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In this paper we investigate denumerable state semi-Markov decision chains with small 
interest rates. We consider average and Blackwell optimality and allow for multiple closed 
sets and unbounded immediate rewards. Our analysis uses the existence of a Laurent series 
expansion for the total discounted rewards and the continuity of its terms. The assumptions 
are expressed in terms of a weighted supremum norm. Our method is based on an algebraic 
treatment of Laurent series; it constructs an appropriate hnear space with a lexicographic 
ordering. Using two operators and a positiveness property we establish the existence of 
bounded solutions to optimality equations. The theory is illustrated with an example of a 
K-dimensional queueing system. This paper is strongly based on the work of Denardo [11] 
and Dekker and Hordijk [7]. 

1. I n t r o d u c t i o n  

The history of semi-Markov decision chains (abbreviated by SMDC) started in 
the beginning of the sixties, following the introduction of the semi-Markov 
process. In literature, the term Markov renewal program, which is the decision 
variant of the Markov renewal process, is also used, the difference lying only in 
the description of the underlying process. The theory for SMDC was, and is, 
closely related to that for (discrete-time) Markov decision chains (MDC), since 
most concepts and ideas were first developed for MDC and then generalized to 
SMDC; in the same way this paper is a generalization of Dekker and Hordijk [7]. 

Initially, the theory for SMDC was developed for models with a finite state 
space and finite action sets. Several optimality criteria were investigated, such as 
discount and average optimality, cf. De Cani [6], Howard [20], Jewell [21] and 
Schweitzer [32]. Subsequently, considerable effort was spent on the generalization 
to models with a denumerable state space and compact action sets. The extension 
of discount optimality to the denumerable state and compact action case is quite 
straightforward, cf. BlackweU [3]. For average optimality however, the denumer- 
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able state space gave complications concerning the asymptotic behaviour of the 
embedded Markov chain. The first results required a simple Markov chain 
structure such as ergodicity or later unichainedness, both together with bounded 
rewards, cf. Derman [13], Ross [27] for the discrete-time case and Ross [28], 
Hordijk [18], Federgruen and Tijms [16] for the serni-Markov case; the last two 
papers also allowed compact action sets. This was extended to the unbounded 
rewards case by Hordijk [18], Federgruen, Hordijk and Tijms [14] for the 
unichain case and by Federgruen, Schweitzer and Tijms [15] for an extension of 
the communicating case, the communicating case first being set up and investi- 
gated for the finite state compact action model by Bather [1]. However, the theory 
for the denumerable state model remained mathematically unsatisfactory since it 
did not cover the general finite case. Together with Deppe [12], this paper 
investigates the denumerable multichain case for the SMDC. For the denumer- 
able multichain MDC case we refer to Zijm [41,42], Mann [24], Dekker and 
Hordijk [7,8], and Lasserre [23]. 

In spite of its wide use, average optimality is a rough and insensitive criterion. 
More sensitive criteria such as n-discount and Blackwell optimality were devel- 
oped and established. This was done by Blackwell [2,3], Veinott [40], Denardo 
and Miller [10] and Miller and Veinott [26] for the MDC case and Miller [25] and 
Denardo [11] for the SMDC case, the latter also establishing a Laurent series 
expansion for the discounted rewards, where Blackwell optimality is a combina- 
tion of average optimality and discount optimality for small interest rates. It 
implies n-discount optimality for all n. In Hordijk and Sladky [19] and Dekker 
and Hordijk [7] these results were generalized to the denumerable case MDC, 
whereas this paper contains the extension to the SMDC case. 

The outline of this paper is as follows. In section 2 the model is introduced and 
a Laurent series expansion is derived for the total expected discounted rewards. 
Section 3 contains an algebraic analysis of these Laurent series and establishes 
solutions to optimality equations. In section 4 we illustrate our theory with a 
specific K-dimensional queueing system. We consider a single server queueing 
network in which there are K service facilities, one server and a random routing 
of the jobs. In Klimov [22] the structure of the priority rule with minimal average 
cost is determined. The cost function consists of a linear holding cost. The service 
time distribution is assumed to be general with finite first and second moment. In 
Sennott [34] this model is one of the applications and the existence of a 
deterministic average optimal policy is shown. In section 4 we prove for this 
model that the Blackwell optimality equations have a unique solution which 
equals the Laurent expansion of a Blackwell optimal policy. This is a stronger 
result. However, we must assume that the service distributions have tail probabili- 
ties which tend exponentially fast to zero, but this is not a strong assumption as 
most distribution classes used in practice have this property. 

In the last years the existence and structure of optimal policies in queueing 
systems have been studied in Weber and Stidham [39] and Stidham and Weber 
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[36]. In Sennott [33] and Sennott [34] existence theorems are applied to queueing 
systems. 

This paper is a revision and extension (section 4) of chapter  2 of Dekker  [9]. In 
this paper we restrict ourselves to stationary deterministic policies. F rom a recent 
result of Schal [31] it follows that our Blackwell optimal policy is at least strong 
average optimal in the class of all policies. 

2. The model and the Laurent series expansion for the total discounted rewards 

Consider a dynamic system which is observed at t imepoints Tn, n = 0, 1, . . .  
with T O = 0. The time between successive observations is a r andom variable 
taking values in [0, oo). When the system is observed at t imepoint  T~, it is 
characterized by a state, say Sn. We assume the state space E to be denumerable  
and we let E = (1, 2, . . .  }. In each state i there is a set of available actions A(i) 
for controlling the system. When state i is observed, an action D(i) is chosen 
from A(i), which remains fixed up to the next observation. The transition 
probabilities are assumed to be time independent.  Let 

Q~(x)  = P(S~+1 =j, T~+I <~ t+ x[S~= i, T~= t, D(i)  = a) (2.1) 

be the joint probability that the next observed state is j and that the transition 
time is not  greater than x, given observation of state i and given decision 
D(i) =a. Let R~(x) denote the expectation of the income during the time 
interval [0, min(x,  T1) ], given S O = i and D(i) = a, that is, the expected income 
until the earlier of time x and the first transition. Let F =- 1-lg~lA(i) be the set of 
decision rules. We shall restrict ourselves to the class of stationary policies, i.e. 
policies of the type f~o _ { f ,  f . . . .  }. However, in order  to keep the notat ion 
short, we write f instead of f~o. 

We shall use the following matrix and vector notation. Let Q/(x) denote  the 
matrix with Q~!~ as (i, j ) t h  element and let Rl(x)  denote  the vector with 
Rf(i)(x) a s  i th element. Further,  let the matrix P ( f )  be defined as Pi j ( f )=  
Q,[j!")(~). Note that P ( f )  is the transition matrix of the embedded  Markov  chain. 
Let e denote the vector with components  equal to one. p k ( f )  is defined by 
p k ( f )  _ p ( f ) p k - l ( f ) ,  k>~ 1, where pO(f ) - -1 ,  the identity matrix. We will 
make the following standard assumption. 

ASSUMPTION 1 
(a) FT~176 ) = 1 for all i ~ E,  f ~  F. 
(b) A(i) is a compact  metric set for all i ~ E. 
(c) R{(t) is of bounded variation as a function of t, for all i ~ E,  f ~  F. 
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The bounded variation of R{(t) means that there exist two nondecreasing 
nonnegative functions denoted by ( R f)  + ( t )  and ( R {) - ( t)  respectively, such that 
(R{)(t) = (R{)+(t) - (R{)-( t ) .  Note  that under  assumption l(b) F is a compact  
metric set in the product  topology. Let M~(t) denote  the number  of timepoints 
T,, n = 0, 1, 2, . . .  such that S, = j  and let U/( t )  = Y:jMf(t). In words, M~.(t) 
and U/(t) denote the expectation of the number  of " t ransi t ions"  to state j and 
the total number  of transitions respectively made  in the time interval [0, t] given 
S O = i and policy f .  

