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Chapter 1
Introduction

The problem of comparing and ordering various random outcomes represents
a huge challenge in theoretical and applied research that occurs in numerous
instances: in agriculture, crops yields need to be compared across several
locations; in medicine, the most effective treatment or drug has to be selected
from available alternatives; in poverty research, countries have to be classified
according to the distribution of wealth in them. A common factor present
in all such instances is uncertainty, as a result of which random vectors need
to be compared rather than fixed indicators. For example, crop yield in each
location is a result of (among other factors) weather conditions, available
fertilizers and technology; medical treatments may affect specific subgroups
(e.g. based on age, sex, body-mass index etc.) differently; and the degree of
poverty of a particular country depends on the distribution of wealth among
all its citizens, rather than its total or per capita wealth. Financial decision
making is no exception. Indeed, an investor has to allocate her wealth among
available assets based on their joint distribution over all possible states of

nature.

If full information concerning the distribution of underlying variables of
interest is available (as is assumed in the instances above), it is natural to use
this full information in the decision-making process, rather than only certain
characteristics of that distribution, such as its mean or variance. Stochastic
Dominance (further SD) relation is a decision-making rule which uses that

full information for the ordering of uncertain prospects. The idea of SD dates



1. Introduction

back to at least 1738, when Daniel Bernoulli (1738) suggested comparing ran-
dom outcomes by transforming them into their utilities, before calculating
expectations. The formulation of SD in terms of cumulative distribution
functions and modern applications of the concept were introduced in mathe-
matical literature by Mann and Whitney (1947) and Lehmann (1955), and in
economics by Quirk and Saposnik (1962), Hadar and Russell (1969), Hanoch
and Levy (1969) and Rothschild and Stiglitz (1970, 1971). Subsequently, for
more than three decades, the SD approach was used for comparing mutu-
ally exclusive choice alternatives without the possibility of diversification. It
was not until the beginning of the 21st century that the full diversification
setting was solved. Applied in the area of finance and investments, the first
algorithms for identifying if a given portfolio is efficient (non-dominated) rel-
ative to an infinite portfolio possibilities set, or for computing an efficient
portfolio relative to such a set, were proposed in Dentcheva and Ruszczyriski
(2003), Post (2003) and Kuosmanen (2004). In Chapter 2 we review this de-
velopment and classify the methods into three main categories: majorization,
revealed preference and distribution-based approaches. Unfortunately, some
of these schools of thought are developing independently, with little interac-
tion or cross-referencing among them. Moreover, the methods differ in terms
of their objectives, the information content of the results and their computa-
tional complexity. As a result, the relative merits of alternative approaches
are difficult to compare. The same Chapter presents the first systematic
review of all three approaches in a unified methodological framework. We
examine the main developments in this emerging literature, critically evalu-
ating the advantages and disadvantages of the alternative approaches. We
also point out some misleading arguments and propose corrections and im-

provements to some of the methods considered.

Next to portfolio efficiency testing, Stochastic Dominance finds an impor-
tant application in theoretical asset pricing, as it may lead to heterogeneous
investors models which are much more realistic than the conventional Capi-
tal Asset Pricing Model. In that context the convexity of portfolio efficient
sets turns out to play an important role. For this reason, in Chapter 3 we
point out the importance of Stochastic Dominance (SD) efficient sets being

convex. We review classic convexity and efficient set characterization results
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1. Introduction

on the SD efficiency of a given portfolio relative to a diversified set of assets
and generalize them in the following aspects. First, we broaden the class of
individual utilities in Rubinstein (1974) which lead to two-fund separation.
Secondly, we propose a linear programming SSD test that is more efficient
than that of Post (2003) and expand the SSD efficiency criteria developed
by Dybvig and Ross (1982) onto the Third Order Stochastic Dominance
and further to Decreasing Absolute and Increasing Relative Risk Aversion
Stochastic Dominance. We also elaborate on the structure of efficient sets

for those refined classes of utility functions.

The fourth Chapter is devoted to Almost Stochastic Dominance. LL-
Almost Stochastic Dominance (LL-ASD) is a relaxation of the Stochastic
Dominance (SD) concept proposed by Leshno and Levy (2002) that explains
more of realistic preferences observed in practice than SD alone does. Un-
fortunately, numerical applications of LL-ASD, such as identifying if a given
portfolio is LL-ASD efficient, or determining a marketed portfolio that LL-
ASD dominates a given benchmark, are computationally prohibitive due to
the structure of LL-ASD. We propose a new Almost Stochastic Dominance
(ASD) concept that is computationally tractable. For instance, a marketed
dominating portfolio can be identified by solving a simple linear program.
Moreover, the new ASD performs well on all the intuitive examples from
Leshno and Levy (2002) and Levy (2009), and in some cases leads to more
realistic predictions than those of LL-ASD. We develop some properties of
ASD, formulate efficient optimization programs and apply the concept to

analyzing investors’ preferences between bonds and stocks for the long run.

In Chapter 5 we empirically apply the results from Chapters 2 through
4 for testing a periodic asset allocation strategy based on the Second order
Stochastic Dominance (SSD) efficiency and compare its performance with
other portfolio rebalancing strategies, such as Lower Partial Moments, Mean-
Variance, Momentum, Value, Alpha, Beta, and passive investing on French’s
48 industry portfolios. We observe that the SSD strategy performs reasonably
well in terms of realized return and indicates out-of-sample persistence in
restricting portfolio risk. Furthermore, extending the results of Grootveld
and Hallerbach (1999), we find a substantial difference in efficient portfolios

formed on the basis of downside risk criteria (linear lower partial moments

-3 -



1. Introduction

and semideviation) and full moments (mean-variance), particularly in the
case when short sales restrictions are relaxed.

Finally, in Chapter 6 we draw some conclusions and suggest new ideas
for future research. In particular, we discuss another interesting modification
of SD, namely: Robust Stochastic Dominance (further RSD). RSD is based
on Robust Programming, the area of Operational Research that has recently
been gaining considerable popularity and momentum. In addition to the
standard SD efficiency, RSD ensures that the efficient portfolio is more robust
to data perturbations. Another virtue of RSD lies in its ability to incorporate
uncertainty about the probabilities of the states of nature (which are usually
assumed equally likely), and for instance to place greater importance on

recent events and progressively less emphasis on the historical ones.



Chapter 2

SD Efficiency Analysis of
Diversified Portfolios:
Classification, Comparison and

Refinements

For more than three decades, empirical analysis of stochastic dominance was
restricted to settings with mutually exclusive choice alternatives. In recent
years, a number of methods for testing efficiency of diversified portfolios have
emerged, which can be classified into three main categories: 1) majorization,
2) revealed preference and 3) distribution-based approaches. Unfortunately,
some of these schools of thought are developing independently, with little
interaction or cross-referencing among them. Moreover, the methods differ
in terms of their objectives, the information content of the results and their
computational complexity. As a result, the relative merits of alternative ap-
proaches are difficult to compare. This chapter presents the first systematic
review of all three approaches in a unified methodological framework. We
examine the main developments in this emerging literature, critically evalu-
ating the advantages and disadvantages of the alternative approaches. We
also point out some misleading arguments and propose corrections and im-

provements to some of the methods considered.



2. SD Classification, Comparison and Refinements

2.1 Introduction

For more than three decades, empirical analysis of stochastic dominance was
restricted to settings with mutually exclusive choice alternatives, appropri-
ate for comparison of income distributions or crop yields in agriculture, for
example. These methods include various mean-risk models (see, for example,
Hogan and Warren, 1972, Ang, 1975, Shalit and Yitzhaki, 1984) and direct
pairwise efficient comparison of distribution functions (Hadar and Russell,
1969, Bawa et al., 1979, Aboudi and Thon, 1994, Anderson, 1996, Annaert
et al., 2009, among many others). However, pairwise comparison algorithms
are insufficient for identifying dominating portfolios from an infinite set of
diversified portfolios, which is a typical setting in finance. Levy (1992) em-
phasizes this problem by stating:

“Ironically, the main drawback of the SD framework is found in
the area of finance where it is most intensively used, namely, in
choosing the efficient diversification strategies. This is because as
yet there is no way to find the SD efficient set of diversification
strategies as prevailed by the M-V framework. Therefore, the
next important contribution in this area will probably be in this

direction”.

Some authors introduced other SD-related concepts, such as convex SD
(Fishburn, 1974) and marginal conditional SD (Shalit and Yitzhaki, 1994).
Such methods can only provide a necessary condition for stochastic domi-
nance efficiency when the portfolio possibilities set has a particular structure,
but not in general.

In recent years, stochastic dominance literature has developed a number of
methods for analyzing efficiency of diversified portfolios, following the works
of Kuosmanen (2004, 2001-WP), Post (2003) and Dentcheva and Ruszczyriski
(2003). Although Dybvig and Ross (1982) propose SSD efficiency criteria
that can be developed into an SSD efficiency test with diversification (such
as in Lizyayev, 2009), they only provide a useful idea, but not an explicit
algorithm.

The first authors to address stochastic dominance relative to an infinite

set of choice alternatives after Dybvig and Ross (1982) were Ogryczak and
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2.1. Introduction

Ruszezynski (1999, 2001, 2002) in their mean-risk models. Ogryczak and
Ruszezynski (1999) proposed an optimization problem that identified mean-
risk efficient frontiers of stochastically non-dominated portfolios, and ex-
tended it to higher-order semideviations in Ogryczak and Ruszczyniski (2001).
Subsequently, Ruszczynski and Vanderbei (2003) have explicitly formulated
the frontier identification problem for portfolio weights, and suggested an
efficient parametric optimization. Although mean-risk models cannot gener-
ally solve the problem of identifying whether a given portfolio is SD efficient
(which is the formulation usually employed in asset pricing and investment

management), they can be used as a necessary condition for SSD efficiency.

To our knowledge, Dentcheva and Ruszezyriski (2003) and Kuosmanen
(2004) independently developed the first algorithms to identify a portfolio
that dominates a given benchmark among an infinite number of diversified
portfolios by solving a finite dimensional optimization problem. A prelimi-
nary version of Kuosmanen’s test appeared in Kuosmanen (2001-WP) work-
ing paper. Meanwhile, Post (2003) developed an alternative SSD efficiency
test which is simpler and computationally less demanding, but does not gen-
erally produce a dominating portfolio. Dentcheva and Ruszczynski (2003) in-
troduced an optimization model with stochastic dominance constraints and
developed this model further in Dentcheva and Ruszczynski (2006b) and
Rudolf and Ruszczyniski (2008). Although this model has an arbitrary ob-
jective function and in this respect is more general, we will focus on its use
in the most frequently applied setting in finance, namely: identifying the SD
efficiency of a given portfolio relative to a diversified portfolio possibilities
set. Dentcheva and Ruszezynski (2006a) introduced inverse stochastic dom-
inance constraints, which were later employed in Kopa and Chovanec (2008)

refined method for testing stochastic dominance efficiency.

The literature of stochastic dominance currently spans a number of al-
ternative methods. To structure this literature, we propose to classify the
present approaches into three categories: 1) majorization, 2) revealed prefer-
ence and 3) distribution-based approaches. These approaches differ in their
objectives, the information content of the results, and their computational
complexity. Unfortunately, some of these schools of thought are developing

independently, with little interaction or cross-reference to the other schools
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2. SD Classification, Comparison and Refinements

and as a result the advantages and disadvantages of alternative approaches
have not been compared in a fair and systematic fashion. The proponents of
each method have a natural tendency to exaggerate the advantages of their

favorite method and overlook the advantages of their competitors’.

This Chapter presents the first systematic attempt to bring all three ap-
proaches under the common umbrella of a unified methodological framework.
We will examine the main developments in this emerging literature, critically
evaluating the advantages and disadvantages of the alternative approaches
using a number of objective criteria. We will also point out some misleading
arguments in this literature and propose corrections and improvements to

some of the methods considered.

The Chapter is organized as follows. In Section 2.2 we define the basic
general concepts related to stochastic dominance efficiency and state some
common assumptions. Since most of the methods are applied to the second
order stochastic dominance (SSD), where the efficiency test becomes a linear
program’, we classify, analyze and compare the most important SSD effi-
ciency algorithms to date in Section 2.3. To keep such comparative analysis
objective, we use a unified framework of Section 2.2 and adjust each of the
methods considered in such a way that they solve the same standardized
problem which is commonly and frequently used in practice. In Section 2.4
we consider some extensions to the standardized framework such as first or-
der stochastic dominance (FSD) and unbounded short sales, and analyze the
extent to which the existing methods can tackle those modifications. Finally,

Section 2.6 gives some concluding remarks and finalizes the Chapter.

!Some authors use more demanding non-linear programs (such as Linton et al. (2005,
2010) and the iterative quadratic program of Post and Versijp (2007)) which, in addition
to the efficiency outcome, also provide statistical significance scores under some assump-
tions. Since such programs do not produce a dominated portfolio and are considerably
more computationally demanding, we will omit them from our analysis. As statistical
significance scores can be more naturally obtained via non-parametric bootstrapping pro-
cedures in the framework of this Chapter, we will focus on SSD efficiency tests which are
more practical in terms of the computational complexity and the information content of
the result.

- 8 —



2.2. Unified framework

2.2 Unified framework

As a first step towards bringing alternative approaches under a common um-
brella, we need a general framework into which all alternative methods can
naturally fit. It is the purpose of this section to describe such a framework.
We should note that some of the methods reviewed in the subsequent sections
do not necessarily require all of the assumptions imposed in this section. In
the interest of clarity, however, we will review all methods from the per-
spective of the unified framework, duly noting the possible extensions as we

proceed.

A canonical model of investment decision making in a static setting can
be described as follows. There are n marketed assets, whose returns may
vary across different states of nature. From m possible states, one state is
randomly drawn as the realized state. Returns of assets in m alternative
states of nature are described by m-by-n matrix X. If a riskless asset is
available in the market, we can include it as one column of X (a column with
equal components). Naturally, all asset returns are assumed to be linearly
independent, which implies that X T X is positive definite. Note that there is
no uncertainty about the return matrix X; the investors’ risk arises from the
random realization of one out of m possible states. Without loss of generality,

we assume all states to be equally likely.?

Investors may diversify between available assets. We shall use A € R" for
a vector of portfolio weights. The portfolio possibilities set (assuming away
short sales) is
A:{)\E]R":>\Te:1,)\20}37

and the set of all available allocations is

My ={zeR":z=X e A}.

2States with different probabilities can be dealt with by a linear transformation of
decision variables so that the resulting program will be equivalent to the one with equally
probable states; see Dybvig and Ross (1982) for details.

3Unless otherwise stated, we will consider the PPS with short sales restricted. Nonethe-
less some other restrictions on portfolio possibilities may apply in practice; moreover the
use of some methods can be particularly advantageous for certain classes of PPS, as will
be shown in subsequent sections.

-9 —



2. SD Classification, Comparison and Refinements

Each investor has a von Neuman-Morgenstern utility function u € U =
{u : R — R} which depends on his final wealth at the end of the holding
period. As shown in Pratt (1964), investors’ non-satiation and risk attitude
can be modeled via the first and second derivative of u, respectively. The
class of increasing utility functions which represents all non-satiable investors
is denoted by U, and the class of increasing and concave utility functions
is denoted by U, and represents all non-satiable and risk-averse investors.
Formally,

Uy={u:R—=R st u(t) >0, Vt}

and
Uy={u:R—R st () >0, and u"(¢t) <0, Vt}.

Due to the uncertainty about which state of the world will occur, investors
seek to maximize their expected utility. Portfolio 7 € A is the optimal choice

for an investor with utility v € U if and only if

Eu(X7) = sup Eu(X\), (2.1)

where E denotes the expected value operator. Since all states are equally

likely by assumption, equation (2.1) can be equivalently stated as

m m

Zu(xir) = supZu(miA). (2.2)

i=1 AN
Observing a given portfolio 7, our purpose is to evaluate whether 7 is the
optimal choice for a group of investors. Since the investors’ utility functions
are unknown, we focus on broad classes of economically meaningful utility

functions, U; and U,. To this end, the following definitions prove useful.

Definition 2.1 (dominance). Portfolio A € A dominates portfolio T € A by
First Order Stochastic Dominance, further FSD (by Second Order Stochastic
Dominance, further SSD) if and only if for all utility functions u € Uy(u €
Us)

m m

Zu(x’)\) > Zu(x%’), (2.3)

i=1 i=1

with a strict inequality for at least one u € Uy(u € Us).

— 10 —



2.2. Unified framework

Definition 2.2 (super-dominance). Portfolio X\ € A super-dominates port-
folio T € A by FSD (SSD) if and only if for all strictly increasing utility
functions u € Uy(u € Uy)

m m

u(z'N) > Zu(mlﬁ'), (2.4)
i=1 i=1
Definition 2.1 is standard in the stochastic dominance literature. The no-
tion of super-dominance is a new term that we have coined for the definition
first proposed by Post (2003). Note that super-dominance implies dominance,
but the reverse is not true. For example, if 7 is a mean-preserving spread of
portfolio A, then 7 dominates A by SSD, but it does not super-dominate it.
Definitions 2.1 and 2.2 can be stated analogously for any given class of
utility functions U. Although U; and U, are the most frequently used, some
authors developed tests for refined utility classes, e.g. modeling increasing
relative and decreasing absolute risk aversion, such as Vickson (1975, 1977)
and Lizyayev (2009).
Using Definitions 2.1 and 2.2, the notions of portfolio efficiency and op-

timality are defined as follows:

Definition 2.3 (weak efficiency). Portfolio 7 € A is weakly FSD (SSD)
efficient if and only if there does not exist another portfolio A € A that super-

dominates T in the sense of Definition 2.2.

Definition 2.4 (strong efficiency). Portfolio T € A is strongly FSD (SSD)
efficient if and only if there does not exist another portfolio A € A that

dominates T in the sense of Definition 2.1.

Definition 2.5 (optimality). Portfolio 7 € A is FSD (SSD) optimal if and
only if there exists a strictly increasing u € Uy(u € Uy) for which T is the

optimal portfolio choice, that is,

m

Zu(:p’T) > Zu(:ci)\), for all X € A\{r}.

i=1

There exist alternative equivalent definitions of stochastic dominance

which we state below.
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2. SD Classification, Comparison and Refinements

Definition 2.6. Allocation x € Myx with cumulative distribution function
(CDF) Fx(z) dominates allocation y € Mx having CDF Fy(z) by FSD
(SSD) if and only if

Fx(2) < Fr(2) (FP(2) < FP(2)) (2.5)

for all z, with a strict inequality for at least one z,

where F)(f)(z) is defined as F)(f)(z) = [ Fx(t)dt = E (max{z — X,0}).

Due to the latter representation F )(? )(z) is also called the expected shortfall
of X. Similarly, SD relation can be equivalently formulated in terms of (in-
tegrated) inverted CDF (quantiles) as follows. Condition (2.5) is equivalent
to

Fy'(v)dv = F*(q) |

il
S
AV
<7
S
>
(&)
S
Il
o\@
1
=
QU
S
V
o\@

(2.6)
for all ¢ € [0, 1].

SSD condition (2.6) can also be expressed in terms of conditional value at
risk (CVaR) which is related to Fy?(q) (see Rockafellar and Uryasev, 2002)
as

Fi*(g) = —4CVaRi—o(—X),q € (0,1).

Definition 2.7. Allocation x € Myx dominates allocation y € Mx by FSD
(SSD) if and only if
AP eIl (IW € E) : x > Py(x > Wy),

where Il is the class of permutation matrices:

II= {[wzj]mxm:wij € {0,1},2102']‘ = Zwij = l,i,j = 1,...,777,}
j=1

i=1

- 12 —



2.2. Unified framework

and = is the class of doubly stochastic matrices:

== {[wi]’]me . 0 S wij S I,Zwij :Zwi]’ = 1,i,j: 17...,771}.
j=1

i=1

Definitions 2.1, 2.6 and 2.7 are known to be equivalent. The equivalence of
definitions 2.1 and 2.6 is easy to prove by changing variables in the integration
of Definition 2.6. For the equivalence of Definition 2.7 see Hardy et al. (1934),
Hadar and Russell (1969) and Marshall and Olkin (1979).

For the sake of brevity we will sometimes refer (with a slight abuse of
notation) to an allocation by the corresponding portfolio, for instance by
stating that portfolio 7 € A dominates allocation y € Mx we mean that X7

dominates y.

The difference between the FSD and SSD efficiency arises from the as-
sumption of risk aversion: SSD assumes risk aversion, whereas FSD does
not. In the case of SSD, the optimality and efficiency definitions (2.2) and
(2.3) are equivalent if the portfolio possibilities set A is convex. However,
FSD optimality is only a necessary condition for FSD efficiency, even with a

convex A.

