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Abstract

In this paper we provide a result that shows existence and uniqueness of Nash
equilibrium in cases in which existent methods are problematic to apply. We em-
ploy this result to the model with simple logit demand, and show existence and
uniqueness of price equilibrium when firms produce multiple non-symmetric prod-
ucts. Our proof for this case is based only on the intuitive assumption that market

shares are decreasing in own price.
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1 Introduction

Price equilibrium models with differentiated products have received much attention
recently especially in the empirical industrial organization literature. Important
examples of this literature are the works by Berry, Levinsohn and Pakes (1995),
Feenstra and Levinsohn (1995) and Nevo (2001). The models in these studies use
pricing assumptions in order to estimate the model parameters. Existence of price
equilibrium is a necessary condition for the identification of the parameters. Unique-
ness of price equilibrium is important from a practical point of view since it is a
requirement for applying the structural empirical approach for policy analysis via
simulation estimators. Uniqueness of equilibrium is also useful for efficient estima-
tion because it is a necessary condition for constructing the efficient instruments
(Séndor, 2001, Berry, Linton and Pakes, 2003).

Existence and uniqueness of price equilibrium is also important from a theo-
retical point of view. Caplin and Nalebuff (1991) establish price equilibrium ex-
istence results for rather general model specifications and uniqueness results for
some particular cases. Anderson, de Palma and Thisse (1992) provide a review of
equilibrium results for models with logit demand. Peitz (2000) extends the results
of Caplin and Nalebuff (1991) to cases that can be viewed as more realistic, like
utility maximization with a budget constraint or boundedly rational consumers.
Mizuno (2003) extends the uniqueness results of Caplin and Nalebuff (1991). All
these studies assume that firms produce one product and their approaches cannot be
easily generalized to multi-product firms. Anderson and de Palma (1992) consider
multi-product firms and show the existence and uniqueness of price equilibrium in
a model with nested logit demand and symmetric products. This latter feature
makes this result so specific that it cannot be generalized to a model with realistic
non-symmetric products. Another way to deal with multi-product firms is shown
by Milgrom and Roberts (1990), who study supermodular and log-supermodular
games. However, the pricing games involved in empirically relevant models do not

necessarily satisfy these properties.



In this paper we provide a result that can serve as a tool for showing exis-
tence and uniqueness of price equilibrium in some cases in which the approaches
mentioned above cannot. This is the topic of the next section. We apply this
result to a simple version of the models from Berry, Levinsohn and Pakes (1995)
and Nevo (2001), the model with simple logit demand, and show existence and
uniqueness of price equilibrium when firms produce multiple products without the
symmetry property. The simple logit demand model, although empirically less rel-
evant since it generates restrictive substitution patterns, is often used to illustrate
various estimation features (e.g., Berry, Levinsohn and Pakes, 1995) and in Monte
Carlo simulations (e.g., Berry, Linton and Pakes, 2003). In spite of the fact that
it is known as a well-behaved model, no proof of existence and uniqueness of price
equilibrium has been established in the literature. For example, Berry, Linton and
Pakes (2003, p.15) mention that price equilibrium for the simple logit is known to
be unique only when each product is owned by a different firm. We present the
proof of existence and uniqueness in section 3, and we make some final remarks in

section 4.

2 An equilibrium result

In this section we briefly discuss the available theoretical results regarding existence
and uniqueness of price equilibrium, and then present our result. The classical
approach for showing existence is based on the result according to which games
with convex and compact strategy sets and quasi-concave pay-off functions have a
pure strategy Nash equilibrium. The Nash equilibrium is obtained as the fixed point
of the best reply by applying the Brouwer or Kakutani fixed point theorem. This
approach is taken by Caplin and Nalebuff (1991), who use results on generalized
concavity of probabilities to prove that the profit functions are quasi-concave. For
multi-product firms quasi-concavity of the profit functions is difficult to verify with
this method, while a direct proof is typically hard to obtain.

