Second order regular variation and the domain of attraction of stable distributions

J.L. Geluk^{1),2)} L.Peng^{2)}

July 23, 1998

1)American University of Sharjah Faculty of Arts and Science

P.O. Box 26666 Sharjah United Arab Emirates

2)Econometric Institute Erasmus University Rotterdam P.O. Box 1738 NL-3000 DR Rotterdam The Netherlands

Econometric Institute Report 9826/A

Abstract

We characterize second order regular variation of the tail sum of F together with a balance condition on the tails in terms of the behaviour of the characteristic function near zero.

Keywords: Domain of attraction, (generalised) second order regular variation.

1 Introduction and main results

Let X_1, X_2, . . . be i.i.d. random variables with distribution function F . It is well known that F is in the domain of attraction of a stable law with index α ∈ (0, 2) if and only if the function 1 − F (x) is regularly varying with index −α, α > 0 (written 1 − F ∈ RV (−α)) if lim_{t→∞} 1 − F (tx) 1 − F (t) = x^{−α}, x > 0. (1) and the tail balance condition lim_{t→∞} 1 − F (t) 1 − F (t) + F (−t) → p ∈ [0, 1], (2)

holds. In that case there exist sequences a_n > 0 and b_n ∈ IR such that

lim_{n→∞} P ( n∑ i=1 X_i/a_n − b_n ≤ x) = G_α(x), x ∈ IR (3)

where G_α is the distribution function of a stable distribution.

The rate of convergence in (3) is studied by many authors. Cramèr [2] considers the case where 1 − F (t) + F (−t) is a power function and a remainder term. His work is followed by Ibragimov and Linnik [15], Hall [13, 14], Christoph and Wolf [3] and others. Instead of power functions with a remainder term it is a natural extension of (1) to consider second order regular variation.

The function 1−F is second order regularly varying with first order parameter −α and auxiliary function a if there exists a function a(t) → 0, t → ∞ which ultimately has constant sign such that lim_{t→∞} 1−F (tx) 1−F (t) − x −α a(t) = M(x) := cx^{−α} ∫_x 1 u^{ρ−1}du, x > 0 for c ≠ 0. (4) Notation: 1 − F ∈ 2RV (−α, ρ, a). Observe that for x > 0 M(x) = { cx^{−α} log x, if ρ = 0, cx^{−α xρ−1}_ρ , if ρ < 0. It is well known ([5], Theorem 1.9) that if (4) holds with M(x) not a multiple of x^{−α}, then M satisfies the above representation, |a| ∈ RV (ρ) with ρ ≤ 0 and no other choices of ρ are consistent with a(t) → 0. Moreover convergence in (4) is uniform in x on compact intervals of (0, ∞).

Under the condition of second order regular variation a natural refinement of (2) is the second order tail balance condition lim_{t→∞} 1−F (t) 1−F (t)+F (−t) − p a(t) = r (5) for some constants p ∈ [0, 1] and r ∈ IR.

Recently in [9] the asymptotic behavior of the sequence

q_n := sup_{x∈IR} |P ( n∑ i=1 X_i/a_n − b_n ≤ x) − G_α(x)| under conditions (4) and (5) is given in terms of the function a and the sequence a_n. In this paper we consider the behavior of the characteristic function of distribution functions satisfying (4) and (5).

Instead of condition (4) on the right tail it is more convenient to use the second order regular variation condition on the tail sum H(t) = 1 − F (t) + F (−t). It is easy to see (Lemma 2 below) that under the tail balance condition (5) both conditions are equivalent if p ≠ 0. The main results in this paper are extensions to second order regular variation of results by Pitman [16].

As in the first order case, which is studied in [4], the result for α = 2 (given in theorem 2) is different from the α < 2 case.

Before we formulate the theorems we define the following constants

s_α = ∫_∞ 0 x^{−α} sin xdx c_α = ∫_∞ 1 x^{−α} cos xdx + ∫_1 0 x^{−α}(cos x − 1)dx S_{α,ρ} = ∫_∞ 0 x^{−α} x^ρ − 1 ρ sin xdx

C_{α,ρ}(p, r) = ∫_∞ 1 {(2p − 1)x^{−α} x^ρ − 1 ρ + 2rx^{ρ−α}} cos xdx + ∫_1 0 {(2p − 1)x^{−α} x^ρ − 1 ρ + 2rx^{ρ−α}}(cos x − 1)dx. Suppose the random variable X has distribution function F and expectation EX. We use the following notation:

H(t) = 1 − F (t) + F (−t) K(t) = 1 − F (t) − F (−t) λ(t) = Ee^{itX} = U(t) + iV (t)

Theorem 1 Suppose 1 < α < 2, ρ ≤ 0, α − ρ < 2. Consider the following statements.

