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Abstract

We consider representation, estimation and inference on cointegration in a periodic
vector autoregressive time series model (PVAR). We show that cointegration amounts to
a restriction on a product of parameter matrices. We therefore use GMM to construct
estimators of the long-run (cointegration) parameters and to obtain test statistics for
cointegration. We show that the limiting distributions of the GMM estimators and the
corresponding test statistics in a PVAR are identical to those of the maximum likelihood
cointegration estimators and test statistics in standard nonperiodic VAR models.

1. Introduction

Two key features of many seasonally observed macroeconomic time series are their trending
behavior and marked seasonal fluctuations. Ample empirical evidence suggests that the trend
in such data is often stochastic. Also, several empirical studies find that seasonal fluctuations
evolve over time and hence that perhaps descriptive models with stochastic seasonal compo-
nents are useful. For univariate time series, the two classes of models frequently considered for
describing data with both evolving trends and seasonality are the seasonal integration model,
see Hylleberg et. al. (1990) amongst others, and the periodic integration model see Franses
(1996) and Boswijk, Franses and Haldrup (1997) amongst others. The univariate seasonal
integration model has been extended to multivariate cointegrated time series in Lee (1992)
and Johansen and Schaumburg (1998). It is the purpose of the present paper to consider a
multivariate extension of the second class of models, that is, we consider cointegration in a
periodic vector autoregression.

The outline of the paper is as follows. In section 2, we define cointegration in a periodic
vector autoregressive model of order 1 and derive the implied stochastic trends. In section
3, we specify its log-likelihood such that it reflects the cointegration parameters. It appears
impossible to obtain analytical expressions of the maximum likelihood estimators of the coin-
tegration parameters. We therefore use the log-likelihood to construct a (quasi-log likelihood)
objective function that we optimize using the generalized method of moments (GMM), see
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Hansen (1982). In section 4, we construct the limiting distributions of the cointegrating vector
estimator and of the objective function. Finally, section 5 shows how our results for the first
order periodic vector autoregressive model extend to higher order periodic vector autoregres-
sions and to models with additional deterministic components. We show that only a specific
representation of the higher order dynamics leads to tractable long-run properties.

2. The Periodic VAR(1)

In this section we consider a periodic VAR(1) model, which we will extend in section 5. We
discuss issues concerning representation and inference on cointegration and stochastic trends.

2.1. Representation

Consider a multivariate time series y,, of dimension k, n = 1,... , N, with seasonal frequency
S, that is, there are S observations on y, every year, where we assume that S divides N. A
periodic vector autoregressive model of order 1 (PVAR(1)) for this series can be represented

by,
Yn = PslYn_1 + Un, s=1,...,8 n=1,...,N, (2.1)

see Franses (1996) and Liitkepohl (1991), where ¢, is a (k x k) parameter matrix of full
rank with values that can vary across the seasons, and u, is a vector of dimension k£ with
disturbances. The disturbances u,, are assumed to be i.i.d. with mean zero and covariance
matrix {2;, which can thus take values that differ across the seasons. Because of these periodic
parameters, the PVAR(1) likely implies different short-run properties of y,, across the seasons.
The long-run properties implied by the PVAR(1) model are however identical for all seasons,
as we will demonstrate later in this section.

When we recursively substitute the lagged variable in the PVAR(1) model, we can deter-
mine the relationship between a current observation y,, and the observation in the same season
in the previous year, y,,_s. As both observations concern the same season, they obviously have
identical seasonal components. The link between y,, and y,, g, given (2.1), is

j S—j—1
(H@s z+1HQOS z+1> Yn— S+Un+z (H‘Ps i1 H Ps— z+1> Un—j; (2.2)

i=1,j>s

5 S—s .. .
where [T7_ 1 ¢, i1 [177 051 = (@5 1) (05 @syq) - For later purposes it is convenient
to write (2.2) in its nonseasonal annual format, see Tiao and Grupe (1980) and Osborn (1991).

