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DENUMERABLE SEMI-MARKOV DECISION CHAINS WITH SMALL
INTEREST RATES *

Rommert DEKKER ** and Arie HORDIJK

Department of Mathematics and Computer Science, University of Leiden, P.O. Box 9512,
2300 RA Leiden, The Netherlands

In this paper we investigate denumerable state semi-Markov decision chains with small
interest rates. We consider average and Blackwell optimality and allow for multiple closed
sets and unbounded immediate rewards. Our analysis uses the existence of a Laurent series
expansion for the total discounted rewards and the continuity of its terms. The assumptions
are expressed in terms of a weighted supremum norm. Qur method is based on an algebraic
treatment of Laurent series; it constructs an appropriate linear space with a lexicographic
ordering. Using two operators and a positiveness property we establish the existence of
bounded solutions to optimality equations. The theory is illustrated with an example of a
K-dimensional queueing system. This paper is strongly based on the work of Denardo [11]
and Dekker and Hordijk [7].

1. Introduction

The history of semi-Markov decision chains (abbreviated by SMDC) started in
the beginning of the sixties, following the introduction of the semi-Markov
process. In literature, the term Markov renewal program, which is the decision
variant of the Markov renewal process, is also used, the difference lying only in
the description of the underlying process. The theory for SMDC was, and is,
closely related to that for (discrete-time) Markov decision chains (MDC), since
most concepts and ideas were first developed for MDC and then generalized to
SMDC; in the same way this paper is a generalization of Dekker and Hordijk [7].

Initially, the theory for SMDC was developed for models with a finite state
space and finite action sets. Several optimality criteria were investigated, such as
discount and average optimality, cf. De Cani [6], Howard [20], Jewell [21] and
Schweitzer [32]. Subsequently, considerable effort was spent on the generalization
to models with a denumerable state space and compact action sets. The extension
of discount optimality to the denumerable state and compact action case is quite
straightforward, cf. Blackwell [3]. For average optimality however, the denumer-
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able state space gave complications concerning the asymptotic behaviour of the
embedded Markov chain. The first results required a simple Markov chain
structure such as ergodicity or later unichainedness, both together with bounded
rewards, cf. Derman [13], Ross [27] for the discrete-time case and Ross [28],
Hordijk [18], Federgruen and Tijms [16] for the semi-Markov case; the last two
papers also allowed compact action sets. This was extended to the unbounded
rewards case by Hordijk (18], Federgruen, Hordijk and Tijms [14] for the
unichain case and by Federgruen, Schweitzer and Tijms [15] for an extension of
the communicating case, the communicating case first being set up and investi-
gated for the finite state compact action model by Bather [1]. However, the theory
for the denumerable state model remained mathematically unsatisfactory since it
did not cover the general finite case. Together with Deppe [12], this paper
investigates the denumerable multichain case for the SMDC. For the denumer-
able multichain MDC case we refer to Zijm [41,42], Mann [24], Dekker and
Hordijk [7,8], and Lasserre [23].

In spite of its wide use, average optimality is a rough and insensitive criterion.
More sensitive criteria such as n-discount and Blackwell optimality were devel-
oped and established. This was done by Blackwell [2,3], Veinott [40], Denardo
and Miller [10] and Miller and Veinott [26] for the MDC case and Miller [25] and
Denardo [11] for the SMDC case, the latter also establishing a Laurent series
expansion for the discounted rewards, where Blackwell optimality is a combina-
tion of average optimality and discount optimality for small interest rates. It
implies n-discount optimality for all n. In Hordijk and Sladky [19] and Dekker
and Hordijk [7] these results were generalized to the denumerable case MDC,
whereas this paper contains the extension to the SMDC case.

The outline of this paper is as follows. In section 2 the model is introduced and
a Laurent series expansion is derived for the total expected discounted rewards.
Section 3 contains an algebraic analysis of these Laurent series and establishes
solutions to optimality equations. In section 4 we illustrate our theory with a
specific K-dimensional queueing system. We consider a single server queueing
network in which there are K service facilities, one server and a random routing
of the jobs. In Klimov [22] the structure of the priority rule with minimal average
cost is determined. The cost function consists of a linear holding cost. The service
time distribution is assumed to be general with finite first and second moment. In
Sennott [34] this model is one of the applications and the existence of a
deterministic average optimal policy is shown. In section 4 we prove for this
model that the Blackwell optimality equations have a unique solution which
equals the Laurent expansion of a Blackwell optimal policy. This is a stronger
result. However, we must assume that the service distributions have tail probabili-
ties which tend exponentially fast to zero, but this is not a strong assumption as
most distribution classes used in practice have this property.

In the last years the existence and structure of optimal policies in queueing
systems have been studied in Weber and Stidham [39] and Stidham and Weber
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[36]. In Sennott [33] and Sennott [34] existence theorems are applied to queueing
systems.

This paper is a revision and extension (section 4) of chapter 2 of Dekker [9]. In
this paper we restrict ourselves to stationary deterministic policies. From a recent
result of Schil [31] it follows that our Blackwell optimal policy is at least strong
average optimal in the class of all policies.

2. The model and the Laurent series expansion for the total discounted rewards

Consider a dynamic system which is observed at timepoints 7,, n=0, 1, ...
with 7, =0. The time between successive observations is a random variable
taking values in [0, co). When the system is observed at timepoint 7,, it is
characterized by a state, say S,. We assume the state space E to be denumerable
and we let E= {1, 2, ...}. In each state i there is a set of available actions A(i)
for controlling the system. When state i is observed, an action D(i) is chosen
from A(i), which remains fixed up to the next observation. The transition
probabilities are assumed to be time independent. Let

Q4(x)=P(S,s1=J, T,p1<t+x|S,=i, T,=1, D(i) =a) (2.1)

be the joint probability that the next observed state is j and that the transition
time is not greater than x, given observation of state i/ and given decision
D(i)=a. Let RY(x) denote the expectation of the income during the time
interval [0, min(x, T})], given S, =i and D(i) = a, that is, the expected income
until the earlier of time x and the first transition. Let F =[12,A4(i) be the set of
decision rules. We shall restrict ourselves to the class of stationary policies, i.e.
policies of the type f*={f, f, ...}. However, in order to keep the notation
short, we write f instead of f*.

We shall use the following matrix and vector notation. Let Q/(x) denote the
matrix with Q/)(x) as (i, j)th element and let R/(x) denote the vector with
R{®)(x) as ith element. Further, let the matrix P(f) be defined as P,,(f)=
Q/(c0). Note that P(f) is the transition matrix of the embedded Markov chain.
Let e denote the vector with components equal to one. P*(f) is defined by
PY(f)=P(f)P* Y (f), k=1, where P°%(f)=1, the identity matrix. We will
make the following standard assumption.

