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1 Introduction

Let R™ be the space ai-dimensional real column vectors af¥ <" the space ofn x n real
matrices. We define an index sBt:= {1,2,...,n}. GivenN* € R™*" ¢' € R™, and
st € R™i, withm =" ; m; > n, define

Nl ql 81
N2 > 52
N:=| . €ER™" q:=1| . €ER™, ands:= | . € R™.
N . 4n
We sayN is a vertical block matrix of typém; , . .., my,). The vertical linear complementarity

problem (VLCP) associated witN andg is to find a pair of vectors € R* ands € R™ such
that

m;
>0, s$=N'z+q >0, andxiﬂsézo, Vi €L, (@)
j=1

wherez; and s;'- denote theith component of: and thejth component of/, respectively.
This problem was first introduced by Cottle and Dantzig in name ofgmeralized linear
complementarity problem [5], since whenm; = 1 for all i« € Z, the problem reduces to an
ordinary linear complementarity problem [6]. VLCP has various applications in nonlinear
networks [13], game theory [16], control theory [31] and economics [9]. Good references can
be found in [8, 15, 22, 23, 25, 26, 27, 32].

Ebiefung [8] showed that VLCP is equivalent to a nonlinear complementarity problem
NCP(F) with F = (Fy,...,F,)T andF;, j = 1,...,n, being piecewise linear and concave.
It can also be shown that VLCP is equivalent to a system of piecewise linear equations, or a
multi-objective program. By extending Lemke’s pivoting algorithm, Cottle and Dantzig pro-
posed the first algorithm for VLCP [5]. An interior point method for solving extended vertical
linear complementarity problems can be found in [34]. Peng and Lin [25] proposed a non-
interior continuation method for solving VLCP. They showed that their algorithm converges
locally with a Q-quadratic rate under the following assumptions:

e Non-singularity assumption, i.e., the Jacobian matrix involved in Newton equation is
nonsingular at the solution point, or the iteration matrices are uniformly nonsingular.

e Strict complementarity assumption, i.e., the solution of the problem concerned is strictly
complementary.

In this paper, we are interested in developing a smoothing Newton method for solving
VLCP with finite termination. Our approach is based on the entropic smoothing for the max-
type function. Letg; : R — R, Vi € T, be differentiable and define a max-type function
g:R" = Rby

g(z) = max g;(z).

Although the functiory is piecewise smooth and locally Lipschitz continuous, it is not dif-
ferentiable. Given any, > 0, consider the following entropy-type function as a smoothing



approximation function of,

g(z, 1) == pIn>_ exp(gi(x)/p). 2
i=1
Note that, foru > 0,
_ N - o [ 9i(@) —g(@) 3
gz, p) = g(x) + pl Z;e p(iu > (3)
Moreover,
9(z) < g(z,p) < g(z) +pln(n), Vo€ R"andy > 0. 4

Thereforeg(z, ) — g(z) asp — 0. This fact allows us to develop iterative methods based
ong(z, 1) to solve the problem without facing the non-differentiability probleny@f). The
function (2) was introduced by Kort and Bertsekas [20] as a penalty function for constrained
minimization. Goldstein [14] studied this function intensively and attributed the basic approx-
imation formula (4) to his former student Chang [3]. Since the function (2) can be derived
from the dual problem of an entropy optimization problem [11], we call function (2) an en-
tropic smoothing approximation function. Independently, Li [21] discovered a few proper-
ties of this function and named it as thggregate function. Related work can be found in

[1, 3, 14, 25, 26, 27, 37]. In particular, Peng and Lin [25] also use this function in developing
their non-interior continuation method for solving VLCP. Also note that since a lower bound
of the value ofg(z) is singled out in the representation (3), it can be used in computation to
avoid the potential overflow problem arising from any exponential function evaluation in (2).

The finite termination of iterative methods is an interesting and important research topic.
This property has been investigated for various cases including the interior point methods
[19, 24, 38], non-smooth Newton methods [12, 33], and smoothing methods [4, 7]. Itis our
objective to develop a Newton-type method based on the entropic smoothing function for solv-
ing VLCP in a finite number of iterations.

It is well-known that many smoothing Newton methods need to use the non-singularity
assumption and the strict complementarity assumption to obtain the local superlinear conver-
gence of the methods [2, 25, 28]. The non-singularity assumption has recently been relaxed
in a few smoothing Newton methods [10, 18, 36]. However, in order to achieve finite ter-
mination for iterative methods, this assumption has been commonly adopted, for example,
see [4, 7, 12, 33]. In this paper, by using the entropic approximation function, we present a
smoothing Newton method for solving VLCP, in which a test procedure of finding a solution
point in the optimal face of the problem is embedded into each iteration. We show that for
N being a vertical block® and R, matrix, if either (i) the strict complementarity condition
holds, or (ii) the solution set of (1) is a singleton, then the proposed algorithm finds an exact
solution to VLCP in a finite number of iterations. It should be noted that the commonly used
non-singularity assumption implies that the solution set of the underlying problem is a single-
ton. Therefore, the hypothesis used in this paper is weaker than those used in finite termination
methods [4, 7, 12, 33] and in smoothing Newton methods [2, 25, 28, 29, 35].

