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Abstract

We estimate the empirical bimodal cross-section distribution of real Gross Domestic
Product per capita of 120 countries over the period 1960–1989 by a mixture of a
Weibull and a truncated normal density. The components of the mixture represent a
group of poor and a group of rich countries, while the mixing proportion describes
the distribution over poor and rich. This enables us to analyse the development of the
mean and variance of both groups separately and the switches of countries between
the two groups over time. Empirical evidence indicates that the means of the two
groups are diverging in terms of levels, but that the growth rates of the means of the
two groups over the period 1960–1989 are the same.

1 Introduction

Empirical evidence on convergence of national economies has usually been in-
vestigated by regressing growth rates of real Gross Domestic Product [GDP] on
initial levels, sometimes after correcting for exogenous variables (conditional con-
vergence), see among others, Baumol (1986), Barro (1991), Mankiw, Romer and
Weil (1992) and Sala-i-Martin (1994). A negative regression coefficient, usually la-
belled the β -coefficient, is interpreted as an indication of so called β -convergence. It
implies that countries with a relatively low level of GDP grow faster than countries
with a high level of GDP, indicating catching-up, compare also Abramowitz (1986).
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A different concept of convergence, called σ -convergence, refers to a reduction in
cross-sectional variance or dispersion over time, see Barro and Sala-i-Martin (1992).
Friedman (1992) and especially Quah (1993a) show, using Galton’s fallacy, that
a negative β -regression coefficient can be perfectly consistent with the absence
of σ -convergence, even when conditioning on exogenous variables. Furthermore,
Levine and Renelt (1991, 1992) discuss the robustness of the regression approach
with respect to the conditioning variables and the consistency of the results, see also
Durlauf and Johnson (1995). Another limitation of the regression approach is that
the dynamics of the economic process is summarised in a growth rate and an initial
level, neglecting the short run dynamics of the variable investigated.

This paper deals with the analysis of convergence in terms of several char-
acteristics of the distribution of real GDP per capita and is related to the
work by Quah (1993a,b), Desdoigts (1994), Jones (1997), Quah (1996a,b) and
Bianchi (1997). In these studies nonparametric methods are usually applied to
analyse convergence. In the present paper we take a parametric approach. More,
generally, we analyse the development of the distribution and mobility of wealth of
120 countries from 1960 until 1989. As measure for wealth we take the real Gross
Domestic Product per capita, which can be interpreted as a rough approximation
of the basic idea about wealth, see Parente and Prescott (1993)10. We start with
presenting some stylized facts on the observed real GDP per capita over the period.
This leads to the conclusion that the data may be described by a bimodal distri-
bution. Next, we divide the further analysis into two parts11. In the first part, the
empirical cross sectional bimodal distribution of the real GDP per capita in each
year is described by a finite mixture density. Efficient estimation of the parameters
of several classes of finite mixtures results in a partitioning of the countries into
two groups in each year, a group with a relatively high level of real GDP per capita
and a group with a low level of real GDP per capita and two estimated conditional
density functions for the two groups. The use of mixtures enables us to analyse
the distribution of countries over poor and rich as well as the development of the
distribution of each group.

In the second part, the results of the estimated mixture distributions are used to
consider the intra-distribution dynamics. By examining the movements of countries
between the poor group and the rich group, we obtain insight into the extent of
catching-up of poor countries with rich countries.

The outline of the paper is as follows. In section 2 we describe the data and
present some stylized facts. In section 3 we briefly discuss the interpretation, repre-
sentation and estimation of finite mixture distributions. Section 4 considers the esti-
mation results of the mixture distribution for the cross-section real GDP per capita
distribution including the development of the mean, the variance and the mixing
parameter through time. The mobility in wealth between and within both groups is
investigated in section 5. The final section contains our conclusions.

10 Of course, the real GDP per capita of a country is a measure which neglects information about
the spread of wealth among people living in this country. There can be a small group of persons
living in a country with a high level of income, while the majority has low income.
11 Here we differ from Quah who considers the year by year distribution and intra-distribution
dynamics simultaneously.
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2 Stylized Facts

In order to analyse the distribution and mobility of wealth of nations empirically,
one needs a suitable data set containing per capita data over a long period for a large
number of countries. Usually, one has data over several periods (years) but only a
limited number of (industrialized) countries or one has many countries over a small
number of years. In this paper we analyse the distribution and mobility of wealth
using a reasonably large collection of countries over 30 years. The obvious data set
for our analysis is the Penn World Table version 5.6 of Summers and Heston (1991).
This table contains a set of economic time series, based on national accounts cover-
ing 152 countries for the period 1950–1992. Because observations are not available
for each country over the whole period, we focus on the period 1960–1989. By re-
stricting ourselves to this period, there remain observations for 120 countries. The
variable we analyse in this paper is the real Gross Domestic Product [GDP] per
capita, which is constructed by dividing nominal GDP per capita by a special price
index made up of the weighted averages across countries of relative prices of all
goods in a particular basket of final goods and services. This is intended to make
real GDP per capita comparable across time and countries. For a discussion of the
construction of the special price index and the data in general, we refer to Summers
and Heston (1991).

Figure 5.1 shows smoothed versions of histograms for real GDP per capita of
120 countries in each year12. Several features of the data are shown in this figure.
First, the cross-section distribution of the real GDP per capita is bimodal. There is a
group of countries with a relative small real GDP per capita (poor countries) and a
smaller group of countries with a relative large real GDP per capita (rich countries).
Second, the gap between these groups seems to become larger over time, as the peak
of the real GDP per capita of the rich countries shifts more to the right than the peak
of the poor countries, leaving very few countries in a middle group.

