno| frqfhqwudwhv durxqg lwv phdq zkhq wkh vdpsoh vl}h/ Ac lqfuhdvhv1 Wklv
frqyhujhqfh lv txlwh idvw zklfk fdq eh frqfoxghg iru h{dpsoh iurp wkh zhoo0nqrzq uhvxow
wkdw dq xqlyduldwh | ghqvlw| zlwk 2D ghjuhhv ri iuhhgrp lv doprvw lghqwlfdo wr wkh qrupdo
ghqvlw|1 Lw lpsolhv wkdw douhdg| iru txlwh vpdoo vdpsoh vl}hv EA : 2D�c wkh ghqvlw| ri 	\ lv
vr frqfhqfudwhg durxqg lwv phdq wkdw zh fdq dssur{lpdwh wkh pdujlqdo ghqvlw| ri 	q e| wkh
frqglwlrqdo ghqvlw| ri 	q jlyhq wkdw 	\ lv htxdo wr wkh phdq ri lwv pdujlqdo ghqvlw| yhu| zhoo1
Vr/ zh wkhq xvh RoE	q� � RoE	qm	\ ' lf n

�
A
��f�

�
f7f�f�f�� Iru vpdoohu vdpsoh vl}hv/ zh fdq

frpsxwh wkh pdujlqdo ghqvlw| ri 	q vwudljkwiruzdugo| e| vdpsolqj 	\ iurp lwv pdujlqdo ghqvlw|
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dqg wdnlqj wkh dyhudjh ri wkh frqglwlrqdo ghqvlw| ri 	q jlyhq wkh vdpsohg 	\*v1
Wkh vpdoo vdpsoh ghqvlw| ri E	qc 	\� uhdgv dv +68, zkhq 6 ' 2� Iru odujhu ydoxhv ri 6

wkhuh lv qr vwudljkwiruzdug dqdo|wlfdo h{suhvvlrq ri wkh frqglwlrqdo ghqvlw|1 Lw lv srvvleoh
wkrxjk wr frqvwuxfw vxfk dq h{suhvvlrq exw zh zloo qrw sxuvxh vxfk nlqg ri dq dqdo|vlv khuh
odujho| ehfdxvh wkh uhvxowlqj h{suhvvlrqv duh txlwh frpsolfdwhg lq qdwxuh1 Wklv uhvxowv dv lw
lqyroyhv wkh prphqw ri wkh ghwhuplqdqw ri d qrqfhqwudo0Zlvkduw glvwulexwhg udqgrp pdwul{1
Iru ghwdlov rq wklv/ vhh Pxlukhdg +4<;5,1 Vlqfh zh gr kdyh wkh h{suhvvlrq ri wkh mrlqw vpdoo
vdpsoh ghqvlw| ri E	qc 	�c 	\� zh fdq vdpsoh iurp wkdw ghqvlw| xvlqj Vdpsolqj Dojrulwkpv olnh
Lpsruwdqfh Vdpsolqj/ vhh e�}� Norhn dqg ydq Glmn +4<:;, dqg Jhzhnh +4<;<,/ ru Phwursrolv0
Kdvwlqjv Vdpsolqj/ vhh e�}� Phwursrolv e|� @,� +4<86, dqg Kdvwlqjv +4<:3,1 Lq Nohlehujhq
dqg Sdds +4<<;, dqg Nohlehujhq dqg ydq Glmn +4<<;,/ wkhvh dojrulwkpv duh xvhg lq Ed|hvldq
dqdo|}hv ri frlqwhjudwlrq dqg vlpxowdqhrxv htxdwlrq prghov zkhuh wkh srvwhulruv duh forvho|
uhodwhg wr wkh mrlqw vpdoo vdpsoh ghqvlw| ri E	qc 	�c 	\�c vhh Nohlehujhq dqg ]lyrw +4<<;,1 Wkh
frpsxwhg ghqvlwlhv fdq wkhq eh frpsduhg zlwk wkh vdpsolqj ghqvlw| wr vkrz wkh ydolglw| ri
wkh dssurdfk1

61715 Uhodwlrqvkls zlwk H{lvwlqj Dqdo|wlfdo H{suhvvlrqv

Wkh vpdoo vdpsoh ghqvlw| +67, uhvxowv iurp d gl�huhqw dssurdfk wkhq wkh rqh wudglwlrqdoo|
sxuvxhg lq wkh olwhudwxuh/ vhh e�}� Pduldqr dqg Vdzd +4<:5,/ Skloolsv +4<;6, dqg Dqghuvrq
+4<;5,1 Lw dovr kdv d gl�huhqw ixqfwlrqdo irup wkhq iru h{dpsoh wkh vpdoo vdpsoh ghqvlw|
lq Pduldqr dqg Vdzd +4<:5, zklfk frqvlvwv ri d wulsoh lq�qlwh vxp zkloh wkh vpdoo vdpsoh
ghqvlw| +69, frqvlvwv ri d vlqjoh lq�qlwh vxp1 Rqh uhdvrq iru wklv lv wkdw wkh vpdoo vdpsoh
ghqvlw| frqvwuxfwhg e| Pduldqr dqg Vdzd lv wkh pdujlqdo ghqvlw| zkloh +69, lv wkh frqglwlrqdo
ghqvlw| ri 	q jlyhq 	\� Dqrwkhu uhdvrq lv wkdw wkhvh vpdoo vdpsoh ghqvlwlhv duh frqvwuxfwhg
xvlqj gl�huhqw dssurdfkhv1 Wkh vpdoo vdpsoh ghqvlw| +69, uhvxowv iurp dq xqltxh frqglwlrqdo
ghqvlw| wkdw h{sorlwv wkh surshuw| ri wkh olpo hvwlpdwru wkdw lw vdwlv�hv wkh irf zkloh wkh
wudglwlrqdo dssurdfk frqvwuxfwv wkh vpdoo vdpsoh ghqvlw| iurp d forvhg irup h{suhvvlrq ri wkh
olpo hvwlpdwru1 Vlqfh zh douhdg| glvfxvvhg wkh frqvwuxfwlrq ri wkh vpdoo vdpsoh ghqvlw| +69, dw
ohqjwk/ zh qrz eulh | glvfxvv wkh wudglwlrqdo zd| ri frqvwuxfwlqj wkh vpdoo vdpsoh ghqvlw| ri
wkh olpo hvwlpdwru wr vkrz wkh gl�huhqfhv dqg vlplodulwlhv zlwk wkh xqltxh frqglwlrqdo ghqvlw|
dssurdfk1

Wkh olpo hvwlpdwru uhvxowv iurp wkh fkdudfwhulvwlf sro|qrpldo +4<,/ vhh Pduldqr dqg Vdzd
+4<:5,/

m#t �t � t �fEf �f�3�f �t m ' f / +6:,

m#
�

t ��ft n t �fEf �f�3�f �t
�

� t �fEf �f�3�f �t m ' fc

dqg lv gh�qhg vxfk wkdw wkh hljhqyhfwru dvvrfldwhg zlwk wkh vpdoohvw urrw ri +6:, lv htxdo wr