Restrictions on the set of utility functions strongly affect the computa-
tional complexity of a test, as will be demonstrated below. The computa-
tional burden becomes particularly restrictive when it comes to bootstrapping
and statistical inference. To assess whether the outcome of a test is statis-
tically significant (and cannot be attributed solely to chance), one needs
to simulate a large number of new data sets of asset returns generated by
the same distribution as the original, and further to run the same efficiency
test on all those samples. With current computing power and the usual di-
mensionality of the data, only certain types of optimization programs can
be tackled within a reasonable time, such as linear or quadratic programs.
Mixed integer linear programs (which FSD efficiency tests are in essence)
are far too demanding for any rigorous bootstrapping techniques. For that
reason, and because the vast majority of the tests used in practice are fo-
cused on second order stochastic dominance efficiency, we will analyze them

in detail below.
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2.3 Second Order (SSD) Efficiency

The extensive literature which suggests SSD efficiency algorithms can be
grouped into three main categories: 1) majorization, 2) revealed preference,
and 3) distribution-based approaches. The first category is based on optimal-
ity conditions in the space of returns given in Definition 2.7; the second on
Lagrangean conditions for the marginal utility rationalizing a given portfolio
in accordance with Definition 2.5, and the last on various equivalent crite-
ria of SD efficiency formulated directly on cumulative distribution functions
of underlying portfolios as in Definition 2.6. Although the categories above
are not mutually exclusive (e.g. the dual formulation to distribution-based
approach has a revealed preference interpretation), most of the methods are
most frequently used either in their primal or dual form, which we will take
as the basis for our classification. In this chapter we attempt to cover the
most efficient methods of each school of thought.

To characterize and compare all the methods in a fair and systematic fash-
ion we would like to point out the criteria an SSD efficiency test should fulfill.
Clearly, the primary goal of every method should be to identify whether a
given portfolio is efficient relative to a given convex portfolio possibilities set
in the sense of Definition 2.4.* The methods therefore should provide neces-
sary and sufficient conditions for such efficiency. In cases when the subject
portfolio is inefficient, one would like to have a measure indicating the degree
of its inefficiency. A natural choice for such a measure could be the highest
possible difference in mean returns between the subject portfolio and an effi-
cient marketed portfolio that dominates it. If there is a dominating portfolio
with the same mean return as the subject portfolio but with a tighter spread
around the risk-free asset (this dominance is self-evident and formally in ac-
cordance with Definition 2.4), one would like to incorporate the maximal
feasible spread into the measure of inefficiency as well. For that reason, it is
desirable that when a given portfolio is inefficient, an efficiency test identifies
a dominating portfolio that is marketed and SSD efficient itself. Another

advantage would be if the method could be split into some sequential sub-

4Although occasionally we will distinguish the weak efficiency in the sense of Definition
2.3, we adapt the commonly accepted SSD efficiency given by Definition 2.4 throughout,
and unless otherwise stated, SSD efficiency will refer to this strong definition.
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tests that are less computationally demanding, so that one could identify
inefficiency at an earlier stage based on some necessary conditions, in which
case running the rest of the test would be unnecessary. Finally, the ability
of SSD tests to be easily generalized to FSD efficiency testing would also be

of value.

2.3.1 Revealed Preference Approach

The revealed preference approach has its roots in Afriat (1967) celebrated
theorem. Analogous to Afriat’s test of rational consumer behavior®, SSD
efficiency can be tested based on the first order optimality conditions for the
utility function which, provided that such function exists, would rationalize
the subject portfolio, in accordance with Definition 2.5 and the fact that SSD
optimality is equivalent to SSD efficiency if the portfolio possibilities set is
convex. The general idea of the revealed preference approach is to try to find
marginal utilities 5 for some well-behaved von Neumann-Morgenstern utility
function for which the evaluated portfolio y € Mx is the optimal solution
maximizing its expected value. If such marginal utilities 5 exist, then the
evaluated portfolio is literally “revealed optimal”, at least for some hypo-
thetical decision maker with rational preferences. If such marginal utilities
do not exist, then the evaluated portfolio y is SSD inefficient.

While the marginal conditional stochastic dominance introduced in Shalit
and Yitzhaki (1994) can, like some other earlier methods, formally be as-
signed to this category, it uses different settings in which the subject portfo-
lio is tested relative to a set of vertices of a portfolio possibilities set. This
test is computationally less demanding but can only be used as a first-stage
necessary pre-processing test for our framework, as it can not generally iden-
tify SSD efficiency in the case of full diversification. Marginal conditional
formulation also appears as duality results in the distribution-based meth-
ods, such as Dentcheva and Ruszezynski (2006a,b), Rudolf and Ruszczyriski
(2008). However, the primal distribution-based method appears to be compu-

tationally competitive relative to its dual linear programming formulations.

5Varian (1983) has applied Afriat’s approach to testing rationality of investor behavior
in a somewhat different setting than the one considered in this chapter.
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Therefore we will classify these tests as distribution-based and will cover

them below in a separate sub-section.

Post (2003) formulates the following revealed preference test for SSD
efficiency of a given marketed portfolio y € Mx:

§(y) = mind

1 m
s.t.%ZBt(yt—Xﬁ)—i-@ZO, i:1,...,n
t=1

Br>pPa > > By =1 (27)

AeA
0 free

Parameters f; can be interpreted as Afriat numbers, which represent the
marginal von Neumann-Morgenstern utility of some rational decision maker
in state t. If the optimal solution to (2.7) satisfies £*(y) = 0, then the
evaluated portfolio is an optimal solution that maximizes expected utility to
some rational risk-averse decision maker. Thus £*(y) = 0 is a necessary and
sufficient condition for weak SSD efficiency of y (given in Definition 2.3) and,
as Kuosmanen (2004) notes, only a necessary condition for the strong SSD

efficiency (in the sense of Definition 2.4).

Kuosmanen (2004, Sec. 4.4) derives a similar test based on the idea of
separating hyperplanes. Both methods are only capable of determining the
efficiency status of a given portfolio; they do not generally produce a domi-
nating portfolio. The major advantage of the methods is their computational

simplicity: (2.7) is a linear program with m-1 variable and n+m constraints.

Post (2003) also derives a dual formulation to (2.7) as follows.

¥(y) = max s,
s.t 1i(a}i>\—yv):5k k=1 m
m 4= ' ’ Y (2.8)
AeA
s € RY
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If the optimal solution to (2.8) is ¢¥* = 0, then y is weakly SSD efficient.
Although the optimal portfolio A* has an intuitive interpretation as the port-
folio with the largest increase in the mean return, it does not necessarily dom-
inate y. To see this, consider (2.8) for y = [1,4], 2! = [9,0],2? = [0,2], 2® = .
Running the tests yields £*(y) = ¥*(y) = 2 which correctly identifies SSD in-
efficiency of y, however X \* = z! = [9, 0], even though x! does not dominate
Y.

Post (2008) has extended the SSD test for weak efficiency to the standard
case of strong efficiency (Definition 2.4) by simply changing the objective
function of (2.8) from s, to the sum s'e, obtained s'e = 0 as the necessary
and sufficient condition for the strong SSD efficiency and shown that the
subject portfolio y is always SSDdominated by a linear combination of X A\*
and y. However, a dominating portfolio obtained thus does not necessarily
have the highest mean return among all dominating portfolios, and therefore
is not suitable as a benchmark for efficiency gauging. Further, the dominat-
ing portfolio is not necessarily SSD efficient even in the sense of weak SSD
efficiency (Definition 2.3).

2.3.2 Majorization Approach

The majorization approach is based on Definition 2.7, which originates in
the mathematical literature on stochastic dominance, where the concept ap-
peared as stochastic ordering. The first majorization-based test in economic
literature appeared in Kuosmanen (2001-WP) and was further developed in
Kuosmanen (2004).

Kuosmanen (2004) splits SSD efficiency test into necessary and sufficient

subtests. The necessary test reads®

SKuosmanen (2004) formulates (2.9) with X augmented by y, as it can happen that
y ¢ Mx is SSD efficient, but is dominated by a linear combination of a marketed portfolio
and itself. We omit this augmentation here for the sake of comparability with the other
methods.
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0 (y) = max(XA —y)'e

s.t. XA > Wy
Wez
AeA

(2.9)

Comparing (2.9) with Post’s (2008) dual (2.8) reveals that the two prob-
lems are structurally similar, except for the doubly stochastic matrix W
included in (2.9). Post (2008) sorts the asset returns in ascending order with
respect to y, whereas Kuosmanen did not utilize the prior ordering. As a
result, the optimal portfolio A* of (2.9) always SSD dominates y when the
latter is inefficient (provided W* is not a permutation matrix), contrary to
(2.8).

Kuosmanen (2004) shows that 6 = 0 is a necessary condition for the
strong SSD efficiency of portfolio y. Note, that 65 /m can be intuitively
used as an inefficiency measure that indicates the difference between the
mean return of the dominating portfolio \* with the highest mean return
and the expected return of y. Another possibility considered by Kuosmanen
(2004) is to gauge efficiency by using the minimum risk-free premium that
needs to be added to y to make it SSD efficient. While such a measure can
be intuitive for gauging inefficiency loss, it cannot provide a necessary SSD
efficiency condition analogous to (2.9). The same is true for the more general

directional distance function formulated in Kuosmanen (2007).

Kuosmanen (2007) derives the dual formulation to (2.9), which can be

expressed as

D _ : o T T
§°(y)=min 6 —(a’e+ble)

s.t. e > XT3

B > ot ant by Vsit=1,....m (2.10)
B=>e
feR, a,bpeR™
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Clearly, the dual program (2.10) is similar to (2.9) in terms of the compu-
tational complexity. However, (2.10) is less intuitive and its coefficients are
difficult to interpret. Moreover, it is unclear if (2.10) can be generalized to
a sufficient test for SSD efficiency of y in a straightforward way. For that
reason we shall focus on the primal formulation (2.9) for which Kuosmanen

(2004) proposed the following sufficient test statistic.

—mlnzmjzm: s +5

=1 j=1
s.t. XA =Wy
) . (2.11)
32_j+8ij:wij_§7 Lj=1,....m
sh4s; >0, dj=1,...,m
WeZ Ae A

Program (2.11) minimizes 27", 3™ | |wi; — 3|. The underlying idea lies
in finding a marketed mean-preserving spread of y that is as close to the risk
free ray as possible. The non-existence of any such XA* # y would then
suffice for SSD efficiency of y. Kuosmanen (2004) proposes the theoretical

maximum of the test statistic as a sufficient condition”:

05(y) = — — Z kdoy,, (2.12)

where dy, is the number of k-way ties.

Although the optimal X A\* from (2.11) always SSD dominates y (provided
the two portfolios are distinct) it may not be SSD efficient. To see this,
consider the following example. Suppose we test portfolio y = [2,0,10] and
both 2! = [6,5,1] and 2* = [4,4,4] are marketed. If 65(y) = 3/2, the

program (2.11) may have chosen z! with W} = % [o 1 (1]} however x? may

have been chosen as well with W5 = % H i H, since W and W5 give the

"Kuosmanen (2004) defines 05 (y) as l — >t | kdoy; however he clearly meant (2.12).
Moreover, the summation Z;:’:l kdok equals m, since it counts all m elements of y precisely
once.
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same value of statistic 63 (y). Therefore, if (2.11) picks 2!, it dominates y
but is not SSD efficient.
If the efficiency of the dominating portfolio is required, one can use the

following quadratic programming extension of (2.11).

0 (y) = min ATXTXN — yTy
st. XA =Wy
We=
AeEA

(2.13)

Note that (2.13) minimizes the second moment of X\ which is equivalent
to minimizing the Euclidian distance from y to the risk free asset e - Ey. We

can prove the following

Proposition 2.1. Suppose 0)(y) = 0. Portfolio y is SSD efficient with
respect to A if and only if 05(y) = 0. Moreover, \* from (2.13) is SSD
efficient and, if 05 (y) # 0, dominates y.

Proof. 1t follows from the majorization theory (see Marshall and Olkin, 1979)
that if for some W € Z, Wy is not a permutation of 3, then y"WTWy < yTy.
Given that X = Wy, the objective A\TXTX\ —yTy = y"TWTWy —yTy =
y"(WTW — I,))y < 0. Therefore, 65(y) = 0 implies W*y = Py, for some
permutation matrix P € II, and thus y is efficient. Similarly, if 65(y) < 0,
then y is dominated by W*y, so y is SSD inefficient. The efficiency of X \*
follows from the fact that the existence of a strictly dominating portfolio
X1 = WX\ would contradict the optimality of X A\* in (2.13). O

Summarizing, we can characterize the method as follows. The necessity
test (2.9) is a linear program with m?+n variables, m?+m inequality and 2m
equality constraints. Program (2.11) with 3m?+n variables, m?+3m equality
and 3m? inequality constraints is a sufficient test for SSD efficiency of y, but
the optimal portfolio itself may not be SSD efficient. An alternative sufficient
condition is given by Proposition 2.1 that does generate an SSD efficient

dominating portfolio W*y as a byproduct. This test is based on quadratic
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program (2.13) with m? + n variables (of which n enter the objective), 3m
linear equality and m? linear inequality constraints.

Based on the general theoretical result in Strassen (1965), Luedtke (2008)
recently developed the majorization test (2.9) further by explicitly including
the probabilities of the states (which are assumed equal in (2.9)) and sug-
gested a branching heuristic for solving the method. His linear programming
formulation, however, closely resembles (2.9), particularly in terms of the

computational complexity.

2.3.3 Distribution-Based Approach

This group of methods is based on Definition 2.6 and usually employs equiva-
lent definitions involving various modifications of the cumulative distribution
function and its inverse, such as integrated (inverted) CDF, quantiles and
conditional value at risk.

Dentcheva and Ruszczyniski (2003) introduced the following linear pro-

gram with distribution-based stochastic dominance constraints.

max f(A) = E(X\)

s.t. ink/\k +si >y, L,j=1....m
k=1

1« 2.14
*E sijgvj, jzl,...,m ( )
m -

i=1
Sijzo, i,jzl,...,m

AeA

where v; = E[(y; — y)+] = F£(y;) is the expected shortfall of y.

The constraints in (2.14) basically ensure that E[(a—X\)4]| < E[(a—y)+], Ya,
which by Definition 2.6 is equivalent to the SSD dominance of X\ over y,
see Dentcheva and Ruszczyniski (2003, 2006b) for more details.

Rudolf and Ruszczyniski (2008) elaborated on this method, suggesting two
alternative implementations of (2.14): a primal cutting plane method and a

dual column generation method. However, they concluded that the dual
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method proved to be practically prohibitive for this problem (compared to a
straightforward simplex implementation of (2.14)). The primal method was
shown to outperform the simplex on their data set. However it is not clear
if such performance can be generalized on an arbitrary data set; the method
may require a factorial number of iterations in the worst case scenario.

Just like Kuosmanen’s (2004) test (2.9), program (2.14) always produces
a weakly SSD efficient dominating portfolio A* which may not be (strongly)
SSD efficient (this may happen when (2.14) has multiple solutions). To

overcome this, consider the following sufficiency test statistic.

0" (y) =

L

Il
S =

(2

(yi — E(y))2 - minz (Z TijAj — E(?/))

s.t. ink)\k+sij2yj, i,jzl,...,m
=1 . (2.15)
Zsijgmvj, j=1....m

=1
Sij207 i,jzl,...,m
AeA

Proposition 2.2. Let z* = X \* be a solution of (2.14) for a given portfolio
y € My. Determine 0%(x*) by solving (2.15) and denote the optimal solution
by z*. Portfolio y is SSD inefficient if and only if

E(z*) — E(y) + 60%(z*) > 0 (2.16)
Moreover, (2.16) also implies that y is dominated by z* which is SSD efficient.

Proof. First note, that solution z* to (2.15) is unique, due to the strict con-
vexity of the objective function in (2.15) and linear independence of returns.
Due to the dominance restrictions imposed in (2.15), z* is SSD efficient.
Since (2.16) holds if and only if z* and y are distinct, the result follows. [

Program (2.14) is closely related to Kuosmanen’s necessary test (2.9) in

terms of the information content of the result. Both methods can identify
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a necessary and sufficient condition for the weak SSD efficiency (Definition
2.3), but only a necessary condition for the standard SSD efficiency. The op-
timal reference portfolio X A\* dominates y and is itself weakly SSD efficient.
If several dominating portfolios of equal mean are available, both methods
may select a dominating portfolio that is not (strongly) SSD efficient. More-
over, the two methods are following the same principle: to maximize the
mean return among all available portfolios that dominate y and hence both
can be used for inefficiency gauging. The only difference is that Kuosma-
nen (2004) exploits a majorization-based, and Dentcheva and Ruszczyniski
distribution-based dominance criteria. Test (2.14) is a linear program with
m? + n variables and 2m? + m constraints which is computationally heavier
than Kuosmanen’s necessary test (2.9), but lighter than his sufficiency test
(2.11). Combined with (2.14), test (2.15) produces an SSD efficient domi-
nating portfolio when the subject portfolio is inefficient.

Another distribution-based test recently published in Kopa and Chovanec
(2008) employs the conditional value at risk defined as

CVaR,(z) = E(z|z > VaR,(2)), (2.17)

where VaR,(z) is the value-at-risk of z, that is F;'(a).

The following equivalent SSD efficiency criterion holds due to Definition
2.6:

CVaR,(—Y1) < CVaR,(—Y2),Va € [0,1] <= Y] SSD dominates Y5.
(2.18)
Employing an equivalent formulation of CVaR derived in Rockafellar and
Uryasev (2002)

CVaR,(Y) = min {a + . !

a€R —

Emax(Y — a, O)} , (2.19)

they propose the following linear programming test®.

8The inverse SD constraints, including those based on CVaR and used in Kopa and
Chovanec (2008), were developed earlier in Dentcheva and Ruszczyniski (2006a). However,
the linear programming test (2.20) was suggested in Kopa and Chovanec (2008).
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D*(y) = maxka (2.20)
k=1
S uf
s.t. CVaR%(—y)—bk—mtjlikJrlsz, k=1,...,m
wh > —(XA\); — by, tk=1,...,m
wh, > 0, tk=1,....m
Dy >0, k=1,....,m

AEA

If D*(y) > 0, then y is SSD inefficient, the optimal allocation X A* domi-
nates y and X A\* is SSD efficient. Otherwise D*(y) = 0 and y is SSD efficient.

Substituting the explicit expression for CVaR into (2.20) gives us the fol-
lowing formulation (we denote y*! the k-th largest, and y*) the k-th smallest

element of y).

_5om )l —Lwt
M b—@>Dk, k=1,...

m—k‘+1_k m—k+1—
wh > —(XA\); — by, tk=1,....m

s.t.

wh, > 0, tk=1,....m
Dkzo, k= N 11
AEA

Therefore, the first constraint ensures that the optimal solution x = X \*

satisfies

Sy g gl
1= 1= >0 kE=1,... 2.22
m—k+1 m—-—k+1—"" e T ( )
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and therefore

m m k k
ngm > Zym, hence wa > Zy@, k=1,....m (2.23)
i=k i=k i=1 i=1

which guarantees dominance of x over y by Definition 2.7.

Program (2.21) comprises both necessary and sufficient condition in one
linear program. However, any necessity test can be used at a pre-processing
stage to identify inefficiency prior to using (2.21), for instance Post’s (2.7) or
(2.8). In addition, Kopa and Chovanec (2008) propose another simple test

formulated as follows.

m—1 n

d"=max D" (CVaR% (~y) — CVaR. (—X7)> (2.24)
k=0 j=1

st >N (CV&R%(—y) - CVaR%(—Xj)) >0, k=0,...,m—1
7j=1

which can be rewritten as

m—1 n

d* = max Z Z A (2.25)

k=0 j=1

st Najg >0, k=0,...,m—1, with ay = ng_o =)y
j=1 i=1 i=1

Kopa and Chovanec prove that if d* > 0, then y is SSD inefficient. More-
over, \* is an SSD efficient portfolio that dominates y. Note that all a;
can easily be computed a priori, and thus (2.25) is a linear program with
n variables and m constraints. In contrast to Post and Kuosmanen test, it
provides an SSD efficient dominating portfolio in case of inefficiency of y.
Unfortunately, no conclusion can be made concerning the efficiency of y if
(2.25) is infeasible.

In contrast to Kuosmanen (2004) and Dentcheva and Ruszczyriski (2003,
2006b), Kopa and Chovanec (2008) use the sum of slacks of CVaRs as the

objective function which results in guaranteeing that the optimal portfolio is
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always SSD efficient and dominates the subject portfolio when the latter is

inefficient, with a similar computational complexity.

In summary, (2.21) offers an attractive linear programming algorithm
which comprises the necessary and sufficient condition for SSD efficiency of
a given portfolio and provides for an SSD efficient dominating portfolio. The
linear program (2.21) has m? + 2m + n variables and 2m? + 2m inequality

constraints.