(i) H(t) = 1 − F (t) + F (−t) ∈ 2RV (−α, ρ, a_1) and lim_{t→∞} 1−F (t) H(t) − p a_1(t)

→ r (6)

as t → ∞ for some constants p ∈ [0, 1] and r ∈ IR.

(ii) 1 − U(1/t) ∈ 2RV (−α, ρ, a_1) and there exist c^∗_α ∈ [−(1 + (1 − α)c_α)/s_α, (1 + (1 − α)c_α)/s_α], d^∗_α(x) such that for x > 0 txV (1/tx)−tV (1/t) t(1−U(1/t)) − c ∗ α x^{1−α}−1 1−α a_1(t)

→ d^∗_α(x) as t → ∞. (7)

Then (i) implies (ii). Conversely if t^α(1 − F (t)) and t^αH(t) are monotone for t sufficiently large and c^∗_α ≠ 0, then (ii) implies (i). If (i) holds, then as t → ∞ 1 − U(1/t) − s_αH(t) ∼ S_{α,ρ}a_1(t)H(t), (8) c^∗_α = (2p − 1)[1 + (1 − α)c_α]/s_α. and d^∗_α(x) = (2p − 1) ∫_x 1 s^{−α} s^ρ − 1 ρ ds + (2p − 1)^2c_αx^{1−α} x^ρ − 1 ρ + + {C_{α,ρ}(p, r) + 2r ρ − α + 1 }(x^{ρ+1−α} − 1) − S_{α,ρ}c^∗_α x^{1−α} − 1 1 − α .

Remarks

1. The statement 1 − U(1/t) ∈ 2RV (−α, ρ, a_1) follows from (7) in case c^∗_α ≠ 0.

2. The monotonicity conditions on t^α(1 − F (t)) and t^αH(t) can be replaced with other monotonicity conditions on linear combinations of t^α(1 − F (t)) and t^αF (−t) by adapting the proof.

3. In case 0 < α < 1 application of dominated convergence is no longer possible, but similar results can be obtained using suitable monotonicity conditions. We leave the details to the reader.

Theorem 2 Suppose EX = 0 and −1 < ρ ≤ 0. The following statements are equivalent. (i) H ∈ RV (ρ − 2), and 1 − F (t) H(t) → p ∈ [0, 1]. (ii) 1 − U(1/t) ∈ 2RV (−2, ρ, a_1) and as t → ∞ V (1/t) (1 − U(1/t))a_1(t) → h_ρ ∈ [ Γ(1 + ρ) sin^{ρπ}_2 ρ(ρ − 1) , − Γ(1 + ρ) sin^{ρπ}_2 ρ(ρ − 1) ] . (9)

Moreover, given (i) (or (ii)), we have 1−U(1/tx) 1−U(1/t) − x −2 t^2H(t) H_1(t)

→ (1 + ρg_ρ)x^{−2} x^ρ − 1 ρ , (t → ∞), (10) where

g_ρ = 1 ρ(ρ − 1) Γ(1 + ρ) cos ρπ 2 + 1 ρ (11)

and the constant h_ρ in (9) satisfies

h_ρ = 2p − 1 ρ(ρ − 1) Γ(1 + ρ) sin ρπ 2 , (12)

2 Proofs and auxiliary results

In the sequel we use the following integrals of the functions H and K.

H_1(x) = ∫_x 0 u(1 − F (u) + F (−u))du, (13) H_2(x) = ∫_x 0 H_1(u)du, H_3(x) = ∫_x 0 H_2(u)du (14) and K_1(y) = ∫_y 0 K(x)dx. (15)

In the proof of the main theorem we make use of another generalisation of the class RV , namely the class of functions ϕ for which there exist constants c, c^∗, α ∈ IR and functions a, a_1 with a_1(t) → 0 (t → ∞) such that ϕ(tx)−ϕ(t) a(t) − x^{1−α}−1 1−α a_1(t) → c ∫_x 1 s^{−α} s^ρ − 1 ρ ds + c^∗ ∫_x 1 s^{ρ−α}ds, (16) where a_1(t) → 0. It is well known that if (16) holds, then as t → ∞ a(tx) a(t) − x 1−α a_1(t) → cx^{1−α} ∫_x 1 u^{ρ−1}du and a_1(tx) a_1(t)

→ x^ρ (x > 0). (17)

See de Haan and Stadtmüller [12].