@E� �	q
�
��� Zkhq zh dvvxph lqghshqghqwo| qrupdo glvwulexwhg glvwxuedqfhv zlwk phdq }hur

dqg lghqwlfdo fryduldqfh pdwulfhv/ t �fEf �f�3�f �t kdv d qrqfhqwudo Zlvkduw glvwulexwlrq/
t ��ft kdv d vwdqgdug Zlvkduw glvwulexwlrq dqg wkhvh udqgrp pdwulfhv duh vwrfkdvwlfdoo|
lqghshqghqw1 Vlqfh wkh olpo hvwlpdwru uhvxowv iurp dq hljhqyhfwru ri +6:,/ lw vdwlv�hv wkh
uhodwlrqvkls/

#
�

t ��ft n t �fEf �f�3�f �t
�

�

�

�	q

�

' t �fEf �f�3�f �t
�

�

�	q

�

c +6;,

zkhuh # lv wkh vpdoohvw urrw ri +6:,1 Wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru 	q fdq wkxv
eh frqvwuxfwhg iurp wkh mrlqw ghqvlw| ri Et �fEf �f�3�f �tc t ��ft �c zklfk lv wkh surgxfw ri
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wkhlu pdujlqdo ghqvlwlhv vlqfh wkh| duh vwrfkdvwlfdoo| lqghshqghqw/ dv lw lv d ixqfwlrq ri wkhvh
+udqgrp, pdwulfhv/ vhh Pduldqr dqg Vdzd +4<:5,1 Wkh qrwdwlrq ri wkh olpo hvwlpdwru dv d
&0fodvv hvwlpdwru/ vhh e�}1 Kdxvpdq +4<;6, dqg Skloolsv +4<;6,/

	q ' E	+�+2�
3�

	+�+�c +6<,

zkhuh 	+ ' #
�3#+�n

�
�3#fEf �f�3�f �+� '

#
�3#�f+�nfEf �f�3�f �+�c # lv wkh vpdoohvw urrw ri

+6:,/ gluhfwo| vkrzv wkh ixqfwlrqdo uhodwlrqvkls ehwzhhq 	q dqg Et �fEf �f�3�f �tc t ��ft ��
Qrwh wkdw # lv dovr d ixqfwlrq ri Et �fEf �f�3�f �tc t ��ft �� Wkh vpdoo vdpsoh ghqvlw| ri 	q fdq
qrz eh frqvwuxfwhg e| shuiruplqj d wudqvirupdwlrq ri wkh udqgrp yduldeohv dqg lqwhjudwlqj
rxw wkh uhpdlqlqj udqgrp yduldeohv ehvlghv 	q/ vhh Pduldqr dqg Vdzd +4<:5, iru ghwdlov1 Lq
Pduldqr dqg Vdzd +4<:5,/ wkh uhvxowlqj h{suhvvlrq lv jlyhq dqg lw frqvlvwv ri d wulsoh lq�qlwh
vxp1 Lghqwlfdo wr wkh frqglwlrqdo ghqvlw| ri 	q jlyhq 	\c wklv h{suhvvlrq kdv Fdxfk| wdlov vxfk
wkdw qr �qlwh prphqwv ehvlghv wkh glvwulexwlrq h{lvw1 Dqghuvrq dqg Vdzd +4<:<, frqvwuxfwhg
wkh vpdoo vdpsoh ghqvlw| ri dq hvwlpdwru/ wr zklfk wkh| uhihu dv wkh olpon hvwlpdwru/ wkdw
lv forvho| uhodwhg wr wkh olpo hvwlpdwru dqg uhvxowv e| uhsodflqj t �t lq wkh fkdudfwhulvwlf
sro|qrpldo +6:, e| wkh hvwlpdwhg uhgxfhg irup fryduldqfh pdwul{ t ��ft� Wkh| vkrz wkdw
wkh vpdoo vdpsoh ghqvlw| ri wklv olpon hvwlpdwru lv ohvv frpsolfdwhg wkdq wkh vpdoo vdpsoh
ghqvlw| ri wkh olpo hvwlpdwru/ dv lw frqvlvwv ri d grxeoh lq�qlwh vxp/ dqg dssur{lpdwhv wkh
vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru riwhq txlwh zhoo/ vhh Dqghuvrq e|� @,� +4<;6,1

Wkh olpo hvwlpdwru wkdw uhvxowv iurp wkh fkdudfwhulvwlf sro|qrpldo +6:, lv forvho| uhodwhg wr
wkh vlqjxodu ydoxh ghfrpsrvlwlrq xvhg wr frqvwuxfw wkh xqltxh frqglwlrqdo ghqvlw|1 Wklv fdq
eh vkrzq e| vshfli|lqj +6:, dv/
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+59,1 Wkh olpo hvwlpdwru ri qc 	qc uhvxowv iurp wkh hljhqyhfwru dvvrfldwhg zlwk wkh vpdoohvw urrw

ri +73, zklfk lv 	b
2
1 Wklv hljhqyhfwru fdq eh vshfl�hg e| @ 	(�

zc zkhuh @ lv d qrq}hur vfdodu1

Ehfdxvh ri wkh vshfl�fdwlrq ri 	(z E' E� n 	B
�	B�3

�
2 E� �	B���c vhh +59,/ 	q dqg 	B frlqflgh1 Wr

frqvwuxfw wkh xqltxh frqglwlrqdo ghqvlw|/ 	b lv vhw htxdo wr }hur dqg 	X lv wkhuhiruh vhw htxdo
wr 	K 	(� E	�c 	q� lv wkhq vroyhg iurp 	K 	( lq +65,1 Vr/ wr rewdlq wkh ghqvlw| ri E	�c 	q� iurp wkh
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frqglwlrqdo ghqvlw| ri 	X jlyhq wkdw lw kdv udqn 6��/ zh kdyh wr dffrxqw iru wkh yduldqfh dqg
fdqqrw gluhfwo| vroyh E	�c 	q� iurp 	X dv lq wkh frqvwuxfwlrq ri wkh ghqvlw| ri E	�c 	q� edvhg rq
+6:,1 Wklv lv qdwxudo dv wkh 	X xvhg wkhuh kdv dq lghqwlw| fryduldqfh pdwul{ dqg +73, vkrzv wkdw
wkh olpo hvwlpdwru fdq eh frqvlghuhg wr uhvxow iurp lpsrvlqj udqn uhgxfwlrq rq d ghyduldqfhg
	x� Qrwh dovr wkdw zh vroyh E	�c 	q� iurp 	X lq wkh frqglwlrqdo ghqvlw| xvlqj wkh fryduldqfh pdwul{
	\ zklfk kdv d phdq/ dffruglqj wr lwv pdujlqdo ghqvlw|/ htxdo wr �

A
.Et �t �c dqg wkdw t �t lv

xvhg lq +73,1 Wkh frqglwlrqdo ghqvlw| dssurdfk wkhuhiruh grhv ohdg wr wkh ghqvlw| ri wkh olpo
hvwlpdwru dqg qrw ri wkh olpon hvwlpdwru1