As reward criterion we use V,/(t), being the total expected income during the 
time interval [0, t] given So = i and policy f. V/(t) may be undef ined or infinite 
in a denumerable state space with unbounded  immediate  rewards. In order  to 
exclude this, we assume that the immediate  rewards are bounded  by a vector/~ 
and that the matrix M has certain properties with respect to this vector. This 
vector is then said to be a bounding vector. This leads to assumptions in terms of 
this bounding vector and to an operator-theoretical approach based on the linear 
space induced by the bounding vector. This approach is, however, somewhat  
stronger than working with Liapunov functions, cf. Hordijk [18]. It has been 
shown that the existence of a first order Liapunov function is almost sufficient 
for average optimality; however, for Blackwell optimality, Liapunov functions of 
any order have to be assumed and this is almost equivalent to the existence of a 
bounding vector satisfying our assumptions. 

For any vector # on E with /~; >/1, for all i e E,  we can define a weighted 
supremum norm I1" II ~ as follows 

Ir~l 
II r II ~ - s u p  - - ,  

lEE ~i 

for any vector r on E. Its corresponding matrix or operator norm is defined as 
follows: 

I lAr l l ,  1 
:= sup - -  = s u p ~ / E l A i j l l  ly, l[ A II r: I l r l [~,*0 II r II v i ~ e  j 

where A: E x E ~ R is any matrix function. The following assumption states 
precisely the properties we require. 

ASSUMPTION 2 
There exists a vector /~ on E with /~i>i 1 for all 

c~-, Co, cl, c 2 such that for all f ~ F: 
( a )  supx >_. 0 I I ( R I ) §  II ~ < c ~ ,  supx >~0 I I ( R I ) - ( x )  II ~ < Co. 
(b)  II Mr(t) II ~ ~ c:  + c2t, for all t > 0. 

i ~ E and constants 

We call the vector/x a bounding vector. A vector r, matrix A on E are called 
/~-bounded if II r II ~ < oo, II A II ~ < oo respectively. We denote  the set of /~- 
bounded vectors, matrices on E by V ~', M ~ respectively. Assumption 2(a) is 
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stated in this way to guarantee bounded  variat ion of the quanti t ies  to be 
considered later. It implies supx>/0 II R:(x) II ~ ~< Co, where c o = c~- + Co. 

In the following, we shall use the Lebesgue-St iel t jes  integral f lg(x)dF(x) ,  
where g(x) is a Borel measurable funct ion and F(x) is of b o u n d e d  variation, cf. 
Royden  [29, p. 263]. 

The  convolution of Q/(t) with itself or with R/(t), denoted  by (Q/)*z(t) and 
(Q/ .  R/)(t) respectively, is defined by 

/.2 fo'~ (Q ),j (t) = - Q [ j ( t - x )  dQ~(x), 

and 

t>~O, i, j ~ E ,  f ~ F  (2.2) 

(Q/*R/)i(t)=fot~.~kR/k(t-x)dQ{k(x), t>~O,i, j~E,f~F. (2.3) 

Using s tandard arguments  it can be seen that  (Q/* R/)j(t) is again of b o u n d e d  
variation. Note  that  (Q/)~2(t) is the probabil i ty that  the second transit ion is 
made  to state j before t ime t, given S o = i and policy f .  Analogously,  ( Q / *  R I) i(t) 
is the expectation of the reward between the first t ransit ion and the earlier of the 
second transition and time t, given S O = i and policy f .  Denote  the n-fold 
convolut ion of Q/ ( t )  with itself by ( Q / )  * "(t). Observe further that  

~D 

f , k  
Mi/j(t) = E (Q )ij (t), t>~o,i, j ~ E , f ~ F ,  (2.4) 

k = 0  

where (Q/)~~ is equal to 1, 0 if i = j  respectively i 4=j. A formal  defini t ion of 
V/( t )  can now be given by 

~D 

Vi/(t) y, ((Qf).k = * R : ) , ( t ) ,  t>:O, i ~ E ,  f ~ F ,  (2.5) 
k = 0  

where ((Q/) .o .  R/)~(t) = R/(t). By (2.4) we have Vi/(t) = (M/* R/)i(t). It is 
easy to show that V/(t)  is of bounded  variation for all i ~ E and that  i ts /~-norm 
is bounded  by 

II V/( t ) I1~ ~ Co(C1 + c2t ). (2.6) 

We shall discount  the total rewards with a rate s > 0, i.e. we take the 
Laplace-Stiel t jes  t ransform of V/(t) defined by 

cO 

v[(s)=fo e-'tdV,./(t), s > O , i ~ E , f ~ F .  (2.7) 

Its existence follows for all s > 0 f rom (2.6) and the b o u n d e d  variation of V/(t). 
It is easily seen that  

Ilvf(s)ll~<...Co(Cl + c : - 1 ) ,  s > 0 ,  f ~ F .  (2.8) 
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We also take the Laplace-Stielt jes transforms of Q~(t) and R{(t) and denote  
them by q~.(s) and r/(s) respectively. From (2.5) it easily follows that 

V / ( t ) = R { ( t ) + E f o t V / ( t - x ) d a ~ ( x ) ,  t > ~ O , i ~ E , f ~ F .  (2.9) 
J 

Taking Laplace-Stieltjes transforms of (2.9) is possible under  our assumptions 
and yields (in matrix notation) 

vl(s)=rl(s)+ql(s)vY(s) ,  s > 0 ,  f ~ F .  (2.10) 

This equation is the key to our analysis. Our first objective is to give conditions 
implying that of(s) has a Laurent series expansion. Since V{(t) = O(t) as t ---, oo 
for all i ~ E (i.e. limsup,_.oo t -1 I V{(t) I < oo), we expect to find v[(s) = O(s -1) 
as s ~ 0 and hence a Laurent series expansion for v[(s) which starts with a s -1 
term. First of all, we shall prove that (2.10) has un ique / t -bounded  solutions under  
assumptions 1 and 2. Secondly we shall show that there a r e / t -bounded  vectors 
W(k)(f), k = - 1 ,  0, 1 . . . .  such that vl(s)= Ek~ k is t he / t -bounded  
solution to (2.10). Let 

oo 

ml(s) = Y: [ql(s)]" (2.11) 
n = 0  

From assumption 2(b), eq. (2.4) and the nondecreasingness of M~(t) it follows 
that the Laplace-Stieltjes transform of M~(t) exists and is equal to m{i(s). 
Taking/ t -norms,  we find II ml(s) II ~, <~ cl + c2 s-I < ~o for all s > 0. 

LEMMA 2.1 
Under  assumptions 1 and 2, v/(s)  is the un ique / t -bounded  solution to the set 

of equations 

v=r / ( s )+qf ( s )v ,  s > 0 ,  f ~ F ,  v~ V s. (2.12) 

Proof 
By (2.10) we only have to show the uniqueness of / t-bounded solutions of 

(2.12). Suppose v and w a re / t -bounded  solutions to (2.12), i.e. both v = r/(s) + 
ql(s)v and w = r/(s) + ql(s)w. Subtracting these equations yields v -  w = 
[ql(s)][v- w] and iterating this equality n times gives v - w  = [ql(s)]"[v- w], 
for n = 1, 2 . . . . .  Adding these equations and taking /t-norms yields for every 

m ~ lhl that II v - w II ~ < m-a E~=o[ql(s)]" ~, II v - w II ~- Since ml(s) = 
ET=0[q/(s)]" and II mI(s )  II ~ < oo for all s > 0 and f ~  F we find that II w - w II 
= 0 .  B 

Note that we can write 

vl(s)=ml(s)r l (s) ,  s > 0 ,  f e F .  (2.13) 
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Since q{j.(s) and r/(s) are Laplace-Stiel t jes  t ransforms,  they are analytic in the 
open  halfplane Re(s)  > 0 (when considered as a funct ion of complex  s); however, 
this is not sufficient for our  analysis. Therefore we make  the following assump- 
tion. 

A S S U M P T I O N  3 

There exist positive constants  A, B and c 3, such that  for all f ~ F 

. oo  X k 

(a) Q ~ ) ( f ) -  Jo -~" dQ~.(x)  

exists for all i, j ~ E and k = 0, 1, . . .  and II Q(k)(f) II ~ ~ A(c3) k, k = 0, 1 . . . .  ; 

oo X k 

(b) R~k)(f) =- fo -~" dRf(x)  

exists for all i ~ E and k = 0, 1 . . . .  and l[ Rr [I ~ ~< B(c3) k, k = 0, 1 . . . . .  