In the sequel we also make use of the inversion relations H(x) = 2 π ∫_∞ 0 1 − U(t) t sin txdt (18) and K(x) = 2 π ∫_∞ 0 V (t) t cos txdt. (19) In order to prove the main result we need some Lemmas.

Lemma 1 Suppose there exist c, c^∗, k ∈ IR and functions a, a_1 with a_1(t) → 0 (t → ∞) such that as t → ∞

Ψ_1(tx)−Ψ_1(t) a(t) − k x^{1−α}−1 1−α a_1(t)

→ L(x) + L_2(x) for x > 0, (20)

where L(x) = c ∫_x 1 s^{−α sρ−1}_ρ ds, L_2(x) = c^∗ ∫_x 1 s^{ρ−α}ds and a_1(t) → 0. Assume the function Ψ satisfies_{Ψ(t)−Ψ1(t)} a(t) − c0 a_1(t)

→ d_0 (t → ∞) (21)

for some constants c_0, d_0 ∈ IR. Then as t → ∞ Ψ(tx)−Ψ(t) a(t) − c + α x^{1−α}−1 1−α a_1(t)

→ L(x) + L_2(x) + d_0(x^{ρ+1−α} − 1) + c_0cx^{1−α} x^ρ − 1 ρ (22)

for x > 0 where c^+_α = k + c_0(1 − α).

Proof Note that (22) follows from (20),(21) and the equations (17).

Lemma 2 Suppose ϕ ∈ 2RV (−α, ρ, a) and

ϕ_1(t) ϕ(t) − p a(t) → r (t → ∞), where p, r are constants.

Then ϕ_1 ∈ 2RV (−α, ρ, a) if p ≠ 0. In particular we have as t → ∞

ϕ_1(tx) ϕ_1(t) − x −α a(t) → ( rρ cp + 1)M(x) for x > 0 in case p ≠ 0 (23)

and_{ϕ1(tx)} ϕ(t) − px −α a(t) → rx^{−α+ρ} + pM(x) (24) Proof The left-hand side in (23) equals ϕ(tx) ϕ(t) {p + (r + o(1))a(tx)}/ ϕ_1(t) ϕ(t) − x −α a(t) = {x^{−α} + (M(x) + o(1))a(t)}Q − x^{−α} a(t) , where Q = p + (r + o(1))a(tx) p + (r + o(1))a(t)

= 1 + (r + o(1))(a(tx) − a(t)) p + (r + o(1))a(t) = = 1 + r p (x^ρ − 1)(1 + o(1))a(t).

Substitution of the last expression for Q gives (23). We omit the proof of (24) which is similar.

Lemma 3

(i) Suppose ∫_t 0 u^{δ−1}ϕ(u)du ∈ 2RV (δ, ρ, a), δ > 0 with ϕ eventually monotone. Then t^δϕ(t) ∈ 2RV (δ, ρ, a) and t^δ ϕ(t) ∫_t 0 u^{δ−1}ϕ(u)du − δ a(t) → c as t → ∞. (25) (ii) Suppose ∫_∞ t u^{δ−1}ϕ(u)du ∈ 2RV (δ, ρ, a), δ < 0 with ϕ eventually monotone. Then t^δϕ(t) ∈ 2RV (δ, ρ, a). Proof The proof is based on a well known monotonicity argument. We give the proof of (i) in case ϕ is non-decreasing. Define the function γ by γ(t) = t^{−δ} ∫_t 0 u^{δ−1}ϕ(u)du.

Note that the assumption of the lemma is equivalent to the limit relation γ(tx) − γ(t) a(t)γ(t) → c x^ρ − 1 ρ as t → ∞ for x > 0 where c ≠ 0. (26)

Take x > 1 fixed. Since ϕ is non-decreasing we have x^δγ(tx) − γ(t) = t^{−δ} ∫_{tx} t u^{δ−1}ϕ(u)du ≥ x^δ − 1 δ ϕ(t), hence ϕ(t) − δγ(t) a(t)γ(t) ≤ δx^δ x^δ − 1 γ(tx) − γ(t) a(t)γ(t) . (27)

Combination with (26) gives lim_{t→∞} ϕ(t) − δγ(t) a(t)γ(t) ≤ δx^δ x^δ − 1 c x^ρ − 1 ρ (28)

and a similar lower inequality. Now (25) follows if we let x → 1 from above and below respectively. Combination with Lemma 2 then completes the proof.

