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Approximation Algorithms for the Parallel Flow Shop Problem

Xiandong Zhang* Steef van de Velde!

August 13, 2011

Abstract

We consider the AP-hard problem of scheduling n jobs in m two<stage parallel flow
shops so as to minimize the makespan. This problem decomposes into two subproblems:
assigning the jobs to parallel flow shops; and scheduling the jobs assigned to the same
flow shop by use of Johnson’s rule. For m = 2, we present a %—approximation algorithm,
and for m = 3, we present a 1—f—approxirnation algorithm. Both these algorithms run
in O(nlogn) time. These are the first approximation algorithms with fixed worst-case

performance guarantees for the parallel flow shop problem.

Key Words: scheduling; parallel flow shop; hybrid flow shop; approximation algorithms;

worst-case analysis

1 Introduction

Consider the problem of scheduling a set of n independent jobs J = {J1,..., J,}, in which
each job J; consists. of a chain of two operations (O1,02;) (j = 1,...,n), in a hybrid flow
shop, also-called a flexible flow shop, so as to minimize the length of the schedule, that is,
the makespan. A hybrid flow shop is an extension of the classical flow shop, where there
are mq didentical machines M;; (i = 1,...,m1) in stage 1 and my identical machines M;o

(1 =1,...,mg) in stage 2. The first operation O; of any job J; needs first be processed on
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one of the machines in stage 1 during an uninterrupted processing time pi; > 0, and then
the second operation Oy; needs to be processed on one of the machines in stage 2 during
an uninterrupted processing time py; > 0.

The hybrid flow shop problem of minimizing makespan has been well studied (Ruiz
and Vazquez-Rodriguez (2010), Ribas et al. (2010) and Naderi et al. (2010)). Obviously, if
mq = mg = 1, then the problem is polynomially solvable in O(nlogn) time by Johnsen’s
rule (Johnson (1954)). However, if m; > 2, or by symmetry mg > 2, the problem becomes
strongly NP-hard (Hoogeveen et al. (1996)). Many researchers have focused on the special
case with a single machine in one stage (Chen (1995), Gupta (1988), Gupta and Tunc
(1991), Gupta et al. (1997)). For a review of the literature for the hybrid flow shop problem
with a single machine in one stage, see Linn and Zhang (1999) and Wang (2005). For
the general case, Chen (1994) and Lee and Vairaktarakis (1994) present O(nlogn)-time
heuristics with worst-case performance guarantee ratio 2 — 1/ max{mj, mo}. If, for any
instance of the problem, the makespan of the schedule generated by some heuristic does not
exceed p times the optimal makespan, where p is-a constant that is as small as possible,
then p is the worst-case performance ratio of the heuristic. A heuristic with a worst-case
performance ratio of p is called referred to as a p-approximation algorithm.

A hybrid flow shop is a manufacturing system that offers much flexibility, but as Vairak-
tarakis and Elhafsi (2000) point out, this superior performance comes at the expense of
sophisticated material handling systems, like automated guided vehicles and automated
transfer lines. As an alternative to the hybrid flow shop, Vairaktarakis and Elhafsi (2000)
introduced the parallel flowline design, which is a flexible manufacturing environment with
m identical parallel two-stage flow shops Fi, ..., F},, each consisting of a series of two ma-
chines Mj; and Ma; (1 = 1,...,m). Each job needs first to be assigned to one of the flow
shops, and once assigned, it will stay there for both operations. See Figure 1 for a hybrid
two-stage flow shop, where the arrows indicate the routes that the different jobs may follow,
and Figure 2 for a parallel two-stage flow shop. In the remainder, we will refer to a parallel

flowline design as a parallel flow shop.

The makespan parallel flow shop problem breaks down into two consecutive subproblems;
first assigning each job to one of the m flow shops, and then scheduling the jobs in each
flow shop so as to minimize the makespan. Whereas this second problem can obviously be

solved in polynomial time by Johsnon’s rule (Johnson (1954)), the first subproblem makes
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Figure 1: A hybrid two-stage flow shop.

Flow shop 1: M, > M,
Flow ShOp 2: M, » M
Flow shop m: M, » M

Figure 2: A parallel two-stage flow shop.

the problem N'P-hard, as proved by Vairaktarakis and Elhafsi (2000), who also presented
an O(n Y iz, (P + p2;)?) time dynamic programming algorithm for its solution. Qi (2008)
gave a faster algorithm, running in O(n Z;‘L:1(P1j + p2;)?) time.

Vairaktarakis and Elhafsi (2000) concluded empirically, on the basis of computational
experiments with several heuristics for both problems, that the parallel flow shop entails
only a minor loss in throughput performance in comparison with the hybrid flow shop;
accordingly, it is an attractive alternative to the hybrid flow shop, with its complicated

routings. Other heuristics for the parallel flow shop problem have been presented by Cao
and Chen (2003) and Al-Salem (2004).



In contrast to the makespan hybrid flow shop problem, no approximation results for
the makespan parallel flow shop are known. In this paper, we present a %—approximation
algorithm for the parallel flow shop problem with m = 2 in Section 2. For m = 3, we
present a %—approximation algorithm in Section 3. These results are the first polynomial-
time algorithms with fixed worst-case ratios for the parallel flow shop problem.

Section 4 ends the paper with some conclusions, where we point out that our algorithms
and their worst-case performance guarantees also apply to the parallel flow shop problem
where each job J; after the completion of its first operation may be transferred to another
flow shop for the processing of its second operation and where such a transfer requires a
transportation time 7; > 0. This transportation time effectively introduces a minimum
time lag between the completion time of the first operation and the start time of the second
operation of a job. Note that if 7; = 0 for each J;, then the parallel flow shop problem
with transportation times boils down to the hybrid flow shop problem. For the hybrid flow
shop problem with m; = mo = 2, our approximation algorithm has the same worst-case
performance ratio as the one by Chen (1994) and Lee and Vairaktarakis (1994). At the other
extreme, if 7; = oo for each Jj, then transfer between flow shops is effectively prohibited,

and we have the original parallel flow shop problem.