2.4 Extensions

Below we consider some extensions to the set of assumptions set out in the
previous chapter. We refine the class of preferences and assume away short

sales, among others.

2.4.1 FSD Efficiency and Optimality

Due to the important role played by the ordering of portfolio returns in both
strong and weak FSD dominance, there is no easy (polynomial complexity)
algorithm known to date for identifying the efficiency of even a single given
portfolio. Kuosmanen (2004) proposes an MILP-based test for identifying
FSD efficiency, whereas Kopa and Post (2009) offer an LP test for the FSD
optimality. However, the input data for the latter test can only be obtained
by solving an MILP program similar to that of Kuosmanen (2004). Op-
timization programs with first order stochastic dominance constraints were
also studied in Dentcheva and Ruszczynski (2004) and Noyan et al. (2006).
Post (2003) suggests a seemingly easier LP test for FSD optimality in section
V, formula (19). He states that the following condition implies and suffices

for FSD optimality of portfolio y: 6*(y) = 0, where

— 26 —



2.4. Extensions

0*(y) = min 6
1 m
st. =3 BUXN—X,)+0>0, i=1,....n
m; t t (2.26)
Bi>1, i=1,....m—1
Bm=1, A€EA

Although temptingly simple, this approach turns out to be erroneous.
This can be seen on the following example. Consider 3 assets in 2 states:
A(2, 2), B(1, 3) and C(2.5, 1.75). The constraints of program (2.26) for
testing F'SD efficiency of B become

) (
/31(12—2) + 52(?;—2) +60>0 0 >0.58 —0.5
51(12_2_5) + 52(3—21.75) +0 > 0 0 > 075ﬁ1 —0.625
B1(A=1) | B2(3-3) - T
1= 2197
. + . +0>0 0>0
pr=1, [=1 przl

Thus, (2.26) wrongly classifies B as FSD inefficient.

2.4.2 Unrestricted shortsales

The tests reviewed above assume a convex portfolio possibilities set A. The
simplest of these in terms of computational complexity, Post (2003), ex-
plicitly assumes restricted short sales?. The other methods can handle any
polytope A, but are more computationally demanding. Lizyayev (2009) sug-
gests another method particularly efficient in the case of unrestricted short
sales, based on decomposition of the matrix of returns and applying gradi-

ent optimality conditions similar to those of Dybvig and Ross (1982). The

9In fact (2.7) is only valid for A = {A€R": ATe=1,A>0}.If A is another poly-
tope, Xy; in (2.7) should be substituted by the vertices of A.
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method seeks to find an interior point of the set

—(xD)7'X] ] 5<_p [(XJ >” (227

Im—n m—n

{BER’””: D

where ( is an (m — n)-parameter vector, X; are the first n rows of X, X, -
the rest (m —n) rows!®, D is defined via the inverse of the upper triangular
m-by-m matrix U: D = — (U) ™"

Program (2.27) can be equivalently formulated in terms of the slacks of

5 as follows.

max 6

st — ((Ug)-1 (XN xJur A)v +0<—D (X)) e, (228)

yeR™™, ~2>0, 6>0,

0 0
where A is the following n-by-(m — n) matrix: A =

0 --- 0

1 - 1

Existence of such v (or § = UJ"""v) is a necessary condition for SSD
efficiency of the subject portfolio. System (2.28) is a linear program with
m — n variables and m — n constraints (note that as in Post (2003), v can
be normalized so that v,,—, = Bm-n = 1). Although the method does not
find a dominating portfolio, it always identifies if the subject portfolio is
efficient and, in such cases, produces a supporting gradient (marginal util-
ity) as a byproduct. The computational advantage of this method becomes

particularly eminent when n approaches m.!!

10 Assuming without loss of generality that the first n rows of X are linearly independent.

1Note however that as n increases, the dimensionality of (2.28) becomes smaller, but
one needs to invert a larger X; prior to solving (2.28). If X happens to be particularly
ill-conditioned, one may rewrite (2.28) without decomposition as: find z € R™ such that
Xz =e,z > 0. This is a linear program with m variables and 2m constraints, and therefore
remains the most efficient method for the case of unbounded A.
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2.5 Comparison of SSD methods

In Section 2.3 we have analyzed the major SSD efficiency tests that can be
represented as linear programs and therefore can be applied to relatively
large real world data. We have shown that the methods differ in terms of the
information content of the results and the goal of this chapter is to analyze
the computational burden associated with the extra informational outcome
of some tests. To make such a comparison objective, we transform each

program to the standard form:

min {ch . Az <bx>0}. (2.29)

A good indicator of the computational complexity of a linear program, at
least when a simplex method is applied for solving it, is the average number
of non-zero elements in the matrix of constraints at each simplex iteration of
changing variables in the basis. This indicator is however difficult to estimate
on the basis of the input data. For this reason we follow the Performance
World (2009) website and give two indicators for complexity: the size of
the A matrix in (2.29) and the number of non-zeros it contains. For sparse
matrices (as in our case) these indicators can be taken to represent, respec-
tively, an upper and a lower bound for the average number of non-zeros in A.
The table below summarizes the information content of the outcome and the
computational complexity of the methods considered in terms of those indi-
cators'?. All the methods assume away short sales except Lizyayev (2009),

which is only applicable to unrestricted short sales.

As we can see from Table 2.1, the methods can be grouped by the in-
formation content of the results. The most informative method, Kopa and
Chovanec’s (2.21), is also the most computationally demanding. It is the
only method that identifies an SSD efficient dominating portfolio with a lin-
ear program. Other methods require quadratic programming to identify an
SSD efficient dominating portfolio. The Dentcheva and Ruszezyniski (2003)

12The portfolio budget constraint enters every method in the same form and thus was
omitted from the complexity analysis for brevitys sake.
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Table 2.1: Comparison of the computational complexity of the methods.
Columns: Variables x Constraints: number of elements in constraint matrix A, after the program has been
transformed to the standard form (2.29); Non-zeros: number of non-zero elements in this matrix; SC: if the method
gives a sufficient condition for SSD efficiency (in this and the next two columns '—’ stands for NO, v’ for YES); NC:
if the method provides a necessary condition for SSD efficiency; DP: if the method produces a dominating portfolio in
case of inefficiency of the subject portfolio; EDP indicates if the dominating portfolio in DP is (strongly) SSD efficient
(here "=’ marks those methods that do not generally produce an SSD efficient dominating portfolio, 'v"’ those that
do, and 'v,,” those that produce a dominating portfolio which is only weakly (in the sense of Definition 2.3), but not
strongly, efficient; '— /v’ in the necessary test of Kopa-Chovanec means that this test provides an efficient dominating
portfolio only when (2.25) is feasible, but no conclusion can be made about the efficiency of y when (2.25) is infeasible).

7 Variables x Constraints 7 Non-Zeros 7m07 NC 7 DP :wUHu

Kuosmanen 3 9

(2004) Necessary om? + dSmn om* +mn - v v v w
Kuosmanen 4 3 9 9

(2004) Sufficient 6m* + 18m” + 2m*n + 6mn 12m* + 2mn v — v Vo
Post (2003) mn +n mn +n - v - -
Post (2008) mn +n mn +n - v v -
Dentcheva-

Ruszczynski m* +m? + m*n + mn m?(n + 2) v |V v v w
(2003)

mewﬂw.v050<m5mo m* +4m? +3m* + m*n+mn | m*(n+3)+2m | v | V v v
Kopa-Chovanec

(Necessary) mn mn il A A it
Lizyayev. (2009) mn —n*+n mn—n*+n | — | V — —
Unrestr. s/s
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and Kuosmanen (2004) necessary tests are identical in terms of the informa-
tion content of the results. As for the computational complexity, Kuosmanen
(2004) is lighter in terms of non-zeros but slightly harder regarding the size of
the constraints matrix. A dominating portfolio that is weakly SSD efficient is
identified, but the dominating portfolio is not always strongly SSD efficient.
The test of Post (2008) is a lot lighter than the previous tests, but it loses in
information content. The Kopa and Chovanec (2008) necessary test (2.25)
is slightly lighter than Post (2003) and in some cases identifies an efficient
dominating portfolio, although no conclusions can be made concerning the
efficiency of y if (2.25) is infeasible. Both tests are applicable when short
sales are restricted. The test of Lizyayev (2009), on the contrary, assumes
unrestricted short sales and in this case is the lightest computationally, al-
beit bearing the minimal information content: just like Post (2003), it only
provides a necessary condition for efficiency of the subject portfolio and a

sufficient condition for its weak efficiency.

2.6 Concluding remarks

We can summarize the chapter as follows. We have taken the various methods
of three different schools of thought, some of which are developing indepen-
dently, without any cross-reference to or interaction with the others, placed
them under a common umbrella and analyzed them in a unified method-
ological framework where both the information content of their results and
their computational complexity were compared. We have given a principal
classification into three categories based on the definition of SSD efficiency
employed in each particular method, but we have also seen that methods from
different categories can be grouped according to the content of the results and
their computational complexity. For many large- or even medium-size data
sets some of the methods may become computationally prohibitive, particu-
larly taking bootstrapping into account when the tests have to be repeated
many times on similar or even larger data sets simulated from the original
distribution. We hope this chapter will assist practitioners in finding a de-
sired tradeoff between bearable computational burden and the information

content of the results required.
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The methods in each school of thought are based on Definitions 2.1,
2.6 or 2.7. It is remarkable that, although those definitions are proved to
be equivalent, the optimization programs corresponding to those definitions
substantially differ in terms of their computational complexity, as well as the
information content of their outcome.

In addition to classifying and comparing of the methods, we have also
corrected some misleading arguments in the literature under consideration

and suggested refinements to some of the methods.
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Chapter 3

Stochastic Dominance:
Convexity and Some Efficiency
Tests

This chapter points out the importance of Stochastic Dominance (SD) effi-
cient sets being convex. We review classic convexity and efficient set charac-
terization results on SD efficiency of a given portfolio relative to a diversified
set of assets and generalize them in the following aspects. First, we broaden
the class of individual utilities in Rubinstein (1974) that lead to two-fund
separation. Secondly, we propose a linear programming SSD test that is
more efficient than that of Post (2003) and expand the SSD efficiency crite-
ria developed by Dybvig and Ross (1982) onto the Third Order Stochastic
Dominance and further to Decreasing Absolute and Increasing Relative Risk
Aversion Stochastic Dominance. The efficient sets for those are finite unions

of convex sets.

3.1 Introduction

Stochastic Dominance (SD) is a probabilistic concept of relation among dif-
ferent random variables. Unlike parametric criteria such as Mean-Variance
analysis, SD accounts for the whole range of distribution function, rather

than its particular characteristics such as central moments. Although SD
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has applications in a huge variety of areas ranging from medicine to agricul-
ture (see, e.g., Bawa (1982), Levy (2006, 1992) for a survey and references,
and Eeckhoudt et al. (2009) for recent applications), this Chapter focuses on
its use in the area of finance. In financial decision-making one has to select
efficient portfolios from an available portfolio possibilities set on the basis
of a trade-off among their expected returns, the associated risk of having

extreme losses and the potential of earning excessive gains.

We consider the expected utility framework whereby individuals select
portfolios maximizing the expected value of their utility function which can
capture different individual risk attitudes such as risk aversion, risk neutral-
ity, risk seeking, or a combination of those, for different levels of wealth. The
non-parametric nature of SD criteria allows us to identify efficient portfolios
without having to specify the utility functions explicitly. Instead, it employs
some general restrictions such as non-satiation and risk aversion. The set of
all portfolios supported by some utility function in a given class is called the
efficient set with respect to this utility class. It turns out that convex efficient
sets have a special economic content and hence necessary and sufficient condi-
tions leading to the convexity of efficient sets have been puzzling researchers
for more than three decades. Rubinstein (1974) showed that when the pref-
erences of all investors are similar enough, two-fund separation results. Cass
and Stiglitz (1970) proved that two-fund separation holds for a more general
class of utility functions, assuming that there are only two states of nature
for asset returns. On the other hand, Dybvig and Ross (1982) proved that
if no assumptions on investors’ preferences are made other than concavity
and monotonicity, the efficient set is generally non-convex. In line with this
concave and monotone utility class Ross (1978) derived some assumptions on
the distribution function of returns that lead to k-fund separation. Among
recent researchers, Versijp (2007) reviewed Rubinstein’s result in relation to
stochastic dominance and asset pricing models.

In this Chapter we point out the importance of Stochastic Dominance ef-
ficient sets being convex and further review and generalize classic convexity
and efficient set characterization results. We will focus on portfolio efficiency
with respect to a diversified portfolio possibilities set, normally a polytope

whose vertices are the assets available to investors. Further, we consider
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3.2. Problem formulation and assumptions

discrete distribution of returns due to its interpretability via empirically ob-
served data, as well as tractability of the computational methods involved.
This Chapter is organized as follows: Section 3.2 provides general as-
sumptions and problem formulation, Section 3.3 points out the importance
of efficient sets being convex and reviews the associated necessary and suffi-
cient conditions, Section 3.4 suggests some efficiency tests for a given portfolio
relative to various economically meaningful classes of utility functions, and

finally Section 3.5 summarizes the major results and concludes the Chapter.

3.2 Problem formulation and assumptions

Consider a single period investment decision-making problem under uncer-

tainty in a classic expected utility framework, in which:

1. Investors select investment portfolios to maximize the expected utility
of the return on their investment portfolio. Let U = {u : R — R}
denote the class of von Neuman-Morgenstern utility functions and X
be the m-by-n matrix of returns of n available assets in m states of the
world. The probability of occurrence of state i is denoted 7;. Naturally,
0<m<1,e=1,...,m, and 221 m; = 1. Investors are uncertain
about which of the states of nature will occur, but they know the

underlying probabilities of the states with certainty.

2. Investors may diversify between available assets. Denote A € A for a
vector of portfolio weights. Unless otherwise specified, we assume that
short sales are allowed and unrestricted. The portfolio possibilities set
then becomes

A={AeR": \Te=1}

and the set of all available allocations is

My ={xeR": 2=X\, A€ A}

3. If a riskless asset is available in the market, it will be used either as part
of X (a column with equal components), or separately (in which case

X will be the set of risky assets only), whichever is more convenient.
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A given portfolio 7 € A is optimal for an investor with utility v € U if
and only if

Eu(X) = itéEEu(X/\) (3.1)

where Eu denotes the expected value of .

If mq,...,m, are probabilities of occurrence of the states of the world,
then Eu(X) becomes

Z mau(z' ) (3:2)

where 2 is the i-th row of X. In practical applications full information about
utility functions is not available, and (3.2) cannot be verified directly. This
provides the rationale for relying on a set of general assumptions, rather than
a full specification of the utility function. The Second Order Stochastic Dom-
inance criterion (SSD) restricts attention to the class of strictly increasing
and concave utility functions, modeling thereby non-satiable and risk-averse
preferences. The Third Order SD (TSD) assumes that in addition to SSD
utilities are positively skewed. A portfolio 7 € A is said to be optimal in a
given utility class U if and only if there exists u € U such that 7 is optimal

for w in the sense of (3.1).

A portfolio 7 € A is efficient if it is not dominated by any other portfolio,
that is
VA e A\{7} JueU:Eu(X\) <Eu(XT).

If both A and U are convex (as will be the case in this Chapter), efficiency
is equivalent to optimality due to the Minimax theorem (see e.g. Post, 2003)

and thus the two concepts will henceforth be used interchangeably.

An individual investor with utility w € U is facing the following portfolio

allocation problem:
(o T
max ;_l mu(z'\) —v (ATe — 1) (3.3)

where v is the Lagrange multiplier. It is known (see e.g. Rockafellar, 1970)
that linearity constraints do not alter convexity. So if we assume u(z) to

be strictly concave and twice continuously differentiable in z, it will remain
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concave in \. In fact, the Hessian of u with respect to A is Hu = =YY,
where Y is an m-by-n matrix defined by v;; = —x;;4/—u"(2*)). Therefore,
Hu is always negative semidefinite, and w is concave in .

In light of the above-mentioned, the necessary and sufficient condition
for 7 to be the solution of (3.3) is that there exists v € R such that for all
j=1...n

meiju’ (z'7) = . (3.4)
i=1

Note that if a risk-free asset is available, due to (3.4) there should hold:
Yo m (atr) = .=, where 75 is the risk-free return. Thus, the optimality

condition (3.4) takes on the form:

for all risky assets j: Zm(a:ij —rp)u’ (l'iT) =0. (3.5)

i=1

In financial literature, u/'(r) is referred to as the pricing kernel, and ¥(u) =
St mi(zy—re)u’ (') as the vector of pricing errors: assets j corresponding
to ¥j(u) < 0 are undervalued and those corresponding to ¥;(u) > 0 are
overvalued (see Cochrane, 2005). The optimality condition (3.5) is equivalent
to all pricing errors being zeros.

We could also relax the twice continuous differentiability assumption for
u; (3.4) would still hold in optimality if w is substituted by du — any vector

from the supergradient correspondence.

3.3 Convexity

Program (3.3) represents the portfolio formation of an individual investor
having a particular well-behaved utility function u. In macroeconomic set-
tings, the aggregate investment decision of a large group of individuals, as-
suming all of them to be well-behaved, for instance non-satiable risk averters,
is of primary importance. A reasonable theoretical model should allow us to
extract information about all investors’ decisions based on a small number
of large composite portfolios. The largest of those, the total value-weighted

aggregate portfolio, is generally referred to as the market portfolio, the ef-
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ficiency of which has been a starting point of many asset pricing theories,
including the capital asset pricing model (CAPM).

The simplest case when the market portfolio is efficient is two-fund sep-
aration, where any optimal portfolio is a linear combination of two assets,
normally a risk-free asset and the market portfolio. In such an economy any
individual investor will hold a share of the same (risky) market portfolio and
will invest the rest of his/her wealth in the risk-free asset available, i.e. ei-
ther borrowing or lending at the risk-free rate. Various assumptions lead to
two-fund separation, such as: the mean-variance setting (when investment
decision is a trade-off only between mean returns and variances of underly-
ing portfolios, see Markowitz (1952, 1978)), homogeneity of preferences (see
Rubinstein, 1974), joint normal distribution of asset returns, which is a com-
mon assumption of the traditional Capital Asset Pricing Model (CAPM, see
Cochrane (2005) for an overview) and quadratic utility functions.

Despite its theoretical appeal, two-fund separation is extremely restric-
tive and is very unlikely to hold in practice. A straightforward generalization
of the concept, preserving the market portfolio efficiency, is k-fund separa-
tion, where each efficient portfolio is a linear combination of & fixed mutual
funds. Naturally, k-fund separation is of practical and theoretical interest
only when k£ < n. Generally k-fund separation holds in complete markets
(see e.g. Dybvig and Ross, 1982). Ross (1978) derives a necessary and suf-
ficient condition for k-fund separation which however involves returns only;
the result is hard to generalize on possible variation of individual preferences
and is therefore not particularly informative as far as variations in utility
functions are concerned.!

A natural further generalization of k-fund separability is the convexity of
efficient sets. Indeed, the market portfolio is nothing other than a convex
combination of all individual portfolios, and therefore the convexity of an
efficient set suffices for the efficiency of the corresponding market portfolio.
Indeed, we may assume without loss of generality that individual assets are

optimal for at least one investor with a well-behaved utility function and that

n fact, Theorem 3 in Ross (1978) can be seen as a refinement of the classic definition
of k-fund separability, as both are given solely in terms of returns and both assume k
generating factors.

— 38 —



3.3. Convexity

therefore those assets are efficient. (If, however, we do have an asset whose
returns are strictly dominated by another marketed asset or fund, we may as
well discard it, as no rational investor will invest in it). Clearly, the market
portfolio is now an interior point of a polyhedron whose vertices are all effi-
cient, and if the whole efficient set is known to be convex, efficiency of the
market portfolio automatically follows. In addition to being an implication
of various asset pricing theories, efficiency of the market portfolio has an in-
tuitive economic interpretation. Observing the popularity of large composite
index funds (which proxy the market portfolio) among many individual and
institutional investors in practice, it is natural to require that even heteroge-
neous investors models inconsistent with two-fund separation should imply
efficiency of the market portfolio. Moreover, 2- and k-fund separation are

merely particular cases of efficient sets being convex.

Conditions which lead to convexity of efficient sets have been challenging
researchers for more than three decades already, as it could deliver inter-
esting aggregation results for the models of heterogeneous investors. If an
economy is close to satisfying k-fund separation, there is no need for active
investment, as every investor is better off investing into &k available mutual
funds (with specific allocation among those funds determined individually
for each investor) and saving on transaction costs associated with active
trading strategies. The cases when k-fund separation does not hold but the
efficient set is convex are still of theoretical interest, as one could study util-
ity preferences that support large composite portfolios, or test implications
of heterogeneous investors models, refining the utility class on the basis of

observed individual allocations and composite market indices.