Ehvlghv ehlqj gl�huhqw iurp d frqvwuxfwlrqdo srlqw ri ylhz/ wkh vpdoo vdpsoh ghqvlwlhv +69,
dqg wkh rqh iurp Pduldqr dqg Vdzd +4<:5, duh dovr gl�huhqw lq wkh vhqvh wkdw +69, lv wkh
frqglwlrqdo ghqvlw| ri 	q jlyhq 	\ zkloh wkh vpdoo vdpsoh ghqvlw| lq Pduldqr dqg Vdzd lv wkh
pdujlqdo ghqvlw|1 Iru wzr uhdvrqv lv wklv gl�huhqfh qrw vr lpsruwdqw dv lw vhhpv1 Iluvw/ wkh
pdujlqdo ghqvlw| ri 	\ lv nqrzq dqg ehorqjv wr d vwdqgdug fodvv ri ghqvlw| ixqfwlrqv vxfk wkdw
zh iru h{dpsoh nqrz wkdw lw frqfhqwudwhv txlfno| durxqg lwv phdq zkhq vdpsoh vl}h lqfuhdvhv
dqg krz wr vdpsoh iurp lw1 Vhfrqg/ 	\ lv d qxlvdqfh sdudphwhu dqg wkh lghqwl�fdwlrq ri 	q grhv
qrw ghshqg rq lw1 Wkh frqglwlrqdo ghqvlw| lv wkhuhiruh qrw gudpdwlfdoo| gl�huhqw iru ydulrxv
ydoxhv ri 	\ olnh iru h{dpsoh wkh frqglwlrqdo ghqvlw| ri 	q jlyhq 	� wkdw vwurqjo| gl�huv ryhu wkh
ydoxh ri 	� dv wkh lghqwl�fdwlrq ri q ghshqgv rq ��

D qlfh ihdwxuh ri wkh xqltxh frqglwlrqdo ghqvlw| dssurdfk lv wkdw zh vwudljkwiruzdugo|
rewdlq wkh dqdo|wlfdo h{suhvvlrq ri wkh mrlqw ghqvlw| ri E	qc 	�c 	\� +67, zlwkrxw wkh lqyroyhphqw
ri wkh qrqfhqwudo Zlvkduw ghqvlw|1 Wklv ghqvlw| lv rqo| lqyroyhg lq wkh lqwhjudwlrq ryhu 	� wr
rewdlq wkh mrlqw ghqvlw| ri E	qc 	\�� Dv wkh wudglwlrqdo dssurdfk iru frqvwuxfwlqj wkh vpdoo vdpsoh
ghqvlw| xvhv wkh qrqfhqwudo Zlvkduw ghqvlw| iurp wkh rxwvhw/ vhh suhylrxv glvfxvvlrq/ wkh mrlqw
ghqvlw| ri E	qc 	�c 	\� lv pruh frpsolfdwhg wr frqvwuxfw xvlqj wkdw dssurdfk1 Ixuwkhupruh/
jlyhq wkdw zh kdyh wkh mrlqw ghqvlw| ri E	qc 	�c 	\� zh fdq dqdo|}h lwv surshuwlhv gluhfwo| ru e|
vdpsolqj iurp lw1 Lq wklv zd|/ zh fdq frpsxwh dqg dqdo|}h wkh pdujlqdo ghqvlwlhv dovr lq fdvh
ri pruh wkdq wzr hqgrjhqrxv yduldeohv1 Wr vdpsoh iurp wkh mrlqw ghqvlw|/ zh fdq xvh Vdpsolqj
Dojrulwkpv olnh Phwursrolv0Kdvwlqjv vdpsolqj/ vhh e�}� Phwursrolv e|� @,� +4<86, dqg Kdvwlqjv
+4<:3,/ dqg Lpsruwdqfh Vdpsolqj/ vhh e�}� Norhn dqg ydq Glmn +4<:;, dqg Jhzhnh +4<;<,/
zklfk wkxv hqdeoh xv wr frpsxwh wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru dovr lq fdvh ri
pruh wkdq wzr hqgrjhqrxv yduldeohv1 Zh wkhuhiruh grqrw kdyh wr uho| rq frpsolfdwhg dqdo|wlfdo
lqwhjudwlrq surfhgxuhv lq rughu wr frqvwuxfw wkhvh ghqvlwlhv1 Wkhvh vlpxodwlrq dojrulwkpv duh
sulpdulo| xvhg lq Ed|hvldq vwdwlvwlfv exw vlqfh wkh mrlqw ghqvlw| ri E	qc 	�c 	\� +67, lv lghqwlfdo wr
wkh srvwhulru ri wkh sdudphwhuv ri dq lqvwuxphqwdo yduldeoh uhjuhvvlrq prgho xvlqj d Mh�uh|v*
sulru/ vhh Nohlehujhq dqg ]lyrw +4<<;,/ wkhvh vlpxodwlrq whfkqltxhv fdq dv zhoo eh xvhg wr
frpsxwh dqg dqdo|}h wkh pdujlqdo ghqvlwlhv ri wkh olpo hvwlpdwru1 Lq Nohlehujhq dqg ydq Glmn
+4<<;, dqg Nohlehujhq dqg Sdds +4<<;,/ wkhvh vlpxodwlrq dojrulwkpv duh xvhg wr vlpxodwh iurp
wkhvh nlqg ri srvwhulruv wr rewdlq wkh pdujlqdo srvwhulruv ri wkh sdudphwhuv ri lqvwuxphqwdo
yduldeoh uhjuhvvlrq dqg frlqwhjudwlrq prghov1
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61716 Frqyhujhqfh ri Vpdoo Vdpsoh Glvwulexwlrq wr Olplwlqj Glvwulexwlrq

Wkh vpdoo vdpsoh ghqvlw| ri 	q jlyhq 	\c
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fdq eh xvhg wr dqdo|}h wkh olplwlqj glvwulexwlrqv ri 	q iru gl�huhqw ydoxhv ri �f� Ehorz zh
glvfxvv wkuhh gl�huhqw fdvhv/ �f ' fc �f ' [f*

s
A c zkhuh [f lv d �{hg ixoo udqn pdwul{/

dqg �f lv d �{hg qrq}hur ixoo udqn pdwul{/ wkdw fryhu wkh pdlq srvvlelolwlhv1 Qrwh wkdw prvw
rwkhu fdvhv fdq eh frqvlghuhg dv frpelqdwlrqv ri wkhvh dqg wkdw wkh dvvxpswlrq ri qrupdoo|
glvwulexwhg glvwxuedqfhv lv pdgh lq rughu wr frqvwuxfw +74,1 Wkh uhvxowv duh wkhuhiruh ohvv
jhqhudo wkhq wkh rqhv rewdlqhg hovhzkhuh lq wkh olwhudwxuh/ vhh e�}� Skloolsv +4<;<, dqg Vwdljhu
dqg Vwrfn +4<<:,/ exw vlqfh wkh frqyhujhqfh surshuwlhv uhvxow vwudljkwiruzdugo| iurp wkh vpdoo
vdpsoh ghqvlw|/ wkh| vkrz wkh frqyhujhqfh lvvxhv dw vshfl�f ydoxhv ri �f lq d udwkhu looxvwudwlyh
zd|1

�f ' f G lv nqrzq dv wkh fdvh ri wrwdo qrqlghqwl�fdwlrq1 Lw lpsolhv wkdw wkh frqglwlrqdo ghqvlw|
ri 	q jlyhq 	\ +74, lv d Fdxfk| ghqvlw| dqg uhpdlqv wkdw uhjdugohvv ri wkh vdpsoh vl}h1
Wkh olpo hvwlpdwru 	q wkxv kdv d Fdxfk| glvwulexwlrq uhjdugohvv ri wkh vdpsoh vl}h dqg
frqyhujhv wr d udqgrp yduldeoh zlwk d Fdxfk| glvwulexwlrq zkhq wkh vdpsoh vl}h A jrhv
wr lq�qlw|/ vhh dovr Skloolsv +4<;<,1

