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Finally the author wishes to thank R.G. van der Land, D. J. Griffiths and 

J. L Grashuis for correcting the manuscript and M.G. van Kruining for typing it 

in its final form. 
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J. Introducti on 

A. Urology and Urodynamics 

Urology is that branch of medicine which is concerned with the treatment of 

diseases of the urinary tract in men and women and of the reproductive tract in 

men (Rous, 1973). It will be clear that in urology, physical properties as flow, 

pressure, volume, and their relations are very important. A more or less separate 

discipline has therefore arisen which is called "urodynamics". Urodynamics 

concerns the knowledge gathered by the study of the physical events during 

transport of urine from the kidneys to the outside world. A description of 

urodynamical research is given by Melchior (1975). From the description it can 

be seen that urodynamics is a research field which demands interdisciplinary 

teamwork. Therefore, and since the actual structure of the urinary system is very 

complicated like that of all physiological systems, it is a very suitable field for a 

systems approach. The first aim in such an approach must be to describe 

quantitatively and in physical terms the properties of the urinary tract or parts of 

it. This thesis reports the results of such an approach to the passive properties of 

the urinary bladder in the collection phase. 
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B. Anatomy and physiology of the urinary tract 

The urinary tract consi sts of the kidneys, the ureters, the urinary bladder, and the 

urethra. The kidneys produce a continuous flow of urine, which passes down two 

narrow tubes, the ureters, into the bladder. The flow in the ureter however, is not 

a continuous one but rather a bolus flow, encouraged by peristaltic contractions of 

the ureteric wa II. The urine is collected in the urinary bladder and wi II be 

expe lied after some ti me, via the urethra. The ureters enter, and the urethra 

leaves the urinary bladder in the distal part (in the part which is directed away 

from the head), a triangular structure which is called the trigonum. In the 

junction of the ureters with the bladder a sort of valve mechanism exists, which 

under norma I conditions prevents the urine from flowing back into the ureters. 

Evacuation of the bladder is realized by the contraction of the muscle in the wall, 

the detrusor muscle. The urethra contains two closure mechanisms. One in the 

region of the outlet of the bladder and the first part of the urethra, and one more 

distal in the urethra. The muscu lature in the ureteri c wa II, the bladder and the 

proximal urethra are of the smooth type of muscle, which implies that they are 

beyond direct voluntary control. The distal closure mechanism consists of striated 

muscle and can be voluntari Iy controlled. Apart from musc Ie tissue, the wa II of 

the urinary bladder, ureters and urethra a Iso contain two other types of tissue, 

collagen and elastine (Remington, 1957). The way in which these tissues are 

interconnected is not yet known. In the working cycle of the urinary bladder, two 

phases can be distinguished: the collection phase in which the urine produced by 

the kidneys is collected in the urinary bladder, and the evacuation phase in which 

the collected urine is expelled via the urethra. Functionally coupled to these 

phases are two different types of properties of the urinary bladder, passive and 

active properties. Under passive properties we shall denote those properties which 

do not involve energy producti on, whi Ie active properties do. Once it was 

be I ieved that the behaviour of the bladder in the collection phase depended upon 

active mechanisms only (Lippold and Winton, 1968). It is however now generally 

accepted that in this phase passive properties dominate (Hinman and Mi Iler, 1964), 
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although active phenomena such as spontaneous contractions can be observed, and 

it might well be that active properties contribute to a behaviour, which is taken 

to be pure Iy passive. In the evacuation phase, active properties play the most 

important role, although passive properties also have an influence. A survey of 

the physiology of the urinary system can be found in Coolsaet (1976), and Ruch 

and Patton (1966). 
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c. Purpose and justification of the investigation 

The purpose of this investigation is to describe quantitatively, in physical terms, 

the passive properties of the urinary bladder in the collection phase. 

Although the justification of such an investigation cannot be seen within the scope 

of the investigation itse If and therefore shou Id not be discussed here, some 

introductory remarks are made. 

Since Mosso and Pellacani (1882) the functioning of the urinary bladder has been 

tested clinically by way of a method called "cystometry". Nowadays mostly a 

double lumen catheter (a catheter with two channels) is introduced into the 

bladder via the urethra or by means of puncture of the bladder through the 

abdominal wall (Nystrom et ai, 1973). Via one channel the bladder is filled 

slowly with a physiological solution or air (Bradley et ai, 1968), using an infusion 

pump or the passive infusion from a bottle. The other channel is attached to a 

pressure measuring device. The inflow of fluid may be constant or intermittent, 

and a plot is made of pressure versus volume. An example of such a plot, Fig. 1, is 

derived from Simeone and Lampson (1937). It is clear, that the behaviour of the 

15 

14 

13 

12 FIG I A NORMAL CYSTOMETROGRAM 

r- FIRST FEElIUO or rULLNESS 
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Fig. - Normal cystometrogram from Simeone and Lampson (1937) 
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bladder in the collection phase is main Iy tested in this way, though some 

indication about active properties, which dominate the evacuation phase, can be 

obtained from contractions observed as sudden pressure-rises in the curve. 

There has been a great dea I of specu lation about the origin of the long flat 

portion of the cystometrogram, which enables the bladder to store a large amount 

of urine with only a small increase in pressure. By some authors this typical 

behaviour is ascribed to an active adaptation mechanism (Ausems, 1957). Others 

have shown that the shape of this part of the curve may be explained by purely 

passive mechanisms (Coolsaet et ai, 1975; Langley and Whiteside, 1951). Through 

the years cystometry curves have turned out to be inconsistent, irreproducible and 

incomparable. In order to understand this it should be noted that the method used 

implies the assumption that the pressure-volume relationship is static, i.e. thatonly 

one pressure corresponds to one volume and that the "history" of the bladder has 

no influence. 

Alexander (1971) however, showed that the pressure-volume relationship shows 

hysteresis, which implies a time dependent behaviour. This time dependency puts 

restrictions on the input flow rate, in order to be able to interprete the results of 

pressure-volume relationship studies as "static" (Coolsaet et ai, 1973). 

What has to be investigated is whether the behaviour of the urinary bladder can 

be described as being static or not under physiological conditions. Another thing 

is, that in clinical cystometry pressure is related to volume without taking into 

account that bladders with different unstrained (or initial) volumes are strained 

to a different leve I by fi /ling both with the same volume. In the light of these 

facts more profound research is necessary. The present study, in which passive 

properties of the urinary bladder in the collection phase were investigated is a 

first effort in this direction. A large part of our work necessarily concerns the 

time dependency of the pressure-volume relationship because the supposed 

non-existance or non-importance of fhis dependency is the base on which clinical 

cystometry has been built. 
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D. Functional approach to the urinary bladder 

In this work we shall use the black-box concept, i.e. we are not interested in how 

the urinary bladder is really constructed but only in how its behav,iour can be 

described. This means that when we want to deve lop a detai led system flow chart 

later on in this paragraph, the different blocks in this system represent causal 

input-output re lations which are not necessari Iy re lated to different parts of the 

bladder. 

In approaching the urinary bladder in the collection phase from this point of view 

we first have to decide which variables are to be measured and/or controlled. 

Obvious choices are the pressure p in the bladder in relation to barometric 

pressure and the volume V of fluid in the bladder. It wi II be shown that in order 

to describe the behaviour of the bladder, other quantities are also necessary, such 

as variables which describe the shape of the bladder, the wall thickness and so on. 

These variables however, cannot be controlled externally. Depending on the 

geometry model, the variables which define the specific geometry of a certain 

bladder might be combined in such a way that they can be taken to be constants. 

For instance, if the bladder is considered as a thick walled sphere it can be fully 

described in terms of pressure p, volume V and wall thickness d during the 

collection phase. As it is very likely that the wall thickness d decreases when the 

bladder is fj lied, each of the three parameters has to be controlled or measured. 

If on the other hand the volume V
t 

of the tissue of the wall (see chapter IV) is 

taken into consideration instead of wall thickness, only pressure and volume 

remain, because V
t 

may be assumed to be a constant for a given bladder. In that 

case the b ladder in the collection phase can be defined in terms of a pressure

volume relationship. This relationship depends on the tissue volume Vf 
Differences between bladders may be corrected for differences in V

t
, which, 

mathematically, is on Iy of minor importance. 

Nex-t we have to decide whether to control volume and measure pressure, or vice 

versa. Though from a theoretical point of view the choice is rather arbitrary, 

control of the volume and measuring the pressure is the most logical approach as 
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in physiological conditions volume is the cause of pressure and not the other way 

around. Figure 2 characterizes this situation. 

v ..... 

Fig. 2 - System flow chart of the urinary bladder in the collection phase 

In order to simplify the approach it is usefu I at this point to phi losophize about 

how the bladder actually "transforms" a volume signal into a pressure signal and 

to base a more detai led scheme on that approach. It is then c lear that the 

interaction of volume and pressure takes place via the bladder wa II. A certain 

volume V of fluid in the bladder, stretches the bladder wall to a certain degree. 

The strain E is defined as: 

p 

E = 
I - I o 
-1

0
- with 10 being the original length (1) 

I be ing the stretched length 

It should be noted that in our analysis we have always assumed that I > 1
0
• 

The peculiar things which happen when the bladder wall slackens are very 

difficult to describe. The straining of the wall causes a stress a in the wall and 

this stress interacts with the geometry of the bladder to determine a pressure. This 

set of causal relations is illustrated in Fig. 3. Here, the block which gives the 

urinary bladder its specific properties is the "wall" block. The other two blocks 
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() 

, 

( (J 

geometry ... wall geometry 

Fig. 3 - More detai led system flow chart of the urinary bladder 

in the collection phase 

can also be found, for instance, in system flow charts describing the behaviour of 

rubber balloons. We shall investigate the functions of the blocks separately. The 

two "geometry" blocks are treated in chapter IV. The "wall" block is split up 

into two sub-blocks. It will be shown, that bladder wall tissue is a non-linear 

visco-elastic material, which means that the output signal of the wall block 

depends 011 time as well as on strain or length (Jamison et ai, 1968). These two 

dependencies are investigated separate Iy in chapters II and III. Since at this 

point we do not know yet how time and length dependency are interrelated, we 

shall not introduce different blocks for these two dependencies in our system flow 

chart. Finally, in chapter V, the properties of all blocks will be combined in order 

to try to design a complete model of the urinary bladder in the collection phase. 

In all chapters experimental material concerning the specific causal relation 

described wi II be presented. Concern ing the necessary experiments the following 

classifications can be made: 

1. Experiments can be done on a living animal or man (in vivo), or with excised 

material (in vitro). 

2. Experiments can be done on the total bladder (in toto), or on a strip of bladder 

wall (strip). 

-'" 
p ... 
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All experiments in chapter" and I" are in vitro/strip experiments, whi Ie the 

experiments in chapter Vare in vivo/in toto. The experiments of chapter IV are 

classified as in vitro/in toto, although these are not performed on biological 

material but on rubber balloons. Advantages of the various experimental methods 

wi II be given in the various chapters. Finally, all experiments were performed 

with material from pigs and dogs. According to Douglas (1972) the physiology of 

pigs shows a great deal of interesting simi larities to that of humans. Dogs were 

used because their urinary bladder shows less spontaneous activity. From both 

types of animals sufficient data have been obtained in order that a comparison 

can be made. 
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Time dependent behaviour of the bladder wall 

A. Theory 

1. Introduction 

The time dependent behaviour of the urinary bladder wall can be investigated by 

experimenting on isolated strips of bladder wall. This method has many advantages 

compared with measuring in vivo or in toto: 

1. The geometry of a strip is easier to describe than the geometry of the tota I 

bladder. This means that less confusing effects caused by the geometry are 

added to the response. 

2. Signals measured on strips are less contaminated with noise, for instance due to 

respiration, blood circulation, etc. 

3. In vitro, it is easier to influence (for instance: eliminate) "active properties" 

of the tissue by the use of drugs. 

4. Experiments on strips can be performed using waste material from other 

experiments or material from animals ki lied for consumption. 

5. Measuring equipment can be made much simpler. 

Arguments 2, 3 and 4 would also apply to in vitro/in toto experiments, arguments 

1 and 5 would not. When measuring on strips of bladder wall, strain can be applied 

directly by stretching the strip, whereas the deve loped stress can be measured as 

force. The relationship between stress and force will be described in IIA3. 

At this point we wi II discuss one of the reasons for separating the time and length 

dependency of the stress-strain relationship of the bladder wall. The relationship 

wi II be shown to be non-linear. In Fig. 1 it can be seen that the overa II "static II 

behaviour of the urinary bladder in the collection phase is non-linear, but this 

non-linearity might of course have its origin only in the geometry blocks (in fact 

the first geometry block, which "translates" volume into strain is indeed non

linear, see chapter IV). On the other hand the wa II block itse If, which represents 

the behaviour of the urinary bladder wall, must be considered to be non-linear 

like all other bi ologi ca I materia Is (Ray, 1974). However, depending on the type of 
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non-linearity (see HIA) it might be possible that the system can be linearized when 

measuring at only one fixed strain level. This would enable us to apply linear 

systems theory to the time dependent behaviour. Two strain signals are avai lable 

which involve only one (or nearly one) strain level: 

1. stepwise straining 

2. infinite Iy small sinusoida I straining superimposed on a fixed strain leve I 

Stepwise straining appears to be the most promising because the input signal 

contains all frequencies and especially the high frequencies, which are very 

relevant because the time dependent properties of the system under investigation 

show a high pass characteristic, with a high amplitude. This implies that time or 

frequency dependencies can be determined by one measurement only. We therefore 

used the stepwise straining method. The method using sinusoidal straining requires 

a scanning of the relevant frequency range and is therefore much more time

consuming. This method however is mathematically much more attractive. It is 

labeled "alternative" and treated in liE. 

2. Visco-elasticity 

When stress is applied to material it wi II exhibit e lastic and/or viscous properties. 

Elastic materia I wi II reach a deformation, or strain that remains constant as long 

as the stress is constant. The str~in wi II disappear completely when the stress is 

removed. Viscous material wi II reach a constant deformation ve locity under 

constant stress and when stress is no longer applied the deformation wi II remain 

constant. IVIaterial is said to be linear elastic or viscous when a linear relationship 

between stress and strain or strain velocity exists. 

The urinary bladder wall has elastic as well as viscous properties (Hill, 1926; 

Axelsson, 1970; Alexander, 1971; Apter et ai, 1972). Assume a constructi on of one 

discrete linear elastic element, represented mechani ca Ily by a spring, and one 

discrete viscous element, represented by a dashpot. These two elements can be 

combined in paralle I (Fig. 4) or in series (Fig. 5). 

The parallel model cannot be used as a model for the behaviour of the urinary 
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Fig. 4 - Para lie I combination of one elastic and one viscous element 

1t 
Fig. 5 - Series combination of one elastic and one viscous element 
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bladder wall, since it does not permit stepwise straining (the dashpot would 

generate an infinite stress) whi Ie the bladder wa II does (see IIC). The series model 

can be strained stepwise. If we set for the elastic element: 

where 

F = E.E 
S 

F means force 

E means apparent elastic modu Ius of a spring 
s 

and for the viscous element: 

where 

F = 'l'£ 
s 

'l means apparent viscosity modu Ius of a dashpot 
s 

it can be shown (Coolsaet et ai, 1975b) that the response to a unit step strain 

yields: 

F(t} E .e 
s 

E 

E 
_.2. t 

'ls 

Usually we call .2. the relaxation constant y. If the amplitude of the stepwise 
'ls 

straining does not equal one, formula 4 should be multiplied by the strain 

amplitude lEI. If we call E .IEI the coefficient a, we obtain: 
s 

F(t) = ae -yt 

If we assume that the spring can be not only stretched but also compressed in a 

consistent way it is clear that the response to a negative step should also be 

exponential. In practice however it is not possible to stimulate a strip of bladder 

wa" with negative steps. The distance between the ends of the strip can be 

decreased mechanically but this only causes the wall to wrinkle. In practice we 

always apply positive strain, compare ID. 

(2) 

(3) 

(4) 

(5) 

When we try to describe the step response of a strip of bladder wall using equation 

(5) we shall find that one exponential term does not fit the measured curves 

adequately. The mechanical model can be expanded with extra series combinations 
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of viscous and elastic elements in para lie I (Christensen, 1971). Furthermore it wi II 

be necessary to add a non-decaying component by adding a sole spring in parallel. 

The force deve loped on a step strain can then be described as: 

F(t) 
k 

L: 
n = 1 

- Y t 
a.e n + n aO 

where k is the number of exponential terms. 

As will be shown (11(1) we will generally use a model generating three 

exponential terms and a constant as presented in Fig. 6. 

1) 3 . 

Fig. 6 - Mechanical mode I generating three exponential terms and a 

constant on a un it step strain 

(6) 
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3. Geometry of a strip of bladder wa II 

Measuring the step response of a strip of bladder wa II, and fitting the resu Its with 

a sum of a number of exponentia I terms plus a constant, we obtain the coefficients 

a and relaxation constants y as parameters. We want to relate these parameters 
n n 

to elastic and viscosity moduli of the bladder wall. Since in the bladder wall no 

discrete elastic and viscous elements are present but continuously distributed 

elastic and viscous properties the fundamental relations (2) and (3) should yield 

stress instead of force, so: 

where 

a = E.E 
n n 

. d th. d h b" a IS stress ue to n sprmg- as pot com matlon 
n • • . th. 

E IS elastic modu Ius of n spring 
n 

The coefficients have the dimension of force, which can be related to stress as 

follows: 
a = a.S 

n n 
where S is cross-sectional area 

From (7) and (8) we obtain: 

E 
n 

a 
n 

E:S 

(7) 

(8) 

(9) 

The cross-sectional area S cannot be considered as a constant and is very hard to 

determine in practice. Therefore, we introduce the volume of the tissue of the 

wall V
t
: 

I.S (10) 

where I is length of the strip 

From (9) and (1'0) we obtain: 

a I 
n 

EV
t 

E 
n 

(11 ) 

and from equations (4) and (5): 

E 
n (12) 
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A crucial assumption is the constancy of the tissue volume so that it does not vary 

with strain. This can be formulated alternatively by saying that Poisson's ratio 

equals 0.5. This is a very common starting point in literature concerning the 

mechan ica I properties of rubber (King, 1946; King and Lawton, 1950; Frank, 1906). 

Rose et al (1973) use the same assumption for the ureteric wall (smooth muscle) and 

Harding (1952) and Goedhard (1971) for blood vesse Is, whi Ie King and Lawton 

(1971) state that soft body tissues behave I ike rubber. Anyway the assumption that 

tissue volume is constant seems to be more acceptable than assuming the cross

sectional area to be constant. 