ASSUMPTION 1

(@ X, P(f)=1foralli€E, feF.

(b) A(i) is a compact metric set for all i € E.

(c) RI(¢) is of bounded variation as a function of ¢, for all i€ E, f€ F.
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The bounded variation of R/(t) means that there exist two nondecreasing
nonnegative functions denoted by (Rf)*(¢) and (R{)™(¢) respectively, such that
(RIY#) = (R)*(t) = (R{)™(¢). Note that under assumption 1(b) F is a compact
metnc set in the product topology. Let M/, (1) denote the number of tlmepomts

=0,1,2, ... such that S,=; and let Uf(t)—-Z Mf(t) In words, (t)
and Uf (1) denote the expectation of the number of * transmons” to state j and
the total number of transitions respectively made in the time interval [0, ] given
S, =i and policy f.

As reward criterion we use V/(¢), being the total expected income during the
time interval [0, ¢] given S, =i and policy f. ¥/(r) may be undefined or infinite
in a denumerable state space with unbounded immediate rewards. In order to
exclude this, we assume that the immediate rewards are bounded by a vector p
and that the matrix M has certain properties with respect to this vector. This
vector is then said to be a bounding vector. This leads to assumptions in terms of
this bounding vector and to an operator-theoretical approach based on the linear
space induced by the bounding vector. This approach is, however, somewhat
stronger than working with Liapunov functions, cf. Hordijk [18]. It has been
shown that the existence of a first order Liapunov function is almost sufficient
for average optimality; however, for Blackwell optimality, Liapunov functions of
any order have to be assumed and this is almost equivalent to the existence of a
bounding vector satisfying our assumptions.

For any vector p on E with u;> 1, for all i € E, we can define a weighted

supremum norm || - ||, as follows

Inl
I ril, = sup ——
# ieE Ki

k)

for any vector r on E. Its corresponding matrix or operator norm is defined as
follows:

1Arl,
Al|,= sup ——rt
I4ll,= sup

rillirif,#0

Z | A | B
IEE j
where A: EX E— R is any matrix function. The following assumption states
precisely the properties we require.

ASSUMPTION 2
There exists a vector o on E with u;,>1 for all i€ E and constants
¢4 > Co 5 C1» C such that for all fe F:

(2) Supx>oI|(Rf) () e, sups o (R (X) |l < e
(b) |lM(t)||#\c1+c2t for all ¢ > 0.

We call the vector p a bounding vector. A vector r, matrix 4 on E are called
p-bounded if |ir|l,<oo, ||A4]l,<oo respectively. We denote the set of p-
bounded vectors, matrices on E by V*, M*" respectively. Assumption 2(a) is
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stated in this way to guarantee bounded variation of the quantities to be
considered later. It implies sup, , o || R/(x) || u < Co, Where ¢y =cq + co

In the following, we shall use the Lebesgue—Stieltjes integral [’g(x) d F(x),
where g(x) is a Borel measurable function and F(x) is of bounded variation, cf.
Royden [29, p. 263].

The convolution of Q’(t) with itself or with R/(¢), denoted by (Q”)*?(t) and
(O’ * R/)(1) respectively, is defined by

()5 ()= [L0l,(r-x) dQk(x),  ¢20,i, j€E, feF  (22)
0 &
and
(Q/+R!),(1)= [ LR(t-x) dQh(x), 1>0,i, jEE, feF. (23)
0 «

Using standard arguments it can be seen that ( 0’ * R/),(1) is again of bounded
variation. Note that (Q/ ) 2(t) is the probability that the second transition is
made to state j before time t given S, = i and policy f. Analogously, (@7 * RY),(t)
is the expectation of the reward between the first transition and the earlier of the
second transition and time ¢, given S;=/ and policy f. Denote the n-fold
convolution of Q/(t) with itself by (Q/)*"(¢). Observe further that

Z (@) (1), 120,i, jEE, fEF, (2.4)

where (Q/ )5 %(t) is equal to 1, 0 if i = respectively i #j. A formal definition of
V/(t) can now be given by

Vi) = ): ((@/)**sR) (1), 1>0,i€E, feF, (2.5)
k=0

where ((Q/)*°* R’),(t) = R/(1). By (2.4) we have V/(t)=(M’+ R/),(¢). It is
easy to show that ¥/(¢) is of bounded variation for all i € E and that its g-norm
is bounded by

IV (1) 1], < coler + eat). (2.6)

We shall discount the total rewards with a rate s> 0, i.e. we take the
Laplace-Stieltjes transform of V/(¢) defined by

o0
Ul.f(s)Ef e™'dV/(t), s>0,i€E, feF. (2.7
0

Its existence follows for all s > 0 from (2.6) and the bounded variation of V/(t).
It is easily seen that

o/(s) |l ,< oy +e57"), >0, fEF. (2.8)
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We also take the Laplace-Stieltjes transforms of Q/(r) and R/(r) and denote

them by q,-fj(s) and r/(s) respectively. From (2.5) it easily follows that
V(1) =RI(1) + \;fo'vf(z —x)dQ/,(x), t>0,i€E, feF. (2.9)
J

Taking Laplace-Stieltjes transforms of (2.9) is possible under our assumptions
and yields (in matrix notation)

v/(s)=r/(s) +4q/(s)v/(s), s>0, fEF. (2.10)

This equation is the key to our analysis. Our first objective is to give conditions
implying that v/(s) has a Laurent series expansion. Since V/(t) = O(t) as t — oo
for all i € E (i.e. limsup, _ ., t™"|V/(1)| < o), we expect to find v/(s) = O(s™ 1)
as s — 0 and hence a Laurent series expansion for v/(s) which starts with a s™!
term. First of all, we shall prove that (2.10) has unique p-bounded solutions under
assumptions 1 and 2. Secondly we shall show that there are p-bounded vectors
W), k=—1,0,1, ... such that v/(s) =X _ W®(f)s* is the u-bounded
solution to (2.10). Let

m!(s) = io[qf(s)]". (2.11)

From assumption 2(b), eq. (2.4) and the nondecreasingness of M,-fj(t) it follows
that the Laplace-Stieltjes transform of M,fj(t) exists and is equal to m,-fj(s).
Taking p-norms, we find {|m/(s) ||, < ¢, + cys7"' < oo for all s> 0.