In order to obtain better insight into the stylized facts of our data set we divide
our sample into six subperiods of five years and compute the average real GDP
per capita for all 120 countries over these subperiods, i.e. for 1960–1964, 1965–
1969, 1970–1974, 1975–1979, 1980–1984 and 1985–1989. Figure 5.2 displays the
histograms for the mean real GDP per capita in each subperiod in a 3-dimensional
space, similar to figure 5.1. This figure shows the data features mentioned before
even more clearly. In addition, we notice that the variance of the poor group in the
early sixties seems to be smaller than in the early eighties. For the rich countries this
seems to be the opposite. The same features of the data can be detected from figure
5.3 which shows the histograms of the real GDP per capita in the six subperiods in
a one-dimensional setting. The six histograms give good insight in the development
of the cross-section distribution of the real GDP per capita. From the stylized facts

12 This figure is constructed by making a histogram for real GDP per capita in each year and
putting these histograms in a 3-dimensional space. For visual convenience we use small ribbons,
which connect the midpoints of the bars, instead of 3-dimensional bars. Furthermore, the real GDP
per capita data, are divided by 1000 for the convenience of representation, like in the remainder of
this paper.
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Fig. 5.1: Histograms of real GDP per capita divided by 1000 (1960–1984).
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Fig. 5.2: Histograms of the average real GDP per capita divided by 1000 in six subperiods.
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Fig. 5.3: Histograms of the average real GDP per capita divided by 1000 with the fitted density
functions.

we conclude that: the distribution in each period is bimodal; a gap arises between
the poor and rich group, which increases over time; the number of countries with
an extremely low real GDP per capita decreases, but the spread of wealth within
the poor group seems to rise. Similar findings are reported in e.g. Quah (1993a,b),
Bianchi (1997) and Quah (1996a,b).

We end this section with three remarks. First on the loss of individual information
through our histogram analysis, we note that a data summarization of 3600 individ-
ual observations into 30 yearly histograms - with only a relatively small number of
cells - involves some loss of individual information. The optimal level of aggrega-
tion of information depends on the purpose of the empirical analysis. We are inter-
ested in describing and estimating efficiently such stylized facts as the behaviour of
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the poor and rich countries and their relative position through the post-war period.
From the data summarization presented in this section we conclude as main stylized
fact the bimodality of the empirical distribution of real GDP per capita.

Second on the relative merits of parametric and non-parametric analysis of in-
come distributions, we note that we estimate the bimodal cross-section distribution
of real GDP per capita per year by means of a mixture of two densities using in-
dividual observations per country. A mixture density belongs to a parametric class
of densities which are defined as a convex combination of two or more densities. In
our case these densities describe the distribution of the poor and the distribution of
the rich countries, with a mixing distribution, representing the distribution over poor
and rich. The separate analysis of the components of the mixture and of the relative
importance of these components over time are the main advantages over a non-
parametric approach as performed by, for instance, Desdoigt (1994). A clear choice
between a parametric or a non-parametric approach depends on the availability of
large data sets and on the purpose of the analysis. If there are many data over a long
period then the asymptotically valid non-parametric approach is attractive in the
sense that one can let the data ‘speak for themselves’. Often in economics there are
not enough data to have a reliable non-parametric analysis. The parametric analysis
is attractive in case there are no overly restrictive assumptions. In the next section
we perform a sensitivity analysis with respect to the chosen functional form of the
components of the mixture. One might also discuss the proper number of compo-
nents in the mixture. Our choice of bandwidth and therefore the number of classes
in the histograms are to some extent arbitrary. Using a different bandwidth in the
histograms may result in the conjecture of more than two modes in the cross-section
distribution. It is difficult to estimates a component of a mixture if the number of
observations belonging to the components is very small, see also section 3 for a dis-
cussion about singularities in the likelihood function. Furthermore, the extra modes
which occur using a smaller bandwidth, may also be due to noise. Bianchi (1997)
rejects the hypothesis of more than two modes using a non-parametric approach
based on the choice of the bandwidth. This supports our choice of two components
in the mixture.

Third, on the choice between level, log of the level and relative level of real
GDP per capita we note that in this paper we are interested in investigating conver-
gence in the level of real GDP per capita. That is, that convergence implies that the
differences in the level of real GDP per capita between countries disappear. As a
byproduct we test in section 4 whether the growth rates of the the rich and the poor
group of countries are the same. Another option is to scale the data by the sum of the
real GDP per capita in each year as suggested by Canova and Marcet (1995) or to
analyse log transformed data to test for convergence in relative welfare. In section 3
we show that our analysis is not sensitive to scaling the data in each year by a con-
stant. A log transformation makes the data more homogenous and the evidence of
bimodality in the data is considerably reduced, see Bianchi (1997). Homogeneity
of the data is an attractive feature if one has to meet the assumptions of classical
regression models, e.g. when testing for β -convergence. Also, one may use data on
real GDP per worker instead of real GDP per capita in order to analyse convergence
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in productivity. In the present paper, we have chosen to focus on testing for conver-
gence in the level of real GDP per capita.

3 Finite Mixture Distributions

We briefly discuss the representation, interpretation and estimation of mixtures dis-
tributions. For a good introductory survey of finite mixture distribution reference is
made to Everitt and Hand (1981) or Titterington, Smith and Makov (1985). For our
purpose it suffices to restrict ourselves to finite mixtures with a multinomial mixing
distribution. In this case, the mixture density function g is defined as

g(y;θ1, ...θS,λ1, ...λS−1) =
S

∑
s=1

λs f (y;θs) with λS = 1−
S−1

∑
s=1

λs, (5.1)

where S denotes the number of components in the mixture; f (y;θs), s = 1, ...,S are
probability density functions evaluated at y depending on a parameter vector θs;
and λs, s = 1, ...,S − 1 represent the mixing proportions. An example of a finite
mixture distribution is a mixture of two normal distributions. The density function g
evaluated at yi is given by

g(yi;θ1,θ2,λ ) =
λ

σ1
√

2π
exp

(
− (yi −µ1)2

2σ2
1

)
+

(1−λ )
σ2

√
2π

exp
(
− (yi −µ2)2

2σ2
2

)
,

(5.2)

where θ1 = {µ1,σ2
1 } and θ2 = {µ2,σ2

2 } denote the mean and the variance of the
normal distribution of each component and λ represents the mixing proportion. For
suitable chosen parameters, this mixture distribution is bimodal13.