Now, using equati ons (11) and (12), and a procedure for fitting a sum of 

exponentials and constant to some signa I, which wi II be described in IIB2, we 

obtain from our step response measurements elastic and viscosity moduli as 

fundamental parameters describing the properties of the wall. Although it is 

possible to describe the bladder wall in these terms, there are two reasons for a 

different approach: 

1. By calculating viscosity moduli the variances of coefficients and 

relaxation constants are added, which yields standard deviations which are 

too large. 

2. The relaxation constants turn out to be independent of strain, while elastic and 

viscosity moduli are not, see IIC2. This makes it possible to use separate 

parameters for describing time and length dependent properties. 

For these reasons we sha II describe the properties of the bladder wa" in terms of 

elastic moduli and relaxation constants. In this chapter only the relaxation 

constants are relevant because these describe the fundamental time dependency 

of the stress-strain relationship. 

4. Determination of tissue volume 

In order to be able to calculate elastic moduli it is necessary to determine the 

tissue volume Vf Since the density of the tissue is greater than the density of 

water, Vt can be determined accurately from the difference between the weight of 
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the strip of bladder wall in air and in water. When the strip is weighed in air (by 

using the force transducer and matching apparature described in liB 1) we obtain: 

Fa = Vt (pt - Pa)·g 

F is weight in air 
a 

where 

P
t 

is density of tissue 

P is density of air 
a 

g is acceleration due to gravity 

When the strip is submerged in desti lied water we obtain: 

where 

F = V (p - P ).g 
w t t w 

F is weight in water 
w 

p is density of water 
w 

Combining (13) and (14) we obtain: 

F - F 
V = a w 

t g (p - p ) w a 

(13) 

(14) 

(15) 

Since P is small in relation to P (1: 1000) it can be ignored in (15) yielding: 
a w 

F - F 
a w 

(16) 
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B. Methods 

1. Set-up of the experimenta I equipment 

A block diagram of the set-up is represented in Fig. 7. A strip of about lOx 20 mm 

strain 

Strip 
force 

-+-- -"" 

transducer 
gauge interface ----+ Computer 

or punch 
.to. 
I 

amplifier 

delay 
L __ valve - - - time 

control 
generator 

stri p-cha rt 

channel 2 recorder channell 

Fig. 7 - Block diagram of set-up of experimental equipment 

is cut from the front wa" in dogs or from the back wall in pigs of the urinary 

b ladder. In the case of the pig bladders the back wa I j was used because the front 

wa II showed an irregu larity in the form of a ridge. Two clamps with penetrating 

pins constructed for this purpose are attached to ends of the strip. The upper clamp 

is connected to a Grass FT.03 force transducer (fu" range 1 0 Newton). The lower 

clamp is moved by means of a pneumatic cylinder. Initial length and the change 

in length are adjustable by means of microscrews (0 - 50 mm) with an accuracy of 

0.1 mm. The strips are submerged in a physiological solution which is constantly 

perfused, aerated with 95% 02 and 5% CO
2 

and kept at 37
o

C. The signal from 

the force transducer is transmitted to a sampling interface via a standard strain 

gauge amplifier. The interface samples at a rate of 1 sample per second. In the 

first series of experiments the samples were then digitized and punched on 

papertape. The papertape was later converted into punch cards and these were fed 
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into an IBM 360/65. In later experiments the digitized samples were read directly 

into a Texas Instruments 980B mini-computer. The pneumatic cylinder is controlled 

by an electronic device called II Va Ive control ". This unit is activated via a 

time delay generator by pu Ises generated by the interface at the sample rate. The 

importance of this triggering is to create a de lay time that is fixed between the 

step-strain and the first sample (see IIB2). When the button "strain" on the valve 

control is pushed it only actually opens the pneumatic valve at the moment of the 

trigger pulse. The delay time generator delays the trigger pulses for 800 ms. This 

means that the first sample is taken 200 ms after the straining of the strip. This 

setting was experimentally obtained, see IIC3. Va Ive voltage and the measured 

force are recorded on a dua I strip-chart recorder. The speed of the pneumatic 

cylinder wi II be discussed in IIC3. 

The following physiological solutions were used (see Coolsaet, 1976): 

1. The standard solution (called: natural) is a modified Krebs solution with the 

following composition in millimoles per liter: Na+137.0; K+5.9; Ca
2
+2.5; 

~ - - - Q 
Mg 1.2; CI 134.0; HC0

3 
15.5; H

2
P0

4 
1.2; glucose 11.5 (see Aberg and 

Axe I sson, 1965). 

2. A solution which shou Id reduce the influence of the active properties of the 

tissue (ca lied EGT A). The compositi on is the same as the solution under 1, 

however with addition of 0.5% EGT A and omission of calcium. EGTA 

"catches" the calcium which might still be present in the strip. In a 

ca lcium-free surrounding the contracti Ie elements, whatever these are, shou Id 

not be able to cause a contraction (BUlbring, 1970). The same resu It was 

aimed at using a D600 addition when measuring dog bladder strips (Mayer et ai, 

1972). 

3. According t~ Axelsson (1970) it cannot be excluded that the cell membrane in 

a calcium-free EGTA solution is still depolarized by straining. By substitution 
+ + 

of Na by K (148.1 mmol/liter), the membrane can be depolarized and can 

thus be checked to see whether this makes any difference. This solution is 
+ 

called "extra K ". 
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4. In order to simulate "dead" tissue, glucose can be replaced by a dummy, in this 

case sorbitol (11.5 mmol/liter). The oxygen then has to be substituted by 

nitrogen. This group is called "sorbitol". 

In all cases the time elapsed between the death of the animal and start of the 

experiments was about one hour. The strip was then submerged in the solution and 

allowed to "rest" for half an hour. Determination of the original length 10' which 

was rather difficu It to do (see chapter III) was accompl ished by a lIowing the 

strip to stretch under the weight of the lo~er clamp (mass: 13 g) for about one 

second. Then the measurement cycle was started, which consisted of straining 

during 1000 seconds (so 1000 samples were taken) and a rest of 20 minutes. About 

ten measurements were taken from each strip. The applied strain level was 0.30. 

The ti ssue volume was determined according to the method described in IIA4, 

before the measurements. It was necessary to determine the absolute amplification 

factor of the entire measurement chain, which yie Ids: 0.001055 N/ m V. The 

digitizer is a Be D type one, the least significant digit represents mi lIivolts, the 

fu II range is 1000 m V, which corresponds approximate Iy to 1 Newton. 

At the strain gauge meter the ampl ification factor can be changed from 1.0 to 

3.33 or 10.0 which yields a full range of 10 N. 

2. Separation of multi-exponential signals 

a. Statement of the problem 

From our experiments, we obtain a set of experimental points (x., y.) 
I I 

representing force as a function of time. From this data-set we want to 

obtain the parameters (a , y ). Using a least squares criterion the problem 
n n 

can be stated as follows: find the parameters (a , y ) such that: 
n n 

N k 
I:(I: 
i = 1 n = 1 

- (y x.) 
n I 

a e 
n 

+ minimum (17) 

Because of the exponential terms, the equations to be solved in deriving the 

parameters (Gauss equations) are non-linear. Now it is generally 
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acknowledged that the solution of these equations is an awkward problem 

and that in practice it might even lead to a non-unique set of parameters 

(a , y ) (Lanczos, 1956). It is clear, on the other hand, that the 
n n 

lIawkwardness ll of the problem must be dependent on the properties of the 

set of experimental points (x., y.), since e.g. the separation of two 
I I 

exponentials with relaxation constants Yl = 1; Y2 = 1000 should be a very 

simple matter. In this example the two exponential terms can almost be 

measured independently, one in the range from x = 0 to x = 0.01 (where 

the IIfaster" exponentia I is practi ca Ily zero) and one in the range from 

x = 0.01 (where the slower exponentia I has in practi ce not yet shown any 

change) to x = 10. Thus the decision as to whether separation into the 

desired number of exponential terms is possible must be made on the merits 

of each individual case, for each set of experimental points (x., y.) (or any 
I I 

similar set of data pa irs). 

b. Constant step approxi mation 

Since the desired computer program had to be run on a mini-computer it 

had to be relatively short. Now we have already mentioned in IIB2a that 

the equations to be solved in order to determine the parameters are non

linear. They are however ~ non-linear in the exponents y . This means 
n 

that if these exponents are fixed, the optimum coefficients a can be 
n 

obtained by simple matrix inversion, using the classical least squares 

method. We can therefore use an iterative method for the exponents on Iy. 

The simplest method would be to perform iterative steps in the (exponent) 

parameter space, calcu late the optimum coefficients and constant for each 

point, determine the sum of least squares and then choose the point with 

the lowest sum of least squares. Apart from its simplicity, this method has 

the advantage of giving a c lear insight in the form of the min imum, thus 

supplying the user with an impression of the possibi lity of separation into 

exponentials. Of course it is impossible in practice to investigate the entire 
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parameter space, simply because it contains an infinite number of points. 

Therefore we need an initial estimate of the exponents. As the use of a 

certain sampling rate and number of experimental points (x., y.) also implies 
I I 

a foreknowledge of the order of magnitude of the exponents (time constants), 

this is not a real limitation. The search can then be confined to evaluating 

a series of points in the vincinity of the initial estimate. Depending on the 

results, the "search area" can be displaced and the procedure repeated 

until a minimum is reached. It is clear that there will be an uncertainty in 

the parameters depending on the distance between the points investigated. 

This uncertainty is exactly defined and must be chosen on the basis of the 

accuracy required and the time avai lab Ie. 

c. Operationa I interpretati on 

The procedure is very simple: Starting with the initial estimates of the 

exponents y , take steps in a number of directions, calculate for each step 
n 

the corresponding coefficients, constant and sum of least squares and 

choose the best direction. The procedure is then repeated. One problem is, 

how many and which directions should be attempted. The minimum number 

is 2k, where k is the number of exponential terms. In this case one 

exponent is varied one step forward and one step backward f whi Ie the 

others are fixed. The search in the parameter space thus on Iy takes place 

in the axial directions. It turned out that with our data the minimum could 

always be found in this way. In other applications it may be necessary to 

increase the number of directions by varying more exponents at a time. To 

accelerate the search procedure, the search is started with relatively large 

steps, which are halved every time the sum of least squares increases, unti I 

the defined minimum step is reached. 

The rules for this procedure are contained in what we call "algorithm A". 

Although this algorithm gives a clear insight into the shape of the minimum, 

it is not very economical because it involves some unnecessary steps. One of 
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these is the step in the direction we just came from. Furthermore, if a lower 

sum of least squares can be obtained by increasing a particular exponent, 

there is then no need to investigate the decrease step because if this step 

were also to yield a lower sum of least squares (which implies that we are 

on a hill, with a minimum on both sides), there would be no way to tell 

which minimum is "better" or which is lithe correct one". We might as well 

choose one at random by omitting the other step if a decrease is found in 

one direction. In practice the "hi II situation" has never occured in our 

data during work with algorithm A. Fina lIy a Igorithm A a Iso investigates 

the central point from which we make the steps. As this point was chosen 

as the best step in the previous iteration, the results for it are already 

known. 

These three refinements, which almost halved the CPU time, are realized 

in algorithm B. Another approach which could be useful, especially when 

the initial estimates are far from the minimum, is laid down in algorithm C. 

Th i s performs the same steps as a Igori thm Bf except that when after one 

complete iteration the best direction has been decided on, it goes on with 

the same step size in this direction unti I the sum of least squares 

again begins to rise. 

All the directions are then again investigated. This is repeated as many 

times as are necessary. Comparing the three a Igorithms from a theoretical 

point of view, we may state that A gives the clearest insight into the shape 

of the minimum, and is also the simplest, B works more or less the same as 

A and is about twice as fast but gives a less clear impression of the form of 

the minimum whereas C is faster than B when the initial estimates are very 

bad, but slower (because at least one extra step is tried in each iteration) 

when the initial estimates are good. In our case it turned out that the 

advantages of algorithm C were rarely used. We found therefore algorithm B 

to be the most convenient. For reference purposes we compared our algorithm 

to an algorithm as laid down in CACM 315 (Spath, 1966) which involves 
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a damped Newton-series iteration. The Fortran program consists of a Main 

program (see IIB3) and two subroutines, viz subroutine STEP which performs 

the iterations and subroutine LIN which performs the matrix inversion. 

d. Test set-up 

tri gger 

pulses 

l~ 

In order to test the a Igorithm under circumstances whi ch as close Iy as 

possible approach the real measuring circumstances, a hardware exponential 

generator was bui Id. It cou Id generate a sum of three exponentia I terms 

and a constant, with or without additional white noise. The generator was 

sampled at constant intervals at a rate of 1 sample per second by the 

computer for a peri od of 1000 seconds, and the samples were put in an 

array to be computed by the subroutines STEP and LIN. For economic 

reasons only 400 samples were used in the fitting procedure, viz the 

first 200 samples and 200 equidistant samples chosen from the remainder. 

The trigger pulses for the sampling of the AID converter were fed back to 

the exponential generator in order to trigger the start of the exponential 

signal generation (see Fig. 8). 

white noise 

~ 

mul ti -exponential .. AID converter 
generator sampling unit ~ 

computer 

r 

delay time trigger pulses 

generator 

Fig. 8 - Block diagram of test set-up 
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This permitted investigation of the influence of the position of the first 

sample relative to the top of the signal (which is often random in practical 

measurements). In order to get a good estimate of the "real" values of the 

parameters the three exponential terms cou Id also be generated separately. 

In designing the generator, we chose the relaxation constants from the 

region where the relaxation constants are found in real experiments on the 

strips of bladder wall (see lie). In all cases the initial estimates of 0.40; 

0.040 and 0.0040, were used with the minimum step-sizes 0.01; 0.001 and 

0.0001, and a multiplication factor of 8. The coefficients and constant of 

the model were nearly equal. The amount of white noise added could be 

varied, and the frequency characteristic of the noise was flat, down to the 

frequency corresponding to the fastest relaxation constant. 

In order to save time, "time scaling" was used, i.e. the experiments on the 

model generator were carried out at ten times the usual rate. 

This scaling was of course incorporated in the computing of the results. 

The delay time generator was adjustable between 0.1 and 0.9 .6.t where .6.t 

is the sample time (1 second). Two generated curves one with and one 

without added noise are presented in Figs. 9 and 10 respectively. 

I 200 mY. 

lOs. 

Fig. 9 - Three exponentia I curve generated without noise 
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Fig. 10 - Three exponential curve generated with noise (0 . = 20 mY) 
nOise 

e. Influence of the position of the first sample 

By generating on Iy one exponential term, and varying the de lay time, we 

found that only the fastest exponential yielded a relaxation constant that 

depended on the delay time. The relaxation constant was found to vary 
-1 -1 

between 0.35 sand 0.45 s ,when the delay time varied between 

o. 1 ~t and 0.9 llt (Table I). This dependence can easi Iy be understood if we 

Delay time 
Relaxation Sum of least 

constant (s-l) squares (m V)2 

0.1 lH 0.44 98 
0.2 llt 0.44 16 
0.3 llt 0.45 6 
0.4 llt 0.45 5 
0.5 llt 0.35 1599 
0.6 llt 0.37 967 
0.7 llt 0.39 508 
0.8 llt 0.40 290 
0.9 llt 0.41 251 

Table I 
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note that the signa I generated has a rounded off top. As a consequence of 

the trigger configuration described in IIB2d, the computer has to start 

sampling before the exponential generator starts, therefore some samples 

have to be removed. The actual start of the signal is determined as the 

highest sample in the series. Let us now consider the situation shown in 

Fig. 11. 

measured 
curve 

2 time ---..... 111111--

Fig. 11 - Hypothetical sample distribution on generated curve 

In this si.tuation the first sample wi" be chosen as the highest, which wi" 

result in a re laxation constant which wi" be too low. If this hypothesis 

reflects the real situation, then the IIreal ll relaxation constant must be the 

highest one, and this one shou Id give the lowest sum of least squares. This 

was found to be the case, see Table I. Furthermore, the actual shape of the 

curve can be reconstructed by carefu IIy blending the samples from a" 

experiments with a variable de lay time which yields a curve sampled at 
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ten times the actua I rate. This method a Iso verified the hypothesis. Finally 

it should be possible toeliminate the dependence on the delay time by simply 

removing the first sample (if enough samples are avai lab Ie, this would have 

no influence on the relaxation constant); and indeed a relaxation constant 

of 0.45 s -1 was always found if the first sample was removed. Although the 

two "slower" relaxation constants did not vary as a function of delay time 

when measured separately (as in this case the falling edge of the 

exponential functi on is very flat compared to the rising edge the situation 

of Fig. 11 is unlikely to occur) a dependence was found when the three 

exponentials were measured simultaneously. The second relaxation constant 

then varied between 0.027 s-l and 0.029 s-l and the third between 

0.0028 s -1 and 0.0029 s -1. Thi s must be due to corre lati on between the 

relaxation constants. In the following tests, the delay time was fixed as the 

value which yielded the smallest sum of least squares when fitting three 

exponentials simultaneously. In real experiments, where triggering of the 

system under measurement might not be possible artefacts of the type 

described above can be avoided by picking as the first sample not the 

highest, but the one with the lowest first derivative. 

f. Influence of noise 

A series of measurements was performed to test the influence of noise on the 

accuracy. First the exponentials were measured separately, which yielded 

very accurate va lues of the parameters. In fact (see Tab Ie II) no standard 

deviation could be determined for the exponents because they were all 

equal. It should be remembered in this connection, that the exponents are 

only determined with a limited accuracy equal to the step-size. For instance 

the step-size for the fastest exponent was 0.01. The resu It obtained (0.45) 

then means that an exponent of 0.44 or 0.46 wou Id yie Id a higher sum of 

least squares. As the value found in eleven measurements was always 0.45, 

no standard deviation could be calculated. The coefficients (Table III) were 
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computed by solving a set of linear equations, which means that they can be 

determined to as many digits as desired. Standard deviations could therefore 

be given for all these values, with the exception of the constant a
O 

which 

could be determined by simply switching off all exponentials and reading 

the value from the sampling interface display. It may be noted that the 

number of measurements, though large enough, varied considerably from run 

to run. The reason for this was that the test set-up was fully automatic 

except for switching on and off, so if the operator was interrupted then more 

measurements were taken. The average sum of least squares can be spl it up 

into two components representing: 

1. the lack of fit between the signal and the model, and 

2. the noise added to the signal 

For the fastest exponent, when measured separate Iy, the sum of least 

squares is very small. This is easily understood as here only a few 

experimental points really contribute to the sum of least squares. The 

re laxation constants cou Id be determined with reasonab Ie accuracy, as cou Id 

the coefficients and constant (see Table III). Note that the coefficient of 

the fastest exponent is smaller than the others, which must reduce the 

accuracy with which the fastest exponent can be determined. Furthermore, 

the systematic error in the constant a
O 

is equal to that in a
3
, which means 

that a part of the slowest exponential must have been interpreted as a 

constant level. Next, noise was added to the signal at different levels. The 

noise level could be checked from its contribution to the sum of least 

squares: 

so: 