The paper is organized as follows. Some basic concepts and properties for VLCP are in-
troduced in Section 2. Then we present in Section 3 a smoothing Newton method based on
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the entropic approximation function for solving VLCP. In Section 4, we show the finite termi-
nation property of the proposed algorithm. Some numerical results are presented in Section
5.

2 Basic Conceptsand Properties

A square matrixM € R™"*" is said to be d&-matrix, if for all non-zero vector: € R", there
exists a component; # 0 such thatz;(Mz); > 0. For the vertical block matrixV of type
(mq,...,my), asquare submatrix df of ordern is said to be aepresentative submatrix, if
its 5th row is drawn from theth block N* of N for eachi € Z. The following definition is
from [23]:

Definition 1 Let N € R™*" be a vertical block matrix of typém, ..., m,). N is called a
vertical block Py-matrix, if all its representative submatrices @ematrices. Moreovery is
called a vertical blockz,-matrix, if

min{z, N{z,..., N} z}

min{z,, N{'z,..., N}, x}
whereN;f denotes thgth row of ith block.

For a VLCP with givenN and ¢, we use the definition [25] for the piecewise smooth
function H : R™ — R™ with

min{mlaNllm +Q%a' .. aernlx + QTlnl}

H(z) := :
min{z,, N{'z + ¢7, ... N,z + qfnn}
max{_wlﬂ _(Nllx + Q%)’ trt _(NT%TI:E + QTITLI)}
= - 5 NG
ma,x{—xn, _(N?‘II" + q?)’ R —(Nﬁlnflf + qun)}
Let F be the feasible solution set of VLCP, i.e.,
F={(x,s) € R"x R™:s=Nz+q>0andz > 0}.
Also let S denote the solution set of VLCP, i.e.,
S ={(z,s) € R" x R™ : (z, s) satisfies(1) }.
Then we know that
(x,s) € S ifandonlyif zsolvesH(z)=0ands= Nz + q. (6)



By applying the entropic approximation #(x), we can define a smooth function, for any
w >0,

pln (exp(— xl/u>+z] L exp(—(N} o+ gb) /) )
H(z,p) = — : . ©
ot (exp(—zn /1) + " exp( (N7 +q7) /1))

ConsequentlyH (z,u) — H(z) aspu — 0. This fact and (6) indicate that one can solve
VLCP by taking the following steps: (i) start witha > 0 and approximate VLCP by the
parameterized smooth equatiof§xz,) = 0 ands = Nz + g, (i) solve H(z,u) = 0

and maintains = Nz + ¢ at each iteration, and (iii) refine the approximation by reducing
the parametey. to zero. Since it is usually very difficult to soh& (z, ) = 0 in an exact
manner, foru > 0, like in other interior point and non-interior continuation methods, we use
the following definition of neighborhood:

N(B,p) :={z € R": ||H(z,pn)|l < Bu}, (8)

for 5 > 0andyu > 0.
The following lemma whose proof can be found in [25] summarizes some basic properties
of the functionsH () and H (z, ).

Lemmal Suppose thalv € R™*" is a vertical block matrix of typém;, ..., my,). Let
H(z) andH (z, 1) be defined by (5) and (7), respectively. Then
(i) For eachi € Z, — H;(z, 1) is convex and monotonically increasing with respegt ts 0
and

~Hi(z) < —H(w, ) < —Hi(z) + pIn(m; + 1),

whereH;(z) is theith component ofd (z) as defined in (5).

(i) If N is a vertical blockR-matrix, then, for any: > 0, —H;(z, 1) is an infinite order
differentiable convex function with respectitoc R*, and<y, H (x, ;1) is nonsingular for any
z € R" with

No(z,mel + 307 A (z, p) N

m2 2 N?2
Vol () = | RS IIR A IN
A6 (, m)er, +Z§”"M?( SONH



wheree; is theith column of then x n identity matrix,

v (5)

A%(%M) = ; ;
] ; Nig4q
exp <—%> + > exp (—#)
7Ii+Hi(I)>

eacp(
= a Li=1,2,...,m,

cop (ZEEE 4 3 o (L)

Niz+q!
exp | ————*

erp (—%) + Yo exp (——’ QL—H]’)

(—N;x—q;:+m<x>>

exp | ———

g N - ,i:1,2,...,n.
exp <fzi+uHi(z)> i Zz@i exp ( Njz (Z+Hl(x)>

(i) N is a vertical blockRy-matrix if and only if limy,_, [|H (z)]|/]|z|| > co holds for
some constanfy > 0.
(iv) For anyz,y € R" andu > 0, there exists a constaat > 0 such that