The convexity puzzle can be tackled from two different perspectives: re-
turns on underlying assets and preferences of individual investors. The for-
mer would lead the reader towards arbitrage pricing theories and various
factor models, while the latter remains not duly researched. Dybvig and
Ross (1982) do show with a simple example that SSD efficient set is gener-
ally non-convex. However, an SSD efficient set comprises portfolios optimal
for all non-satiable risk-averse preferences, many of which are known to be
unrealistic. For that reason, after reviewing and providing a more construc-

tive proof of the results in Rubinstein (1974) related to 2-fund separation,
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we shall summarize the result of Dybvig and Ross (1982) and give efficiency
tests for some refined utility classes containing far less unrealistic preferences

than all risk averters.

3.3.1 Homogeneous preferences

Rubinstein (1974) considers three heterogeneous investors models in which

individual preferences are modeled according to the following utility func-

tions:
x
u(z) ~ —exp (_Z) ) A>0 (3.6a)
w(z) ~ —In(A+1x), A>0 (3.6b)
(1-b)
u(:r)fvmlBj, A>0,B>0b>0b#1 (3.6¢)

Rubinstein (1974) shows that two-fund separation results if all players
have the same taste parameters B and beliefs 7w, but may have different
parameters A in (3.6a) and (3.6b), and A and B in (3.6¢). He assumes avail-
ability of a risk-free asset and requires in addition that B = % in (3.6¢). Below
we sketch a more constructive proof of two-fund separation than the original
one of Rubinstein and show that varying B’s across individuals will not al-
ter the two-fund separation, provided that the agents have the same power

parameter b, even if B # %, thereby generalizing the result of Rubinstein.

Since all the functions above are strictly concave and twice continuously
differentiable, a sufficient and necessary condition for portfolio optimality
is (3.4). Let rp be the risk free rate, and X — all risky asset returns. It
is convenient to split the portfolio into its risk-free investment o and the

remaining risky part (1 — «). The portfolio allocation program now becomes

Iilezﬁ(;mu (I4+arp+(1—a)z'A) —v(ATe—1) (3.7)

The optimality conditions (3.4) are now:
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NgE

mz(1—a)u'(1+ arp + (1 —a)2't)=v, VjeN

.
Il
—_

(3.8)

-

S
Il
MR

mi(re — 2'7)u' (1 + arp + (1 — a)zit) =0

Let us start with the exponential utility class (3.6a). Suppose a portfolio
(v, (1 — aq)7) is optimal for u(x, A;). By (3.8), this happens if and only if

NgE

miwi; (1 — ay) exp <—1+QITF+I4(IIW1)W) =uv, VieN

<.
Il
—

(3.9)

-

Il
—_

i 1+a1rp+(1—a1)xi7' o
mi(rp — 2'7) exp (— n =0

(3

One can check by straightforward substitution to (3.9) that for any Ay > 0
the optimal portfolio for the investor with utility w(z,As) will be
(CVQ, (1 - 012)), with Qg — 1-— m

corresponding to u(z, Ay) has the same composition of risky assets. Due to

This proves that the efficient portfolio

the uniqueness of the solution to (3.9), and continuity of f(A43) = 1— m

as a function of A,, two-fund separation follows.

Note that we can make derivations above only if a; # 1, that is, not all the
budget is invested in the riskless asset. The portfolio (v = 1,0) will not be
optimal for any agent u(x, A) with A > 0, except in cases where X happens
to satisfy the second equation in (3.9) for & = 1. However, the risk-free asset

will always be asymptotically efficient as risk aversion increases.

One can similarly check by substitution that (as,1 — ag), where

A1+O£1(1+7”F) —Ag(l—Al)
A1+1+7"F

Qg = s
is optimal for u(z) = —In(As + x), whenever (a;,1 — ay) is optimal for
u(zr) = —In(A; + x).

Analogously, as soon as (ay, 1—ay ) satisfies (3.8) for u(z) = 1 (A; + Byz) =Y

with Lagrangean v = v, optimality conditions (3.8) for u(z) = 2 (As 4+ Boz)1 7Y
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will hold with the optimal portfolio (as, 1 — aw), where

. AsBy(ay — 1) + ByBi(1 +71p) + A1 By

a )
? BQ(TFB1 + A+ B1)

and new Lagrangean multiplier

b 1—0&2 1-b @ —b
S 1-0[1 Bl .

This proves the two-fund separation for homogeneous utility functions of the
form (3.6a), (3.6b) and (3.6¢).

Note, that this proof generalizes Rubinstein’s result, as utility functions

in (3.6¢) are allowed to have different taste parameters (B’s) now, provided
they agree on the power parameter b. The restriction B = % explicitly
imposed in Rubinstein (1974) can be omitted without distorting the two-fund
separation.? Note also that one explicit assumption behind the derivations
above is that the number of underlying assets (including the riskless one) is

less than or equal to the number of states: n+ 1 < m.

3.4 Generalizing preferences: non-convexity

and some efficiency tests

So far we have analyzed the set of utilities leading to two-fund separation.
Although this is a particular case of convex SD efficient sets, it only allows for
homogeneous utilities among all investors in the sense that the preferences of
all investors are assumed to be parameterized by one or two single parame-
ters, which implies that investors have very similar tastes and as a result take
similar investment decisions. Therefore we would like to broaden the class of
individual utility functions to allow for heterogeneity among investors. The
question is whether the efficient sets for those extended utility classes remain

convex. Consider first the set of all risk-averse and non-satiable investors.

2 As pointed out by an anonymous referee, two-fund separation for utility class (3.6c) has
already been proved in Ingersoll (1987, p. 146). We gratefully acknowledge the author’s
contribution and the referee’s note.
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Dybvig and Ross (1982) give a simple example of a non-convex sec-
ond order Stochastic Dominance (i.e. when U = Uy = {u : R — R :
uw'(z) > 0,u"(x) < 0,Vr € R}) efficient set with n = 3 assets and m = 4
states. They state the following necessary and sufficient conditions for SSD
efficiency of portfolio z°.

An allocation 2° € My is efficient in U, if and only if there exists z° € R™
such that:

(1) #72° is constant for all 2 € Mx (3.10a)

(ii) 20 < 2% = et > & Vi, j (3.10b)
1 i 7Ti jtil 7Tj’ b

(iii) 2° > 0 (3.10c)

Vector 2 can be interpreted as a vector of marginal utility rationalizing
portfolio x.

Condition (i) holds only if short sales are allowed and unrestricted. Other-
wise (i) holds only for strictly interior points. In general (i) reads:
(29720 > 2729 Vo € My. Conditions (ii) and (iii) reflect the existence
of a strictly concave supporting utility function and the inequality sign may
be changed, depending on the properties of the utility class cogsidered. For

i

0 )
instance, for strictly concave functions there should hold: i— > 7ZT =1z < LL’?;
J

if the functions are in addition differentiable then i—? > % = ) < 9.

The non-convexity example of Dybvig and Ross is both disappointing and
challenging. It shows on the one hand that even relative to the set of rather
well-behaved preferences the market portfolio can be inefficient. On the other
hand, the result challenges us to examine more refined utility classes — af-
ter all, if the utility set is restricted to nearly-homogeneous investors as in
Rubinstein (1974), not only convexity follows, but even two-fund separation.
Taking this into account, below we derive efficiency tests for some higher
order SD criteria. In that same section we analyze the case when short sales
are allowed and unrestricted, for the following two reasons. Although by
far the majority of efficiency tests published assume away short sales, the
efficiency of a given portfolio in the unrestricted case implies its efficiency in

the restricted case too, whereas a portfolio efficient relative to a restricted
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portfolio possibilities set may very well be inefficient with respect to the same
set with the short sales restriction relaxed. Therefore, the unrestricted case
can be seen as a generalization of the restricted short sales and has a prac-
tical advantage of not having to specify the exact boundaries for short sales.
Moreover, as we shall show further in this section, some algorithms proposed
below have superior properties in terms of computational complexity relative
to traditional methods in the case when no short sales are imposed. Finally,
some of the efficiency tests are only applicable when short sales are restricted,
for instance Post (2003) test assumes the portfolio possibilities set to be a
polyhedron, so the formulation of the test explicitly includes the vertices of
this set.

3.4.1 SSD Efficiency

Although many SSD efficiency tests have been proposed already (see Post
(2003), Dentcheva and Ruszczytiski (2003), Kuosmanen (2004) and Post and
Versijp (2007), among others), we shall focus on linear programming formu-
lations only, since such methods have the lowest computational complexity,
which is often a burden for real-life data sets, particularly when it comes to
repeating the test many times for statistical inference and bootstrapping or
high dimensionality of the data (see for instance Dentcheva and Ruszczyniski,
2006b). By far the least computationally demanding SSD efficiency test
known is Post (2003). In this section we derive another LP test that is
even more efficient than that of Post (2003) in the case when short sales
are unrestricted. In the following section we derive a TSD efficiency test,
also exploiting the special structure of portfolio possibilities sets and thereby
improving its computational complexity.

Consider a given portfolio x. As the ordering of states of the world is
not relevant, we may assume without loss of generality that x is sorted in
ascending order: z; < x93 < --- < x,,. In order to determine if z is SSD
efficient, we need to find a supporting gradient vector z € R™. First note,
that condition (3.10a)

(Xa)Tz=C,Va € A

is equivalent to X Tz = Ce. We are interested in the case when the market is
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incomplete and m > n. Without loss of generality we may assume that the
first n rows of X are linearly independent. Partitioning X into X (first n

rows) and X, (the rest (m —n) rows), we may write:
X2 =[X1Xo]"2 = X 210 + X3 2Zni1:m = C.
Therefore, the general solution of (3.10a) can be expressed as

L (XlT)‘l(C;e—XgTﬁ) (3.11)

where (3 is an (m — n)-parameter vector. Since only the ordering of elements
of z matters, z can be normalized, so that C' = 1.
Given the criteria above, the portfolio z is efficient if and only if there

exists a decreasing positive vector z satisfying (3.11). If such z exists, it is

also a strictly interior point to the following set:

{5 ER™™: D [ - ] B<—-D [ (X)) e } (3.12)

[m—n Om—n

-1 1 0 0 0] -

T

Ty

where D = 0 0 i
0 0 0 -1 1 )

Trm

0 0 0 0 —1| -

This test can be equivalently formulated as the following linear program:

BER™—" GeR Ln e

max {9: [ _(XIT)%XQT ] B8+ D [ ();I)le

+0< 0} . (3.13)

Allocation z is SSD efficient if and only if (3.13) is either unbounded or
0* > 0.7

3Equivalently, = is SSD inefficient if (3.13) is infeasible. The case #* = 0 also implies
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Efficiency test (3.13) is less computationally demanding than that of Post
(2003), since (3.13) has m — n + 1 variables and m constraints, which is n
variables and n? non-zeros in the constraints matrix less than in Post (2003).

By changing variables
Yi = MptiaBin = T LB i=1 . m—n =1, and yon =~ B,
one can transform (3.13) to the standard form
max{c'y : Ay < b,y > 0}

with an n-by-(m —n) matrix of constraints. The number of non-zeros in this
matrix is a good indicator of the computational complexity of a linear pro-
gram (for instance, Performance World (2009) ranks linear programs based
on this criterion). The test of Post (2003) in the same standard form will
have an n-by-m matrix of constraints, all the elements of which are generally
non-zeros. The difference of n? non-zero elements confirms the computational
advantage of (3.13) relative to Post (2003).

The computational advantage of (3.13) becomes particularly eminent
when n approaches m and for instance in the case of bootstrapping, when the
efficiency test has to be run many times on multiple data samples generated
from the estimated joint distribution of asset returns. However, for large
values of n one needs to invert a larger X; prior to solving (3.13). Should X
happen to be particularly ill-conditioned, one may use the following equiva-

lent test without decomposing X:

max {0:X'Ud=e,d>0}. (3.14)
zER™ O€R

where U is an upper triangular m-by-m matrix adjusted by the probabilities

of the states of nature, d is an m-vector representing the probability-adjusted

inefficiency (non-optimality) by our definition. Some authors consider portfolios corre-
sponding to 0* = 0 efficient as well. In this case the efficiency criterion can be easily
adjusted without altering the computational complexity of (3.13).
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step differences of vector z, that is

1
dj = Tit1

Zjy1 — 71';123', j=1,....m—1, and d,, = 7, 2.
Program (3.14) has m + 1 variables and n equality constraints and is
therefore similar to Post (2003) test in terms of computational complexity.
However, the two tests are applicable in different circumstances: (3.13) and
(3.14) apply when no short sales restrictions are postulated, whereas the test
of Post (2003) requires the portfolio possibilities set to be bounded and to

contain the subject portfolio x in its interior.

3.4.2 TSD Efficiency

A portfolio z° € Mx is Third Order SD (TSD) efficient if and only if there

exists ug € Us such that Eug(z°) = sup,c,, Eug(z), where
Us=U,N {u ‘R—R st u (z)> 0} , and

Uy={u:R—R st o(t) >0, and u"(¢) <0, Vt}.
Condition u" (z) > 0 can be related to skewness-preference.

Employing concavity of the first derivative of any function in Us, it is
straightforward to formulate TSD efficiency criteria: A portfolio 2° € My is
efficient in Us if and only if there exists 2 € R™ such that:

(i) 272° is constant for all + € My (3.15a)
ﬁnﬁ<x%¢£>iEW' (3.15b)
i J o ,/ij ) .

(iii) 2° > 0 (3.15¢)

0 0 0 0 0 0
Z: z z: A Ty — I
ﬁﬂﬁ<ﬁ<ﬁéj<k+<l—k>g 2. Vi, gk (3.15d)

T T T M) T — T

The corresponding TSD efficiency test for a given portfolio also leads to
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a linear programming formulation. Indeed, the T'SD criteria (3.15) is simply

_ _ XT 71XT _ XT —1
D[ (11) 2]53—1}[(01) e],where (3.16)
_al bl C1 0 0 0 1 ( -1
) Qj[i=1..m—2] = T (@ie—x1)
0 a9 b2 Co e 0 b _
0 0 . . 0 ii=1..m=2] = @ (iya—wig1)

D= . . . , with Cili=1..m—2] = Tl p 1_z. — iz )
0 0 . am_2 bm_2 Cm_2 1+2 i+2 i 1+2 i+1
0 b U1 = —Tl g by = 7!

Am—1 m—1
_ -1
0 0 0 0 0 am | @m = "Tm

System (3.16) can be solved for § via the same program (3.13) that was
applied to the SSD test, with redefined matrix D. Therefore, the TSD effi-

ciency test is a linear program with m — n + 1 variables and m constraints.

3.4.3 Stochastic Dominance for Decreasing Absolute
Risk Aversion (DSD)

It is well accepted within expected utility framework that rational individuals
possess decreasing absolute risk aversion (DARA).* Let us examine Stochas-

tic Dominance efficiency relative to this class of utility functions. Define

d u”(x)
Uy=UnNe— | — <0,Vz p.
e {dm ( u'<x>> | }
An allocation z° € My is efficient in Uy (DSD efficient) if and only if there
exists ug € Uy such that Eug(2°) = sup{Eue(z) : v € Mx}.
To express properties of the risk aversion in terms of supporting vectors,

we have to adapt the efficiency criterion. Let r(x) = —Zl,/((f)) be the absolute
risk aversion (ARA) of u(z). We have: u(z) = exp (— [r(z)dz + C), and if

4See e.g. Pratt (1964) for formal derivation and discussion.
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T < Ty <...<x,, then

Ty

uw'(z;) = u' (i) exp | — / r(z)dx

Therefore, it suffices to require that r(z) > 0 and 7’'(z) < 0 for all = to ensure

that u € Uy. With such r(z), the exp ( f ) is bounded by

exp (—ri1(x; — x;-1)) < exp / r(z)dr | <exp(—ri(z; —z;i1)).

Thus, there should hold:

u'(x:)
—Ti—1(% — Zi—1)) < < (T — Ti-1)),
exp (—ri—1(x; — xi-1)) W (@) exp (—7i(z; — i-1))
and therefore:
ln (u (/$1+1)) _ ln ( ,/(‘Tz) )
u(z;) uw(zi-1)
T'm S < Tit1 = > 14 > Ti-1 S S A1
Tiv1 — T Ty — T
(3.17)
Clearly, a decreasing sequence {r;} in (3.17) exists if and only if
In (u/(01) = In (0 (2100)) _ I of{oin)) =D (o)) o
Tit1 — 4 Ty — XTj—1
(3.18)

We are now ready to adapt the efficiency definition to the class of Uj.
An allocation 2° € My is efficient in Uy (DSD efficient) if and only if there
exists 2 € R™ such that:
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(i) 72" is constant for all x € Mx (3.19a)
(ii) 20 < 2¥ = z > z Vi, j (3.19b)
i j 7T7; - ﬂ_jv 9
(iii) 2° > 0 (3.19¢)
29 20 29 29
In+—-In* In* —In—*

(iv) 2f <29 < 2f) = ;2 — x?“k <= xo’”‘ . Vi,j ko (3.19d)
Note that DSD efficiency implies TSD efficiency. This follows from the
fact that r'(z) = u/(2)2 (v”(z)? — «/(z)u"(x)) . This is also consistent with
DSD-TSD criteria (3.15) and (3.19): (3.19d) implies (3.15d), since the geo-
metric average in (3.19d) can not exceed the arithmetic average in (3.15d).
We are now ready to formulate a test for DSD efficiency of a given port-
folio which will no longer be linear, but still a convex program. Indeed, any
B [—(XI)‘IXJ] e o . o
z = [ satisfying the DSD criteria (3.19) is also an interior

Im—n

point to the set?

. — (XN (e—XT
Dl < ( 1 )] (6 2 )] = 7T> < 0, where (3.20)
[y by e O 0 0 ] ( —1
' Gifi=1..m—2] = 7.z,
0 a9 b2 C2 E 0 b — 1
f) _ 0 0 7 with ii=1..m—2] — $i+2_1zi+1 Tit1—T;
Cili=l.m—2] = 5, —pry
0 - 0 am bno Ccm2

Even though the constraints on g are no longer linear, they are still
convex, and therefore we can find strictly feasible points (or establish that

they do not exist) efficiently.

5By y = In(z),z € R™, we mean the element-wise logarithm, that is, y € R™ and
y; = In(x;). Similarly, z =y + z, z,y € R™, means z € R™ s.t. z; = y;/x;.
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3.4.4 SD for Decreasing Absolute and Increasing Rel-
ative Risk Aversion (DISD)

In addition to DARA, relative risk aversion is often postulated to be in-
creasing among rational individuals (see e.g. Pratt, 1964). In this section we
examine optimality conditions in the utility class Uy combining the two risk

aversion properties:

d [_ v (z)

¢ { (@)

>0,V 0p.
dz ]_,x>}

The utility functions under consideration are therefore those having de-
creasing absolute (DARA) and increasing relative risk aversion (IRRA). A
portfolio 2° € My is said to be efficient in Uy; (DISD efficient) if and only if
there exists ug € Uy such that

Eug(2°) = sup {Eu(z’) : u € Uy} -

Given the ARA values r; and r;1 (such that r; > 7;41) at nodes z; and

TiZ;
T;y1, the IRRA requirement restricts r(x) to lie above® f(z) = , for
x; < x < x4, imposing thereby an extra condition:
T:X; STZ'+1IH,1, 1= 1,...,m—1. (321)
. TiZq
Conversely, if (3.21) holds, we can always construct f(z) = , for

x; < x < 2441, such that zr(x) will be non-decreasing, provided that

Ti41

r; riT;

Tig1Tip1 + 1 (In—— — 1) = / max {g,riﬂ} dx <

Ti+1 x
z;

Tit1 Tit1

u'(z;) . [ Tit1Ti41
< r(z)dr = In ———— < min ¢ ——— r; ¢ dx.
w(xig1) T
T Ty

6f(z) is a limiting case of ARA in order for RRA to remain non-decreasing in the
interval [x;_1,x;]. It is the solution of {(f(z)z) =0, f(z;) = r;}.
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Therefore

r; u'(x;
711 + 73T (ln - 1) <In (72) < ri1%ig <ln
U

T
; + 1> — TiZ;.
Tit1 (%‘H) Tit1

(3.22)
This leads to the following DISD efficiency criterion: An allocation 2° € My
is efficient in Uy (DISD efficient) if and only if there exist 2% and r € R™
such that:

(i) £72° is constant for all z € My (3.23a)
0 0
(i) ¢ < 20 — % > Vi, (3.23b)
i j
(iii) z° > 0 (3.23¢)
In “EE”J —In “‘"2”
: 0 0 0 T LT
(iv) z; <2 < a1 = 13 < W <r, . J:?] <7 (3.23d)

(v) 29 < x;? = rjxg- + riz? (ln i 1) <
(3.23e)

JCQTFZ' ;
< —In é Srjx? (lnn—i-l) —rix?
Z; T T’j
The above condition is far less convenient than those for T'SD or DSD,
as both r and x are now entering (3.23d) and (3.23e) in both linear and

logarithmic form.