Assumpt ion  3 states in fact that  all moment s  of the t imes to transi t ion and 
rewards have to exists, which is the case for most  dis tr ibut ion classes used in 
practice. More  precisely, under  assumpt ion  3 the following expansions  exist for 
q/( s ) and r/( s ) respectively: 

oo 

ql(s) = Y] otk)( f ) ( - -s)k ,  f ~ F ,  Isl  ~ (c3) -1, (2.14) 
k = 0  

oO 

r / ( s )  = y] Rtk~(f)(--s) k, f ~ F ,  Isl  (c3) -1. (2.15) 
k = 0  

Hence, q~(s) and r/(s) are analytic for all i, j ~ E, f ~  F o n  the set ( s  ~ C l0 ~< 
Is l < ( c 3 ) - a } .  Assumpt ion  3 is most  natural  for establishing a Laurent  series 
expansion for v[(s) around zero, starting with a term s -1. It implies that  of(s) is 
analytic on some disc a round zero except zero itself. 

It will be clear that  the properties of the embedded  Markov  chain are 
impor tan t  for the existence of average a n d / o r  Blackwell opt imal  policies. We 
shall therefore make  a detailed analysis of the embedded  chain, in which we 
follow Dekker  and Hordijk [7]. 

It is well known,  cf. Chung  [4], that  the Cesaro limit of pk( f )  always exists, i.e. 

1 u 
H i y ( f  ) = l i r n  N + 1 y'~ Pi~(f)' (2.16) 

k = 0  

exists for all i, j, ~E ,  f ~ F .  Let 1-I(f) denote  the matr ix with / ' / , .y(f) as 
(i, j ) t h  element.  I-l(f) is also called the stationary matrix since the following 
equalities hold 

r t ( f )  = 1 7 ( f ) e ( f )  = e ( f ) l - l ( f )  = 1-1(f)1-l(f), f ~  F. (2.17) 
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Since H ( f )  contains the information on the long-term behaviour of the Markov 
chain, it is basic for the average rewards over an infinite horizon. In addition, we 
are also interested in sensitive optimality criteria, dealing with deviations from 
the average rewards. Therefore, following Dekker and Hordijk [7], we assume 

ASSUMPTION 4 

(a) Dij(f)  =- lim~lY'.~=oak[pi~(f) -- FIi.i(f) ] exists for all i, j ~ E, f ~  F. 
(b) For every f ~  F the following relations hold for the matrix D ( f ) :  

17(f ) D ( f  ) = D ( f  )I-I(f  ) = 0 ,  

[ I -  P( f ) ]D( f )  = D( f ) [1 -  e ( f ) ]  = I - / - / ( f ) ,  

where 0, 1 denote the zero and identity matrix respectively. 
(c) There exists a constant c 4 such that II D(f) II ~ ~ c4, for every f ~  F. 

(2.18) 

(2.19) 

The matrix D ( f )  is called the deviation matrix. To facilitate verification of 
assumption (4) sufficient recurrence conditions are provided in Dekker and 
Hordijk [8]. From assumptions 1 and 4 it can be shown (see remark 1 of Dekker 
and Hordijk [7]) that 

1 N 
lim Y' P k ( f ) r =  I I ( f ) r ,  (2.20) 

N ~  N +  1 k=0 

for all /,-bounded vectors r and all f ~  F. Consequently, Y'.flT~j(f)= 1 for all 
i ~ E  and f ~ F .  

Before we proceed with our analysis, we first recapitulate some facts of 
Markov chains. A nonempty set C is called closed under P(f) if P~j(f) = 0 for all 
i ~ C, j e~ C. It is called minimal closed under P(f) if it does not contain a proper 
and closed subset. The foregoing implies that in the embedded Markov chains all 
minimal closed sets are positive recurrent and all inessential states are transient. 
Let v ( f )  denote the number of minimal closed sets of the Markov chain under 
P ( f )  and denote these sets by C~ . . . . .  C~<i). Note that v ( f )  can be infinite. Let 
T( f )  denote the set of transient states and R ( f )  the set of positive recurrent 
states under policy f ,  then R ( f )  = C l tO ... tO C~(f) and E = R ( f )  tO T( f ) .  We 
denote by F~c,, ( f )  the probability that the set Cn is reached under policy f when 
the system starts in state i. 

Assumption 3(a) states for k---0 that Q t0 ) ( f )=  p ( f )  and that II P ( f ) 1 ~  ~<A 
for all f ~  F. Combining this with (2.19) and assumption 4(c) we see that H ( f )  
has a bounded (in the policy space) /,-norm, i.e. 

II H ( f )  II ~ ~< 1 + c,(1 + a ) ,  f ~  F. (2.21) 

Let z~(f) denote the expected time until transition in state i under policy f .  
Note that r , ( f ) =  E j Q ~ ( f )  and that the vector r ( f )  is also/,-bounded. Using 
(2.21) we see that H ( f ) ' r ( f )  also has a bounded /,-norm. 
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Let "rz(f) denote the mean recurrence time in state j under  policy f .  Consider 
a set C c E which is minimal closed under P( f ) .  According to Cinlar [5, theorem 
10.4.3] we have, for any state i ~ C, 

E j ~ c H o ( f ) z j ( f )  
"r, ( f )  = /_/,, ( f )  (2.22) 

From the preceding it follows that C is positive recurrent in the embedded 
Markov chain, so I l i i ( f  ) > 0. Since in addition E j ~ c l I i j ( f ) ' 9 ( f )  < oo, we find 
that " r , ( f ) <  oo and that C is also a class of positive recurrent states in the 
semi-Markov process. Taking inverses in (2.22) and summing over all states in C 
yields 

1 1 
Y'. %(f------y = y,  1 7 j j ( f ) . 9 ( f ) .  (2.23) 

i ~ C  
j ~ C  

In our analysis we shall need the boundedness of the right-hand side of (2.23) 
both in f and in C, as stated in the next lemma. 

LEMMA 2.2 
Under  assumptions 1 . . . . .  4 we have for every f ~ F and all minimal closed sets 

C under P ( f )  
1 

E / / , ( f  )~ , ( f )  < c2 (2"24/ 

i ~ C  

Proof 
Consider a policy f and a set C minimal closed under P( f ) .  It follows from 

elementary renewal theory that, for all i, j ~ C, 

lim 1M~.( t )  = 1 
t---*oo zjj( f ) " 

Accordingly, 

1 1 1 
lim T E &/if/(/)= ~ c  ~ii(f) = E j e c l - I j j ( f ) ~ ( f )  " 

t -", oo j ~ C J 

On the other hand, assumption 2(b) states that, for all i ~ C, 

~_, M~.( t ) I~j <~ c 1 + c2t. 
j ~ C  I'ti 

Let/~0 = infi ~ c~/, then obviously/~0 >/1. Hence for every c > 0 there is an i, ~ E 
such that/~i, ~</~0 + ~, implying for all i ~ C, 

/~i /L0 
/'Li, ]~0 "~ C 
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This yields 

1 

E l-Ijj(f)'rj .(f)  
j ~ C  

1 
= lira --{ E M [ . ( t )  

j ~ C  

[1 "~ / 
~ < c 2 - -  

t---* oo j ~ C 

g 0 + (  
g0 

Since this result holds for every c > 0, the l emma follows directly. [] 

This result is used in the following lemma which characterizes solutions to 
equations of the type [ 1 -  P ( f ) ] x  = b. 

LEMMA 2.3 

Let b, c be g -bounded  vectors on E with H ( f ) b  = 0 for some f ~  F. Then  
(i) x is a g -bounded  solution to [ I  - P ( f ) ] x  = b if and only if x is a g -bounded  

solution to [ I  - H ( f ) ] x  = D( f )b ;  
(ii) the set of equations 

[ I - e ( f ) ] x = b  and H ( f ) Q ( 1 ) ( f ) x = H ( f ) c  (2.25) 

has a unique g-bounded  solution x which is given by 

x = D ( f ) b  + H ( f ) H ( f ) c -  1 - I ( f ) a ( 1 ) ( f ) D ( f ) b  ] (2.26) 
1 7 ( f ) ' r ( f )  

with the vector quot ient  taken componen t  by component ,  i.e. 