\/ﬁcl
L

N =

:1c||2

IH(y, p) — H(x, p) = VaH (2, p0)(y — )| < ly —

(v) Foranypuy, pug > 0,

1H (z, 1) — H (@, p2)|| < Vn(lnm)|p — pal,

wherem = max{m1,...,m,} + L.
(vi) If N is a vertical blockRy-matrix andS # (), then there exists a constapt> 0 such that

dist((z,s),S) := min |y — z|| < e H(x)||
(y,5)€S
foranyz € R™.
Note that result (i) implies thall (x, ) — H(z) asp — 0. Hence, we definéf (x,0) :=
H(z) forz € R™.

3 Proposed Algorithm

Define an index sey := {(i,j) : 4 € Z, j = 1,2,...,m;}. Thejth rowN;f of N’ is called
the (i, j) row of matrix N. Let K; C Z and K, C J be two nonempty sets, thery, and
sk, denote the vectors obtained from all component® x with » € K; and all components
s§. in s with (i, j) € Ka, respectively. Moreovetyg, x, denotes the submatrix é¥ induced
by those components @f whose row indices belong t&; and column indices belong &,
respectively. In what follows; always denotes the iteration number.



Algorithm 3.1 Given 01,09 € (0,1), ag, a3 € (0,1), v € (0,1), p > 1, po > 0, and
z° € R™, choose B > 0 such that | H (z°, ju0)|| < Bug. Set s° := Nz® + ¢, k := 0.

Step 1 If H(z*) = 0, then stop (output z* as a solution).
Step 2 If . > 7, then go to Sep 3; otherwise, define four sets

A::{iEI:$f>\/,tT_k}, C’::{iEI:xfg\/;T_k}, ©)
B:={(i,j) € T : (s")5 > ik}t D :={(i,4) € T : (s")} < I}

If one of the following four cases occurs, then stop (output 25+! asa solution); otherwise,
goto Sep 3.

Case(i) If A # (0, B # () and for any 7 € A there exists at least one index (4, j) € J
such that (sk)§ < /1, then solve the following system of equations:

(s%JrAs']%):(NBA NBC)(QJ]EJFA:ULC!)JF(QB). (10)
0 NDA NDC 0 ip

If there exists a solution (Az%, As¥) suchthat 2% + Azk > 0and s + Ask > 0,
then set

e F + Azb ific A (sFH1)i = (sF)i + (Ash); if (4,5) € B
10 otherwise’ 7710 otherwise ’

Case (ii) If A # () and B = (), then solve the following system of equations:

zk + Ak
OZ(NDA,NDC)< A 0 A>+QD

If there exists a solution A% such that =¥ + Az¥ > 0, then set

{L‘I.C-'_l — { :Ef + A:Ef |f 1 € A 5k+1 —0.

¢ 0 otherwise’
Case(iii) f A=0,B# (0 andgg > 0, gp = 0, then set

K+l ._ i1y [ @ T(5)€B
w =0 ()5 {0 otherwise

Case(iv) If A=0,B =0 and gp = 0, then set zF*+! := 0, sk*1 :=

0.
Step 3 Find a Newton direction Axz* by solving <7, H (%, pu ) Ax* = —H (2%, ju.). Let 6, be
the maximum value of the set {1, oy, o2, ...} such that

|H (2" + 0, Az%, )| < (1 — 016k) Bras.

Set *+1 := z¥ 40, Az*. Moreover, let )\, bethe maximumvalue of the set {max{1, ;- (1
i)}, as, ...} such that

¥ 4+ 0 Az% € N (B, (1 — oa)g)ur)-

Set gy = (1 — oo Ag) k-



Step 4 Set k! = NzFt! +gand k :=k + 1. Goto Sep 1.

Note that since the Jacobian matkpx H (z, 1) in Step 3 is guaranteed to be nonsingular
foranyu > 0 andz € R™ by the result (ii) of Lemma 1, it is not difficult to see that Algorithm
3.1 is well-defined. The initial value of paramete(> 1) can be selected to be a suitable
positive integer. The parameterin Step 2 is used to control the quality of final solution. In
the next section (see Lemma 4), we show that the four index sets (9) in Step 2 actually coincide
with the index sets of a solution to VLCP Adecomes sufficiently large.

Theorem 1 If Algorithm 3.1 terminates in either Step 1 or Step 2 for sdme 0, then
(2%, s¥) or (z#+1, sk*1) is a solution to VLCP, respectively.

Proof. If Algorithm 3.1 terminates in Step 1, that is,

H(z*,s*) =0 (12)
for somek > 0. From the algorithm, it is easy to see that

sh = NzF 4+ ¢ (12)

for all £ > 0. From (6), (11) and (12), it follows thdt*, s*) is a solution to VLCP.