This results in
AY;,t:Hs}/;,t—l"f_es,t; S:]_,...,S; t:17,T:— (23)

where the indices s and ¢ in Y}, indicate the season and year of an observation of y,,, that is
Y51 = Yn, with n = St + s. Furthermore, (2.3) contains AY,; = Y,; — Y,;_; and defines

S—1 j S—j—1
Est _un+z (HSOS i+1 H Ps— 2—1—1) Up—j, (24)

i=1,7>s



n = St + s; and

s S—s
I, = (H 0o it ] 05 +1> — I. (2.5)
i=1 i=1

2.2. Cointegration and Stochastic Trends

In case there is cointegration amongst the elements of y,,, the (seasonally varying) long-run
relation can be obtained from

I, = a,0,, s=1,...,5; (2.6)

see e.g. Engle and Granger (1987), where a;, (3, are k x r matrices. To identify the elements
of as and (3, we assume that 8, = (I, —f5,), with S, a (k — r) X r matrix.

When a; and 3, do not span the same vector spaces, that is o, | 3, | has full rank for all
s, where ﬂ'& 1Bs=0, 0 a5 =0, (2.3) can be written in the stochastic trend specification for
each season, that is

t
Yor =B, 1 (h B, 1) ol Y cait Xopy  s=1,....8 (2.7)
i=1

see Johansen (1991), where X, is a stationary time series. This stochastic trend specification
directly shows that 3.Y;, is stationary, and hence that 3, contains the cointegrating vectors
with the stationary linear combinations of the k elements of ,,.

An interesting property of the PVAR(1) model is that it imposes the same long-run prop-
erties for each season. To show this, we consider the stochastic trend for season S, the last
season of the year. The definition of £,; in (2.4) implies that

t

¢
Z €si = Yg Z €814 T USLLs, (2.8)
i=1

i=1
t

= YsPs1 E €524+ Ustys + PgUstys—1
i=1

S t S—1 S
= H Ps—it1 E €14 T Ustys + E H ©; | USt+S—j-
i=1 =1 j=1 \i=S—j

As @, are of full rank and given (2.5), it holds that

I, = af,< (2.9)
Porillsosly = Por1 (s 01) (P57 Por1) Pot1 — Por1¥si1 &
Porillspzyn = (Por1 1) (ps- - 9,) — I &
903+1H890;31 = Il <
905+10455;90;+11 = Oés+1ﬁls+1-

This result implies that the spaces spanned by ;1 and 3, ; are identical to the spaces spanned
by ¢, a5 and 905_+1/153- As a consequence, o1 = (gszrlozs)L = gps_j’la&L and By, =
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(go;}'l ﬁs) | = ¥s410, 1 - Substituting this in the stochastic trend of Ys,1 ¢, and using the results
in (2.8)-(2.9), results in

t
ﬁs-s-l,L(a;+1,J_ﬁs+1,L)710‘;+1,J_ Zasﬂ,i (2.10)
i=1

t
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i=1
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This expression shows that the stochastic trend of Y1 ; equals ¢, ; times the stochastic trend
of Y11, plus a stationary term that vanishes asymptotically when we divide by the square root

of the number of years T'. The limiting behavior of %Y;Jf, s =1,...,5, therefore concerns
the same Brownian motion, for each s =1,...,S, that is,
Ly, o Loy 1.8 (2.11)
—F=1s —F=Psls-1, s=1,...,9; .
\/T )t \/TSO 1.t

s—1
1
= = 5—1i Y) )
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i=1

1
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where “=" denotes weak convergence, see Billingsley (1986), where By_, is a k—r dimensional
Brownian motion with identity covariance matrix, and where

¢, = (O/l,J_ﬁl,L)_lall,J_ (2.12)
S—1 /j-1 i1 /
Q1+ ¢ Z (H (105'1'+1> Qs-j11 <H 9051‘+1> v
j=1 \i=1 i=1

al,i(all,Lﬁl,J_)_llu

see Phillips and Durlauf (1986).

3. Inference on the Cointegration Rank

As can be observed from (2.9), the cointegration parameters in IT; imply nonlinear restrictions
on the ¢, parameters. Estimation and inference on these cointegration parameters is therefore
not straightforward. In this section, we construct methods for estimation of and inference on
the cointegration parameters in a PVAR(1). We will use an objective function, that is based
on the log of the likelihood function, which we will optimize to obtain estimators of the
cointegration parameters. We will show that this objective function can also be used to test
for the number of cointegrating relations.