Proof 
(i) Suppose x is a g -bounded  solution to [ I - P ( f ) ] x  = b. Mult ipl icat ion of 

this equation by D ( f )  and the use of (2.19) yields [1 - H ( f ) ] x  = D ( f ) b .  On the 
other hand,  suppose [1 - H ( f ) ] x  = D ( f ) b ,  hence x = D ( f ) b  + H ( f ) x  and [ I  - 
P( f ) ] x  = [1 - P ( f ) ] [D( f )  + 17(f)x] = [1 - I-I(f)]b = b. 

(ii) Let y be the r ight-hand side of (2.26). Our  assumpt ions  and l emma 2.2 
imply that y is g-bounded.  It is easily seen that  [1 - P ( f ) ] y  = b. Let 

_=/_/(f)  [ H ( f ) c -  H ( f ) Q ~  
Z 

l 1- I ( f )T ( f )  

Note  that z is a constant  on any minimal  closed set under  P ( f ) ,  say 

z ,=dn [ H ( f ) c - I I ( f ) a ~  
= [1 - I ( f )~ ( f ) ] ,  ' 
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for i ~ C,, n = 1, 2 .. . .  , v(f) .  The values of z in the recurrent  states determine 
the values of  z in the transient states, as 

v(f) 
z,= EI- I , j ( f ) z j= E F~c.(f)d,, 

j n = l  

for each i ~ T(f) .  Substituting y for x in 17( f )Q~ = I-l(f)c yields, after 
rearranging terms, 1-l(f)Q~ = I I ( f ) c -  H ( f ) Q ~  and this 
equality has to be verified only on the recurrent states. Consider  some minimal  
closed set C, under P( f )  and note that it is also minimal closed under  I-l(f) or 
Qm(f) .  For i ~ C, we have (let e denote the vector with all components  equal to 
one): 

[H( f  )am(  f )z], = [I-I(f )Q(l '( f  )d,e], = dn[II( f  )Q~ f )e], 

= d,[17(f ) 'r(f  )]i= [I-I(f ) c ] , -  [I-l( f )Q(a)( f ) D ( f  )b]i, 

which was to be shown. 
Suppose w is also a #-bounded solution to (2.25). Subtraction of  the two 

solutions yields [ I - P ( f ) ] [ w - y ]  = 0  and H ( f ) Q m ( f ) ( w - y ) = 0 .  Using the 
first equality we obtain ( w - y ) = H ( f ) ( w - y ) ,  which implies that w - y  is 
constant on the closed sets under P( f )  and that its value in the transient states 
under  P( f )  is completely determined by its value on the closed sets. From 
H ( f ) Q m ( f ) ( w - y )  = 0 now follows that w - y  = 0, which provides the proof. 
[] 

We are now able to state the main theorem of this section. 

THEOREM 2.4 
Under  assumptions 1 , . . . ,  4 the following holds for every f ~ F: 

oo 

v/ ( s )  = Y'~ v(k)( f )s  k, 0 < s < d ,  (2.27) 
k = - I  

for some constant d independently of f ,  where Vtk) ( f ) ,  k = - 1 ,  0 . . . .  is the 
unique/~-bounded solution to the set of equations 

[ I -  P ( f  )]V(k)(f  ) = b(k)(f ), (2.28) 

H ( f  )Q(1)(f )v(k)( f  ) = H ( f  )c(k)(f ), 

with c(-a)(f) = R(~ bt-1)(f) = 0 and for k = 0, 1 . . . .  

b~k)( f ) = c(k-1)( f ) - Qm( f ) Vtk-~)( f ), (2.29) 
k + 2  

c(k)(f)=(--1)(k+l)R(k+l)(f) -t- E (--1)JOO)(f)v(k+l-J)(f)  �9 (2.30) 
j=2 
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Proof 
First observe that c(k)(f) and b(k)(f) depend only on variables V(-a)(f), 

V(~ . . . . .  v(k-1)(f)  and moments  Q(m(f) through Q(k+2)(f) and Rm)(f) 
through R(k+l)(f). Applying this recursively shows that v(k)( f )  is defined in 
terms of moments  Q(O)(f) through Q(k+2)(f) and R(~ through R(k+l)(f). By 
assumption 3, all moments of Q/(x) and R/(x) exist and are/~-bounded, hence 
c(k)(f) and b(k)(f), k = - 1 ,  O, 1, . . .  are also #-bounded. It then follows from 
lemma 2.3 that (2.28) has unique /~-bounded solutions vCk)(f) for k=  
- 1 , 0 , 1 ,  . . . .  

Let us write w/(s)-~Ek~176 , S >  O. Suppose now that w/(s) con- 
verges absolutely and uniformly in f ,  for 0 < s < d, for some d > O, then the 
proof proceeds as follows. Substituting w/(s) and the power series expansion for 
q:(s) and r/(s) respectively in J(s )  + [q/(s)  - I]w/(s) yields 

E (--1)kR(k)(f)  sk + (--1)"O(")(f) s" Y', V(m)(f) sm 
k=O n = 0  m =  - 1  

- E V ' ' ) ( f )  s'~ 

~ fk+l ] 
k=O E ( - - 1 ) k R ( k ) ( f )  S k d r  k = E - ,  skt Zo(--1)"Q(" ' ( f )v 'k-" ' ( f )  1 = 

oO 

- E V(m)(f) s ' '  
m = - 1 

Note that all Laurent or power series converge absolutely for s small enough, 
uniformly for all states. Collecting terms with equal power of s yields 

[ -  V(-1)(f  ) + Q(~ )V(-a)( f  )]s-1 

+ s E - v k (f) . 
k =0  n = 0  

The coefficient of the term with s-1 is zero by (2.28) with k = - 1 .  With respect 
to the coefficient of the term with s k we have 

k + l  

( - -1 )kR(k) ( f )  + E ( - -1)"O(") ( f )v (k-") ( f )  - v (k ) ( f )  
n=O 

= - [ I - Q ( ~  + ( - -1 )kR(k ) ( f )  

k + l  

+ ~ ( - -1)"Q(")( f )v(k-") ( f )  -- a m ( f ) v ( k - 1 ) ( f )  
n=2 

= - [ I -  O(0) ( f ) ]vCk)( f )  + c(k-1)(f) _ QO)( f )v (k-1) ( f )  ' 
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which is also zero by (2.28) for k = 0, 1, . . . .  Hence  wf(s) is a /~-bounded 
solution to (2.10) and since (2.10) has a unique /~-bounded solution, wY(s) is 
equal to vf(s). 

We shall now prove that w,/(s) converges absolutely, uniformly in i and f ,  for 
s small enough. For  this, it is sufficient to show the existence of constants a and 
b such that 

IlV(")(f)ll~,~ab", f e F ,  n= - 1 , 0 , 1 ,  . . . .  (2.31) 

A detailed proof  of this result is rather long, due to the complexity of the 
expressions for V(")(f). Therefore we only give an outline of the proof  and leave 
the verification to the reader. 

