international journal of

production
economics

) i'
AR 4’.

ELSEVIER Int. J. Production Economics 45 (1996) 489-498

Product remanufacturing and disposal: A numerical comparison of
alternative control strategies

Erwin van der Laan*, Rommert Dekker, Marc Salomon

Erasmus University Rotterdam, P.O. Box 1738, NL-3000 DR Rotterdam, Netherlands

Abstract

In this paper we consider a single-product, single-echelon production and inventory system with product returns,
product remanufacturing, and product disposal. For this system we consider three different procurement and inventory
control strategies, i.e., the (s;,Q,,sq4, N) strategy, the (s,, 0,,54) strategy, and the (s,, Q,, N) strategy. The control
parameters in these strategies relate to the inventory position at which an outside procurement order is placed (s, ), the
inventory position at which returned products are disposed of (s4), the outside procurement order quantity (Q,), and the
capacity of the remanufacturing facility (N). For each of the strategies we derive exact expressions of the total expected
costs as functions of the control parameters. Main objective of this paper is to compare the performance of each of the
alternative strategies with respect to costs, under different system conditions.

Keywords: Production planning and inventory control; Remanufacturing; Disposal; Re-order point and disposal point
strategies for inventory control; Stochastic models; Markov chains

1. Introduction

Today, authorities force by means of environmental laws that manufacturers reduce the amount of waste
generated by their products. Also, environmental conscientious consumers put pressure on manufacturers to
start waste reduction programs. One option to reduce waste is to remanufacture. While remanufacturing,
{components of) used products are returned from the market. Upon return, the used products are tested,
cleaned, and repaired. Typical for remanufacturing is, that after these operations the product is suitable to be
re-sold in the market of new products. This implies that remanufactured products need to satisfy the same
quality standards as new products.

Although product remanufacturing influences almost all functional areas in business (see [1]), we restrict
ourselves in this paper to the operations management related consequences of remanufacturing. In particu-
lar, we focus on production planning and inventory control strategies with remanufacturing.
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In the past, most articles that appeared in the operations management literature dealt with inventory
control of spare parts. Typical assumptions in models for spare-parts are, that, (i) demands for new products
are generated by product failures (returns) only (implying perfect correlation between demands and returns),
and (ii) the number of spare parts in the system is kept constant over time. This is why spare parts inventory
control models are often indicated as ‘closed-loop’ models. Overviews on closed-loop models are found in
Nahmias [2] and Cho and Parlar [3], among others.

Since recent, a growing interest for remanufacturing can be observed in the operations management
literature. Specific for the situation with remanufacturing is, that assumptions (i) and (ii) do often not apply,
i.e., in practice demand and returns are not perfectly correlated, and the number of products in the system
may fluctuate over time. In addition, used products may still be disposed of after return from the market. This
may be necessary due to a test outcome indicating that the product is (technically) inappropriate for
remanufacturing, or it may be motivated by economical considerations. The latter might for instance be the
case when a product is at the end of its life-cycle, where the average demand for new products is smaller than
the average number of returned products. Remanufacturing all returned products would result in relatively
high inventories, and consequently in high costs.

One of the first production planning and inventory control models which applies to the situation with
remanufacturing was proposed by Muckstadt and Isaac [4]. In this model, it is assumed that demands and
returns are independent Poisson processes, and outside procurement lead-times are constant. The re-
manufacturing process is modelled by a multiple server queueing system, with stochastic remanufacturing
lead-times. The inventory position and the outside procurements are controlled by an (s,, Q,) continuous
review strategy, where s, is the outside procurement level, and Q,, is the outside procurement quantity. The
implementation of this strategy is as follows: whenever the inventory position drops below s, + 1, an outside
procurement order of size Q, is placed. Muckstadt and Isaac present a numerical approximation procedure
to calculate the control parameters, such that the sum of serviceable inventory holding costs, fixed outside
procurement costs, and backordering costs is minimized. Disposal of used products is not allowed to occur in
their model.

In an earlier paper, Heyman [5] presents a model which applies to the situation with disposal.
However, remanufacturing lead-times, fixed outside procurement costs, and outside procurement lead-
times are not taken into account. Heyman pointed out that under these conditions it is optimal to set
the re-order level s, = —1 and the outside procurement quantity Q, = 1. The only remaining control
parameter is sq: the inventory level at which disposal becomes profitable. The strategy of the single
parameter model is as follows: as long as the inventory level exceeds or equals sy, every returned product
is disposed of upon arrival. Heyman develops an exact expression to determine the parameter s4 under
which the sum of inventory holding costs, production costs, remanufacturing costs, and disposal costs is
minimized.