An essentially different approach is supermodularity. Supermodularity of games



was applied by Milgrom and Roberts (1990) to a number of equilibrium problems.
These authors establish among others that with one-product firms the pricing game
corresponding to the model with simple logit demand is log-supermodular and there-
fore has a unique price equilibrium. Supermodularity or log-supermodularity, as
they show, guarantees the existence of equilibrium also in games where the strategy
sets are multi-dimensional, but it appears that in general the pricing games arising
from the empirical models of interest do not satisfy these properties. An example
underpinning this statement is the model with simple logit demand, as we show in
Appendix B.

Uniqueness of the price equilibrium is typically established by proving that the
second derivative of the profit function has the dominant diagonal property. This
condition, however, appears to be too strong for the models that we consider, and
therefore we use a more general approach. For a detailed exposition of methods for
proving Nash equilibrium existence and uniqueness we refer to Vives (1999).

Our approach is different from those discussed above in that we consider the
price equilibrium as the solution of the first order conditions of profit maximization
and not as the fixed point of the best reply function (or correspondence). Hence
we establish that the first order conditions have a solution and show that any such
solution is a Nash equilibrium of the game. For this we show that a player’s strategy
corresponding to a solution is the best reply to the other players’ strategies corre-
sponding to this solution. Uniqueness follows from the uniqueness of the solution
to the first order conditions.

We turn now to the formal exposition. Assume a game with a finite number
of players denoted f = 1, ..., F" whose strategies are multi-dimensional real convex
compact sets Dy. Let II; : D — R denote their continuously differentiable profit
functions, where D = D; x ... x Dp. We use the common notation that v_; is
the vector v without its j'th component, v_; is the part of vector v without the
components corresponding to the vector vy. By the notation of multi-dimensional

intervals that are open on one side we mean [a,b) = [a1,b1) X ... X [ay,,b,) where



a=(ay,..,a,) and b = (by,...,b,)". Vectors are by default column vectors, and, in
order to avoid confusion, they are denoted by boldface letters.
The result on which our equilibrium existence and uniqueness is based is the

following.

Proposition 1 Consider a game for which there is a strategy p* that satisfies the
conditions:

o1l (p*)

= 0.
8pf

1. For any f € {1,...,F}

aHf (pf7 pif)
3pf

2. For any f € {1, ..., F'} there is exactly one py for which =0.

3. For any f € {1,..,F}, Iy (pf,pif) has an interior global maximum with
respect to py € Dy.

Then p* is a Nash equilibrium of the game. If, in addition, there is a unique p*

satisfying condition 1, then it is the unique Nash equilibrium of the game.

Proof. In order for p* to be a Nash equilibrium it should satisfy that I1; (p}, pP: f) >

I1; (pf,pif) for any py € Dy. By condition 3 there is a p; € Dy that is an inte-
oy (Ps, P ;)
8pf

rior global maximum point of II; (', p- f). This satisfies = 0. By

oLy (p}. P’ ;)
Ipy
hence p* satisfies II; (p’}, p*_f) > IIy (pf,p*_f), so it is a Nash equilibrium. Since

condition 1 we know that = 0 also holds. Then by 2 p; = p} and
any Nash equilibrium of the game necessarily satisfies condition 1, the uniqueness
follows. m

We note that conditions 2 and 3 of the proposition can be viewed as a generalization
of strict quasi-concavity of the profit function and they imply that there is a unique
best reply to the equilibrium strategies.

We introduce a function g whose fixed points are exactly the solutions of the first
oLy (p) _

ap f
for any f € {1,..., F'}. In order to demonstrate that conditions 1 and 2 of Lemma

order conditions of profit maximization, that is, g (p) = p if and only if



1 are satisfied we use a fixed point uniqueness result, which is an implication of

Kellogg’s (1976) result.

Lemma 2 (Kellogg, 1976) Let g : D — D be a continuously differentiable function

agr()l?) — [n) #0 foranyp € D, and g

has no fixed points on the boundary of D then g has a unique fized point.

on a convexr compact set D C R™. If det (

This result is used twice in the proof: once for existence and once for uniqueness.
Existence is based on the uniqueness of the profit maximizing solution. In order to

show that condition 3 holds we use the next result, proved in Appendix A.