If one stopping criterion in Step 2 is met. Sindeand C form a partition ofZ, and B
and D form a partition of.7, it is not difficult to check from cases (i)-(iv) thatt! andsé*!
satisfy the non-negativity condition, feasibility condition, and complementarity condition of
the system (1). Consequent{y**+!, s**1) is a solution to VLCP. |

A smoothing Newton method in general generates a sequence of infinitely many iterations.
In this case, only an approximate solution is generated. But if the proposed algorithm termi-
nates in either Step 1 or Step 2 for sole 0, then Theorem 1 guarantees an exact solution
to VLCP.

4 Finite Termination

In this section we show that, under some milder conditions, the stopping criteria in Step 2
of the proposed algorithm must be metiabecomes sufficiently large. This implies that the
proposed algorithm terminates in a finite number of iterations.

Theorem 2 Let N be a vertical block? and Ry matrix of type(m,...,m;) and

{(z*, s*, ur)} be the sequence generated by Algorithm 3.H (f*) # 0 for k = 0,1, 2, ...,
then

(i) {(z*, s*, ur)} is a bounded infinite sequence,

(i) each accumulation point of the sequer{¢e®, s*)} is a solution to VLCP.

Proof. (i) If H(z*) # 0 for all £ > 0, then the proposed algorithm will not terminate at Step
2. Otherwise, if the algorithm terminates at Step 2> 0 iterations, then from Theorem 1,
we know that(z*o+1 sko+1) ¢ S and hencdd (zFo*1) = 0. Therefore an infinite sequence
{(z*, s* )} is generated. From the algorithm itself, it is not difficult to see that Nz*+¢
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andz® € N(B, ux) for k = 0,1,2,.... Now, for anyz* € N'(8, i), the result (i) of Lemma
1 implies that

1 (M) < |1 H (&%) = H (2", ) | + [1H (2, i)l < (Vilnm + B) o,

wherem = max{m.,...,m,} + 1. This inequality and the result (iii) of Lemma 1 further
imply that {z*} is bounded. Consequentlys*} is bounded becausé = Nz* + q. Note
that {1, } obtained in Step 3 is a monotonically decreasing non-negative sequence. Hence the
sequencd (2, s*, u1,)} is bounded.

(i) Since the infinite sequencl«*, s, ux)} is bounded, there exists a convergent subse-
quence. We may assume without loss of generality liat , o (2, s*, u) = (2%, 5%, ).
Becauses* = Nz* + ¢ holds for allk > 0, we have

s*=Nz* +gq. (13)

Noting that{.y } is @ monotonically decreasing non-negative sequence, we knowo0. If
s = 0, the result (i) of Lemma 1 implies théf (z*) = H (z*, 1,). Moreovera® € N(B, i)
implies thatz* € N (8, u.). Hence||H (z*, us)|| = 0 and H (z*) = 0. Together with (13),
we know that(z*, s*) € S, and the desired result follows. We now show that> 0 will
not occur. Assume that, > 0, then the result (ii) of Lemma 1 implies thgt, H (z*, 11, is
nonsingular and its norm is uniformly bounded below by a positive constant foralD. In
other words, there exists a constant> 0 such that|[x7, H (z*, ux)] || < c3. By Step 3 of
the proposed algorithm, we have

|AZH|| = ([ H («F, )] H (2", )| < esl|H (2, )| < esBpn fork > 0. (14)
Fora € (0,1), define
r*(a) = H(z" + aAa®, ) — H(a", ) — a7, H(a", py,) Az® (15)

It follows from the result (iv) of Lemma 1 and (14) that
TLO[QC
It < A < Vil BB )|

If we leta = min{ﬁ, 1}, then
3

Ir* (@) || < (1 = o1)al|H (=", u)|| for anya € (0, @). (16)
Combining (15) and (16), we see
1H (2" + ada®, ) || = (1 = ore)|[H (2", ) |
< (1= Q)[H (", i)l + I (@)l = (1 = o10) | H (2", ) |

= (o1 = Vel H (", )| + ¥ ()|
<0. (17)

Let [, be the minimum integer such tha%1 < a, thend, > alf follows from the algorithm.
Hence there exists a const#ht> 0 such that), > 0, for all £ > 0. It follows from (17) that

IH (@ )| < (1= o8| H (2", )| < (1= 0180) [ H (2, ).

