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THE BETA-LORENZ CURVE

Introduction

The Lorenz curve depicts the relation between the proportion of income
units (persons, households, etec.) with an income equal to or less than
x and the proportional share in total income received by these units.

In formal terms:

(1.1) q = L(p) 0Sps1
0Sqs 1

where p 1s the proportion of income units and q their share in total
income. The quantity p is the value of the distribution function in
point x and q is the value of the first moment distribution function.

In case of a continuous income distribution p and q are defined as

(1.2) p = F(x) = Ofxf(t) dt

and

(1.3) q=F (x) =1 rXer(r) at
’ 1 1o

with f(.) the density of the income distribution and p its mean.

Kakwani (1980) derived the following properties of the function L(.):

(1. L(0) =0 and L(1) =1
(1.5) L'(p) =320
" —_ ....1.__
(1.6) L"(p) = TP (%) >0
(1.7) L(p) £ p




Traditionally, income distributions have Dbeen characterised by
theoretical densities, 1like the Pareto, the Lognormal, the Gamma, etc.
These densities are also frequently used as interpolation devices for the
estimation of inequality coefficients. Each of these and other theoretical
models has shown 1in empirical applications certain shortcomings. In many
cases a better empirical fit could only be obtained at the cost of increas-
ing mathematical complexity.

Several authors have opted for an alternative approach, where the
income distribution 1is characterised by the Lorenz curve instead of the
density. This curve may equally well serve as an interpolation device for
inequality coefficients, provided that they are mean-independent. Kakwani
and Podder (1976) propose a specification of L(p), which does not have all
the above mentioned properties, Rasche, Gaffney, Koo and Obst (1980) put
forward a specification which cannot be estimated by linear methods and
Gupta (1984) proposes a form which allows for very little flexibility since
it depends on one parameter only. In general it can be stated that it
appears rather difficult to specify a form of L(p), which (a) has the
properties (1.4) to (1.7), and (b) is easy to estimate by a linear method.

This paper sets out to state that one may enlarge the class of manage-
able theoretical Lorenz curves by replacing the requirement (b), i.e. L(p)
estimable by linear method, by the requirement that L'(p), the first deriva-
tive of L(p) with respect to p, is estimable by linear method. Following

this 1line of reasoning the Incomplete Beta Function turns out to be a good

candidate for the specification of a theoretical Lorenz curve (see section
3).

A possible disadvantage of the characterization of an income distribu-
tion by a theoretical Lorenz curve 1is the fact that, if L'(p) is not
invertible, one cannot determine analytically the implied density function
of the income distribution. This drawback is, however, not very serious,
since this density can be generated numerically quite easily and the density
is not needed for the determination of most mean-independent inequality
measures, in particular the Generalized Entropy Family (see section 2), as

well as the median and the mode.




Inequality Measures and the Lorenz Curve

As is shown by Pereirinha (1987) most inequality measures which are

mean—independent can be written in the form
(2.1) ELH(HT = _s7 HE) £ ax

with H(.) a convex real-valued function.1)
Making use of (1.5), (2.1) may be rewritten as
2.2y EHHI - S HCL(p)] ap

hence an analytical expression of f(x) is not required.

More specifically, the Generalized Entropy Family may be expressed as:

1 1 ' C _
I,(x) = 576573 [,f [L'(p)} dp-1] c # 0,1
(2.3) I(x) == S 1nLl'(p) dp ¢ =0
1,0 = S LUp) InL(p) dp o =

hence, also for this class of inequality measures only the knowledge of

L'(p) is required.

Finally, we consider the Gini-coefficient, which is not included in the
above two classes of inequality measures. Kakwani shows that the Gini

can be written as

I XF(x)f (x) dx-1

(2.4) G = o

=N

7% x[F(x) - é] £(x) dx =

=i

o]

Substitution of (1.6) and change of variable of integration




yields:
1
(2.5) G=2 _J pL'(p) dp-1
hence knowledge of L'(p) 1is sufficient for the determination of the

Gini coefficient.

The Incomplete Beta Function as Lorenz Curve

The incomplete Beta function is defined as

(3.1) B(x; &, B) = =z7--=t AT a-0B  ar 0s x g

where B(.,.), the Beta function is defined as

(3.2) Bla, 8) = S t%77 (1-0)f77 ot @ >0

o)
B >0

The Beta function 1is related to the Gamma function according to the

following formula:

(3.3) B(a, 8) = LL2) L(8)

The 1incomplete Beta function as specified in (3.1) is, given certain
restrictions on its parameters o and B a suitable candidate to describe

the Lorenz curve. We propose:

1

v
—

(1-‘(:)8_1 at a
0 < R

(3.8) L(p) = é(&_-éy Ofp ta—

A
—




This specification will be called the Beta Lorenz Curve. In order to

verify whether this specification satisfies the properties (1.4) to
(1.7), the first and the second derivative of L(p) with respect to P

are determined:

(3.5) L*(p) = é(&l-éj 1:>OL-1 (1--13)8-1
and
‘ . {(2maz)pracl .,
(3.6) L"(p) = p(1-p) L'(P)
It is easy to verify that L(0) = 0 and L(1) = 1, moreover L'(p) 2 0 for

02 p £ 1 and L"(p) > 0 if B < 1. Furthermore, it can be seen that when
a =P8 =1 the Beta-Lorenz Curve reduces to L(p) = p, i.e. it coincides

with the egalitarian line.
This section 1is concluded with the derivation of the Gini coefficient
and the Generalized Entropy Family of Inequality measures in terms of

the parameters o and 8.