2 A %—approximation algorithm for m = 2

In the remainder of the paper, we assume that the job set J = {Ji,...,J,} has been re-
indexed according to Johnson’s rule; that is, for any pair of jobs (J;, J;) we have that ¢ < j

if and only if

min{pi;, p2;} < min{p1;, pa;}.

For any instance of the m parallel two-stage flow shop problem, we refer to the John-
sonian schedule o as the schedule that is obtained by assigning all the jobs to the first flow
shop Fy and processing them in order of Johnson’s rule. Cipax(J) denotes the makespan of
the Johnsonian schedule for any job set J = {J1,...,J,}, whereas S;; and C;; denote the
start and completion times of the operations O;; in the Johnsonian schedule, respectively,
fore=1,2;7=1,...,n.

Lemma 1, which goes with no proof, specifies a simple lower bound on the minimum

makespan C? _ for the m parallel two-stage flow shop problem.

max



Lemma 1 We have that
1 — 1 — 1
ES
Cmax 2 max{% lelju E le2j7 Ecmax(j), lgl]agl‘(n{Plj + p2j}}‘ (1)
Jj= Jj=

Roughly speaking, the core idea for the %-algorithm is to judiciously cut a Johnsonian
schedule o for J into two parts. The first part is scheduled on Fj, the second part on Fs.
Both parts are scheduled according to Johnson’s rule in order to minimize the makespan.
The key question of course is where to cut the schedule so as to guarantee the % performance
ratio.

Let now T} = iC’max(J ) and Ty = %Cmax(j ). Initially, we try to cut the Johnsonian

schedule o at time T5. We have then the following lemma.

Lemma 2 If there exists no job Jy, with Sop < Ty < Cap,, then let J* = {J1,..., Jp_1} and
T2 ={Jk,...,Ju} with Jy, such that Sy, < To < C1. We then have that

05 {Cona(T), Cona (T2} < 3 Co

PROOF. See Figure 3 for an illustration of how the two job sets are formed if there is no job
Jp, such that Sop, < Ty < Cyy,. By visual inspection of Figure 3 and by use of (1), it follows
that

Cmax(jl) S T2 - §Cvmax(xj) S ;er;axv and

4
) 1 3 .,
Cmax(j ) < Cmax(j) _T2 +P1k < ZOmaX(j) + Pk < §Cmax' O
5 Ji!
11 | ] |
] i —
O T]_ T2 Cmax(‘])

Figure 3: Cutting the Johnsonian schedule as prescribed in Lemma 2.

The implication of Lemma 1 is that if there is no job Jj, with Sy, < Th < Cyy,, then we have

indeed constructed a schedule with makespan no more than % times the optimal makespan



and we are done. Accordingly, we need to investigate the case where such a job Jp does

exist. We then have the following result.

Lemma 3 If there exists a job Jp with Sop < To < Cyp, and if S, > 11 or Cip = Sap, then
let 7' ={J1,...,Jn_1} and T* = {Jn, ..., Jn}. It then holds that

5 Conas (1), Cono(T2)} < 5 i

PROOF. Refer to Figure 4 for an illustration. Since Sy, < T, job Jp_1 is finished before or
at T5. We have therefore that

Cmax(jl) < T2 < 70:;13‘)(-
If Sq;, > 11, we have that
3
Cmax(jg) S Cmax(j) - T1 == TQ S 50;;1&)(
If Cyp, = Sy, then

3
Cmax(jQ) < pih + pon + (Cmax(j) v TQ) < QC;;ax’

T -
0 T, T, C_() 0 T, T, C

Figure 4: Cutting the Johnsonian schedule as prescribed in Lemma 3.

Lemmata 2 and 3 do not cover the case where there exists a job J, with Sy, < Th < Cyy,
S < Th and Cqp, < Sop. To analyze this case, we transform the Johnsonian schedule o
into the schedule o’ by delaying all operations as much as possible without changing the
makespan. Hence, ¢’ has makespan Cpax(J), has no idle time between any two operations
on machine My, and all jobs are sequenced in order of Johnson’s rule. We refer to ¢’ as the
delayed Johnsonian schedule. Let now Sj; and Cj; denote the start and completion times
of O;j in o’

For o'/, we have the following result.



Lemma 4 If Sih > 1T or C{h = Séh, then let J' = {J1,.- s I}, J? = {Inyoooydn}. It
then holds that

3
maX{Cmax(j1)7 Cmax(jQ)} < 50;;3.)('
PROOF. In this case, there is a job Jj with Sy, < T < (Y, therefore we have
3
Crnax(T") = Coguo1y < Sap < T < 5 Cnax-

If Sih > Tl = %Cmax(j)v then

3 3
Cmax(j2) < Cmax(j) - ih < Zcmax(j) = icrzax‘

This case is illustrated in Figure 5, which shows both ¢ and o”.

Jn

0 T T2 Crx (J)

Figure 5: Cutting the delayed Johnsonian schedule as prescribed in Lemma 4 if S}, >
T1. The top schedule is the Johnsonian schedule o, the bottom schedule is the delayed

Johnsonian schedulea’.

If S1, < Ty and'we have C;, = S5, then

3

1
Cmax(jz) S Pih +p2h + (Cmax(j) - CQh) S C;;ax + Zcmax(j) = ic;:lax-

This case is illustrated by Figure 6. ]

We have dealt now with many different subcases. The only case left to consider is the
one with a job Jp, with Sy, < Th < Coy, S1n < 11, Cip < Sopn, Sih < Ty and Cih < Séh See
Figure 7 for an illustration of this case. In what follows, we will focus on this case.

