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Summary & Conclusions — Condition monitoring is a
maintenance strategy where decisions are made depending on either
continuously or regularly measured equipment states. It is often
an efficient tool for cost-effective maintenance, since compared with
time-based preventive maintenance, it reduces uncertainty with
respect to actual states of equipment, and can thus avoid un-
necessary repair or replacement. However, it involves capital ex-
penditure and/or operational costs te perform measurements.

This paper presents a basic model for the economic evalua-
tion & optimization of the interval between successive condition
measurements (also called inspections), where measurements are
expensive and cannot be made continuously. It assumes that the
technigue can detect an intermediate state to failure for a failure
mode of interest. The influence of competing risks is analyzed,
leading to the conclusion that once the cost-effectiveness of the
condition-monitoring has been established, competing risks need
not be considered in determining the optimum condition monitor-
ing interval. Inspection is cost-effective if the intermediate state
has a: 1) non-decreasing hazard rate, and 2) shorter mean residence
time than the good state (good-as-new condition), while costs of
failure are high enough compared with inspection & repair costs
in the intermediate state. Assuming that the distribution of the
residence time in the second state is unimodal, estimation of the
mean (or scale parameter) and standard deviation of this state, in
many cases, provides enough information to make a good decision
on the inspection interval. The most important model parameters
are identified by sensitivity analyses; it is shown that the model
can be simplified thhout seriously affecting optimal decision
making,.

1. INTRODUCTION

The main aim of inspections is to obtain useful informa-
tion on the state of technical systems to be maintained. This
paper focuses on regular inspections to check whether failures
are impending, eg, vibration or oil-debris analys:s The value
of inspections is twofold:

« less extensive repairs might be needed if a potential failure
is detected before it creates follow-up damage,

» corrective actions might be deferred to a more opportune mo-
ment with less negative impact for the users of the system.

As such, inspections do not reduce the number of repairs. A
good working inspection or condition monitoring scheme,

however, does reduce the need to open and overhaul systems
regularly, as this itself is sometimes a cause of failures. There
is a tendency to apply condition monitoring techniques to more
systems, and the question arises when condition monitoring in
particular or inspection in general, is cost effective.

This paper analyzes a basic model for the economic evalua-
tion & optimization of inspection techniques. The model assumes
that for one type of failure mode a system passes through an in-
termediate state, which can be detected by the inspection. There
might be other failure modes as well for which the inspection
method cannot detect an intermediate state, the so-called com-
peting risks. The definition & identification of the intermediate
state depends on the inspection technique used, and indicates that
a certain amount of deterioration has occurred. Usually, the mean
time-to-failure from the intermediate state (phase-2) is much less
than for a new system. Besides optimality, we focus on deter-
mining which model parameters (especially concerning phase-2)
are essential for optimization. To this end we compare the op-
timum of the full mode} with optima of simplified versions of the
model, in which some parameters have been left out or set at
default values. In this way we list the key model-parameters. These
results facilitate the parameter estimation problem.

This paper reviews only the immediately relevant literature.
The PM-CD’ can be considered as a variant of one in Mine
& Kawai [4]; however, they: a) did not consider competing
risks, and b) provided a criterion for existence of a finite op-
timal inspection strategy under a stronger assumption than we
do. Our model is also similar to the delay-time model of Christer
& Waller [1] in which the délay time corresponds to phase-2
in PM-CD and the competing risks are disregarded. Christer
& Waller [2] applied their model with success, but did not pre-
sent extensive sensitivity studies to' determine which model
parameters are essential (the main subject of this paper). The
competing risks in PM-CD include all other failure modes which
are not detectable by the condition monitoring technique and
their occurrences lead to a renewal of the system. Hence preven-
tive overhaul can be included in the competing risks. Valdez-
Flores & Feldman [8] overview inspection models.

The 2-phase model is a special case of more general models
in which a system passes through multiple states before failure,
and in which state-dependent inspection policies are applied [6,
7]. Although for these general models the analysis & optimiza-
tion results are not much more difficult, they are harder to apply
in practice, because:

» data are needed to describe each phase, while implementa-
" tion requires an on-line decision-support system;

'E'dltors note: We have assigned this acronym PM-CD, for preven-
tive maintenance - Coolen-Dekker (model) for simple, clear, unique
reference to the concept.
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« the intermediate states are usually not observable, unless in-
spection is carried out.