Let b(")(f) and c(")(f) be given by (2.29) and (2.30) respectively. We show the 
existence of constants a and b, not  depending on n, such that II v ( " > ( f ) I I  ~ < 
ab", II b(")(f) II.  < ab" and II c(")(f) II ~ < ab", f ~  F, are consequences of 
II Vtk)(f) II. < abk, II btk)(f) II ~ < abk and II c(k>(f) II ~ < abk, k = - 1 , . . . ,  n - 1, 

f ~  F. Induction to n then gives the desired results. For  n = - 1  it is easy to see 
that b(-:)(f) = 0 and that II c(-:)(f)  II, = II R<~ [I ~ ~< B by assumption 3. We 
further have 

H(f)R(~ ] 
V(-: ) ( f )  = H ( f )  I I ( f ) ' r ( f )  ' 

which is /z-bounded by assumptions 2, 3, 4, (2.21) and l emma 2.2. For  n >_- 0 it 
easily follows from using the same results and the induct ion hypothesis that 
II b(")(f) II ~ < ad: b"-l, for some constant  d v W.r.t. c(")(f) we have in a similar 

way 

II c<")(f) II. << B(c3 )  "+1 + aA (c3) 2 J b "-a <~ ad2 b"-l, 

for some c o n s t a n t  d 2 independent  of n, provided that b > c 3. Finally, w.r.t. 
V(")(f) we have, 

V(")(f  ) = D ( f  )b(")(f ) 

+ n(/)[ m:)c,.>(:)- o(:),(:)m/)e"'(i)D(/)b"'(:) ] 
Assumptions 2, 3, 4, lemma 2.2 and (2.21) and the results for b(")(f) and c(")(f) 
now imply that [I V(")(f) II ~ ~< ad3b"-:, for some constant d3, independent of n. 
Hence, any b larger than max(c 3, d:, d2, d3) together with a constant a larger 
than B, such that (2.31) also holds for n = -I, fulfills (2.31) for all n. This 
completes the proof. 
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3. Analysis and optimality 

In this section we introduce optimality criteria for an infinite time horizon with 
respect to Vf( t )  or v/(s)  and investigate their relations with the Laurent series 
expansion for J ( s ) .  We give conditions assuring the continuity of the terms of 
the Laurent series expansion for vf(s)  and establish the existence of optimal 
policies. 

A policy f is called s-discount optimal if vii(s) >~ vhi(s) for all h ~ F, i ~ E. 
There are quite weak assumptions for the existence of stationary s-discount 
optimal policies for fixed s > 0, cf. Harrison [17], SchRI [30], Van Nunen and 
Wessels [38] and Van Nunen [37]. However, in the case of unbounded  rewards 
these assumptions require s to be fixed or bounded away from zero. From our 
analysis it will follow that assumptions 1, 2 and a continuity assumption guaran- 
tee for each s > 0 the existence of an s-discount optimal policy. We shall come 
back to this at the end of this section. 

A criterion which considers the behavior of vf (s )  for s small, was introduced 
for the discrete time, finite state and action case by Blackwell [2]. We shall 
generalize it to the denumerable state SMDC and discern two variants, thereby 
following Dekker and Hordijk [7]. 

DEFINITION 3.1 
A policy f is called Blackwell optimal if there exists for every i ~ E, h ~ F and 

s(i,  h ) ~  R such that v/(s)>~ Vhi(S), for all 0 < s <~ s(i,  h). A policy f is called 
strongly Blackwell optimal if s o -- inf i ~ E,h ~ Fs( i, h) > O. 

In the finite state and action case, Blackwell optimality is the same as strong 
Blackwell optimality. In that case a Blackwell optimal policy is s-discount 
optimal for all 0 < s ~< s o, for some s o > O. 

Another widely used criterion is average optimality. A policy f is called 
average optimal if f iminf ,__. j-a[v/ f( t )  - v/h(/)] >/0 for all i ~ E and h ~ F. The 
existence of a Laurent series expansion for vI(s),  the Laplace-Stieltjes transform 
of V/(t), implies that g , ( f )  = l im t_~ j -1v / f ( t )  exists and is equal to lims~oSV[(S ) 
= v/~-a)(f). We call g i ( f )  the average reward under policy f when the system 
starts in state i. From this we see that average optimality corresponds to 
optimality of the first term of the Laurent series expansion for vf(s) .  

For the average rewards only the asymptotic behaviour of the semi-Markov 
process counts, hence any reward earned in a finite period yields no contribution 
to it. This was the reason behind the development of more sensitive criteria. 
Veinott [40] defined a policy f to be n-discount optimal if l ims~oS-"[v[(s  ) - 
ohi(s) ] >/0 for all i ~  E, h ~ F. Recalling the Laurent series expansion for vI(s)  
we see that a policy f is n-discount optimal if it maximizes lexicographically the 
first (n + 2) terms of the Laurent series expansion for all states simultaneously. It 
is not difficult to see that Blackwell optimality corresponds to lexicographic 
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opt imal i ty  of all terms of the Laurent  series expansion.  We shall be able to 
maximize these terms uniformly in the initial state i once we have cont inui ty  of 
these terms in f .  In the following, we call x ( f )  a vector function on F if, for each 
f ~  F, x ( f )  is an element  of V ~'. Elements  of V ~ can also be considered as 
vectors in R ~ since E is the set {1, 2, . . .  }. In the same way, we speak of matrix 
functions A(f) and denote  the set of bt-bounded matr ix funct ions by M ~'. In the 
sequel we will use the concept  of #-continui ty which was in t roduced  in Dekker  
and Hordi jk  [7]. It is defined as follows. 

DEFINITION 3.2 
(a) A vector funct ion x ( f )  and matrix funct ion A ( f )  on F are called pointwise 

cont inuous on F if for all i, j ~ E, f<0) ~ F and all sequences f(~) _+f(0) in 
F we have 

lim x i ( f ( ' O ) = x i ( f  (0)) and lim Aij(f(n))=Aij(f(~ (3.1a) 
f{,,) ~f(o) f(n)~f(0} 

(b) A matrix funct ion A ( f )  on F is called /~-continuous on F if for all i ~ E, 
f(0) ~ F and all sequences f(") -+ f(0) we have 

lira E A i j ( f ( " ) ) - A i j ( f  (~ / ~ j = 0 .  (3.1b) 
g,,)_.,f,o~ j 

The following lemma states the relations between ~t-continuity and other  forms 
of continuity.  Recall that for any matr ix funct ion  A ( f ) ~ M  ~' we have 
Z, jAi/(f)l~ j < oo. 

LEMMA 3.1 
For  any matrix function A ( f )  ~ M ~' the following assertions are equivalent:  

(a) A ( f )  is /~-continuous on F. 
(b) Both A ( f )  and [ A ( f )  1/~ are pointwise cont inuous.  
(c) For  any sequence x(n),n = 1, 2, . . . ,  pointwise converging to x (~ with 

supn=0.1 . . . .  II x<~)II ~ < oo and any sequence f(n) _+f(0), we have A(f(n))x (~) 
converges pointwise to A(f<~176 

Proof 
See Dekker [9]. 

/~-continuity has the advantage over pointwise cont inui ty  of being preserved 
when mult ipl ied by other/~-continuous matr ix funct ions  as stated in the following 
lemma which proof  is straightforward and therefore omit ted.  

LEMMA 3.2 
If A ( f )  and B ( f )  are #-cont inuous matr ix  funct ions  on F, then 

(a) A ( f )  + B ( f )  is also/~-continuous, 
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(b) if II B( f )  II ~ < c for all f ~  F and some c ~ R then A ( f ) B ( f )  is/~-continu- 
OUS. 

Concerning continuity we make the following assumption. 

ASSUMPTION 5 

(a) The matrix D(f)  is ~-continuous on F. 
(b) The matrices Q(k)(f) are ~-continuous on F, for k = 0, 1, 2, . . . .  
(c) The vectors R(k)(f) are pointwise continuous on F, for k = 0, 1, 2, . . . .  

Recall that Q(O)(f)= p( f ) .  Hence by assumption 5, lemma 3.2 and (2.19) it 
follows t h a t / 7 ( f )  is also ~t-continuous. This enables us to establish the following 
lemma. 

LEMMA 3.3 

Suppose the vector functions b ( f ) ,  c ( f )  ~ V ~ are pointwise continuous on F, 
then the #-bounded solution x ( f )  of eqs. (2.25) is also pointwise continuous on 
F. 

Proof 
The/~-bounded solution x ( f )  is given by eq. (2.26). Since the denominator is 

bounded away from zero by (2.24), the quotient in (2.26) is pointwise continuous 
by assumption 5, the subsequent remark, lemma 3.2 and the assumptions of this 
lemma. The same arguments provide the pointwise continuity of the whole 
expression in (2.26). [] 

THEOREM 3.4 

The vectors v~k)(f) in the Laurent series expansion for ol(s) are pointwise 
continuous on F. 