4> (noise) 

a . 
nOise 

a . 
nOise 

a . 
nOise 

4> (tota I) - 4> (systemati c) N x a 
2 

. 
nOise 

10150 mV
2 

5 should yield 4> 

lOs h ou I d y i e I d 4> 40150 mV
2 

20 shou Id yie Id 4> 160150 mV
2 

This agrees reasonably with the measured values. The results of the fittings 

with noise can be seen in-Tables II and III. It may clearly be seen, that 
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Parameter 
Value Standard Systematic Detai Is of 

(s -1) deviation error determination* 

Yl 0.45 - - Si (J 
noise 

=0 

Y, 0.435 2% 3% ti (J 
noise 

=0 

Yl 0.37 10% 18% ti (J 
noise 

=5 

Y1 
0.34 13% 24% ti (J 

noise 
=10 

Y1 
0.41 37% 90/0 t; (J 

noise 
= 20 

Y2 0.026 0 - Si (J =0 
noise 

Y2 0.029 2% 12% ti (J 
noise 

=0 

Y2 0.028 4% 8% ti (J • =5 
nOise 

Y2 0.028 9% 8% ti (J 
noise 

= 10 

Y2 0.028 12% 8% ti (J 
noise 

= 20 

Y3 0.0029 0 - Si (J 
noise 

=0 

Y3 0.0029 2% 0 ti (J 
noise 

=0 

Y3 0.0029 3% 0 t; (J 
noise 

=5 

Y3 0.0028 7% 3% ti (J 
noise 

= 10 

Y3 0.0029 10% 0 t; (J 
noise 

= 20 

Table II *s = separately t = three exponentials simultaneously 

Number of Average sum of 
measurements least squares (m y)2 

11 5 

12 150 

13 10 843 

22 41 540 

31 160 674 

15 2 100 

12 150 

13 10 843 

22 41 540 

31 160674 

12 540 

12 150 

13 10843 

22 41 540 

31 160 674 



I 

co 
("') 

Parameter 

a o 
a O 
a O 
a O 
a O 
a, 
a 1 
a 1 
a, 
a, 
a2 
a2 
a2 
a2 
a2 
a
3 

a3 
a3 
a3 
a
3 

Value 
(mV) 

260 

276 

274 

272 

271 

165 

169 

166 

157 

174 

269 

268 

265 

266 

265 

275 

291 

290 

290 

291 

Standard 

deviation 

0.4% 

0.8% 

2% 

4% 

0.04% 

0.6% 

6% 

9% 

10% 

1% 

0.2% 

2% 

2% 

5% 

0.3% 

0.3% 

1% 

·2% 

3% 

Systematic 
error 

6% 

5% 

5% 

7% 

2% 

0.6% 

5% 

5% 

0.4% 

1% 

1% 

1% 

6% 

5% 

5% 

6% 

Detai Is of 

determinati on * 

Si C1 • = 0 
nOise 

ti C1 • = 0 
nOise 

t; C1 • = 5 
nOise 

ti C1 • = 10 
nOise 

ti C1 • = 20 
nOise 

Si C1 • = 0 
nOise 

ti C1 • = 0 
nOise 

ti C1 • = 5 
nOise 

ti C1 • = 10 
nOise 

t; C1 • = 20 
nOise 

Si C1 • = 0 
nOise 

ti C1 • = 0 
nOise 

t; C1 • = 5 
nOise 

ti C1 • = 10 
nOise 

ti C1 • = 20 
nOise 

Si C1 • = 0 
nOise 

ti C1 • = 0 
nOise 

ti C1 • = 5 
nOise 

ti C1 • = 10 
nOise 

ti C1 • = 20 
nOise 

Table III *s = separately t = three exponentials simultaneously 

Number of I Average sum of 
measurements least squares (m V)2 

12 

13 

22 

31 

11 

12 

13 

22 

31 

15 

12 

13 

22 

31 

12 

12 

13 

22 

31 

150 

10 843 

41 540 

160674 

5 

150 

10 843 

41 540 

160 674 

2 100 

150 

10 843 

41 540 

160 674 

540 

150 

10843 

41 540 

160 674 
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the fastest exponent is influenced much more than the slowest. This would 

be expected as in practice fewer experimental points are avai lable for the 

fastest exponent. In all cases the min imum was found. When the "real" 

parameters were used as initial estimates, they yielded a higher sum of 

least squares than that found at the actual minimum. It must therefore be 

concluded that all errors shown in Tables II and III are due to the 

difficu Ity of separating a signa I into exponentia Is. The stepwise 

approximation method always yielded the real minimum, which did not 

always agree with "real" values of the parameters. It is therefore not 

possible to obtain better results by any other least squares method. The on Iy 

possible way of obtaining a lower sum of least squares would be to 

determine the relaxation constants to a higher number of digits. However, 

there seems to be little reason for this in view of the low standard 

deviations obtained. Despite all the difficulties involved in separating 

signals into exponentials, we thus see that this is possible with a very 

reasonable accuracy under the given circumstances. 

g. Rate of convergence of algorithm 

The program was run on a Texas Instruments 980B mini-computer, with 

hardware mu ltiply/ divide, and software floating-point processing. 

It was found that the evaluation of one point in the parameter space (one 

call to subroutine LIN) when fitting three exponentials to 400 experimental 

points took 10 seconds. (Experimenta I runs on a PDP 9 and Nova 2/10, both 

with hardware mu ltiply/ divide and software floating point both gave 10 

seconds a Iso.) The rate of convergence of a Igorithms can be compared by 

determining the number of parameter-point evaluations needed to reach the 

minimum. For a three exponential fit, one iteration using algorithm A 

involves 7 evaluations (central point + 2 steps in each of 3 directions). 

Algorithm B involves an average of 3.75 evaluations (viz 7 - the central 

point - the previous point - 1/4 x the steps in the other directions if we 
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assume that in half of the cases the first, positive step in a certain direction 

yie Ids a fall in 4>, so that the step in the opposite direction can be omitted). 

Algorithm C involves either 4.75 eva luations (as for B plus the extra step) or 

1 evaluation (when only the extra step is needed), It was found that when 

the initial estimates were reasonable, the optional extra step of algorithm 

C was rarely used, algorithm B must therefore be considered to be the 

fastest. Convergence from the initial estimates (0.40, 0.040 and 0.0040) to 

the resu Its of Tables II and III (without noise) took an average of 22 

iterations, using the minimum step-sizesO.Ol, 0.001 and 0.0001 and a 

multiplication factor of 8. With algorithm B this means that 83 parameter 

. points had to be evaluated which took 830 seconds or about 14 minutes. 

This may seem rather a lot, but it should be mentioned for the sake of 

comparison that the advanced iteration scheme according to CACM 315 

involves the evaluation of 102 parameter points for convergence from the 

same initial estimates (Table IV). (It should be noted in this connection, 

that the derivative of the sum of least squares with respect to the parameters 

was estimated by making small steps in the axial direction of all parameters. 

This involves at least k evaluations per iteration, where k is the number of 

exponentials.) Furthermore, the a Igorithm of CACM 315 did not converge 

to the real minimum: Average sum of least squares = 462 for a three 

exponentia I fit to a curve without noise, whi Ie the constant step 

approximation method yields an average sum of least squares of 150. This 

means that the iteration was stopped too early. In all cases one of the three 

steps used to determine the first derivative of the sum of least squares 

actually yielded a lower sum of least squares than was finally reached. This 

cou Id not be improved by vary ing the damping factor A. The iteration 

seemed to be almost totally insensitive to variations in A: varying this 

parameter between O. 1 and 0.99 did not influence the resu Its, though 

A = 1 did yield a significantly worse result. 
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Parameter 

Y2 

Y3 
a O 
a1 

a2 

a3 

Value I Standard 
(s-l/mV) deviation 

0.44 

0.029 

0.0030 

290 

174 

275 

303 

10% 

4% 

3% 

1% 

2% 

2% 

1% 

Systematic 
error 

2% 

12% 

3% 

11% 

5% 

2% 

10% 

Table IV *t = three exponentials simultaneously 

Detai Is of 
determination* 

t; a . = 0 
nOise 

ti a . = 0 
nOise 

t; a . = 0 
nOise 

t; a . = 0 
nOise 

ti a . = 0 
nOise 

ti a . = 0 
nOise 

t; a . = 0 
nOise 

Number of 
measurements 

11 

11 

11 

11 

11 

11 

11 

Sum of least 
squares (m V)2 

462 

462 

462 

462 

462 

462 

462 
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h. Conclusion and discussion 

It is generally acknowledged that fitting exponentials to measured data is a 

troublesome task. Two types of difficulties can be distinguished: 

1. The minimum in the quality function (in this case the sum of least 

squares) may be hard to detect. 

2. The minimum may not agree with the "real" values of the parameters. 

It wi II be c lear that difficu Ities of the second type can be detected (by 

testing with models as described in IIB2d) but cannot be resolved, unless we 

use another type of quality function. However difficulties of the first type 

can be resolved, because if a minimum did exist, however shallow, it should 

be possible to work out refined methods to detect it. 

Our constant-step approximation method was designed on the assumption 

that the minimum in the quality function does agree with the real values of 

the parameters but may be hard to detect. It follows that this method has the 

following features: 

1. The procedure is very simple. This means that little can go wrong. 

2. The procedure yie Ids a c lear insight into the form of the min imum, i.e. in 

the intractibility of the given set of data. 

3. With a flat minimum, the procedure ensures that steps are continued until 

the quality function starts rising again, thus ensuring that the minimum 

is reached. 

Of course our method does involve a lot of computation, but with a mini

computer at one's disposal one can afford the time taken to explore a 

considerable pad of the parameter space. Besides, a method which would be 

expected to be much more efficient such as the CACM 315 actually turns 

out to need more time to converge to a worse approximation of the minimum, 

when the initial estimates supplied are reasonable. Concerning the accuracy 

which can be reached, we may state that when the relaxation constants 

involved are about one order of magn itude apart, they can be determined 

with satisfying accuracy even if much white noise is added to the signal. 
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Initially, another computer program, which implied a Marquardt iteration

method was used (Kirkegaard, 1970). The constant step approximation 

method was developed mainly for testing purposes. It turned out however 

(Coolsaet et ai, 1976) that this method always yielded a lower sum of least 

squares. Later it was found that the Kirkegaard program cou Id reach the 

same minimum when it was used in double precision (Kuik, 1976). However 

because it needs less memory space, and for its simplicity we continued to 

use the constant step method. The fundamentally achievable accuracy when 

separating a signa I into exponentials was investigated at De 1ft T echn ical 

University (Kuik, 1975). 

From the fact that the theoretically achievable accuracy of the parameters 

estimated from a signal contaminated with normally distributed white noise 

is determined by the Cramer-Rao inequa lity, he concluded among others 

that: 

1. The theoretical minimal standard deviations (TMS) in the parameters are 

proportional to the standard deviation of the noise added to the signal. 

2. Non-whiteness of the noise causes a decrease in achievable accuracy, as 

less effective (independent) samples are then available. 

3. The T MS decrease with the total observation time, or the number of 

samples over the sample rate. 

4. The T MS decrease with the number of samples per inverse relaxation 

constant. 

5. When more than one relaxation constant is estimated, the TMS increase 

when the "distance II between the re laxation constants decreases. 

All conclusions confirm the expectation that the achievable standard 

deviati ons shou Id decrease with the tota I number of avai lab Ie independent 

samples per exponential. Concerning the absolute values, for instance when 
-1 -1 

three exponentials are estimated with: Yl = 0.36 s ; Y2 = 0.028 s ; 
-1 

Y3 = 0.0036 s ; a
1 

= 210; a
2 

= 74; a
3 

= 67; a
O 

= 78; sample rate is 

1 per second, number of samples is 900; standard deviation of white noise 
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is 1; and the frequency spectrum of the noise is flat, he obtained: 

1.4% ; 1.9% ; 1.2% 

The standard deviations in the coefficients and constant are in the same 

order of magnitude. It can be stated that these achievable accuracies are 

in the same order of magnitude as the experimentally determined accuracies 

(see Table II). Furthermore the experimentally determined standard 

deviations are indeed roughly proportional to the standard deviation in the 

noise as stated in conclusion 1. Therefore we conclude that the method of 

separating exponential signals is (for the given set of signals) an adequate 

method of parameter estimation. This must at least partly be due to the 

"pleasant" properties of these signals, as for instance the fact that the 

re laxati on constants differ about a factor of ten. 

During the experiments, the resu Its are analysed on-I ine by means of a Texas 

Instruments 980B mini-computer. The entire installation consists of a 24k CPU 

with hardware mu Itiply/ divide, a Si lent 700 thermal printer/keyboard with two 

cassette units, a high speed papertape reader, high speed papertape punch, 

Diablo moving head disc and digital inputs and outputs connected to the AID 

interface. The subroutines STEP and LIN, which are described in the previous 

paragraph and perform the actual separation into exponentials, are called from a 

Main program which rules the data-flow in the experiments. It is therefore 

necessary to give a short global description of the working of the Main program. 

The program consists of ten phases, which are normally executed in numerical 

order. A flow chart is presented in Fig. 12. 

At the start of the program we enter phase one. Here we enter the information as 

to whether we are performing an experiment on strips or total bladders, and 

whether we wish to handle the data off-line or on-line. We shall assume that we 
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read curve 
di rect from 
experiment 

4 

edit 
curve 

5 ask 
data 

data strip 
bladder 

Fig. 12 - Flow chart of the tv\ain computer program 
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are doing a strip experiment on-line. In phase two we should then type in the 

in itia I estimates for the re laxation constants, min ima I step-sizes etc. In phase 

three a thousand samples are read in via the sampling interface. We have then to 

determine which sample corresponds to the start of the experiment since the 

sampling has to be started before the actual straining (see IIB1). The computer 

therefore picks the highest from the first hundred samples, and then from the ten 

succeeding samples, starting with the highest one, the one with the lowest first 

derivative. A number of samples is printed. The sample chosen is indicated and a 

correction for this choice is requested. In strip experiments this correction is not 

usually necessary, because then the beginn ing of the experiment is we II defined 

by a sharp peak. In phase five detai Is about the experiment shou Id be entered, 

such as experiment number, strain, tissue volume, etc. In phase six these data and 

the measured data are written on a cassette-unit for computation later on. In 

phase seven the actual exponential separation is started by calling subroutine 

STEP. Then, in phase eight elastic and viscosity moduli are computed according to 

the formu las (11) and (12) after mu Itipl ication with the ampl ification factor 

described in liB l-

In phase nine f"he measured curve is printed out and in phase ten the resulting 

parameters are written on another cassette. The process then begins again with 

phase three. 

When we ask for off-line computing, in phase one, measurements are taken from 

the cassettes written in phase six instead of from the on-line samples in phase 

three, and phases four, five and six are omitted. When performing experiments on 

total bladders, the phases five and eight are changed in order to handle the 

different geometry (see chapter IV). 

There are two possibilities of intervention in the normal order of execution, 

realized by two sense switches on the CPU. When setting sense switch one, the 

machine wi II ask at the end of a phase with which phase to continue. By setting 

sense switch two, some phases which take a long time can be aborted (on Iy phases 

three, seven and nine) and execution continues with the next phase. By setting 
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sense switch one and asking for phase eleven the program is terminated. Fina "y, 

two other sense switches can be used, in order to punch or print samples as soon as 

they are read. 

Another program can be used to read the resu Its written on the cassette in phase 

ten, add them to a large fi Ie contain ing the resu Its of a II measurements, and 

compute averages and standard deviations. 
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C. Results 

1. Order of investigated system 

What we first want to determine experimentally is the order of the system under 

investigation, i.e. the number of exponentials which should be used, or the value 

of k in equation (6). 

If the measured force decay can be described by a mono-exponential function 

(k = 1) a semi-logarithmic plot will reveal a straight line, provided the final 

value of the signal (caused by the constant in equation (6)) is first subtracted. The 

curve obtained however is far from ci straight line (Coolsaet et ai, 1975a). 

Using the method for analysis described in IIB2 the measured curves were then 

fitted with two and three exponential functions. An example of the resu Its can be 

seen in Figs. 13 and 14. At first sight the three exponential function seems to fit 

the measured points very well. A better criterion of course is the sum of least 

RU~NUM~fR 5121 K~2 

Fig. 13 - Measured points (crosses) and fitted force decay curve (line) 

for the two exponential model 
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RUNNUMN!ER 5i21 

•••••••• v," 

----------~---

Fig. 14 - Measured points (crosses) and fitted force decay curve (line) 

for the three exponentia I mode I 

squares. The program described in IIB2 was modified in order to be able to fit 

more than three exponentia I terms, and a representative group of curves (the 

EGTA group, see IIC2) was fitted with an increasing number of exponential terms. 

The results can be seen in Fig. 15 and Table V. It should be noted that Fig. 15 is a 

semi-logarithmic plot. This was done because we are not interested in the absolute 

amount of decrease of the sum of least squares when increasing the number of 

fitted exponentia Is, but rather in the improvement fador. From the flatten ing of 

the average sum of least squares at k = 4 we can conc lude that the order of the 

system is four. In trying to confirm this in a more objective way we noted the 

following: according to Draper and Smith (1967) the sum of least squares can be 

split up into two components: 

1. The bias error due to misfitting of the curve. 
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Fig. 15 - Average sum of least squares as a functi on of number of fitted 

exponentia I terms 

Number of fitted Average sum of Relative Number of 
exponentials least squares (m V)2 standard deviation experiments 

1 146081 114% 105 
2 12226 105% 105 
3 1692 145% 104 
4 424 175% 103 
5 402 302% 103 

Table V - Average sum of least squares as a function of number of fitted 

exponentia I terms 



- 51 -

2. The random error due to noise on the signal. 

When the number of fitted exponentia Is equa Is the order of the system, the bias 

error equals zero. The sum of least squares on Iy reflects the random error then. By 

increasing the number of fitted exponentia Is the sum of least squares may sti II 

decrease somewhat, because we are then fitting the random noi se with 

exponentials. It would be convenient to have an estimate of the random error 

which can be expected in the experiments. In in vitro experiments four possible 

causes for the random error can be expected: 

1. Spontaneous activity of the tissue. 

2. Artefacts caused by movement of the ti ssue, e. g. that caused by oxygen 

bubbles. 