3.1. The Objective Function

To construct the log-likelihood, it is notationally convenient to specify the PVAR(1) model in
(2.1) as

Yt = 0551+ &t s=1,...,8 t=1,...,T, (3.1)

where Z,; = Y,y for s =2,...,S, and Z;; = Ys,_1. Obviously, o1 = Un, With n = St + s.
When we assume that the disturbances & , are independently normally distributed with mean
zero and covariance matrix €),, that is £, , ~ n(0,)), we can construct the following (log-)
likelihood;

S s T

1 1 _

L(Sph -0 P8 Qlu s 7QS) - —§T210g |QS| - 5 Z Zgls,tgs 155,1‘ (32>

s=1 s=1 t=1

1S5 15 T

- prymenl- 3o (Yl ).
s=1 s=1 t=1
From (3.1), we can estimate ¢,, s =1,... ,S, by least squares, to obtain

T T -1
= <Z }/S,tZ;,t> <Z Zs,tZ;,t> y 8= 1a Tt 757 (33)
t=1 t=1

and we can use this estimator to obtain an estimator of €2, given by

T
>, Zot) Yar — 9 Zs1), s =1,..., 8. (3.4)

t=1

'ﬂIH

These estimators are consistent under the hypothesis of cointegration as defined by (2.6). As
a consequence, the continuous mapping theorem implies that substituting (Ql, .. QS) in the
log-likelihood (3.2) results in a function with identical (weak) convergence propertles as the
log-likelihood function evaluated for the maximum likelihood estimator, see Billingsley (1986).
In other words,

A

L(gpl,... 0, ,Qs) (3.5)

_ ——TZlog|Q|——ZtT (ZT: Slst§5t>
o o

t=1

! Z QOSZS,t + (Sbs - QOS)ZSJ)

S S T
1 L1 . ) .
= —§Tz::10g %] =5 > tr <Qs_1 > Yt = o Zes) (Yar — %Zs,t)'>

s=1 s=1 t=1
S T
——Ztr (Qsl Z(@s _Sps)ZstZst(SO @s))
s=1 t=1
1 & 1 1L d
= —§Tsz:;10g ‘st - §SkT - 5 Sz:;tr (Qs tz:;(gps - @s)ZS,tZS,t(SOs - (705) ) :
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The first two elements of the final expression are independent of .. Hence, when we optimize
the log-likelihood given (Ql, o ,QS) over ¢,, s =1,...,S, we optimize only the last part.

Following Kleibergen (1998), we consider the relevant part of (3.5) as the objective function
in a generalized method of moments approach. This objective function is now given by

S T
G((ph s JSOS) = Zt?” Qs_l Z(Sbs - SOS)ZSJZ;,L‘(QDS - 905),> (36>

s=1 t=1
s ) T tyor L/
= Z tr Q1 <Z Zs,t€;7t> <Z Zs,tZ;,t> (Z ZS,tfls,t>
s—1 —1 —1 =1

This objective function can be considered as a quasi-log-likelihood since it has the same con-
vergence properties as the log-likelihood. Notice that G(@, ... ,@g) equals zero. This cor-
responds with no restrictions on ¢,. Taking all this together indicates that (3.6) can also be
used as a quasi-likelihood ratio test statistic for cointegration restrictions which has the same
convergence properties as the likelihood ratio statistic.

3.2. Generalized Method of Moments Estimators

We now turn to testing for cointegration in the PVAR(1) in (3.1). The objective function (3.6),
however, does not directly reflect the parameters representing the hypothesis of cointegration.
In order to obtain a specification of the objective function that contains these parameters in
a straightforward way, we use that IIg + Iy = agBs + I = ¢ - ¢;, to obtain

gs,t = }/;,t - SOSZSJ And

(s 0e1bar) = (s 0op1) Yor — (05 Car1@s0s 1 01) (0s 1 01) oy &
Mot = Vi — (g 1) Wy &
MNst = Vs,t - Ws,t - Oésﬁ/SWs,m
(3.7)

where we define 1,, = (05 s11)&1 Vot = @5 Ps1Yor, and Wy = (0, - 01) ' Zs.
Using (3.7), the objective function (3.6) can now be specified as

G(O‘S>BS‘@1>"' aSOS) (38)