Interpretation

Representing the bimodal distribution of the data by a mixture of two densities is
a convenient and interpretable way of describing the real GDP per capita. The dis-
tribution of the real GDP per capita of the poor countries is described by the first
component of the mixture and the distribution of the rich countries by the second
component. The mixing parameter λ gives the ex-ante probability that a country be-
longs to the first component of the mixture. Formally, the probability density func-
tion for the real GDP per capita for country i, denoted by yi for i = 1, ..,N can be
written as

g(yi;θ1,θ2,λ ) = λ f (yi | si = 1;θsi)+(1−λ ) f (yi | si = 2;θsi), (5.3)

13 A sufficient condition that a value λ exists such that the mixture of two normal distributions is
bimodal is (µ2 −µ1)2 < (8σ2

1 σ2
2 )/(σ2

1 +σ2
2 ).
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where λ = P[si = 1] and 1−λ = P[si = 2] are the ex-ante probabilities that country
i is poor or rich and where f (yi | si = 1;θsi) and f (yi | si = 2;θsi) are conditional
probability density functions given that country i is poor or rich. The mean and vari-
ance of the conditional distribution of component s can be interpreted as the mean
and the variance of the real GDP per capita of countries belonging to component s.

An attractive feature of our approach is that the mixing parameter λ is an en-
dogenous parameter which determines the relative importance of each component
in the mixture distribution.14 So, a priori we do not impose an absolute borderline
between the rich and the poor countries but let the data determine the relative im-
portance of each group. One may interpret a mixture model as an unobserved com-
ponent model in the following sense. To generate an observation yi from a mixture,
a country is selected to be poor with probability λ or to be rich with probability
(1− λ ), or in other words the value of si is determined. Given that the country is
poor the value of the real GDP per capita, yi is generated by the conditional density
function f (yi | si = 1;θsi) (or f (yi | si = 2;θsi) in case the country is rich). However,
we only observe the value of the real GDP per capita yi and not the value of si.
Given the realized value of the real GDP per capita yi and given the values of the
parameters θ1, θ2 and λ , we can make inference about the value of si. The condi-
tional probability that observation yi is generated by the first component (si = 1) for
the mixture defined in (5.3) is defined as

Pr[si = 1 | yi;θ1,θ2,λ ] =
λ f (yi | si = 1;θsi)

λ f (yi | si = 1;θsi)+(1−λ ) f (yi | si = 2;θsi)
(5.4)

This conditional probability denotes the ex-post probability that a country is poor
and is used for the investigation of mobility in wealth in section 5. Note that
the ex-post probability of being rich Pr[si = 2 | yi;θ1,θ2,λ ] equals 1− Pr[si = 1 |
yi;θ1,θ2,λ ] by definition.

In practice, we do not know the true values of the parameters θ1, θ2, λ and
we have to replace them by their estimates. The estimated λ can be interpreted as
the proportion of countries belonging to the first component, i.e. the percentage of
poor countries, while the probability in (5.4) can be seen as the relative ex-post
contribution of country i to the first component. (Note that in case of a mixture of
normal densities the estimated mean µ̂1 = 1

λN ∑N
i=1 Pr[s1 = 1 | yi; θ̂1, θ̂2λ̂ ] yi, i.e. a

weighted average of the observations.)
Since countries can switch over time from being poor to being rich and vice

versa the mixing proportion λ can change through time. The growth in real GDP
per capita causes changes in the means of the mixture components through time.
Further, countries belonging to a group do not need to have the same growth rates,
which implies that the variance does not have to be the same over time. Note that
a change in the mean and/or the variance of a component can also be caused by
movement of countries between the rich and the poor group.

14 Durlauf and Johnson (1995) use the regression tree technique to endogenously split the data in
multiple regimes.
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Estimation

Several methods have been proposed to estimate the parameters of a mixture, e.g.
maximum likelihood and the methods of moments, see Everitt and Hand (1981). We
follow the maximum likelihood approach, which implies maximising the following
criterion function

L (Y ;θ1,θ2,λ ) =
N

∏
i=1

g(yi;θ1,θ2,λ ), (5.5)

where the density function g is given by (5.2) and Y = {y1, ...,yN}. From the first or-
der conditions, it is easy to see that maximising the likelihood implies a non-linear
optimisation problem. Standard numerical algorithms can be use to maximise the
likelihood function. Note that the likelihood function (5.5) for estimation of a mix-
ture of normal densities (5.2) has not a global maximum, since a singularity in the
likelihood function arises, whenever one of the components is imputed to have a
mean equal to one of the observations (µ1 equals yi) with zero variance (σ2

1 → 0).
At that point the value of the likelihood function becomes infinite. Kiefer (1978)
shows that if there exists a local maximum in the interior of the parameter region
then this maximum yields consistent, asymptotically normal estimators of the pa-
rameters. In this case, the ML estimators are not values of the parameters which
maximize the likelihood function globally, but are those solutions of the likelihood
equations, which yields asymptotically the largest value of the likelihood function.
In practice, if a numerical optimisation algorithm gets “stuck” at a singularity, the
easiest strategy is to try a different starting value. Another solution is to use a quasi
Bayesian approach by multiplying the likelihood function by a prior density to can-
cel out the singularity problem (see Hamilton, 1991).