9



Using the result (v) of Lemma 1 and the above inequality, we know that, foianyo0, 1),

1H (M (1= o)l [H @ ) |+ vi(inm) Aogp

(1 — o2\, - (1 — o2\,
(1 = 010 H (2", i) | + v/n(lnm)Aoapy,
- (1 =02k
(1 — 019*)5 + \/H(IHTT’L))\UQ
- 1— o9\ '
For (17019*)@;/271(111@,\@ <B A<= m If we let/, be the minimum integer

such thain? < min{}, 1}, then a similar argument assures that there exists a congtan®
such that\; > A, foranyk > 0. In this casej;11 = (1 — o2 )i < (1 — o9A4) g, Which
further implies thajy, — 0 ask — oc. This contradicts the hypothesis @f > 0.

|
Lemma2 Let N be a vertical block? and Ry, matrix of type(my,...,m,). Then the
solution setS of VLCP is nonempty and compact.
Proof. SinceN be a vertical block? and Ry, matrix of type(my, ..., my;), Theorem 5.8 in

[25] implies thatS is nonempty. In addition, it is not difficult to see th&tis closed. Thus, it
suffices to show tha$ is bounded. If not, then there exists an unbounded solution sequence
{(z",s")} € Sforallr > 0. It follows from (6) that

H(z")=0 and s"=Nz"+¢, forallr>0.

Consequentlylim,_, || H (z")||/||z"|| = 0. However, the result (iii) of Lemma 1 shows that
there exists a constang > 0 such thatlim, , ||H(z")||/||z"|| > co. This contradicts the
hypothesis.

|

When N is a vertical blockP, and Ry matrix of type(my,...,m,), if H(z¥) # 0 for
all £ > 0, the result (i) of Theorem 2 says that Algorithm 3.1 generates a bounded infinite
sequencq (¥, s*, ur)}. Let {(2*,s*, uz)} be a convergent subsequence with a limit point
(z*, s*, ux). Then the result (i) of Theorem 2 says that= 0 and(z*, s*) € S. By making
use of the sequendéz*, s*, uz)}, for eachk > 0, we define four index sets:

A= {i € T:af > g}, Cp:={i e T:af < /mg},
By :={(i,7) € T : (s")i > m}, D= {(i,5) € T : (s")} < /)

Clearly, A;, andC}, partition the index sef andB,, andD,, partition the index set/. In what
follows, we discuss the finite termination of Algorithm 3.1 in two cases.

(18)

10



Casel: Finite Termination under Strict Complementar-
ity

Assume thafz*, s*) satisfies the strict complementarity condition [25]. Define

B = {ieI:z]=0}

N = {ieT:z]>0,(s")j =0forsomej;, and(s")j > 0forall j # ji,, 1 < j < m;}.

Since(z*, s*) € S satisfies the strict complementarity condition, it follows tBat N' = 7
andBNN = 0. .
Foranyw = (z,s) € R" x R™, let 3%0 denote a vector witith component bein@;i0 for

i € N. Define
s— Nz —q
G(w) :== xR (19)
SN
and
So :={w € R" : G(w) = 0}. (20)

Similar to Lemma 5.1 in [18], we have the following result:

Lemma 3 Let

€ = min {?el}? {x; ’ 19;”1113?#],1_0{(3*); }} PO SRS }
and
A={w=(z,5) € R" x R"™: |z; —z;| <¢/3, |s; — (s*);| <e/3,i€Z, (i,j) € T}.
Then for anyw € A N F there exists a constant> 0 such that
[H ()[| = [|G(w)[| = X - dist(w, S), (21)
whereH (-) andG(-) are defined by (5) and (19), respectively.

Proof. Denote(z*, s*) by w*. SinceG(w*) = 0, G(w) = 0 is solvable andS, # (. By
Hoffman’s result on error bound of linear systems [17], there exists a positive nunbey
such that for anyy € R*+™

G w)]| > A - dist(w, So). (22)
For anyw € A, if i € N, then
T = wf—i—xz-—w;‘Ze—gE:ge,
i 1
|Sji0| < 557
i w\i i *yi 12 : .
sp = (s)j—i—sj—(s)jZE—gE:gs for 1 <j <mi,j# jiy-

11



If 7« € B, then

1
|$7,| < 587

. . 1 92
Z-+s’-—(s*)§-25—§5:§5 forl1 <j <m,.

s = (s7))+5j

These imply that for eache Z,

MIN Ly 1589y« Sm, 5 = S;io’ VieN.
Hence,
IH @) = 1G] forwe ANF, 23

(21) follows from (23) and (22).
|

Lemma 3 indicates that it € Sy for w being sufficiently close ta*, thenw solves (1),
i.e.,w e S. If we define
So:=ANFNS,

then

g() C S
which implies thatS; is bounded by Lemma 2. DenotéC .= (zF, s%). Itis not difficult to
see that, for each > 0, there exists a point*”" = (ac’~C k) e Sy such that

lwF — || = min w* — w] = dist(wf, &). (24)
wESo

Note that wherk is sufficiently large, the poirm/_f* is also the projection of pointf’_~€ on Sp.
Therefore, from (21), there exists a constant 0 such that

dist(w’, ) = dist(w, o) < pl|H(a"))| (25)
for anyk being sufficiently large.
Corresponding to the solution p0|(1zt:’C , we define four index sets:
A ={ieT: (IIE > 0}, Cir={iel: xf“ =0}
_* L E*\i —* L k* (26)
By =A{(,5) € T: (s"); >0}, Dp:={(,j) €T : (s

)i = 0}.