Another interesting class of models in the context of remanufacturing are the so-called cash balancing
models. In cash-balancing models, the amount of money in the cash (cash position) is controlled by an
(Sp, Sp» 84, Sq) strategy. This strategy is as follows: at the beginning of each period the cash position is
inspected; whenever the cash position is at or below s,,, money is ordered at the central bank, such that the
cash position increases to S,. Furthermore, whenever the cash position exceeds s, money is transferred to
the central bank, such that the cash position reduces to S4. Although these models consider both outside
procurements (money orderings), and disposals (money transfers), practical applicability of these models for
remanufacturing is limited to the rather uncommon situation were procurement lead-times, disposal
lead-times, and remanufacturing lead-times are negligible. An overview of various cash-balancing models is
given by Inderfurth [6].

Up to now, only two papers consider strategies in which decisions on outside procurements, remanufactur-
ing, and disposals are considered simultaneously. As already mentioned, these combined strategies might be
interesting from an economical point of view (see also [7]). In Salomon et al. [7], the (s;, @, sq) strategy is
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introduced and analyzed for a production-inventory system similar to the system considered by Muckstadt
and Isaac [4]. In van der Laan et al. [8] an alternative disposal strategy is considered, i.e., the (s,, 0., N)
strategy. Under this strategy, remanufacturing and disposal are controlled by the queue length of returned
products waiting to be remanufactured. The implementation of this strategy is as follows: whenever the
number of products waiting in the queue in front of the remanufacturing facility equals N, every returned
product is disposed of upon arrival.

The purpose of this paper is to present an operating strategy which generalizes the (s,, 0,,sq), the
(Sp» @p, N), and the (s,,Q,) strategy and to perform a numerical comparison based on exact analysis. The
generalized strategy consists of four control parameters, and is denoted by (s,,, Q,, s4, V). Under this strategy,
disposal of a returned item takes place in two cases, i.€., (1) whenever the inventory position equals s4, or (i1)
whenever the number of products in the remanufacturing facility equals N. This operating strategy is further
outlined in Section 2. Furthermore, in Section 2 an exact expression for the total expected costs under this
operating strategy is derived. In Section 3 the performance of the three control strategies is compared with
respect to expected minimal costs. To the latter end we report on the results of a numerical study.
Conclusions and directions for further research are given in Section 4.

2. Inventory control under an (s,, Q,, s4, N) strategy

The (s,. Qp, 54, N) strategy outlined here applies to the situation where a single-product is remanufactured
and stocked at a single location. The other assumptions with respect to the production~inventory system are
the following:

+ product demands and product returns are independent Poisson processes. The expected time between two
subsequent product demands (returns) equals 1/4 (1/y). Demand (return) quantities per demand (return)
occurrence are equal to one unit,

» remanufacturing of product returns takes place in a remanufacturing facility. The remanufacturing facility
consists of ¢ identical parallel remanufacturing machines. Each machine has the capacity to remanufacture
one returned unit at a time. The remanufacturing time at each machine is exponentially distributed, with
expectation 1/u. Remanufactured units enter the serviceable inventory,

» the queue in front of the remanufacturing facility consists of returned units waiting to be remanufactured.
Units which have entered the queue are remanufactured as soon as a remanufacturing machine becomes
available. The queueing discipline is FCFS. The maximum number of units of the remanufacturing facility
equals N,

» whenever the inventory position drops below s, 4+ 1 (s, > 0), an outside procurement order of size Q,
(Q, = 1) is placed. The procurement lead-time equals T,

+ returned units are either remanufactured or disposed of, depending on the inventory position and the
number of units in the remanufacturing queue. The strategy with respect to remanufacturing and disposal
is as follows: whenever the inventory position equals sy, or whenever the number of units in the
remanufacturing facility equals N, returned units are disposed of upon arrival. Returned units that are not
disposed of enter the remanufacturing facility,

+ customer demand is fulfilled from serviceable inventory, or from outside procurements. If customer
demand cannot be fulfilled immediately, demand is backordered,

« the costs consist of the following components:

fixed outside procurement costs of A per order,

variable outside procurement costs of 6, per ordered unit of product,

— variable remanufacturing costs of 4, per remanufactured unit of product,

variable disposal costs of d4 per disposed unit of product,

inventory holding costs of A per time unit per unit of product in serviceable inventory,

!