Making use of the property

Tk . [laxk) T(axg)
For k = 1, the expression (2.5) for the Gini coefficient yields the

following result:
(3.8) G = ==%=- = 1 = ===t-

Property (3.7) and equation (A.2) in the appendix also allow us to

write the Generalised Entropy Family in terms of the parameters o and
3)
B:




~o4 -c+
IO(X) Ezagqs [gggigf;%‘;fﬁag-ll -1 for ¢ = 0, 1
(3.9) ¢ < 1/71(1-8)
Io(x) = 1nB(a, B) +a + B =2 for ¢ =0
I,(x) = (a=1)[¥(a)~¥(a + B)] + (B-1)[¥(B)-¥(a+B)] - 1nB(a,B)
for ¢ =1

where ¥(.) is the digamma function (see the appendix for its
definition)

Symmetry and Skewness of the Beta-Lorenz Curve

A Lorenz curve is defined to be symmetric if for AC = AB the following
equality holds true : BB' = CC' for all B and C. Kakawani (1980)

proves that if the Lorenz curve is symmetric the following relation

Figure 1: Symmetry of the Lorenz Curve
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holds:
4,1 L = 1-
(4.1) (pu) P,
where pu is the value of p where x = p; this value follows from (1.5):
(4.2) L'(p ) =1
pl-l

The Lorenz curve is skewed towards (0,0) if BB' > CC', or

(4.3) L(Du) > T“pu

and skewed towards (1,1) if BB' < CC' or

(4.4) L(pu) < 1-pu

For the Beta-Lorenz curve the symmetry condition follows if (3.4) and

(3.5) are substituted into (4.1) and (4.2) respectively:

p - -
ST a-0f e - BGa, ) (1-p,)
(4.5)
a=1 _ B-1
Py (17p) B(a, B)

The system (4.5) constitutes two equations with three unknowns: a, B

and pu, thus leaving one degree of freedom. If e.g. B is fixed, o and

pu follow. Since (4.5) cannot be solved analytically, figure 2 depicts
)

the values for a and B for which the Beta-Lorenz curve is symmetric ’.




Values of Beta

Figure 2: Symmetric Beta—Lorenz Curve
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The Implied Density Function and its Characteristics

The density function of the income distribution impled by the Beta-

5)

Lorenz curve cannot be derived analytically”™ , but it can be generated

easily, making use of equations (1.5), (1.6), (3.5) and (3.6):

(5.1 x = ulL'(p) = g(ﬁ‘“g; 7 (1-p)B7!
and

(1-p) 1
(5.2) f(x) = —====- = (515355951&:? .

Although the density cannot be derived analytically, two location
parameters of the distribution, the median and the mode can be ex-

pressed as functions of a, B and u.

The median of the distribution, &, is equal to

< g for all o = 1
B = 1

(5.3) g = 5(a. 8) 2

The mode of the distribution can be determined by the condition

1 krile)

0
WL (p) 12

(5.4)  =-=s==s=s =  mo=a=l / £(x)
It can be demonstrated that the above condition is equivalent to

————————— m T T e e e e R e e e R e e S e e e R e s b et sl e s e = 0

Analysis of condition (5.5) leads to the following conclusions:




_.‘]O_.

A. If a < 2and a + 8 = 2 the mode of the distribution corresponds to

the value of p = P with

(5:8) oy = 735 (274-8) (3%u-5),

The mode X is found by applying (5.1);
g. If a <2and a + B8 =2, we have

(5.7) P, = % (2-a), with X from (5.1)

if both o = B

1 we have pm = 1 and Xm = U

C. If a > 2 the distribution does not have a mode, and f(x) is a

decreasing function,
This section is concluded with an overview of some special cases:
(i) If = 1, the Beta-Lorenz curve becomes

(5.8) Lip) = 1-(1-p)B

and from (4.1) we have

X B—1
=2 = 1=
y B(1-p)
hence
X > B
u
1
3 _ _/_XB1
gnd p = F{x) = 1 (Bu)




_1’)_

50 that

L 1 1-B
(5.9) fx) = EEM (B u) | for x > Bu

which is the density of a Pareto distribution

(ii) If B = 1 we have

(5.10) L(p) = pa and L'(p) = ap

hence p = with x < au

and

(5.11) fi{x) = a 7===¢ (-§;> for 0 < x < au
which is a rectangular density for o = 2

Figure 3 shows some examples of densities for different values of o and

B.
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Figure 3: Beta—Lorenz Densities
a: Some Densities for Gini=0.33
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b: Some Densities for alpha=1.0
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Figure 3 ( continued )