Lemma 3 Assume that the profit function Iy of firm f is defined on the interval
[c, H], and there exists a vector p; € (cy,Hy) such that for any j € Gy, any

p; € [p;, H;] and any p_; € [c_;, H_;] we have

oIl
bt (pj, p_j) <0 and

oIl
5 (¢:p-1) > 0. 1)

Op;

Then, for any py & (cy.Ds| and for any p_y € [c_y, H_g| there is a py € (cs, D]
such that

Iy (P p-f) > s (PrsP-y) - (2)

An implication of this lemma is that a profit function which satisfies these con-
ditions has interior global maximum. The lemma, in words, states that if such
a profit function is decreasing in the prices of the firm beyond a certain bound
and increasing at the marginal cost values, then the global maximum of the profit
function is attained at points that are kept between some bounds. These bounds
prevent the profit function from having a global maximum on the boundary of its

definition domain.

3 The simple logit case

Suppose that there are J products in the market denoted 1, ..., J. For j € {1, ..., J},

let d; and p; denote the characteristics and the price of product j, respectively. The

6



utility of an individual ¢ who purchases product j is

Uiy = —apj + dj + 5ij7

Uy = ¢&o,

where o is a scalar parameter, ¢;; is an iid type I extreme value random variable,
and product 0 represents the alternative when no product is purchased. In empirical
studies d; is typically taken as a linear function of several characteristics of product
j. The probability that product j is purchased, which we regard as the market
share of product j, is

. exp (—ap; + d;)
! 1 + 27{:1 exp (_apr + dr)

Due to the simplicity of this formula the simple logit model is often used for illus-
trating various issues regarding discrete choice. From an empirical point of view
it is well known that its applicability is limited due to the restrictive substitution
patterns that it generates.

Suppose further that the J products are produced by F' firms and each firm
fe{l,...,F} sells a subset Gy of the J products. The profit of firm f is

My = > (pj —ci)s,

jEGf
where c¢; denotes the constant marginal cost of producing product j. The first

order conditions for profit maximization are equivalent to the system of equations
in P = (p17 "'apJ)l

1 Lf

—Cr= ————
Py ! Oél—S,fo

for f=1,...,F, (3)
where py, ¢y and sy are the price, marginal cost and market share vectors corre-
sponding to the products of firm f, and ¢; is the vector of ones with |G ¢| number

of elements. This system of equations implies that the function g whose fixed

points are the solutions of the first order conditions of profit maximization should



be defined as

1 Ly
gf(p) = Cf‘Fam fOI‘fZl,...,F, and (4)
g(p) = (gi(p)...gr(P))".

Below we show that this pricing game has a unique Nash equilibrium. The only
necessary assumption is the intuitive ae > 0. The proof of the final result relies on
Proposition 1.

First we show the existence of a J-dimensional compact interval that g trans-
forms into itself. Then we verify that g satisfies the conditions of Lemma 2. This
way we show that conditions 1 and 2 of Proposition 1 hold. Finally we show that
the conditions of Lemma 3 are satisfied, which on its turn implies condition 3 of
Proposition 1.

We start by demonstrating the conditions of Lemma 2. The function g from (4)

has the components

1 .
gj(P):cj—l—al_s}Lf for any f and j € Gy.
We define
11 _
szcj+aso(c) for any j € {1,...,J},

where s (c¢) is the probability of the no-purchase alternative computed for p = c.
The following result (proved in Appendix A) shows that there is a compact interval
which is transformed by g into itself, and there is no fixed point of g on the boundary

of this interval.
Proposition 4 For any p € [c1,00) X ... X [c7,00) g¢; (P) satisfies
¢; < gj(p) < Bj.

Next we establish the nonsingularity of the Jacobian of g minus the identity

matrix. This then completes the proof of the conditions of Lemma 2.

Proposition 5 The function g is continuously differentiable on R’ and for any

pEeR’



1. det (0gf—(/m —]f) # 0 for any firm f,
) of

2. det (621(5) — ]J) # 0. (Proved in Appendiz A.)