!
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~ inventory holding costs of h, per time unit per product in the remanufacturing facility,

— backordering costs of é, per unit of product per time unit.

The relevant processes and goods-flows of the production—inventory system are depicted in Fig. 1.

We will now derive an exact expression for the total expected costs resulting from the implementation of
the (s,, O, 54, N) control strategy in the above production-inventory system. It should be noted that both the
(Sp, @p, 5q) and the (s,, Q,, N) strategy are special cases of the (s,, Oy, sq. N) strategy: the (s, @, 54) strategy is
identical to the (s,,Q,,54,N) strategy with N =cc, and the (s,,Q,,N) strategy is identical to the
(Sp> @p» 84, N) strategy with s4 = cc.

In the derivation we use the following notation: N(t} is the net inventory at time ¢; O(¢) is the number of
on-hand products in serviceable inventory at time ¢, and B(z) is the number of products in backorder at time ¢.
By definition the following relation holds,

N(1) = O(t) — B(1). (1)

Furthermore, the inventory position at time ¢ is denoted by I(¢), the number of products on order at time ¢ by
P(t), and the number of products in the remanufacturing facility at time ¢t by R(f). The inventory position at
time ¢ is defined as

I(t) = N(t) + R(?) + P(). 2

Note that at time ¢ all outside procurement orders outstanding at time t — ¢ have arrived. Hence, the net
inventory at time ¢ equals the inventory position at time ¢t — 7, minus the number of products in the
remanufacturing shop at time t — 7, minus the demands during the interval [t — z,t], plus the output of the
remanufacturing shop in the interval [t — 7,¢]. In formula,

N@ =I(t—1)—R(t — 1)+ Z(t — t,1) — D(t — 1,1), (3)

where D(t — 7,t) is the demand, and Z(t — t,t) is the output of the remanufacturing shop in the interval
[t — 7,t]. It should be noted that the demand in the interval [t — t,¢] is Poisson distributed, i.e.,

exp ~*(Ar)*

Pr{D(t —1,0)=d} = 7

(4)

To obtain an expression for the expected net-inventory using (3), we need to calculate the limiting joint
probability,

lim Pr{l{(t —1)=i, Rt —t)=r,Z(t —7,0) =2, Dt —1,0) =d }. (5)
t—= o
disposal outside
procurement

R

returns remanu- serviceable| [demands
—— 001 . — . ——-
queue | facturing [ inventory

—]

Fig. 1.
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Since I(t — 1), R(t — 1), and Z(t — 7,t) are not mutually independent, it turns out to be complicated to
evaluate the right-hand side of (5) directly. However, evaluation is simplified by rewriting (5) as,

tlini Pr{D(t —t,t) =d}nm,,p. ;... (6)
where

T, = :hj?g Pr{I(ty=1i, R(t) =r} )]
and

peis = lim Pr{Z(t — ) =z It = =i, Rt — 1) = r}. ®)

To calculate =n;,, we formulate a continuous-time Markov Chain model with state space & =
{(,r)]s, < i< 54,0 <r < N} Thestate (i,r) in this Markov Chain model corresponds to the situation where
the inventory position equals i, and r products are in the remanufacturing facility at time ¢.

The non-zero transition rates from state (iy,7o) to state (iy,”(), gi,,.i,r,» in the Markov Chain model are
written as

¥, Sp+1<ig<sy, 0<ryg <N, h=ig+ 1, ri=ro+1,
A, s+ 1 <ig<sg, 0K g <N, iy=iy—1, r =rg,
Qigroviir, = $ A dg =8, + 1, 0<ry €N, iy = s, + Qp, ¥1 = 1o, 9)
. Sy + 1 <ip <54, 1 <rp <min{c,N}, iy =io, ri=ro— 1,
cp, Sy + 1 <ig <sq, ¢ <ro <max{c,N}, iy = i, Fo=to— 1.

Numerical values for #;, are obtained from solving a system of linear equations, using Gauss-Seidel
iteration.! The conditional probabilities p, ;, are calculated by transient analysis of the Markov Chain model
outlined in the appendix.