LEMMA 2.1
Under assumptions 1 and 2, v/(s) is the unique p-bounded solution to the set
of equations

v=r/(s)+q'(s)v, s>0,feF,veV" (2.12)

Proof

By (2.10) we only have to show the uniqueness of p-bounded solutions of
(2.12). Suppose v and w are p-bounded solutions to (2.12), i.e. both v =r/(s) +
q/(s)v and w=r/(s)+ g’(s)w. Subtracting these equations yields v—w=
[¢’(s)l[v — w] and iterating this equality » times gives v —w = [/ [v — w),
for n=1,2, .... Adding these equations and taking p-norms yields for every
meN that [lo—w]|,< m“| Zr=0[qf(s)]"||# lv—wl, Since m/(s)=
T2 o[g/()]" and || m/(s) || p < oo forall s>0and f€ F we find that ||w—w]||,
=0. O

Note that we can write

v/(s)=m/(s)r'(s), s>0, fEF. (2.13)
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Since q,.fj(s) and r/(s) are Laplace-Stieltjes transforms, they are analytic in the
open halfplane Re(s) > 0 (when considered as a function of complex s); however,
this is not sufficient for our analysis. Therefore we make the following assump-
tion.

ASSUMPTION 3
There exist positive constants 4, B and c;, such that for all fe F

ooxk
(@) QP = [ 7 do/(x)
exists forall i, jEE and k=0,1, ... and |Q®(f)|l,<A(cy)*, k=0,1, ..;
ooxk
(b)  RO(f)= [ 77 dRI(x)
exists for all i€ E and k=0, 1,... and || R®(f)|,<B(c3)*, k=0,1, ....

Assumption 3 states in fact that all moments of the times to transition and
rewards have to exists, which is the case for most distribution classes used in
practice. More precisely, under assumption 3 the following expansions exist for
q’(s) and r/(s) respectively:

J(s)= T 0O (1) (=s)*, feF, |s|<(e), (214)
k=0

Hs)= 3 RO(1)(=s)*, fEF, |s|<(c;)™". (2.15)
k=0

Hence, g/;(s) and r/(s) are analytic for all i, jEE, f€ Fontheset {s€C|0<
|s] <(c3)”'}. Assumption 3 is most natural for establishing a Laurent series
expansion for v/(s) around zero, starting with a term s~'. It implies that v/(s) is
analytic on some disc around zero except zero itself.

It will be clear that the properties of the embedded Markov chain are
important for the existence of average and/or Blackwell optimal policies. We
shall therefore make a detailed analysis of the embedded chain, in which we
follow Dekker and Hordijk [7].

It is well known, cf. Chung [4], that the Cesaro limit of P*( f) always exists, i.e.

N
I,(f) = lim N—lﬁkgoa’;(f), (2.16)

exists for all i, j, €E, fe F. Let II(f) denote the matrix with IT,;(f) as
(i, j)th element. II(f) is also called the stationary matrix since the following
equalities hold

O(f)=1(f)P(f)=P(HI(f)=TO(f)I(f), fEF. (2.17)
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Since II( f) contains the information on the long-term behaviour of the Markov
chain, it is basic for the average rewards over an infinite horizon. In addition, we
are also interested in sensitive optimality criteria, dealing with deviations from
the average rewards. Therefore, following Dekker and Hordijk [7], we assume

ASSUMPTION 4
(@) D;;(f)=lim, XX o« [PA(f) —II,;(f)] exists for all i, j€E, fEF.
(b) For every f € F the following relations hold for the matrix D( f):

(f)p(f)=D(f)I(f) =0, (2.18)
[1-P(N]D(f)=D(A)I-P(f)] =I-II(f), (2.19)

where 0, I denote the zero and identity matrix respectively.
(c) There exists a constant c, such that || D(f)||, <c,, for every fE F.

The matrix D(f) is called the deviation matrix. To facilitate verification of
assumption (4) sufficient recurrence conditions are provided in Dekker and
Hordijk [8]. From assumptions 1 and 4 it can be shown (see remark 1 of Dekker
and Hordijk [7]) that

N—- oo

N S,
lim mkgop (f)r=H(f)r, (220)

for all p-bounded vectors r and all f& F. Consequently, 3 ,II,,(f) =1 for all
i€FE and feF.

Before we proceed with our analysis, we first recapitulate some facts of
Markov chains. A nonempty set C is called closed under P(f) if P,;(f) =0 for all
i€ C, jé&C.Itis called minimal closed under P(f) if it does not contain a proper
and closed subset. The foregoing implies that in the embedded Markov chains all
minimal closed sets are positive recurrent and all inessential states are transient.
Let »(f) denote the number of minimal closed sets of the Markov chain under
P(f) and denote these sets by C,,...,C, ;. Note that »(f) can be infinite. Let
T(f) denote the set of transient states and R(f) the set of positive recurrent
states under policy f, then R(f)=C,U...UC,, and E=R(f)UT(f). We
denote by F,.(f) the probability that the set C, is reached under policy f when
the system starts in state i.

Assumption 3(a) states for k =0 that Q(f) = P(f) and that || P(f)|,<4
for all f€ F. Combining this with (2.19) and assumption 4(c) we see that IT( f)
has a bounded (in the policy space) p-norm, i.e.

NI(f) . <1+ecl+4), feF. (2.21)
Let 7,(f) denote the expected time until transition in state i under policy f.

Note that 7,(f) =X,0{’(f) and that the vector 7(f) is also p-bounded. Using
(2.21) we see that II( f)7(f) also has a bounded p-norm.
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Let 7,,(f) denote the mean recurrence time in state j under policy f. Consider
aset C c E which is minimal closed under P( f). According to Cinlar [5, theorem
10.4.3] we have, for any state i € C,

. (f) _ szCHij(f)T/‘(f)

! II,(f) '
From the preceding it follows that C is positive recurrent in the embedded
Markov chain, so IT;(f) > 0. Since in addition X, c II,;( f) 7,( f) < o0, we find
that 7,(f) <oco and that C is also a class of positive recurrent states in the

semi-Markov process. Taking inverses in (2.22) and summing over all states in C
yields

(2.22)

¥ 1 _ 1
iec Ti"(f) anj(f)'rj(f)
Jjec
In our analysis we shall need the boundedness of the right-hand side of (2.23)
both in f and in C, as stated in the next lemma.

(2.23)

LEMMA 2.2
Under assumptions 1,...,4 we have for every f € F and all minimal closed sets
C under P(f)

1
Y IL,(NHn(f) S

ieC

(2.24)

Proof
Consider a policy f and a set C minimal closed under P( f). It follows from
elementary renewal theory that, for all i, j € C,

lim Mf(t)— (f

Accordingly,

1 1
hm —ch 5= jgc 7 (f) B Ljecll(£)5(f)"

On the other hand, assumption 2(b) states that, for all i € C,

‘L.
Y M.fj(t)”—f <c +eyt.

jecC

Let p, = inf, o cp;, then obviously po > 1. Hence for every e > 0 there is an i, € E
such that p; <po+ ¢, implying for all i € C,

K Ko

- > _—

B, ~ MBoTE
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This yields
1
= lim - 3 M/;(1)
ZH f) (f) "’°°tjeC <

jec

"‘j( Ko ) Bo te

< .

t—»oo[ JEC ‘,] IJ‘O_'_€ K Eo

Since this result holds for every € > 0, the lemma follows directly. O

This result is used in the following lemma which characterizes solutions to
equations of the type [ — P(f)]x =b.