These models are appropriate, however, if inspection yields a
metric result, so a measurable quantity (eg, wall thickness)
which has a quantitative relationship with reliability is required.
In general, it is difficult to obtain such a quantitative relation-
ship. For example, in vibration analysis the inspection results
are usually put into two or three categories (normal conditions,
some deterioration, and substantial deterioration urging im-
mediate shutdown; the latter can be considered as a failure).
The distinction between these categories is also difficult to make.
It is clear that the 2-phase model, PM-CD, is simpler than the
multi-phase models and requires less data. A fixed optimum
inspection interval is also easy to implement. Refs [1, 2] show
data can be obtained for such an approach.
All needed proofs & derivations are in the appendix.

Notation
G good state: as-good-as-new
B bad (or intermediate) state: the system is still function-

ing, but degradation is observable upon inspection

D1 down state due to the failure mechanism through the
Bad state

D2 down state due to the competing risks

t critical inspection time: inspections are made at time
t after the most recent inspection or failure-repair

L renewal-cycle length, a r.v.

T, time to transition from state [ to j (i=G,B;
Jj=B,D1,D2), a r.v.

Cq cost of inspection in state G

Cy cost of inspection & repair in state B

Cpj cost of repair in state Dj, j=1,2

(1) mean long-term total cost-rate

®,pn(t) the part of ®(¢) resulting from the 2-phase failure
mode for which condition monitoring is applied

Pcr the part of & (¢#) resulting from competing risks
C(t) mean renewal cost per cycle

L() B{L}

t* Optimal critical inspection time

Pi(r), P; Pr{a cycle ends in state i}

A transition rate from Gto B, A > 0

i transition rate from G or B, to D2, 9 = 0

F, f, h Cdf, pdf, hazard-rate of Ty p,

RL relative loss

i optimal critical inspection-time based on a simplified
model j.

Other, standard notation is given in *‘Information for Readers
& Authors™ at the rear of each issue.

2. THE 2-PHASE MODEL WITH COMPETING RISKS

The 2-phase model is semi-Markov representing the life &
deterioration of a system, as demonstrated by figure 1.
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Figure 1. Schematic Representation of the Connections Be-

tween the Possible States

Assumptions

1. T p is exponentially distributed with constant transi-
tion rate A.

2. Tg,py & Ty py are both exponentially distributed with
constant transition rate 7.

3. F(0) =0, fis continuous, and Tp p, has finite 1% & 279
moments.

4, Ten Tepa TB‘DQ_, Ty py are mutually s-independent.

S‘CD1> CB>CG>O'

6. States D1 & D2 reveal themselves immediately & cor-
rectly. Repair is to like-new (state G), immediately.

7. Inspection is the only way to determine whether the
system-state is G or B.

8. Inspections & repairs are perfect, ¢g, instantaneous, cor-
rect, and harm nothing.

2.1 Analysis of Model

Our aim is to determine the critical inspection time that
minimizes the mean total cost-rate.

From assumption 6, inspection or repair terminates a
renewal cycle. From the renewal reward theorem [5]:

&(t) = C()/L(1), (1)

C(1) = Pg:Cg + PpCg + Pp;-Cpy + Py Cpp,  (2)

Pg = exp[-(\ + 9)-1], €y
Py = exp(-n-t)-[1—exp[-A-]=F()] + (A + 1) -11(1),
@
Pp, = L(t) — N-L(2), (5)
Ppy = 1 — exp(-n:t)-[1=F(1)] — n-5(t) — L(¢)
=1— Pg— Py ~ Pp, ©6)

(for justification see appendix),

o = 2D

N+ 7 0f(u)-exp(-—>\- (t—u)) du, ¢))
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A
N+

L(t) = -Slf(u) -exp({-n-u) du. @
0

These equalities also hold for 9 = 0.
Lemma 1.

L(t) = Ppyly, for 9 > 0. : ®

L(t) = S‘ (1—Fpy(u)) du, forq = 0,
0

Fpi(u) = S F(u—y) -N-exp(-A-y) dy. -
0 .

Cﬁlculating & () needs specification of () onlj/ from O
to £

(1) = Pppu(t) + Bcr, (10)
Popu(t) = 0+ (Pg-Ce + Pp:Cp + PpCp)/Ppp,  (11)
the cost resulting from the 2-phase part, and
@cr = 17'Cn (12)

the cost resulting from competing risk failures (independent
of t).

Pp/(Pp+Ppy) indicates the relative number of bad states
detected before a failure occurs in a cycle. Hence it can be us-
ed as an effectiveness measure of the condition monitoring
technique; it depends on the competing-risk rate.