We then have the following lemma.



: . —
O Tl TZ CmaX(J)

Figure 6: Cutting the delayed Johnsonian schedule as prescribed in Lemma 4 if S}, < T7.
The top schedule is the Johnsonian schedule o, the bottom schedule is-delayed Johnsonian

schedule o”.

Jh

Cox (3)

o
—-4-4-+-F---
-
— |-4-4-}-F---
)

Figure 7: Ilustration of a Johnsonian schedule o (the top schedule) and a delayed John-
sonian schedule ¢’ (the bottom schedule) for a job J, with Sy, < Ty < Cap, S < T4,
Clh < Szh, Sih < T7 and Cih < Séh'

Lemma 5 If there is a job Jy with Sop, < To < Cap, Sip < Ti, Cip < San, Si, < Ti and
Cyp, < Sb,, then machine My is completely busy during the period [Th,Ts] in schedule o and

machine M is completely busy during the period [T1,Ts] in schedule o'.

PRrOOF. If in schedule o machine My would not have been busy during the interval [T7, T3],
then operation Oy, could have been started earlier. Similarly, if M; would not have been

busy during the interval [T}, T5] in schedule ¢/, then operation Oy could have been started



later. O

We now separate all n jobs into two subsets S* and S? with St = {J;|p1; < p2j,j =
1,...,n} and 8% = {Jj|p1; > p2j,j = 1,...,n}. Since all jobs have been indexed in
order of Johnson’s rule, we can represent these two sets alternatively as S* = {Jy,...,J,}
and S? = {J,,...,J,} with v = u 4+ 1. We branch into two cases: Z;L:Uplj > Ti; and
Z?legj > Ty. Since these two cases are symmetrical, we analyze only the case with
> w1 > Th.

In this case, we need to find a job J. with e > v such that Zj;i p1; < Tr< 375, p1j and
a job Jg with d < v such that Z;;}Hlpgj <T < Z;;Cllpgj. If v =e, we let Z;;i p1; = 0.
Ifd=e—1, we let Zj;cll-Hij =0.

Lemma 6 J. and J; exist.

PROOF. Since Z?ZU p1j = T, job J. must exist. To'show that J; exists, too, we branch
into two cases. Since machine My is busy in the period [T7,T5] and Sy, < To < Coyyp,, we
have Z?legj >Ty—Ty > Ty. If J, € S', then v > h, and we have that Zg;llpgj >
2?21 p2; > Ti. Hence, job J; exists. If J, & S%, then v < h. And since Z;valj > T

and E?;ll p1; < T1 (because Sy, < T1), we have that e > h. Since Cyj, < Sap,, we have
Z?;ll P2; > pin > pan- Together with Z?:l p2j = Te —'T7 = 2T, we get Z;:% p2; > T1.

Therefore, job J; exists in this.case also. For an illustration, see Figure 8. O
Jdi -Jv Je E
[ [T T 1 | [ ! |
[ | [ T 1]
! 1 J
O Tl T2 Cmax (J )

Figure 8: Ilustration of the jobs Jy,Jy,J4,Je, with J, = J; = Jp, as they occur in Lemma
6.

We now divide the case Z?:v p1j > T further into 5 different subcases and deal with

these subcases in Lemmata 7 to 11.



Lemma 7 If Y5_ poj > T1, let T' = {Jy,..., Je} and J*> = {J\JT'}. Then
1 2 3 *
max{cmax(j )’Cmax(j )} < icmax'

PRroOF. In this case, we have Zj;qu p; <Ti < ijv Py, ijv p2j > T, T ={Jy, ..., &}
and J2 = {j\jl}. This can be illustrated by Figure 9.

T
Je
0 Ty T2 Cp(d)

Figure 9: Cutting the Johnsonian schedule as prescribed in Lemma 7.

Let J, (v < w < e) be the job for which Ciax (T1) = > Dl —|—Z§:w p2;. This implies
that

w e k e
Zp1j + ij < m’?X{ZPU + szj]n
j:fu ]:w j:’U J:k

and we refer to J,, as the critical job of schedule o. Since J' C 8 = {J;|p1; > p2;}, we

must have that po. < poy, < Piw. and Z}":_vl 1 + Z;:w+1p2j < Z}":_Ul p1j + Zj;llv p2j <
> Zyp1; < Ti. Tt then holds that

w—1 e
* 3 *
Cmax(j1> 4 E DP1j + § D2j + Prw + Paw < Tl + C’max < icmax'
Jj=v Jj=w+1

Let 02 be the minimum makespan schedule for the jobs in J2, obtained by scheduling
the jobs in order of Johnson’s rule. For o2, let S5 denote the start time and Cj; the
completion time of operation Oy (i = 1,2;5 =1,...,v—1,e+1,...,n). We have Sj; = 5,
Cli = Cyj, for j =1,...,u; and S}; < S5 —Th, Cf; < Cjj — Ty, for j = e+ 1,...,n, since
job.set J' = {J,,...,J.} is not included in J2 and Zj’:v p1j > Zj’:v p2j > T1. We have

Cmax(jz) = Cé/n S Cmax(j) - T1 = gC;';laX.

10



Lemma 8 If 0" p1j > Th, then let ' = {Jy, ..., Jo_1} and J? = {T\JT'}. We then
have that

5 Conax(T), O (%)} < 5 e

PROOF. This case is illustrated in Figure 10.

Jv-l Jv Je
| [ [ [ 1

| [ [ « [1T]
Jd :Jv-lJvJe

0 T1 T. C,.Q)

Figure 10: Cutting the Johnsonian schedule as prescribed in Lemma 8.