�f' [f*
s
A G lv nqrzq dv wkh fdvh ri zhdn lghqwl�fdwlrq/ vhh e�}� Qhovrq dqg Vwduw} +4<<3,/

Vwdljhu dqg Vwrfn +4<<:,/ dqg ]lyrw/ Qhovrq dqg Vwduw} +4<<;,/ dqg lpsolhv wkdw wkh
ydoxh ri �f ghfuhdvhv zlwk vdpsoh vl}h1 Lw ixqfwlrqdol}hv wkh lq sudfwlfh riwhq revhuyhg
frpelqdwlrq ri d odujh vdpsoh vl}h dqg vpdoo exw vljql�fdqw �| 0ydoxhv� ri qc vhh iru h{0
dpsoh Dqjulvw dqg Nuxhjhu +4<<4,1 Wklv uhvxowv vlqfh/ vlplodu wr wkh suhylrxv fdvh/ wkh
olplwlqj dqg vpdoo vdpsoh glvwulexwlrq duh lghqwlfdo dqg dv wkh vpdoo vdpsoh glvwulexwlrq
lv qrqqrupdo/ lw fdq hdvlo| jhqhudwh �|0ydoxhv� zklfk vhhp vljql�fdqw zkhq rqh plvwdn0
hqo| xvhv qrupdo fulwlfdo ydoxhv exw duh qrqvljql�fdqw zkhq rqh xvhv wkh fruuhfw rqhv1
Wkh vlplodulw| ri wkh olplwlqj dqg vpdoo vdpsoh glvwulexwlrq uhvxowv ehfdxvh 7f ' f �f
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��f7f�f wkxv uhpdlqv d �qlwh frqvwdqw zkhq wkh vdpsoh vl}h jrhv wr lq�qlw|1 Wkh frq0
wlqxrxv pdsslqj wkhruhq/ vhh Eloolqjvoh| +4<;9,/ wkhq lpsolhv wkdw
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zklfk vkrzv wkdw wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv duh lghqwlfdo/ zkdw dovr
krogv iru wkh suhylrxv fdvh1 Vr/ 	q uhpdlqv d udqgrp yduldeoh zkhq vdpsoh vl}h lqfuhdvhv
dqg grhv wkxv qrw frqyhujh wr wkh �{hg frqvwdqw qf� Vwdljhu dqg Vwrfn +4<<:, dqdo|}hg
wklv fdvh zlwkrxw wkh qrupdolw| dvvxpswlrq rq wkh glvwxuedqfhv1 Wkhlu irfxv lv dovr
hvvshfldoo| rq whvwlqj dqg zh wkhuhiruh glvfxvv wkh whvwlqj lpsolfdwlrqv lq d odwhu vhfwlrq1

�f �{hg ixoo udqn= lpsolhv wkdw ��f7f�f frqyhujhv wr lq�qlw| zkhq vdpsoh vl}h lqfuhdvhv1
Wr looxvwudwh wkh frqyhujhqfh ri wkh vpdoo vdpsoh glvwulexwlrq zh qrz xvh wkh mrlqw vpdoo
vdpsoh ghqvlw| ri E	qc 	�c 	\� +67,/
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Wkh olplwlqj glvwulexwlrqv lq +7;, duh frqvwuxfwhg xqghu wkh dvvxpswlrq ri qrupdolw|
ri wkh glvwxuedqfhv1 Lq wkh qh{w vhfwlrq/ zh ghulyh wkh vdph uhvxow dovr xvlqj wkh frq0
fhsw ri dq xqltxh frqglwlrqdo ghqvlw| xqghu wkh ohvv vwulqjhqw dvvxpswlrq wkdw wkh ohdvw
vtxduhv hvwlpdwru ri wkh hqfrpsdvvlqj xquhvwulfwhg uhgxfhg irup kdv d qrupdo olplwlqj
glvwulexwlrq1 Wkh olplwlqj glvwulexwlrqv lq +7;, dovr dffrug zlwk wkh rqhv glvfxvvhg lq
wkh olwhudwxuh/ vhh e�}� Kdxvpdq +4<;6,1

Wkh deryh uhvxowv vkrz wkdw doo frqyhujhqfh lvvxhv ri wkh olpo hvwlpdwru fdq gluhfwo| eh
vkrzq xvlqj wkh vpdoo vdpsoh ghqvlw|1 Wkh vpdoo vdpsoh ghqvlw| lv wkxv d frqyhqlhqw wrro
xvlqj zklfk doo frqyhujhqfh lvvxhv fdq eh looxvwudwhg1

61717 Vpdoo Vdpsoh Ghqvlw| yhuvxv Vdpsolqj Ghqvlw|

Wr vkrz wkh ydolglw| ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg lwv dssolfdelolw| iru
frqvwuxfwlqj wkh vpdoo vdpsoh ghqvlw|/ zh frpsduh wkh uhvxowlqj vpdoo vdpsoh ghqvlw| zlwk
wkh vdpsolqj ghqvlw| iru vshfl�f sdudphwhu ydoxhv1 Zh wkhuhiruh vdpsohg rqh ploolrq gdwdvhwv
iurp wkh prgho/

+� ' q+2 n 0�c +7<,

+2 ' fZ n �2c

zkhuh +�c +2 G A � �c f G A � &c E0� �2� � ?EfcP
 UA �( f � ?Efc U& 
 UA �c A ' �ffc Z G & � �c

Z ' EZ����Z&�
�c Z2 ' ��� ' Z& ' fc q ' �c P '

�

� f�bb
f�bb �

�

( iru d ihz gl�huhqw ydoxhv ri

E&c Z�� dqg frpsduhg wkh rewdlqhg vdpsolqj ghqvlw| zlwk wkh frqglwlrqdo ghqvlw| ri 	q jlyhq 	\

+69, zlwk 	\ ' ln �
A
��Z�f �fZ�c � '

�

q �
�

c l '
�

e� ��
��
P
�

e� � �
�

� Wklv ydoxh ri
	\ htxdov wkh phdq ri wkh pdujlqdo ghqvlw| ri 	\ dqg vlqfh A lv txlwh odujh wkh pdujlqdo ghqvlw|
lv frqfhqwudwhg durxqg lwv phdq1 Qrwh wkdw f lv �{hg ryhu wkh gdwdvhwv/ dqg zh dovr xvh lw lq
wkh frqglwlrqdo ghqvlw| RoE	qm	\�c vxfk wkdw zh rqo| vdpsoh E0� �2� rqh ploolrq wlphv +lw lv qrw
qhfhvvdu| wr shuirup vr pdq| vlpxodwlrqv exw lq wklv zd| zh rewdlq dq dffxudwh dqg vprrwk
vdpsolqj ghqvlw|,1