For further analysis of the cost function we define the following expectations:

O(sy,Qp. 54, N) = lim E{O(1)}, (10)
t— o
B(sp, Q. 54, N) = lim E{B(1)}, (1)
R(Sp, Qps 54, N) = lim E{R(1)}. (12)
=
The expectations are calculated as
Sq N © o
O(Sp’Qp’Sd’N)= Z Z Z Z (i—r+z_d)ni,rpz\i,rpr{D(T)=d}1{i7r+z7d>0} (13)
i=s,+1r=02z=0d=0
Sa N o w©
B(Sp’Qp’SdsN)= z Z Z Z (r_i+d_z)ni,rpzii,r Pr{D(T)Zd}l{r7i+d—z>0} (14)
i=s,+1r=02z=0d=0
Sa N
R(Sp9Qp,Sd’N) = Z Z I, (15)

i=s,+1r=0

! Whenever the number of states in the state space & is infinite (which occurs for example if 54 = o), we truncate the state space, such
that only a finite set of linear equations remains to be solved. In general, we found that truncation does not cause numerical problems.
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where 1, . ) is the indicator function, which is defined as

1 R if x>y,
>3 70 0 otherwise

and lim,_, , Pr{D(t — 1,t) =d} = Pr{D(r) = d}.

Next we derive an expression for the average number of returned products per unit of time that is not
disposed of. In what follows, we denote this average which we might call the acceptance rate by
7(sp, Op» Sa> N). Recall that products are disposed of, either when the inventory position equals s4, or when the
number of products in the remanufacturing facility equals N. It follows that

N sqg— 1
}T(Span’SmN) :V<1 - Z Tspj — z ni,N)- (16)
ji=0 P=sp+1

Since the average number of outside procured products per unit of time equals A — (sp, Qp, 5S¢, V), the
average number of procurement orders per unit of time equals (4 — 9(8p, Qp, Sa, N))/Q,. Furthermore, the
average production costs per unit of time are calculated as (1 — 7(s,, Qp, Sq- N))d,, the average remanufactur-
ing costs are equal to 7(sp, Qp,Sa, N)J,, and the average disposal costs equal (7 — 7(sp, Qp, 54, N))d4. This
results in the following expression for the total expected costs C(s,, @, 84, N),

/1 - ?(sp’ QP’Sdn N)
Q5

+ (A — 7(8p> p» Sas N))Op + 7(Sps Qp» Sas N)Or + (7 — 7(Sp, @y Sa, N))dg

_ </1 - ?(S[n Qp;sd7N)
p
+ R(Spa Qp:sd’N)hr + ?(Sps Qp’sd’N))A + kép + 75‘1’ (17)

where A = §, — d;4 — J,. Note that the constant 4 can be interpreted as the marginal costs of remanufactur-
ing per remanufactured product.

In order to carry out a numerical study on the performance of the three aforementioned control strategies,
we need to search for the combination of control parameters corresponding to the minimum of (17). We have
implemented an enumerative search procedure to find this combination. In general, the enumerative search
yields within a reasonable amount of time the parameter combination corresponding to the true minimum of
(17).

Note that, for the optimal combination of control parameters, the following two relations hold:

C(Sps Qp,5a, N) < C(s5,Qp,54) and  C(sy, 0,84, N) < C(s,,05,N"), (18)

C(Spa Qp>sd,N) = < )A + O(Sp’ Qp7sdaN)hs + B(Sps QpasdaN)éb + R(Spa stsdaN)hr

>A -+ O(Sp, Qp’ Sd,N)hs + B(Sp, Qp,Sd,N)ab

since the three parameter strategies are special cases of the four parameter strategy.

3. Numerical study

In this section we study the behaviour of the (s,,Q,, 54, N) strategy and two of its special cases, i.e. the
(S5, Qp» Sa) strategy and the (s,,Q,, N) strategy. Besides a small numerical comparison at the end of this
section, we first present some interesting characteristics of the above-mentioned strategies:

* the (sp,Qp,54) strategy; If cu <y it may occur that the acceptance rate 7(s,,Qp,84) is larger than the
maximum remanufacturing rate cy, causing the remanufacturing inventory to ‘explode’. To prevent infinite
costs if h, > 0, s4 has to be given a finite value, such that the acceptance rate is smaller than the maximum
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remanufacturing rate. Note that if y is large compared to cu, this may even lead to putting s4 equal to
s, + 1, which implies that all incoming products are disposed of. If ¢p 1s small compared to y we expect the

1Wart chn A ha ral 1 Cin a Aig
numbei of items in the 1\uuuuuiaCLuriu5 saop to be relati v'piy 1arge. SIince we Gispose on 1uV\.uLU1_y Pumuuu

we do not directly control the (large) number of items in the remanufacturing shop so we expect this

strategy to provide poorer control on disposals in case of small values of cu than for larger values of cu.

s the (s,,Q,, N) strategy; If y > 4 it may occur that the acceptance rate is larger than the demand rate,
causing the serviceable inventory to ‘explode’. To prevent infinite costs if h, > 0, N has to be given a finite
value, such that the acceptance rate is smaller than the demand rate. Note that if y is large compared to 4,
this may even lead to putting N equal to 0, which implies that all incoming products are disposed of.