3. Electrical noise caused by the instrumentation etc. 

4. Quantization noise in the digitizer. 

Possibi Iity 1. is eliminated as far as possib Ie by examin ing curves from the EGT A 

group (see IIBl). The value of the standard deviation caused by 4. can be very 

easi Iy estimated. The least sign i fi cant digit equa Is 1 m V. According to Rabiner 

and Gold (1975) the standard deviation in the quantization noise then equals 

l/VT2' = 0.29 m V. 

The random error caused by 2., 3. and 4. together can be estimated by hanging a 

piece of rubber freely in the solution, turning on the oxygen, and reading a great 

number of samples. This yie Ids a standard deviation of 0.27 m V. Evidently 2. and 3. 

are not important. As in practice 400 samples are fitted (see IIB2) we wou Id 
2 

expect the average sum of least squares to be about 400 x (0.29) = 33 when no 

bias error is present. We see in Fig. 15 however that this minimum is not reached 

by the average sum of least squares which indicates that some extra noise caused 

by spontaneous activity might be present. 

Another interesting observation is that the standard deviation in the sum of least 

squares is much larger when fitting five exponentials in comparison to the four 

exponential fittings. This is at least partly due to the fact that some curves can 

obviously adequately be fitted with three exponentials (see Fig. 15, curve 5600) 
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and others require at least five exponentials (ditto, curve 5604). We can only 

cone lude therefore that not ~ measurements revea I the same order of the system, 

but that the average order is four. 

There are severa I reasons for describing the system under investigation with a 

lower order mode I: 

1. We shou Id not have any illusions about the significance of the obtained 

parameters when fitting four exponentials to the signal. 

2. The bias error due to fitting a three exponentia I mode I instead of a four 

exponential model is relatively small. In this case the standard deviation per 

data point wou Id yie Id: 

./1692 - 424' 
~ 400 

1.78 mV 

As the average value of the signal equals 500 mV (half of full scale) this gives 

I · d d d .. f 1. 78 1 00°1 0 4°1 an average re atlve stan ar eVlatlon 0 500 x 10 = . 10. 

3. For some curves the four exponential fit is not significantly better than the 

three exponential fit. These would be 1I0verfitted ll when using a four 

exponentia I mode I. 

We wi II therefore describe the step response of urinary bladder wall tissue in terms 

of a mode I, consisting of three exponentia I terms and a constant. 

2. Relaxation constants as functions of the chemical environment 

When measuring force as a function of time in response to a step-wise straining on 

a strip of urinary bladder wall the basic shape of the curve obtained resembles 

that in Fig. 16. Pig b ladder strips and sometimes a Iso dog b ladder strips when 

measured in the "natura III soluti on show a spontaneous activity which appears to 

be simply added to the curve (see Fig. 17). It was in fact shown that by electrical 

stimu lati on simi lar contractions can be evoked which do not a Iter the measured 

response but are indeed on Iy superimposed (Coolsaet et a I, 1975a). The 

spontaneous activity can be increased by adding extra calcium to the solution. 

Furthermore the activity is seriously affected by the temperature of the solution. 
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..J-----~-.. ---. 

Fig. 16 - Force as a function of time in response to a step-wise straining 

--~---~---

10.1 N 

Fig. 17 - Curve with spontaneous activity 
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Fig. 18 - Curve measured at 22°C instead of 37°C 

Figure 18 shows a curve measured at 22°C instead of 37°C. When using the 

solutions ca lied D600, EGT A, extra K or Sorbitol spontaneous activity was not 

observed. As for the present we on Iy want to consider the passive properties of the 

urinary bladder, we are on Iy interested in the measurements of these groups. The 

other groups are included for reference. Table VI shows the average relaxation 

constants and standard deviati ons for a number of measurements from each group. 

As mentioned in liB 1, about ten measurements were taken from one strip. For 

instance the group "pigs; EGTA II contains measurements from ten different strips 

or bladders. By means of variance-analysis it was possible to split the variance of 

the re laxation constants into two components. The first component is re lated to 

differences between measurements on one strip and is called physiologica I spread. 

The second component concerns differences between strips and is called biological 

spread. The corresponding standard deviations are shown in Table VI for the groups 

II dogs; natura III and IIpigs; EGT A II. Notice that the lower standard deviations in 

the latter group are clearly caused by a lower biologica I spread. By means of the 
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l.{) 
l.{) 

Group 
-1 

Yl (s ) a(Y1 ) 
-1 

Y 2 (s ) a (Y2) 

Dogs; natura I 0.47 66% 0.045 71% 
-physiological spread 50% 59% 
-biological spread 46% 40% 

Dogs; 0600 0.82 33% 0.062 37% 

Pigs; natura I 0.23 66% 0.033 45% 
(5.32) (99%) O. 14 28% 

Pigs; EGTA 1.05 23% 0.077 51% 
-physiologi ca I spread 21% 49% 
-biological spread 8% 13% 
Pigs; EGTA; increasing strain 0.96 27% 0.069 52% 

Pigs; extra K 1.00 21% 0.054 18% 

Pigs; Sorbitol 0.82 35% 0.047 40% 

Table VI - Relaxation constants of the various groups of measurements 

-1 
a(Y3) 

number of 
Y3 (s ) measurements 

0.0050 50% 118 
46% 
14% 

0.0037 30% 26 

0.0044 64% 19 
0.0090 46% 99 

0.0061 62% 104 
60% 
16% 

0.0052 56% 98 

0.0038 21% 131 

0.0036 47% 26 
---.-.~ 
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F-test it is possible to test whether differences between strips are significant in 

comparison to differences within the strips. It appeared that in the group "dogs; 

natura III two re laxation constants showed significant biologi ca I spread (p < 0.05) 

and in the group II pigs; EGTA II only one relaxation constant did. From this we can 

tentatively conclude that it is probable that large differences between strips are 

mere Iy caused by active properties. 

Concerning the group IIpigsi natural II it shou Id be noted that this was a group with 

a great deal of spontaneous activity. The effect on the fitting procedure was 

disastrous. It turned out that the resulting relaxation constants fell apart in two 

widely differing groups. From the largest group the relaxation constants can 

theoretica Ily not even be determined with reasonable accuracy (see IIC3). 

For the bad results in this group we give two possible causes: 

1. The properties of the curves themselves (apart from the spontaneous activity) 

might show a large spread. 

2. The spontaneous activity might influence the fitting procedure. 

Concerning the last point it should be noted that the frequency range of the 

IInoise ll (spontaneous clctivity) here is obviously very close to the observed 

relaxation constants. This can cause serious trouble (see IIB2). As dog bladder 

strips show much less spontaneous activity, in the group IIdogs; natural ll no 

problems occurred, though the standard deviations are rather large. It can be 

stated that the accuracy attained in the other groups is quite satisfactory. Again 

we are led to the conclusion that large standard deviations in the relaxation 

constants are on Iy caused by active properties. It is interesting to observe that the 

standard deviations in the group IIpigs; extra KII are still somewhat smaller than 

in the EGT A group which supports the argument of Axe Isson (1970), mentioned in 

IIB1. Furthermore, concerning the relaxation constants all groups differ 

significantly though the groups with activity suppressing drugs (dogs; D600, pigs; 

EGTA, extra K and Sorbitol) show greater mutual resemblance than towards the 

other two groups. Apter and Mason (1971) a Iso noted that a contracted musc Ie 

shows properties different from a relaxed one. We shall consider the relaxation 
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constants of the groups "dogs; D600" and "pigs; EGT A" as representative for the 

time dependent behaviour of the passive properties of the urinary bladder wall. 

The group "pigs; EGT A; increasing strain" contains measurements at increasing 

strains between 0.2 and 1.6. From the fact that the standard deviations in this 

group are not significantly larger than in the corresponding group measured at 

constant strain, we conc lude that the re laxati on constants are independent of 

strain. This was a Iso concluded by Coolsaet et a I, 1975b. The va I idity therefore 

of the values displayed in Table VI is not restricted to a strain level of 0.30. 

Concern ing the e lasti c modu Ii, whi ch were of course a Iso obtained by these 

measurements, no statistically significant average could be obtained because 

these parameters showed a generally decreasing trend as a function of time despite 

the constant strain level. 

Implications of this phenomenon and separate measurements in order to determine 

these parameters wi II be discussed in chapter III. 

3. Check of conditions 

The described measurements imply a number of assumptions. Objective criteria can 

be used in order to test the validity of some of these assumptions. Such criteria can 

be applied to the speed of the pneumatic cylinder, the sampling rate and the total 

measurement time. Furthermore the measured parameters a Ilow us to make some 

remarks with regard to the fundamental achievable accuracy. The setting of the 

delay time generator will also be discussed here, since it depends on experimental 

material. Assumptions which were not checked but are nevertheless more or less 

important, are discussed in "C4. 

Our first assumpti on concerns the speed of the pneumatic cy I inder. In our 

mathematica I ana lysis we assume a strain ing which is infin ite Iy fast. This of course 

cannot be realized, and is also not necessary. The only thing we should require is 

that the straining is fast in comparison to the time constants of the system under 

test. In Fig. 19 distance versus time of the pneumatic cylinder is plotted. We see 

that at the maximum strain (50 mm) the movement of the cylinder takes about 60ms. 
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Fig. 19 Displacement versus time of the pneumatic strain device 

This is approximately 16 times as fast as the fastest time constant, see Table VI, 

which equals 1.65 0.95 s. Here we do not consider the extreme relaxation 

constant 5.32 as a relevant value. With regard to the sampling rate it can be 

stated that at least two samples per exponential must be available. As an 

exponential only differs significantly from zero during a time lasting three times 
-3 

the time constant (e 0.05) it follows that the sample interva I shou Id be 

sma lIer than approximately 1.5 times the fastest time constant. According to the 

data of Kuik (1975) the achievable accuracy is still acceptable when the fastest 

time constant and sample interval are about equal. According to these criteria 

and keeping in mind that the sample interval is one second, the fastest relaxation 



- 59 -

constant of Table VI in the order of 1.0 s-l is reliable but not the higher value of 

5.32 s-l, That is why this value is placed between parentheses. 

A related problem is that of the total amount of samples. Again assuming, that an 

exponentia I II lasts II about three time constants we can state that the tota I sample 

time shou Id be in the order of three times the slowest ti me constant wh ich yie Ids 

in our case (see Table VI) 0.0~36 = 833 seconds. In practice we sampled for 

about 1000 seconds. As stated in IIB2 not a II samples were considered, but on Iy the 

first 200 and then one out of four, in total 400 samples. As however the fastest 

time constant II lasts •• only about three seconds, and the next is at least a factor 

ten slower this slowing down of the sample rate with a factor four implies that the 

second fastest exponential is relatively sampled about 2.5 times as fast as the 

fastest exponential. That is why this reduction wi II not have a significant 

influence on the accuracy. 

It is important to mention here again that the relaxation constants are at least a 

factor ten apart. As stated in IIB2 this has a very positive influence on the 

achievable accuracy, and must partly cause the successful separation into 

exponentials which is generally recognized as a very awkward problem. 

The de lay time generator (see liB 1) must be set in such a way that the first sample 

is taken after the "rounded-off" part of the signal (see IIB2), otherwise the fastest 

relaxation constant will be too small, that is unless the first derivative of the 

signal is checked in order to find the steepest part of the curve. This was in fact 

done. Neverthe less the influence of the de lay ti me was checked because no 

triggering would cause an unnecessary high random fluctuation of the parameters, 

and a wrong triggering (or de lay time) wou Id force the computer program to 

systematically drop the first sample which yields a coefficient which is too low. 

The easiest way of finding the obviously best delay time, is to temporarily drop 

the first derivative criterium in the computer, and then touse the delay time 

setting which yie Ids the largest of the fastest re laxation constants. It turned out 

that this relaxation constant could be varied by a factor two in this way. Finally 

0.8 Llt was chosen as the best de lay time. 
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4. Conc lusion and di scussion 

The time dependent behaviour of the passive properties of the urinary bladder wa II 

can be described in terms of the mechan ica I mode I presented in Fig. 6. The 

average requ ired number of spring-dashpot combinations is four, but the behavi our 

of the wa II can adequate Iy be described by using on Iy three combinati ons. 

In II rea lity ll of course it is most likely that not a discrete number of spring-dashpot 

combinations is IIpresentll in the bladder wa II strip, but a distribution as described 

in IID3. In that case using four or any amount of discrete combinati ons is always 

an approximation. The average relaxation constants (inverse of the time constants) 

for the three combinations are presented in Table VI, for dogs in the row IIdogs; 

D600 1l
, for pigs in the row IIpigs; EG TAli, The di fferences between these two sets 

of re laxation constants are not very large. The accuracy of the re laxation 

constants is quite satisfactory. 

In drawing these conclusions from the experimental material presented in IICl and 

IIC2 two assumptions have implicitly been made: 

1. The relaxation constants are independent of strain. 

2. The relaxation constants are independent of the place and direction in which 

the strip is cut (homogeneity and isotropy). 

With regard to the first assumption some evidence in this direction is presented by 

Coolsaet et al (1975b). Although here a method of analysis was used in a way 

which yie Ided a systematic error, name Iy the Marquardt iteration, see IIB2, we can 

at least conc lude that the re laxation constants remain in the same order of 

magnitude when the strain is varied. Furthermore, Table VI also contains a group 

of measurements made at increasing strains. The standard deviations of this group 

are not significant"ly larger than the standard deviations of the corresponding 

group measured at constant strain. 

For the second assumption no direct proof is available. Conclusions however, can 

be drawn from the fact that the average relaxation constants measured on dog 

strips can be compared favourably to those measured on dog bladders in vivo/ 

in toto. We wi II discuss this maHer in more deta; I in chapter V. 
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In the previous paragraphs the step response of the urinary bladder wall was 

described in terms of a model consisting of three exponential terms and a constant. 

Here we shall criticize this model in more detail. 

In modelling there are two features which should be fulfilled: 

1. The signal generated by the model with adequate parameter settings should fit 

the measured data. This enables us to just store the parameters instead of the 

original data. As the number of parameters is smaller than the number of fitted 

data points we can call this "data reduction" 

2. The parameters abstracted from the signa I shou Id be sign ificant in two ways: 

2. 1. They shou Id be unique. 

2.2. They should be significant by being related to distinct elementary 

structures in, or fundamenta I properties of the system. 

Applying these criteria to the exponential model presented here, we note that 

although the model conforms to condition 'I. and 2.2., the exponentials that are 

used are non-orthogonal functions. This means that they are not mutually 

"independent" as demanded by condition 2.1. An exact definition of orthogonality 

will be given in 1102. Here it is sufficient to mention some of the awkward 

problems which arise when using non-orthogonal functions. For instance when a 

signal consisting of four exponentials is described using three exponentials, the 

parameters obtained do not display information concerning the parameters of the 

four exponentia I system. Furthermore the same signa I can often be descdbed by 

different sets of parameters (Lanczos, 1956; Van Ouyl, 1974), so that there is a 

lack of uniqueness. Finally, even when separation into exponentials is possible, it 

remains a time-consuming and very difficult procedure. That is the reason that a 

number of alternative models have also been tried out. 

2. Orthonorma I exponentia I functions 

A set of functions un (t) is said to be orthonormal if: 



where 
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+ 00 
(u. (t) u. (t)dt = 0 .. 

-100 I I II 

0 .. is the Kronecker delta 
'I 

0.. 0 for i 
II 

0.. for 
II 

(18) 

If the functions are orthogona I instead of orthonormal equation (18) is the same, 

except for the 0 .. which is replaced by c ... 0 .. where c .. is an arbitrary constant. 
II II II II 

In order to avoid the problems mentioned in IID1, the first idea that comes to 

mind is to describe the measured force F(t) using a set of orthonormal functions 

as follows: 
00 

F (t) b u (t) L: 
n = 1 n n 

for 0 < t < 00 

F (t) 0 for-oo < t ~ 0 
00 

where b ~ f F(t).u
n 

(t)dt 
n 

0 

(19) 

(20) 

Here we have changed the lower limit of the integral, which should be -00 by 

analogy to equation (18), to 0 because F(t) equals 0 for t < O. In practice we hope 

to be able to describe the signal adequately by only a limited number of terms in 

(19) and we can integrate only over a limited time in (20). Lee (1960) described 

a set of exponential orthonormal functions u which may be applicable in our 
n 

situation. The fact that the exponent varies proportionally to the ordinal number 

(n), however, makes these functions less universal than desired. A lot of terms 

therefore have to be contained in formula (19) when describing a signal which 

contains very fast and very slow exponentia I terms. 

A new set of orthonormal functions was therefore developed, featuring a variable 

IIdistance II between the exponents. The genera I form of the functi ons is: 

- 01 t 
C

1l
8 (21) 



or genera Ily: 

u (t) 
n 
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n -at 
~ i 
L.J C .e 

j = 1 nl 

+ .... + C e 
nn 

For the set of functions that Lee generated, it can be stated that: 

a
j 

= I x a
1 

And in our case we want to avoid any fixed re lation between: 

a
j 

and a
1 

-a t 
n 

(22) 

(23) 

(24) 

The functions defined in this way can be made orthonormal by inserting equation 

(23) into (18), and then generating a set of equati ons by choosing a II possible 

combinations of i and j. 
n 

Thi s yie Ids a set of i equations with the same number of unknown variables, 
i = 1 

the C .. When solving these equations (which can be done very fast by 
nl 

mathematical insight) it turns out that: 

or genera Ily: 

n - 1 
(a. + a.) IT 

~ i = 1 I I 
C 

nj n n 
(a. - a.) IT 

i = 1 
I I 

iii 

Inserting (27) into (23) yields the functions un (t): 

(25) 

(26) 

(27) 
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n - 1 
(a. + a.) n n -a,t 

~ i = 1 I I 
u (t) L: e I 

n i = 1 n n 
(a. - a.) n 

i = 1 
I I 

(28) 

iii 

Lee's functions can be obtained from these by simply inserting (24) into (28). Using 

these functions a computer program was written to calculate the coefficients b 
n 

according to (20) for measured data. A numerical integration according to the 

Simpson rule was used. An extra problem was formed by the fact that F(t) does not 

tend to zero, as a Iready mentioned in IIA2. This wou Id mean firstly that the 

integration has to be done over an infinite number of data points, and secondly 

that the coefficients b are biased because a constant is not orthonormal to the set 
n 

of functions (28). Therefore, a constant was subtracted from the F(t) signal before 

applying the numerical integration. It is important to realize the essential 

difference between this method and any least squares approximation method. The 

latter improves the fit of a generated curve by changing the parameters whi Ie the 

first one on Iy determines parameters in a direct way. Consequently a least squares 

method wi" always yie Id a very good fit, except when too few parameters are 

fitted. A "goodness-of-fit" criterion therefore cannot be used here to state the 

significance of the parameters. Using the orthonormal function method, however, 

the whole method can be controlled by generating a curve according to (19) and 

comparing it to the original curve. The parameters will always be unique. The 

average re lative difference between rea I and regenerated data points was used as 

a criterion. Curves were generated, using an RC circuit generator according to 

the formu la: 

F (t) = 200e -0. 37t + 270e -0. 027t + 295e -0. 0027t + 295 (29) 

The parameter values are approximately the same as those used in testing the least 

squares constant step approximation method, described in IIB2. 