Wkh prgho iurp zklfk zh vlpxodwh kdv vwurqj hqgrjhqhlw| dv 4 ' f�bb dqg l3�22 /2� ' 2�
Ixuwkhupruh/ zkhq zh lqfuhdvh &/ zh rqo| dgg vxshu xrxv lqvwuxphqwv wr wkh prgho ehfdxvh
wkh hohphqwv ri Z dvvrfldwhg zlwk wkhvh dgglwlrqdo lqvwuxphqwv duh htxdo wr }hur1 Lq wklv zd|
zh fdq dqdo|}h wkh vhqvlwlylw| zlwk uhvshfw wr lqfoxglqj wrr pdq| lqvwuxphqwv1 Zh vhohfwhg
wkhvh sdudphwhu ydoxhv wr kdyh kljko| qrqqrupdo vpdoo vdpsoh dqg vdpsolqj ghqvlwlhv1 D
frlqflglqj vpdoo vdpsoh dqg vdpsolqj ghqvlw| dw wkhvh h{wuhph sdudphwhu ydoxhv lv wkhuhiruh d
vwurqj lqglfdwlrq ri wkh fruuhfwqhvv ri wkh vpdoo vdpsoh ghqvlw| dqg wkxv ri wkh dssursuldwhqhvv
ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw|1

Lq �jxuh 4/ wkh vpdoo vdpsoh dqg vdpsolqj ghqvlwlhv lq fdvh ri wrwdo qrqlghqwl�fdwlrq/
Z� ' fc duh vkrzq dqg wkh| duh lqglvwlqjxlvkdeoh1 Zh rqo| vkrz wkh h{dfw lghqwl�hg fdvh
ehfdxvh lqfuhdvlqj wkh ghjuhh ri ryhulghqwl�fdwlrq grhv qrw d�hfw wkh vpdoo vdpsoh ru vdpsolqj
ghqvlw| dw doo +dv zdv wr eh h{shfwhg iurp +69,,1 Iljxuh 5 vkrzv wkh fdvh ri zhdn lghqwl�fdwlrq/
Z� ' f��c iru & ' � +h{dfwo| lghqwl�hg, dqg & ' D +7 ghjuhhv ri ryhulghqwl�fdwlrq,1 Wkh
ghqvlwlhv duh djdlq yhu| vlplodu dqg lw lv kdug wr glvwlqjxlvk wkhp1 Wkh vdph krogv iru �jxuhv
6 dqg 7 zkhuh zh vkrz vpdoo vdpsoh dqg vdpsolqj ghqvlwlhv iru wkh surshuo| lghqwl�hg fdvh/
Z� ' fc zlwk & ' �c D +�jxuh 6, dqg & ' 2f +�jxuh 7,1 Iru doo fdvhv/ wkh vpdoo vdpsoh dqg
vdpsolqj ghqvlwlhv duh kdug wr glvwlqjxlvk iurp rqh dqrwkhu zklfk lv/ jlyhq wkh h{wuhph ydoxhv
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Iljxuh 4= H{dfw vpdoo vdpsoh ghqvlw| +0, dqg vdpsolqj ghqvlw| +0 0,/ Z� ' f�

ri wkh sdudphwhuv ri wkh gdwd jhqhudwlqj surfhvv/ vwurqj hylghqfh lq vxssruw ri wkh frqvwuxfwlrq
ri vpdoo vdpsoh ghqvlwlhv xvlqj wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg ri wklv frqfhsw
lwvhoi1 Qrwh dovr wkh shfxoldulw| lq wkh ghqvlwlhv lq fdvh ri zhdn lghqwl�fdwlrq zklfk duh htxdo
wr }hur lq 	q ' 2 E' l3�22 /2�� dw zklfk srlqw wkh prgh lq fdvh ri qr lghqwl�fdwlrq lv orfdwhg1

Dq lqwhuhvwlqj skhqrphqrq/ wkdw lv dssduhqw iurp doo �jxuhv/ iru zklfk wkh dssurdfk xvlqj
wkh xqltxh frqglwlrqdo ghqvlw| jlyhv d vwudljkwiruzdug h{sodqdwlrq lv wkh uhodwlyh lqvhqvlwlylw|
ri wkh vpdoo vdpsoh dqg vdpsolqj ghqvlwlhv wr dgglqj vxshu xrxv lqvwuxphqwv1 Wkh xqltxh
frqglwlrqdo ghqvlw| dssurdfk qdpho| vkrzv wkdw wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpd0
wru uhvxowv iurp lpsrvlqj udqn uhgxfwlrq rq wkh �|0ydoxhv� ri wkh ohdvw vtxduhv hvwlpdwru ri
wkh hqfrpsdvvlqj olqhdu prgho/ vhh +57,1 Wkh �|0ydoxhv� ri wkh vxshu xrxv lqvwuxphqwv duh
qrqvljql�fdqw dqg forvh wr }hur1 Wkh udqn uhgxfwlrq lv lpsrvhg e| uhvwulfwlqj wkh vpdoohvw
vlqjxodu ydoxh ri wkh �|0ydoxhv� sdudphwhu pdwul{ wr }hur dqg wkxv glvfduglqj lwv hljhqyhfwru1
Vlqfh wkh �|0ydoxhv� ri wkh vxshu xrxv lqvwuxphqwv duh qrqvljql�fdqw/ wkh| zloo eh dvvrfldwhg
zlwk wkh vpdoohvw vlqjxodu ydoxh dqg lwv hljhqyhfwru wkxv kdv qrq}hur hohphqwv dw wkh srvlwlrqv
ri wkh vxshu xrxv lqvwuxphqwv1 Zkhq zh wkxv uhvwulfw wkh vpdoohvw vlqjxodu ydoxh wr }hur dqg
glvfdug lwv hljhqyhfwru/ zh hvvhqwldoo| uhpryh wkh vxshu xrxv lqvwuxphqwv1 Dv d frqvhtxhqfh/
wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru lv uhodwlyho| lqvhqvlwlyh wr dgglqj vxshu xrxv
lqvwuxphqwv1 Wkh vpdoo vdpsoh ghqvlwlhv ri rwkhu lqvwuxphqwdo yduldeoh hvwlpdwruv/ olnh iru
h{dpsoh wzr vwdjh ohdvw vtxduhv/ duh txlwh vhqvlwlyh wr dgglqj vxshu xrxv lqvwuxphqwv wkrxjk/
vhh e�}� Skloolsv +4<;6, dqg Nohlehujhq dqg ]lyrw +4<<;,1

61718 Vpdoo Vdpsoh Whvwlqj

Wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru +69, grhv qrw ehorqj wr d vwdqgdug fodvv ri
ghqvlwlhv qru grhv wkh mrlqw ghqvlw| ri E	qc 	�c 	\� +67,1 Wkh mrlqw ghqvlw| ri E	qc 	�c 	\� fdq dovr
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Iljxuh 7= Z� ' �c & ' 2f= H{dfw +0, dqg vdpsolqj ghqvlw| +0 0,

qrw eh idfwrul}hg vxfk wkdw wkh pdujlqdo ru frqglwlrqdo ghqvlw| jlyhq 	\ ri wkh �|0ydoxh� ri 	qc