Finally, we prove that the conditions of Lemma 3 are satisfied.

Proposition 6 For any firm f and any j € G there exists a p; > c¢; such that

o1l m,
o (ppoy) <0 and =L (c;p_j) >0
8]9] ( J ]) apj (] J)

Jor any p; > p; and p_; > c_;.

Proof. The derivative of II; with respect to p; can be written as

ol (p)
apj

=s;(1—a(p;—¢)+ ol (p)). (5)

First we note that the profit II; (p) is bounded in p. This can be seen from

exp (—ap; + d;)
Iy (p)= D (pj—¢) < D (pj—¢)exp(—ap; + d;)
]% 1+ 27{:1 €xp <_apr + dr) ]%
for p; > ¢; and the fact that exp (—apj + %8 + §j) (p; —¢;) — 0 because a > 0.
pj—00
Then it follows that for large p; the right hand side of the inequality below is

negative:
oIl (p)
8pj

This implies the existence of p; with the announced property.

<1—a(pj—c¢;)+asupll;(p).

The second inequality from the statement of the proposition follows directly
from (5). =
The final result regarding the existence and uniqueness of price equilibrium is

contained in the following statement.

Theorem 7 In the simple logit model if @ > 0 there exists a unique price equilib-

rium in [c1, 00) X ... X [cg,00).



Proof. The proof is based on Proposition 1. For each j € {1,..., J} we define
K such that
K; > max {p;, B, } . (6)

Let the profit function of firm f be defined on [c;, K]. Then Lemma 3 implies that
IIs (-, p—f) : [cf, K¢] — R has interior global maximum. So the profit functions
are defined on a convex compact set, are continuously differentiable and satisfy
condition 3 of Lemma 1.

Proposition 4 implies that g(p) € (¢,B) C [c,K] for any p € [c,K], and
therefore g does not have any fixed point on the boundary of [c,K]|. Together
with part (2) of Proposition 5 this implies that the conditions of Kellogg’s fixed
point theorem (Lemma 2) are satisfied and therefore g has a unique fixed point.

*

This establishes condition 1 of Proposition 1 and the uniqueness of p* satisfying

this condition. Condition 2 of this proposition follows by repeating the previous

*

arguments for g; (~, P f) applying now part (1) of Proposition 5.

So we have obtained that the conditions of Proposition 1 are satisfied. Hence
there is a unique price equilibrium in the set [c, K] . Since this statement is true for
any K with the property (6), it follows that there is exactly one price equilibrium

in the set [¢1,00) X ... X [¢7,00). m

4 Final remarks

We have presented a result that shows existence and uniqueness of Nash equilibrium
in some situations in which previously used results cannot. We applied this result
to the model with simple logit demand. Adopting realistic assumptions like multi-
product firms and non-symmetric products, we have shown that the pricing game
in this model has a unique Nash equilibrium. The only condition used in the proof
is that market shares of products are decreasing in own price.

In the proofs of both existence and uniqueness of price equilibrium we employed
Kellogg’s (1976) fixed point theorem. There is a connection between this approach
and the so-called global univalence approach of Gale and Nikaido (1965). It turns

10



out that application of the former comes down to verifying conditions similar to the
case when we apply the latter. We refer to Vives (1999, p.47-48) for more details
on the latter approach.

The simple logit model is among the simplest models of discrete choice demand.
Yet we could not apply the methods established in the literature for proving the
existence of price equilibrium in the multi-product case. This is because, on the one
hand, the pricing game implied is not (log-)supermodular, and on the other hand,
due to multi-dimensionality of the profit functions, their quasi-concavity appears
difficult to judge. This remains to be an interesting puzzle.