¢: Some Densities for beta=1.0
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Figure 3 ( continued
d: Some Densities for alpha=1.5

B=0.4.

e: Some Densities for alpha=2.5
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A Reproductive Property

The distribution associated to the Beta~Lorenz curve has a similar

reproductive property as the log-normal distribution:

A. If the variable X has a Beta-Lorenz curve with parameters a, and BX

Y
then the variable Y = Yo X 1 has alsc a Beta Lorenz curve with
parameters ay = Y1ax - Y1 + 1 and

By = Y1Bx - Y1 + 1, provided that Y1 <1 /7 (1~-8)

Proof: Let Y = g(X), then

p, = PLY £ y] = Plg() £ y] = PIX S g ' (y)]
- g '(y)1, hence
g€ () = F (p.), or
(6.1) y = g [F—1(py)]

Moreover, we may easily verify the property
-1
(6.2) F (p) = My L'(p)
Substitution of (6.2) into (6.1) yields:

(6.3) v = glu, L' (p)]

Y

since y = g(x) = Y, X 1, equation (6.3) yields




..16_

Y

(6.4) Vo= Y om, {L'(py)} = --; ------- jo (1—py)
B (aX,BX)

where use has been made of equation (3.5), and since

Y Y Y Y

X- 1 1 1 1
(6.5) My = Ely] = YOE[uX] CoHe o =Y R E[L(px)]
Y B(Y,a =Y. +1, Y_,B =Y, +1)
1 LOED SN RN . S : 1
= Youx . Y1 provided that 71 < 128
B (ax, BX)

combination of (6.4) and (6.5) gives:

1 Yoy Y8

(6.6) e e I YT P (1=p)
by T BV e SRTRE YR By y

This relation is easily identified as a special case of (3.5), which

concludes the proof.

Estimation

The estimation of the Beta-Lorenz curve is most easily carried out
through the estimation of the logarithm of L'(p), its first derivation
Wwith respect to p:

(6.1) In L'(p) = 1In x~1n y = -1n B(a,B) +(a=1) 1n p +(B=1) 1n (1-p) +u

or

where y = 1n X logarithm of income
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YO = 1n B(a,B) + 1ln p
Y1 = qg-1

Y2 = B-1

z1 = 1lnp

z, = In (1-p)

If we assume a scalar covarlance matrix for the disturbances, least

squares estimates Y o’ Y and Y lead to the following MVU estimates of

1 2
oa-and R:
(6.3) @ =1 +§1
(6.14) B =1+,

and a consistent estimate of yu:
(6.5) uoo= exp{Yo - 1n B (a, BR)}

An alternative way of estimation of the parameters of the Beta-Lorenz
curve can be found by making use of the second derivative L"(p) and its

relation to L'(p), x and f(x). Making use of (1.5), (1.6) and (3.6) we

obtain
_ ——_-PQzp)___
(6.6) xf (x) = (3258 pra=T
or
(6.7) é%ig) = o-1 + (2-a=-B) p

Hence the parameters of the Beta-Lorenz curve can also be estimated by

(6.8) y = 60 + 61 PtV
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where y = p(1-p)/(xf(x))
) = a-]
o
8 = 2-a-8

If we assume alternatively that v has a scélar covariance matrix, the

least squares estimates 60 and 61 lead to the following MVU estimates

of a and B:

(6.9) o = 1 + 60
and
(6.10) B = 1-60-61

This estimation method does not provide an estimate of u and make use
of the quantity f(x) which is usually not readily available in income

distribution data.
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APPENDIX

Some Inequality Measures Expressed as Functions of the Parameters of

the Beta-Lorenz Curve

The Coefficient of Variation:

for B8 > 1

(A.1) cv = {=2s@Zl._cbBZl) - !

Bz(a, R)

This expression is obtained easily, if it is realised that

1 k 1
(A.2) J[L'(p)]" dp = =3==-p--t-=2-S--2 for 8 > 1 - =
° B(a, 8) §

The Logvariance:

2 2 4
(A.3) o = (a + B - 2)" + 3" (a=1) (1-8)
The general expression for the logvariance reads as:

1

o = 1" n 7% ap ! 1n Li(piap)?

where for the Beta Lorenz curve
InL'(p) = (a-1) Inp + (B-1) 1In (1~p)-1n B(a, B)
and integration yields (A.3).

Theil has proposed two inequality measures, firstly

(A.3) T, = -E[1n (%) ]
u
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which is a special case of the Generalised Entropy Family (¢ = 0) and

- X X
(4.5) T, = E[u in (u)]

which is also a special case of the GEF (é = 1). The expressions for

T1 and 'I‘2 are given in (3.9), where ¥(x) is a digamma function:

(A.6) ¥(x) = =-=-2222
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NOTES

1. See Pereirinha (1987) for details.
2. See Shorrocks (1980).

3. See the Appendix for the expressions of some particular members of this

family.

4, An extensive table with the numerical values of a, B8 and the associated
pu for which Beta-Lorenz is symmetric is available at request from the

author.

5. Except for some special cases, which will be considered at the end of

section 5.