The following Lemma combines Theorem 1.9 and 1.10 in [5] with an inequality from [11].

Lemma 4 Suppose f is measurable and for some positive function a_1

ψ(x) := lim_{t→∞} f(tx) − f(t) a_1(t)

exists for all x > 0.

Then there exist constants c, γ such that ψ(x) = c(x^γ − 1)/γ.(For γ = 0 read ψ(x) = c log x.)

If c, γ > 0, then^c_γ a_1(t) ∼ f(t) ∈ RV (γ).

If c > 0, γ < 0, then f(∞) := lim_{t→∞} f(t) exists and −^c_γ a_1(t) ∼ f(∞)−f(t) ∈ RV (γ). Moreover there exists a positive function a with a(t) ∼ a_1(t) (t → ∞) with the property that for every ε, ε^′ > 0 there exists a t_0 such that for t ≥ t_0, tx ≥ t_0 x^{−γ} e^{−ε| log x|} | | | | f(tx) − f(t) a(t) − c x^γ − 1 γ | | | | < ε^′. (29)

Using (29) and a standard argument in order to prove general kernel theorems (see e.g. [1]) we obtain the following result.

Lemma 5 Suppose f is integrable on finite intervals of IR^+ and satisfies the conditions of Lemma 4.

(i) If k : IR^+ → IR is bounded on (0, 1) and γ > −1, then as t → ∞

∫_1 0 k(s) f(ts) − f(t) a(t) ds → c ∫_1 0 k(s) s^γ − 1 γ ds. (ii) If t^{γ+ε}k(t) is integrable on (1, ∞) for some ε > 0 and γ ≥ 0, then ∫_∞ 1 k(s)f(ts)ds < ∞ for t > 0 and as t → ∞ ∫_∞ 1 k(s) f(ts) − f(t) a(t) ds → c ∫_∞ 1 k(s) s^γ − 1 γ ds. Proof of theorem 1 (i)→ (ii) Using (18) and (19) we have λ(1/t)−1−^i_t ∫_t 0 K(s)ds H(t) + sα − i(2p − 1)cα a_1(t) =

− ∫_∞ 0 (tx)^αH(tx) − t^αH(t) a_1(t)t^αH(t) sin x x^α dx + i ∫_∞ 1 (tx)^αK(tx) − (2p − 1)t^αH(t) a_1(t)t^αH(t) cos x x^α dx+

+i ∫_1 0 (tx)^αK(tx) − (2p − 1)t^αH(t) a_1(t)t^αH(t) cos x − 1 x^α dx → −S_{α,ρ} + iC_{α,ρ}(p, r) (30) as t → ∞. Convergence to the limit for the first integral is justified by Lemma 5. Note that we have absolute convergence since α > 1. The first factor in the second integral on the right hand side can be written as K(tx) − (2p − 1)H(tx) a_1(tx)H(tx) (tx)^αa_1(tx)H(tx) t^αa_1(t)H(t)

+ (2p − 1) (tx)^αH(tx) − t^αH(t) a_1(t)t^αH(t) . In view of (5) we have K(t) − (2p − 1)H(t) a_1(t)H(t) → 2r as t → ∞, hence the first part of the integral can be treated using a general kernel theorem for RV functions. See e.g. [5], Theorem 1.8. The rest of the integral and the third integral can be treated similarly. Taking the real part on both sides in the above limit relation now gives (8).

Application of Lemma 2 (first part) with ϕ(t) = H(t) shows that ϕ_1(t) := 1 − U(1/t) satisfies (23) with right hand side ( ρS_{α,ρ} s_α + 1)x^{−α} x^ρ − 1 ρ ≠ 0 for x ≠ 1, hence 1 − U(1/t) ∈ 2RV (−α, ρ, a_1). Now apply Lemma 2 (second statement) with ϕ(t) = H(t) and ϕ_1(t) = K(t) to find_{K(tx)} H(t) − (2p − 1)x −α a_1(t) → 2rx^{−α+ρ} + (2p − 1)x^{−α} x^ρ − 1 ρ as t → ∞ for x > 0. Integrating this limit relation over x ∈ (1, x^′), we find (20) with Ψ_1(t) = ∫_t 0 K(s)ds, a(t) = tH(t), k = c = 2p − 1 and c^∗ = 2r. Taking imaginary parts in (30), it follows that (21) is satisfied with Ψ(t) = tV (1/t), c_0 = (2p − 1)c_α and d_0 = C_{α,ρ}(p, r).