3.5 Concluding remarks

We have pointed out the importance of stochastic dominance efficient sets
being convex and further summarized and extended conditions leading to
convexity of efficient sets. This property has great importance both prac-
tically (passive vs. active investing strategies, efficiency of mutual funds)
and theoretically (heterogeneous investors models and asset pricing) and can
be analyzed from two different but interrelated approaches: the returns on
underlying assets and the utilities of individual investors. Restricting distri-

butions of returns typically leads to various factor models, where a complete
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class of non-satiable and risk-averse investors is assumed. Restricting the set
of utilities can also affect efficient sets considerably, as can be seen, for ex-
ample, in Rubinstein (1974). Unfortunately the extent to which restrictions

on sets of utilities affect convexity has not been duly researched.

Based on the efficiency criteria (3.19), Dybvig and Ross (1982) derive the

following characterization of SSD efficient sets Eggp:

Essp=\J [\ {zeMy:zi>al}, (3.24)

.. i Zj
P gy <t

where the union is taken over all z € Z having different orderings {i—] } Since
J
the dimensionality of z is m, the number of different orderings is at most m/!.

Thus, Fssp is a union of a finite number of convex sets. By analogy, we can

explicitly characterize TSD efficient sets:

LN 25 Zj
(%])~?§<?j

N fremes(2-2) < (2-2) e} )

(4,4,k):xi<xj<w)
(3.25)

ETSD—U< ﬂ {IEMxll’i>l’j}

z2€Z

Since all restrictions on x are linear, Epgp is again a finite union of convex

sets. The same applies for DSD:

EDSD:U( ﬂ {$€Mxi$i>$]‘}

.. ; Z4
€2 Ny zt<zt

N {xeMX:In (ZZ’;) (z; — 2:) < In (;j:) (xk—xj)}>,

(4,4,k):wi<xj<wy
(3.26)

The DISD efficiency characterization is slightly more complex, as r ap-

pears along with z:
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EDISD: U( ﬂ {1‘€Mxi$i>$j}
(

2€Z, i i) % 20
reR} Z’])'ﬂi<7rj
1 2 p T
;T ;5
N rp < ——2 <py < —20 <y
Tp — X T — T
(4,4,k):xi<wj<wg, k J J '
reEMx
T X7, T
ﬂ {rjxj+na:i <ln—1> < —In* <rjz; <ln+1 — T )
N < J iTj j
(7'7])~x1<x37
rEMx

(3.27)

It is not clear whether Eprsp is necessarily non-convex. On the other
hand, it is difficult to find a general set of assumptions that would guarantee
convexity of a union of convex sets, in contrast to the intersection of convex

sets which is automatically convex.

With regard to the link between utility functions and convexity of effi-
cient sets, there are only extreme cases known so far: when investors are
nearly homogeneous (as in Rubinstein, 1974), in which case efficient sets are
normally rays or lines, and when investors’ preferences are spanned unrealis-
tically broadly, such as the whole Us,, where efficient sets are too large (even

without portfolio restrictions on short sales) and non-convex.

A possible extension of the current research could lie in searching for a
reasonable set of well-behaved utility functions for which the efficient sets
would be large enough and convex. In analogy with arbitrage pricing theo-
ries and factor models for returns, one could try to parameterize investors’

preferences. The expo-power utility function of the form
u(z) = 6 — exp(—pz*),

where 0 > 1,a # 0,8 # 0, and aff > 0, seems to be suitable for that,
as it allows all possible combinations of absolute (increasing, decreasing or
constant) and relative (increasing or decreasing) risk aversion with only two

key parameters (see e.g. Saha, 1993).
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Another interesting approach for extending the current research would be
by studying a joint restrictions on utility functions and the distribution of
returns. Following this path, Cass and Stiglitz (1970) have proved that two-
fund separation holds for a more general class of utility functions than (3.6a),
(3.6b) and (3.6¢), under the assumption that there are only two states of
nature (“binary” returns), and each asset yields zero in one of the states and
a positive value in the other. This assumption of “binary returns” is clearly
oversimplified and unrealistic, but the idea of restricting utility functions
and the distribution of returns jointly is extremely interesting and definitely
worth researching.

In addition to the convexity analysis, we have also derived some higher
order stochastic dominance efficiency tests in which we incorporate some
meaningful restrictions on the set of utilities well-recognized in the expected
utility framework, such as decreasing absolute and increasing relative risk

aversion.
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Chapter 4

Tractable Almost Stochastic

Dominance

LL-Almost Stochastic Dominance (LL-ASD) is a relaxation of the Stochastic
Dominance (SD) concept proposed by Leshno and Levy (2002) that explains
more of realistic preferences observed in practice than SD alone does. Un-
fortunately, numerical applications of LL-ASD, such as identifying if a given
portfolio is LL-ASD efficient or determining a marketed portfolio that LL-
ASD dominates a given benchmark, are computationally prohibitive due to
the structure of LL-ASD. We propose a new Almost Stochastic Dominance
(ASD) concept that is computationally tractable. For instance, a marketed
dominating portfolio can be identified by solving a simple linear program.
Moreover, the new ASD performs well on all the intuitive examples from
Leshno and Levy (2002) and Levy (2009), and in some cases leads to more
realistic predictions than those of LL-ASD. We develop some properties of
ASD, formulate efficient optimization programs and apply the concept to

analyzing investors’ preferences between bonds and stocks for the long run.

4.1 Introduction

Modeling the portfolio selection criteria of rational decision makers repre-
sents a central problem in the area of finance and asset pricing. Besides the

ranking of available portfolios based on such rational rules, an important
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practical application lies in selecting optimal portfolios among a given port-
folio possibilities set, e.g. in determining an investment portfolio that would

be superior to a given benchmark for all (or most) “reasonable” investors.

The most cited model for ranking portfolios is the Mean-Variance (MV)
rule proposed by Markowitz (1952) which states that one portfolio dominates
another whenever it has at least the same mean and at most the same vari-
ance. An undeniable advantage of this model from the practical perspective
is that the whole MV-efficient set is easy to compute, and in some cases even
to express analytically. However, the MV criterion is too stringent in that
it fails to capture certain obvious preferences. For instance, any rational in-
vestor would prefer portfolio X yielding $8 and $1 with equal probabilities %
to portfolio Y that yields $4 and $1 with the same probabilities. Nonetheless,
X does not dominate Y by the MV rule.

The relation of Stochastic Dominance, introduced in Mathematics by
Mann and Whitney (1947) and Lehmann (1955) and in Economics by Quirk
and Saposnik (1962), Hadar and Russell (1969), Hanoch and Levy (1969),
Rothschild and Stiglitz (1970, 1971), overcomes this shortcoming. A random
variable X dominates a random Y by First Order Stochastic Dominance
(FSD) if

Fx(t) < Fy(t), teR.

It dominates Y by the Second Order Stochastic Dominance (SSD) if

F)(f)(t)z/t FX(z)dzg/t Fy(2)dz=F?(t), teR.
The SSD criterion uses the full information about the distribution rather
than its particular characteristic, and therefore models “reasonable” choices
more realistically than MV does. For example, portfolio X above domi-
nates Y by SSD, but not by MV. The Stochastic Dominance rule has an-
other intuitive equivalent formulation: X dominates Y by FSD (SSD) if
and only if E[u(X)] > E[u(Y)] for all increasing (increasing and concave)
von Neumann-Morgenstern utility functions u(t). The Stochastic Domi-
nance criteria remain computationally tractable: various tests for efficiency

of a given portfolio have been proposed, see among others Dentcheva and
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Ruszezynski (2003), Post (2003), Kuosmanen (2004), Kopa and Chovanec
(2008), Lizyayev (2009). The methods of Dentcheva and Ruszczyiiski (2003),
Kuosmanen (2004), Kopa and Chovanec (2008) can also be used to identify
a portfolio that SSD dominates a given benchmark. In the case of SSD this
can be done by solving a linear program, which is a routine task for many
available solvers that can handle relatively high dimensional data sets (e.g.
GAMS, AIMMS). Dentcheva and Ruszczyniski (2006a, 2010) and Rudolf and
Ruszezynski (2008) proposed cutting plane formulations that are shown to
solve even higher dimensional problems which may be beyond the capabilities
of direct solvers. On other approaches to portfolio selection with stochastic
dominance criteria, see Mansini et al. (2003), Ruszczynski and Vanderbei
(2003), Miller and Ruszczynski (2008).

Although Stochastic Dominance is a tremendous step forward in modeling
rational preferences relative to the MV rule, it has its own shortcomings.
Leshno and Levy (2002) illustrate them with some examples and suggest a
relaxation of the concept, which they name Almost Stochastic Dominance
and which we, for the sake of clarity, will henceforth refer to as LL-Almost
Stochastic Dominance, or LL-ASD.

LL-ASD seems to be an interesting relaxation of Stochastic Dominance,
able to model many realistic preferences that Stochastic Dominance would
rule out. However, perhaps the largest drawback of LL-ASD is its computa-
tional intractability. It is extremely difficult to identify an LL-ASD efficient
(non-dominated) portfolio among a given portfolio possibilities set, such as
a polyhedron whose vertices are individual assets available on the market,
even on a medium-scale data set.

The purpose of this Chapter is to suggest another relaxation of Stochastic
Dominance, which we shall call e-Almost Stochastic Dominance, or e-ASD,
in which we allow the expected shortfall constraints in the definition of SD
to deviate by a fixed small number e. We will show that allowing for e-
deviations of expected shortfall constraints is equivalent to imposing such
constraints as component-wise slacks. This allows us to generalize the major
known SD algorithms (majorization and distribution-based) onto e-Almost
Stochastic Dominance and to formulate several simple linear programs for

identifying the e-ASD efficiency of a given portfolio, or determining a mar-
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keted portfolio that e-ASD dominates a given benchmark, among an infinite
set of portfolios available in the market. We also derive some properties of
e-ASD, in particular its interpretation in terms of utility preferences.

Subsequently we test the performance of the new model on various in-
tuitive illustrative examples, some of which were suggested by Leshno and
Levy (2002) and Levy (2009), and some others of which are new. The new
concept performs well on those examples by correctly modeling “reasonable”
preferences, just as LL-ASD does. Moreover, we show that in some intu-
itive cases such as these, when a highly negative outcome may occur, the
proposed e-ASD correctly models “reasonable” preferences which LL-ASD
appears unable to capture.

Finally, a particularly important practical application is modeling in-
vestors’ preferences between stocks and bonds in the long run, about which
there is an ongoing debate in financial literature. Leshno and Levy (2002)
argued that most “reasonable” investors would prefer a higher proportion of
stocks as the investment horizon increases, motivating it by the decreasing
e-threshold at which stocks LL-ASD dominate bonds over time. However,
Levy (2009) pointed out that due to an increasing range of possible outcomes,
LL-ASD does not necessarily support the long-term preference for equities,
and that, on the contrary, bonds may be preferred to stocks in the long run
for standard preferences. In an attempt to address this issue, we propose
employing e-ASD to infer long-term preferences by looking at the dynamics
of the e-threshold at which stocks e-ASD dominate bonds over time. We
will derive theoretical asymptotic properties of this threshold and analyze
its convergence in practice. This approach seems to perform well on all the
examples given in Leshno and Levy (2002) and Levy (2009).

The Chapter is organized as follows. In Section 4.2 we review LL-ASD
and define e-Almost Stochastic Dominance. We show the equivalence of two
different formulations of e-ASD which we will need later for mathematical
programming formulations. We show with some intuitive examples that e-
ASD models “reasonable” preferences correctly, even though its predictions
do not always coincide with those of LL-ASD. In Section 4.3 we present
several linear programming formulations for identifying a marketed portfolio

that e-ASSD dominates a given benchmark (which is impossible to do for
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LL-ASSD dominance). Section 4.4 is devoted to applying e-ASD to inferring
preferences between stocks and bonds in the long run. Finally, Section 4.5

provides a discussion and concludes the Chapter.

4.2 Almost Stochastic Dominance

Leshno and Levy (2002) argue that Stochastic Dominance does not always
capture intuitive choices that most “reasonable” investors are likely to make,

with the following example.

Example 1. (Leshno, Levy 2002) Investment X yields $0.5 with probability
0.01 and $1,000,000 with probability 0.99, and investmentY yields $1 without

uncertainty.

Leshno and Levy argue that although X does not dominate Y in Example
1 by either FSD or SSD, most (if not all) “reasonable” investors will prefer X
to Y. They conclude that the SD rule is unnecessarily stringent and propose
a relaxation of the concept that they name Almost Stochastic Dominance
(which we, for the sake of clarity, will henceforth refer to as LL-Almost
Stochastic Dominance, or L1-ASD), as follows.

Definition 4.1. Portfolio X LL-e-almost dominates portfolio Y by FSD if
and only if

/S (Fy(t) — Fx (D)) dt < = / (Fy () — Fy(t)) dt, (@1)

S

where S is the combined range of outcomes of X and Y, and
Si={teS:Fy(t) > Fx(t)}. (4.2)

Similarly, X LL-e-almost dominates Y by SSD if and only if (Leshno, Levy
2002)

/ (Fy(t) — Fx(t))dt < / (Fy(t) — Fx(t)) dt, (4.3)
Sa

S

where
Sy={te S : F?1) > FP )} (4.4)
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Clearly, although X does not dominate Y by either FSD or SSD, it does
LL-Almost dominate Y by FSD for e ~ 5 x 107Y.

LL-Almost Stochastic Dominance offers an interesting generalization of
classic Stochastic Dominance, as demonstrated by Example 1, where the
majority of “reasonable” investors will prefer X over Y. One of the drawbacks
of this concept, however, is its computational intractability. One can easily
check by (4.1) or (4.3) if any given portfolio LL-Almost dominates another
fixed portfolio Y; however, determining a portfolio that LL-Almost dominates
a given portfolio Y among an infinite portfolio possibilities set (e.g. a set of
linear combinations of given assets) for a fixed ¢ > 0 would be practically
impossible on a real-life data set of even medium dimensionality, due to the
fractional structure and non-convexity of (4.1) and (4.3). Even identifying
whether a given portfolio is LL-ASD efficient (which is a smaller problem) is
computationally prohibitive.

For that reason we propose the following modified relaxation of Stochastic
Dominance which, in contrast to (4.1) and (4.3), is computationally tractable
and in some cases models rational decision-making even more realistically
than do (4.1) and (4.3).

Definition 4.2. A random variable X e-almost dominates a random variable
Y by SSD (or, equivalently, X -ASSD dominates Y ) if and only if

vieS: FPt) — FPt) <e. (4.5)
We have the following equivalent representation.

Theorem 4.1. X £-ASSD dominates Y if and only if there exists a non-
negative random variable Z such that BE[Z] < e and X + Z dominates Y by
SSD.

Proof. Suppose that Z > 0, E[Z] < e, and X + Z SSD-dominates Y. The
function ¢ — (¢); = max(0,t) is convex and positively homogeneous. There-

fore, for every n € R we have the inequalities

E[(n — X)+] (=X —-Z+2),]

E{(n
<E[(n—X - 2Z),] +E[Z] <E[(n—Y);] +e.
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Thus, X e-ASSD dominates Y.

To prove the converse implication, suppose X -ASSD dominates Y. Let
d be such that E[(d — X);| = e. Defining Z = (d — X); we see that
X + Z = max(d, X). For every n € R we have the obvious identity:

n—max(d, X) = (n—X) - Z.

If n < d, then (77 — max(d,X))+ = 0; it is sufficient to consider n > d. But
then
(n—X)4, when X > d,

(n — max(X, d), =
(n—X)—(d—X), when X <d.

It turns out that
E[(n — max(d, X)), ] = E[(n— X),] — E[Z] =E[(y — X)] — =
From the definition of e-ASSD we get
E[(n—X)+] <E[(n—Y)4] +e.
Combining the last two inequalities, we conclude that
E[(n—(X+2),] <E[n-Y):], neR,

which is SSD of X + Z over Y by Definition 2.6. O

Theorem 4.1 provides a useful interpretation of the value of € in the
e-ASSD relation: it is the smallest value of the mean return of a random
variable that needs to be added to a random variable X in order for it to
dominate a given benchmark Y.

In analogy to 4.2 and 4.1, we can define e-Almost-First Order Stochastic
Dominance (e-AFSD) in the following way.

Definition 4.3. A random variable X e-almost dominates a random variable
Y by FSD if there exists a nonnegative random variable Z such that E[Z] < e
and X + Z dominates Y by FSD.
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In our analysis we shall mainly focus on e-ASSD, as it is related to risk
averse preferences which are commonly assumed in expected utility settings
(see Pratt (1964)).

Let us now examine how the newly defined concept performs on some
intuitive examples. In Example 1 X e-almost dominates Y by both LL-
ASD and e-ASD for € > 0.005. Therefore, the newly introduced e-ASD also
supports the rational choice of X in Example 1.

Moreover, the following example illustrates a case in which the new con-

cept models rational preferences in a different, perhaps more realistic way.

Example 2. Consider investment A which leads to the loss of $1,000,000
(one million) with probability % or yields $1,000,000,000 (one billion), with
the same probability % Investment B yields $1,000,000 with certainty.

Clearly, most (if not all) “reasonable” decision makers will prefer B over
A, to avoid the very high risk of losing a million dollars and to receive that
amount with certainty instead. As in Example 1, B does not dominate A by
either first or second order stochastic dominance, indicating that a modified
decision rule is needed. However, LL-Almost-Stochastic Dominance also fails
to capture those preferences. Indeed, LL-Almost Stochastic Dominance still
predicts that A e-almost dominates B (by FSD and SSD) for ¢ ~ 0.001998.
On the other hand, it can easily be seen that the newly defined concepts
will require € to exceed 1,000,000 in order for A to e-almost dominate B.
Therefore, the new concept of Almost Stochastic Dominance is more robust
in the sense that it works well in instances related to both Example 1 and
Example 2, whereas LL-ASD only handles the first example correctly, and
falls short for modelling the “reasonable” choice in Example 2. In order to be
fully objective it is worth noting that neither e-ASD nor LL-ASD predict an
almost-dominance of B over A for a reasonably small . The key difference
is that LL-almost dominance implies that A is preferred over B by most
“reasonable” investors which is unrealistic, whereas our new concept of &-
Almost-SD correctly models the opposite.

The key feature that makes Example 2 question the LL-Almost-SD is
most “reasonable” investors’ aversion to losses. Note that Example 1 contains

only positive outcomes for investments X and Y. However, the concept of
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Stochastic Dominance (including Almost-Stochastic Dominance) is certainly
relevant for the negative outcomes as well, and Levy (2009) also uses negative
stock returns in Tables 1 and 2.

Example 2 also illustrates that, even though the LL-dominating portfolios
are preferred to portfolios they LL-dominate for many “reasonable” utility
functions, there may still exist other “reasonable” utility functions for which
dominating portfolios have much lower expected values than those of the
dominated ones (take u(z) = —e~* in Example 2). Therefore, the value of €
in LL-ASD is difficult to interpret in probabilistic terms. Our new definition,
on the contrary, ensures that the expected return of the dominated portfolio
does not exceed that of dominating portfolios more than e, for all utility
functions spanning the set U, of concave nondecreasing functions having
bounded slope.

Inspired by (Leshno and Levy, 2002, Thm. 1), below we prove an equiv-
alent e-ASSD formulation in terms of utility functions. Since a scaling of
a utility function does not change the optimal portfolio that maximizes the
expected value of that function, we may without loss of generality restrict
the set Us to the following set:

Uy={ucU,:u(t) <1} (4.6)

Indeed, any function u € U defined on a finite support, say an interval [a, ],

can be substituted with a(t) = ;*,((ta)) which will preserve the optimal solution;

in general case, u(t) = % will fall in U,.
S

Theorem 4.2. A random variable X €-ASSD dominates a random variable
Y by SSD if and only if

E[u(X)] +¢e > E[u(Y)] forall ue U, (4.7)
Proof. For a fixed n € R consider a particular utility function
uy(t) =—(n—1t);4, teR.
We can conclude directly from Definition 4.2 that the e-ASSD dominance is
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equivalent to the relation:
Elu,(X)] +¢& > E[u,(Y)] forall neR. (4.8)

As u, € Uy, relation (4.7) implies e-ASSD dominance.
To prove the converse implication, consider an arbitrary u € U,. For every
0 > 0 we can find a finite collection of numbers 7, and o > 0, k=1,..., K,

and a constant ¢ such that Zle o = 1 and the function

K
w(t) = c+ Y oy, (t)
k=1
has the following properties

E[ju(X) — w(X)|] < 6

— )

E[lu(Y) —w(Y)|] <4.