	� '
�

	��7f 	�
�

�
2
E	q � qf�	\

3�
2

���2c +83,

fdq eh frqvwuxfwhg dqdo|wlfdoo|1 Wklv uhvxowv dv wkh ghshqghqfh ri 	q rq 	� lv pruh frpsolfdwhg
wkdq suhvxphg e| wkh uhodwlrqvkls xqghuo|lqj wkh �|0ydoxh� +83,1 Wkh idfwrul}dwlrq lv qrw

srvvleoh ehfdxvh ri wkh whup m 	� 	\3� 	� �m�2 E&36n�� lq wkh mrlqw ghqvlw| +67, dqg frqvhtxhqwo|
wkh wudqvirupdwlrq ri E	qc 	�c 	\� wr E	� c 	�c 	\� ohdgv wr d mrlqw ghqvlw| ri E	� c 	�c 	\� iru zklfk zh
fdqqrw frqvwuxfw wkh pdujlqdo dqg frqglwlrqdo ghqvlw| ri 	� jlyhq 	\ dqdo|wlfdoo|1 Wkh ghqvlw|
ri 	� fdq wkxv rqo| eh dvvhvvhg qxphulfdoo|1 Wkh vpdoo vdpsoh glvwulexwlrq ri �|� dqg Zdog
vwdwlvwlfv whvwlqj k|srwkhvhv rq q duh wkhuhiruh qrqvwdqgdug dqg vwdqgdug fulwlfdo ydoxhv duh
rqo| dv|pswrwlfdoo| ydolg zkhq �f lv d �{hg ixoo udqn pdwul{1 Lq fdvh ri zhdn lqvwuxphqwv/
zkhuh �f ' [f*

s
A / vhh vhfwlrq 61716/ wkh dv|pswrwlf glvwulexwlrq ri 	q lv lghqwlfdo wr wkh vpdoo

vdpsoh glvwulexwlrq dqg lq wkdw fdvh wkh dv|pswrwlf glvwulexwlrq ri wkh �|0vwdwlvwlf� lv wkxv
dovr qrqvwdqgdug/ vhh e�}� Vwdljhu dqg Vwrfn +4<<:,/ Zdqj dqg ]lyrw +4<<;, dqg ]lyrw e|� @,�
+4<<;,1

Lqvwhdg ri whvwlqj xvlqj wkh �|0vwdwlvwlf� 	� +83,/ zh fdq dovr frqgxfw lqihuhqfh gluhfwo|
xvlqj wkh vpdoo vdpsoh ghqvlw| ri 	q� Wkh ghqvlw| ri 	q lv ohvv frpsolfdwhg wkdq wkh ghqvlw| ri
	� dqg iru h{dpsoh lq fdvh wkdw 6 ' 2/ dq dqdo|wlfdo h{suhvvlrq ri wkh mrlqw ghqvlw| ri E	qc 	\�
h{lvwv zklfk fdq eh xvhg wr frpsxwh wkh pdujlqdo ghqvlw|/ vhh vhfwlrqv 617140617171 Vr/ wr
frqgxfw lqihuhqfh rq 	q lw fdq eh pruh frqyhqlhqw wr xvh wkh vpdoo vdpsoh ghqvlw| ri 	q lwvhoi
wkdq wr xvh wkh vpdoo vdpsoh ghqvlw| ri lwv �|0ydoxh�1 Wkh vpdoo vdpsoh ghqvlw| ri 	q +69,
lqyroyhv xqrevhuyhg sdudphwhuv/ zklfk duh vxfk wkdw zkhq zh uhsodfh wkhvh e| hvwlpdwhv iurp
wkh gdwd/ ��e� l n �

A
� �Z�f �fZ� e| �

A
t �t dqg �f�f e| 	xc wkdw wkh vpdoo vdpsoh ghqvlw| lv

htxlydohqw wr wkh srvwhulru ri q xvlqj wkh Mh�uh|v* sulru/ vhh Nohlehujhq dqg ]lyrw +4<<;,1
Qrwh wkdw zkhq A lv odujh/ wkh dssur{lpdwlrq ri ln �

A
��Z�f �fZ� e| �

A
t �t lv txlwh dffxudwh

dqg kdupohvv exw rqh kdv wr eh fduhixo lq wkh vshfl�fdwlrq ri �f�f1
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Olnholkrrg udwlr dqg vfruh vwdwlvwlfv fdq dovr eh xvhg wr whvw k|srwkhvhv1 Wkh vpdoo vdpsoh
glvwulexwlrq ri wkh vfruh vwdwlvwlf fdq dovr eh frqvwuxfwhg xvlqj wkh frqfhsw ri dq xqltxh
frqglwlrqdo ghqvlw|/ vhh Nohlehujhq +4<<;,1 Iru uhdvrqv ri vsdfh zh grqrw hoderudwh rq wkdw
khuh1

7 Olplwlqj Glvwulexwlrq ri OLPO

Zkhq zh grqrw nqrz wkh glvwulexwlrq ri wkh glvwxuedqfhv Tc zh fdq vwloo xvh wkh irf +6, wr
frqgxfw vwdwlvwlfdo lqihuhqfh rq wkh olpo hvwlpdwruv e| xvlqj wkh olplwlqj glvwulexwlrq ri wkh
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rq %� Mxvw lghqwlfdo wr +57,/ +87, lv d uhgxfhg udqn uhvwulfwlrq dv lw lpsolhv wkdw wkh udqn
ri wkh & � 6 +udqgrp, pdwul{ % lv 6 � �� Xvlqj wkh frqglwlrqdo ghqvlw| ri % jlyhq wkdw
o@?&E%� ' 6�� dqg dvvxplqj wkdw �f kdv ixoo udqn/ zh vkrz lq dsshqgl{ E wkdw wkh olplwlqj
glvwulexwlrqv ri wkh olpo hvwlpdwruv E	qc 	�� wkdw uhvxow iurp wkh frqglwlrqdo ghqvlw| duh
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P22 G E6���� E6���c dqg duh wkxv lghqwlfdo wr wkh olplwlqj glvwulexwlrqv glvfxvvhg hovhzkhuh
lq wkh olwhudwxuh/ vhh h1j1 Kdxvpdq +4<;6,/ zklfk duh/ krzhyhu/ ghulyhg xvlqj d frpsohwho|
gl�huhqw dssurdfk1 Wklv djdlq vkrzv wkh dssolfdelolw| ri wkh xqltxh frqglwlrqdo ghqvlwlhv1

58



8 Frqfoxvlrqv

Zh ghyhorshg d qryho dssurdfk iru frqvwuxfwlqj vpdoo vdpsoh dqg olplwlqj glvwulexwlrqv ri
pd{lpxp olnholkrrg hvwlpdwruv wkdw lv edvhg rq wkh surshuw| ri wkh pd{lpxp olnholkrrg
hvwlpdwru wkdw lw vdwlv�hv wkh �uvw rughu frqglwlrq dqg wkh frqfhsw ri dq xqltxh frqglwlrqdo
ghqvlw|1 Zh dssolhg wklv dssurdfk wr frqvwuxfw wkh vpdoo vdpsoh dqg olplwlqj glvwulexwlrq ri
wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru1 Wkh uhvxowlqj h{suhvvlrqv duh lghqwlfdo
wr uhvs1 wkh vdpsolqj ghqvlw| dqg wkh h{suhvvlrq vwdwhg hovhzkhuh lq wkh olwhudwxuh dqg wkxv
surri wkh ydolglw| ri wkh frqfhsw ri dq xqltxh frqglwlrqdo ghqvlw| dqg wkh olplwlqj dqg vpdoo
vdpsoh glvwulexwlrqv wkdw uhvxow iurp lw1