-1

s T VA, T
= Z tr Egl (Z Ws,tn{;,t> (Z WS,tWé,t) (Z Ws,tﬂé,t) ’
s=1 t=1 t=1 t=1

where X3 = (0g- - 0,1)Q(05 - 0s11)'s s = 1,..., 5. Note that because of (2.9) we would
obtain identigal resulPs when we would use another season instead of S. When we substitute
(P1y- g, 1,0, ), see (3.3)-(3.4), in the objective function (3.8), we have

G(a57ﬁ5|¢17"' 7@5) (39)

-1

s ) T V) o T
= Z tr Zs_l <Z Ws,tn;ﬂ‘/) <Z Ws7th/7t> (Z Ws,tn;t) ’
s=1 t=1 t=1 t=1

where Wy = (¢o_1 -+ ¢;) " Zsy and 3, = (¢S~~~<fos+1)@5(<fos~-gbs+1)’, and it is clear that
this objective function now only depends on ag and (.
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To obtain the cointegrating vector estimator, that satisfies the first order condition for a
minimum of (3.9), it is convenient to specify (3.9) as

1 / 1

vee(Y gy Wi 21 %) vee(3 i Wit £ %)

: H™ : 7 (3.10)
. 1 . A1
UeC(ZtT:l WS,tnls,tES ?) UeC(ZtT:l WS,tnls,tES ?)
where V,, = ¢g---¢,,,Ys, and
Lo S WiWi, 0---0 0
H= 0 0 . (3.11)
0 0.0 Ly® >, WeWh,
The cointegrating vector estimator for 3¢ then results from
avec(G(aS7ﬂS|¢l7"' 7@5)) :()7 (312)
Jvec(Bg)
and it equals,
S . A1
vee(y Win(Viy = Wi )S1%)
vec(Bg) = (D'H'D)D'H™! ; (3.13)
A . 1
vec(zrf:l Wsi(Ver — Wsi)'Eg?)
[ s T -1
= Z (04{9251045 ® Z WS,tW;t)]
L s=1 t=1
S T A o
vee ( Woa (Vi = Wi 251a5>] ,
| s=1 t=1
where
-3 T 11 177
Y fas® )y, Wi W,
D = : ) (3.14)

1
-3 T 17 T71
Yglas® Zt:l WS,tWS,t

Clearly, the cointegrating vector estimator (3.13) depends on the unknown parameter asg.
When we substitute a consistent estimator for ag, the continuous mapping theorem implies
that the limiting distribution of 34 is the same as that of the maximum likelihood estimator
for all parameters jointly. The same holds for the limiting distribution of G(«g, Bs|@1, - - - » Pg)
which equals the limiting distribution of the corresponding likelihood ratio statistic. As we
assume, (3, = (I, —f35,)’, consistent estimators of oy, s = 1,...,5, are the first r columns of
I1,, see (2.5).

4. Limiting Distributions

To construct the limiting distribution of the cointegrating vector estimator (3.13) and the
objective function (3.9), it is important to note that all Wy, defined in (3.7) have identical
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limiting behavior for s = 1,...,S. In fact, the limiting behavior of W, is characterized by

L
VT

1 1
WS,t = ﬁ&Lq)ékara s = 17 DR 7Sa (41)

Wei = —
it \/T

where
g = (O/S,LﬁSJ_ O‘SL <ZE ) s, 1 045 1Bs1)” Y. (4.2)

We use these results to construct the limiting distributions of 3, and G(as, 6 sl?1,- - Pg)-
Details of the relevant derivations are relegated to appendices A and B. We will now present
only the final results.

Maximum likelihood estimators of cointegrating vectors in standard vector autoregressive
models have mixed normal limiting distributions, see Johansen (1991) and Phillips (1991).
Since we use only consistent estimators to construct the objective function (3.10), the limiting
behavior of the objective function evaluated with the cointegrating vector estimator (3.13) is
identical to the limiting behavior of the log-likelihood evaluated with the maximum likelihood
estimator. The limiting distribution of the cointegrating vector estimator (3.13) is therefore
identical to the limiting distribution of the maximum likelihood estimator of the cointegrating
vector. In appendix A we show that the under the hypothesis IIs = a g%, it holds that

T(vec(fBas) — vec(ﬂgq))
= normal (0, as (25:1 25_1) ag' @ (Bs10s.)7'® s* (/ By +Bi_,)”

-1

;% (5/54554)_1) 3
(4.3)

where [ By, B, , = [ By_r(t)B, ,(t)dt, which is the notation we use throughout the whole
paper. This result shows that the asymptotic normality of the maximum likelihood estimator
of the cointegrating vector also holds in a PVAR(1) model.