Proof 
From theorem 2.4 we know that b(k)(f), c(k)(f) and v(k)(f) are/x-bounded 

for all k. We shall establish the pointwise continuity of b(k~(f), c(k~(f) and 
vCk)(f) by induction in k. 

For k = - 1  we have b(-~)(f)= 0 and c ( - l ) ( f ) =  R(~ which is pointwise 
continuous by assumption 5(c). Lemma 3.3 provides the pointwise continuity of 
V:-:)(f). 

Suppose b(")(f), c(")(f) and V(")(f) are pointwise continuous for n =  
-1 , . . . ,  k -  1. From expressions (2.29) and (2.30) we see that the pointwise 
continuity of b(k)(f) and c(k)(f), respectively, follows from assumption 5, 
lemma 3.2 and the induction hypothesis. Lemma 3.3 again provides pointwise 
continuity of v(k)(f) which completes the induction step. [] 
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We shall now turn our attention to the optimization problem. The analysis 
proceeds in the same way as in Dekker  and Hordijk [7]. In  the sequel we use 
different reward functions R( t )  on E with one specific transition structure QI(t) .  
We therefore introduce an operator H I which assigns the Laurent  series expan- 
sion for its total discounted rewards vI(s),  to each vector R ( t )  satisfying 
assumption 5(c), with Ql( t )  as transition structure. First we define the ap- 
propriate space of Laurent  series. Let x "r stand for the transpose of vector x, the 
constant d is given by (2.27). 

DEFINITION 3.3 
oo 

. ) T  
LS~176 Y (Yx, Y2, .. lYi = Y'. a} k)sk, 

k = - I  

a (k) ~ V ~, i ~ E and limsup ( II a(k)II ~)a/k 
k--* oo 

/ 
L S  ~176 consists of vectors with Laurent  series as elements. All Laurent  series 

have s -1 as leading term. It is a linear space with respect to termwise addition, 
subtraction and scalar multiplication. It is ordered in the following way. Let y~(s) 
be the value of the Laurent series Yi in s. 

DEFINITION 3.4 
For  y ~ L S  ~176 y = ( yl, Y2, . . .  )'r, 

(a) yt>~O if l iminf~  0 Yi(S)S-">~O, for all n>~ - 1 ,  i c E ,  
(b) Yt > 0 if Yl >/0 and liminf~,oY~o(S)S-"~ > 0, for some i o ~ E,  n o >/ - 1, 
(c) yl>~x if y - x t > ~ 0 ;  y t = x  if yl>~x and xl>ly .  

Remark  
I f y t = 0 t h e n  a} k ) = 0 f o r i ~ E  and k = - l ,  0 ,1  . . . . .  

In order to prove the existence of s-discount optimal policies, we introduce the 
following operator on V ~' 

B,u= max[r/(s) + q/(s)u], (3.2) 
f~F 

for any u ~ V". The maximization over f ~ F breaks down into maximization per 
state over a from A(i). By assumptions 3 and 5 and lemma 3.2 we have, in each 
state, a real-valued bounded and continuous function of the decision a, element 
of the compact set A(i) and hence a maximum exists. B s is called the maximal 
one-step-reward operator with discount rate s. It is not difficult to give conditions 
under which Bs is a contraction for that s. It then follows from the fixed point 
theorem that B~ has a unique fixed point, say v(s). Moreover, v~(s) is equal to 
sup/~ Fv[(s) and the policy which takes maxiroiT.ing actions in (3.2) is s-discount 
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optimal.  It is not  possible to generalize this me thod  for Blackwell opt imal i ty  since 
we cannot  make  use of a fixed point  theorem on LS ~. Therefore  we in t roduce  a 
new operator  HI(s)  on V ~ for a fixed s and  its generalization H / on LS  ~. We 
shall set up the theory directly for LS ~176 and Blackwell optimali ty,  bu t  the entire 
analysis can also be carried out  for a fixed s and s-discount  optimali ty,  if instead 
of the lexicographic ordering "1 >/"  on  LS ~176 the normal  ordering " > /"  on  V ~ for 
the functions evaluated in that  s is used. Let H / be def ined by 

QO 

H/y - ~_, [ q / l " y ,  (3.3) 
n = 0  

for y ~ LS ~. This does not  always yield an element  of LS ~. In order  to overcome 
this difficulty, we work with a slightly different operator:  

o0 

( H / y ) ( s )  = E [q/(s)]"[sy(s)] .  (3.4) 
n = 0  

Since sy(s) is a vector consist ing of power  series with a convergence radius of at 
least d and d is larger than (ca) -1, one can obta in  H/y by solving o f rom 
o = sy(s )+ q/(s)v. It follows f rom theorem 2.4 that  there exists a Laurent  series 
expansion for v which satisfies the requirements  of LS ~176 Hence  we can regard 
H/y(s)  as the expansion for the discounted rewards v/(s) where sy(s) is the 
expansion of the t ransform of the appropria te  reward vector. 

When the immedia te  rewards are a positive vector ( that  is, at least one 
componen t  is positive and the other componen t s  are normegative),  the total 
expected s-discounted rewards are also a positive vector for every s > 0. Hence  its 
Laurent  series expansion is positive in the sense of our  ordering. This impor tan t  
proper ty  is generalized in the following theorem. 

THEOREM 3.5 

For  any f ~  F, H /  is a positive operator  on LS ~, that  is, 
implies H/Y1 > O. 

y ~ LS  ~176 y/> 0 

Proof 
The proof  follows similar lines as that  of theorem 4.2 in Dekker  and Hordi jk  

[7]. The  first par t  we prove is that  for each state i ~ E, (H/y) j  t>~ O, i.e. the first 
nonzero coefficient (if it exists) in the Laurent  series for ( H / y ) i  is positive. This 
will be done  by carefully checking how such coefficients originate. Subsequently,  
we shall prove that  (H/y) j  / > 0 for some j ~ E. For  the sake of convenience we 
skip the dependence  on f in the notat ion.  Let i ~ E  be fixed and y j =  
y,~ (k) k 

k = _ l a j  S . 

Suppose i is contained in a min imal  d o s e d  set, say C. All states in C are 
positive recurrent  by the remarks following (2.22), hence we have Iljh > 0 for all 
j ,  h ~ C. Consider  the power series yj, j ~ C. Let  n be the index of the first 
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nonzero coefficient over all these power series (if such an index exists), i.e. 

a) k ) = 0 f o r a l l  j ~ C a n d  - l ~ < k < n ,  

a) n) >/0 for all j ~ C and a~h n) > 0 for some h ~ C. 

Having r ( s ) =  sy(s) as expansion for the transform of the reward vector and 
using the not~ation of theorem 2.4 one can easily see that for all j ~ C, c) k ) =  
O, Vj ~k) = 0  and b~ k+l) = 0, - 1 ~< k < n - 1 and also that Vj t~-l) > 0 for all j ~ C. 
Hence (H/y)~ t > 0 for all j ~ C. If no such index exists, i.e. if all yj t = 0, j ~ C, 
we also get Vj (k) = 0, k = - 1 ,  0 . . . .  for all j ~ C and (H--/y)j t = O, j ~ C. 

Suppose i is a transient state under P. Hence we have V~ (k)= (Db(k))~ + z~ k), k 
= - 1 ,  0, . . .  with 

[ I-Ic (k) _ 1-IO(1)Db(k)] j 
En,j [n,]j 
J 

Let R( i) - { j ~ E I / / ; j  > O} and T( i) - { j ~ E I Diy > 0 and II~j = 0}, then B( i) 
- R ( i ) u  T(i) consists of all states accessible from i, where R( i )  are the 
recurrent states and T(i) the transient states. Note  that B ( j ) c B ( i )  for each 

_<k) is independent  of the values j ~ B(i).  In addition, note that for a n y j  ~ B(i), zj 
of b~ k) and c~ k) for any h ~ T(i).  Consider the power series yy, j ~ B( i )  and let n 
be the index of the first nonzero coefficient over all these power  series (if such an 
index exists). For  each h ~ B(i)  which a~ ~) > O, we shall consider its contr ibution 
to V~. ~k), k = - 1 ,  0 , . . . ,  j ~ B(i).  Since aJ. k) = O, - 1 ~< k < n for all j ~ B( i )  it is 
e a s f l y s e e n t h a t ^ b o t h  ~ ) : 0 ,  b}k+~):O and v , ' k ' = o  f o r - 1 , k < n - 1 ,  j ~  

j ~ B(i) and Ch ~ - ~ )  > O. If h ~ R(i)  then  v~ ~-1) > 0 
and also V~ ~-a)  > 0, since//~h > 0. If h ~ T(i)  then V~ ~-~) = 0; however, bth ") > 0 
and hence V,3 ~) > 0, since Oih > 0. In both cases we have ( H I y ) i  t > 0. 