Since p1; < poj for j =d,...,v — 1, we have Z}’;(}l D2y > Z}:Ull p1; > Th. By definition
of job Jy, we get Z;;é +1P2j < T1. The case is then symmetric to the case specified in
Lemma 7. ]

In the remaining analysis, we therefore assume that Z;;é p1j < T11.

Lemma 9 Assume > i_;p1j; =T and > 5 p2; > Ti. Ifv <e, then let Tr={Jg, ..., 1o}
and J? = {J1,...,Ja_1,Jui1s-- 5 JIn}. If v = e, find a job Jy, with Z;Zkagj <T <
> ek p2j and d < k < e; and let TV ={Jp, ..., Je} and J? = {T\JT'}. It then holds that

5 Cona( TV O (%)} < 5 e

PROOF. First consider the case v < e, illustrated by Figure 11.

If Cmax(jl) = Z;delj + P2y = Zj;cll P15 +P1v +P2v, WE have Cmax(jl) <Ti +Cr*nax <
%Cr*;lax' If Cmax(jl) = p1d + Z;‘):dp% = p1d + P24 + Z§:d+1 D25, wWe have Cmax(jl) <
Crax+Th < %C;knax. If Crax(JTY) = Z;):dplj + Z;’:wpgj and d < w < v, where Jy,
is the critical job, we have Cpax(J?1) = Dby + 2y p2y < Ti + 11 < C,y, since
Svzipiy < Tiand YUy paj < Ti. The proof that Crax(J?) < 3C5,, is similar to the
proof of Lemma, 7.

Now consider the case v = e, which is illustrated by Figure 12.

11



JV_T —— ]

I [ [« [1T[]
Jd :Jv-lJvJe

0 T T, C.,(J)

Figure 11: Cutting the Johnsonian schedule as prescribed in Lemma 9 if v < e.

Jv-l Je E

[ [ LT
T T117

Jk :-Jv-lJe

0 Ty T2 Crp(J)

Figure 12: Splitting of the Johnsonian schedule according to Lemma 9. (v > e)

Since Z;;; p2; > T, job J, exists. In this case, we have 25;}6 p1; < T1, which follows
from Z;;; p1j < Ty and d < k < v = e. Therefore, the proof is analogous to the one for
v <e. ]

In Lemma 9, we consider only the situation that Z;Zd p1; = 11 and Z}):d p2j = 11.
If Z}):dplj > Ty and Z;f:dpgj < T4, it must be that v < e — 2. Otherwise, if v = e or
v = e — 1, we would-have that Z}’:d p2; > T1. If the subcase in Lemma 9 is not satisfied,

we have Lemmata 10 and 11 to solve remaining cases.

Lemma 10 If 3" p1; > Ty, let J' = {Jy,..., Je—1} and J? = {J\JT'}. It then holds
that

maX{CmaX<jl)7 Cmax(jQ)} S gcrtlax'

PROOF. If v = e or v = e — 1, the result is correct due to Lemma 8 and Lemma 9. Hence,
we need to consider only the case v < e — 2, which is illustrated by Figure 13.
Consider Cax(J 1). Let Jy, be the critical job in the minimum makespan schedule for

T I Cpax (TY) = Z?J:dplj"‘Z;;:u p2; and d < w < v, we must have p1g < pry < P2y and

12



[ T[]
Jd JvljvJel

0 T1 T. C,.QW)

Figure 13: Cutting the Johnsonian schedule as prescribed in Lemma 10.

S5 P a1 2 < Yimai p2j < Th Then, Crax (TY) = 072 p1j +7 325041 P2j +
Prw + P2w < T1 4 Chaaxe = 5Chax-

If Choax(JY) = djeabij + Z;;}Upgj and v < w < e —1, we have Z;;luﬂpgj —
S 1 P1y < 0, since {Jy, ..., Jo—1} C 82 This implies that

max Zplj + ZPZJ

e—1
:Z 13—1-2;01] + P2w + Z D2j — 2 D1j

j=d j=w+1 Jj=w+1
v—1 e—1

< p1j + E P1j + P2w-
j=d Jj=v

IE 35 prj+p2w > Th, wehave Y0 pi1j > T and 37_ paj > Ti, since pay < p2y < iy
and Z?;é p1j < Z;‘};clz p2j. We have solved this case in Lemma 9. If Z;’;Cll P1j + p2w < T,

we have that

v—1 e—1
Cmax(j1> < Zplj + pow + Zplj <h+T< C;;ax
j—=d =

Since we have Z;;}i p1; > T1 and Z;;é p2j > T by definition, the proof of set J? is

analogous to that of Lemma 7. U

Lemma 11 If Z; dplj < T1, find a job Ji with d < k < v such that ZZ+1p2j <T <
> % poj, and define J* = {Ji,..., Je} and J* = {T\T'}. It then holds that

max{cmax(j ) max(jQ)} < max

13



\]k\]v-lJv \]e E
[T T T T 1 I [ ! I |

Figure 14: Cutting the Johnsonian schedule as indicated in Lemma 11.

PROOF. For a visualization of this case, see Figure 14.