Ifc Cit is 1a155 bUllllJalCd {0 7 we expect this s strategy to piuudc poor control on diSpOS}iia Since in this case
there is almost no queueing, the only option besides accepting almost all incoming products (N > 0), is

disposing all incoming products (N = 0).

* the (s,,Q,,5q4, N) strategy; With respect to the cases cu <y and y > 4 the same remarks made for the
(55, Qyp,54) and (s,, Q,, N) strategy hold. However, we expect this strategy to perform somewhat better than
the other two since this strategy has finer disposal control capability.

In our numerical study, we use a standard parameter set. The parameter A serves as a scale parameter and
is put at 1, whereas Y, C and [ arc chosen such that < A< Ci, which uupucs that even if sqg = or N =0,
the inventory system will not ‘explode’. The number of remanufacturing machines is put at 1, so that the
(s,,Q,, N) strategy has maximum control on incoming products (less machines implies more queueing, which
1mp11es more control). The cost parameters are such that optimization results in nontrivial values of the
decision variables. However, we found that the effects presented in the remainder of this section are very
typical for a wide range of parameter settings.

We would like to note that the optimal values of the decision variables for all three disposal strategies do
not so much depend on the individual values of ¢,, d,, and 4. It is the combination of the three, namely
A4 =6, — 34 — &, which influences the optimal values of the decision variables. In other words, all combina-
tions of 8,,, d,, and d4 for which 4 = ¢, and ¢ some predefined constant, will result in the same optimal values
of the decrsron variables {optimal costs however may differ). We have chosen 4 = —2.00.

An overview of the standard parameter settings can be found in Table 1.

In the remainder of this section we will indicate the minimal cost function associated with the (s, Q,, N)
strategy, the (s,, Qp, S4) strategy, and the (s,, @, 5a, N) strategy with Cg, C*, and Cg,, respectively.

We have investigated the following scenarios:

* Scenario I: varying the return rate y Fig. 2 shows that for small values of y the three strategies do not differ

very much. but ag v increasesg f‘ and C* hecome mnrnﬁr‘anﬂv gsmaller than C¥ narticularly if Y ~ i It

iliuvii, Uul Qs aLvivasvs auu o OOVULIIL Sigiliibaliu y Siliaiivi Ulail R aluluiany > A1t
s H

seems that the (s,, Q,,N) strategy does not control the return ﬂow properly. Moreover, for large values of
v the optimal (s,, Q,, N) strategy is to dispose all items (indicated by the flat Cg -curve for y larger than
approximately 1.6). Fig. 2, where we have J, > J,, shows that for all three strategies there exists some
positive value of y for which the optimal costs curve is smallest. However, C;* takes on its minimal value for
a larger vaiue of y than Cy, implying that the optimai (s,, Q,, S4) strategy is attractive for larger values of y

Table 1

Qi

Standard par ameter bClllIlgb

A =1.00 A = 10.00
y =0.70 h, = 1.00
4 =2.00 he = 1.00
c=1 8, = 10.00

7 = 10.00 A=-200
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than the optimal (s,, Q,, N) strategy. The value of Cgj does not seem to differ significantly from C*, except
for very ]nrm—'- values of the return rate.

Scenarlo 2: varying the remanufacturing rate p. Fig. 3 shows that for small values of u compared to y (i.e.
u approximately between 0.4 and 1.4) C{* performs somewhat worse than Cy and Cgj. As was mentioned
earlier, this is due to indirect control of the returned units in the remanufacturing shop. For larger values of
u however, the optimal (s,, Q,, S4) strategy operates more efficient than the optimal (s,, @,, N) strategy as
was expected The optimal combined strategy is a reasonable improvement of C;* for smali values of x4, and

of Cx for larger values of u. If we would vary the number of machines, we would see a similar behav10ur as

fhP hpha‘nnnr Illsf !‘IPQPT‘I}'\!‘I‘] Clnf‘f) CIT‘\ lﬂCTPQQP f\f fhp ﬂllthT f\F mﬂchlﬂpc AP(‘TPQseS t]’\

Ju L, SIILO j83034010. 9 11105 GoLiva ix

queue-length, just as an increase of the remanufacturing rate does.