LEMMA 2.3
Let b, ¢ be p-bounded vectors on E with II( f)b =0 for some f< F. Then
(i) x isa p-bounded solution to [] — P( f)]x = b if and only if x is a p-bounded
solution to [I — II( f)]x = D(f)b;
(i1) the set of equations

[1-P(f)]x=b and II(f)QV(f)x=I(f)c (2.25)
has a unique p-bounded solution x which is given by
Q1
x=D(f)b+H(f)[H(f) gg;;g(f)gfw(f)b (2.26)

with the vector quotient taken component by component, i.e.

51-3}
Proof

(1) Suppose x is a p-bounded solution to [I — P(f)]x = b. Multiplication of
this equation by D( f) and the use of (2.19) yields [I — II( f)]x = D(f)b. On the
other hand, suppose [I — II( f)]lx = D(f)b, hence x = D(f)b + II(f)x and [I —

P(Olx=[I~P(NHUD(f)+II(f)x]=[1—-II(f)]b=b.
(i) Let y be the right-hand side of (2.26). Our assumptions and lemma 2.2
imply that y is p-bounded. It is easily seen that [ — P(f)]y =b. Let

= [ =T()0® () D(1)5]
:=11(f) (7)(7)

Note that z is a constant on any minimal closed set under P( f), say

[I1(f)e—1I(£)Q™(f)D(f)b],
" [+, ’

d,=

2. =

1
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for ie C,, n=1,2,...,v(f). The values of z in the recurrent states determine
the values of z in the transient states, as

v(f)
Z;= ZHij(f)Zj= Z I;;'C,,(f)dm
J n=1

for each i € T(f). Substituting y for x in II(f)QM(f)x =II(f)c yields, after
rearranging terms, II(f)QM(f)z=II(f)c— I{f)QP(f)D(f)b and this
equality has to be verified only on the recurrent states. Consider some minimal
closed set C, under P( f) and note that it is also minimal closed under IT( f) or
QW(f). For i € C, we have (let e denote the vector with all components equal to
one):

[IT(£)Q®(f)z], = [T(f)QV(f)de], = d,[TI(£)QD(f)e],
=d, [I(f)r(f)]:=[II(f)c],— [T(£)QV(f)D(£)b],,

which was to be shown.

Suppose w is also a p-bounded solution to (2.25). Subtraction of the two
solutions yields [I — P(f)][w—y]=0 and II(f)Q(f)w—y)=0. Using the
first equality we obtain (w—y)=II(f)(w—y), which implies that w—y is
constant on the closed sets under P( f) and that its value in the transient states
under P(f) is completely determined by its value on the closed sets. From
II(£)Q™M(f)w—y) =0 now follows that w— y =0, which provides the proof.
a

We are now able to state the main theorem of this section.

THEOREM 2.4
Under assumptions 1,...,4 the following holds for every f € F:
of(s)= Y V®(f)s*, 0<s<d, (2.27)
k=-1

for some constant d independently of f, where V(f), k= —1,0, ... is the
unique p-bounded solution to the set of equations

[1=P(N)]VE(f)=b(f), (2.28)
()P (f)VE(f)=I(f)c™(f),

with cV(f) = RO(f), b"P(f)=0and for k=0, 1, ...
bO(f)=c*V(f) = QPN )VED(S), (2.29)

k+2

cO(f)= (=D TPRE(f) + ;z(—l)jQ”’(f)V“‘“‘"’(f)- (2.30)
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Proof

First observe that ¢*’(f) and b*)(f) depend only on variables V{~V(f),
VOCf,...,¥*"D(f) and moments Q@(f) through Q**?(f) and RO(f)
through R**PD(f). Applying this recursively shows that V() is defined in
terms of moments Q@( f) through Q***?( f) and R®( f) through R*“*V(f). By
assumption 3, all moments of Q/(x) and R/(x) exist and are p-bounded, hence
c®)(f) and B¥(f), k= —1,0,1, ... are also p-bounded. It then follows from
lemma 2.3 that (2.28) has unique p-bounded solutions V*¥(f) for k=
-1,0,1, ....

Let us write w/(s) =2 _ ¥ ¥(f)s*, s> 0. Suppose now that w/(s) con-
verges absolutely and uniformly in f, for 0 <s <d, for some d> 0, then the
proof proceeds as follows. Substituting w/(s) and the power series expansion for
q’(s) and r/(s) respectively in r/(s) + [¢’(s) — Ilw/(s) yields

L 0o+ £ -0eine | £ veie]

- T v

- L 0RO E Eé;(—1)"Q‘"’(f)V“‘_"’(f)J
PR

Note that all Laurent or power series converge absolutely for s small enough,
uniformly for all states. Collecting terms with equal power of s yields

[=VR() + )V ED(s))s™
k+1

¢ 0RO+ B (10 ) - v )|

n=0
The coefficient of the term with s~! is zero by (2.28) with k= —1. With respect
to the coefficient of the term with s* we have

k+1

(=D RP(f)+ X (=1)"QW(£)Vy <= (f) = V(f)
n=0

= —[1=QO(N¥W(f) + (-1)*RW( )

+ L (-1 (NVEf) = @)V ()

—[1=0O()IVB(f) +*(f) = QD(f)V*D( ),
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which is also zero by (2.28) for k=0, 1, .... Hence w/(s) is a p-bounded
solution to (2.10) and since (2.10) has a unique p-bounded solution, w/(s) is
equal to v/(s).

We shall now prove that w/(s) converges absolutely, uniformly in i and f, for
s small enough. For this, it is sufficient to show the existence of constants a and
b such that

17O ll<ab’, fEF, n==1,0,1, ... (2.31)

A detailed proof of this result is rather long, due to the complexity of the
expressions for V"”( f). Therefore we only give an outline of the proof and leave
the verification to the reader.
Let b(f) and ¢ ( f) be given by (2.29) and (2.30) respectively. We show the
existence of constants a and b, not depending on n, such that ||V™(f) ||, <
ab”, | 6" (f)l,<ab” and || c"(f)||,<ab", fEF, are consequences of
VS I < ab, 15O [, < ab and | ®(f) | <abk, k= ~1,...,n~1,
f € F. Induction to n then gives the desired results. For n= —1 it is easy to see
that 5"P(f) =0 and that || c"(f) ||, = | R®(f) ||, < B by assumption 3. We
further have

oo )

which is y-bounded by assumptions 2, 3, 4, (2.21) and lemma 2.2. For n> 0 it
easily follows from using the same results and the induction hypothesis that
|6 f) Nl . < ad,b" ", for some constant d,. W.r.t. ¢”(f) we have in a similar
way

Jj=0

"uc<">(f)||,.<B<c3>"“+aA[i (e(2) ]b" < adybr,

for some constant d, independent of n, provided that b > c,. Finally, w.r.t.
V(£ we have,

ve(f)=D(f)b"(f)

[H(f)C‘"’(f) O(£)OP(f)D(F)b™(f) |
a(f)+(f)

Assumptions 2, 3, 4, lemma 2.2 and (2.21) and the results for 5”( f) and ¢"( f)
now imply that ||V"(f) ||, < adsb""}, for some constant ds,, independent of n.
Hence, any b larger than max(c;, d,, d,, d;) together with a constant a larger
than B, such that (2.31) also holds for n= —1, fulfills (2.31) for all »n. This
completes the proof.