Since Zj;lpgj > T4, job Ji, exists. If Crax(T1) = D, p1j +Z§:w p2j and k < w < v,
we must have pi1p < p1y < P2 and Z;}:_kl P1j + D1 P2 = D g1 P2y < Ti. Then,
Crnax (T1) = X074 p1j + D imwr1P2j + Prw + 2w < Ti + Chay = 5 e

If Coax(J') = Z;j:kplj + Z;prgj and v < w < e, we must have ps. < pay, < Prw
and Y0 prj 4+ Y1 2 < 5Tk p1y < Yo—gpry < T Then, Crax (1) = Y05 p1j +
> w1 P2j + Prw 4 P2w < T1 4 Chae = 3Chas

Since we have Z;:k p1j > Z;:v p1; > Ty and Z;kagj > T}, the proof of set J?2 is

analogous to that of Lemma 7. (|

We are now done with the analysis of the case for which Z?:v p1j > 11, and for which
there exists a job J, with So, < To < Cop, S1p < 11, Cip, < Sop, St < Th and C7, < Y.
If zyzl p2;j = Th, the case is symmetrical to the case Z?:U p1j > T1, and we can cut the

Johnsonian schedule similarly.
Lemma 12 There'is no case with both Z?:U p1; <11 and 2};1 po2; < T7.

ProoF. If Z?:U Py < T, and Z?:l p2; < Tl, we get Z?:v p2; < T; and Z?:l p1j < Ti.
Then we must have that Y7 p1j + > % paj + 37—, p2j + 25— P15 < Cmax(J), which is

a contradiction. OJ

Using Lemmata 2-12, we have proved that we can split any set J into two disjoint
subsets J' and J2 and guarantee that the minimum makespan schedule for either subset

has makespan no larger than %C’* The full details of the algorithm, referred to as

max*

Algorithm SPLT1, can be found as following.

Algorithm 1 SPLT1

14



Step 1. (Initialization) Re-index the job set J according to the Johnson’s rule.
Let S11 =0, C11 = S11 + p11, So1 = C11, Ca1 = S21 + pa1.
For j =2 ton, do the following:
515 = C(j—1), Crj = S1j +puj, S25 = max{Chj, Cy(j_1)}, Caj = Szj + paj-
Let Crax(J) = Con, Tt = 1Cmax(T), To = 2Crax(T).

Step 2. Find the job Jy with Sop, < Ts < Cop. If job Jp, does not exists, find the job Jy
with S1p < Ty < Cui, and let T ={J1,...,Jx_1}, and J? = {Jy, ..., Jn}, stop; otherwise,
go to Step 3 with Jp.

Step 8.If S1p, > Ty or Crp = Sap, let J' = {J1,..., Jn_1}, and T*> ={Tn, ..., Jn}, stop;
otherwise, go to Step 4 with Jp.

Step 4. Let C{,, = Sa, and S1,, = C1,, — Pin-

For j = (n—1) to 1, perform the following computations:
Cy, = 1rnin{81(j_~_1
possible start and completion time of job J; in machine M, .

Step 5. If Sy, = Ty or C), = Sy, let T4 =4J1, ..o, Ina}, T2 = {Jn, ..., Jn}, and

stop; otherwise, go to Step 6.

)752]'} and Sy; = C1; — p1j, where S}, and Cy; are the latest

Step 6. In schedule o, find the job Jy, with p1u < pou and piuy1) > P2(ut1), and let
v =wu+ 1. Therefore, in schedule o, we have p1; < paj for j =1,...,u and p1j; > paj for
j=wv,...,n. Then, we branch into the two cases.

Case 1. Z}l:v p1; > Th. Find a job J. with e > v such that Zj;ll) p1; <Th < Z;:v D1
and a job Jg with d < v such that Z;;CII_H p2; < 11 < Z;;;p%. We branch into five
subcases.

Subcase 1.1 3% _ypej > Th. Let Tt={Jv,...,Je} and J* = {J\T'}. Stop.

Subcase 1.2 Z}’;Cllplj >Ty. Let J' = {Jg, ..., Jp_1} and J? = {T\T'}. Stop.

Subcase 1.3 Z;delj > Ty and Z;degj >Ty. Ifv<e, let J' = {Jg,...,J,} and
T2 ={J\T'}. If v = e, find a job Jp with Dk P2 <Ti <325 ypey andd < k <e.
Let JY = {Jp, ..., J.} and J? = {T\JT'}. Stop.

Subcase 1.4 Z;;éplj >T. Let ' ={Jg,...,Je—1} and J? = {T\T'}. Stop.

Subcase 1.5 Z;;Cllplj < Ty. Find a job Jy with d < k < v such that 3 i paj < T1 <
S pos, TH={Jg, ..., Je} and J* = {T\J'}. Stop.

Case 2. Y %_  p2j > Th. Find a job Jq with d < u such that 375 ;.1 paj <Ti < 37 p2;
and a job J. with e > w such that 25;1“ p; <Ti < Z;:d+1 p1j. We branch into five

subcases.
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Subcase 2.1 Z}L:dplj >Ty. Let J' = {Jy, ..., Ju} and J? = {T\T'}. Stop.

Subcase 2.2 Z;:qul poj >Ti. Let Tt = {Jus1,...,Je} and J? = {T\T'}. Stop.

Subcase 2.3 Z;:uplj > T and Z;Zupgj >Ty. Ifd < u, let J' = {Jy,...,Je} and
J*={I\J'}. Ifd=u, find a job Jy with Y5 yp1; < Ty <Y F_ p1j andd <k <e. Let
Tt={Ja,..., i} and T* = {T\T'}. Stop.

Subcase 2.4 Z§:d+1p2j >Ty. Let J' = {Jay1,...,Je} and J? = {T\T'}. Stop.

Subcase 2.5 Z;:dJrl p2j <T1. Find a job Ji, with uw < k < e such that Zs_lpgj < <
S paj, TV ={Ju,..., Ji} and J*> = {J\T'}. Stop.

Theorem 1 Algorithm SPLT1 is a %-appro:zimation for minimizing makespan on two par-

allel two-stage flow shops. O

In Step 1 of the algorithm SPLT1, the re-indexing process runs in O(nlogn) time. In
all the remaining steps, finding a job with particular conditions needs O(n) time by checking
jobs one by one. Therefore, the overall time complexity of the algorithm is O(nlogn), which

implies a fast algorithm.