Continuing the remarks on the complexity of our proof, we mention that a pow-
erful tool used extensively to prove uniqueness in general equilibrium problems, is
the so-called index theory (see, e.g., Mas-Colell, 1985 for a fairly detailed presen-
tation). This theory can also be applied in the framework of the present paper,
and it offers a more general approach. But in spite of the generalization offered,
this approach does not significantly simplify the proof. Neither does the additional
observation that the Hessians of the profit functions evaluated at the solutions to
the first order conditions are negative definite (because they are diagonal matrices
with negative diagonal elements; see equation (11) in Appendix B). From index
theory it follows that the first order conditions have a unique interior solution, but
it is not possible to avoid the proof that the profits have interior global maximum

points.

Appendix A

Proof of Lemma 3. Take an arbitrary p; ¢ (cf,ﬁf]. For any j € Gy define py

by its components

pj =14 ¢ +e5 if pj=¢;
Djs otherwise,

11



where €; > 0 will be specified below. Denote the products of firm f by f1, 2, ..., fL.

Then we can show that

v

Hf (ﬁflu"')ﬁflnp—f) Hf (pfhﬁf%"'aﬁfLap—f)

Y

Oy (pf1,0f2:.Df3s - PrL, P—y) (7)

> > Hf (pfl;-'-apflnp*f)

step by step using (1). For example, we can show that the first inequality holds by
treating the different cases for psy separately. If py € (cfl,]_ofl} then pp = py1,
so there is nothing to prove. If ps; > Py, then by the first inequality from (1)
we have that I (-, p_s1, p—y) is strictly decreasing and hence II; (ps1,p— 1, P—f) =
I, (ﬁfl,ﬁ,ﬂ, p,f) > II¢ (ps1,p—f1,P—f). If ps1 = cg1 then by the second inequality
from (1) IIf (-, p_s1, p—y) is strictly increasing and therefore there is a small €4, > 0

for which py = ¢s1 + €1 satisfies

Hf (5f17ﬁ—f17p—f) > Hf (Cflaﬁ—flap—f) = Hf (pfhﬁ—fbp—f)'

For showing the other steps of inequality (7) we proceed similarly. The strict in-
equality from (2) is implied by the fact that if p; ¢ (cf,ﬁf} then at least one
component of py, say j, satisfies that p; ¢ (cj,ﬁj].

Lemma 8 Let M be an F' x F' non-singular matrixz, A a scalar and v and v column

vectors of size I'. Then
det (M — Auw’) = (1 — M'M ") det M,

and hence the matriz M — \uv' is non-singular if and only if 1 — M'M~tu # 0. If
this last non-equality holds, then

_1 _ A _ _
(M — )\'LLU,) = M 1 + m]\/[ 1UU’M 1.

(For a proof we refer to Dhrymes, 1984, p.40.)

Proof of Proposition 4. The first part of the inequality is obvious. For

the second part, because the probabilities of all alternatives sum to one, and sq is

12



increasing in p, we have
1 1 et 1 1 <t 1 1
aso(p) + X, 5 (P) 7 aso(p) T

Proof of Proposition 5. The partial derivatives of the components of g

9; (P) =¢; + aso(e)

corresponding to a firm f have the expressions

0a.

99 - % fwjheG;, and

) 1-—¢ f

'Ph Sfo

9y; Sk Sl :

= = fi € Gy, k¢ Gy.
Opx 1 —ship 1l —shy orJ 5 k& Gy

These imply that the diagonal blocks of the derivatives matrix are

Ggf _ 1
op’s 1 — sy

s, f=1,..,F

Jg 1
op, T (1r+ st

is non-singular if 1 + :fs ffL - = 0, which is satisfied. This proves the first statement
f

Lemma 8 (from Appendix A) implies that the matrix

of the proposition.
For the second statement we compute the off-diagonal blocks of the derivatives
matrix, which are

8p:] (1 — S/fo)

ZLqS;, f?qzlv’"uFa f?éq

To simplify the involved expressions we introduce the notation:

shif 1
pp=——— and ¢Y;=——-—, forf=1. F
(1= sjes) (1= sje)
0
We can write _g, — I; in the form
Jp
/
Pyl S1 Yyus) + 1 - 0
aag, — [J — . S _ . . . ’ (8)
P PELF SF 0 v Ypipsp + Ip

where the matrix on the right hand side is block-diagonal. A diagonal block of this
matrix ¢ yiss’y + Iy is invertible if 14,8}y # 0 for any p € R’ (Lemma 8). This

property is clearly satisfied. Then its inverse is

~1
(Ypepsy +15) =1y s (9)