Obviously, A; andC}; form a partition of the index s&f andB; and Dj, form a partition of
the index set7.
The following lemma presents a special property of the four index sets defined above.

Lemma4 Let N be a vertical block® and Ry, matrix of type(m, ..., m,) and the index
setsAy, By, Cy, Dy, and A, By, C;, D; be defined as in (18) and (26), respectively. Assume

12



that the strict complementarity condition holds H{#*) # 0 for all k > 0, thenA;, = A;;,
By = B}, C, = C}, andDy, = Dj, whenk becomes sufficiently large.

Proof. (i) We first show thatd, C Af. For anyi, € Ay, ie., zfo > /uz, by using
| H (z*, uz)|| < Buz and the result (i) of Lemma 1, we have

|H;(z")| < |Hi(a®, ug)| + pg In(m; +1) < (B +In(m; + 1))z fori € Z. (27)

Thus, for anyk being sufficiently large,

le* =2 <t - k) = distw®, &) (by (24))
< plHEN  (by(25))
< osp,  (by(27)) (28)

wherecs := p(327, [8 + In(m; + 1)]2)/2. Remembering that? > /7, we have
P> ab = espgp > Vig — cspg > 0, (29)
where the first inequality follows from (28) and the third inequality frém;_, .z = 0.
Obviously, (29) implies, € Aj; and, consequentlyl; C A;.
Next we show thatl; C Aj. For anyig € A}, i.e.,zf" > 0, from the proof of Theorem
2, we know

x

lim pj =0,
k—o00
and, by (28), . .
|z* — 2% || — 0.
Consequently,

la*" = a*| < 12 — )|+ [l* = 2%l = 0
ask — 0. Sincez; > 0, by the proof of Lemma 3, there is a constgnt> 0 such that
zt > ¢ > 0, for k being sufficiently large. Note that; — 0 ask — co. We know

xfo > /i for k being sufficiently large. This implie € Ay, and hencel} C Ay,

.. . k N _ N k N k* N _ N E* N -
(if) Since (s"); = Njz" + ¢; and(s" ); = Njz" + g3, it follows that
(%)% = (s")j1 = INja* — Nz < [IN|[}a* — 2™ || < es]| |z

Thus, similar to the proof of (i), we can show ttiat = B; for k being sufficiently large.
(iii) From (i), (ii) and

@kuc:*k:I:Az;uC*g, ANCL=0=A;NnC},
BkUDk:j:BZUDZ, BkﬂDk:Q):BZﬂDZ,

it is easy to see thdt, = C} and Dy, = Dj.

The following result is a direct consequence of Lemma 4.

13



Corollary 1 In the same setting of Lemma 4, there exists a congfant0 such that, for any
k being sufficiently large,

xf > ¢g foralli € A, and (sk)é- > cg forall (i,4) € By.

The following lemma characterizes a solution to VLCP in terms of the index sets. Since
the proof is simple, we omit it.

Lemma5 (z¢,s*") € Sifand only if ¥ > 0, s*" = Na*" + ¢ > 0 and one of the

following conditions is satisfied:

(i) If Ax # 0, then for anyi € A} there exists at least one indéx;) € J such that

(s*")% = 0. In this casep;; can be either empty or nonempty.

(i) If A; =0, thengp. > 0 andgp,. = 0 whenB; # 0, andgp- =0 whenB; = 0.
Now we are ready to show the following main result:

Theorem 3 Let N be a vertical block? and Ry matrix of type(my, ..., my). Assume that
the strict complementarity condition holds. Then Algorithm 3.1 terminates with an exact
solution to VLCP in a finite number of iterations.

Proof. Suppose that Algorithm 3.1 does not terminate in a finite number of generation, but
instead generates an infinite sequeficé, s*, 1ux)}. Then we knowH (z*) # 0 for all k > 0
and the stopping criteria in Step 2 are inactive all the time. Otherwisé (if°) = 0 for
someky > 0, then, by noting that* = Nz* + ¢ for all & > 0, we have(z*0, s*0) € S and
the algorithm terminates here. From Theorem 2, the sequfakes”, ;) } is bounded and
hence has a convergent subsequenc{a(ldy s* up)}. Letthe index setdy,, By, Cy, andDy,
be defined as in (18). Then one of the following three cases will happen:

(i) Ax # 0, By, # 0.

(i) Ax #0,By, = 0.

(iii) Either A, = 0, By, # 0 or Ay, = () = By,. )
From Lemmas 4 and 5, if case (i) happens, then, forianyl;,, we havei € A*, i.e.,zf* > 0.
Since(z*", s*") € S whenk is sufficiently large, there exists an indéxj) € J such that
(s*")% = 0. Consequentlyi, j) € Dj. Therefore(i, j) € Dy, i.e.,(s*): < \/az, holds for all
k being sufficiently large.