A mixture of two normal densities does not suffice to describe our bimodal distri-
butions. It is clear from figure 5.3 that the first component of the mixture distribution
is skew. Another point is that real GDP per capita can never be negative, so a mix-
ture of normal densities is, strictly speaking, not appropriate. Possible candidates to
describe the distribution of the poor countries (first component) are e.g. the Weibull
distribution, the gamma distribution and the lognormal distribution. For the distri-
bution of the rich countries a normal distribution (truncated at 0) seems appropriate.

We have estimated several combinations of the proposed distributions and com-
pared the fit to select the best candidates. To analyse the fit of these distribution we
divide the data in each of the six subperiods in equally-sized intervals. In each sub-
period we compare the number of observations in each interval with the expected
number of observations in the interval based on the estimated mixture distribution
using a χ2 goodness of fit test. We note that this strategy is dependent on the num-
ber of intervals. We choose 8 through 15 equally spaced intervals to evaluate the
estimated mixtures. This means that we perform (15− 7)× 6 = 48 goodness of fit
tests for each candidate mixture density. Table 5.1 shows the number of rejections
for different mixtures in each subperiod using a 5% level of significance. We note
that three cases result in four rejections: the mixture of a Weibull or a gamma with a
truncated normal density and the mixture of two truncated normal distributions. The
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other mixtures including the mixtures containing the lognormal distribution perform
worse. To choose between the three best fitting mixtures, we look at the number of
rejections at the 1% and 10% level. In that case the mixture of a Weibull and a
truncated normal distribution produces the best fit.

Table 5.1: The outcomes of χ2 goodness of fit test for different mixture distributions1.

components2 subperiod
first second 1960–64 1965–69 1970–74 1975–79 1980–84 1984–89

normal normal 0 1 1 1 1 0
gamma normal 0 0 0 1 3 0
gamma gamma 0 0 0 2 3 0

lognormal normal 0 0 0 1 4 0
lognormal lognormal 0 0 0 1 5 2
Weibull normal 0 0 0 1 3 0
Weibull Weibull 0 0 0 1 4 0

1 The cell denotes the number of rejections at a 5% level out of eight χ2 goodness of fit test in
each subperiod. The data in each subperiod are divided in 8 through 15 equally-sized interval.
The χ2 test compares the number of observations in each interval with the expected number of
observations in the interval based on the estimated mixture distribution.
2 Normal means truncated normal with 0 as point of truncation.

Figure 5.3 shows the fitted density of a mixture of a Weibull and a truncated
normal together with the histograms of figure 5.3. The histograms have been nor-
malised such that the area under the bars is equal to one in order to compare them
with the density functions. The estimated mixtures fit the histograms reasonably
well. Therefore, we decide to consider in this paper a mixture of a Weibull and a
truncated normal density. Since a gamma and a truncated normal distribution are
also good candidates to describe the first component, we discuss the robustness of
our results with respect to the other two mixtures at the end of each section. The
density function h of a mixture of a Weibull and a truncated normal evaluated at yi
is given by

h(yi;β1,α1,λ ,µ2,σ2) = λ
β1

αβ1
1

yβ1−1
i exp

((
− y1

α1

)β1
)

+(1−λ )
φ(yi; µ2,σ2

2 )
Φ(µ2/σ2)

,

(5.6)

where φ(y; µ2,σ2
2 ) represents the probability density function of a normal dis-

tribution with mean µ2 and variance σ2
2 and Φ the cumulative density function

of a standard normal distribution. The parameters α1 and β1 are the scale and
location parameters of the Weibull component. The parameters of the mixture
{α1,β1,µ2,σ2,λ} are estimated by maximizing the likelihood function
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L (Y ;β1,α1,µ2,σ2,λ ) =
N

∏
i=1

h(yi;β1,α1,µ2,σ2,λ ), (5.7)

where the density function h is given in (5.6). Here we face, of course, the same
problem with the singularity in the likelihood function as in the case of a mixture
of two normal densities and we opt for the same solution as before. The numerical
algorithm to maximise the likelihood functions (5.7) is Newton-Raphson. A range of
starting values is used to find the maximum. In case two or more maxima are found
the maximum with the largest value of the likelihood function is chosen. Finally, it
can easily be shown that scaling of the data via multiplying by a constant k does
not influence the estimated value of the mixing parameter and changes the other
parameters in the corresponding way, kα1, kµ2 and kσ . Therefore, scaling the data
by the sum of the real GDP per capita in a year does not alter the conclusions, since
the means and the variances of the components change accordingly.

4 Distribution of Wealth

To describe the cross-section distribution of real GDP per capita over the 120 coun-
tries in each year, we estimate a mixture of a Weibull and a truncated normal density.
First, we focus on the six subperiods. The first five columns of table 5.2 show the
parameter estimates of the fitted mixture distributions in every subperiod. Apart
from the mixing proportion λ it is difficult to interpret the estimated scale and lo-
cation parameters directly, since they do not represent the means and variances of
the components. Therefore, the second panel of the table shows the means and the
variances of the poor and the rich group based on the parameters estimates together
with the mean and variance of all countries. Note that the truncation of the normal
component becomes less important in the end of the sample.

From the sixth column of table 5.2 we notice that the mixing proportions indi-
cate an almost constant percentage of poor countries in the first three subperiods
followed by a substantially increase after the subperiod 1970–1974. There are 14%
more poor countries in the final subperiod than in the first subperiod. A Likelihood
Ratio [LR] test for equal mixing proportions in the first and final subperiod equals,
however, 2.56 which is not significant at a 5% level (the 95% percentile of the χ2

distribution with one degree of freedom equals 3.84). The LR test is computed by
comparing the sum of the maximum likelihoods of the two unrestricted densities
with the maximum likelihood of the mixture densities in the first and final period
estimated under the restriction of equal mixing parameters.