Application of Lemma 1 shows that (22) is satisfied with the above specifications. Now (7) follows from (8) and (22).

Proof of theorem 1 (ii)→ (i) Suppose U satisfies lim_{t→∞} 1−U(1/tx) 1−U(1/t) − x −α a_1(t) = cx^{−α} ∫_x 1 u^{ρ−1}du, x > 0 for c ≠ 0. With the function H_2 as defined in (14) we have as in Pitman ([16], proof of theorem 5)

H_2(x) = 2 π x^3 ∫_∞ 0 (1 − U(t/x)) 2(1 − cos t) − t sin t t^4 dt, hence

H_2(x) x^3(1−U(1/x)) − γα a_1(x) = 2 π ∫_∞ 0 1−U(t/x) 1−U(1/x) − t α a_1(x)

2(1 − cos t) − t sin t t^4 dt

→ 2 π ∫_∞ 0 M(1/t) 2(1 − cos t) − t sin t t^4 dt, (31) where γ_α = 2 π ∫_∞ 0 2(1 − cos t) − t sin t t^{4−α} dt. Convergence in (31) follows from Lemma 5.

Lemma 2 now shows that H_2(x)/x^3 ∈ 2RV (−α, ρ, a_1), i.e. H_2 ∈ 2RV (3 − α, ρ, a_1). Application of Lemma 3(i) with δ = 3 − α, ϕ(u) = u^{α−2}H_1(u) (which is monotone due to our assumption) gives H_1 ∈ 2RV (2 − α, ρ, a_1). A second application of Lemma 3(i) with δ = 2 − α, ϕ(u) = u^αH(u) then gives H ∈ 2RV (−α, ρ, a_1). Note that txV (1/tx) −^{c∗α}_{1−α} tx(1 − U(1/tx)) − [tV (1/t) −^{c∗α}_{1−α} t(1 − U(1/t))] a_1(t)t(1 − U(1/t)) =

txV (1/tx)−tV (1/t) t(1−U(1/t)) − c ∗ α x^{1−α}−1 1−α a_1(t) − c^∗_α 1 − α tx(1 − U(1/tx)) − x^{1−α}t(1 − U(1/t)) a_1(t)t(1 − U(1/t))

. (32)

By assumption both terms on the right hand side converge. Hence (since a_1(t)t(1 − U(1/t)) ∈ RV (1 − α + ρ)) in view of Lemma 4 the limit is d_0^{x1−α+ρ−1}_{1−α+ρ} for some constant d_0. Moreover since 1 − α + ρ < 0 the limits

d_1 := lim_{t→∞} {tV (1/t) − c^∗_α 1 − α t(1 − U(1/t))} and lim_{t→∞} d_1 − tV (1/t) +^{c∗α}_{1−α} t(1 − U(1/t)) a_1(t)t(1 − U(1/t))

= lim_{t→∞} d_1−tV (1/t) t(1−U(1/t)) + c^∗_α 1−α a_1(t) = d_0 1 − α + ρ (33)

exist. By Lemma 2 and (33) lim_{t→∞} d_1−txV (1/tx) t(1−U(1/t)) + c^∗_α 1−α x^{1−α} a_1(t)

=: d_2(x), x > 0 (34)

exists, where d_2(x) =^{d0}_{1−α+ρ} x^{1−α+ρ} +^{c∗α}_{1−α} M(x). With the function K_1(y) = ∫_y 0 K(x)dx we have K_1(y) = 2 π ∫_∞ 0 V (t) t sin ty t dt (35)

as in [6]. Define the function K^{i2} by

K^{i2}(t) := ∫_t 0 (d_1 − K_1(y))dy = 2t π ∫_∞ 0 {d_1 − t s V ( s t )} 1 − cos s s^2 ds. (36) In view of (34) this implies

K^{i2}(t) t^2(1−U(1/t)) − c ′ a_1(t) = 2 π ∫_∞ 0 d_1−^t_s V (^s_t ) t(1−U(1/t)) + c_α∗ 1−α s^{α−1} a_1(t)

1 − cos s s^2 ds → ∫_∞ 0 d_2( 1 s ) 1 − cos s s^2 ds =: c^{′′} as t → ∞, (37)

where c^′ = −2c^∗_α π(1 − α) ∫_∞ 0 1 − cos s s^{3−α} ds. Note that c^∗_α ≠ 0 by assumption. Taking the limit under the integral in (37) is justified by Lebesgue’s theorem on dominated convergence using the dominating function from Lemma 6. Application of Lemma 2 (note that c^′ ≠ 0) shows that