This collection can be constructed by a sufficiently accurate piecewise linear
approximation of the function u(-). Since the ay’s are nonnegative and total

1, w € U,. Adding inequalities (4.8) multiplied by ay for each wu,, (-) we

obtain
Efuw(X)] + = > Efuw(Y)]
Then
E[u(X)] + ¢+ 20 > E[u(Y)].
As 0 > 0 was arbitrary, inequality (4.7) follows. O

Moreover, the following proposition, similar to Leshno and Levy (2002,
Prop. 3) for LL-ASD, holds for the newly introduced concepts of e-Almost-
SD.

Proposition 4.1. X dominates Y by FSD (SSD) if and only if there exists
a d >0 such that X e-almost dominates Y by FSD (SSD) for all ¢ < d.

Proof. Necessity is obvious, since e-Almost Dominance (as well as LL-Almost
Dominance) is no more than a relaxation of classic Stochastic Dominance.
Sufficiency follows from the fact that if X dominates Y by FSD (SSD), then
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there exists z € S such that v = Fx(z)—Fy(z) >0 (y = F)((Z)(z) - Fl(f)(z) > 0)7

and therefore X cannot e-dominate Y for € < v. O

However, the most important advantage of our modification is its com-
putational tractability. In the following section we formulate optimization
models with e-Almost Stochastic Dominance constraints that can be used in
investment modeling. These models identify a portfolio that e-almost domi-
nates a given benchmark, among an infinite set of portfolios available in the
market. Models corresponding to e-ASSD (4.2 and the equivalent represen-
tation due to 4.1) turn out to be linear programs that can easily be solved
by standard software. Programs with e-Almost-FSD constraints will belong
to the same class as those with standard FSD constraints, to mixed integer

linear programs.

4.3 Linear Programming Models for s-ASSD

Consider m states of the world each of which occurs with probability m;,7 =

1,...,m. Naturally, we assume 0 < m; <1, ¢=1,....,m, and > ", m =
1.

Suppose there are n assets available in the market, with n < m. Denote
the return over asset j in state ¢ as x;; and combine z;;,7 = 1,...,m,j =
1,...,n into m-by-n matrix X. Without loss of generality we assume that

all returns (the columns of X) are linearly independent, which implies that
the matrix XTX is positive definite. Finally, denote the return over the
benchmark portfolio at state ¢ by v;.

Lizyayev (2010) classifies programs with second order stochastic domi-
nance constraints into three categories: majorization, distribution-based and
revealed preference-type. Below we give the majorization and distribution-
based formulations for the newly defined e-Almost SD.

The distribution-based program of Dentcheva and Ruszezynski (2003) can

be formulated in two different ways, due to Theorem 4.1:
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max f(z) = E(X\) (4.9a)
£ T + sy >y, ij=1,....m, (4.9D)
k=1
Z 8ijm; < F? (y;) +e¢, j=1...,m, (4.9¢)
=1
Sij 20, Z,]: 1,...,771, (49d)
AeA (4.9¢)
and
max f(z) = E(X\) (4.10a)
SEY a4 di + 55 > v, i,j=1,...,m, (4.10Db)
k=1
> sum < B (), j=1,...,m, (4.10¢)
=1
Y dmi<e (4.10d)
=1
Sij Z 0, Z,j = 1,...,m, (4106)
d; >0, i=1,...,m, (4.10f)
e A (4.10g)

The majorization approach (see Kuosmanen (2004), Luedtke (2008)) can
be adapted to e-ASSD in the following way.
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max f(z) =E(XA\) (4.11a)
SEOY mahe+di— > wyy; >0, i=1,...,m, (4.11D)
k=1 j=1
> wiy =1, i=1,...,m, (4.11c)
j=1
Zwijmzwj, ]: 1,...7m, (411d)
1=1
Y dim<e (4.11¢)
=1
wij > 0, ij=1,...,m, (4.11f)
d; >0, i=1,...,m, (4.11g)
Ae A (4.11h)

If we restrict the w;;’s in (4.11f) to be binary, we obtain a model with e-AFSD
constraints.

Linear programming problems (4.9), (4.10) and (4.11) can be used for
e-ASSD efficiency testing of a given benchmark portfolio y, as well as for
identifying a marketed portfolio A* € A that dominates y. As standard linear
programs, (4.9), (4.10) and (4.11) can be solved by available optimization
software efficiently.

Unfortunately, simpler revealed preference-type tests, such as Post (2003),
are not applicable to e-ASSD, as those methods implicitly rely on the ordering

of outcomes of y which may change with allowing the perturbation e.

4.4 Application: Stocks in the long run

The preferences of reasonable investors for stocks versus bonds in the long
run are the subject of an ongoing debate in financial literature. While many
scholars and practitioners argue in favour of stocks for the long run (see
among others Bernstein (1976), Markowitz (1976, 2006)), there are also those

who question this conclusion (for instance, Samuelson (1969, 1989, 1994)
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argues that the optimal allocation of stocks remains constant over time for
certain classes of utility functions). Canner et al. (1997) point out that
traditional asset pricing theory fails to explain such an allocation of assets

with an increasing proportion of stocks over time, emphasizing that

“Developing portfolio models that [may help explain popular ad-
vice on portfolio allocation] and that are simple enough to imple-

ment empirically remains a challenge for future research.”

Leshno and Levy (2002) approached the issue from the perspective of
LL-Almost Stochastic Dominance. They argued that as the investment hori-
zon increases, the e-threshold at which stocks LL-almost dominate bonds,
decreases, and concluded that optimal portfolios contain increasingly larger
portions of stocks in the long run. Levy (2009) suggested that despite the
decreasing e-threshold, the range of marginal utilities for some particular
functions decreases faster than the threshold does, due to the increasing

range of possible outcomes for stock returns. He used the following example:

Example 3. A bond yields 4% with certainty. A stock yields —10% with
probability % and 30% with probability %

Levy (2009) considered the following utility functions:

u(r) = —e™; u(r) = log(x);

Although the reasoning of Levy (2009) makes perfect sense, it might be
difficult to generalize the statement to an infinite set of utility functions based

on just four particular functions. For instance, taking
u(z) = log(x + 30),

one can easily see that this function remains in the relevant set (in the no-

tations of Levy (2009)) for all the periods considered, and so does the whole
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continuum of functions
u(z) = log(z + a), where a > 30. (4.12)

Note that all those functions are not far-fetched — they are in fact quite
realistic: for any a > 0, (4.12) has decreasing relative and increasing absolute

risk aversion, which is in line with Pratt (1964).

Levy (2009) notes that as the investment horizon increases, two opposite
effects take place. On the one hand, the e-threshold for LL-dominance of
bonds over equities decreases, which enlarges the set of utility functions that
favour stocks. This is usually taken as an argument in favour of stocks
in the long run (as in Leshno and Levy, 2002). On the other hand, the
increasing time horizon enlarges the range of possible outcomes, which in
turn causes the set of utilities that favour stocks to shrink. Levy (2009)
rightly points out that the latter effect is not taken into account by LL-
Almost SD as far as the analysis of long-term preferences between bonds
and stocks is concerned. Since Levy (2009) only pointed out the problem
but did not offer a solution, we are faced with the challenge of applying the
newly defined e-Almost-SD concept to analyzing stock returns in the long
run. The following simple rule of thumb has an intuitive interpretation: if
the e-threshold at which stocks e-almost dominate bonds increases with the
time horizon, stocks are not preferred to bonds in the long run, whereas
an e-threshold which is decreasing or constant over time implies that the
portion of stocks in each investor’s optimal portfolio increases in the long
run. This criterion is in accordance with the classic Stochastic Dominance
concept which places the most importance on avoiding the risk of losses,
whereas LL-Almost SD implies that such risk can be compensated by upside
potential in a linear fashion (that is: for any fixed e, any increase in downside
risk can be compensated by an increase in upside potential multiplied by a

constant coefficient), which may be difficult to accept in practice.

Let us examine the similarities and differences between the two Almost
SD criteria in the context of long-run preferences. Consider first the example

given in Leshno and Levy (2002, sec. 2).
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Example 4. Consider cumulative return at time n over portfolios

n n

XM =T[A+X) and Y™ =T[(1+ 1)), (4.13)

i=1 i=1

where returns over each period are independent and identically distributed as
follows: X; takes value 5% with probability 0.1 and 12% with probability 0.9,
and Y; yields 7% w. p. 0.4 and 9% w. p. 0.6.

One can see that in this case € in LL-Almost FSD decreases from (V) =
0.057 to €9 = 5.5 x 10713, as the time horizon increases from ¢t = 1 to
20. Similarly, the e-Almost-FSD threshold decreases from £ = 0.002 to
£20) = 2 % 107'2, which means that the implications of the two criteria
concur in predicting that portfolios with the lesser proportion of stocks (Y')
will be increasingly preferred to more risky X in the long run.

However, the two criteria may very well differ in their predictions, which

can be exemplified with the following

Example 5. Consider cumulative product returns X™ and Y™ as in Exam-
ple 4 with independent increments distributed as follows: X yields —20% with
probability 0.4 and 25% with probability 0.6, and Y yields 3% with certainty.

Clearly, X and Y do not dominate each other by FSD or SSD (and neither
by the mean-variance rule). Applying the two Almost-SD criteria, one can
check that the e-threshold, at which X dominates Y by LL-Almost FSD, de-
creases from €M) = 0.411 to €% = 0.028, whereas the e-Almost-FSD thresh-
old increases from € = 0.092 to ®*) = 0.733 as the time horizon increases
from t = 1 to 50. This is the case when the two models diverge in predic-
tions: according to LL-Almost FSD, the portion of stocks should increase in
the long run, while our e-Almost FSD model does not predict that. The cu-
mulative distribution functions of X% and Y'®% at time ¢ = 50 are shown on
Figure 4.1. The long-run dynamics in this example clearly differs from that
of Example 4: the “negative” area between the cumulative distribution func-
tions increases over time, and thus fewer and fewer investors will be willing
to accept the increasing risk as the time goes by. The decreasing e-threshold

in LL-ASD indicates that the linear increase rate of the upside potential is
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higher than the linear rate of decrease of the downside risk. However, strictly
risk-averse decision-makers require a larger-than-linear compensation in up-
side potential for increasing downside risk. As illustrated in Figure 4.1, even
after 50 investment periods there is no clear dominance of X™ over Y™ in

this case.

0.8r

0.6

CDF

0.4F

-10 -5 0 5 10 15
Log-return, %

Figure 4.1: Distribution of bonds vs. stocks in Example 5; T=50.

To generalize the examples related to the long-run preferences, below we
derive the exact expression for the e-threshold. For the sake of generality we
will allow an arbitrary number of outcomes for X and Y.

Consider the cumulative product returns at time n given in (4.13), where
X, and Y; are independent and distributed as follows: each X; takes values
Z1,To, ..., T, With probabilities pi,pe,...,pm, and Y; is y1,...,yp W. Pp.
q, -, qu, where > 7" pj = 212/1:1 g =1, pp >0 and ¢, > 0.

Let E(X) = ux > py =E(Y), and ox > oy.

Clearly, In(X™) = >0 In(1 + X;) and In(Y™) = 37 In(1+Y;) are
asymptotically normally distributed, due to the central limit theorem. More-

over,
m

p) =E (X™) =0 In(1+ z)pr = npx, and
k=1

1
m 2
o = Vi = i (ot i)

k=1
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Analogously,
iy =E(Y™) = npy, and o} = Vnoy.

Let Ly ~ N, o) and Ly ~ N(u{", 0\). Obviously, the cumula-
(n) )
tive distribution functions of Lx and Ly, ¢ <I r & ) and ® < (n) ), inter-

(n
9x

sect precisely once at the point

(n) (n) (n) _(n)

= Ky Ox" — Hx Oy n,UYUX — UxO0y
(n) (n) B Oy — O ’
Oy — Oy X Y

Therefore, due to the asymptotic convergence of In(X™) to Lx and In(Y ™)
to Ly in probability, the e-threshold at which In(X ™) e-ASSD dominates

In(Y™), can be computed as follows:

nHYIXHXTY Tonpx Tonpy
1 ox—oy Vnox Vnoy
_ —t2/2 3, / —t2/2
= — e dt e dt | dz. (4.14
V2T / / ( )

(n) _,m
Since z < z* in (4.14), ® (w L ) > o (m b ), and therefore “Z£X >
9y

Vnox =
T—npy
N . We have:

n“YUX*MXUY T—npy

1 ox—oy Vno x
* 7t2/2
€= —— e dt | dzx. 4.15
V2T / / ( )
—00 z—npy
Vnoy

Finally, by changing the order of integration in (4.15), we have:
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Y oX—kxoy [ Tonux

1 ox—oy Vnox
42
ef = —— / / e 24t | de =
V2T
Vnoy
z*fnux

Vo x npy +ty/noy

1 7t2/2
= — e dr | dt =
V2T / /

-0 QX /o x
=¥ —npux
U
= / e 2 (n(py — px) + tv/n(oy —ox)) dt =

= e (ey=ox)" (o0x —oy) + nd

Ji —1ypexe)? <\/W—MY)) (y — pix)-

(4.16)

Oy —0x

Since both aze™** — 0 and ba?®(—x) — 0, for any a,b > 0, as * — o0,
it follows that e* — 0 as n — oo, and therefore the riskier log X ™ will
eventually dominate log Y™, for any threshold €, no matter how small it is.
However, even though (4.16) guarantees that from some moment on the log-
return over stocks will e-ASSD dominate that of bonds, we have seen from
Example 5 that this may take a long time, and the e-threshold may very well
be increasing during a rather long period of time. Figure 4.2 presents the LL-
g, e-ASD for the exact (binomial) distribution of returns and the theoretical
e-ASD based on asymptotic normal approximation (4.16). Note that e-ASD

increases until n = 79.

Similarly, we can compute the threshold ™ at which X ASSD dom-
inates Y by using the fact that X and Y™ are asymptotically log-

normally distributed, in the following way.
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0.5 T T T T
LL-ASD
0.45r €—ASD: Exact Bernouli
04l €-ASD: Normal Approx.| |
0.35 i
K
o
§ 0.3F 4,/" 7
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Figure 4.2: *-threshold for log X and log Y™ from Example 5.
expz* ln\z/%:;X Z\/%Z;X e(nHY+tﬁUY)
e = L / dx / e 12t = L / dt / e Pdr =
27 V2
—00 Inz—nuy —00 e(nux+tvnoy)
Vnoy
ac*fnuX
Vnox

1 s (o
— e e y+t/noy enuXth\/ﬁUx) dt =
V2T / (

:@<_

o2
V(o3 —oxoy — jix + MY)) eﬂ(uﬁ%)_

Oy —0Xx

_@<_

Oy —0Xx
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Applying L'Hopital’s rule, one can ascertain that

O(— 0, ifh< e
(Faz) > (4.18)
€ ot | oo, ifb > &
Denote
2 _ 2
alzay Ox0y ,UX‘I’/LY’ b1:uy+&, (4.19)
Oy — 00X 2
— g2 _ 2
gy = TXTY ZOx T X T 1Y by = pix + X, (4.20)
Oy —0x 2
It follows from (4.19) and (4.20) that
a? a?
by — = =by — 2. 4.21
R (4.21)

Due to (4.18) and (4.21), ¢™ defined by (4.17) approaches 0 as n — oo,
if b < %% If b, > %%, ™ in (4.17) is a difference of two functions, both
tending to infinity as n increases. Since €™ > 0 for any n, €™ can either
tend to 400, or to a finite limit C' € R*. The latter would imply that

o(b1-be)a? O(—ayx) by (4.21) O(—aix) e~ 3a3” _ adln O(—asx) ¥
O (—asx) 3917 O(—agr) aydIn®(—ayw) asa—oo
(4.22)
Thus, by L’Hopital’s rule, % — 22, and hence ®(—azz)—P(—a1z) —

az

em  as x — o0o. The latter contradicts the fact that ®(—asz) —P(—ayz) — 0.
This contradiction rules out the possibility of €™ having a finite limit. There-

fore, we have just proved the following relations:

2
0, if by <4

lim ™ = e (4.23)
ntoo too, ifb >4

It is remarkable that although In X will always eventually ASD dom-
inate In Y™ this does not necessarily hold for X and Y. Table 4.1
presents the values of aj, b, ay and by defined by (4.19) — (4.20), and the
difference b — %az for Examples 1 through 5. Our ASD model concurs with
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Table 4.1: Asymptotic preferences in Examples 1 through 5.

Example Nr. | a; by as b b— %aQ lim £
1 995 1 9.95 x 10*  4.95 x 10 —48.5 0
2 1 105 4.995 x 108 1.25 x 10'7 109 +0o0
3 0.3 1.04 0.5 1.12 0.995 +00
4 2.78 1.08 2.79 1.11 —2.77 0
5 0.18 1.03 0.4 1.09 1.01 +00

LL-ASD in predicting the dominance of stocks over bonds in the long run for
Examples 1 and 4. However, the implications of the two models deviate for
Examples 2, 3 and 5, where LL-ASD still predicts the dominance of stocks
over bonds and our model does not. In particular, Table 4.1 confirms the
finding of Levy (2009) that any fixed utility function which for a given n
favours X™ to Y™ in Example 3, will be likely to lose this property as n

Increases.

4.5 Concluding remarks

We have introduced an alternative to LL-Almost Stochastic Dominance pro-
posed by Leshno and Levy (2002), which we call e-Almost Stochastic Dom-
inance. Both concepts can be seen as relaxations of standard Stochastic
Dominance, due to Leshno and Levy (2002, Prop. 3) and Proposition 4.1 in
this Chapter. The major advantage of the proposed e-ASD is its computa-
tional tractability: both testing for the e-ASD-efficiency of a given portfolio
relative to an infinite portfolio possibilities set and identifying a marketed
portfolio that e-ASD-dominates a given benchmark (in the case where the
benchmark portfolio is e-ASD-inefficient) can be done by solving a simple
linear programming problem such as (4.9), (4.10) or (4.11). For comparison:
identifying a marketed portfolio that LL-ASD-dominates a given benchmark
would require solving a non-convex optimization problem with a fractional
objective function which is extremely difficult to handle on real-life data sets.

Besides being computationally tractable, e-ASD performs well on all the

intuitive examples considered in this Chapter, and in the case of Example 2,
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when an extreme loss may occur, e-ASD appears to model preferences in a
more realistic way than LL-ASD does.

Finally, e-ASD can contribute to the ongoing debate about investors’
preferences between stocks and bonds in the long run by looking at the
dynamics of the e-threshold at which stocks e-ASD dominate bonds over
time. This idea is similar to the analysis of Leshno and Levy (2002). However,
e-ASD is more consistent with standard Stochastic Dominance, since e-ASD
accounts for the whole area between cumulative distribution functions that
violates SD. On the contrary, LL-ASD implies that any risky violation of SD
can be compensated by an increase in upside potential in a linear fashion.
This linear relation for all levels of losses may be difficult to accept in practice.
Moreover, in contrast to LL-ASD, the e-threshold in e-ASD has a natural
economic interpretation: it represents the smallest value of the mean return
of a random variable that needs to be added to a portfolio in order for it to

dominate a given benchmark.
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Chapter 5

Stochastic Dominance and Full-
and Partial Moments in

Dynamic Asset Allocation.

We analyze a novel periodic asset allocation strategy based on the Second
order Stochastic Dominance (SSD) efficiency and compare its performance
with other strategies, such as Lower Partial Moments, Mean-Variance, Mo-
mentum, Value, Alpha, Beta and passive investing on French’s 48 industry
portfolios. We observe that the SSD strategy performs reasonably well in
terms of realized return and indicates an out-of-sample persistence in restrict-
ing portfolio risk. Moreover, expanding the results of Grootveld and Haller-
bach (1999), we find a substantial difference in efficient portfolios formed on
the basis of downside risk criteria (linear lower partial moments and semide-
viation) and full moments (mean-variance), particularly in cases where short

sales restrictions are relaxed.

5.1 Introduction

A trade-off between risk and expected return is a starting point in any sen-
sible portfolio selection model, for researchers as well as practitioners. The
mean-variance portfolio selection model introduced by Markowitz (1952),

which defines risk in terms of standard deviation, has received mixed reac-
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tions ever since it was published. On the one hand, it is nearly the only
model for which the whole set of efficient portfolios can be expressed in a
closed form; it is definitely the easiest model to compute, even for a large
number of underlying assets (see Hazetl and Norton, 1986); it has been widely
used to date (Clarke et al., 2006); and it is consistent with the capital asset
pricing model (see Cochrane, 2005). On the other hand, the model has many
theoretical shortcomings (see Meyer (1987) and references therein). Its main
drawback, as noted by Markowitz (1959), Mao (1970) and Fishburn (1977)
among others, is that variance as a measure of risk penalizes downside losses
just as much as it does upside gains, which is clearly counter-intuitive.