Suppose that case (i) indeed happens at infinitely rharinceA;, C;, form a part|t|on
of the index sef, andB;,, D, form a partition of the index sef, the equatlonsk Nzk +¢

can be written as
k>+(%k> (30)
4D,

k
SB, :(%m<%@> x
sk Np,a, Nb,c, T

Consider the subsequenfe, s*, 4i2)}, (10) becomes
k k _ _ k k _
0 Np, i, Np.o, 0 ah

14
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Subtracting (30) from (31) yields

k k
B ) ( Np.a, Np.c, > Ay ). (32)
_SDk NDkAk NDkC’k _"Eék

Let I and0 denote the identity matrix and zero matrix with appropriate dimensionality, respec-
tively. Define

o= ((Adk )T (Ash )T, R = ()T ()T
~Np 1 1 —Nz e 0
P = By A > , Q = < By Cy >

Then (32) becomes
Pyk = sz (33)

Therefore, wherk is sufficiently large, the system (33) is solvable §br By applying Gaus-
sian elimination on (33), the linearly dependent rows and columi#izazn be eliminated. Let
P be alargest possible nonsingular submatriafndy* be the corresponding variable. Then
we need to solve

Pyt = Q2
where the rows of) correspond to the rows @t. SinceP is nonsingular, we have
17* = (1P~ Q2" < IIP~HIIQINIZ" |- (34)

Noting that the definitions of', Dy, 2* and the fact that* is a subvector o, it is not
difficult to see that there exists a constant> 0 such that|z*|| < c7,/i;. Moreover,||P~!|
is bounded above (see [24, 30]). It follows from (34) that there exists a corstan® such
that||7*|| < cs./iif. Let the components of that were removed during Gaussian elimination

be zero. Then there exists a solution to (33), denotet Ay, )", (As% )")”, such that
k| < o /liR € A
|Axl/5| < cor/Io W) 'E .Ak ) (35)
|A(s")j| < coy/lig V(i 7) € B,
wherecy > 0 is a constant. By using Corollary 1 and the definitiong pf 3;,, we know that
x§_> Cs Vi € Ay, .
(s")i > e V(i,j) € By
Combining (35), (36), and the fact thiain; . pz = 0, we know

(36)

x%k + Aw%k >0 and x%k + Ax%k >0
for all k being sufficiently large. This indicates that one of the stopping criteria in Step 2 is met
for some sufficiently largé. This is a contradiction. Hendd (z*°) = 0 for somek, > 0.

Similar arguments can be developed for cases (ii) and (iii). Hence Algorithm 3.1 terminates
in a finite number of iterations.

Following Theorem 3.1, the proposed algorithm finds an exact solution to VLCP when it
terminates.

|
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Case2: Finite Termination under Singleton Assumption

This time let us assume that the solution Sedf (1) is a singleton, say,

S ={(z",s")}.

We will show that Algorithm 3.1 terminates with the unique solution even without the strict
complementarity assumption.
Using (z*, s*), we define four index sets:

A ={ieT:z; >0}, C*:={iel:z —0}
B*:={(i,j) € T+ (s*); >0},  D*:={(i,j) € T : (s*); =0}

Again, A* andC* form a partition of the index séf, and B* and D* form a partition of the
index setJ.

SinceS = {(z*,s*)}, the result (vi) of Lemma 1 assures that there is consignt- 0
such that

(37)

k 2
2% — 2™ < cwol H(z7)]-

Following a similar proof of Lemma 4, we can show the following result:

Lemma6 Let N be a vertical block? and Ry, matrix of type(my, ..., m,) and the index
setsAy, By, Ci, D, and A*, B*, C*, D* be defined by (18) and (37), respectively. Assume
that the solution set of (1) is a smgletonﬂf( ) # 0 forall k > 0, thenA;, = A%,
B, = B*, C, = C*, andD,, = D*, whenk becomes sufficiently large.

Furthermore, using a similar proof of Theorem 3, we have the following main theorem:

Theorem 4 Let N be a vertical block? and Ry matrix of type(my, ..., my). Assume that
the solution set of (1) is a singleton. Then Algorithm 3.1 terminates at the unique solution of
VLCP in a finite number of iterations.

5 Numerical Results

To test the performance and illustrate the potential of the proposed method, we have imple-
mented Algorithm 3.1 in MATLAB on a 1000 MHz Pentium Ill personal computer running
Linux. The eight test problems found in Peng and Lin [25] (some of them are from the lit-
erature [8, 26]) were used in our computational experiment. For easy comparison, the order
of these eight problems is kept the same as in Peng and Lin’s paper. For all test problems,
the vertical block matrices arB-matrices. Moreover, Problems 1 to 5 hold the strict com-
plementarity assumption. Problems 6, 7, and 8 were modified so that they may not be strictly
complementary, but they do satisfy the singleton assumption.