K^{i2} ∈ 2RV (2 − α, ρ, a_1). (38)

Now we show that d_1 − K_1(t) = ∫_∞ t K(x)dx, t > 0, (39) hence K^{i2}(t) = ∫_t 0 ∫_∞ s K(x)dx. (40) Since |K(t)| = |1 − F (t) − F (−t)| ≤ H(t) and H ∈ 2RV (−α, ρ, a_1) ⊂ RV (−α) with 1 < α < 2, it follows that lim_{y→∞} K_1(y) = lim_{y→∞} ∫_y 0 K(x)dx exists as a finite limit. Moreover lim_{y→∞} K_1(y) = d_1, since a different limit contradicts K^{i2} ∈ RV (2 − α). Hence (39) follows.

Since H ∈ 2RV (−α, ρ, a_1) with 1 < α < 2, we have similarly H^∗(t) := ∫_t 0 H(x)dx → ξ (t → ∞) and ξ − H^∗(t) = ∫_∞ t H(x)dx. (41) A standard argument shows that H ∈ 2RV (−α, ρ, a_1) implies that the function H^{i2} defined by

H^{i2}(t) = ∫_t 0 ∫_∞ s H(x)dx = ∫_t 0 (ξ − H^∗(s))ds ∈ 2RV (2 − α, ρ, a_1). (42) From (38),(40) and (42) it follows that

H^{i2}(t) + K^{i2}(t) = ∫_t 0 ∫_∞ s (H(x) + K(x))dxds ∈ 2RV (2 − α, ρ, a_1). (It is easy to see that if ϕ_1, ϕ_2 ∈ 2RV (β, ρ, a), then ϕ_1 + ϕ_2 ∈ 2RV (β, ρ, a).) Application of Lemma 3(i) now gives ∫_∞ t (H(x) + K(x))dx = 2 ∫_∞ t (1 − F (x))dx ∈ 2RV (1 − α, ρ, a_1) and_t ∫_∞ t (1−F (x))dx ∫_t 0 ∫_∞ u (1−F (x))dxdu − (2 − α) a_1(t)

→ c_1 as t → ∞, (43) where c_1 is a constant. Note that the monotonicity assumption is satisfied since ϕ(t) = 2t^{α−1} ∫_∞ t (1 − F (x))dx = 2 ∫_∞ 1 y^{−α}(ty)^α(1 − F (ty))dy is monotone due to our assumption that t^α(1 − F (t)) is eventually monotone. An application of Lemma 3(ii) then gives 1 − F ∈ 2RV (−α, ρ, a_1) and t(1−F (t)) ∫_∞ t (1−F (x))dx − (α − 1) a_1(t)

→ c^∗_2 as t → ∞, (44) where c^∗_2 is a constant.

We introduce constants d_i, d^′_i (i = 3, . . . , 6). As before (8) holds, hence t^2(1 − U(1/t)) = d_3t^2H(t) + (d^′_3 + o(1))t^2H(t)a_1(t) and combination with (37) gives K^{i2}(t) = d_4t^2H(t) + (d^′_4 + o(1))t^2H(t)a_1(t) (t → ∞). (45) It follows from H ∈ 2RV (−α, ρ, a_1) that H^{i2}(t) = d_5t^2H(t) + (d^′_5 + o(1))t^2H(t)a_1(t) (t → ∞). (46) Addition of (45) and (46) gives K^{i2}(t) + H^{i2}(t) = d_6t^2(K(t) + H(t)) + (d^′_6 + o(1))t^2(K(t) + H(t))a_1(t) (t → ∞). (47) Now (5) follows from (43),(44) and (47).

In order to prove theorem 2 we need the following Lemma which can be found in the appendix of [8].

Lemma 6 The following statements are equivalent

(i) H_1 ∈ 2RV (0, ρ, a_1).

(ii) H ∈ RV (ρ − 2) with ρ ≤ 0. If (i) or (ii) holds, then a_1(t) ∼ t^2H(t)/H_1(t) (t → ∞). (48) Proof of theorem 2 (i)→ (ii) From equation (2.8) of [10] we have as t → ∞ 1 − U(1/t) − t^{−2}H_1(t) H(t) → g_ρ (49) V (1/t) H(t) → h_ρ, (50) where g_ρ and h_ρ satisfy (11) and (12) respectively. Since t^{−2}H_1(t) ∈ 2RV (−2, ρ, a_1) (by Lemma 6), application of Lemma 2 gives 1 − U(1/t) ∈ 2RV (−2, ρ, a_1) and (10). Note that (49) implies 1 − U(1/t) H(t) ∼ 1 a_1(t) , hence (9) follows from (50).