Dv rxu qryho dssurdfk gl�huv iurp wkh wudglwlrqdo rqh lw fdq vrphwlphv eh pruh ru ohvv
frqyhqlhqw wr dsso| wkdq wkh wudglwlrqdo rqh1 Wkh frqvwuxfwlrq ri wkh vpdoo vdpsoh dqg
olplwlqj glvwulexwlrq ri wkh olplwhg lqirupdwlrq pd{lpxp olnholkrrg hvwlpdwru douhdg| vkrz
wklv dv lw lv idluo| frpsolfdwhg wr rewdlq wkh olplwlqj glvwulexwlrq xvlqj wkh qryho dssurdfk
frpsduhg wr wkh wudglwlrqdo rqh exw wkh frqvwuxfwlrq ri wkh vpdoo vdpsoh glvwulexwlrq frxog
eh frqvlghuhg dv ohvv frpsolfdwhg1 Dq dgydqwdjh lv wkhuh wkdw wkh mrlqw ghqvlw| ri doo hohphqwv
ri wkh pd{lpxp olnholkrrg hvwlpdwru lv rewdlqhg vwudljkwiruzdugo| dqg grhvqrw lqyroyh wkh
qrqfhqwudo Zlvkduw ghqvlw| zklfk lv rqo| qhhghg wr lqwhjudwh rxw vshfl�f sdudphwhuv1 Lw lv
wkhuhiruh lqwhuhvwlqj wr vhh iru zklfk prghov wkh xqltxh frqglwlrqdo ghqvlw| dssurdfk doorzv
xv wr frqvwuxfw wkh vpdoo vdpsoh glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru dqg dovr
krz lw fdq eh xvhg wr frqvwuxfw h{dfw whvw vwdwlvwlfv1 Erwk duhdv duh wrslfv iru ixuwkhu uhvhdufk1
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Dsshqgl{

D1 Vpdoo Vdpsoh Glvwulexwlrq OLPO hvwlpdwru

Wkh vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru 	q lv frqvwuxfwhg lq irxu vwhsv=

41 Frqvwuxfw mrlqw vpdoo vdpsoh ghqvlw| ri |�ydoxhv ohdvw vtxduhv hvwlpdwru dqg fryduldqfh
pdwul{ hvwlpdwru1

51 Frqvwuxfw frqglwlrqdo ghqvlw| ri |0ydoxhv jlyhq wkdw wkh| kdyh uhgxfhg udqn1

61 Vroyh iru wkh olpo hvwlpdwru iurp wkh |0ydoxhv xqghu uhgxfhg udqn dqg frqvwuxfw wkh mrlqw
frqglwlrqdo ghqvlw| ri E	qc 	�� jlyhq wkh fryduldqfh pdwul{ hvwlpdwru1

71 Lqwhjudwh rxw 	� wr rewdlq vpdoo vdpsoh ghqvlw| ri wkh olpo hvwlpdwru 	q jlyhq fryduldqfh
pdwul{ hvwlpdwru1

Lq wkh iroorzlqj zh glvfxvv hdfk ri wkh irxu gl�huhqw vwhsv=

41 Wr frqvwuxfw wkh vpdoo vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru ri qc 	qc zh xvh wkdw wkh
ROV hvwlpdwru/ 	x ' Ef �f�3�f �tc lv glvwulexwhg dv/
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51 Wr frqvwuxfw wkh frqglwlrqdo ghqvlw| ri wkh |0ydoxhv jlyhq wkdw wkh| kdyh uhgxfhg udqn/
zh vshfli| 	X dv/
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ehfdxvh C�C kdv dZlvkduw glvwulexwlrq zlwk & ghjuhhv ri iuhhgrp vxfk wkdw/ xvlqj wkh Zlvkduw
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zkhq �f ' fc 	q frqyhujhv wr d udqgrp yduldeoh/ vhh vhfwlrq 61716 dqg Skloolsv +4<;<,1

Uhihuhqfhv

^4` Dqghuvrq/ W1Z1 Vrph uhfhqw ghyhorsphqwv rq wkh glvwulexwlrqv ri vlqjoh0htxdwlrq hvwl0
pdwruv1 Lq Zhuqhu Klogheudqg/ hglwru/ Dgydqfhv lq Hfrqrphwulfv= Lqylwhg Sdshuv iru wkh
Irxuwk Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw| dw Dl{0Hq0Suryhqfh/ Vhswhpehu 4<;3/
sdjhv 43<�4551 Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<;51
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^5` Dqghuvrq/ W1Z1 dqg K1 Uxelq1 Hvwlpdwruv ri wkh Sdudphwhuv ri d Vlqjoh Htxdwlrq lq d
Frpsohwh Vhw ri Vwrfkdvwlf Htxdwlrqv1 Wkh Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 54=8:3�
8;5/ +4<7<,1

^6` Dqghuvrq/ W1Z1 dqg W1 Vdzd1 Hydoxdwlrq ri wkh Glvwulexwlrq Ixqfwlrq ri wkh Wzr Vwdjh
Ohdvw Vtxduhv Hvwlpdwh1 Hfrqrphwulfd/ 7:=496�4;5/ 4<:<1

^7` Dqghuvrq/ W1Z1/ Q1 Nxqlwrpr/ dqg W1 Vdzd1 Frpsdulvrq ri wkh Ghqvlwlhv ri wkh WVOV
dqg OLPON hvwlpdwruv iru Vlpxowdqhrxv Htxdwlrqv1 Lq I1J1 Dgdpv dqg E1J1 Klfnpdq/
hglwru/ Joredo Hfrqrphwulfv= Hvvd|v lq Krqru ri Odzuhqfh U1 Nohlq/ sdjhv 435�4571 PLW
Suhvv/ 4<;61

^8` Dqjulvw/ M1G1 dqg D1E1 Nuxhjhu1 Grhv Frpsxovru| Vfkrro Dwwhqgdqfh D�hfw Vfkrrolqj
dqg HduqlqjvB Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 439=<:<�4347/ 4<<41

^9` Eloolqjvoh|/ S1 Suredelolw| dqg Phdvxuh1 Zloh| +Qhz \run,/ +4<;9,1

^:` Guë}h/ M1K1 dqg M1I1 Ulfkdug1 Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv Htxdwlrqv v|vwhpv1 Lq
]1 Julolfkhv dqg P1G1 Lqwulooljdwru/ hglwru/ Kdqgerrn ri Hfrqrphwulfv/ yroxph 41 Hovhylhu
Vflhqfh +Dpvwhugdp,/ +4<;6,1

^;` Gxirxu/ M10P1 dqg O1 Nkdodi1 Vlpxodwlrq Edvhg Ilqlwh dqg Odujh Vdpsoh Lqihuhqfh Phwk0
rgv lq Vlpxowdqhrxv Htxdwlrqv1 Zrunlqj sdshu/ FUGH/ Xqlyhuvlwh gh Prqwuhdo/ 4<<:1

^<` Jhzhnh/ M1 Ed|hvldq Lqihuhqfh lq Hfrqrphwulf Prghov xvlqj Prqwh Fduor Lqwhjudwlrq1
Hfrqrphwulfd/ 8:=464:�466</ +4<;<,1

^43` Jroxe/ J1K1 dqg F1I1 ydq Ordq1 Pdwul{ Frpsxwdwlrqv1 Wkh Mrkq Krsnlqv Xqlyhuvlw|
Suhvv +Edowlpruh,/ +4<;<,1