The seventh column of table 5.2 shows the mean of all countries in every sub-
period. The mean has increased monotonically over time. The same is true for the
means of the poor and the rich group. Notice that the mean real GDP per capita of
both groups has grown faster than the overall mean. This is possible because the
relative number of poor countries has increased over time. The difference between
the mean of the poor and rich group is about 4.1 in the first subperiod, while in the
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Table 5.2: Estimates of mixture parameters, means and variances of real GDP per capita of the
poor and the rich component and of all countries in the six subperiods.1

sub- β̂1 µ̂2 α̂1 σ̂2
2 λ̂ mean variance

period all poor rich all poor rich

60–64 2.02 5.24 1.40 6.27 0.70 2.46 1.24 5.35 5.55 0.41 5.66
65–69 1.79 6.68 1.68 6.50 0.73 2.91 1.49 6.71 7.75 0.74 6.27
70–74 1.63 8.29 2.03 7.05 0.73 3.53 1.81 8.30 11.20 1.31 6.98
75–79 1.38 10.66 2.76 3.13 0.82 4.01 2.52 10.66 13.71 3.41 3.13
80–84 1.35 11.77 2.95 2.18 0.82 4.32 2.70 11.78 16.29 4.08 2.18
84–89 1.25 13.32 3.15 3.02 0.84 4.62 2.93 13.33 20.60 5.57 3.02

1 The mean and variance of the truncated normal component are computed using the formulae in
appendix A of Maddala (1986). The mean and the variance of a Weibull distribution are α1Γ (1+
1/β1) and α2

1 Γ (1+2/β1)− (α1Γ (1+1/β1))2 respectively.

final subperiod this difference is 10.4. This indicates that the means of the real GDP
per capita of the two groups are diverging. However, the growth rates in the mean
of both groups are roughly the same. The mean of real GDP per capita of the rich
countries in the final subperiod is two and a half times larger than in the first sub-
period. For the poor group this factor is about 2.4. A LR test for equal growth rates
equals 0.12, which is not significant at a 5% percent level. This means that although
the difference in the mean between the poor and the rich group gets larger over the
last 25 years, the growth rates of the means of both groups over this period are not
significantly different. To compute the LR test we estimate the mixture distribution
in the first period and the final period jointly under the restriction of an equal growth
rate.

The final three columns of table 5.2 display the variance of the poor, the variance
of rich and the variance of all countries. The total variance has increased monoton-
ically over the last 25 years. The same conclusion can be drawn for the spread of
wealth within the poor group, which indicates the absence of convergence within
the poor group. For the group of rich countries an increase in the spread of wealth
is followed by a decrease after the subperiod 1970–1974.

We have to interpret the results of the diverging means with care. Changes in
the mean of each component over time can be caused by two forces. First, the real
GDP per capita of countries in a group can increase over time. Second, countries can
switch from the poor to the rich group and vice versa, which can lead to a change in
the ratio of the means of the rich and the poor group. A typical example of the latter
occurs when only the very rich countries stay in the rich group. The same kind of
reasoning counts for the variances of each component. Changes in the variances of
the components can also be caused by changes in the mixing parameter.

To correct for the effect of the decrease in the number of rich countries on the
development of the means and variances of the components, we estimate in each
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period a mixture of a Weibull and a truncated normal with equal mixing propor-
tions. We analyse three different scenarios. First, we determine an optimal mixing
parameter for the six subperiods by jointly estimating the mixture densities under
the restriction of equal mixing parameters. Next, we set the mixing parameter equal
to the estimated mixing parameter in the final subperiod (=0.84) and equal to the
estimated parameter in the first subperiod (=0.70). Notice that we theoretically still
allow for switches of countries between the poor and the rich group. Using the
same techniques that we apply in the next section, we can show that the number of
switches between the two groups is low. This means that the rich and the poor group
contain almost the same countries in every subperiod.

Table 5.3 shows the means and the variances of each component under the differ-
ent restrictions on λ . Several conclusions emerge from the results of this table. Not
surprisingly, fixing the mixing parameter results in different values for the means
of both groups. However, for all three scenarios, the means of the poor and the rich
group still diverge, which implies that the change in the number of rich countries
is not the driving force in the diverging process. Note that the growth rates in real
GDP per capita over the last 25 years of the rich and the poor group are still about
the same.

The variances of the components are more sensitive to the value of the mixing
parameter. Under equal mixing parameters, the variance of the poor group still in-
creases over time. For the rich group the situation is different. From the lower left
panel of table 5.3 we observe that the variance of the countries, which were rich
in the beginning of the sample, is increasing over time. This indicates that the de-
crease in variance, when we allow for a changing mixing parameter, is mainly due
to the decrease in the number of rich countries. Hence, a number of countries, which
originally were located in a middle group, was not capable of catching-up with the
remaining rich countries. The lower right panel of table 5.3 shows the development
of the variance of the countries, who ended up rich in the last subperiod. We still
notice the decrease in the variance after the period 1970–1974 and the increase after
1980–1984 but the changes in the variances are less pronounced.

The results in tables 5.2 and 5.3 are not suitable to notice short run patterns,
since we have considered the average real GDP of five consecutive years. In the
remainder of this section we analyse the distribution of the real GDP per capita
using a mixture of a Weibull and a truncated normal density for each year from
1960 until 1989. Instead of using tables with parameter estimates, we report the
main results in several graphs, which show the interesting aspects of the estimated
distributions15.

Figure 5.4 shows the estimated values of the mixing proportions λ . In 1960 the
percentage of poor countries was about 71%. In the first part of our sample there is
an overall effect of a decrease in the number of poor countries to 67% in 1973, but
after 1973 the number of poor countries has risen especially during the period 1975–
1977. At the end of the sample the percentage of poor countries seems to stabilise
around 83%. These results match the outcomes of table 5.2.