No noise was added to the signal which was sampled at a rate of 1 sample per 
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second during 1000 seconds. In order to control the proper worki ng of the 

numerical integrator, it was first tested on the signal (29) with three functions u , 
n 

using the exponents: 

0.37 

0.027 

0.0027 

The average fit error, ca leu lated as the average difference between sampled data 

points and computed data points according to equation (19) then yie Ided 1.1%. 

The signa I was then fitted using six functions u (the same number of parameters 
n 

as used in the least squares analysis, which fits three coefficients and three 

exponents, apart from the constant for whi ch a va lue of 295 was subtracted here) 

using: Q
1 

= 0.001; Q
2 

= 0.003; Q
3 

= 0.01; Q
4 

= 0.03; Q
5 

= 0.1; Q
6 

= 0.3. 

The average fit error yie Ided 8.7% and using Q
1 

= 0.003; Q
2 

= 0.01; 03 = 0.03; 

04 = 0.1; Q
5 

= 0.3; Q
6 

= 1.0 the error yielded 5.3%. The difference between 

these errors is in the same range as the error introduced by limiting the signal to 

1000 samples which is caused by the very slow exponent O.OOL 

This relative break-off error, which equals: 

where 

- ( Q + y.) x 1 000 
n I 

e 

Q 

n 

Yi 

the smallest exponent in the used u functions 
n 

the smullest exponent in the generated F(t) function 

yie Ids 2.5% when Q = 0.001 and y. = 0.0027. 
n I 

For the greater exponents this break-off error is negligible. 

(30) 

There is no large error caused by the numerical integration, as proved by the 1.1% 

fit when the "real" exponents are fitted. 

Also the number of fitted orthonormal functions is not too small because by adding 

the sixth function it showed no significant improvement (with the five exponents 

Q
1 

= 0.003; Q
2 

= 0.01; Q
3 

= 0.03; Q
4 

= 0.1; Q
5 

= 0.3 the average fit error still 

yie Ids 5.3%). From the remaining errors (5%) it must be concluded that the signal 

F(t) cannot be described adequately in terms of such orthonormal functions. In 
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terms of the conditions mentioned in IIDl this method is very strong in 

condition 2. 1. but it does not obey condition 1. 

3. Continuous re laxation spectrum 

Fung et al (1972) stated that any discrete model for describing the visco-elastic 

behaviour of tissue is artificial and that in fact a continuous model should be used. 

This would mean that a logical extension of the discrete model: 

F (t) 

is the continuous one: 

F (t) 

k 
L 

n = 1 

-y t 
n 

a e 
n 

00 

y fa o(y)e -ytdy + 0
0 

Two possibilities are now available: 

1. A re laxation spectrum a (y) can be stated. 

(31) 

Insertion of a(y) into (31) will yield the characteristic stress relaxation then, 

and the parameters which define the shape of a(y) must be obtained from 

comparison with actual measured data. For instance: 

When: 

where 6 is the Dirac delta function 

is inserted, the former exponentia I mode I is regained. The parameters to be 

determined are the heights of the peaks, and their positions, which in fact are 

the coefficients a and exponents y , see Fig. 20. 
n n 

Of course any shape for a(y) can be stated, so the real approach must be to 

determine which shape must be used experimentally. 

Before we do this (section 2) one particular interesting relaxation spectrum must 

be checked. Van Liew (1967) proposed a normal distribution for the inverse of 

the relaxation spectrum, i.e. the time constant spectrum of some biological 

processes as, for instance, clearance in kidneys and lungs. 
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y----

Fig. 20 - A relaxatioi1 spectrum which yields a discrete three exponential model 

The interesting feature from this concept is that the two parameters T (average 

time constant) and O(T) (standard deviation) can be obtained from the results 

of a discrete exponential analysis, as follows: 

(33) 

(34) 
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Another favourable aspect of this concept is that the average time constant can 

also be obtained simply without a discrete exponential analysis, by means of 

the IIheight over area method ll (Van Duyl, 1974). Referring to Van Liew the two 

parameters T, O'(T) should be more reproducible than the original (a , y ). In 
n n 

order to test this for 17 series of approximately 9 measurements the parameters 

T and O'(T) were computed from the relaxation constants and coefficients 

obtained by a least squares method for every measurement, and then averaged 

per series (one series represents all measurements made on one strip of urinary 

bladder wall material, see Coolsaet et ai, 1975b). It turned out that in 50% of 

the tested parameters the re lative standard deviations in the T, O'(T) were worse 

than in the (a f Y ), and 20% were better. Thi s was defin ite Iy no improvement. 
n n --

A reason for this might be that the relaxation constants yare approximately 
n 

a factor ten, thus very far, apart in our data (compare IIC2). 

Thi s makes it very un like Iy that ~ Gaussian di stribution can be used to 

describe it. An alternative approach is to presume three normal distributions. 

This however does not yield a reduction in the number of parameters, and the 

calculations used in order to obtain the new parameters are rather complicated. 

2. The determination of the shape of the a(y) function would seem very easy. 

Apart from the constant aO' formu la (31) which governs the transformati on from 

the relaxation distribution a(y) to the time signal F(t) is exactly equal to the 

Laplace transform, with the Laplace parameter s replaced by time t, and t (in 

the Laplace transform) replaced by y. Thi s wou Id mean that the a (y) di stribution 

can be obtained from j"he measured F(t) curve by applying an inverse Laplace 

transform. A method for numerica I inverse Laplace transformation has been 

proposed by Gardner et al (1959). A critical evaluation of this method showed 

that it is seriously affected by a number of factors thus making it useless 

(Sparreboom et ai, 1976). Although this method seems very attractive at first 

sight, and it obeys all our conditions mentioned in IID1, it is not applicable 

because of the practical problems involved in an inverse Laplace transformation 

on numerical data. 
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4. Analogue simulation 

Van Duyl et al (1976) proposed an electronic device for a quick analysis of 

exponential decay curves. It was shown that with this instrument it is very feasible 

to fit two exponentials and a constant to measured data. Principally, the method 

consists of projecting the measured signal F(t) on an oscilloscope screen, together 

with a generated mu Iti -exponential decay curve. The parameters of the generated 

curve can be changed manually in order to make the curves coincide. The fitted 

parameters can then be read from the control settings. An interesting feature is, 

that spontaneous activity, which causes the computer analysis used here a great 

deal of problems, can be very easily "interpolated", as the activity seems to be 

simply added to the signa I (see 11(2). A prototype of the devi ce was tested on our 

application, which demanded fitting of three exponentials and a constant. Forty 

measurements were fitted, and the parameters obtained were compared to those 

obtained by least squares analysis. The average difference was 40%. The reason 

for this huge error is that there is very little improvement in fit when the 

parameters are changed significantly in the vicinity of the minimum of the sum of 

least squares. Obviously such sma" changes cannot be detected by the human eye. 

The simulator was therefore extended with a small calculating device which 

displays a criterion of fit. In that case, however, our argument concerning the 

spontaneous activity menti oned above does not apply any more. In fact, what we 

are performing when using a criterion of fit, is the same method of analysis that is 

used by the computer (see IIB2). Because we cannot change a" parameters (if three 

exponentials and a constant are fitted we need to vary seven parameters!) at the 

same time in a consistent way, we must vary them one at a time and then observe 

the criterion of fit. The same is done by the computer, only faster and with the 

extra advantage that the coefficients and constant do not have to be optimized in 

this way, but can be found by simple matrix inversion (see IIB2). 

We must conclude therefore that although this device may be useful clinically, 

where the fitting of two exponential terms and a constant might suffice (see VA3), 

it does not obey condition 2. 1. within the scope of the work described by this 
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thesis, where fitting of three exponential terms and a constant is required. 

5. Power series 

It is often suggested that a single power series might fit the data reasonably well, 

using a small number of terms. Keeping in mind that the data can be described 

adequate Iy by a sum of three exponentia I terms and a constant, we reason as 

follows: 

The series expansion of one exponentia I term yie Ids: 

-yt 
e 

00 (_ yt)n 
--,-

n. 
(35) 

n = 0 

When describing one exponential term, the maximum value of yt for which the 

exponential differs significantly from zero is about three. We can then estimate 

the number of terms necessary to describe this exponential adequately as follows: 

When substituting three for yt in equation (35) we can observe that the nth term 

follows from the n-l th by multiplying with a factor -3. This means that the terms 
n 

increase unti I n = 3 and then they start to decrease. We can then state that in 

this case at least six terms will be necessary. In our real signals at least three 

exponentia I terms can be found. When the greatest re laxation constant is combined 

with the maximum value of t, the maximum value of yt which can be expected is 

about 1000. This means that in order to obtain a reasonable fit at least 2000 terms 

have to be considered. We see that thi s method fai Is to obey conditi on 

(menti oned in II D 1) which requires a data reduction. 

6. Other mode Is 

A great number of specia I mode Is has been proposed in the past in order to 

describe the behaviour of smooth muscle or, more specifically, the urinary bladder. 

Two have been discussed elsewhere (Coolsaet et ai, 1976). The first model was 

proposed by Apter et al (1970) for describing the behaviour of muscle. It includes 

active properties but also predicts step responses. A computer program was 
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developed which simulates Apter's model. In turned out that under certain 

conditions behaviour was predicted which has never been observed in muscle. 

When the model is strained stepwise and is then kept at constant length for some 

time before being fina lIy re leased, it jumps bock to an unstretched length. This 

length is shorter than the original unstretched length. 

Another model, published by Glantz (1974) describes only passive properties. 

Using the mode I a computer program was deve loped in order to fi t measured curves 

to the curves predicted by the model. It turned out that our data could not be 

fitted. 

A model based on thermodynamics is proposed by King and Lawton (1950). It 

describes the static behaviour of the bladder very accurately, but cannot deal 

with dynami c properties I ike stress re laxation because of the fundamental 

restriction to quasi-static processes. For the same reason Stacy et al (1955), who 

also applied thermodynamics to describe the behaviour of elastomers used a 

simple mu Iti -exponential mode I to describe stress-re laxation. 

7. Conclusion and discussion 

A number of alternative models has been tested with respect to the conditions 

mentioned in 1101. None of them turned out to be better than the discrete visco

elastic model which was originally used. When this model is forced with a 

stepwise straining a stress results which can be described by a number of 

exponentia I terms. The fitting of this mu Iti -exponentia I signa I is an awkward 

problem as mentioned in IIB2. However, this problem arises from the fact that we 

force the mode I wi th step responses, and not from the mode I i tse If. We have 

therefore tried some alternative measurements with another input signal. 
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E. Alternative measurements 

1. Theory 

In order to avoid problems which occurred when fitting step responses we would 

like to test our system with orthogonal input signals. The most natural of these is 

sinusoida I strain ing. 

In this section we want to check the response of our model to sinusoidal straining 

and find out how we must apply this in order to be able to determine the model

parameters from the responses. From the mechanical model presented in Fig. 6 and 

equations (2) and (3) a third order differential equation can be obtained which 

describes the relationship between stress and strain in the time domain. Instead of 

inserting a sinusoidal input signal and formally solving the equation it is easier 

to ca leu late the response of one spring-dashpot combination at a time and 

subsequent Iy add up the resu Its. This yie Ids an ampl itude and phase characteristi c 

of the type shown in Fig. 21 (Bode diagram). Note that the higher of each pair of 

"bending points" (points where the amplitude plot changes direction) reflects the 
E 

frequency TJn which we called the "relaxation constant" in the step response 
n 

measurements. Notice furthermore that this system displays a high-pass 

characteristic. This leads to a complication. As will be shown, the system under 

test is non-linear (1IIA3, IIE2). Very often in this case a method called "describing 

function" can be used. This implies that the higher order harmonics generated by 

the non-I inearities of the system are neg lected, because they are usua lIy weakened 

by a low pass characteristic of the system. It is clear in this case that this would 

not do. We tried therefore to measure the time dependent properties of a strip of 

urinary bladder wa II using a very sma II strain wh i ch varied sinusoida lIy with time 

(compare IIA 1). In order to reduce the influence of the non-linearities we should 

keep the amplitude of the forcing sinus as small as possible. Furthermore, because 

of the impossibi I ity of applying a negative strain to a piece of wa II (see IIA2) it 

is necessary to apply a prestrain which is large enough to prevent the sinusoidal 

strain to become negative. An example of the resulting strain signal is shown in 

Fig. 22. The prestrain level £p should equal the strain level applied when 
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Fig. 21 - Theoretical amplitude and phase characteristic according 

to the mechan ica I mode I 

Fig. 22 Applied strain as a function of time 



- 74 -

measuring step responses (0.30, see IIB1). 

2. Experimental equipment set-up 

Strips of urinary bladder wall from pigs were used in an EGTA solution as 

described in liB 1. The strips were attached to two c lamps with penetrating pins; 

one was attached to the bottom of the container, whi Ie the other was attached to 

a Grass Force transducer which was moved by an eccentric mechanism via a rigid 

rod. A frequency range of 0 - 2 Hz could be reached. Discontinuities in the strain 

signa I, caused by the fact that a step motor was used, were reduced adequate Iy by 

a mechanical reduction. 

The amplitude of the strain sine wave was approximately 2 mm, which means a 

relative strain of about 0.08. The average strain level (c ) used was 0.30 (see 
p 

Fig. 22). It was not possible to make the input signal smaller because at low 

frequencies the output signal would then be so small, that it was impossible to 

detect. Strain and stress could be recorded on a dual strip-chart recorder or on 

an X-V recorder which enabled a better judgment to be made of the stability of 

the signa I. By inserting a stee I spring instead of a piece of bladder wa II, the 

hysteresis present in the set-up itself could be tested. This, however, proved to be 

negligible (Fig. 23). This pattern turned out to be independent of the frequency. 

0,004 Hz 0,04 Hz 0,1 Hz 0,4 Hz 
11 mm. I 

Fig. 23 - Stress-strain plot of a steel spring; strain is plotted horizontally, 

and stress vertica Ily 
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3. Results 

In Fig. 24 a characteristic measurement is shown. The upper trace represents 

strain, the lower trace stress. In Fig. 25 stress-strain plots are shown. It is clear, 

Ilmm. 

200 s. 

i 

I 
! / 

O.lN 

Fig. 24 - Stress and strain recorded during sinusoidal forcing; upper trace 

represents movement of upper clamp (strain); lower trace 

represents force on force transducer (stress) 

that the input signal is in fact too large because the output obviously deviates 

from a sine wave. Another mechanism, however, could also be responsible for this 

deviation (see IliA 1). We decided to try to experiment in spite of the non

linearities in order to test the entire concept. From four bladder strips the 

amplitude ratio (stress amplitude over strain amplitude) and phase were measured 

as a function of frequency. The Bode diagram of the best resu It (stri p 3) is 

represented in Figs. 26 and 27. The amplitude characteristic shows a significant 

increase with increasing frequency in three of the four measurements. It did not 



1 mm. 
1----1 
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2 

0,02 Hz 0,3 Hz 

Fig. 25 - Stress-strain plot of a piece of bladder wa Iii strain is plotted 

horizontally and stress vertica Ily 

1,0 Hz 

turn out to be possible to obtain significant figures concerning the position of the 

supposed "bending points" in the amplitude characteristic. 

However, when Fig. 26 is compared to the average relaxation constants presented 

in Table VI, slight agreement can be noticed. 

A feature that -easily could be checked is the total increase ratio of the amplitude, 

i.e. the ampl itude ratio at the highest frequency, over the ampl itude ratio at the 

lowest frequency. These are shown in Table VII. It follows that this total increase 

ratio equals the inverse of the relative elastic modulus eO which yields 5.9 

(compare with chapter" I). Because measurement 3 has the highest tota I increase 

ratio it also shows the most pronounced "bending points" and was therefore 

presented as being lithe best". Another observation is that whether a high or low 

increase ratio is found depends ~n the sequence of the measurements (from high to 
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0,01 0,02 0,04 0,1 0,2 0,4 

Fig. 26 - Amplitude characteristic of bladder strip 3 

phase lead 

12° 

0,0004 0,00 1 0,002 0,004 0,01 0,02 0,04 0,1 0,2 0,4 

Fig. 27 - Phase characteristic of bladder strip 3 

2 4 
v(Hz} 

2 4 
V (Hz) 
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Measurement Total increase ratio 

1 2.0 
2 3.0 
3 6.0 
4 1.2 

Table VII - Amplitude ratio at the highest frequency over the amplitude 

rati 0 at the lowest frequency 

low frequencies or from low to high) because the stress response to sinusoidal 

straining with constant amplitude and frequency decreases as a function of time. 

This behaviour, which is not predicted by the model, led among others to the 

extension of the mode I presented in chapter III. 

We performed the measurements in an alternating sequence, that is, we started 

with the highest frequency, then measured the lowest, then the highest minus one 

etc. By repeating the highest frequency measurement later on, an entire Iy 

different result was occasionally obtained. A significant result concerns the phase 

characteristic. We found that stress always led strain, as the model predicted, 

which we call a positive phase shift. Apter and Graessley (1969) called this a 

negative phase angle and sometimes observed a positive phase angle at low 

frequencies, when measuring on smooth muscle. It should be noted that they 

explained this by means of the activity of the muscle while in our experiments 

activity was suppressed. Again only slight agreement can be noticed between 

peaks in the phase characteristic and the relaxation constants in Table VI. 

4. Conclusion and discussion 

It turned out that the results obtained with small sinusoidal signals were not very 

re I iab Ie, which may partly be due to the si mple approach. 

On the other hand, these resu Its demonstrate some fundamenta I difficu Ities, which 

are characteristic of this type of measurement. One of these is the fact that 
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the large frequency range that has to be exam ined (for comparison to step response 

resu Its at least 0.001 - 10Hz) combined wi th the necessity of observing at least a 

few periods of the low frequency components in order to obtain significant results, 

causes a very long measuring time. During this time the properties of bladder wall 

strips may change, especially the elastic moduli (Coolsaet et ai, 1975b). As ~ 

measurements made on one strip during an experi ment shou Id be combined in order 

to obtain a fu II insight into the time dependent behaviour, there is no way to 

observe the changes in this behaviour during the experiment. Furthermore, 

although the time dependent behaviour in isolation (as characterized by 

re laxation constants, compare IIC2) can be shown to be reproduc ib Ie, even if 

measurements are taken at long intervals, the elastic moduli are not, but decrease 

during the day the measurements are made. In terms of the Bode plots this means 

that the "bending points" are reproducible, but the slope of the amplitude 

characteristic is influenced by the sequence in which the frequencies are scanned. 