_ —fo
1+wfslfl,f f

13



0
From (8) and Lemma 8 the matrix % g s is non-singular if

op’

! —1
S1 sy + 1 - 0 p1l1

: | #0
Sp 0 oo YplpSy 4 Ip PplE
for any p € R’. Using the inverse (9), after some simple calculus this condition

becomes

1—2 i ship #0 for any p € R”.
f:11+pf

F F
Zl—if s’fo<Zs}Lf:1—so<1.
f=1 Py F=1

This implies that

F

Py / J
1—;1+pfstf>0 for any p € R

Jg (p)

o —[J>7é0foranyp€RJ.
P

0
and hence a—g/ — I; is non-singular, that is, det (
p

Appendix B

Here we show that the pricing game implied by the standard logit case is neither
supermodular nor log-supermodular. The definition of supermodularity from Mil-
grom and Roberts (1990) implies that the pricing game in the case of the standard
logit is supermodular if the profit functions are twice continuously differentiable

and for any p

2
I1
1L (p) > 0 forany fand j h € Gy, j#h, and
5’pjaph
2
I1
%ng:) > 0 forany fandje Gy, k¢ Gy.

The pricing game is log-supermodular if the logarithms of the profit functions sat-

isfy the above criteria. We show that the first inequality does not hold for the

14



standard logit model. From Proposition 7 it follows that there is a unique price

equilibrium, p*, and this solves the first-order conditions for profit maximization,
oty (p*)

that is,
8pj

=0 for any f and j € Gy. Equation (5) implies that
1—a (p;‘ — cj) + oll; (p*) = 0. (10)
The second order derivative of the profit function for j,h € Gy, j # h is

TIR) _ 9% (1 oy, — ) + oL, (p) + s, T (P)

Ip;Opn Ipn Ipn
Computed at the equilibrium price, this is zero:
011, (p*
91 (p) _ 0, (11)
Op;Opn

oll; (p)

3 = 0. We use this fact to show the following.
Dh

due to (10) and

Proposition 9 For arbitrary j, h € Gy there exists a p arbitrarily close to p* such
that
. o1 (p)
' Op;Opn

82 111 H f (B)
Op;Opn

<0 and

< 0.
Proof. Take any ¢ > 0 and define p such that

Bj:p;f+g, Bh:pz+g and p =p; forallr#j h

Due to Theorem 7 p} is a unique global maximum of II; (-, pP- f). Thus for any
e > 0 we have Il; (p) < II; (p*). We observe another way of writing the second

order derivatives:

9°I1; (p)

Op,0pn = as;sy (2 — a(p; — ¢;) — a(pn — cn) + 2allf (p)) . (12)

Then (11) implies that

2—04(p}‘ —cj) — a(py, — cp) + 2allf (p*) = 0.

15



From the definition of p we have
2—« (Ej — cj>—a <£h — Ch> +2all; (B) < 2—a (p;‘ — cj)—oz (py, — cn)+2alls (p*) = 0.

Together with (12) this implies statement 1 of the proposition.
For showing statement 2 we write
11 (p) oLy (p) 911y (p)
) ——="11; (p) -
Pl (p)  Ipdpn ' = 9p;  Opn
Op;9pn (11 (p))*

(13)
Because

1—a(£j—cj)+aﬂf(2) <1—oz(p;—cj)+ozﬂf(p*):0,

oll; (p) oTls (p)

< 0. Thus
apj Op,

it follows from (5) that < 0, and similarly

oty (p) o1y (p)
>
Ip; Ipn
and therefore the right hand side of (13) is negative, which completes the proof. =
We note that because p is arbitrarily close to p* we do not run the risk of
having p outside the strategy sets of the firms, so the result is robust in this sense.
Therefore we can safely claim that this pricing game is neither supermodular nor

log-supermodular.
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