To overcome this, several downside measures of risk have been proposed,
such as semi-variance (Markowitz, 1952, Mao, 1970) and Gini means (Shalit
and Yitzhaki, 1984). Fishburn (1977) proposed a mean-downside risk model,
substituting the variance in the Markowitz model by lower partial moments.
Holthausen (1981) further refined the Fishburn model by taking weighted
deviations above the target instead of the mean return, thereby combin-
ing downside risk with upside potential in his model. Kang et al. (1996)
further generalized this approach in their mean-separated target deviations
risk model where the separated measure of risk represents a parameterized
difference between downside risk and upside potential.

In this Chapter we shall introduce another investment strategy related
to restricting downside risk. This strategy is based on the concept of Sec-
ond order Stochastic Dominance (see Hadar and Russell, 1969, Hanoch and
Levy, 1969), further SSD, and it periodically selects a portfolio that SSD
dominates a given benchmark. The method for identifying such a portfolio
was introduced and studied as a one-period portfolio optimization model by
Dentcheva and Ruszezyniski (2003) and Kuosmanen (2004). However, to our
knowledge, the method has not yet been duly investigated in a multi-period
setting on a realistic data set of asset returns. In this Chapter we employ
this idea for constructing a dynamic asset allocation strategy with monthly
rebalancing of the investment portfolio and apply a more efficient computa-
tional algorithm proposed in Kopa and Chovanec (2008) for computing such
a portfolio.

Furthermore, we compare the SSD-based strategy with other mean-risk
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investing strategies which employ various definitions of risk such as lower
partial and full moments. Extending the study of Grootveld and Hallerbach
(1999), we find a substantial difference in efficient frontiers formed based on
downside risk criteria and full moments (mean-variance), particularly in cases
when short sales restrictions are relaxed, but also without short sales, when
expected returns are not too high. We argue that the similarity between the
efficient frontiers reported in Grootveld and Hallerbach (1999) was caused by
assuming no short sales and a low number of underlying assets rather than
a general closeness of those frontiers.

Next to comparing various efficient frontiers of portfolios formed ex post
on the basis of the historical distribution of asset returns, we study their
out-of-sample performance relative to the new SD-based rebalancing, as well
as some other strategies proposed in the literature such as momentum (Je-
gadeesh and Titman, 1993, 2001), volatility (Blitz and van Vliet, 2007), and
CAPM-based betas and alphas rebalancing (inspired by Post, van Vliet, and
Lansdorp, 2009). We observe that the new SD-based method performs dif-
ferently from the conventional strategies (over- or underperforming those at
different times and different market circumstances), but is in no way inferior
to them. After performing a sensitivity and robustness check we conclude
that the new method could be used as a benchmark strategy for practitioners

and as a challenging research subject for scholars.

5.2 Data and Methodology

To proxy the investment universe that private and small or medium insti-
tutional investors are facing, we use monthly returns of 48 value weighted
industry portfolios aggregated over different sectors running from January
1970 to December 2009. This data set is reasonably large and neither too
aggregated (when no diversification strategies can be exploited) nor too dis-
persed (as it would be in the case of individual stocks, when statistical prop-
erties are difficult to infer in a robust way due to pronounced non-stationarity
effects). The data used in this Chapter, including the market and risk-free
return, can be downloaded from French (2010) but is also freely available

from the authors upon request.
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As any desired level of risk can be achieved in the presence of a risk-free
asset without short-sale constraints by leveraging (and the riskless asset is
available in our data), we will consider the 48 risky portfolios apart from the
risk-free asset. One of our goals is to investigate how realistic and persistent
different portfolio risk measures are. Obviously, if a strategy with a relatively
stable risk exposure can be found for risky portfolios, the stability of the risk
measure will not be affected by leveraging this portfolio with a risk-free asset,
which will allow compensating the level of risk by adjusting the mean return.
For that reason we will consider portfolios that minimize the risk according
to a particular criterion. Again, we consider minimum-risk, rather than
tangency portfolios in this study, because our primary goal is to examine
the persistence of different risk criteria, and minimum-risk portfolios are
more robust to data perturbations than tangency portfolios. In the following
section, however, we will compare the realized returns of various strategies.
Still, we aim to study the differences of the realized returns on moments-based
strategies and their statistical properties rather than the absolute value of the
returns. Minimum-risk portfolios are more likely to expose the difference in
performance associated with the various definitions of portfolio risk, avoiding
the extra source of numerical imprecision associated with the influence of the
changing risk-free rate on the tangency portfolio.

Below we describe the investment strategies that will be analyzed in the
Chapter.

5.2.1 Full vs. partial moments: MV-, LPM- and SDV-

efficient portfolios.

No study of investment strategies can avoid including mean-variance efficient
portfolios. Inspired by Grootveld and Hallerbach (1999), below we compare
the mean-variance (MV), linear lower partial moments (LPM) and semi-
deviation (SDV) efficient frontiers. All partial moments were computed with
the threshold equal to the risk-free rate (averaged over the last 10 years).
Figures 5.1, 5.2 and 5.3 present those frontiers (portfolios minimizing the
corresponding risk subject to having the mean return larger than a given

threshold) in mean-semi-deviation, mean-LPM and mean-standard deviation
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spaces. For each definition of risk we consider two cases: firstly when short

sales are unrestricted, and when they are prohibited.

’ M-V frontier, short sales unrestricted
M-V frontier, no short sales
LPM-mean frontier, short sales unrestricted
== == | PM-mean frontier, no short sales
SDV-mean frontier, short sales unrestricted
== == SDV-mean frontier, no short sales

Semi-deviation

Figure 5.1: Efficient frontiers in Mean-Semideviation space.

As can be seen from Figures 5.1, 5.2 and 5.3, the difference between
efficient frontiers is quite substantial, particularly when short sales are unre-
stricted, but also when they are restricted, for moderate mean returns. We
have repeated this analysis on different subsamples and different values of
the threshold, and observed similar results. The difference can clearly be
seen in the Figures, and is also supported by statistical tests. For instance,
the null hypothesis of semideviation- and MV-efficient long-only portfolios
being equal component-wise is rejected at 1% significance level by the T-test
(the implied dependence between the portfolio weights was ignored in this
T-test).

This result extends and partly confirms the findings of Grootveld and
Hallerbach (1999), who assumed away short sales and considered only six
underlying assets. Our investment universe consists of 48 assets that are in
addition more volatile and less correlated with each other than those used in
Grootveld and Hallerbach (1999). We can therefore give a positive answer to

the main question posed in that publication: there is a substantial difference
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Figure 5.2: Efficient frontiers in Mean-LPM space.

between mean-variance and downside risk efficient frontiers, at least when
the investment universe is large enough and short sales are (partly) allowed.

We will henceforth focus on investment strategies that minimize the cor-
responding risks (MV, SDV and LPM) both with and without short sales

restrictions.

5.2.2 Second Order Stochastic Dominance (SSD) strat-
egy.

The Stochastic Dominance algorithms reviewed in Chapter 2 can be seen as
other portfolio selection criteria that restrict the downside risk. In the area
of finance, SSD has been broadly employed for analyzing the efficiency of
a given portfolio, see for example Post (2003), Kuosmanen (2004) and Post
and Versijp (2007). However, we need more than an efficiency test alone
for constructing a periodic rebalancing strategy based on the SSD criterion.
At the end of each period we need to identify a marketed portfolio that
SSD dominates a given benchmark and is SSD efficient itself. Portfolio x
dominates portfolio y by SSD if all risk-averse and non-satiable investors are

better off holding x than y in terms of their expected utilities. A portfo-
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Figure 5.3: Efficient frontiers in Mean-Standard Deviation space.

lio is SSD efficient if it is not dominated by any other marketed portfolio.
As shown in Chapter 2, this can be done by two-stage modified Dentcheva
and Ruszczyniski (2003) method, Kopa and Chovanec (2008) or Kuosmanen
(2004) necessary test combined with a quadratic programming sufficiency
test. Since the dimensionality of real-life data can be computationally pro-
hibitive (see Dentcheva and Ruszczyniski, 2006b), we apply the sufficiency
test proposed in Kopa and Chovanec (2008) as follows. Given a benchmark
portfolio y and the m-by-n state-space tableau X of asset returns (assuming
X to be a full-rank matrix, which is equivalent to all asset returns being
linearly independent, which in itself is a necessary condition for the absence
of arbitrage), determine portfolio A € A = {T ER":1;,>0, 7'e= 1} by
solving the following program (after Kopa and Chovanec, 2008):

m—1 n
d" = max Z Z i, (5.1)
k=0 j=1
n k ] k
s.t. ZAjajk >0, k=0,...,m—1, with aj, = ngl) — Zy(i).
J=1 i=1 i=1
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If d* > 0 in (5.1), then y is SSD inefficient and \* is an SSD efficient
portfolio that dominates y (see (2.24) and (2.25) in Chapter 2 for more ex-
planation). We shall use A* as the SSD portfolio at each portfolio rebalancing
period. However, should (5.1) happen to be infeasible, no conclusion can be
made regarding the efficiency of y (see Chapter 2). In this case, we will
have to solve the following program (after Kuosmanen, 2004) which is more

computationally demanding than (5.1):

05'(y) = max(XA —y)'e

s.t. XA > Wy
WekE
A EA,

(5.2)

where = is the class of doubly stochastic matrices given in Definition 2.7.

Portfolio A* in (5.2) is weakly SSD efficient and will be used for our SSD
strategy each time (5.1) is infeasible.

Naturally, we take the market portfolio as a benchmark and denote the
SSD efficient portfolio that dominates it by Agsp. Dentcheva and Ruszczynski
(2003) introduced a similar approach of maximizing mean return subject to
stochastic dominance constraints. The difference between that and the cur-
rent study is that we are applying this strategy recursively and analyzing
its realized performance over multiple consecutive periods. Similarly to the
LPM strategy, the SSD strategy implicitly incorporates two different criteria:
firstly, restricting the feasible set to SSD dominating portfolios ensures that
the downside risk will not exceed that of the benchmark; secondly, requiring
the dominating portfolio to be SSD efficient can be seen as improving upon

its upside potential subject to the acceptable level of downside risk.

5.2.3 Other strategies considered.

Momentum strategies. The momentum strategy, first introduced by Je-
gadeesh and Titman (1993) is also included in our analysis. It is based solely

on return data, where portfolios are rebalanced monthly on the basis of their
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past performance. We follow Blitz and van Vliet (2008) in exploring a 12-1
month momentum strategy and a strategy based on returns over one previous

month.

Volatility-based strategy. Another strategy we consider is based on
the volatility effect reported in Blitz and van Vliet (2007), where portfolios
rebalanced on the past 3-year volatility have decreasing Sharpe ratios when
sorted by volatility and a negative slope in the mean-standard deviation
space (in both cases values of the mean returns and standard deviations
are calculated ex post for the portfolios obtained by periodic rebalancing).
Similar ex post analysis performed on our data and presented in Figure 5.4
confirms the negative implied slope of the security market line, which means

that this strategy can be used on our data.

Beta strategy. Inspired by Post, van Vliet, and Lansdorp (2009), we
would have liked to analyze rebalancing strategies based on various downside
betas proposed in that paper, namely: regular-, semivariance- (Bawa and
Lindenberg, 1977), ARM- (Harlow and Rao, 1989) and downside covariance
beta (Ang et al., 2006), defined for return R; in the following way:

B o COU(Ri, RM) 5 o E(RlRM|RM S 0) (5 3)
Rt = " var(Ray) VT TR(R2 Ry < 0) '
COU(Z, RM) COU(RZ', RM’R]W S 0)
i = e i = 9 5.4
Banu, var(Z) B, var(Ry|Ry < 0) (5:4)

with Rj; being the market return and
Z = Rylg,,<oy + E(Ry| Ry > 0)Igg,, >0y, (see Post, van Vliet, and Lans-
dorp (2009) for a discussion and examples). For that reason, we have con-
structed portfolios by sorting the industry funds in our sample by those betas
on a monthly basis. Table 5.1 reports the realized return of those portfolios
with and without grouping the industry funds into decile portfolios (for non-
grouped 48 funds, only the returns corresponding to the highest and lowest
beta are reported), along with its statistics. The results for our data set
coincide with the conclusions of Post, van Vliet, and Lansdorp (2009) in that
the return spread of decile portfolios formed on regular beta is lower than

the spread of semivariance- and ARM beta portfolios but higher than the
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downside covariance spread. However, our results somewhat deviate from
those of Post, van Vliet, and Lansdorp (2009) regarding the magnitude of
the returns: in our case all decile beta spreads are rather too low to be em-
ployed as an investment strategy. Moreover, without the decile grouping, the
regular beta spread turned out the largest (=0.57) and more than doubled
the semideviation spread (=0.24). Therefore, we will only analyze the rebal-
ancing strategy based on regular beta without grouping the funds into decile
portfolios.

Alphas strategy. Assuming that empirical implications of the capital
asset pricing model (see Cochrane, 2005) hold at least in part, one may
employ the strategy of rebalancing the portfolio by taking short position in
overpriced and long in underpriced in terms of alphas assets. We analyze
this strategy as well.

Naive passive strategies. Challenged by Frankfurter et al. (1971) we
also consider a naive buy-and-hold equally-weighted strategy without rebal-
ancing and the strategy of investing in the market portfolio.

For active SSD, full- and partial moments strategies we consider two op-
tions: when short sales are allowed and unrestricted and when short sales
are prohibited. Momentum, volatility, beta- and alpha-based strategies au-
tomatically require the possibility of shortselling. All active strategies are

rebalanced monthly.

5.3 Realized performance.

In this section we will analyze the realized out-of-sample return and risk of

the monthly rebalancing strategies described above.

5.3.1 Realized return

Figure 5.5 shows the cumulative return of the strategies described in the
previous section. In all strategies we rebalance portfolios monthly. In LPM,
MV, SDV long-only, as well as SSD, alpha and beta strategies, the 60 months
preceding the decision time were used for estimating parameters, whereas
LPM, MV and SDV efficient portfolios without shortsale restrictions imposed
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5. SD in Dynamic Asset Allocation

were computed based on the preceding 120 months. To make the performance
of zero-net-investment strategies (such as volatility, betas or momentum)
comparable with strategies where a positive net investment is present (SSD,
MV, partial moments) we adjust the latter by subtracting the risk-free rate
in each period. For the same reason we plot cumulative returns instead of
cumulative product returns.

One can observe from Figure 5.5 that the SSD strategy is competitive rel-
ative to other strategies, over- and under-performing those in different times
and different market circumstances. Table 5.2 lists the average, standard
deviation, minimum and maximum values, skewness and kurtosis of the re-
alized returns, from which we can see that SSD slightly outperformed the
two momentum strategies. In addition, only the partial moment strategies
with unrestricted short sales ended up having higher realized mean returns
than those of SSD, but those strategies also turned out to be more volatile.
Although the differences between the mean returns are not high enough to
be statistically significant at 5% confidence level, we do observe them persis-
tently while modifying the data set. Robustness and sensitivity analysis will
be addressed in more detail in section 5.4.

Another interesting observation can be drawn from Table 5.3 which shows
estimated pairwise correlation coefficients between realized returns. We have
have observed all kinds of correlations: negative (momentum-1 and long-
only mean-variance strategies), close-to-zero (momentum-1 and semidevia-
tion) and close-to-1 (the equally-weighted and market portfolios), which fact
seem to indicate that the set of strategies considered is quite diverse. Note
also that with short sales restricted, MV, LPM and SDV strategies are highly
positively correlated, whereas if short sales are allowed, only the partial mo-
ments strategies, LPM and SDV, are highly correlated, but the correlations
between them and the MV return substantially decrease. This confirms our
findings in section 5.2.1 related to Grootveld and Hallerbach (1999).

5.3.2 Realized risk.

We will use two indicators for assessing the stability in the performance

of each strategy. First, we employ an analogue to the root mean squared
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Table 5.2: Performance statistics of asset allocation strategies.

Mean St. Dev. Min Max Skewness Kurtosis
SSD, net of Ry 0.80 5.11 -24.02 16.14 -0.46 5.00
Market, net of Ry 0.59 4.58 -23.14 13.58 -0.72 5.42
EW, net of Ry 0.72 4.86 -26.67 17.74 -0.68 6.78
MV, net of Ry 0.41 4.22 -16.11  17.26 -0.14 4.54
MV, 1/o, net of Ry 0.54 3.51 -16.14 12.29 -0.54 5.61
SDV, net of Ry 0.98 10.22  -93.00 44.63 -1.69 23.49
SDV, 1/o, net of Ry | 0.44 3.78 -18.81 13.28 -0.76 6.14
LPM, net of Ry 1.14 11.18  -90.94 43.88 -1.06 16.48
LPM, 1/o, net of Ry | 0.52 3.73 -19.79 12.31 -0.75 5.62
Momentum 1 0.73 5.17 -20.22 23.80 0.04 4.87
Momentum 12-1 0.72 6.38 -49.06 21.91 -1.04 12.05
Regular Beta 0.57 10.24  -37.93 33.97 -0.03 4.48
Alpha 0.39 4.90 -30.56 17.88 -0.81 7.48
Volatility 0.36 11.57  -36.60 70.28 0.49 5.99

dispersion index (RMSDI) used in Grootveld and Hallerbach (1999). We
define RMSDI as the squared deviation between two optimal portfolios A

and A1 at time ¢ and ¢ + 1 averaged over time:

1 T-1 n
RMSDI(\) = ——— S (i = M) (5.5)

V(I =1n\ =S

For a given asset allocation strategy A, RSM DI (\) will indicate how close
optimal portfolios corresponding to this strategy are to one another at two
consecutive periods. The lower the RSM DI()), the more stable strategy A
is and the less effort is required for portfolio rebalancing for that strategy.
The strategies resulted in the following values of RMSDI:
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Table 5.3: Correlation coefficients between strategies (pairwise).

7 SSD Ry EV MV MV, SDV SDVip LPM LPMio M; M1 Breg o Vol

SSD 7 1.00 0.74 0.69 050 071 0.37 0.77 0.38 0.79  -0.06 0.14 030 0.23 0.11
Ry 7 0.74 100 096 053 079 0.27 0.80 0.29 0.84 -0.11 -0.07 047 0.02 0.22
EV 7 0.69 096 1.00 053 081 0.20 0.80 0.21 083 -0.14 -0.11 0.40 -0.08 0.26
MV 7 0.50 0.53 053 1.00 0.72  0.39 0.68 0.36 0.66 -0.11 -0.03 0.06 0.03 0.10
MVio 7 071 079 081 0.72 1.00 0.26 0.96 0.25 093 -0.17 -0.11 0.11 -0.03 0.12
SDV 7 037 027 020 039 026 1.00 0.31 0.96 032 -0.02 020 011 028 -0.04
SDV 1o 7 0.77 0.80 0.80 0.68 096 0.31 1.00 0.30 095 -0.15 -0.04 0.13 0.07 0.14
LPM 7 038 029 021 036 025 0.96 0.30 1.00 032 -0.01 023 016 0.30 -0.01
LPM;o 7 0.79 0.84 083 066 093 0.32 0.95 0.32 1.00 -0.11 001 0.16 0.12 0.19
M, -0.06 -0.11 -0.14 -0.11 -0.17 -0.02 -0.15 -0.01  -0.11 1.00 0.15 0.04 0.20 -0.05
Moy 7 0.14 -0.07 -0.11 -0.03 -0.11 0.20 -0.04  0.23 0.01 0.15 1.00 -0.08 0.62 0.07
Breg 7 0.30 0.47 040 0.06 011 0.11 0.13 0.16 0.16 0.04 -0.08 1.00 0.03 0.13
o 7 0.23 0.02 -0.08 0.03 -0.03 0.28 0.07 0.30 0.12 0.20 062 0.03 1.00 0.08
Vol 7 011 022 026 010 012 -0.04 014 -0.01 019 -0.05 0.07 0.13 0.08 1.00
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RMSDI(X) for

SSD :  0.065, MV : 0.024, MV,o: 0.011,

SDV : 0.316, SDV.o: 0.018, LPM: 0.309, (5.6)
LPMo: 0.022, M;: 0.128, M1 : 0.067,

Breg : 0.094, a:  0.045, Vol :  0.056.

We can see from (5.6) that the most stable strategy in terms of RAMSDI
is mean-variance, which was to be expected: the variance as a conservative
measure of risk leaves little room for variation in portfolio weights, compared
to partial moments. The difference in RMSDI between full and partial
moments is especially pronounced when short sales are allowed. The most
volatile strategies turned out to be LPM and SDV without short sales, which
again is not surprising. A much less predictable observation is a relatively
good performance of the SSD strategy. Whether this conclusion is persistent

to data perturbations will be studied in the next section.