3 A %-approximation algorithm for m = 3

For m = 3, we essentially design.-a similar approach as for Algorithm SPLT1; we start
by cutting the Johnsonian schedule ¢ into two parts. We will do this in such a way that
the makespan of the first part is‘bounded from above by 2Cpmax(J) < *2Cf,, and the
makespan of the second part is bounded from above by %C’max(J ) < %C’;ax; remember
from Lemma 1 that Cpax(J) < 3C} . if m = 3. We then use algorithm SPLT1 to cut
the second part.into two further parts and guarantee that both these further parts can be
scheduled with a makespan smaller than %Cﬁwx.

As before, let the Johnsonian schedule be o, and let S;; and Cj; be the earliest start and
completion times of operations O;; for i = 1,2 and j = 1,...,n. We set T = %C’max(j),

T2 L %Cmax(j)-

Algorithm 2 SPLT?2
Step 1. (Initialization) Re-index the job set J according to the Johnson’s rule.
Let S11 =0, C11 = S11 + p11, So1 = Ci1, Ca1 = So21 + pa1.

For j =2 to n, perform the following computations:
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S1j = Cyj—1), C1j = S1j + p1j, Soj = max{Cyj, Coj_1y}, Coj = S2j + paj.
Let Crax(J) = Cop, and Ty = %C’max(j), T = %Cmax(j).

Step 2. Find a job Jy with Sip < Ty < Cip. If job Jyn does not exist, find a job Jy, with
Sop, < Ty < Coy. Let J' = {J1,...,Jx}, and J? = {Jpy1,-..,Jn}. Stop; otherwise, go to
Step 3 with job Jp.

Step 8. For job Jy, if Cop < %C’max or Cyp, = Sop, let T4 = {J1,...,Jn}, and J? =
{Jnt1, .., In}. Stop; otherwise, go to Step 4.

Step 4. Let C{,, = Sa, and S1,, = C1,, — Pin-

For j = (n—1) to 1, perform the following computations:
Cy = min{Si(jH),ng} and Sy; = C1; — p1j, where S1; and Cy; are the latest
possible start and completion time of job J; in machine M.

Step 5. Find a job Jy with Sh, < Ty < C4,. If job J; does mot exists, we have solved
this case in Step 3. If S}, > 2Cmax(J) or Cfy = Shy, let T = {Jy,..., Jy}, and J* =
{J1,...,Ji}. Stop; otherwise, go to Step 6.

Step 6. In schedule o, find the job J, with py, < paw and pie11) > Pa(ut1), and let
v =u+ 1. Therefore, in schedule o, we have p1; <'p2j for j =1,...,u; and p1; > pa; for
7 =uv,...,n. Then, we branch into the two cases.

Case 1. 7%, p1j > T1. Find a job Je with e > v such that Z;;}} Py <Ti <375, pij
and a job Jyg with d < v such that Z;;éﬂ pyy < Th < Z;;;p%. We branch into siz
subcases.

Subcase 1.1 375_, paj > Th.-Let Tt ={Jy,...,Je} and J* = {J\T'}. Stop.

Subcase 1.2 Z;;inj < Ti. Find a job Jy with Z;:k+1p2j < T < Z;kagj and
1<k<e Let J' ={Ji,...,Jo} and J* = {T\T'}. Stop.

Subcase 1.3 Z}’;Cllplj >Ty. Let J' = {Jg, ..., Jp_1} and J? = {T\T'}. Stop.

Subcase 1./ Z;delj > Ty and Z;degj >Ty. Ifv<e, let J' = {Jg,...,J,} and
T2 ={J\T'}. If v = e, find a job Jp with Dk P2 <Ti <325 ypey andd < k <e.
Let JY = {Jp, ..., J.} and J? = {T\JT'}. Stop.

Subcase 1.5 Z;;éplj >T. Let ' ={Jg,...,Je—1} and J? = {T\T'}. Stop.

Subcase 1.6 Z;;Cllplj < Ty. Find a job Jy with d < k < v such that 3 i paj < T1 <
S pos, Tt ={Jp, ..., Je} and J% = {J\JT'}. Stop.

Case 2. Y %_  p2j > Th. Find a job Jq with d < u such that 375 ;.1 paj <Ti < 37 p2;
and a job J. with e > w such that E;;;H pj < T1 < Z;:d+1p1j' We branch into siz

subcases.
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Subcase 2.1 Z}L:dplj >Ty. Let J' = {Jy, ..., Ju} and J? = {T\T'}. Stop.

Subcase 2.2 Z?:dﬂplj < Ti. Find a job J, with Z?;éplj < T < Z;?:dplj and
u<k<n. Let 7' ={Jg,..., i} and J*> = {T\JT'}. Stop.

Subcase 2.8 335, 11 p2j > Th. Let T ={Jus1,- -, Je} and T* = {T\JT'}. Stop.

Subcase 2.4 ijuplj > T and Z;:upgj >Ty. Ifd < u, let J' = {Jy,...,Je} and
J*={J\T'}. Ifd=u, find a job Jy with Y-V piy < Ty < 35_yp1j and d < k <le. Let
Tt={Ja,..., i} and J* = {T\T'}. Stop.

Subcase 2.5 3541 p2; > T1. Let T ={Jas1,. ., Je} and J? = {T\TL}. Stop.

Subcase 2.6 E;Zdﬂ p2; < Ti. Find a job Jy, with u < k < e such that Zg_lpgj <T) <
S poi, TV ={Jay ..., T} and J* = {T\T'}. Stop.

Algorithm SPLT?2 gives two job sets J' and J?, with' Crnax(J') < 2Cr,. and
Cmax(J?) < %C&ax. We can then apply Algorithm SPLI1 to the job set J?2, which
gives two further job sets for which have makespan bounded by 1—720;;13)(. We have therefore

the following result.