Without inspections (¢ — o) a cycle can end only in states
D1 & D2, with probabilities

Ppy(ee) = L(x), 13)

Ppy() = 1 — b(x). (14)

The corresponding ‘mean average costs are: '

& () = Sppyy(®) + Bcp, . @35)
Bar(e) = 7-5() Corl(1=D(@). ae)

The Cny do not influence the position of #*, but 4 does. The
optimization problem is similar to that of [4].

Theorem 1. If Cp; > 7, and if,
-]

¥(N) = S S(u)-exp(\-u) du < o, an
0

then ®(¢) has a minimum for a finite ¢;

1—5(<)
MN + ) — L()

v = [Cey + Cp- (1-1]

}[Cay + Cp-(1-y)1,

1
=11+
[ A = (M) -L()
(18

Ly = lim [\ +9) -exp[A+ 9)-2-51(8)] = ¥(N).

<«(19)

Eq (17) is satisfied if h(r) —

a. has a limiting value that exceeds \; or
b. is non-decreasing and E{Tp;} < I1/A,

Ref [4] shows that the criterion Cp; > # is necessary & suffi-
cient for the existence of a finite optimum, if the hazard rate
increases. monotonically to infinity.

If the 2-phase failure mode is relatively rare compared with
the competing risks (/N is large), then,

Co/lyCs + (1—y)-Cp]
should be large enough to justify inspection.

2.2 Example

A. bearing wears out (leading to play in the bearing) and
the wear can be measured by monitoring & analyzing its vibra-
tion. Table 1 gives the values of the model parameters, with
costs Cg for a single inspection, Cy for a realignment (in-
cluding inspection), and Cp;=Cpy related to failure of the
bearing (including all repair & downtime costs). Section 3 shows
that the final result is rather insensitive to changes in these
figures, and to changes in 7; so these figures do not need to
be very accurate. ' :

TABLE 1
Model Parameters
CG = $20
CB = $l20
CDI = $2000
CD2 = $2000
A\ = 1/(30 months)
7 = 1/60

"B{Tppt} = 2 months
StdDev{Tp p1} = 1 month

Three distributions for Tpp; have been used (Weibull, .
Gamma, and truncated s-normal); all of them led to virtually:
the same result, viz, an optimal inspection interval of about 1.5
month. The long-run mean total cost-rate is about $57/month,

‘This valve can be compared with the following two cases:

1. If neither preventive maintenance nor inspection is ap-
plied, then the mean total cost-rate is $93.9/month (including
$33.3/month caused by competing risks).
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2. If a preventive realignment is done at fixed intervals
(adjusted for failures, so according to an age-replacement
model), and not based upon vibration inspections, then minimal
mean total cost-rate is $93.5/month, for an optimal interval of
about 5 months. Of these, $21.4/month relates to preventive
realignment, $33.3/month to competing risks, and $38.8/month
to failures caused by the failure mode through the intermediate
state. -

Condition monitoring can substantially reduce the mean
total cost-rate. Approx 93.5% of the bad states occurring in a
cycle are detected before they lead to failure; this number is
approx 79.5% when fixed age-replacement intervals are applied.
These comparisons include only operational costs. Deciding to
introduce condition-monitoring also requires a balancing of the
necessary equipment costs with the operational savings ($200
for this failure mode).

Let the costs for failure of the bearing ($2000 in table 1)

are not know accurately, eg, it could be off by a factor of 2.-

Similarly Cp ($120 in table 1) might not be known within a
factor of 2. Table 2 shows the optimal critical inspection times
for all combinations of these uncertain costs, using Cdf{Tz ps}
= weif (#p p2/2.25; 2). Table 2 also provides the mean cost-
rate per month if the optimal inspection times are applied ac-
cording to the assumed cost figures, but in the situation where
the true, unknown, values of Cy, Cp;, Cp are $120, 2000,
2000 respectively. Table 2 shows that the loss caused by assum-
ing wrong costs are within reasonable limits.

TABLE 2
Example, Sensitivity Results
{the body of the table gives t* and (mean cost)]

Cp1=Cp2

Cp 1000 2000 4000
60 1.984 1.454 1.108
(59.25) (57.77) (59.11)
120 2.052 1.476 1.116
(59.62) (57.76) (59.07)
240 2.221 1.522 1.131
(60.59) (57.78) (58.97)

An algorithm to compute #* has 2 parts: 1) evaluate $(¢), and
2) optimize ® (). Evaluating ® (#) requires calculating the in-
tegrals Iy (¢) & I, (¢}, which can be solved with usual integra-
tion routines, eg, Laguerre-integration. For optimization we us-
ed a search and 10-point-section procedure, which determined
#* with an accuracy up to 4 decimal places.