The crucial point of course, is whether the "bending points" are recognizable in 

the Bode plots, but this turns out not to be the case even in the best measurement 

that was taken. As this best measurement shows a slope as definitive as could be 

expected according to the step response measurements we conclude that no 

improvement can be expected from a better set-up. Sinusoidal measurements do not 

offer a good possibi lity of measuring the time dependency of the stress-strain 

relationship of the urinary bladder wall. From the results obtained it can be stated 

that the sinusoidal measurements at least confirm the observation that the system 

under investigation acts as a high-pass filter. It is also from this point of view 

advisable to use stepwise straining as the input function as a step contains a great 

deal of high frequency energy. 
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III. Length dependent behaviour of the bladder wa II 

A. Theory 

1. Conclusions from time dependent behaviour 

The step response measurements on bladder wa II strips, as described in chapter II, 

yie Id re laxation constants and elastic modu Ii. As stated in IIC4 we assume that 

the relaxation constants do not depend on the amplitude of the stepwise straining. 

The elastic moduli do however depend on the amplitude of the stepwise straining. 

This strain or length dependency in combination with the geometry blocks 

described in chapter IV determines the length-or the volume-amplitude dependency 

of the pressure-volume relationship of the urinary bladder. In this chapter 

therefore investigations are described on the dependency of the elastic moduli on 

the amplitude of the strain: 

E 
n 

E (I £ I) 
n 

(37) 

where I £1 is the amplitude of the applied strain 

Initially we tried to determine these functions simply by performing a number of 

step response measurements on strips with increasing strain. It turned out, however, 

that the functions measured in this way were not reproducible. Sometimes the 

elastic modu Ii increased with the strain, sometimes they decreased, and 

occasionally a combination of increase and decrease was seen (Coolsaet et ai, 

1975b). An interesting feature was that the trends in the four elastic moduli (three 

from the three exponentials and one from the constant) were generally alike. 

Next the series of measurements at constant strain level, described in IIC2, were 

performed. It turned out that the e lasti c modu I i were not constant in spite of the 

fact that the applied strain amplitude was constant. A generally decreasing trend 

as a function of time was observed. Again the trends in the four elastic moduli 

were alike. We concluded that two mechanisms were active in the previous 

measurements, viz the strain dependency (37) which probably tends to increase the 

elastic modulus at increasing strain, and the fact that the elastic moduli decrease 

as a function of time. The result is obviously that all possible combinations of 
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increasing and decreasing trends can be seen. 

Concerning the cause of the decrease of the elastic moduli we note the following. 

It was observed that during the IIrest period ll between the strains (see IIB1) the 

strip tended to hang more and more limply as the experiment continued. Related to 

this phenomenon is the problem of the initial length 1
0

, This length has to be 

determined in order to be able to calculate the length I to which a strip has to be 

stretched to realize a strain according to relationship (1). Furthermore the 10 

length has to be determined when the strip is already attached to the clamps 

because we are interested in the length of strip which is actually strained and not 

in that part which serves as a grip for the clamps. It appeared that when we slowly 

increased the initial length by adjusting the appropriate microscrew on the 

pneumatic strain device no sharp edge on the force as a function of time curve can 

be observed at the point where the strip is fu Ily tautened. Furthermore, as the strip 

is rather thick (3 - 5 mm) it is difficult to see whether the strip is fully tautened. 

Finally, the strip already begins to show relaxation phenomena when it is 

definitely not fully tautened. This must mean that parts of the strip start being 

strained (and thus relax) while other parts are not yet tautened. The problem is 

generally referred to as being very awkward and elaborate solutions have been 

proposed (~berg and Axe Isson, 1965). Various methods were attempted in order to 

obtain a reliable estimation of the length 1
0

, Experiments were done in which the 

length 10 was adjusted before every measurement in an attempt to obtain 

reproducible elastic moduli. It turned out, however, that no method was entirely 

successfu I. We fina IIy decided to determine the in itial length 10 by a IIowing the 

strip to stretch for about one second under the weight of the lower clamp, which 

is about 13 g, and then keeping it constant during the experiment. This method is 

sti II unre I iable, and the errors involved are in the order of magn i tude of 20%. 

Concerning our problem of the observed decrease of the elastic moduli we note 

that this may be caused by the strip hanging limp, which is in fact an increase 

of the length 1
0

, This increase then causes an effective strain which is lower than 

the calculated strain, and as a consequence causes an under-estimation of the 
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elastic moduli. 

Our mechanical model, as presented in Fig. 6, does not feature a variable rest 

length. In order to include this in the model we added an extra dash pot in serie 

with the model, which is assumed to have a very high viscosity modulus, so that 

it does not give a sign ifi cant contribution to the stress-re laxation measurement. 

The problem now is, that the length 10 of the model thus modified can only 

increase. In fact an increasing 10 is what we observed in most strips, however 

obviously with an in vivo bladder it is not probable that the rest length always 

increases. To enable us to reset the extra dashpot we therefore add an active 

element to our model. As in our measurements active properties were suppressed 

(by EGT A) the active element is assumed here to have no influence. In Fig. 28 

c 

'113 

Fig. 28 - Modified mechan ica I mode I with in itia I length dashpot and 

active element 
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the modified mode I is shown. If measurements are performed at increasing strain 

the elastic moduli increase or decrease depending on which mechanism "wins", 

that is the 110 dashpot or the strain dependency. In the case of decreasing elastic 

moduli (in model-terms: caused by 11
0

) the trends should be similar for all moduli. 

In the case of the increasing moduli the trends might be different, because every 

elastic modu Ius might have its own strain dependency. However, we observed 

that in this case also the trends were similar. Therefore our basic assumption in this 

chapter is that the trends in all elastic moduli are the same, which means that the 

elastic moduli relative to their sum should be constant. 

We define: 

E (I (1) 
n 

E(ld).e (38) 
n 

k 
where E(I£I) I: E (1£ I) 

n=O 
n 

(39) 

E (1£1) 
and 

n 
e 
~ n 

(40) 

We will call e the relative elastic moduli and E(I£I) the elastic modulus function. 
n 

In terms of the diagram, represented in Fig. 3, this means that the "waW' block is 

split up into a time dependence block, and a length dependence block (elastic 

modu Ius functi on). The outputs of these blocks are mu Itipl ied to yie Id the stress 

signal (see Fig. 29). Since our basic assumption is that the relative elastic 

modu I i are independent of strain, they shou Id a Iso be insensiti ve to errors in 10' 

and they can be ca Icu lated from the step response measurements. Table VIII 

contains averages and standard deviations of the relative elastic modu Ii for the 

series of measurements denoted as "pigs; EGTA; increasing strain" in Table VI, 

Strain varied between 0.2 and 1.6. Notice that the relative standard deviations in 

the relative elastic moduli are smaller than those in the relaxation constants 

displayed in Table VI. This means that the relative elastic moduli in fact are more 

reproducible parameters. Concern ing the e lasti c modu Ius functi on, thi s function 

cannot be calculated from the step response measurements, since here errors in 10 
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Fig. 29 - Detai led system flow chart for the "wa 11" block 

Relative elastic 
Value 

Re lative standard Number of 
modu Ius deviation measurements 

eO 0.17 32% 98 

e
1 

0.50 19% 98 

e
2 

0.20 15% 98 

e
3 

0.14 22% 98 

Table VIII - Relative elastic moduli and standard deviations 

affect the resu Its. Another measurement method wi II be discussed in IIIA2. 

2. Introduction to pu Ise measurements 

The problem in determining the elastic modulus function from step responses 

consists of the increase of the length 10 caused by the force working on the initial 

length dashpot TJO' see Fig. 28. The increase in 10 is considerable since the strips 

are strained for a very long time (fifteen minutes per measurement), 

Ana logously to the method followed in chapter II, where we measured the time 
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dependence of the bladder wall at constant length, we shou Id here determine the 

length dependence at constant time. Strictly speaking this is not possible, but we 

can approach this ideal situation by keeping the straining periods as short as 

possible. Remember that here we only want to determine the elastic modulus 

function, which is the sum of all elastic moduli, and not the moduli separately. 

In order to determine this sum we only need to know the original height of the 

step responses. We therefore can restrict our straining time to the time necessary 

to register the initial height. As the straining lasts only a short time, we expect 

that the influence of the 'flO dashpot wi II be small. As our input signal is no longer 

a step but a pu Ise, we refer to these measurements as pu Ise measurements. Due to 

the necessary fast input signals we are obliged to perform these experiments on 

bladder wall strips. The same advantages for strip measurements as mentioned in 

IIA 1 a Iso apply here. 

3. Non-linearities 

By stating that the elastic moduli depend on the strain amplitude (relation (37)) the 

first non-linearity in our system is introduced. From Fig. 1 it is clear that the 

static behaviour of the total urinary bladder is non-linear, and in chapter IV we 

wi II show that the first geometry block is a Iso non-I inear. It is therefore that some 

remarks concerning non-linearities have to be made here. 

An important feature in this context is the fact that we found the relaxation 

constants to be independent of strain. From re lations (4) and (5) we see that this 

implies that the viscosity moduli must show exactly the same strain dependence as 

the elastic moduli. Notice that the moduli depend on the total strain, related to 

the total length of the model, presented in Fig. 6, which is a combination in series 

of a spring and a dashpot. This means that we cou Id write: 

(41) 

where £1 represents the strain working on the spring, and is not equal to E, which 

is the strain working on the series combination. 

In a mechanical model it would seem almost impossible to construct a non-linear 
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spring with a non-linearity which is not connected to the length of the spring 

alone, but connected to the length of the spring and a series element. Of course 

in the bladder wall no discrete elastic and viscous elements are present and our 

mechanical model is only a simplified representation by way of discrete elements. 

Nauta Lemke et al (1972) list a number of characteristics of non-linearities. 

According to their classification the elastic modulus function shows a static, 

univalent, hard non-linearity. Although the urinary bladder wall is obviously a 

dynamic system, the non-linearity is called static because the elastic modulus 

function does not depend on time. It is univalent because at one strain level we 

only find one value for the elastic modulus function, and hard because - as we 

will see in IIIC the first derivative of the elastic modulus function increases 

with strain. Other classification criteria with regard to the explicit or implicit 

nature of the non-linearity and its symmetry or asymmetry are not applicable in 

our case because negative strain cannot be applied. An interesting question is 

whether the non-linearity might be of the type IIsaturation ll
• Although this 

generally causes a sharp edge in the characteristic which is not seen in our case 

(compare IIIC) we might argue that the increase of the elastic modulus function 

at high strain is obviously due to the fact that the material cannot be strained 

any further and that it indeed must be saturation. In fact what our non-linearity is 

called is quite arbitrary as long as we know the consequences of its characteristics. 

We conclude that as long as one strain amplitude is applied to the urinary bladder 

wall, which is the case when stepwise strainings are applied, the material behaves 

linearly, because the strain dependence appears in the numerator as well as in the 

denominator of the relaxation constants. The amplitude of the response, however, 

depends in a non-linear way on the strain amplitude. The consequence concerning 

our mechanical model is that the elements must have rather artificial properties. 
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B. Methods 

A system flow chart of the set-up is presented in Fig. 30. 

Fig. 30 

valve 

control 

force 
transducer 

pulse 
width 

generator 

trigger pulses 

stra in 
gauge 

ampl ifier 

repetition 
rate 

generator 

interface 

computer 

System flow chart of set-up of experimental equipment for 

pu Ise measurements 

The same pneumatic strain device was used as described in liB 1. A series of pu Ises 

is generated by two generators controlling the repetition rate and the pulse 

duration respective Iy. Un less otherwise specified the repetition rate was 0.016 Hz 

(or one pulse every 62.5 s) and the pulse duration was 625 ms. The valve control 

unit was altered in such a way that it could follow a logical (0 1) input signal, 

which means that the straining of the strip followed the same time schedule as the 

electrical input pulses (see Fig. 31). A fixed delay time after the start of the 

straining (540 ms) four trigger pulses with intervals of 38 ms were sent to the 

interface. At each trigger pu Ise a sample was read. The four samples were read into 

the computer which calculated the average value and the standard deviation. The 

average was chosen as a measure of the response to a certain stra in level and wi II 

be called from now on the average peak force. The amplification in the total 

set-up is identical to the value described in IIB1. In most cases the strain gauge 

amplifier was set to an amplification factor of 3.33. For other settings adequate 

correcti ons were used. Strips from the posterior (back) wa II of pig bladders were 
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.. 
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Fig. 31 - Re lationship between strain and trigger pu Ises 

t 
---+ 

used. The solution used was the one with the EGTA added. Initial length and 

tissue volume were determined as described in liB 1. Remarks shou Id be made with 

regard to the "time-dimensioning'l of the set-up. The interval between the 

samples read by the interface was the maximum sample rate of the interface. 

We used four samples in order to obtain a reliable impression of the standard 

deviation. The value of the delay time between the "start of straining" and the 

first trigger pulse was determined by inserting a steel spring at the place of the 

strip, and by increasing the delay time from zero to the lowest value for which no 

transients in the four samples cou Id be observed. When the spring was stretched 

maximally (50 'mm, see !lBl), the relative standard deviation in the samples was 

about 0.2%. The large delay time that was necessary in comparison to the high 

speed of the pneumatic cy I inder (see IIC3) gave rise to the conc lusion that the 

observed transients must be caused by vibrations in the set-up. The strain pulse 

duration was made as short as possible by increasing it until no more transients in 
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the fourth sample could be seen when using the steel spring dummy. With regard to 

the pulse repetition rate, an interval of about one minute was used in order to be 

able to adjust the microscrews between two measurements. The results of 

measurements with longer interva Is between the pu Ises wi II be di scussed in "IC. 
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c. Results 

The reproducibi lity of our method was tested by applying a series of strain pu Ises 

with ampl itude 0.30. It turned out that the re lative standard deviati on of the four 

samples was small (usually less than 2%). This standard deviation actually reflects 

the vi sco-e lastic re laxati on during the pu Ise straining. The re lative standard 

deviation in the average peak force of the responses to different pu Ises, however, 

yie Ided up to 56% for 30 measurements on one strip. 

Increasing the intervals between pulses to five minutes did not result in a smaller 

standard deviation. 

Since succeeding measurements tended to yie Id lower responses, we conc luded 

that the influence of the 110 dash pot was sti II too large. We therefore tried to find 

a method which allowed corrections depending upon the lengthening of the 110 

dashpot. Pulses at two different strain levels were alternated. Though the 

reproducibi lity of the average peak forces of the responses to pu Ises of equal strain 

level was sti" bad, it turned out that the absolute differences between these peak 

forces for two strain levels were very reproducible as long as the two strain levels 

were not too far apart. In Table IX the resu Its of these reproducibi lity tests are 

shown. For instance, for the strain levels 0.3 - 0.6, measurements were taken from 

10 strips, with at each strain level 15 alternated pulses. The fact that the 

difference between the average peak forces is very reproducible corresponds to our 

Average relative standard 
Number of pu Ises Number of 

Strain leve Is deviation of difference 
between peak forces 

per measurement measurements 

0.3 - 0.6 10% 15 + 15 10 

0.6 - 0.9" 14% 15 + 15 4 

0.9 - 1.2 13% 15 + 15 4 

Table IX - Reproducibility of the difference between average peak forces 

of pu Ise responses at two different strain leve Is 
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conclusion concerning the influence of the 'flO dash pot. The restriction to strain 

levels which are "not too far apart", means in practice that the difference between 

the strains must not be larger than 0.4. This can be understood from the observation 

that the very large extension of the 'flO dashpot at very large strains would cause 

no effective strain at all at the smaller of the two pulses. 

Using this information a measurement series of increasing strain pulses with added 

correction pulses was designed. The series was measured as follows: 

o. 1 - 0.2 - O. 1 - 0.3 - O. 1 - 0.4 

0.3 - 0.5 - 0.3 - 0.6 - 0.3 - 0.7 

0.6 - 0.8 - 0.6 - 0.9 - 0.6 - 1.0 

0.9 1.1 - 0.9 - 1.2 - 0.9 - 1.3 

1.2 - 1.4 - 1.2 - 1.5 - 1.2 - 1.6 

0.5 
0.4 
0.3 
0.2 
0.1 

(see Fig. 32) 

Fig. 32 - Strain pulses arranged so that correction is possible 

t 

Here the 0.1; 0.3; 0.6; 0.9 and 1.2 strain level pulses serve as correction pulses. 

The correction is performed by computing the difference between the response to 

a strain pulse and the preceding correction strain pulse, and adding to this 

difference the "true" value of the response to the correction strain pulse. 

Corrections using lower correction strain pu Ises are inc luded in thi s "true va lue II 

so that in fact the whole series is corrected to the level of the first 0.1 strain 

measurement. A plot of these corrected values versus strain is seen in Fig. 33. The 
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0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 
-1£1 

Fig. 33 - Corrected average peak force as a function of strain 

values are multiplied by the amplification factor mentioned in 11Bl. 

Using a sma II computer program contain ing an implementation of formu la (11) the 

elastic modu Ius functi on as a function of strain was computed. In Fig. 34 the dots 

represent the va lues thus ca leu lated. The plotted curve has resemblance to the 

ones measured by Fung (1968). As in the literature it is commonly assumed that the 

elastic modulus or moduli from smooth muscle depend exponentially on strain (see 

for instance Glantz, 1974), a mono-exponential function was fitted to the data by 

performing a semi-logarithmic transformation and calculating a regression line. 

The resu I t can be seen in Fig. 34 (I ine). In mathematica I terms, we thus describe 

the elastic modulus function as follows: 

E(lcl) IEle P1cl (42) 

We shall call lEI the elastic coefficient, and P the elastic exponent. 
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Fig. 34 - Measured elastic modulus function (dots) and fitted 

mono-exponential function (line) 

Ten measurements were performed on strips of bladder wall from seven different 

bladders. The parameters determined are shown in Table X. 

Parameter Average value 
Re lative standard Number of 

deviation measurements 

p 1.28 19% 10 

lEI 16 084 N/m
2 

43% 10 

Table X - Average and standard deviation for the parameters defining 

the elastic modulus function 
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The average standard deviation of the data about the regression line yielded 

5740 N/m
2

, whereas the standard deviation of the data plotted in Fig. 34 yielded 

6816 N/ m 
2 

so that we may ca" the fit in Fig. 34 representative for the average 

fi t. 
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D. Conclusion and discussion 

We conclude that the length dependent properties of the urinary bladder wall can 

be adequately described by adding an 110 dashpot which reflects changes in initial 

length of the tissue to the mechanical model. The four elastic moduli of the model 

show a mono-exponential trend as a function of the strain, which is identical for 

all moduli. The average exponent and coefficient of this exponential trend are 

shown in Table X for pig bladder wall. The three dashpots 111' 112 and 113 show 

exactly the same strain dependence as the elastic moduli, so that the relaxation 

constants are independent of strain. 