+11(f)
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3. Analysis and optimality

In this section we introduce optimality criteria for an infinite time horizon with
respect to V/(r) or v/(s) and investigate their relations with the Laurent series
expansion for v/(s). We give conditions assuring the continuity of the terms of
the Laurent series expansion for v/(s) and establish the existence of optimal
policies.

A policy f is called s-discount optimal if v/(s)>vi(s) for all hEF, i€ E.
There are quite weak assumptions for the existence of stationary s-discount
optimal policies for fixed s >0, cf. Harrison [17], Schil [30], Van Nunen and
Wessels [38] and Van Nunen [37]). However, in the case of unbounded rewards
these assumptions require s to be fixed or bounded away from zero. From our
analysis it will follow that assumptions 1, 2 and a continuity assumption guaran-
tee for each s > 0 the existence of an s-discount optimal policy. We shall come
back to this at the end of this section.

A criterion which considers the behavior of v/(s) for s small, was introduced
for the discrete time, finite state and action case by Blackwell [2]. We shall
generalize it to the denumerable state SMDC and discern two variants, thereby
following Dekker and Hordijk [7].

DEFINITION 3.1

A policy f is called Blackwell optimal if there exists for every i € E, h € F and
s(i, h) €R such that v/(s) = v(s), for all 0 <s < s(i, h). A policy f is called
strongly Blackwell optimal if sy=inf,c ¢, p5(i, h) > 0.

In the finite state and action case, Blackwell optimality is the same as strong
Blackwell optimality. In that case a Blackwell optimal policy is s-discount
optimal for all 0 <s < s, for some s, > 0.

Another widely used criterion is average optimality. A policy f is called
average optimal if liminf, , ¢t~ '[V/(t)— V()] =0 for all i€ E and h € F. The
existence of a Laurent series expansion for v/(s), the Laplace—Stieltjes transform
of V/(1), implies that g;( f) =lim,_, ..t~ '¥/(¢) exists and is equal to lim, | os0/(s)
= V"V f). We call g,(f) the average reward under policy f when the system
starts in state i. From this we see that average optimality corresponds to
optimality of the first term of the Laurent series expansion for v/(s).

For the average rewards only the asymptotic behaviour of the semi-Markov
process counts, hence any reward earned in a finite period yields no contribution
to it. This was the reason behind the development of more sensitive criteria.
Veinott [40] defined a policy f to be n-discount optimal if lim s~ "[v{(s) —
v¥(5)] >0 for all i € E, h € F. Recalling the Laurent series expansion for v/(s)
we see that a policy f is n-discount optimal if it maximizes lexicographically the
first (n + 2) terms of the Laurent series expansion for all states simultaneously. It
is not difficult to see that Blackwell optimality corresponds to lexicographic
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optimality of all terms of the Laurent series expansion. We shall be able to
maximize these terms uniformly in the initial state / once we have continuity of
these terms in f. In the following, we call x( f) a vector function on F if, for each
fe€F, x(f) is an element of V*. Elements of V* can also be considered as
vectors in R® since E is the set {1, 2, ...}. In the same way, we speak of matrix
functions A(f) and denote the set of p-bounded matrix functions by M*. In the
sequel we will use the concept of p-continuity which was introduced in Dekker
and Hordijk [7]. It is defined as follows.

DEFINITION 3.2
(a) A vector function x( f) and matrix function A(f) on F are called pointwise
continuous on F if for all i, j€ E, f® & F and all sequences ™ — f© in

F we have
lim x,(f™)=x,(f9) and lim Aij(f("))=Aij(f(°)). (3.1a)
f“”_’f(m f(n)_,f(o)

(b) A matrix function A(f) on F is called p-continuous on F if for all i € E,
f©@ e F and all sequences ™ — f©@ we have

lim ZIAij(f("))_Aij(f(o))|#j=0- (3.1b)

f(n)_,,f(O) j

The following lemma states the relations between p-continuity and other forms
of continuity. Recall that for any matrix function A(f)€ M* we have

Zinj(f)P-j < oo.

LEMMA 3.1
For any matrix function A(f) € M* the following assertions are equivalent:
(a) A(f) is p-continuous on F.
(b) Both A(f) and | A(f)|p are pointwise continuous.
(c) For any sequence x, n=1,2, ..., pointwise converging to x© with
sup,—o1.. | x|, < oo and any sequence f — @, we have A(f")x"
converges pointwise to A( f@)x©.

Proof
See Dekker [9].

p-continuity has the advantage over pointwise continuity of being preserved
when multiplied by other p-continuous matrix functions as stated in the following
lemma which proof is straightforward and therefore omitted.

LEMMA 3.2
If A(f) and B(f) are p-continuous matrix functions on F, then
(a) A(f)+ B(f) is also p-continuous,
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(b) if || B(f)||,<c for all f€ F and some ¢ €R then A(f)B(f) is p-continu-
ous.

Concerning continuity we make the following assumption.

ASSUMPTION 5

(a) The matrix D(f) is p-continuous on F.

(b) The matrices Q¥’( f) are p-continuous on F, for k=0,1,2, ....

(c) The vectors R¥)( f) are pointwise continuous on F, for k=0,1,2, ....

Recall that QP(f) = P(f). Hence by assumption 5, lemma 3.2 and (2.19) it
follows that II( f) is also p-continuous. This enables us to establish the following
lemma.

LEMMA 3.3

Suppose the vector functions b( f), c¢(f) € V* are pointwise continuous on F,
then the p-bounded solution x({ f) of egs. (2.25) is also pointwise continuous on
F.

Proof

The p-bounded solution x( f) is given by eq. (2.26). Since the denominator is
bounded away from zero by (2.24), the quotient in (2.26) is pointwise continuous
by assumption 5, the subsequent remark, lemma 3.2 and the assumptions of this
lemma. The same arguments provide the pointwise continuity of the whole
expression in (2.26). DO

THEOREM 3.4
The vectors V*)(f) in the Laurent series expansion for v/(s) are pointwise
continuous on F.