15 A detailed outline of the parameter estimates can be obtained from the authors.
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Table 5.3: The means and the variances of the poor and the rich component in the six subperiods
for different values of the mixing parameters1.

unrestricted value of λ constant value of λ = 0.79

mean variance mean variance
subperiod poor rich poor rich poor rich poor rich

1960-1964 1.24 5.35 0.41 5.66 1.35 6.11 0.57 4.23
1965-1969 1.49 6.71 0.74 6.27 1.59 7.32 0.93 4.70
1970-1974 1.81 8.30 1.31 6.98 1.97 8.99 1.70 4.90
1975-1979 2.52 10.66 3.41 3.13 2.44 10.44 3.09 3.80
1980-1984 2.70 11.78 4.08 2.18 2.68 11.73 3.92 2.30
1984-1989 2.93 13.33 5.57 3.02 2.82 13.08 4.94 3.98

initial period value of λ = 0.70 final period value of λ = 0.84

mean variance mean variance
subperiod poor rich poor rich poor rich poor rich

1960-1964 1.24 5.35 0.41 5.66 1.42 6.52 0.70 3.34
1965-1969 1.46 6.44 0.69 6.90 1.66 7.64 1.08 3.94
1970-1974 1.73 7.89 1.14 8.15 2.08 9.34 2.03 4.00
1975-1979 2.04 8.95 1.82 8.40 2.58 10.77 3.67 2.81
1980-1984 2.25 10.18 2.33 7.99 2.72 11.80 4.19 2.13
1985-1989 2.28 10.69 2.34 13.16 2.93 13.33 5.57 3.02

1 The results in the upper right corner are ased on a joint estimate of the six mixture densities with
equal λ parameter. In the lower panel of the table the λ is equal to the estimated λ in the first and
the final subperiod respectively, see the sixth column of table 5.2.

Figure 5.5 shows means and variances of the real GDP per capita in each year for
the period 1960–1989, which are based on the parameter estimates of the mixtures.
The left panel of the figure shows the overall means and the means of each com-
ponent. The mean of the real GDP per capita of all countries has increased almost
monotonically during the whole period. There are small decreases in the periods
1974–1975 and 1980–1983 reflecting the oil crisis and the crisis in the beginning of
the eighties. These periods of decrease can also be detected in the mean of the poor
group and the mean of the rich group. In 1960 the difference in the means is about
3.8, while in 1989 this difference is 11. The means of both groups are diverging,
which leads to a gap between the poor and the rich group. If we however look at the
growth rates of both groups we see that for the poor group the real GDP per capita
in 1989 is about 2.5 times larger than in 1960, while for the rich group the factor
is about 2.8. A LR test for equal growth rates equals 0.37, which is not significant
at 5% level of significance. Therefore, this implies again that although the means
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Fig. 5.4: Estimated mixing proportions in each year (1960–1989).

of the poor and the rich group are diverging, the growth rates of the means of both
groups are the same over the period 1960–1989. To investigate whether changes in
the mixing parameter are responsible for the effects on the means, we estimate the
mixture densities under the restriction of equal mixing parameters like in table 5.3.
Unreported results show that although we find slightly different values for the means
of the poor and the rich group, the means of the two groups are still diverging and
the growth rates of the two groups are still about the same.

The right panel of figure 5.5 shows the variance for all countries and for the poor
and the rich group in every year. The variance of the real GDP per capita of all
countries has risen during 1960–1989 indicating an increase in the spread of wealth
between all countries. There are two short periods with a decrease in the variance,
i.e. 1974–1975 and 1980–1982. The same periods can be found in the variance of
the poor group. Unreported estimation results show that the increase in the variance
of the pour group remains if we fix the mixing proportion λ . The sharp increase in
the variance of the poor group after 1975 is due to the increase in the number of
poor countries.

Figure 5.5 shows an increase in the spread of wealth within the rich group until
1973. After the oil crisis the variance has decreased strongly until 1982. In the period
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Fig. 5.5: Means and variances of the poor and the rich component and all countries.

1982-1986 there is an increase in the variance. The same analysis as in table 5.3
shows that the variance of the countries, which are rich in the beginning of the
sample, is increasing over time and that the variance of the countries, which are
rich at the end of the sample, does not decrease. Furthermore, the decrease in the
variance of the rich component during the two crises still remains if we fix the
mixing parameter, but the decreases are much smaller. In summary, the analysis
shows that especially in the middle of the seventies a number of countries was not
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capable of catching-up with the rich countries and became poor. This has caused a
gap between the poor and the rich group. The movement of the poorest rich countries
from the rich to the poor group leads to an increase in the variance of the poor
countries and a decrease in the variance of the very rich countries.

In this section we have analysed the development of the real GDP per capita over
time using a mixture of a Weibull and a truncated normal density. We have seen that
the number of poor countries has increased over the last 30 years. The difference in
the mean of the real GDP per capita of the poor and the rich group is increasing,
indicating no convergence in the level. However, there is no significant difference in
the growth rates of both groups, which suggests convergence in growth rates. The
spread of wealth within the poor group increases. This is partially caused by the
increase in the number of poor countries. For the rich group there is some indication
for convergence as the spread of wealth of the rich group has decreased during the
two crises in our sample. The largest part of these decreases is however due to the
decrease in the number of rich countries. These rich countries were not capable of
catching-up with the very rich countries.

In order to investigate the sensitivity of the results with respect with our choice
of mixture, we performed the same analysis of cross-section distribution of the real
GDP per capita using a mixture of a gamma and a truncated normal density and a
mixture of two truncated normal densities, which also produce a reasonable fit ac-
cording to table 5.1. The results coming out of these analyses are roughly the same.
The main difference lies in the estimated mixing proportions before 1974, using a
mixture of two truncated normals. The estimated mixing proportions are about 0.10
smaller compared to the mixtures of a Weibull or gamma and a truncated normal.
In the next section we analyse the intra-distribution movement of countries within
the estimated mixtures. We also consider in more detail the switches of countries
between the poor and the rich group.