The fact that Hlyt > 0 now remains to be proven. Since Yt > 0, there exists a 
state j such that Yi i > 0, say aJ ~), is the first nonzero coefficient. Since either 
/ 7  > 0 or Djj > 0, we can see by the previous arguments that either Vj ~k+~) > 0 or 
~ . ~  > 0, which completes the proof. [] 

H ! can be considered as the inverse operator of  [ I -  qr that is, for each 

f ~ LS  ~ 

H / [ 1 - q / ] y t = y ,  (3.5) 

which follows directly from the definition of H f, by taking s fixed and small 
enough. In the finite state space model H/(s)  is, for a fixed s > 0, the inverse 
matrix of [ I -  q/(s)]. 

We shall now give the generalization B of B, on LS  ~. 

(By)( )-lex.max I2 s + , (3.6) 
f E F  k= -1  n~O 



204 R. Dekker, A. Hordijk / Semi-Markoo decision chains 

for y ~ LS ~, y(s)  = )-'.~=_la(k)s k with a (k) ~ V s. R(k)( f )  and Q(k)(f)  are de- 
fined in assumpt ion 3, R(-X)(f) = O, f ~  F. "Lex .max"  stands for lexicographic 
maximum,  that is, we maximize the terms of the Laurent  series lexicographically, 
which corresponds to maximizing in our  order  relation "1 >t " on LS ~176 The 
maximizat ion is taken componentwise ,  so we can restrict ourselves to A (i)  instead 
of F. Let i ~ E be fixed, a = f ( i )  and let 

k + l  

x ( k ) ( a ) = ( - - 1 ) k R l k ) ( f )  + ~_, ( - -s )"~jO}~)( f )a}  k-"), 
n=0  

k = - l , 0  . . . .  , a ~ A ( i ) .  

If follows from assumptions  3 and 5 and lemma 3.2 that X(k)(a), k = - 1 ,  0 . . . .  
is a cont inuous and bounded  funct ion of a. Since A(i) is compact ,  there exists a 
nonempty  subset A_l( i  ) c A ( i )  in which all actions maximize x(-1)(a). Since 
x(- l)(a)  is cont inuous in a, A _ l ( i  ) is closed and hence compact .  Within  A_I ( i  ) 
there exists a second subset Ao(i ) consisting of actions maximizing x(~ In 
this way we obtain a sequence of subsets A_1(0 D Ao(i ) 3 Al(i ) 3 . . . ,  with each 
set closed and nonempty .  Hence  A ~ ( i ) - N ~ , = _ I A , ( i )  is n o n e m p t y  and any 
action of Aoo(i ) maximizes the coefficients of Ek~176 _lx(k)(a)s k lexicographically. 
B is thus a well-defined operator.  

It is not  possible to maximize v/(s) in the same way since the maximizat ion 
cannot  be done  componentwise .  Therefore, we take a weighted sum over all 
components .  Let 

2 - i  
wf(s) - ~ --~-i vif(s), f ~ F .  (3.7) 

i=1 

wI(s) is a single Laurent  series, say wl( s )=  E~= _lwtk)( f )s  k, with 

oo 2 - i  

w(k) ( f )  = E --~-/V/(J')(f), f e F .  
i=1 

We have 

I wCk)(f) I ~< II V(k)(f)I1~,, f E  F. 

Since V, tk)(f)/l~ ~ is bounded  in both  i and f and each term is cont inuous  in f ,  
wtk)(f)  is also cont inuous and bounded  in f for each k >~ - 1 .  Using a similar 
a rgumenta t ion  as for the existence of the operator  B gives the following lemma. 

LEMMA 3.6 

There exists a policy f0 E F that  maximizes w / lexicographically, i.e. wf~ >/w y 
for all f ~ F. 

This f0 will appear  to be Blackwell optimal.  
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T H E O R E M  3.7  

Under  assumptions  1 , . . . , 5  the following assertions hold  for the Blackwell 
opt imali ty  equations Bo~ = o in L S  ~176 i.e., 

l ex .max[r /  + q/o]l= v, v ~ LS~176 (3.8) 
f ~ F  

(a) there exists a unique solution v 0 to it, 
(b) a policy, say f0, which maximizes w / (cf. (3.7)) lexicographically, is Blackwell 

opt imal  and, moreover,  v 0 = v/~ t = lex .max/~  r v f  
(c) any conserving policy f ,  i.e. for which r / + q/v o t= Vo is Blackwell optimal.  

Proof 
The proof  follows the same lines as that  of theorems 3.2 and 3.3 of Dekker  and 

Hordi jk  [7], but  we will give it for completeness.  We first show that  o/ '  is a 
solution to (3.8), where f0 is derived f rom lemma 3.6. F r o m  (2.10) we see that  
r f" + q/"v z' - vZ"t = 0 in LS  ~176 Suppose there is a policy ~ such that  for some state 
i ~ E, (r e + q~v z" - vl"),t > 0, then define policy g by g(i)  = g( i )  and  g ( j )  = f 0 ( J )  
for j 4: i. For  this policy g it holds that  [r s + (qg - I)v/"]j  ~ >1 0 for all j 4: i and 

> 0 for j = i. It then follows from theorem 3.5 that  s-~H~i[r ~ + (qg - I)vf"]t > O. 
From (3.5) we see that this expression is equal to v g - v / " t  > 0. However,  this 
implies that w g -w f" t  > 0, which contradicts  l emma 3.6. Consequent ly ,  for all 
policies f E  F, we have r/  + ( q / -  I)vZ5 <~ 0 and hence Bv~'t = O. 

In the same way as for policy g it can be shown, for any policy f ~ F, that  
v / -  vZ"t<~ 0 and hence 0/5 = lex .max/~F v/, which proves part  (b). 

Finally, suppose that we also have a solution 6 ~ L S  ~176 to the Blackwell 
opt imali ty equa t ions  and that  policy f takes maximizing actions for this solution, 
i.e. r / +  q/St= 6. From lemma 2.1 it follows that  51 = v f. Since B51 = 5 it holds 
that  rl"+ ( q / " -  I)St<-. O. Using Hf" we obtain that  v z'' t~< 5. Hence  it follows 
from part  (b) that  vZ"t = 6, which shows both  parts (a) and (c). [] 

Let HI(s)  denote  H /eva lua t ed  for a fixed s, i.e., H/(s )  = E~,=o[q/(s)] n. HI(s )  
is a nonnegative matrix with positive diagonal elements,  which implies that  it is a 
positive operator  for every s > 0. It is not  difficult to see that  we can restate 
l emma 3.6 and theorem 3.7 for s-discount opt imal i ty  if we evaluate all funct ions 
and operators in s and use the normal  " >/"  ordering. In fact, the only assump- 
tions needed for applying these theorems for a fixed s, apart  f rom assumpt ions  1 
and 2, are the p-continuity and pointwise cont inui ty  of Y.~,=o[q/(s)] " and r/(s) ,  
respectively. If ql(s) is /~-continuous, then a contract ion proper ty  of qZ(s), i.e. 
II q:(s)I1~ ~ c < 1, for all f ~  F, immediate ly  implies the p-cont inui ty  and the 

oo f n /.t-boundedness of E,=0[q (s)] . In this way we can easily establish the existence 
of a unique /.t-bounded solution to the discount  opt imal i ty  equat ions  with 
discount  rate s. Any  conserving policy is s-discount opt imal  and  its total 
discounted reward is equal to the solution of the opt imali ty  equations.  
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It has already been stated that Blackwell optimality implies n-discount opti- 
mality for all n. It follows quite directly from our analysis that we can also define 
n-discount optimality equations. 