In appendix B, we derive the limiting distribution of the likelihood ratio test for cointe-
gration. Under the null hypothesis that IIg = ag3%, this limiting distribution equals S times
the limiting distribution of the Johansen trace statistic in the standard vector autoregressive
model, that is

G(&SUBS’SAOD < 7(:05')

s{tr [(f BivdBi_) ([ BeoBie) ™ (f BerdBi_)] }-

We can now test for cointegration by computing S~! times G(ég, 3 s |®1,- -, pg) and compare
it with the relevant critical values of the Johansen trace statistic, see Johansen (1995).

(4.4)

5. Model Extensions

The simple PVAR(1) allows us to focus only on the derivation of the results for cointegration
without any further model complications. The use of the PVAR(1) model for practical pur-
poses may be rather limited, however, as in practice often a more complicated lag structure
and additional deterministic components are required, see Franses (1996) for example. In this
section, we show how the above results generalize to extended PVAR models.



5.1. Deterministic Components

Deterministic components can be added to the PVAR (1) in (2.1) without altering much of the
results from the previous sections. The most convenient specification to examine the impact
of the deterministic components extends (3.1) and is

Y;tzcs—l—dstqtgosZS’thﬁsvt, s=1,...,8 t=1,...,T, (5.1)

where ¢, ds are k x 1 of parameters. The representation in (5.1) allows us to use the same
expressions of the estimators and the objective function as before, conditional on a well-known
regression on the deterministic components, see Johansen (1995). Hence, instead of Z,; and

Y, ,, We use
en [ () (D] (e,
e o (Y] (D (D] (e

in the expressions in section 3. In case only a constant term is present, the linear trend term
is left out.

The limiting distribution of our objective function is affected by the deterministic compo-
nents. In case of only a constant term, it becomes

~

G(&Saﬁs (:Ola"' 7(;05) =

s {tr [( F(P Y)Y (B (o)) s
oy )

where 7(t) = ¢, 0 < ¢ < 1. In case of a constant and linear trend term,

G(&Saﬁsy‘@p <. 7(;05') =

! n —1

Bk—r—Q Bk—T—Q Bk—T—Q
S < tr f T aB;._,) f T T
T2 T2 T2 (5.4)
ka'r‘72
J T dB;_,)
2

Tables with critical values of the above limiting distributions (after division by S) are given
in Johansen (1995).

The specification of the deterministic components in (5.1) assumes that they do not lie in
the cointegration space. When we specify the deterministic components such that they do,
as in, for example, Johansen (1991), the expressions of the estimators and objective functions
become more complicated, and we consider these extensions as interesting further work.

5.2. Additional Lagged Variables

The results for the PVAR(1) model only extend to higher order dynamics, when we assume
the following structure of a PVAR(p) model, that is

Yn = P1sYn-1T Poshn-5-1T -+ PpYn_(p-1)S—1 + Un, (5.5)
= SOS(LS)yn—l + U,y



where ¢ (z) = > 7 | 2" g, with ¢; ; k X k parameter matrices, i = 1,...,p, s =1,...,5,

and where p is the maximum lag length. This specification preserves the Markov structure
that is needed to derive our earlier results.
The parameter matrix of (5.5), when written in stacked format, becomes

Iy 0.0 0---0 —Lip(L)

—oy(L I, 0---0 0
A= | TR e , (5.6

0 00 —pg(l) I

where now L operates on annual data. The characteristic polynomial for (5.5) can therefore
be written as

|A(Z)| = [Tk = 2p5(2) - - 1(2)] = O, (5.7)

where ¢ (2), s = 1,..., .5, contains the parameters corresponding to season s. Cointegration in
the PVAR (5.5) corresponds with Ilg = ¢g(1) - - - ¢, (1) — Iy, having a lower rank. A convenient
specification of the PVAR(p) model is therefore