Proof

From theorem 2.4 we know that b*)(f), ¢'®)(f) and V*)( f) are p-bounded
for all k. We shall establish the pointwise continuity of »*)(f), ¢®(f) and
®( £) by induction in k.

For k= —1 we have b"P(f)=0 and ¢‘"V(f)=RO(f) which is pointwise
contlinuous by assumption 5(c). Lemma 3.3 provides the pointwise continuity of
VL.

Suppose b (f), ¢ (f) and V™(f) are pointwise continuous for n=
—1,..., k—1. From expressions (2.29) and (2.30) we see that the pointwise
continuity of b)(f) and c¥)(f), respectively, follows from assumption 5,
lemma 3.2 and the induction hypothesis. Lemma 3.3 again provides pointwise
continuity of ¥*)( f) which completes the induction step. O
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We shall now turn our attention to the optimization problem. The analysis
proceeds in the same way as in Dekker and Hordijk [7]. In the sequel we use
different reward functions R(¢) on E with one specific transition structure o/(1).
We therefore introduce an operator H/ which assigns the Laurent series expan-
sion for its total discounted rewards v/(s), to each vector R(#) satisfying
assumption 5(c), with Q/(¢) as transition structure. First we define the ap-
propriate space of Laurent series. Let x stand for the transpose of vector x, the
constant 4 is given by (2.27).

DEFINITION 3.3

[>2]

© = T
LS ={y=(y1, Voo ) yi= Y atRsk,
k=-1

1/k
a®eV* i€E and limsup( | a® ||M) / Sd_l}.

k— oo

LS™ consists of vectors with Laurent series as elements. All Laurent series
have s~! as leading term. It is a linear space with respect to termwise addition,
subtraction and scalar multiplication. It is ordered in the following way. Let y;(s)
be the value of the Laurent series y; in s.

DEFINITION 3.4
For y € LS®, y=(y1, yp ---)",
(a) y,=0if liminf,,, y,(s)s™">0,forall n> -1, i€E,
(b) y,>0if y,> 0 and liminf, ,y,(s)s™" > 0, for some i, €E, no > —1,
(€ yy=2xif y—x,20; yy=xif yy2x and x,> y.

Remark
If y,=0then a¥=0fori€E and k=-1,0,1, ....

In order to prove the existence of s-discount optimal policies, we introduce the
following operator on V*

Bu=max [/(s) + ¢/(s)u], (32)

for any u € V*. The maximization over f € F breaks down into maximization per
state over a from A(i). By assumptions 3 and 5 and lemma 3.2 we have, in each
state, a real-valued bounded and continuous function of the decision a, element
of the compact set A(i) and hence a maximum exists. B, is called the maximal
one-step-reward operator with discount rate s. It is not difficult to give conditions
under which B, is a contraction for that s. It then follows from the fixed point
theorem that B, has a unique fixed point, say v(s). Moreover, v;(s) is equal to
sup; < v/(s) and the policy which takes maximizing actions in (3.2) is s-discount
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optimal. It is not possible to generalize this method for Blackwell optimality since
we cannot make use of a fixed point theorem on LS*. Therefore we introduce a
new operator H/(s) on V* for a fixed s and its generalization H/ on LS®. We
shall set up the theory directly for LS® and Blackwell optimality, but the entire
analysis can also be carried out for a fixed s and s-discount optimality, if instead
of the lexicographic ordering “, > ” on LS*, the normal ordering “ > * on V* for
the functions evaluated in that s is used. Let H/ be defined by

Hly= io[qf]"y, (3.3)

for y € LS. This does not always yield an element of LS®. In order to overcome
this difficulty, we work with a slightly different operator:

(y)(s) = g[qf(s)]"[sym]. (3.4)

Since sy(s) is a vector consisting of power series with a convergence radius of at
least d and d is larger than (c,)”!, one can obtain H’y by solving v from
v =sy(s) + ¢’(s)v. It follows from theorem 2.4 that there exists a Laurent series
expansmn for v which satisfies the requirements of LS®. Hence we can regard

H’y(s) as the expansion for the discounted rewards v/(s) where sy(s) is the
expansion of the transform of the appropriate reward vector.

When the immediate rewards are a positive vector (that is, at least one
component is positive and the other components are nonnegative), the total
expected s-discounted rewards are also a positive vector for every s > 0. Hence its
Laurent series expansion is positive in the sense of our ordering. This important
property is generalized in the following theorem.

THEOREM 3.5
For any feF, H is a positive operator on LS®, that is, y € LS™, y,>0
implies H'y,> 0.

Proof

The proof follows similar lines as that of theorem 4.2 in Dekker and Hordijk
[7]. The first part we prove is that for each state i € E, (H’ y), 1= 0, i.e. the first
nonzero coefficient (if it exists) in the Laurent series for (H’y), is positive. This
will be done by ca:efully checking how such coefficients originate. Subscquently,
we shall prove that (H’y), ;1> 0 for some j € E. For the sake of convenience we
skip thc(ek)dependencc on f in the notation. Let i€ E be fixed and y,=
rr__aaj’s

Suppose i is contained in a minimal closed set, say C. All states in C are
positive recurrent by the remarks following (2.22), hence we have IT;, > 0 for all

J» h€ C. Consider the power series y;, j€ C. Let n be the index of the first
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nonzero coefficient over all these power series (if such an index exists), i.e.
a(.")=0forall je€Cand —1<k<n,
a{™ >0 for all j& C and a{” > 0 for some h € C.

Having r(s) =sy(s) as expansion for the transform of the reward vector and
using the notation of theorem 2.4 one can easily see that for all j&€ C, ¢{¥ =
0, V¥ =0and b**P =0, — 1 <k <n—1 and also that V"~ > 0 for all _]EC
Hence (Hf ) 1> 0 for all j € C. If no such index exists, 1e ifall y;,=0, j€C,
wealsogetV("’—O k=-1,0, ... forall j€C and (H’y),;,=0, jeC.
Suppose i 1s a transient state under P. Henee we have VO = (Db*), + 210, k
—-1,0, ... with

[Hc(k) _ HQ(I)Db(k)] ;
[II7]