3. SENSITIVITY ANALYSES

The main aim of this paper is to assess the importance of
model parameters, thus to check whether some parameters can

19"
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harmlessly be set at default values without 212 P ote

on optimality; thereby simplifying the parafrl c
Recall that the entrance into the bad state is 12" _
we only get censored information with respec
Sensitivity analyses were performed, co1x3F ‘?r
of the complete model over a wide range of para
The base values for the parameters, used irx ste

A=1, =1,
Co=1, Cp=6, CDI=1OO, Cpy =100,

Weibull distribution with mean = 0.2 and shap & P4
(StdDev = 0.07) for Tgp,.

The justification for these parameter valtt&S
ing. Inspection makes sense only when Cpy 15 !
Furthermore, Cp should be much less than Cy> 1 » t
Cg. The Tgp, should also be substantially 1esS ¢
it should have an increasing failure rate, which 1$ 1
The other choices are more or less arbitrary -

3.1 Results From Sensitivity Analyses

1. #* is very insensitive to changes in 77, @11
in Cg.

2. An increase of E{Tpp,} leads to a pro
crease of #*, while #* increases slowly when thhe St
decreases.

3. An increase of A or of Cp;, both

decrease of t*.

lead

Another important aspect is sensitivity tow aarcd:
tion of T5p;. We compared four unimodal clistri
the same mean & standard deviation (Weibull, G
cated s-normal, and lognormal), and found that
proximately the same r*. These results suggest th
the mean and standard deviation of Tz p1 while fitt
distribution, is reasonable. Only the first part o f ¢
a role. Hence not the mean of Ty p; is importzanit
ing (which is directly related to the meann fi;
distributions).

3.2 Comparison of Models Through Sensitiw i Ly

We compare the complete 2-phase mocie]
models, all representing simplifications obtain g
ding certain aspects. The objective is to verify, thi
timal results are still guaranteed with a min
acquisition effort. The models are:

. PM-CD complete model.

. Tz p; deterministic, with same mean ,

. 7=0.

. 17=0, CDJ=100

. 17:0, CD1=100: TB.DI cxponential, Witll )
. 7=0, Cp;=100, T p; exponential, X == 1/¢

bW



COOLEN/DEKKER: ANALYSIS OF A 2-PHASE MODEL FOR OFTIMIZATION OF CONDITION-MONITORING

Model 2 was incorporated, because its #§ = E{Tp p1}; so
a comparison of model 2 with model 1 gives insight into the
performance of using E{Tpp} as approximation for r*.
Models 3 - 6 avoid successively, competing risks, estimation
of failure costs, estimation of the distribution of Tpp,;, and
rate-of-occurrence of the bad state.

Several values for each parameter are considered.

Assumption

The final results hold between the extreme parameter
values for input data. -
The data are:

Cg=1 (scaling);

Cp=1, 2, 6, 10;

Cp1=2, 6, 10, 50, 100, 1000, with Cp; > Cg;
Cpo=Cpy;

E{Tppi}=1 (scaling);

StdDev{Tp n;}=0.25, 0.5, 1;

Tgp has Weibuﬂ disteibution (in the complete modetl);
A=1, 0.5, 0.2, 0.1, 0.04, 0.01, 0.001 (per month);
=1, 0.2, 0.1, 0.01, (;.001.

There are 1890 combinations for parameter valnes, For
comparison, we calculated the relative loss:

RL = [2(s}) — 2("))/®(s"),

tf = optimal strategy for model j =2,...,6.

It is obvious that RL is non-negative, because t* is the point
where ®(-) is minimal. Table 3 shows the maximum, mean,
and staridard deviation of the RL values per model. These values

are skewed to the right,

TABLE 3 :
Maximum, Mean, StdDev of RL for Alternative Models

model max RL mean RL .- StdDev RL
2 1774 0303 ~ 114
3 0.02164 0.000151 0.000923
4 13.45 0.359 1.05
5 15.43 0745 151
6 459.8 3.16 219

The main conclusions. from this comparison are:
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» Model 3 instead of model 1 leads to negligible loss.

* Models 2, 4-6 yield worse results. Therefore, it is not possi-
ble, within the range of parameter values considered, to avoid
estimating Cpy, StdDev{T3p1}, A. The necessary accuracy
of these estimates can be determined by analyzing the sen-
sitivity for a desirable application.