Yo = 03(L%)Yn 1+ Un, s=1,...,5; (5.8)
= @,(Dyn1 + Asi (L) Yn1 + tn,

= 0(D)Yn-1 + 01 AsYn-1+ - + 051 AGYn—(p-2)5-1 + Un,
where Ag = 1 — L7, Prs = =2 in®is i =1,...,p—1, s =1,...,5 This specifica-
tion allows us to use all the expressions of the cointegration estimators, objective functions
and limiting distributions constructed previously by conducting a regression of Z,;, Y, on
AZsy1...0Zgy pyo. When Z3y, Y, are the residuals of these regressions we can use them,
instead of Z,; and Y ;.
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Appendix
A. Asymptotic normality of B g-

The cointegrating vector estimator reads,

vee(Yoimy Wia(Vie — Wiy)'S1?)
vec(Bg) = (D'H 'D)D'H :

1

vee(3o, Wi (Vy — Wisy)'Sg?)

Under the null hypothesis, we have that IIg = agfs and Vy; = Wy, + asBsWs, + 7, and
hence B g is characterized by,

~

vec(Bg) = (D'H'D)D'H™*

1

”80(2521 Wi (Wi + asBsWiy + N — Wi.)'E, %)

1

vec(S - Wi (W + asBsWe, +ng, — W) Sg?)

vee(E iy Wity 51 ?)
= (D'H™'D)D'H™' | Dvec(Bg + :

i 1
Uec(zgf:l Ws s Xg?)
vec(th:l Wiy, %, %)
= wec(fBg) + (D/H_ID)D/H_I E
_1
vee(Y 1, Wsin's Xs?)

The limiting behavior of B results from the limiting behavior of the different elements of the
last term of vec(fyg).

The limiting behavior of D results from the limiting behavior of Wy, s = 1,...,S, and
can be characterized by:

1 1 1
) Y 2as®Bg %[ Bk—rBllcfrq)glﬁls,L

D=

b

1 1 1
Yglag® g, 5 [ Bk—TBllcfrq)g',ﬁfS“,J_
where [ By_,Bj_, = fol By_,(t)Bj,_,(t)dt. Similarly, the limiting behavior of H is obtained as

1 1
EH = (IS X (Ik X ﬁs,fl); / Bk_rBllff,r(I)gv ﬁfS’,J_))
and thus

T°H ' =
_1 -1 _1
(IS ® (Ik ® ﬁS,L(ﬁfg,LﬁS,L)_lq)SQI (f Bk*TBllf—r) g (ﬁg,LﬁS,L)_lﬁfg,L)) ;
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and
BDHD = (o (S5 55) as @ B 04 [ By By, @855, ).
T*(D'H'D)™ = ((049 (25:1 2;1) O‘S) h ® ﬂs,L(ﬂig,Lﬁs,L)flq);%/
(f Bk—rBilcfr)il (I);% (ﬁ/S,LﬁS,J_)ilﬁ/S,L)

The limiting behavior of /3 g is further characterized by,
vee(SSy Wk 1)
+D'H™ :
vee(SL, W, Ss)
vee(Y, Wi, 5 ?)
= (D) (T*H™) 7 :
1 o\ vee( L, Weals, 55
¥ 2as @ I vee(Y Wi 2 ?)

=

2_%04@ ® Iy vee(Y L, Wsls £57)
= 1 [Z _vec (Zt 1 stnstz ag
= 7 {vec [thl W, (Zszl Mt X Oés) }
{1)60 [Zle Wi (Zsszl s tZ;%aS)} }
) (S5 )1BkdB’ i )1as”

= vec {f ﬁSLq)éBk,rdQ; [afg (Zle Z;l) 045} 5}

=

= (I ® B, (g, Bs.)7") S vee | [ ol

1

where fi,, equals ¥ *n,, which has an identity covariance matrix, and where @), and By,
are independent r and k — r dimensional Brownian motion with identity covariance matrices.
The latter independence follows from

BS,LQ)EBK*T = ﬁSsL(O‘iS’,J_ﬁSL O‘SJ. (ZZ> By,

= ﬂS,L(ag,LﬁS,L)_lag,L o) | o 0 By,

s 3
ol (Z 2;1> By
s=1

and

1
)
o~
VR
gl
™
» |
N~
o)
"N
| I |
NI
O
b
I

=

¥t 0.0 0
= ag@@[k), 0 0 B;o.
0 0---0 g
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where B2 is a k? dimensional Brownian motion with identity covariance matrix, and ¢ is an
S x 1 vector of ones. Furthermore,