Apart from RMSDI, we can use a more straightforward performance
indicator of realized portfolio risk, such as the average ratio of in-sample
to realized risk corresponding to each strategy. For instance, for the LPM
strategy this indicator leads to the ratio of ex-post to ex-ante linear partial
moments with the reference point equal to the risk-free rate at the time of
rebalancing. For the MV strategy it can be the ratio of portfolio variances
before and after each period. We denote those ratios by ryv, rrpa, and
rspy. By construction, ryv, rrpar, and rgpy are greater than 1 and indicate

the factor by which the realized risk exceeds the in-sample risk.

Since SSD strategy does not explicitly utilize full- or partial moments
as portfolio risk, we will use the concept of e-Almost Stochastic Dominance
(e-ASSD) recently studied in Lizyayev and Ruszczyniski (2010) as the per-
formance indicator. More precisely, we will use the average threshold at
which Agsp e-ASSD dominates the “out-of-sample” market portfolio. This
threshold for portfolio Z relative to the market portfolio Ry, is defined as
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2(2) = max { F{? (n) = Fi2) () } (5.7)

If Z SSD-dominates Ry, then £(Z) = 0; otherwise, (Z) > 0 by con-
struction. We will use £(Z) averaged over all periods as a stability indicator

of the SSD strategy. The values of ryv, rppa, 7spy and € are listed in (5.8).

vy = 1011, rLPyM — 1238, rspy — 11439,
TMVyo = 1004, TLPMpo = 1013, rspvio = 1047, (58)
EASSD — 0.0046.

The figures in (5.8) concur with (5.6) in stability ranking: SDV strategy
appears to be the most volatile, MV — the most stable, and LPM was ranked
in between the two. Although the e 4g5p-threshold reported in (5.8) for SSD
strategy is not directly comparable with the realized risk ratios for full and
partial moments strategies, the average value of € 455p-threshold below 0.5%
certainly indicates a very stable performance of the SSD strategy in terms
of its realized risk. In the next section we will examine how robust these

conclusions are with respect to data perturbations.

5.4 Robustness check: Bootstrapping.

To check whether the conclusions regarding the performance of the strategies
are robust to changes in the data, we will conduct a robustness test using
bootstrapping by permutations in the following way. First, 100 samples of
90 and 180 consecutive monthly observations were randomly drawn from
the original data set. The 90-month samples were used for SSD, long-only
moments, alpha, beta and momentum strategies, and the 180-month samples
for moments strategies with shortselling. Subsequently, 60 and 120 monthly
observations (not necessarily consecutive) were drawn (with replacement)
from the 90- and 180-month samples, respectively.

Optimal portfolios corresponding to each strategy were computed based

on those sub-samples. Further, 20 and 40 monthly observations were ran-
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domly drawn out of the remaining 30 and 60 months in each sample, to be
used as the “out-of sample” part for testing the realized performance. In
this manner we can ensure that the calibration sample is always three times
as large as the evaluation sample and that the returns in both sub-samples
have occurred within a reasonable time of each other. Moreover, this boot-
strapping procedure preserves the original dependency structure among the
returns.

The sub-sampling procedure was carried out n = 1000 times for each sub-
sample, which brings the total number of scenarios to 100, 000. In each such
scenario, the out-of-sample returns were averaged for each strategy. Table
5.4 shows the descriptive statistics for the realized out-of-sample returns.
Again, the SSD strategy performed relatively well in terms of the Sharpe
ratio. A general observation can be made that the long-only strategies have
shown more stable performance than those with short sales, although the
unrestricted MV strategy performed reasonably well, too. LPM rebalancing
turned out to be less volatile than SDV.

The average €agsp-threshold was 0.3% (min = 0, max = 38%, STD =
1.2%) and in 81.9% of the scenarios € 455p Was zero, which again indicates a

stable performance of the strategy.

5.5 Concluding remarks

The major goal of this Chapter was to employ the concept of Stochastic
Dominance for periodic asset allocation strategy and to investigate its perfor-
mance relative to other popular strategies on a realistic data set. Having used
the returns of 48 industry portfolios running from January 1970 to December
2009, we are pleased to report that the SSD strategy is rather competitive rel-
ative to other strategies, in terms of both the realized return and the realized
risk. Moreover, the SSD strategy is comparable to momentum investing as
far as the out-of-sample return is concerned. This observation is remarkable,
given that the SSD strategy does not utilize the possibility of shortselling,
unlike the momentum strategies. Besides, the 1 and 12-1 months momentum
strategies have been reported to perform well in the investment management

literature. The stability and relative competitiveness of the SSD strategy in
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Table 5.4: Performance statistics of asset allocation strategies with boot-
strapping.

Average St. Dev. Sharpe Skewness Kurtosis
SSD: 0.499 4.674 0.107 -0.427 5.839
MV: 0.445 4.080 0.109 0.013 4.341
MVio : 0.536 3.537 0.151 -0.317 5.440
SDV: 0.149  264.680 0.001  -45.685  35405.6
SDVo : 0.470 3.745 0.126 -0.530 6.130
LPM: 0.385 17.608  0.022  -11.114 3970.2
LPMro: | 0.493 3.779 0.130 -0.520 6.135
M1: 0.044 4.315 0.010 -0.043 5.048
M12-1: 0.103 4.440 0.023 -0.120 5.125
Breg: 0.241 10.321 0.023 -0.176 4.768
Alpha: 0.276 4.489 0.062 -0.257 4.609
Vol: 0.033 11.117  0.003 0.340 4.031

terms of the realized return and as a measure of portfolio risk has withstood

the robustness check performed via bootstrapping of the observations.

Needless to say, we can not claim the generality of the result on each and
every data set, but having drawn interesting conclusions concerning the per-
formance of the SSD strategy on the 48 value-weighted industry portfolios
from French (2010) which are used by many other scholars, we would like
to encourage researchers to continue investigating the SSD strategy. And if
our results are confirmed on other data sets and other robustness checks, the
strategy could definitely be recommended as an alternative benchmark for
investment managers in practice. Unfortunately, to our knowledge, Stochas-
tic Dominance has not so far been duly researched in dynamic multi-period
settings on a realistic data set. We believe that Stochastic Dominance has a
lot of practical potential that has not been fully utilized to date. Theoretical
derivations related to Stochastic Dominance may seem almost incomprehen-
sible to practitioners, but in fact implementing the proposed strategy is not
difficult at all: the corresponding algorithms reviewed in Lizyayev (2010) are
standard linear and quadratic optimization programs that can be solved by

numerous available optimization software packages.
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Next to the Stochastic Dominance-related results, we were able to come
to another conclusion with regard to the difference between portfolios formed
based on full and partial moments as a measure of risk. Grootveld and Haller-
bach (1999) have reported only a marginal difference between full and partial
moments efficient frontiers and questioned whether this holds in general. This
study leads us to the conclusion that the similarity of two frontiers are data
dependent and in our comprehensive data set significant differences between
the frontiers result. We have thereby expanded the results of Grootveld and
Hallerbach (1999). Certainly, in some cases the difference may diminish, for
example if the investment universe is rather limited. For instance, by as-
suming away short sales in Figures 5.1, 5.2 and 5.3 and restricting the mean
return to exceed, say, 1.9, hardly any difference will be observed between the
portfolios. However, this is due to the portfolio possibilities set being shrunk
(there are very few portfolios that satisfy the mean return restrictions in the
absence of short sales), rather than a general similarity between the full and
partial moments criteria (note, that Grootveld and Hallerbach (1999) use a
data set consisting of only 6 assets, 3 of which are bonds, and assume away
short sales, whereas we use 48 stock returns and analyze both restricted and

unrestricted short sales).
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Figure 5.4: Theoretical and implied Security Market Line.
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Chapter 6

Conclusions and suggestions for

further research

Stochastic Dominance relation is a rather general concept currently being
employed in, among other areas, medicine and health economics (Madden,
2009), poverty and inequality studies (Jeffrey and Eidman, 1991, Anderson,
1996) and agriculture (Davidson and Duclos, 2000). The field of financial
decision-making is by no means an exception (see Annaert et al. (2009),
Levy (2009), Eeckhoudt et al. (2009) and references therein). This thesis

focuses on applications of SD in financial portfolio analysis and asset pricing.

In Chapter 2 we reviewed the existing algorithms related to Stochastic
Dominance portfolio efficiency that account for full diversification. We classi-
fied such algorithms into three main categories: 1) majorization, 2) revealed
preference and 3) distribution-based approaches. In addition to classifying
and reviewing the categories, we also pointed out some misleading arguments

in the existing literature and proposed some refinements.

Chapter 3 relates the concept of Stochastic Dominance to asset pricing
theory by pointing out the importance of SD portfolio efficient sets’ being
convex. The convexity of efficient sets has an important theoretical meaning,
as it implies the efficiency of the market portfolio, which in turn leads to
heterogeneous investors models, and which can be tested empirically. We
reviewed the related results in the literature, addressing the convexity puzzle

from two different but interrelated perspectives: distribution of underlying
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asset returns and restrictions on the set of utility functions. We discussed
the importance of finding a reasonable set of utility functions that would
lead to a convex efficient set. To this end, we derived efficiency tests for the
class of utility functions having increasing relative and decreasing absolute
risk aversion, and decomposed the corresponding efficiency sets.

Chapter 4 is devoted to a relaxation of SD, Almost Stochastic Domi-
nance. Almost SD was first proposed in Leshno and Levy (2002), where it
was shown to exclude some unrealistic preferences from the class of monotonic
and concave utility functions. However, it is extremely difficult to compute
an ASD efficient portfolio relative to a diversified portfolio possibilities set in
practice. For that reason, we proposed a modification of ASD that is com-
putationally tractable and appears to perform well on all intuitive examples
given in Leshno and Levy (2002), as well as some new ones. Following Leshno
and Levy (2002) and Levy (2009), we applied the newly defined concept to
analyzing investors’ preferences between stocks and bonds for the long run.

Finally, in Chapter 5 we applied the concept of Stochastic Dominance for
constructing a multi-period asset allocation strategy and analyzed its out-
of-sample performance relative to other popular strategies, such as full- and
lower-partial moments strategies, and value and momentum rebalancing. We
observed a relatively good performance of the SSD strategy and encouraged
scholars and practitioners to investigate it further. Moreover, we extended
the results of Grootveld and Hallerbach (1999) by reporting a significant
difference between efficient frontiers of portfolios formed on the basis of full
and partial moments.

Each chapter contributes to the existing literature, but also leaves con-
siderable room for further research. For example, the SSD asset allocation
strategy is well worth further investigation, given the intriguing results of
Chapter 5 and the relative simplicity of implementing the strategy compu-
tationally. Furthermore, finding a set of “well-behaved” utility functions
leading to a convex corresponding efficient set would be of high theoretical
value, as pointed out in Chapter 3.

Another interesting possibility for continuing the current research could
lie in investigating the properties of Robust Stochastic Dominance. This

concept is extremely intriguing and certainly deserves to be covered in a
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separate section.

Robust Stochastic Dominance

Robust programming is a new approach in the theory of optimization started
in the 90’s with Ben-Tal and Nemirovsky (1997), Ghaoui and Lebret (1997)
and Kouvelis and Yu (1997), among others. This approach has recently
gained considerable popularity in Operational Research, see Ben-Tal et al.
(2009) for a survey and references. The major idea of robust optimization
is to employ a so-called uncertainty region for the uncertain parameters in
a constraint, and then to enforce that the constraint should hold for all
parameter values within this uncertainty region. It has been shown that
for several optimization problems and for several choices of the uncertainty
region, such so-called robust counterpart problems can be reformulated as

tractable optimization problems.

One natural way of employing the robust programming idea in the SD op-
timization framework is by incorporating the uncertainty about the probabil-
ities of the states of nature, which are commonly assumed equally likely in the
majority of SD literature. One way of incorporating uncertainty about the
probabilities into the model would be by imposing the following constraints

(as suggested in Ben-Tal et al., 2010) to the SD optimization programs:

pe{qgeR™: I,(p° q) < ps(N,m,a,q)}, (6.1)

where I,(p, q) = i Pi® <%> is a distance function (referred to as ¢-divergence
in the statisticallfilterature) between two probability vectors p and ¢ € R™
for some convex function ¢(t) for t > 0, such that ¢(1) = 0. The value
ps(N,m,a,q) in (6.1) defines a (1 — a)-confidence set around p”; as if the
null hypothesis Hy : p = p° was tested by a goodness-of-fit test on the basis
of empirical observations ¢!,. .., ¢".

In the event that the exact distribution of I4(p, ¢) under Hy is unknown,

one can take a twice continuously differentiable ¢(t) with ¢”(1) # 0 and use
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the asymptotic test statistic, as proposed by Ben-Tal et al. (2010):
2N
——I(p° 6.2
¢//(1) ¢(p ’q)’ ( )

which under H, follows asymptotically, for N — oo, a x2, ;-distribution with
m — 1 degrees of freedom (see Pardo, 2006). Therefore, we can substitute
ps(N,m,c,q) in (6.1) with

¢;’](\}) (% + \/@an_l,l_c) :

where 74 and d, are the bias-correcting parameters given in Pardo (2006, p.
190).

With regard to the probabilities of the states of nature, when no ob-
servations ¢',...,¢" are available, we can introduce a “parametric” trust
region that contains the equally weighted outcome, for instance by choosing

al<d< %, and requiring that p € As, where

A(;:{pERmi

m

We can subsequently require that the Stochastic Dominance constraints,
for instance those of (2.14), should hold for all probability vectors = from As
defined by (6.3), in the following way (assuming that the states of nature are

sorted according to the ordering of y):

max f(\) (6.4a)

s.t. ink)\k+5ij > Yij, Z,j = 1,...,m (64b)
k=1

Zﬂisij < Zm(yi —y;), Vme A5, j=1,....m  (6.4c)
i=1 i=j

51']'20; i,jzl,...,m (64d)
AeA (6.4e)

If the objective in (6.4a) is also a function of 7, for instance E(X\) =
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> (X A)ym;, we can maximize the worst-case scenario for the expected re-

turn, by defining f(\) in (6.4a) in the following way:

f(A) = min {i(X)\)ﬂTi . TWE Ag} : (6.5)

i=1

As shown in Ben-Tal et al. (2010), the mathematical programming prob-
lem (6.4) can be reformulated as a standard convex optimization problem,

for which standard optimization software is readily available.

The optimal solution to (6.4) will be robust with respect to possible
(small) changes in the probability weights within the uncertainty region.
Another possible modification would be to prioritize recent outcomes rela-
tive to older realizations, so that the recent outcomes have more influence on

the solution, by replacing A in (6.4c) and (6.5) by the following set Bj,,:

Bu={peR™:;<p <w, ple=1}, (6.6)

where {[;} and {w;},i =1,..., m are increasing sequences such that
>0, lp<= u >+ and u, <L

Thus formulated, (6.4) requires the solution (A\*,s*) to satisfy the con-
straints involving s;;: (6.4b), (6.4c) and (6.4d), for all values of 7 from the

uncertainty region imposed.

We have implicitly used ¢(t) = |t—1] (or, equivalently, I4(p,q) = >_ [pi—al)
by suggesting (6.3) and (6.6), but it is certainly not the only option. Ben-Tal
et al. (2010) show several other possibilities for ¢(¢) for which the result-
ing robust counterpart program can be efficiently solved by standard linear,

quadratic or conic programming techniques. Those possibilities include:
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Pi

Burg entropy, where Iy(p,q) = p; log () ,
¢ Z di
2
2 1 (pi — @)
x“-distance, where I,(p,q) = —_—,
>

Alpha-order entropy: ZP?Q} 67
and x-divergence of order a: Z i

Given the recent boom in developments in the Robust Optimization
literature (which has also reached the Tinbergen Institute: see van Oord,
Martens, and van Dijk (2009) for a robust version of the momentum strat-
egy) and the possibility of the statistical interpretation of the trust regions for
some parameters, it would definitely be of interest to study Robust Stochastic
Dominance criteria as its application. Challenging research questions include:
how restrictive the robustness constraints are; what the critical perturbation
level may be at which an SSD efficient portfolio remains Robust-SSD effi-
cient; and how the increasing influence of recent states in (6.6) is reflected in
terms of the stability and sensitivity of the solution.

Moreover, it is technically easy to introduce a Robust Almost Stochastic
Dominance (RASD), simply by adding an uncertainty region of the type (6.6)
to optimization programs (4.9), (4.10) or (4.11). Investigating the economic
interpretation of such criteria (e.g. studying the properties of the set of util-
ity functions whose optimal portfolios are RASD efficient) would definitely

contribute to the existing literature on Stochastic Dominance.
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(Summary in Dutch)

Stochastische Dominatie (verder SD) is een relatie tussen twee kansvariabe-
len die in Wiskunde door Mann en Whitney (1947) en Lehmann (1955),
en in Economie door Quirk en Saposnik (1962), Hadar en Russell (1969),
Hanoch en Levy (1969) en Rothschild en Stiglitz (1970) is geintroduceerd.
SD maakt gebruik van de volledige informatie over het gehele domein van de
CDF in het besluitvormingsproces, in tegenstelling tot de modellen op basis
van gemiddelde en variantie of andere risicomaatstaven die alleen een afzon-
derlijk kenmerk van de CDF gebruiken als de maat van portefeuillerisico,
zoals een partieel moment of de variantie. SD vindt talrijke toepassingen in
o.a. de gezondheidseconomie (Madden, 2009), armoede- en ongelijkheidstud-
ies (Jeffrey en Eidman, 1991, Anderson, 1996) en landbouwstudies (Davidson
en Duclos, 2000).

Deze studie is gericht op de toepassing van SD in portefeuilleanalyse en de
prijsvorming van effecten. In de portefeuilleanalyse zijn er sinds het jaar 2003
een aantal algoritmen voorgesteld om te identificeren of een bepaalde porte-
feuille efficiént is (d.w.z. niet gedomineerd wordt door een andere beschikbare
portefeuille). In Hoofdstuk 2 geven wij een overzicht van deze methoden en
classificeren die naar drie categorieén: 1) majorizatie, 2) ‘gebleken voorkeur’
en 3) de distributie gebaseerde benadering. Naast het classificeren en geven
van het overzicht, wijzen wij in dat hoofdstuk op enkele misleidende betogen
in de bestaande publicaties en stellen verbeteringen voor sommige methoden
VOOr.

Hoofdstuk 3 focust op de toepassing van SD in de prijsvorming van ef-

fecten door het wijzen op het belang van convexe efficiénte sets. Het blijkt
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dat indien een set van efficiénte portefeuilles convex is, sommige modellen van
heterogene beleggers mogen worden toegepast. Wij bespreken het belang om
een uitgebreide set van nutfuncties te vinden die automatisch tot een convexe
efficiénte portefeuilleset zou leiden. Hiertoe ontwikkelen we een aantal SD
algoritmen om efficiéntie te checken voor sommige categorieén van nutsfunc-
ties, waaronder dalende absolute- en toenemende relatieve riscioaversie.

Hoofdstuk 4 gaat over Almost SD, een versoepeling van het SD begrip.
LL-Almost SD werd geintroduceerd door Leshno en Levy (2002) en blijkt
een aantal realistische keuzen in prakijk te kunnen modelleren die buiten de
mogelijkheden van de standaard SD methoden liggen. Een nadeel van LI-
Almost SD is dat de rekenkundige problemen erg weerspannig zijn. Daarom
introduceren we een andere versoepeling van SD die net zo goed presteert in
het modeleren van de realistische keuzen en daarenboven gemakkelijk is om
te berekenen. We ontwikkelen een aantal algoritmen voor de nieuwe ASD en
passen dit begrip toe op het modelleren van voorkeuren tussen obligaties en
aandelen op een langere termijn.

Hoofdstuk 5 is vooral empirisch. Daar passen we SSD algoritmen toe op
een meer-perioden beleggingsstrategie. Daarvoor gebruiken wij 48 industrie-
fondsen vanaf januari 1970 t/m december 2009. We vergelijken de nieuwe
beleggingsstrategie met andere erkende strategieén zoals momentum, value,
volle en gedeeltelijke momenten. Het blijkt dat de nieuwe SSD strategie
relatief goed presteert. Daarom moedigen we wetenschappers aan om deze
verder te onderzoeken.

Ten slotte bespreken we de conclusies van dit proefschrift in Hoofdstuk
6, waar we ook een aantal interessante mogelijkheden suggereren om het
onderzoek voort te zetten. Een van die is een nieuw begrip van Robuste

ph

Stochastische Dominantie, die is bedoeld om een “onzekerheidregio’s” te ge-
bruiken voor sommige coéfficiénten in standaard SD algoritmen, zoals de

waarschijnlijkheden van verschillende rendementen.
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