The reproducibi lity of the exponent in the exponential model which is called 

elastic exponent is good (re lative standard deviation 19%), whereas the 

reproducibility of the coefficient called the elastic coefficient is less good 

(relative standard deviation 43%). 

In drawing these conclusions the following assumptions have been made: 

1. The tissue volume is independent of strain. 

2. The length dependent properties are independent of the place and the 

direction in which the strip is cut (homogeneity and isotropy). 

3. The elastic moduli relative to their sum are independent of strain. 

Assumpti on 1. has a Iready been discussed elsewhere, and assumption 2. has not 

been verified. In fact in chapter II we assumed the same about the time dependent 

properties so that in combination with this assumption we assume that all passive 

properties of the urinary bladder wall are homogeneous and isotropic. Concerning 

assumption 3., this is supported by the fact that the relative elastic moduli are 

quite reproducible (Table VIII). 

Finally it should be noted that the mechanical model now has rather artificial 

properties, so that it would be very difficult to construct from mechanical parts. 

However, as long as the model serves as an aid to thought enabling us to talk 

about the urinary bladder wa II in an easy way, it may be quite usefu I. 
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IV. Geometry of the urinary bladder 

A. Theory 

In this chapter we wi II deve lop descriptions of the two geometry blocks in Fig. 3. 

Our basic assumption wi II be that the urinary bladder is a thick walled sphere 

(Osborne and Sutherland, 1909, and Matsumoto and La Grange, 1973). 

In that case, the first geometry block, which relates strain to volume, can be 

described as follows: 

I - I o 
-1

0
- (43) 

Two things should be noted, first the fact that the tissue volume is not used in this 

equation, which means that the line from V
t 

to the first block can be deleted in 

Fig. 3, and second the fact that (43) is a non-linear relationship. This means 

among others that a sinusoidal volume signal does not generate a sinusoidal strain, 

so that it is high Iy un I ike Iy that the b ladder wi II yie Id a sinusoidal pressure from a 

sinusoidal volume signal. However, this non-linearity has no influence on the 

measurements with stepwise input signals since here only one volume level is 

steadi Iy appl ied. 

The second geometry block, relating pressure to stress, causes much more trouble. 

From Lame (1852) page 212, we obtain the following re lationship for a thick 

wa lied sphere: 

3 3 3 3 
(PO - Pl) 

a(r) 
Pdo - Pl r 1 

+ 
r 0 r 1 

7 3 3 
r
1 - rO r

1 - r 0 

(44) 

where a(r) is tangential stress in the wall at radius r 

Po is pre ssu re in the sphe re 

Pl is pressure outside the sphere 

rO is inner radius 
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is outer radius 

Regrouping the terms of (44) gives the relationship presented by Love (1927) page 

142, with the exception of the symbols 0 and 1 for outer and inner which are 

reversed: 

a(r) (45) 

A simi lar formu la can be found in Vocke (1969). 

Inserting: 

4 3 3 
so that 

3 3 
3V

t 
(46) 3'TT (r 1 - r 0 ) (r 1 - r 0 ) 4TT 

and: 

V 
4 3 

so that 
3 3V 

(47) 3" TTro rO 4TT 

in formu la (45) yie Ids: 

3PO V 3Pl 

2V
t 

(V + -d-) - - (V + V
t
) (48) 

2V
t 

for r = r 0' and: 

a(r 1) 
3Pl 2 

--(V+-V) 
2V

t 
3 t 

(49) 

for r = r 1. 

To get on Iy one expression for the stress in the wa II as a function of pressure and 

volume, we take the average of equati ons (48) and (49): 

a(f) 
3PO 1 3Pl 5 
2V

t 
(V+ 6 Vt) - 2V

t 
(V + 6Vt) (50) 

where f means mean radius 

The relative difference between (48) and (49) has a magnitude of ~ V
t 

relative to 

V. Assuming that V
t 

< 0.1 x V this wi II be less than 4%, which means that taking 
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the average of (48) and (49) introduces an error of about 2%. 

Equation (50) can be approximated by: 

o(f) = 2~t (PO - P1) (V + t Vt) (51) 

The error introduced by neg lecting ±6 V with respect to V wi II be about 7% again 
t V 

assuming that V
t 

< 0.1 x V. The deleting of -/; in equation (51) simplifies the 

equation. Furthermore PO - Pl' which is the pressure difference across the wall, is 

the pressure p in the bladder with respect to barometric pressure, and we refer to 

the average stress O'(f) as the stress 0' in the wa II. We then obtain: 

_ 3pV 
0' - 2V 

t 

(52) 

Thi s re lationship can also be obtained by ca leu lating a simple ba lance of force 

over two half spheres (Matsumoto and La Grange, 1973, and Coolsaet et ai, 1975a). 

Hinman and Mi lIer (1964) use the re lation S = p V where S means stress. The 

method used here is preferred because it clearly shows the assumptions and errors 

involved. When V
t 

< 0.1 x V, which in normal practice is a rather realistic 

assumption, the total error which is introduced by replacing equations (48) and (49) 

by equation (52) is about 10%. The simpler method, however, can be used in order 

to get an impression of the importance of the assumption that the urinary bladder is 

spherical. This can be very easily done by applying the method to a cube, which 

yie Ids the same re lati on as equation (52), or to a rectangu lar paralle lepiped with 

2 sides of length I a and one of length I
b

, whi ch yie Ids: 

where 

0' 
a 

~ 21b 
2V

t 
(2 + -I -+-1-) 

a b 

0' is stress parallel to side with length I 
a a 

O'b is stress para lie I to side with length Ib 

(53) 

It is remarkable, that the essential form of equation (53) equals that of equation 
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(52), and that the only difference between (52) and (53) is the constant factor. 

The same results are even found on a regular pyramid. As during our step response 

measurements on Iy one strain leve lis appl ied for each measurement, we can 

expect that when the bladder deviates from a sphere, small quantitative errors in 

computed data are introduced. The qualitative shape of the measured curves, 

however, is not affected. 
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B. Methods 

In IVA we developed models for the two geometry blocks in Fig. 3. 

In this section we will describe a method of testing the validity of these models. 

Since both relations (43) - for the first geometry block - and (52) - for the 

second geometry block - are independent of time we do not have to involve time 

in our test. What we should investigate is the length dependency of our geometry 

blocks. This can be done by measuring the pressure-volume relationship of a 

bladder, ca Icu lating the stress-strain re lationship of the IIwall ll block from the 

resu Its, and then measuring this stress-strain re lationship directly on a strip of 

bladder wa II. In order to de lete the time dependency from the properties of the 

bladder, we shou Id take quasi -static measurements. These, however, are very time 

consuming. Furthermore we then have to deal with the problem of the initial 

length of the tissue and the bad reproducibi lity of measurements on the length 

dependency (see chapter' 111). The measurements therefore were performed on a 

rubber balloon which showed negligible viscosity. Here the initial length could 

be observed as a sharp edge in the pressure-volume or stress-strain relationship. 

The ba Iloon was connected to the catheter and to the apparature as described in 

VB. In order to avoid the influence of gravity the ba Iloon was submerged in water. 

It was fi lied by increments of fluid, and pressure readings were taken after waiting 

about one minute. From the volume and pressure values we then calculated the 

stress and strain for every measurement and from them the elastic modulus, using 

the relationship: 

The reason for the factor 2 here is the fact that we strain the material in all 

directi ons and not on Iy in one as is the case with strips. It can easi Iy be shown 

(see Frank, 1906, or Brody and Quigley, 1948) that this yields a multiplicative 

(54) 

factor of ~ 11 where Il equals Poisson's ratio which we assume to be 0.5 (V
t 

is 

constant). The e lasti c modu Ius is a Iso obtained from measurements on a strip from 

the wall of the balloon. The equipment described in IIBl is used, except that the 

strip is strained by simply adjusting the lIinitial length ll microscrew. In both cases 



- 101 -

(total balloon and strip) measurements were first taken by an incremental increase 

in strain and then by a simi lar decrease, and the average of these two 

measurements was used. 

Since the density of the rubber may be assumed to be constant, we cou Id confine 

ourselves to determining the weight of the material instead of the tissue volume 

(which was easier to do) and then multiplying this value by the density. 
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C. Resu Its 

Measurements were taken from three balloons. Typical results are shown in Fig. 35, 

Fig. 36 and Fig. 37. 
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Fig. 35 - Pressure as a function of volume for a rubber balloon 

Figure 35 displays pressure as a function of volume for the total balloon, while 

Fig. 36 displays force as a function of length for a strip from this balloon. 

In Fig. 37 we plotted the elastic modulus as a function of strain, computed from 

the total balloon measurement and from the strip measurement. In Table XI the 

average elastic modu Ius is tabu lated for a II measurements. Some remarks shou Id be 

made. First of a II, concerning the difference between the elastic modu I i at low 

strains the following explanation can be given: As the wall of the balloon is 

curved, the strip cut from it wi II also be curved. The curvature in the direction in 

which we strain the strip did not cause the trouble, but the curvature 

perpendicular to the strain direction causes the sides of the strip to be strained 

first, while only at higher strains is the middle of the strip strained. The result is 

an apparently lower elastic modulus at low strain. For the observation that at high 
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Fig. 36 - Force as a function of length for a strip of rubber 

500000 
__ ~ __ ~- strip __ ...0---

total balloon 

400000 

300000 

200000 

100000 

o ~---r----.----r----.----.---'r---.----'r---.----'r---.-----r-
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1. 1 1.2 - £ 

Fig. 37 - Elastic modulus as a function of strain, determined from measurements 

on a rubber balloon and a strip of rubber 
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Measurement 
Result from measurement on total balloon Result from measurement on strip 

Difference between 
number average elastic moduli 

elastic re lative number of elastic relative number of 
modu Ius standard measured modulus standard measured 
(N/m2) deviation points (N/m2) deviation points 

1 517 662 3% 7 520284 10% 22 1% 

2 427 375 6% 20 434 841 22% 20 2% 

3 507359 5% 19 455 733 23% 20 11% 

Table XI - Average elastic moduli, relative standard deviation and difference for measurements 

on rubber balloons and strips of rubber 
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strains the elastic modulus measured on strips is higher than the one measured on a 

tota I ba lIoon, another explanati on may hold: In this case the strip of wa II 

constricts. The consequence of this is, that now there is also a strain component 

perpendicular to the original strain, which causes an apparently higher elastic 

modulus. In Table XI we see that the standard deviation in the elastic moduli is 

significantly larger for the measurements on strips in comparison to the 

measurements on the total balloon, which means that here the measured curve has 

a greater deviation from the average. 
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D. Conclusion and discussion 

From the tests performed on rubber balloons we can conclude that: if the geometry 

under investigation is spherical and if the volume of the wall material is constant, 

then the model is reasonably accurate. References supporting these two assumptions 

are given in IVA and IIA3. The test shows furthermore that the numerical values 

for amplification factors etc. of the experimental equipment are correct, and the 

factor two used in equation (54) is also applicable. The measurements presented 

provide us with new material which forces us to reexamine our reasoning in IIA 1 

concern ing the advantages of measurements on strips. From our resu Its in IVC we 

see that in the case of experiments on strips, more artefacts are observed than in 

experiments on whole balloons. This means that although the geometry of strips 

is easier to describe, in practice however measurements on strips are also 

afflicted with problems. Kunov et al (1975) even prefer to measure flat objects in 

a spherical geometry. In our case, however, enough reasons remain to prefer 

measurements on strips, as for instance the fact that fast strain ing is much easier 

than fast filling. Another point of discussion is the shape of the pressure-volume 

relationship in Fig. 35. At first sight it is amazing that pressure decreases when 

volume increases. The effect is displayed by all rubber balloons (Frank, 1910, and 

Frank, 1928). This decrease cannot be explained by a decrease in elastic modu Ius. 

There may be two reasons. In the first place, when the ba IIoon is inflated and the 

volume of the wall remains constant, the wall becomes thinner. In the case of the 

limit, when volume approaches infinity, the wall is infinitely thin and therefore 

no pressure difference across the wa II can exist. In the second place, when the 

sphere is inflated, the curvature of the wall decreases which means that the 

resultant, inwardly directed force (which yields pressure) is a decreasing fraction 

of the increasing stress. The result is a decreasing pressure (Winton and Bayliss, 

1968). 

Concerning the urinary bladder the following should now be noted. We see that a 

sphere with constant e lasti c modu Ius yie Ids a decreasing pressure at increasing 

volume (after a certain maximum volume). This means that it is the rise in pressure 
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at the greatest volume that shou Id surprise us rather than the "Iong flat portion II 

in the static pressure-volume relationship of the bladder (see Fig. 1). This must 

be caused by an increasing elastic modulus (compare chapter III). We can 

conclude by stating that no active mechanisms are necessary to explain the fact 

that an urinary bladder can store a great deal of urine without a significant rise 

in pressure. A rubber ba !loon wou Id do even better in this case. 
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V. Evaluation of total bladder model 

V 

A. Theory 

1. Introduction 

In the previous chapters models for the various blocks in our block diagram of 

Fig. 3 are proposed and tested. Furthermore, the "wa II II block was divided into 

two blocks. This results in a block diagram as shown in Fig. 38. 
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Fig. 38 - Total systems flow chart of the passive properties of the urinary 

bladder in the collection phase 

For the first geometry block, the length dependent wall block, and the second 

geometry block the formu las (43), (42) in combination with (54) and (52) hold. 

The time dependent wall block is described by the mechanical model presented in 

Fig. 28. We can see that in the above mentioned re lations V
t 

on Iy influences the 

second geometry block. The connections from V
t 

to the other blocks could, 

therefore, be omitted in this block diagram. 

In order to evaluate the total bladder model thus formed, we could combine all 

mathematical descriptions of the blocks into one differential equation. Because of 

the non-linearities involved, this equation would be very difficult to solve. For 
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certain input signals, however, such as a very slow ramp, where all the derivatives 

can be neglected, the equation reduces to a very simple one. That is how we wi II 

calculate the response to a "quasi-static" input signal as applied during clinical 

"quasi -static cystometry" in VA2. For dynami c input signa Is such as the stepwise 

volume changes described in VA3, we wi II use another approach viz the 

"following" of the signal through the block diagram by calculating the response to 

its specific input signal for every block. 

Some problems involved in measurements on whole bladders should be mentioned 

here. One problem is that of the initial or unstrained volume of the bladder, 

re lated to the problem of the initial length of bladder wa II strips (see chapter 111). 

Because of relationship (43) we should first know the initial volume of the bladder 

in order to be able to calculate the strain involved. The initial volume, however, 

is very hard to determine, especially in vivo, because when the abdominal wall is 

not open, there is no way to te II whether the urinary bladder wall is hanging limp, 

just tautened or already strained. In practice we used a syringe to very slowly 

fi II the bladder unti I there was a significant rise in pressure. This is a very 

unreliable method which undoubtedly introduces errors. However, many of the 

parameters of our mode I are independent of strain (the relaxation constants and the 

re lative e lasti c modu I i) and are thus not influenced by V 0 errors. For the other 

parameters the standard deviation wi II show how important this and other errors 

can be. 

Another problem is that we have described the passive properties of the urinary 

bladder here. In a living animal there is no good way to eliminate active 

properties. In fact a great dea I of spread in the amount of activity can be 

expected, depending upon whether anesthesia is given and how much (see VB). 

Two solutions are possib Ie. We can either consider the measured responses as 

dominated by passive properties, or try to differentiate between phenomena caused 

by active and by passive properties. The latter method, however, demands a 

knowledge of active properties whi ch we do not have. Therefore on Iy the former 

method remains. In IIC2 we conc luded that dog bladder strips showed little 
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spontaneous activity. Therefore we expect that the behaviour of dog bladders in 

vivo can be described adequately by using only passive mechanisms. 

Finally formula (52) shows that we must know the value of the tissue volume of the 

bladder, in order to evaluate the response of the geometry block to some input 

signal. This value cannot be determined without opening the abdominal wall 

which is not always possible (for instance when performing measurements on 

patients). In that case an average va lue wi II have to be used (see VC) or we wi II 

have to correlate V to another parameter which can be determined. 
t --

We wi II examine an example of this procedure in VC. 

2. Cystometry 

For a very slow ramp as input (strain) signal the mechanical urinary bladder wall 

model (see Fig. 28) reduces to the EO spring in combination with the l'JO dashpot. 

Assuming that the l'J
O 

dashpot has a viscosity modulus which is too high to follow 

the ramp at the low stress caused by the sole EO spring, then on Iy th is spring 

remains. 

We can write for the time dependent properties of the wa" then: 

(J = 2e:EO 

The factor 2 has its origin in the straining of the material in all directions, see 

re lati on (54). Insertion of formu las (38) and (42) yie Ids: 

(J = 2e:e
O

IEle ~le:I 

From relation (52) we obtain: 

2V
t 

p 3V (J 

Combining (56) and (57) with (43) finally yields: 

4V
t
e

O
lEI (V/V

O
)1/3 - 1 ~1(V/VO)1/3 - 11 

p 3 V e 

(55) 

(56) 

(57) 

(58) 

If therefore a cystometrogram is really quasi-statically measured, our models 

describe the bladder adequately, and active properties have no influence, it should 
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be possible to fit a curve to it according to formula (58). In Fig. 39 the dots 
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Fig. 39 - Pseudo-static cystometrogram measured on a pig bladder in vitro 

(dots) and fitted function (line) 

represent measured data on a pig bladder in vitro. Readings were taken fifteen 

minutes after incremental volume increase. The line in Fig. 39 represents the 

pressure functi on derived from re lation (58) with: 

4V
t
e

O
lEI 

3 
0.1 Nm 

p = 0.733 and Vo = 23 cm
3
.ltturnedoutthat it was not possible to "fit" the 

sharply rising part of the cystometrogram. This can be ascribed to an elastic 

modulus function which is at high strain not mono-exponential. In Fig. 40 the dots 

represent the elastic modulus calculated from the cystometrogram in Fig. 39. We 

indeed see a deflection from a straight line at strains above 2.8 which agrees with 

the volume of 1227 cm 3, up to whi ch our fitting of the cystometrogram succeeded, 

in this semi -logarithmic plot. Thisfinding is compatible with our measurements of 

the e lasH c modu Ius function in chapter" I where, because we on Iy measured up to 
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Fig. 40 - Semi-logarithmic plot of elastic modulus function derived 

from pseudo-static cystometrogram of pig bladder 

£. = 1.6, we were always able to fit a mono-exponential function. It should be 

noted that higher strains, above 1.6, were not possible in these measurements 

because the measurements being dynami c included all e lastj c modu Ii, and 

therefore wou Id yie Id forces which were too high. From our cystometrogram-fitting 

we conclude that relation (58) describes the data adequately up to the strain 

where the elastic modulus function is no longer mono-exponential. It should be 

noted that these high strains are never reached under physiologi cal circumstances 

because unless general anaesthesia is applied micturition has then already taken 

place. 