7100 0 \?
oy (L@ Iy)' 0 0 [ﬁS,J_(O‘iS',LﬁS,J_)_IO‘ZS‘,L (¢ ® I)
0 0---0 N4t

!/

1
1 0---0 0 2
0 . 0
0 0---0 Xg
= O/S (t® Ik)/ (e ® Ix) OKS,L(O/S,LﬁS,J_)_Uﬂs,J_
= SQISO‘S,L(QQLQS,L)AW&L =0,

as ¢t = S. This shows that the scale matrices involved in the construction of (), and Bj_.,
from the k? dimensional Brownian motion By are orthogonal to one another. (), and Bj_,

are therefore stochastically independent and the limiting distribution for B g 1s mixed normal,
see Phillips (1991).

Finally, the limiting distribution of 3 ¢ is given by
T(vec(Bs) — vee(Bs))

S -1 N -1
= (als <Z Esl> 045) ® BS,J_(BIS,LBS,J_)ilq);T (/ BkrBllg—r>
s=1
-1 / 1 o/ -1 ! > 1
D7 (Bs18s1) 55,4 vec /ﬁS,Lq)SQBdeQr as ZE; Qg
s=1
! —1 -5 / -
5. 0.5 03 ( [ B )
S -3
foeso(§)-)
s=1

S
= normal (O,ag (Z 281> ag!

s=1

2

= vec

-1

_1 _1
®ﬁs¢(ﬁls,¢ﬁs¢)71q)52, (/ Bk?"Bl/cr) qﬁ%ﬁi@@ﬁgﬁ%i@;) :

1 11
This limiting distribution is degenerate because ﬁva(ﬁg#ﬁS’L)*@SQ, ([ Bx—+B;,_,) K

(ﬁfg 185.)" " Bs, is a singular matrix. The limiting distribution of the unknown elements BQS
is, however, not degenerate. Because g, = (84, Ix_)', we obtain

T(?)@C(BQS) — 7Jec(ﬁ125)) 1
£ _ — _ -5 -1 -3 _
= normal (0, Qg (Z:Zl X 1) ozsl ® (/BZS'J_/BQL) 1@32’ (f Bk,,ﬁB;f_r) o2 (B'SLBQL) 1) )
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B. Convergence of the Objective Function

The objective function (3.10) evaluated in (évg, 3¢) is,

G(&Suﬁ5|¢)17 B 7@5)

_1 . _1
”60(2?:1 Wl,tﬁll,tzl ?) WC(ZtT:l Wl,tﬂll,tzl ?)

' _1 ' _1
“60(2?:1 WS,tf?ig,tZS ?) “60(2?:1 WSJﬁ:S‘,tZS ?)

!/

I

where

_1
vee(Yyy Wiy 151 %)

”eC(Zthl WS,tﬁiq,tzgi) )
N ~/t _ 4
7)60(2321 Wl,t(Wl,t - Wl,t - aSﬁSWM)’Zl 2)
Y _1
7180(2,?:1 Ws,t(VS,t - WS,t - aSﬁsWS,t),ESQ)
_1
”60(23:1 Wie(Vie —Wi)'>, %)
= : — Dwvec (/Bq)
_1
vec(ZtT:l Wsi(Vsy — Wsi)'Eg?)
vee(3 e Wia(Vig — Wi)'S1?)

=

=[(Is® (I ® I,)) — D(D'H *D) *DH ]

=

7)60(2321 Wei(Ver — Wsy)'Sg?)

This can be written as

G(&Suﬁ5|(¢b17 s 7@5’)

1
”60(2?:1 Wia(Vig — Wie)'E, %)
= ; [H'—-H 'D(D'H'D)"'D'H']

Uec(ZtT:l Wsi(Vsr — Wsi)'Xg?)
”60(2?:1 Wl,t(vl,t - Wl,t)lzia)

-

[

1

vec(ZtT:l Wei(Ver — Ws)'Sg2)

1 !
”60(2?:1 Wl,t(vl,t - Wl,t)/21 2)
— : D, (D HD,)™'D,
vec(ZtT:l Wei(Ver — Ws)'Sg2)

1

vee(3o) Wi (Vig — Wiy)'S; %)

[

vec(ZtT:l Wei(Ver — Ws)'Sg?)
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as H'— H'D(D'H'D)™'D'H™' = D (D', HD,)™'D’,, see Johansen (1991). The limiting
behavior of G (&, Bg|y, - - - Pg) is determined by the limiting behavior of its elements under
the hypothesis that ITg¢ = ag03s. We will discuss the limiting behavior of each of the elements.