5 Mobility in Wealth

So far our analysis was limited to describing the development of the distribution of
real GDP per capita in each year. In this section we consider the intra-distribution
mobility of wealth. The obvious strategy is to look at switches of countries and/or
groups of countries from the poor to the rich group and vice versa. From figure 5.4
we observe that the mixing proportion has risen during the period 1960–1989 in-
dicating an increase in the number of poor countries. One might conclude that the
main mobility between the two groups consists of countries moving from the rich to
the poor group. However, even when the mixing parameter is rising over time, there
can be switches from poor to rich, when the number of rich countries that become
poor is larger than the number of poor countries that become rich. We start analysing
mobility in wealth by considering the individual switches of countries between the
two groups.
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To analyse the mobility between groups, we need to decide whether a country is
rich or poor. We can do inference about this question based on the ex-post condi-
tional probability that an observation is generated by one of the components of the
mixture, see (5.4). We declare a country poor, if the ex-post conditional probability
that a country belongs to the first component of the mixture is larger than 50%, i.e.
Pr[si = 1 | yi; θ̂1, θ̂2, λ̂ ] > 0.5, otherwise the country is labelled as rich. Note that
this means that a rich country can become poor even if the level of real GDP per
capita of this country does not change or even increases. Such a situation can for
instance arise when the other rich and the poor countries grow faster than this coun-
try. In summary, switching from rich to poor depends on the relative movement of a
country in the distribution with respect to the other countries.

Table 5.4 displays the number of countries that belong to each group based on the
ex-post conditional probability. We see that the number of poor countries has risen
from 87 in first subperiod to 100 in the last subperiod. The movements from the poor
group to the rich group can be summarised as follows. After the first subperiod only
Hong Kong moves from the poor group to the rich group and stays in the rich group
for two subperiods. However, after 1974 Hong Kong moves back to the rich group.
Furthermore, Barbados moves from the poor to the rich group after the second sub-
period and stays in the rich group for only one subperiod. The number of movements
from the rich group to the poor group is much larger. Especially after the subperiod
1970–1974 many countries have moved from the rich to the poor group including
Argentina, Puerto Rico, Iran and Israel, Spain and Ireland. These countries were not
able to catch-up with the very rich countries. After 1979 only Venezuela, Trinidad
and Saudi Arabia have moved from the rich group to the poor group. Before 1970,
Martinique, Barbados, Mexico and Chile have moved from rich to the poor group.
There are 19 countries that are rich in every period, i.e. Canada, the USA, Japan,
Australia, New Zealand, Iceland, Switzerland, Sweden and all countries of the Eu-
ropean Union except for Greece, Ireland, Portugal and Spain. There are 86 countries
including most of the African and Asian countries that are poor in every period.

The same analysis can be performed using the estimation results in each year.
Figure 5.6 shows the number of rich and poor countries in each year based on the
ex-post probabilities of the estimated mixtures. In the period 1960–1973 the number
of poor countries drops from 88 to 83. After 1975 we see an increase in the number

Table 5.4: The number of rich and poor countries in each subperiod based on ex-post probabilities1.

subperiod 60–64 65–69 70–74 75–79 80–84 85–89

# poor 87 (→ 86) 90 (→ 89) 90 (→ 90) 98 (→ 97) 98 (→ 98) 100
# rich 33 (→ 29) 30 (→ 29) 30 (→ 22) 22 (→ 21) 22 (→ 20) 20

1 In parentheses the number of countries that are in the same group the following period.
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of poor countries resulting in 99 poor and 21 rich countries in the final year of our
sample. The majority of the switches is from the rich to the poor group.

Fig. 5.6: Number of rich and poor countries in each year based on ex-post probabilities.

To investigate the intra-distribution movements of countries we follow the strat-
egy proposed by Quah (1993a). He analyses the intra-distribution dynamics of real
GDP per worker over time by a so called fractile Markov Chain. Formally, let Ft
denote the distribution of real GDP per worker at time t and suppose that the distri-
bution at time t +1 can be written as

Ft+1 = MFt , (5.8)

where M is an operator which maps the distribution F at time t into the distribution
at time t + 1. Iteration of (5.8) gives a prediction for future distributions of the ex-
post probabilities

Ft+k = M...M︸ ︷︷ ︸
k

Ft = MkFt . (5.9)

Quah (1993a) approximates the operator M by an transition matrix by discretis-
ing the distribution Ft into intervals. Then M becomes a transition matrix of a
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Markov chain. The ergodic probabilities of the Markov chain give insight in the
limiting distribution over the states16. The transition matrix M is estimated by aver-
aging the total number of switches between the predefined intervals on F . A more
technical description of analysing mobility using Markov chains can be found in
Shorrocks (1978) and Geweke, Marshall and Zarkin (1986).

In this paper we use the simple framework of Quah (1993a) to analyse the move-
ments of countries between rich and poor. For the distribution Ft we choose the
cross-section distribution of the ex-post probabilities of being poor in year t (Since
the ex-post probability of being poor is equal to one minus the ex-post probability of
being rich, we can limit ourselves to analysing the first probabilities.). To estimate
the M matrix we divide the the cross-section distribution of ex-post probabilities of
being poor at time t, Ft into equally-sized intervals, which is in the line of Quah
(1993b). The [0,1] interval on which Ft is defined, is divided into 2, 3 and 4 equally-
sized intervals. In the case of 2 equally-sized intervals, we consider movements from
the rich to the poor group and vice versa. The division into 3 intervals is useful to
analyse whether countries who initially belong to a “middle” group can catch up
with the rich countries or fall behind. Movements within the rich and the poor group
can be analysed if we use 4 subdivision. The transition matrix M is estimated by
averaging the total number of switching between the states over 30 years.