A far more important conclusion is that we obtain from the usual clinical cysto

metrogram only the parameters V 0 and p and a combination of lEI, V
t 

and eO from 

the twelve parameters which define our bladder wall model (viz VO; Vt; eQi eli 
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e
2

; e
3

; 11d Yl; Y2; Y3; lEI; ~). This means that such a cystometrogram displays very 

little information about the passive properties of the urinary bladder. 

In the next section we describe a method which yields more information. 

3, Step response measurements 

If we apply a stepwise volume change to the urinary bladder the strain in the wall 

wi II also change stepwise. The stress in the wa II wi II then follow the 

characteristic multi-exponential decay curve which has already been measured 

in chapter II. From formu la (52) we see that at a constant volume (whi ch we now 

have after the stepwise change) pressure is proportiona I to stress. 

We can therefore expect a multi-exponential pressure decay, characterized by 

the same relaxation constants as measured on strips. 

Concerning the information stepwise measurements display, we note the following. 

From one step response measurement we obtain the re laxati on constants Y
1
; Y2; Y3; 

(providing that we also fit these curves with three exponentials) and the relative 

elastic moduli ed eli e
2

; e
3

, In order to evaluate these values we have to know 

the initial volume VO' If we have a measurement for the tissue volume V
t 

and if 

we do more measurements on one bladder at conven ient strain leve Is, a correction 

as was used in chapter IV for pulse measurements is possible. We then also obtain 

the elastic coefficient lEI and the elastic exponent~. In this way all the 

parameters except 110 can be determined. 

In practice we cannot apply a stepwise volume change, as displacement of a 

volume of fluid always takes time. It turned out that the volume (or strain) signal 

could not be considered as stepwise even at very high filling rates. Two 

consequences wi II be discussed here. The first is that the coefficients of our 

mu Iti -exponentia I decay formu 10 (6) wi II no longer reflect the e lasti c modu Ii, but 

wi II yie Id lower values. If we assume that the strain ing is performed at a constant 

speed we can correct the measured coefficients by calculating the response to a 

ramp of our mode I. We of course on Iy have to do thi s for one spring-dashpot 

combinati on, because the others wi II behave simi larly. Formu 10 (5) di splays the 
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response of one spring-dashpot combination to a stepwise straining. From the step 

we obtain a ramp by dividing through the step amplitude 1£1 (thus obtaining a unit 

step) multiplying by the straining rate v and then integrating with respect to time. 

This yields: 

£(t) = vt (59) 

The response to this input signal is obtained by performing the same operations on 

formu la (5): 

F(t) = ~ (l - e - yt) 
ylel 

At a time t1 the ramp passes into a constant level, thus producing a "physical 

step". The response at time tl to the ramp yields the height of the mono

exponential decay or the apparent coefficient a . In formu la: . a 

av - yt 1 
aa = yld (l - e ) 

The amplitude of the physical step, or the "strain level" is determined by 

inserting t 1 in (59): 

lei = vt 1 

Combining (61) and (62) yie Ids: 

a 
a 

= ~ (1 
ylel 

- ylel 
e v) 

From the measured or apparent coefficient a we therefore obtain the "real" 
a 

coefficient a according to: 

yld 
a a --------

a v _ yl el 

(1 - e v) 

(60) 

(61) 

(62) 

(63) 

(64) 

We should note, that in practice not the straining but the volume change is 

performed at constant speed and that we here implicitly assumed the elastic moduli 

to be constant, which is not the case (see chapter 111), so that re lation (64) yie Ids 

on Iy an approxi mate correcti on. 

The second consequence from the non-stepwise character of our input signa I can be 



- 115 -

read from equation (64). If we fi II a bladder with aVO of 20 cm3 to 160 cm3 at a 

constant rate of 10 cm
3
/s, the strain yields: 

160 1/3 
( 20 ) - 1 

The volume is filled in 160
1
; 20 seconds = 14 seconds, so that we can approximate 

the strain ing with a constant speed of 1/14 s -1. The correction factor for the 

coefficient connected to the fastest exponential term then yields, when we insert 
-1 

Y1 = 1.05 s : 

14.7 
or almost 15 

-14.7 
- e 

The correction factor for the second coefficient will yield when inserting 
-1 

Y2 = 0.077 s 

1.08 
or almost 1. 6 -1.08 

- e 

This means that our fastest exponential term is diminished with approximately 

a factor 10 more than the slower term. From Table VII I we can see that the ratio 

between eland e
2 

equals 2.5 in step response measurements on strips. In the 

experiment described above the ratio of the uncorrected coefficients would yield 

about 0.26, wh i ch means that the parameters of the fastest exponentia I term can 

hardly be determined. We conclude that with the data mentioned above at high 

strain levels the fastest exponential term can be neglected in which case a two

exponential model is sufficient. 
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B. Methods 

All experiments were performed on fema Ie mongre I dogs under continuous 

intravenous pentobarbital anaesthesia. Dogs were used because dog bladders show 

less spontaneous activity (see lie). 

Most experiments were performed with open abdomen in order to avoid the 

influence of the abdomina I wa II. According to eoolsaet et a I (1975a) the 

influence of the abdomina I wa" on the re laxati on constants of a two-exponentia I 

mode I is sma II, but an influence exists. 

A double lumen catheter was introduced into the bladder. Via one channel the 

bladder was filled with a physiological solution (saline) at a temperature of 37
0
e. 

The pump used was specially developed at the Technical University of Delft, 

Department of Medica I Electronics (report nr. Mll 0). The pump can follow an 

arbitrary electrical input signal up to a certain maximum flow. In fact it 

t(ansforms an electrical signal into an identical volume signal at a rate of 

200cm
3
/volt. The maximum volume is 1000cm 

3 
and the maximum flow is 9. 16 cm

3
/s. 

The input applied to the pump during these measurements was simply a constant 

voltage. Starting the pump then wou Id cause it to fi II the bladder with the 

maximum flow to the desired volume. 

The pressure in the bladder is measured via the other channel of the catheter 

using a Statham pressure transducer. This means that the pressure is Iitransported ll 

to the transducer by a water column. Wesseling and Van Vollenhoven (1969) 

investigated the accuracy, and especia Ily the frequency response, of these 

catheter-manometer systems. They conc lude that in the frequency range in which 

we are interested (up to 1 Hz, compare to sample rate) no problems occur. The 

transducer-amplifier system yie Ids a tota I ampl ification factor of 20.92 mm Hg/V 

which means 2.791 N/m
2
/mV. At the pressure amplifier the amplification factor 

can be changed from 1.0 to 3.0 or 10. O. Using the same interface as described in 

IIB1 the electrical pressure signal was punched on papertape at intervals of one 

second during 15 minutes. Volume (as an electrical output signal from the pump) 

and pressure were a Iso recorded on a two-channe I strip-chart recorder. The in itia I 
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volume of the bladder was determined by slowly filling it by using a syringe, see 

VAl. About ten measurements were taken from each animal at intervals of fifteen 

minutes. The punched papertapes were converted to punch cards which were fed 

to an IBM 360/65 for analysis. The IBM machine was used because these 

measurements were performed before the in vitro experiments described in chapter 

II, and at that time our own mini -computer was not yet in use. The ana lysis 

method was the same as described in IIB2. After measurement the bladder was 

extirpated in order to determine the tissue volume. Since this volume is larger 

than the tissue volume of the strips (see chapter II) we cou Id simply submerge the 

b ladder in a measuring glass fi lied with water. 
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C. Results 

It turned out, indeed, that the dog bladders showed very little spontaneous 

activity. Table XII shows averages and standard deviations of the relaxation 

constants. The averages are calculated from the measurements on seven dogs, but 

many measurements had to be omitted because of errors in the experimental 

procedure. The relaxation constants shown in Table XII are in very good 

agreement with the relaxation constants measured on strips, which are shown in 

Table VI, first row. From this agreement we conclude that" our reasoning in VA3 

concerning the proportionality of stress and pressure was correct and that in this 

case our geometry model can be applied. It should be noted that all measurements 

were made at a rather low strain, S0 that three exponentia Is cou Id be fitted. With 

regard to isotropy it can be noted that the parameters measured on strips are 

representative of the parameters averaged over the total bladder (which is what 

we measure in vivo). Obviously anisotropy does not appear to be a serious 

problem. 

Concerning the elastic moduli, we noted that it was not possible to draw any 

conc lusions concern ing the elastic modu Ius ,functi on, as these measurements were 

not performed in a manner which allowed correction for the increase in the initial 

length. In fact, as long as the experiment lasted, all kinds of trends were seen in 

the elastic moduli as a function of time. It should be remembered that in these 

experiments the influence of the active element C could not be eliminated so that 

even a rising trend is possible according to our model. However, the relative 

elastic moduli should still yield reproducible values. These are shown in Table 

XII I. A good comparison is again obtained with the va lues measured in vitro, see 

Table VII I. Apparently the largest difference between the va lues in Table VIII 

and XIII is found in e r This parameter is the one most sensitive for the 

"weakening" effect due to the non-stepwise fi lIing, as mentioned in VA3. 

Again we see, as in the case of strips, that the relative elastic moduli are more 

reproducible parameters than the relaxation constants. The average initial volume 

yielded 30cm
3 

witha relative standard deviation of 67% and the average tissue 
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Table XIII - Average relative elastic moduli and standard deviations measured on dog bladders in vivo 
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volume yielded 26cm3, witha relative standard deviation of 54% for the seven 

bladders. The ratio between initial volume and tissue volume, averages 1. 1. 

As there is a correlation between these values (correlation coefficient: 0.87) in 

practice the measuring of on Iy one of the va lues might be sufficient. Kondo and 

Susset (1973) attempted to find a relationship between V and the body weight 
t 

without success, so that in order to obtain our parameters we sti" have to 

determine either V
t 

or VO. 
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VI. Conclusion 

It can be conc luded that dog urinary bladders in the collection phase are 

dominated by passive properties. Pig bladders show more active properties but the 

passive properties are simi lar to those of dog bladders. These passive properties 

can be described adequately in terms of the model represented by Figs. 38 and 

28, and relations (43), (42), (54) and (52) in the physiological range. The 

following assumptions are made: 

1. All parameters which reflect properties of the bladder wa II in our mode I are 

independent of the place from which, and the direction in which they are 

measured (homogeneity and isotropy). 

2. The relaxation constants and the elastic moduli relative to their sum are 

constant. 

3, The tissue volume of the bladder wall is constant. 

4. The urinary bladder is spherical. 

The model involves twelve parameters viz the following: 

1. The tissue volume V( 

2. The initia I volume VO' 

3. Three relaxation constants Y1; Y2; Y3' 

4. The initial length viscosity '10. 

5. Four relative elastic moduli ed e
1
; e

2
; e

3
, 

6. The elastic coefficient lEI, 

7. The elastic exponent ~. 

For a II parameters except '10 averages and standard deviations have been given 

for dog and pig bladders. The values were obtained by various measurement 

techn iques. The mode I describes adequate Iy a IIpseudo-static cystometrogram II in 

the physiologica I range. However, the sharply rising part of the cystometrogram 

at high volumes cannot be fitted, since here the elastic moduli do not depend 

mono-exponentially on strain. It might be possible to extend the model by 

describing the e lasti c modu Ius function with a mu Iti -exponentia I function. In the 
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range in which the urinary bladder normally works, however, the mono

exponentia I function gives a satisfactory fit. As in the case of a static cysto

metrogram only two or three of the twelve parameters can be obtained, this 

method shou Id be regarded as a poor choice for testing the passive properties of 

the urinary bladder. Furthermore in order to be able to measure a pseudo-static 

cystometrogram we have to fi II the bladder at such a slow speed that the 

dynamical properties can be neglected. From the ramp response which we have 

already used in VA3 we calcu late an approximation of the error in the measured 

pressure due to the spring-dashpot combination with the sma IIest re laxation 

constant when straining at a speed v. 

This yields: 

e 
~ _v_ (l - e 
eO . IdY3 

re lative error 
v (65) 

Inserting a straining speed of 0.0001 s -1, a strain of 0.5 and some va lues from the 

tables we find an error of about 8%. This seems quite reasonable until we realize, 

that measuring the cystometrograms up to a strain of 2 would then take about six 

hours. 

When measuring a cystometrogram up to a strain of 2 in about half an hour, the 

error at a strain of 0.5 yields 65%. At lower strains the error is larger, at higher 

strains sma IIer, as can be seen from formu la (65). 

An alternative is to measure step responses on the urinary bladder. The model 

describes these responses adequately. One step response measurement (which 

takes fifteen minutes) yields eight parameters (supposing we have been able to 

estimate the initial volume V 0) and more measurements on one bladder yie Id ten 

parameters. 

We conclude therefore that this is a superior way of testing the passive 

properties of the urinary bladder. 

Finally, of the twelve parameters, nine describe properties of the bladder wall. 

Va lues for these parameters can be measured on isolated strips of bladder wa II and 
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can be compared with the values measured in vivo. 

Concerning future developments, two directions can be seen. First the model can 

be extended with active properties, which may be measured in the evacuation 

phase. Secondly the model must be tested on human bladders. If applicable, which 

seems likely (one human bladder strip was tested and the results could be 

adequate Iy described by our mode!), the parameters of the mode I determined by 

step response measurements would display more information than a cystometrogram 

does. We cou Id therefore expect it to be a better diagnostic tool. Pattern 

recognition techniques can be applied to obtain IInorma III va lues for the 

parameters and test for significant deviations. 
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Summary 

In the working cycle of the urinary bladder two phases can be distinguished, the 

collection phase in which the urine produced by the kidneys is collected in the 

urinary bladder, and the evacuation phase in which the collected urine is 

expelled. In the collection phase, passive properties (i.e. properties which do not 

involve an energy production) are important. In this thesis a model is presented 

describing the passive properties of the urinary bladder in the collection phase. 

A systems approach is used. The system under investigation, which is defined in 

terms of a pressure-volume relationship, is divided into four subsystems or blocks, 

viz two geometry blocks, a block describing the time dependent properties of the 

bladder wa II, and a block describing the length dependent properties of it. 

Models are developed and tested for each block separately. The geometry is 

described as a thick-walled sphere with a constant tissue volume. The time 

dependence of the properties of the wa II can be explained using a visco-e lasHc 

mode I, and the length dependence of the wa II properties is shown to yie Id elastic 

modu Ii which depend mono-exponentia lIy on strain. Estimates for the parameters 

involved are obtained merely from experiments on strips of urinary bladder, 

obtained from the local slaughterhouse. 

By assembling the blocks, a total model of the passive properties of the urinary 

bladder in the collection phase is obtained. The model contains twelve parameters. 

The classical way of investigating the urinary bladder by filling it slowly and 

measuring the pressure produced, yie Ids a pseudo-static pressure-volume 

relationship which is called a cystometrogram. The model predicts the form of the 

cystometrogram in the physiological range. 

An extension cou Id be made in order to be able to describe cystometrograms at 

higher volumes, but this, however, did not seem very useful. 

A classical cystometrogram enables us to determine only three parameters of our 

mode I. A better measurement method is to perform stepwise (or a Imost stepwise) 

strainings of the urinary bladder. One stepwise straining yields eight parameters, 
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provided the initial volume of the bladder is known, and more measurements on 

one bladder enable us to determine ten parameters. The resu Its obtained with 

stepwise strainings are compatible with the mode I. 
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Samenvatting 

De urineblaas werkt in twee fasen, name Ii jk de collectiefase en de evacuatiefase. 

In de collectiefase wordt de door de n ieren geproduceerde urine opgeslagen in de 

blaas, en in de evacuatiefase wordt de opgeslagen urine via de urethra ge loosd. 

In de collectiefase is geen energieproductie (door metabolisme) nodig, deze fase 

wordt gedomineerd door passieve eigenschappen. In dit proefschrift is een model 

beschreven dat de passieve eigenschappen van de urineblaas in de collectiefase 

beschrijft. Er is gebruik gemaakt van de systeembenadering. Het te onderzoeken 

systeem is opgesplitst in vier onafhanke I i jke subsystemen of blokken, waarvan er 

twee de geometrie van de blaas beschri jven. Het derde en vierde blok beschri jven 

respectievelijk de tijd- en lengte-afhankelijke eigenschappen van de wand van 

de blaas. Voor de afzonderlijke blokken zi in modellen gemaakt en getest. De 

geometrie wordt beschreven a Is een dikwandige bol, met een konstant weefse 1-

volume. De ti jdafhanke Ii ikheid van de wand van de blaas wordt beschreven met 

behu Ip van een visco-e lasti sch mode I en de lengte-afhanke Ii jkheid wordt hierin 

verwerkt door de e lasticite itsmodu I i mono-exponentiee I van de rek te laten 

afhangen. Schattingen voor de parameters Van de mode lien zi in verkregen aan de 

hand van experimenten op stukjes varkensb laasweefse I uit het abattoir. 

Door a lie blokken $Omen te voegen is een totaal model van de passieve eigen

schappen van de urineblaas in de collectiefase verkregen. Het totaa Imode I bevat 

twaalf parameters. De klassieke manier om de werking van de urineblaas klinisch 

te eva lueren bestaat uit het langzaam vu lien van de blaas terwi i I tege Ii jkerti id 

de druk in de blaas wordt gemeten. De zo verkregen quasi-statische volume-druk 

re latie wordt cystometrogram genoemd. Het mode I beschri ift adequaat een cysto

metrogram in het fysiologisch bereik. Een uitbreiding van het model om een 

cystometrogram te "fitten II voor hogere volumina is moge Ii ike Een k lassiek 

kl inisch cystometrogram ste It ons in staat om op zi in best drie van de twaa If 

parameters van ons mode I te schatten. Een goed a Iternatief is om de blaas stap

vormig (fysisch) te rekken, en de verkregen drukresponsie te fitten met een som 
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van drie e-machten en een konstante. Een derge Ii jke meting levert schattingen 

op voor acht van de twaalf parameters, aangenomen dat het "ongerekte volume" 

van de blaas bekend is. Meerdere metingen aan dezelfde blaas leveren 

schattingen op voor tien parameters. Metingen werden verricht aan honden. De 

resu Itaten stemmen overeen met wat verwacht kon worden aan de hand van 

stripjesmetingen. 
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