4. Single server queueing network 

In this section we consider a network with service facilities 1 . . . . .  K. The state 
space E is N0 k and consists of all k-tuples, with i k the number  of jobs at facility 
of queue k, 1 ~< k ~< K. The service time distribution of a job at queue k is 
denoted by F k. After completing service at facility k, a depart ing job joins the 
queue at facility l with probability rkt. The stochastic network is supposed to be 
open, so the routing matrix R = (rkt) is assumed to be transient. The arrival 
processes to the network are independent  Poisson processes. The rate of arrivals 
to facility k is h k. Let h = EkA k. The throughputs at the facilities can be found 
as the unique solution of the traffic equations, 

K 

"),j= ~ y,r,j+Xj. 
i = 1  

As in Klimov [22] we assume the following ergodicity condition: 

K 

i = 1  

where Bi is the first moment  of the services time distribution F/. There is only one 
server in the network. At the completion of a service the decision maker  has to 
decide which of the nonempty  queues has to be served next. The optimal control 
of the server can be formulated as a semi-Markov decision chain. The decision 
epochs are the service completion times together with the arrival times to an 
empty network. So T,+ 1 - T ,  has distribution F k resp. E x ( E  x denotes the 
nonnegative exponential distribution with mean h -1) if at decision epoch T, the 
server starts serving queue k resp. the system is empty. The state S, at 7", is the 
state of the network just after a service completion resp. just  after the arrival of a 
job to an empty network. Action or decision k means that the server will serve 
queue k next. We only allow non-idling policies, which means A ( i l , . . . ,  i x ) =  
{ a I ia > 0, 1 ~< a ~< K }. In the transition probabilities QTj(x)  as defined in (2.1) 
we use the notation i = (i  I . . . .  , i x )  and k = ( k  1 . . . .  , k x )  with it, k t >1 O, l = 
1 . . . . .  K. The symbols 0 resp. e~ denote the vector with all components  equal to 
zero resp. the vector for which component  a is the only nonzero component  and 
equal to one. 

Q~k(x) = ~ k j h - l ( 1  - e  -xx) when k ; = 0 ,  i ~ j  and kj= 1; 
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(roo+ i "~ ) • d F o ( t ) ;  

Qi]i+k-e")(x)= ftXoj~a( �9 kj, 

with k~ = 0, 

) e-Xut(1--~.r~ 
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and the other transit ion probabilities are zero. We recall that  R~.(x) denotes  the 
expectat ion of the income during the t ime interval [0, min(x ,  T 1)], given S O = i 
and D(i)= a. Let us assume that  the cost s tructure consists of a nondecreas ing  
holding cost rate h(i)>t 0 when i jobs  are in the network,  a service cost rate 
s(a) >1 0 when queue a is served and an ins tantaneous  cost c(i, a). The  expres- 
sion for the expected holding cost dur ing [0, min(x ,  T1)] is messy. However,  it is 
easy to see that  the following expression is an upper  bound:  

( )(So ) ~-]Qi~(oo)h(j+e,) t dFa ( t  ) . 
J 

Let us for the m o m e n t  assume that  this summat ion  is finite. Hence,  

(R~) + (x) =c- ( i ,  a), 

(R~)-(x)<~ ~ Q T j ( ~ ) h ( j + e o ) + s ( a )  tdFo(t )  + c §  
J 

It is easily verified that assumpt ion 1 holds. For  the service t ime at facility k we 
assume 

Fk(q) >_.cl, (4.1) 

for some positive t I and c~, and 

1 - Fk(t ) <~ c 2 e -s'', (4.2) 

for some positive s~ < h and c 2 > 1 and all t >t 0. In our  op in ion  this assumpt ion  
will always be satisfied by distributions encountered  in practice. However ,  in 
theory it is restrictive. If only average opt imali ty is considered the condi t ion  can 
be relaxed. Since there are only K queues there is no  restriction in assuming that  
the inequalities hold for all k = 1 , . . . ,  K simultaneously.  For  our  b o u n d i n g  vector 
/~ we take 

IXo i 1 = . . .  = i k = O, 

t%, ..... in)= (1 + x l )  i ' . . . ( 1  +Xk)  i~ otherwise, 
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where #0 >/1 and xa , . . . ,  x~ > 0. We assume that II h( . )  II ~ < oo and II c ( . )  II ~ < oo 
with c(i)=max~c(i ,  a). Remark that this is the case if h(i) and c(i) are 
bounded by a mul t inomium in ( i l , . . . ,  i k). Assuming relation (4.2) it is shown in 
section 3.3 of Spieksma [35] that for some fl < 1, 

E Pij(f)#j<"fl#i, i ~ E ,  f ~ F  (4.3) 
j ,o  

with x , , . . . ,  Xk sufficiently close to zero and #0 sufficiently large. The relation 
(4.3) implies the #-geometric recurrence property of Dekker  and Hordijk [8]. It 
follows from their lemma 3.2 that for some c < oo and all f ~ F, 

I lPk( f ) l l~ ,<c,  k ~ N  o. (4.4) 

Define, 

F(x)  = m i n { E X ( x ) ,  Fk(x),  k = 1 . . . . .  K }, 

and let N(x)  be the number  of renewals with lifetime distribution F(x).  Clearly, 

E M ~ ( t ) # j  <'-- E P ( U ( t ) = k ) E P , ~ ( f ) # j .  
j k=0 j 

With (4.4) we find that for some c < oo, 

t 
II Mqt)II,< u + c, 

with ~- the first moment  of F. Note  that (4.1) implies "r > 0. Hence assumption 
2(b) is satisfied. Recall that e is the vector with all components  equal to one. 
Since #j+e < c3#j for some constant c 3 we have, 

Y'~ Q~(oo)h ( j  + el(o) <~ Y '~Pu( f )h ( j  + e) <~ c 3 II h ( . ) l l  ~ II P( f ) I I  ~#, < ~ ,  
J J 

and assumption 2(a) holds as well. Define 

G ( x ) = m a x { E X ( x ) ,  Fk(x ), k = l  . . . . .  K } ,  

then 

1 - G(x)  <~ c 2 e - ' '~, 

and hence, for some constant c, 

~T. dG(x)<cj o[ -Uf. d ( l - e - " X ) < c  T~ 

Consequently, 

and 

f o o  X k .oo X k 

E J  0 k! dQ[j.(x)#j~< Jo ~"  dG(x)Ee~j(f)#j+, 
J J 

(1)  k 
H Q(k)(f)II.'N< c 311P( f ) I [ . c  ~ . 
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Hence  we conclude that assumption 3(a) is satisfied. The verification of  assump- 
tion 3(b) is done in a similar way. Assumpt ion 4 follows f rom theorem 3.5 (see 
also the proof  of corollary 3.6) of Dekker  and Hordi jk  [8]. To verify assumption 
5(b) it is, according to lemma 3.1, sufficient to show that Q t k ) ( f )  and Q ( k ) ( f ) g ,  
k = 1, 2 . . . .  are pointwise continuous in f .  N o w  suppose  f ,  ~ f as n tends to oo, 
then for fixed i e E, since A( i )  is finite, f , ( i )  = f ( i )  for n sufficiently large. Say 
f ,  (i)  = f ( i )  = a for n >/n 0. Hence  for every k 

. o o  X k 

when n >/n0. 
Similarly, the pointwise continuity of Q ( k ) ( f ) g  and R ( k ) ( f )  in f follows from 

the finiteness of the action sets and therefore, assumptions 5(b) and 5(c) hold. 
Also the pointwise continuity of P ( f ) g  follows and assumption 5(a) is the 
assertion (ii) of theorem 3.10 in Dekker  and Hordi jk  [8]. We conclude that 
theorem 3.7 is valid for the single server queueing network. The Blackwell 
optimality equations have a unique g-bounded solution which equals the Laurent  
series expansion of a Blackwell optimal policy. In Klimov [22] the optimal order 
of service is derived for minimum average costs. If this optimal service order is 
unique then it also provides a Blackwell optimal policy. 
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