Model 6 yields the maximum RL values for cases where
there is no finite maximum RL value for the full model. This
occurs when,

A=4=0.001,
CB= CG= 1, CDI =sz=2,

StdDev{Tp p} =1 (with almost equal results for StdDev {73 p;}
=0.25 or 0.5 }. This case leads to #* — oo (no inspection at all)
based on the full model as well as models 2 - 5, while model 6
yields #* = 0.54. As the mean time to occurrence of state B is
1000, far too many inspections are carried out in model 6. This
example also shows, that although a failure mode is preventable,
inspection still might not be cost-effective, because of the low
failure frequency.

Table 4 compares t* and E{Tp,}. Out of the 1890 com-
binations, 777 lead to #* — oo; thus inspection is not cost-
effective. In most of the remaining 1113 cases, ¢* is smaller
than E{Tpp,}. Table 4 shows, for these 1113 cases, the
distribution of the ratio t*/E{Tp ;} over several intervals.

TABLE 4
Distribution of t*/E{Tgp1}

interval number
0.0-0.2 140
0.2 -0.4 231
0.4-06 207
0.6-0.8 202
0.8-1.0 145
1.0-2.0 165
2.0-50 22
50- ‘ 1
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APPENDIX

A.1 Derivation of (3) --(6).

Eq (3) - (6) are, by elementary calculus (convolution-
integrals and partial integration), derived from:
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PG = Pr{TG.B >t A TG,DI > f},

Py PI'{TG,B <stA Tgm > TG,B A TG,B+TB,D1 >1

A Top+Tom > t},
Pp; = Pr{Tgp+Tpp1 < t A Tgp2 > Tgp
A Top+Tsm > Tos+Tamih
Pp = Pr{lTgp2 < t A Tgp > To,pol
V [Top+Tapr < t A Tgp2 > Tos A Top+Tpm

> TG,B+ TB,DZ]} .

A.2 Proof of Lemma 1

The length of a renewal cycle is ¢ unless it stops premature-
ly by arrival in states D1 or D2. Let Fp, & Fp, denote the
Cdf’s of the times-to-arrival in states D1 & D2 respectively,
then L(r) = E{min(},#)} where I represents the lifetime without
inspections, so Sf{l} = (1—Fp;)- (1 —Fpy). This implies that
L(¢) is the mean life restricted to ¢, leading to [3: page 97]:

L(z) = j (1= Foy (4)) - (1 — Fpa () d,
0

Fouw) = j F(u—y)-\-exp(-\-) dy,
0

Fpy(u) = 1—exp(-n-u).

Straightforward calculation leads to lemma 1. Q.E.D

A.3 Proof of Theorem 1

A sufficient condition for the cost-effectiveness of the con-
dition monitoring technique, or in other words, for the existence
of a finite £ with ®(#) < & (o0) is obtained by considering the
sign of ®'(t) as t — oo.

For simplicity we define,

Ppy(o0) - Cp;  Popy(t)

GO = @) -Bamm(o)

1 .
= ——[Pg-Cq + Pp-Cp + Pp,-Cp};
Pp; ‘

80 G(t) = c-Pypy(t) with c a positive constant, and G(t) &
& (¢) behave similarly as ¢ ~ oo, The following results are
straightforward:

lim [G(1)] = @,

lim [G'(1)] = -,

'1_i.m [G(1)] = Ppi(e) - Cp1/Ppp(),
‘1112 [G'(1] =0.

A sufficient condition for the existence of a finite £* is ob-
tained if G'(#) —0 as t— oo, Taking the derivative of the terms

of G(t) yields

P'g = ~(A+n)-exp(~(\+1) 1),

P'y = (A+n)-exp(-(A+n) 1) — qeexp(-n-1)- (1—F(1))
— (ML),

P'py = N (N +n) L (1),

]

Mf(;) = (N+n) (1),

() = Nt

(1) = )—\%;eXP(-ﬂ-t) £(8).

After some calculus we arrive at: G'(¢) > 0 for t—o
(with G'(}%)=0) iff

Cor[B- (A = (A1) (0)) = 7d-B(e)]
> [1=h ()] -[Cq* (A1) + Cplnd + (B=1)- (A+)l]

lim [exp(h-1) - (1-F(5))],

Lim [v+7)-exp(\+7 ) 1)1y (1)

A

i

B

= r,f(u) -exp(\-u) du.
0

B < oo implijes that A=0. O.E.D.
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