Theorem 2 Algorithm SPLT?2 is a 1—72—app7"0:m'TrLati0n for the problem of minimizing makespan

in three parallel two-stage flow shops. O

The detailed proof of Theorem 2 is shown in Appendix A. In Step 1 of the algorithm
SPLT?2, the re-indexing process runs in O(nlogn) time. In the remaining steps, finding a
job with particular conditions needs O(n) time by checking jobs one by one. Therefore, the

overall time complexity of the algorithm is again O(nlogn).

4 Conclusions

We have developed approximation algorithms with worst-case performance guarantees for
scheduling jobs in a flexible manufacturing environment with two and three two-stage par-
allel flow shops. The key idea is to judiciously cut the Johnsonian schedule in two and three
parts; respectively, and schedule each part in a different flow shop.

Our results apply also to the makespan parallel flow shop problem with transportation
times, in which the operations of the same job can be performed in different flow shops
and where transporting job J; from one flow shop to another requires a transportation time

7; >0 (j=1,...,n). This is so, since in our algorithms transfer of jobs does not take place.
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If 7; = 0 for each j, then the parallel flow shop problem with transportation times reduces
to the hybrid flow shop problem, and our approximation algorithm has the same worst-case
performance guarantee as the algorithms by Chen (1994) and Lee and Vairaktarakis (1994)

when m=2.
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Appendix A: Proof of Theorem 2

Lemma 13 If there exists no job Jy, with S1;, < Ty < Cyp,, then let J* = {J1,...,Jy} and
T2 =1Jis1,. .., Jn} with Jy such that Sg, < T < Cor. We then have that

12
Cmax(jl) < —Cr

max
7

16
and C’max(jQ) < 70;13)(.

PROOF. Since there is no job J, with Sy, < 11 < Cip, machine M is idle after Tj.

Furthermore, there must exist a job J, with Sop < Ty < Cyg, otherwise machine Ms would
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[

0 Ty I, Cul)

Figure 15: Cutting the Johnsonian schedule as prescribed in Lemma 13.

be idle after T3, too. We then let J' = {J1,...,Ji}, and J2? = {Jg11,. .-y Jn}. This case
is illustrated by Figure 15.

Since So < T4, we have Crax(J') = Sor +por < Th + Cf o = %Cmax(j) + Cl o <
205 - And due to O > Ti, we get Crax(JT?) < Crax(JT) —Cop < 28 Crax (T). O

Lemma 14 If there is a job Jy with S1;, < T1 < Cip and Cop < %C’max(j) or Cqp, = Sop,
let 7' ={J1,..., Jn}, and J?> = {Jps1, ..., Jn}. We then have that
12
Cmax(jl) S 7Crt1ax CLTLd Cmax(jQ) S 7c;knax'

O

PRrROOF. This case is visualized in Figure 16. The proof is similar to the one of Lemma
3. O

0 I iC ) Ibi c..(J) 0 I iC ) I, c.(J)

7 max max max

Figure 16: Cutting the Johnsonian schedule as indicated in Lemma 14.

Suppose now there is a job Jp, with S, < 11 < Cyy, for which Cyp > %C’max(j) and
Cip < Sap. Then machine My must be busy in the period [T7, %C’max(j)], ie. Z?:l P2 >
%Cmax(J) — %CmaX(J) = %Cmax(j) > T1. We now delay all operations O;; in o as much
as possible within the makespan Cpax(J). Let Sl{j and C’Z{j denote the modified start and

completion times of O;; and let o’ denote the modified schedule.
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Lemma 15 In schedule o', find a job J, with Sy, < To < Ch. If S}y > 2Cwmax(J) or
Chy =Sy, let T ={Jp, ..., Jn}, and J* = {J1,..., Ji—1}. We then have that
12 16
Cmax(jl) < 70:;13)( and Cmax(jz) < —C*

7 max*

PROOF. Because there is a job J, with Sy, < T7 < Cyp for which Cop > %C’max(j) and
Cip < Sop, we have 2?21 p2j > T1. Job J; does exist. This case is visualized in Figure 17.

Jn

0 Tl %Cmax (J) T2 Cmax (J) 0 Tl % Cmax (J) T2 Cmﬂx (J)

Figure 17: Cutting the Johnsonian schedule as indicated in Lemma 15.

Since S%, < Ty, we have
9 ; 16
Cmax(j ) = CQ(t—l) < SQt < T2 < icmax(j)-

If Sit > %Cmax(j)a then Cmax(jl) < Cmax(j) - it < %Cmax(j) = 1*720;139( It

51y < 2Cmax(T), then we have Cf; =55, and hence Crax(J1) < piz + pot + (Crmax(J) —
CZt) < Crfnax + %Cmax(j) =S 1’72‘Cr’;1ax' U

Lemma 13 to Lemma 15 have solved many different cases of this problem. The one
remaining case is where there exists a job J; with S5, < T, < CY,, S}, < %Cmax(j ),
C1; < Sh,, and-a job Jy, with Sy, < Ty < Cyp, Cop > %Cmax(j) and Cjj, < Sop,. This case
is illustrated in Figure 18.

In this remaining case, machine My must be busy in the period [17, %Cmax(j )] in sched-
ule o, for otherwise, operation Og, could have been started earlier; in schedule ¢/, machine
M is _busy in the period [%C’max(j),Tg}, for otherwise, operation O1; could have been
started later.

In what follows, we deal with the remaining case with jobs J, and J; only. We split
the n jobs into two subsets S' = {J1,...,Ju} = {Jilp1; < p2j,i = 1,...,n} and &% =
{Jv, ... In} = {Jjlp1; > p2j,5 = 1,...,n}. We then branch into two cases: the case
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0 Tl % Cmax (J) g Cmax (J) T2 C‘““X (J)

Figure 18: The remaining case with jobs J; and J;.