Proof of theorem 2 (ii)→ (i) With H_2 as defined by (14) we have

H_2(x) = 2 π ∫_∞ 0 (1 − U(t))

2(1 − cos tx) − tx sin tx t^4 dt. Define the function H_3 by H_3(x) = ∫_x 0 H_2(u)du. It follows that

H_3(x) = 2 π ∫_∞ 0 1 − U(t) t^4 ∫_x 0 2(1 − cos ut) − ut sin utdt = 2 π ∫_∞ 0 1 − U(t) t^4 (2x − 3 sin xt t + x cos xt)dt = 2 π x^4 ∫_∞ 0 {1 − U(t/x)} t(2 + cos t) − 3 sin t t^5 dt. Introducing the constant γ^∗ by

γ^∗ = 2 π ∫_∞ 0 t(2 + cos t) − 3 sin t

t^5 dt we have

H_3(x) x^4(1−U(1/x)) − γ ∗ a_1(x) = 2 π ∫_∞ 0 1−U(t/x) 1−U(1/x) − t 2 a_1(x) t(2 + cos t) − 3 sin t t^5 dt

→ 2 π ∫_∞ 0 t^2 t^{−ρ} − 1 ρ t(2 + cos t) − 3 sin t t^5 dt, x → ∞. (51) Note that convergence follows from Lemma 5 since −1 < ρ ≤ 0. Lemma 2 (note that γ^∗ ≠ 0) now shows that H_3(x)/x^4 ∈ 2RV (−2, ρ, a_1), equivalently H_3 ∈ 2RV (2, ρ, a_1). Repeated application of Lemma 3(i) gives respectively H_2 ∈ 2RV (1, ρ, a_1) and H_1 ∈ 2RV (0, ρ, a_1).

Using Lemma 6 we find H ∈ RV (ρ − 2) with ρ ≤ 0 and (48). As a consequence H_1 is slowly varying, hence repeated application of Karamata’s theorem (see e.g. [1], Ch. 1) gives H_3(x) ∼^1_2 x^2H_1(x). Combination with (48) then gives H_3(x)/(x^4H(x)) ∼ 1/(2a_1(x)) as x → ∞. Since (51) implies that H_3(x) ∼ γ^∗x^4(1 − U(1/x)), we have (1 − U(1/x))/H(x) ∼ 1/(2γ^∗a_1(x)), hence (by (9)) V (1/x)/H(x) → h_ρ/(2γ^∗) as x → ∞. (52) For the function K_2(y) = ∫_y 0 uK_1(u)du, we have by (35)

K_2(y) = 2 π ∫_∞ 0 V (t) t^2 sin ty − ty cos ty t^2 dt.

It follows that the function K_3(y) = ∫_y 0 K_2(u)du satisfies

K_3(y) = 2 π ∫_∞ 0 V (t) t^4 ∫_y 0 (sin ut − ut cos ut)dudt = 2 π ∫_∞ 0 V (t) 2(1 − cos ty) − ty sin ty t^5 dt = 2 π y^4 ∫_∞ 0 V (t/y) 2(1 − cos t) − t sin t t^5 dt. Since H ∈ RV (ρ − 2) we have by (52) as y → ∞

K_3(y) y^4H(y) = 2 π ∫_∞ 0 V (t/y) H(y/t) H(y/t) H(y) 2(1 − cos t) − t sin t t^5 dt → 2 π ∫_∞ 0 h_ρ 2γ^∗ t^{2−ρ} 2(1 − cos t) − t sin t t^5 dt. (53) In view of Lemma 7 (which is proved independently below) this implies 2 ∫_y 0 ∫_v 0 u ∫_∞ u F (−x)dxdudv y^4H(y) → 2 π ∫_∞ 0 h_ρ 2γ^∗ t^{2−ρ} 2(1 − cos t) − t sin t t^5 dt + 1 2 ∫_1 0 x^{−2+ρ}x^2(1 − x)dx + 1 6 ∫_1 0 x^{−2+ρ}x^3dx + 1 6 ∫_∞ 1 x^{−2+ρ}dx (54)

as y → ∞. Denote the constant on the right hand side of (54) by k_ρ. If k_ρ ≠ 0, then (54) implies ∫_y 0 ∫_v 0 u ∫_∞ u F (−x)dxdudv ∈ RV (ρ + 2), hence re- peated apllication of the monotone density theorem (see e.g. [1], Ch. 3) gives F (−x) ∈ RV (ρ − 2). Repeated apllication of Karamata’s theorem then gives (1 − ρ^2)(2 + ρ) ∫_y 0 ∫_v 0 u ∫_∞ u F (−x)dxdudv ∼ y^4F (−y), which in combination with (54) shows that F (−y)/H(y) converges as y → ∞. In case k_ρ = 0 we can use a similar argument if we express the function K_3(x) in Lemma 7 in terms of 1 − F (x) aand H(x).