Let R(i) = {]EElH >0} and T(i)={ j E|D,;> 0 and IT,, = 0}, then B(i)
= R(i)U T(i) consists of all states accessible from i, where R(i) are the
recurrent states and T'(i) the transient states. Note that B(j) C B(i) for each
Jj € B(i). In addition, note that for any j € B(i), z{*’ is independent of the values
of b§*) and c{® for any h € T(i). Consider the power series y,, j € B(i) and let n
be the index of the first nonzero coefficient over all these power series (if such an
index exists). For each 4 € B(i) which a{™ > 0, we shall consider its contribution
to V¥, k= —1,0,..., j € B(i). Since a“"—O —1<k<n forall j€ B(i)itis
easﬂy seen that both c(")-— 0, b("“)—O and y o = 0for —1<k<n-1, j€&
B(i). Furthermore, c{"~ & >0, j € B(i)and ¢{*" P> 0.If h € R(i) then v{"~ b0
and also V"~V > 0, since H,,, > 0. If h € T(i) then V"~V = 0; however, b(") >0
and hence V" > 0, since D,;, > 0. In both cases we have (H'y), ;> 0.
The fact that H'y,> 0 now remains to be proven. Since y,> 0, there exists a
state Jj such that y; ;> 0, say a{*), is the first nonzero coefficient. Since either
>0 or D;; > 0, we can see by 'the previous arguments that either ¥“*Y >0 or
VH‘) >0, which completes the proof. O

zi(k)= ZHU

H’ can be considered as the inverse operator of [I — ¢”], that is, for each
feLs®

which follows directly from the definition of H’, by taking s fixed and small
enough. In the finite state space model H/(s) is, for a fixed s> 0, the inverse
matrix of [I — ¢/(s)].

We shall now give the generalization B of B, on LS*.

(3)05) = ogmax | £ |0 =9+ T 0nav]). 29

k=-1 n=0
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for y € LS, y(s) =X _,a®s* with a® e V¥, R®(f) and Q¥(f) are de-
fined in assumption 3, RC"V(f) =0, f€ F. “Lex.max” stands for lexicographic
maximum, that is, we maximize the terms of the Laurent series lexicographically,
which corresponds to maximizing in our order relation “,;>” on LS®. The
maximization is taken componentwise, so we can restrict ourselves to A(7) instead
of F. Let i € E be fixed, a = f(i) and let

k+1

x®(a)= (=) RE() + L (=5)"T,0P()af ",
n=0

k=-1,0,...,a€ A(i).

If follows from assumptions 3 and 5 and lemma 3.2 that x*'(a), k= -1, 0, ...
is a continuous and bounded function of a. Since A(i) is compact, there exists a
nonempty subset 4 _,(i) C A(i) in which all actions maximize x‘~"(a). Since
x‘~V(a) is continuous in a, 4_,(i) is closed and hence compact. Within 4 _,(i)
there exists a second subset Ay(i) consisting of actions maximizing x@(a). In
this way we obtain a sequence of subsets 4 _;(i) D 4y(i) D 4,(i) D ..., with each
set closed and nonempty. Hence A4 _(i)= N__,4,(i) is nonempty and any
action of A4,(/) maximizes the coefficients of ¥2_ _;x*)(a)s* lexicographically.
B is thus a well-defined operator.

It is not possible to maximize v/(s) in the same way since the maximization
cannot be done componentwise. Therefore, we take a weighted sum over all
components. Let

w/(s) = i %u,f(s), fEF. (3.7)
i=1 P
w/(s) is a single Laurent series, say w/(s) =X _,w®(f)s¥, with
WO(f)= £ 2vp), feF,
i=1 P
We have

W) < IVE(f)Nl,. fEF.

Since ¥¥(f)/n, is bounded in both i and f and each term is continuous in f,
w®(f) is also continuous and bounded in f for each k > —1. Using a similar
argumentation as for the existence of the operator B gives the following lemma.

LEMMA 3.6

There exists a policy f, € F that maximizes w/ lexicographically, i.e. w/, > w/
for all f€ F.

This f, will appear to be Blackwell optimal.
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THEOREM 3.7

Under assumptions 1,...,5 the following assertions hold for the Blackwell
optimality equations By,=v in LS®, i.e.,

lex.max [#/ + g/v],=v, veLS>; (3.8)
JEF
(a) there exists a unique solution v, to it,
(b) a policy, say f,, which maximizes w/ (cf. (3.7)) lexicographically, is Blackwell
optimal and, moreover, v, = v/, = lex.max e fFV

(c) any conserving policy f, i.e. for which r/+ g/v, ,= v, is Blackwell optimal.

Proof

The proof follows the same lines as that of theorems 3.2 and 3.3 of Dekker and
Hordijk [7], but we will give it for completeness. We first show that v’ is a
solution to (3.8), where f, is derived from lemma 3.6. From (2.10) we see that
rh+ gfph — v/, =0in LS™. Suppose there is a policy g such that for some state
i € E,(rf + q®v% — vh),,> 0, then define policy g by g(i) = (i) and g(j) =f,())
for j +# i. For this policy g it holds that [r% + (g% — I)u/‘_’]j ;=0 forall j+#iand
;> 0 for j = i. It then follows from theorem 3.5 that s~ 'H®[r* + (g% — I)v/],> 0.
From (3.5) we see that this expression is equal to v® — v/, > 0. However, this
implies that w®— w/, >0, which contradicts lemma 3.6. Consequently, for all
policies f€ F, we have r/ + (¢’ = I)v% < 0 and hence Bv’,= 0.

In the same way as for policy g it can be shown, for any policy f € F, that
v/ — v%, < 0 and hence vh, = lex.max, ¢ #v’, which proves part (b).

Finally, suppose that we also have a solution §€ LS to the Blackwell
optimality equations and that policy f takes maximizing actions for this solution,
i.e. '+ ¢/5,= 5. From lemma 2.1 it follows that # = v’. Since Bi, =i it holds
that r% + (g% —I)5,<0. Using H» we obtain that v* ,< 5. Hence it follows
from part (b) that v/, = &, which shows both parts (a) and (c). O

Let H/(s) denote H' evaluated for a fixed s, i.e., H/(s) =X ,[q/(s)]". H/(s)
is a nonnegative matrix with positive diagonal elements, which implies that it is a
positive operator for every s> 0. It is not difficult to see that we can restate
lemma 3.6 and theorem 3.7 for s-discount optimality if we evaluate all functions
and operators in s and use the normal “ > > ordering. Ia fact, the only assump-
tions needed for applying these theorems for a fixed s, apart from assumptions 1
and 2, are the p-continuity and pointwise continuity of ¥2_,[q/(s)]" and r/(s),
respectively. If ¢/(s) is p-continuous, then a contraction property of g/(s), i.e.
Nl g7(s) || pSc<1, for all feF, immediately implies the p-continuity and the
p-boundedness of ¥°_,[¢’(s)]". In this way we can easily establish the existence
of a unique p-bounded solution to the discount optimality equations with
discount rate s. Any conserving policy is s-discount optimal and its total
discounted reward is equal to the solution of the optimality equations.



206 R. Dekker, A. Hordijk / Semi-Markov decision chains

It has already been stated that Blackwell optimality implies n-discount opti-
mality for all n. It follows quite directly from our analysis that we can also define
n-discount optimality equations.