Table 5.5 shows the estimated values of M for the three proposed subdivisions.
The transition matrix of the 2-state Markov process shows that the probability of
staying poor is larger than the probability of staying rich. The ergodic probabili-
ties of being poor is 0.83, which matches the estimates of the mixing proportions
in the last years of our sample period. The transition matrix of the 3-state Markov
chain shows the probability of moving from the middle group to the poor group is
larger than vice versa, which indicates that the probability of catching up is smaller
than the probability of falling behind. The ergodic probability of being in the middle
group shows that the middle group is vanishing. This matches our earlier findings on
the divergence of the levels of the means of the poor and the rich group in section 4
and corresponds with the stylized facts, discussed in section 2. We note that the in-
consistency in the ergodic probabilities (0.83 for 2-state, 0.86 for 3-state) is due to
the relatively small sample size. The transition matrix of the 4-state Markov process
show that if a country is very poor there is almost no chance of becoming rich any-
more. The probability to catch up is larger for countries who are in the middle rich
group than for countries in the middle poor group. The diagonal elements of the
transition matrices are always larger than 0.5, except for the state enabled middle
rich in the 4-state Markov process. Further, only sub- and superdiagonal elements
differ substantially from zero except for the transition from middle rich to rich, indi-
cating that there are almost no major movements in relative wealth. This implies that
the rate at which convergence proceeds, is not large enough for the poorest countries
to escape from a poverty trap. Similar findings are reported in Quah (1993a,b).

16 As Quah (1993b) indicates, this framework is much too simple for forecasting. The limiting
distribution should be interpreted as an indication for the long-run tendencies in the data rather
than a forecast.
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There is no need that the transition matrix M is time invariant or that the law of
motion for Ft is first order. The former statement is not straightforward to analyse
in the present framework. The latter however, can be analysed by considering, for
instance, second and higher order Markov chains and compare the estimates of the
second order transition matrix with estimates of M from table 5.5 to the power two or
to compare the ergodic probabilities. In table 5.6 we show the ergodic probabilities
based on a first, second and a third order Markov process. We see that if we increase
the order of the chain the ergodic probability of being poor increases. However, the
conclusions about the long-run tendencies in the data stay the same.

In this section we have analysed the mobility in wealth using the outcomes of the
estimated mixtures of a Weibull and a truncated normal density. The main mobility

Table 5.5: Intra-distribution movements in real GDP per capita analysed using a first order Markov
Chain on the ex-post probabilities.

first order Markov process (2-states)

poor rich

poor 0.99 0.05
rich 0.01 0.95

ergodic1 0.83 0.17

first order Markov process (3-states)

poor middle rich

poor 0.99 0.24 0.01
middle 0.01 0.60 0.03

rich 0.00 0.17 0.96

ergodic1 0.86 0.02 0.12

first order Markov process (4-states)

very poor middle poor middle rich very rich

very poor 0.99 0.24 0.10 0.00
middle poor 0.01 0.52 0.31 0.01
middle rich 0.00 0.22 0.38 0.02
very rich 0.00 0.02 0.21 0.97

ergodic1 0.88 0.02 0.02 0.08

1 Ergodic probabilities of the Markov Chain.
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Table 5.6: Ergodic probabilities of a first, second and a third order Markov process with 2, 3 and 4
states, see table 5.5.

order poor rich
1 0.83 0.17

2 subdivisions 2 0.87 0.13
3 0.89 0.11

order poor middle rich
1 0.86 0.02 0.12

3 subdivisions 2 0.90 0.02 0.08
3 0.92 0.02 0.06

order very poor middle poor middle rich very rich
1 0.88 0.02 0.02 0.08

4 subdivisions 2 0.93 0.01 0.01 0.05
3 0.94 0.01 0.01 0.04

we have detected is movements of countries from the rich group to the poor group,
which have caused the increase in the number of poor countries. The middle group
has vanished into the poor group because of the inability of poor countries to catch
up with the rich countries. The main results stay the same if we use a Gamma instead
of a Weibull distribution to describe the distribution of the poor countries. If we
however take a mixture of two truncated normal distributions, we observe a bit more
mobility in the beginning of the sample, but after 1975 the results are the same.

6 Conclusion

In this paper we have analysed the distribution of real GDP per capita over 120
countries during the period 1960–1989. The cross-section distribution of the real
per capita GDP turns out to be bimodal, displaying a relative large group of poor
countries and a small group of rich countries. The analysis is split up in two parts.
In the first part we describe the bimodal distributions in each year by a mixture of
a Weibull and a truncated normal density and analyse the mixing proportions, the
means and variances of the components of the mixture. In the second part we use
the estimated mixture distributions for analysing intra-distribution mobility.

The analysis of the cross section distributions shows that the means of the real
GDP per capita of the poor and the rich group are diverging, resulting in an increas-
ing gap between the poor and the rich group in terms of levels. However, there is
indication of convergence in growth rates between the two groups. The analysis of
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the mixing proportions shows a large increase in the number of poor countries in the
middle of the seventies, which results in an increase in the spread of wealth within
the poor group and a decline in the spread of wealth within the rich group. The anal-
ysis of the mobility of wealth shows that the main mobility is from rich to poor and
the “middle” group between poor and rich disappears. The probability to catch up
for the poor countries is smaller than the probability of falling behind. The rate at
which convergence proceeds, is not large enough for the poorest countries to escape
from a poverty trap.

The results have to be interpreted with care and further research is needed. Spe-
cific further research topics are to consider conditioning variables and to link up
with endogenous growth models.
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