The following parameters were chosen for all test problems= 0.005, o5 = 0.001,
ar = 0.9, az = 0.85, v = 1.0e3, p = 1.0, g = 0.0005, and B = ||H (x°, uo)||/po +
1.0e-5. An initial point z° was set to be a contact vectgr, --- ,a)"’ € R". We used the
criterion || H (z*)||; < 1.0e-20, where]| - ||; denoted;-norm, to stop the algorithm.

16



Table 1 shows our test results of Algorithm 3.1. The second and the third columns indicate
the dimension of the problem and the constant used for the initial point, respectively- The
norm of H (-) at the initial point is given in column 4. Thek, in column 5 denotes the number
of iterations required to achieve the result given in column 6. Last column shows under which
conditions each run is terminated.

Several observations can be made here:

1. For every test problem, the proposed method indeed finds a solution point meeting the
desired accuracy in very few iterations. In particular, the exact solutions have been found
in many cases, whelii (z¥)||; = 0. Compared with other known methods as reported
in [8, 25, 26], our method converges in fewer iterations to achieve the known results.

2. Problems 6 and 8 were studied by Peng and Lin [25] only, but but they were not able to
solve these two problems effectively. Our results are much better. Exact solutions have
been found in less than four iterations.

3. The last column of Table 5.1 shows that the algorithm terminates either by satisfying the
condition at Case (i) of Step 2 or by meeting the stopping criterion. Furthermore, when-
ever the stopping criterion is met, the algorithm finds an exact solution. This supports
the finite termination results proved in Section 4.

4. In our experiments, we see an overflow problem may occur in (7) when the exponential
functionexp(—x;/u) or exp(—(N]Z-i + q;-)/u) is computed with a very large (negative)
argument. But this potential problem can be handled effectively by using the following

equality:
ithi, Nz +qt) + h;
Hi(w,p) = —pln [ exp(—2" ) 4 Zexp(—( ’ uj) ) | +hi (38)
7=1

whereh; < min{z;, Niz +¢i,- - ,anix + qﬁnl}
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| Problem| n | a [[HE")[: |k ||HE)]| Termination |
1.0 1.0 2 0.0 Step 2 Case (i)
1 2 | 10.0 10.0 2 0.0 Step 2 Case (i)
-10.0 22.0 3 0.0 Step 2 Case (i)
1.0 9.0 2 0.0 Stopping criterion
2 6 | 10.0 18.0 3 0.0 Stopping criterion
-10.0| 215.0 3 0.0 Stopping criterion
50 | 5.0 86.5 2 2.2e-16 Step 2 Case (i)
100| 5.0 1715 | 2 1.1e-15 Step 2 Case (i)
3 200| 5.0 3415 | 2| 3.4e-15 Step 2 Case (i)
100| -5.0 1506 4 1.3e-15 Step 2 Case (i)
200| -5.0 | 30059 | 4 | 2.9e-15 Step 2 Case (i)
50 | 5.0 56.0 2 1.8e-12 Step 2 Case (i)
100| 5.0 106.0 | 2 7.8e-12 Step 2 Case (i)
4 200| 5.0 206.0 | 2 7.3e-11 Step 2 Case (i)
100| -5.0 | 2080.0 | 4 0.0 Stopping criterion
200| -5.0 | 4180.0 | 4 0.0 Stopping criterion
50 | 5.0 52.9 3 0.0 Stopping criterion
100| 5.0 102.95 | 4 0.0 Step 2 Case (i)
5 200 5.0 20297 | 3 0.0 Stopping criterion
100| -5.0 | 2095.0 | 5 0.0 Step 2 Case (i)
200| -5.0 | 41950 | 5 0.0 Step 2 Case (i)
1.0 10.0 2 0.0 Step 2 Case (i)
6 6 | 10.0 16.0 3 0.0 Step 2 Case (i)
-10.0| 2150 | 4 0.0 Step 2 Case (i)
1.0 10.0 2 0.0 Step 2 Case (i)
7 6 | 10.0 16.0 1 0.0 Stopping criterion
-10.0| 2150 | 3 0.0 Step 2 Case (i)
1.0 9.0 3 0.0 Step 2 Case (i)
8 6 | 10.0 18.0 3 0.0 Step 2 Case (i)
-10.0| 2230 | 2 0.0 Step 2 Case (i)

Table 1. The performance of the proposed method for the test problems in [25].
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6 Conclusion

In this paper we have proposed an entropy function based smoothing Newton method for solv-
ing vertical linear complementarity problems. It has been shown that the proposed method
finds an exact solution in a finite number of iterations under either the strict complementar-

ity assumption or singleton assumption. This result is more general than those reported. The
computational results we obtained can also confirm the theoretic findings and illustrated its
potential.
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