> i—yP1j > Ti, and the case . ) paj > Ti. Since they are symmetrical, we analyze the
first case only.

Since Z;’l:vplj > T1, we can find a job J, with e > v such that Z;iplj < T <

Z?:U p1j. We have the following Lemma.
Lemma 16 If Z;-:vpgj > T, then let J' = {Jy,...,Je} and T* = {T\T'}. Then
1 12 * 2 *
Cmax(j ) < 7Cmax and Cmax(j ) < —C
PRrROOF. This case is illustrated by Figure 19.

Sy

0 Lo Zew ten oo

Figure 19: Cutting the Johnsonian schedule as indicated in Lemma 16.

Let Crax(TY) = Y200, p1j + ijw p2; and v < w < e. We must have pae < pay < Piuw

-1 —1 -1
and Y5 P15y P2j < D5y P1j < T1. Then, Conax(T1) = Y2520 Prj+> 5y y1 P2j+
Plwtp2w < T1+Ch. = 1—7201’;“. The proof for Ciax(J) is analogous to the proof of Lemma
7. O

If the condition in Lemma 16 is not satisfied, we need to find a job J with d < v such

that Z;;Cll_l p2j <17 < Z;;Cll p2j. If there is no such job .J;, we have the following result.
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Lemma 17 If there is no job J; with d < v such that Zj_l_lpgj <T < Ej_l p2j, we find

a job Ji with 3%y 1 p2j <Ti < 325 ypaj and 1 < k <'e, and we let T ={Jp, ..., Je}
and J? = {J\J'}. We then have that

12
Cmax(jl) S 70*

7 max

1
and Crax(T?) < 760;;ax.

Jy Je

Cmax (J)

max

0 T, 3 4 T,
1 7C (J)7Cmax(‘])

Figure 20: Cutting the Johnsonian schedule as indicated in Lemma 17.

PROOF. This case is visualized in Figure 20, where £ = v = 1. In this case, we have e¢ > h,
since Z;f:v p1j > 11 and Z;‘;ll p1j < T1. Furthermore, we have k < v, for otherwise we
would have Z;Zv p2j > T1, which already has been covered by Lemma 16. With Cy, >
%Cmax(j) and machine My being busy in the period [%C’max(j), %CmaX(J)], we have
> _j=1DP2;j > T1. Therefore job J; exists. Since Z?:1 p2; > T1 and Zj;% p2; < Th, we have
e—1 < h. Since also e > h, we must have that e = h. Then we have Z;;l p1; < Z;L;ll p1; <
T1. If Crax(TY) = D2, p1; —1—2521” p2j and v < w < e, we must have pae < payy < p1yy and
Z;U;kl P+ D i1 P2 S Z;;;lg p1j < Ti. Then, Crax(J") = Z}U;dl P1j + D i1 P2t
Pro + pow < Ti + Cha = 200 T Conan (T1) = Y001y + Y5, p2j and k < w < v,
we must have p1 < pro < p2w and Z;“-U:_kl p1j + ijwﬂ p2j < Z;:kJrl p2; < T1. Then,
Crmax(TY) = "4 puj + > w1 P2j F Prw+ D2w < Ti+ G = 2 Chi. Because of k < v,
we also have 704y pi; > Ti. Since > 7_; paj > Ti, the proof of Cimax(J?) is analogous to
Lemma 7. g

e—1
Jj=v

If there exists a job J. with e > v such that ) _ p1; < T1 < Zj’:v p1; and a job Jg
with d < v such that Z;;;_l p2; <Th < Z;’;Cll p2j, we have the following Lemmata 18 - 21.

Their proofs are similar to those of Lemma 8 - 11.

Lemma 18 If Z;’;;plj >Ty, let TP ={Jg,...,Jy_1} and J* = {J\T'}. We then have
that

12
Cmax(jl) S 7C§1ax max:*

1
and Cmax(j2) < 760*
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Lemma 19 If Z;‘}:dplj > T, and Z;degj > T, we have two cases. If v < e, let J' =
{Jg,..., Jo} and T% = {T\T'}. If v =ce, find a job J) with Z;ZkJrpoj <T < Z;kagj
and d <k <e. Let J' = {Jg,..., Je} and J* = {J\T'}. We then have that

max max*

12 1
Cmax(jl) < 70* and Cmax(jQ) < 760*

0

Lemma 20 In case of Z;;ilplj > Ty, let T = {Jagy. ..y Je—1} and J? ={T\T'}. We
then have that

12
Crnax(JT 1) < =C

7 max

1
and Crax(T?) < 760;;“.
O

Lemma 21 In case of Zj;cllplj < T, find a job Jy with d < k < v such that ) ;| paj <
Ty <Y ipej, T'={J,.... Je} and J* = {I\J'}. We then have that

12
Cmax(jl) S 70*

max

1
and Cmax(jQ) < 760*

max*

0

Using Lemmata 16 - 21, we have solved the case Z?:v p1; = T1. The algorithm for
the case Z};l p2j > 17 is symmetrical. For the makespan parallel flow shop problem with
m = 3, Lemma 12 still holds.

We have now developed an approximation algorithm, referred to as Algorithm SPLT?2,

for the parallel flow shop problem with m = 3 with worst-case performance guarantee %
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Highlights

>We consider the problem of scheduling n jobs in m two-stage parallel flow shops. >For
m=2, we present a 3/2-approximation algorithm so as to minimize the makespan. >For
m=3, we present a 12/7-approximation algorithm.> Both these algorithms run in
O(nlogn) time. >These are the first approximation algorithms with fixed worst-case
guarantees.