The limiting behavior of D results from the limiting behavior of W, and can be charac-
terized by

1 2;5065 Y ﬁS,J_(I)g' f Bk—rB]IgfrCI)g‘/ﬁ,S,L
—D = :

17 _1 1 . L,
Yg?as @ Bg 13 [ By B, ®% 05,

The limiting behavior of H is given by

1 1 ey
ﬁH = (IS X (Ik ®ﬂs,L¢§/Bk—TBl,s—rq)§ ﬁi@,i)) .

Consequently,

1 _1 _1
T°D, = (IS ® (ZfaS,L ® ﬁS,L(ﬁg,LﬁS,L)lq)SQ,(/ By+Bj_,) ' ®g? (ﬁls,Lﬁs,L)lﬁfsu)>

as other specifications of D, have a different rate of convergence and disappear in the limit.
So,

T*D\HD, =
(IS ® (aiS',LzlaSA- ® ﬁS,L(ﬁg,LﬁS,L)_IQ);EI(I Bk*TBl,c—r)_lq)ga(BIS,LBS,J_)_IBIS,L))

and therefore

1 _ 1 1
F0LHD) " = (150 (o Bias.) @ Bo.0f [ B, 0055, ) ).
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In a similar way, we obtain,

1 /

”80(2?:1 Wl,t(vl,t - Wl,t)lzl_g)
T : D,
1
7)86(2321 Wsi(Ver — Wsyi)'Eg?)

r /

1

1 vee(3o) Wie(Vig — Wi)'S1 %)
2 / )

= |(T°D,) 7 : 1

vec(th:l Wsi(Vsi — WS,t)/E;§)

N (fs @ (In ® s, (Bs1Bs1) @57 ( / By B} ,) ' ®5? wms,wﬁg,n)

!/

vee(3 L Wis(Vig — Wis)as)

M| =

vee(SF Wy (Vey — W) a1 )

(fs @ (Ir ® s (Bs1Bs1) @57 ( / By B} ,) ' ®5? wms,wﬁg,n)

4

/!

1 1
vee([ Bg PG Br—rdBiY] g1 )

1 1
vee([ Bg PG Br—rdByX%as1)

= (Is o (1o s (35057 Bk—rBIQr)‘l‘I{Z%(ﬁiq,ﬁs,u‘lﬁim))
)

/

N[

1
vee([ B 1 ®EBr—rdBy_, (g Sr0s,1)

vee( [ Bs 1 @3 Br_rdBy, (0% S 1 )?)

and thus that

G(&S7BS|¢17 .. 7@5)
vee(3o Wiy (Vig — Wiy)'Sy %)
— : D,(D\HD,)"'D,
vee(3] Wi (Vs — W) Sg?)

1

vee(3o, Wiy (Vig — Wiy)'S1?)

[

=

vee(3o) Wi (Vs — W) Sg?)
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!/

vec fﬁsﬁb By T‘dBllc r(aSLzlaSl)%)

vec fﬁsﬁb By TdB,’C r(aqLZSaSL)%)
(155 (o 3 (30950703 [ Bieof )0 (980,078 )
(I ( ol Yros 1) ' ®ﬁS,J_(I),§‘/Bk—TBllf—r(I)é'lﬁ/S,L>>
(—7 ® ([ ® ﬂSJ_(ﬁS'LﬁSJ_) /(/ Bk—TBllf—r)_lq)S%(ﬁIS,LﬁS,J_)_lﬁiS',L))
)

[N

vec fﬁSLCD By ,,dB,g (g Yhas 1)

(SIS

vec fﬁsﬂb By ,,dB,g (0l Ysas 1))

vec ka +dBy}._,.) , ) vec([ By_rdBj,_,)
vec ka +dBy,_,) vec([ By_rdBj,_,)
!
e (/e (o r>

= ( BkrdBlQ'r)))] ’
since all W, have the same limiting behavior.
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