4. Single server queueing network

In this section we consider a network with service facilities 1,..., K. The state
space E is N§ and consists of all k-tuples, with i, the number of jobs at facility
of queue k, 1<k < K. The service time distribution of a job at queue k is
denoted by F,. After completing service at facility k, a departing job joins the
queue at facility / with probability r,,. The stochastic network is supposed to be
open, so the routing matrix R =(r,,) is assumed to be transient. The arrival
processes to the network are independent Poisson processes. The rate of arrivals
to facility k is A,. Let A=3,A,. The throughputs at the facilities can be found
as the unique solution of the traffic equations,

K
Y= Z Yiri;+ >\j‘
i=1
As in Klimov [22] we assume the following ergodicity condition:
K
Z Yiﬁi <1,
i=1

where B, is the first moment of the services time distribution F,. There is only one
server in the network. At the completion of a service the decision maker has to
decide which of the nonempty queues has to be served next. The optimal control
of the server can be formulated as a semi-Markov decision chain. The decision
epochs are the service completion times together with the arrival times to an
empty network. So 7,,,— 7, has distribution F, resp. E* (E* denotes the
nonnegative exponential distribution with mean A™') if at decision epoch 7, the
server starts serving queue k resp. the system is empty. The state S, at T, is the
state of the network just after a service completion resp. just after the arrival of a
Jjob to an empty network. Action or decision k means that the server will serve
queue k next. We only allow non-idling policies, which means A(ij,...,ix) =
{ali;>0,1<a<K}. In the transition probabilities Q/;(x) as defined in (2.1)
we use the notation i=(iy,...,ix) and k= (ky,..., k) with i, k,;>0, I=
1,..., K. The symbols O resp. e, denote the vector with all components equal to
zero resp. the vector for which component a is the only nonzero component and
equal to one.

Qo (x) =>\j7\_1(1 —e™™) when k,=0, i #/ and k;=1,
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eM(A,1)"

Qi(i+k)(x) =f1=01—j1 k;!
>\at >‘a kj
X {r“+ k41 (1 - %:raj) + Ea}‘_f ] raj} dF,(1);
. e"‘f’(}\.t)k’
Qfiramen(x)= [ TI (T (1= Lr,,) aE (1)
t=0j+a J J
with k,=0,

and the other transition probabilities are zero. We recall that RY(x) denotes the
expectation of the income during the time interval [0, min(x, T;)], given Sy=i
and D(i)=a. Let us assume that the cost structure consists of a nondecreasing
holding cost rate h(i) > 0 when i jobs are in the network, a service cost rate
s(a) > 0 when queue a is served and an instantaneous cost c(i, a). The expres-
sion for the expected holding cost during [0, min(x, 77)] is messy. However, it is
easy to see that the following expression is an upper bound:

(Tt @m+e))([1erwm).

Let us :'or the moment assume that this summation is finite. Hence,
(R?)"(x) =c™(i, a),
(B) () < (S Q(eoh(+ en) +s(a)|( [[1 4R(0)) 470, ).

It is easily verified that assumption 1 holds. For the service time at facility & we
assume

F (1) =, (4.1)
for some positive ¢, and ¢, and
1-F (1) <c,e™™, (4.2)

for some positive s; <A and ¢, > 1 and all > 0. In our opinion this assumption
will always be satisfied by distributions encountered in practice. However, in
theory it is restrictive. If only average optimality is considered the condition can
be relaxed. Since there are only K queues there is no restriction in assuming that
the inequalities hold for all k= 1,..., K simultaneously. For our bounding vector
u we take

Bo 1= ...=i,=0,

o (1+x)"...(1+x,)"* otherwise,
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where py > 1 and x,,..., x, > 0. We assume that || ()|, <ocand [[c(-) [, < o0
with ¢(i) = max ,¢(i, a). Remark that this is the case if h(i) and c(i) are
bounded by a multinomium in (i,..., ;). Assuming relation (4.2) it is shown in
section 3.3 of Spieksma [35] that for some 8 <1,

EPij(f)“jsﬁf"'i’ iEE7 fEF (43)

j#0
with x,,..., x, sufficiently close to zero and p, sufficiently large. The relation

(4.3) implies the p-geometric recurrence property of Dekker and Hordijk [8]. It
follows from their lemma 3.2 that for some ¢ < oo and all f€ F,

I PX(f) I, <¢, kEN,. (4.4)
Define,

F(x) =min{ EXx), F(x), k=1,...,K},
and let N(x) be the number of renewals with lifetime distribution F(x). Clearly,

LMLy < X P(N() =k) L PS(f)r;-
j k=0 j

With (4.4) we find that for some ¢ < oo,
1M ()1, < =+ e,

with 7 the first moment of F. Note that (4.1) implies 7> 0. Hence assumption
2(b) is satisfied. Recall that e is the vector with all components equal to one.
Since p;,, < c3p; for some constant c; we have,

Y0/ (0)h(j+en) < TP (N)R(j+e)<csNh() LIPS Il i < 0,
J J

and assumption 2(a) holds as well. Define
G(x)=max{ EMx), F(x), k=1,..., K},

then

—G(x) <c, e,
and hence, for some constant c,

o xk o xk 1\*
_/(; HdG(x)écj; Hd(l—e "")sc(z).

Consequently,

Zf X a0l (< [T dG(x): S e

0
and

100N < el PN e -
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Hence we conclude that assumption 3(a) is satisfied. The verification of assump-
tion 3(b) is done in a similar way. Assumption 4 follows from theorem 3.5 (see
also the proof of corollary 3.6) of Dekker and Hordijk [8]. To verify assumption
5(b) it is, according to lemma 3.1, sufficient to show that Q*)(f) and Q®( f)u,
k=1, 2, ... are pointwise continuous in f. Now suppose f, = f as n tends to oo,
then for fixed i € E, since A(i) is finite, f,(i) = f(i) for n sufficiently large. Say
£,(i)=f(i) = a for n > ny. Hence for every k

00 K
0P ()= 0P(N) = [ 77 doi(x),

when n > n,.

Similarly, the pointwise continuity of Q*)( f)u and R*®)(f) in f follows from
the finiteness of the action sets and therefore, assumptions 5(b) and 5(c) hold.
Also the pointwise continuity of P(f)u follows and assumption 5(a) is the
assertion (ii) of theorem 3.10 in Dekker and Hordijk [8]. We conclude that
theorem 3.7 is valid for the single server queueing network. The Blackwell
optimality equations have a unique p-bounded solution which equals the Laurent
series expansion of a Blackwell optimal policy. In Klimov [22] the optimal order
of service is derived for minimum average costs. If this optimal service order is
unique then it also provides a Blackwell optimal policy.
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