4. Summary and concluding remarks

In this paper we have presented the (s p,QI,,sd,N ) disposal strategy and its special cases, namely the
at

\.sp, gp, 5q) strategy and the \bp, gp, N strategy. A small numerical study indicates that the UleIIldl (ap, gp, Sq)
strategy outperforms the optimal (s,, 0,, N

strategy (with respect to costs) in most of the situations that were
considered. Furthermore, combining both strategies in the (s;, 0., 84, N) strategy may result in reasonable
costs reduction since, in the optimal case, this strategy provides a lower bound on costs for the other two

)
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strategies. The reader must note however that the computational burden involved with the optimization of
these strategies, and the four parameter strategy in particular, is considerably large and probably not very
practical. However, we think that this paper provides some insights in the effects of disposal strategies on
inventory control which may be of help in constructing disposal strategies for more complex situations or in
constructing fast approximative algorithms.

Other types of strategies may be worth while to consider as well, such as a strategy in which returned
products are not immediately remanufactured or disposed but delayed for remanufacturing until they are
really needed. This may be typical for the situation in which &, < h, or the situation in which we have nonzero
setup costs for remanufacturing. This will be a topic for further study.

Appendix. Transient analysis

To show how we used transient analysis to compute the conditional probabilities p,; ;, we consider here
the case of the (s,, 0,, N) model. Note that in this case the in- and outflow of the remanufacturing shop is
independent of inventory position.

Consider a M/M/c/N queueing system, where ¢ is the number of identical parallel servers and N is the
maximum number of ‘customers’ in the system. Let 7 be the arrival rate of customers and yu the service rate.
This system can be formulated as a continuous-time Markov chain {X(z); ¢t > 0}, where X (1) = (i,k)
whenever at time ¢ the number of customers is equal to i and the output of the system since time ¢ = 0 is equal
to k. The nonzero transition rates from state (i,k) to state (j,[), gu, j, are given as

v, 0<i<N, 0<k
=< i, O0<i<min{c,N}, 0<k<oo, j=i—1,1=k+1, (A.1)
0<k<ow, j=i—1,1=k+1

<o, j=i+ 1, I=k,

~
cu, ¢c<i<N,

The total nonzero transition rates out of each state (i, k), vy = Zjig Y20 dik, ji» Ar€ given as
7, i=0, 0<k<oo,
min{i,cly, i=N, 0<k <o,
T e (A2)
Y+ i, 0<i<min{c, N}, 0<k<oo,
Y+ cu, ¢c<i<N, 0<k <o,

Next we apply a uniformization.
To go from the continuous-time Markov chain {X (¢); ¢ > 0} to the embedded discrete-time Markov chain
{X(n), n=0,1,2,...} we compute the one-step discretized transition probabilities p; j as

/v, 0<i<N, O0<k<oo, j=i+1, I=k,
iufv, 0<i<min{¢, N}, 0<k<oo, j=i—1, I=k+1,
Pacji = cu/v, c<i<N, O0<k<oo, j=i—1, I=k+1, (A.3)
L—v9lv, i=j=0, =k,
1 —cufv, i=j=N, [=k,

where the constant v is chosen such that v > maxg,v,. Since vy <9 + cu we choose v =7 + cu. The
probability p; ,(7) that at time ¢ = 7 the number of served customers is equal to k, given that at time ¢ = 0 the
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system is in state (i,0), can recursively be computed using the equation (see [9])

N
_ye VT _(n
piu(t) = Z exp™ —_(n) z pi(OTjk, (A.4)

i=0

where the n-step discretized transition probabilities 131-(3), & are recursively computed as

_ —(n—1) _
pl((';)jk = Z Z Pio,mt Pmi, jk - (23)

m=01=0

Returning to Section 2, we now have an expression for the conditional probability, namely
Peo(7), s+ 1<i<<sy, 0<z <00,
Payir(t) = { y ‘ (24)

0 otherw1se.

One can apply the same procedure to the unconstrained (s,, @, 54, N) disposal model. However, in that case
the output of the repair shop is also dependent on the inventory position, thus an appropriate extension of
the state space, to keep track of the state of the inventory position, is needed to obtain the desired results. It
goes without saying that the computational burden grows exponentially with the dimension of the state
space which implies that this procedure is practically feasible for ‘small’ values of s4 only.
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