Lemma 7 Under the conditions of Theorem 2

K_3(y) = 2 ∫_y 0 ∫_v 0 u ∫_∞ u F (−x)dxdudv − 1 2 y^4

∫_1 0 H(xy)x^2(1 − x)dx − 1 6 y^4

∫_1 0 H(xy)x^3dx − y^4 6 ∫_∞ 1 H(xy)dx, where the function K_3 is as defined in the proof of theorem 2(ii)→(i).

Proof Since EX = 0 it follows that

K_1(y) = K_1(y) − ∫_∞ 0 K(u)du = − ∫_∞ y K(u)du = 2 ∫_∞ y F (−u)du − ∫_∞ y H(u)du. (The function K_1 is given in (15)).

Substitution and simplification then gives K_2(y) = ∫_y 0 uK_1(u)du = 2 ∫_y 0 u ∫_∞ u F (−x)dxdu − 1 2 ∫_y 0 x^2H(x)dx − y^2 2 ∫_∞ y H(x)dx. Substituting this gives K_3(y) = ∫_y 0 K_2(v)dv = 2 ∫_y 0 ∫_v 0 u ∫_∞ u F (−x)dxdudv − 1 2 ∫_y 0 x^2H(x) ∫_y x dvdx − 1 2 ∫_y 0 H(x) ∫_x 0 v^2dvdx − 1 2 ∫_∞ y H(x) ∫_y 0 v^2dvdx, which is equivalent to the statement of the Lemma.

References

[1] N.H. Bingham, C.M. Goldie, J.L. Teugels, Regular variation, Encycl. Math.

Appl, 27 Cambridge Univ. Press (1987).

[2] H. Cramér (1962), On the approximation to a stable probability distribution, D. Gilbarg and others (eds.), Studies in mathematical analysis and related topics. Essays in honor of George Polya, Stanford University Press, Stanford, California.

[3] G. Christoph, W. Wolf (1993), Convergence theorems with a stable limit law, Akad. Verlag, Berlin.

[4] W. Feller (1971). An introduction to probability theory and its applications 2, 2nd ed. Wiley, New York.

[5] J.L. Geluk, L. de Haan, Regular variation, extensions and Tauberian theorems, CWI tract 40 Amsterdam (1987).

[6] J.L. Geluk, L. de Haan, The domain of attraction of stable distributions: an elementary introduction, Preprint (1996).

[7] B.V. Gnedenko (1943), Sur la distribution limité du terme d’une série aléatoire, Ann. Math. 44, 423-453.

[8] L. de Haan (1970), On regular variation and its application to the weak convergence of sample extremes, Mathematical Centre Tract 32, Amsterdam.

[9] L. de Haan, L. Peng (1996), Exact rates of convergence to a stable law, J.

Lond. Math. Soc., to appear.

[10] L. de Haan, L. Peng (1996), Slow convergence to normality: An Edgeworth expansion without third moment, Prob. Math. Stat., to appear.

[11] L. de Haan, T.T. Pereira (1997), Estimating the index of a stable distribution, Stat. Prob. Letters, to appear.

[12] L. de Haan, U. Stadtmüller (1996), Generalized regular variation of second order, J. Austr. Math. Soc., ser. A, 61, 381-395.

[13] P. Hall (1981), On the rate of convergence to a stable law, J. Lond. Math.

Soc., 179-192.

[14] P. Hall, Two-sided bounds on the rate of convergence to a stable law, Z.

Wahrsch. Verw. Geb. 57, 349-364.

[15] I.A. Ibragimov, Yu. V. Linnik (1971), Independent and stationary sequences of random variables, Wolters-Noordhoff, Groningen.

[16] E.J.G. Pitman (1968), On the behaviour of the characteristic function of a probability distribution in the neighbourhood of the origin, J. Austr. Math. Soc. (ser. A), 29, 337-347.

[17] S.I. Resnick (1987), Extreme values, regular variation and point processes, Springer Verlag, Berlin.