^44` Kdvwlqjv/ Z1N1 Prqwh Fduor Vdpsolqj xvlqj Pdunry Fkdlqv dqg wkhlu Dssolfdwlrqv1
Elrphwulnd/ 8:=<:�43/ +4<:3,1

^45` Kdxvpdq/ M1D1 Vshfl�fdwlrq dqg Hvwlpdwlrq ri Vlpxowdqhrxv Htxdwlrqv V|vwhpv1 Lq ]1
Julolfkhv dqg P1G1 Lqwulooljdwru/ hglwru/ Kdqgerrn ri Hfrqrphwulfv/ yroxph 41 Hovhylhu
Vflhqfh +Dpvwhugdp,/ +4<;6,1

^46` Krrg/ Z1F1 dqg W1F1 Nrrspdqv1 Vwxglhv lq Hfrqrphwulf Phwkrg/ yroxph 47 ri Frzohv
Irxqgdwlrq Prqrjudsk1 Zloh| +Qhz \run,/ 4<861

^47` Mrkqvrq/ Q1O1 dqg V1 Nrw}1 Frqwlqxrxv Xqlyduldwh Glvwulexwlrqv/ yroxph 51 Mrkq Zloh|
+Qhz \run,/ 4<:31

^48` Nlwdpxud/ \1 Vshfl�fdwlrq Whvwv zlwk Lqvwuxphqwdo Yduldeohv dqg Udqn Gh�flhqf|1 Zrun0
lqj sdshu/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Plqqhvrwd/ 4<<71

^49` Nohlehujhq/ I1 Frqglwlrqdo Ghqvlwlhv lq Hfrqrphwulfv1 Xqsxeolvkhg pdqxvfulsw/ Hfrqr0
phwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp/ 4<<;1

^4:` Nohlehujhq I1 dqg H1 ]lyrw1 Ed|hvldq dqg Fodvvlfdo Dssurdfkhv wr Lqvwuxphqwdo Yduldeoh
Uhjuhvvlrq1 Hfrqrphwulf Lqvwlwxwh Uhsruw <;682D/ 4<<;1
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^4;` Nohlehujhq/ I1 dqg K1N1 ydq Glmn1 Ed|hvldq Vlpxowdqhrxv Htxdwlrq Dqdo|vlv xvlqj Uh0
gxfhg Udqn Vwuxfwxuhv1 Hfrqrphwulf Wkhru|/ 47/ 4<<;1 iruwkfrplqj1

^4<` Nohlehujhq/ I1 dqg U1 Sdds1 Sulruv/ Srvwhulruv dqg Ed|hv Idfwruv iru d Ed|hvldq Dqdo|vlv
ri Frlqwhjudwlrq1 Hfrqrphwulf Lqvwlwxwh Uhsruw <;542D/ 4<<;1

^53` Norhn/ W1 dqg K1N1 ydq Glmn1 Ed|hvldq Hvwlpdwhv ri Htxdwlrq V|vwhp Sdudphwhuv = Dq
Dssolfdwlrq ri Lqwhjudwlrq e| Prqwh0Fduor1 Hfrqrphwulfd/ 77=678�684/ +4<:;,1

^54` Nroprjrury/ D1Q1 Irxqgdwlrqv ri wkh Wkhru| ri Suredelolw|1 Fkhovhd +Qhz \run,/ +4<83,1

^55` Pduldqr/ U1V1 dqg W1 Vdzd1 Wkh H{dfw Ilqlwh0Vdpsoh Glvwulexwlrq ri wkh Olplwhg0
Lqirupdwlrq Pd{lpxp Olnholkrrg Hvwlpdwru lq wkh Fdvh ri Wzr Lqfoxghg Hqgrjhqrxv
Yduldeohv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 9:=48<�496/ 4<:51

^56` Phwursrolv/ Q1/ D1Z1 Urvhqeoxwk/ P1Q1 Urvhqeoxwk/ D1K1 Whoohu/ dqg H1 Whoohu1 Htxdwlrqv
ri Vwdwh Fdofxodwlrqv e| idvw FrpsxwlqjPdfklqhv1 Mrxuqdo ri Fkhplfdo Sk|vlfv/ 54=43;:�
43<5/ +4<86,1

^57` Pxlukhdg/ U1M1 Vrph Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru|1 Mrkq Zloh| +Qhz \run,/
4<;51

^58` Qhovrq/ F1U1 dqg U1 Vwduw}1 Vrph Ixuwkhu Uhvxowv rq wkh H{dfw Vpdoo Vdpsoh Surshuwlhv
ri wkh Lqvwuxphqwdo Yduldeohv Hvwlpdwru1 Hfrqrphwulfd/ 8;=<9:�<:9/ 4<<31

^59` Skloolsv/ S1F1E1 H{dfw Vpdoo Vdpsoh Wkhru| lq wkh Vlpxowdqhrxv Htxdwlrqv Prgho1 Lq
]1 Julolfkhv dqg P1G1 Lqwulooljdwru/ hglwruv/ Kdqgerrn ri Hfrqrphwulfv/ Yro141 Qruwk0
Kroodqg Sxeolvklqj Fr1/ Dpvwhugdp/ 4<;61

^5:` Skloolsv/ S1F1E1 Sduwldoo| Lghqwl�hg Hfrqrphwulf Prghov1 Hfrqrphwulf Wkhru|/ 8=4;4�
573/ +4<;<,1

^5;` Srlulhu/ G1M1 Lqwhuphgldwh Vwdwlvwlfv dqg Hfrqrphwulfv= D Frpsdudwlyh Dssurdfk1 PLW
Suhvv/ +Fdpeulgjh/ PD,/ +4<<8,1

^5<` Vkhd/ M1 Lqvwuxphqw uhohydqfh lq pxowlyduldwh olqhdu prghov= D vlpsoh phdvxuh1 Wkh
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :<=67;�685/ 4<<:1

^63` Vwdljhu/ G1 dqg M1K1 Vwrfn1 Lqvwuxphqwdo yduldeohv uhjuhvvlrq zlwk zhdn lqvwuxphqwv1
Hfrqrphwulfd/ 98=88:�8;9/ 4<<:1

^64` Zdqj/ M1 dqg H1 ]lyrw1 Lqihuhqfh rq Vwuxfwxudo Sdudphwhuv lq Lqvwuxphqwdo Yduldeohv
Uhjuhvvlrq zlwk Zhdn Lqvwuxphqwv1 Hfrqrphwulfd/ Iruwkfrplqj/ 4<<;1

^65` Zroshuw/ U1M1 Frpphqw rq= Lqihuhqfh iru d Ghwhuplqlvwlf Srsxodwlrq G|qdplfv Prgho iru
Erzkhdg Zkdohv/ e|/ D1H1 Udiwhu|/ J1K1 Ulyhqv dqg M1H1 ]hk1 Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ <3=759�75:/ +4<<8,1

^66` ]hooqhu/ D1 Dq Lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrphwulfv1 Zloh| +Qhz \run,/
+4<:4,1

^67` ]lyrw/ H1/ U1 Vwduw}/ dqg F1 U1 Qhovrq1 Ydolg Frq�ghqfh Lqwhuydov dqg Lqihuhqfh lq wkh
Suhvhqfh ri Zhdn Lqvwuxphqwv1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Iruwkfrplqj/ 4<<;1
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