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ABSTRACT :

The standard normal (cumulative) distribution #(x) plays a central role
in statistics. As there exists no closed form solution to this integral,
practical applications call for adequate approximations. There exist
well-known accurate approximations, but their application may be
cumbersome. This raises the question whether more simple approximations
to #(x) can be derived, which in a large number of cases provide a
sufficient degree of accuracy.

In this note, we present simple approximations to the standard
normal distribution function, based on rational functions. The
expansions of these rational approximating functions match the first
terms in the series expansions of ®(x) exactly and provide a fair
approximation to the higher order terms.

Aside from an insight into the approximation accuracy of the
proposed expressions, we provide an application to the Black & Scholes
option pricing model. We show how a rational approximation can be
employed, either to estimate option prices or to estimate implied
volatilities of at-the-money options.



A Simple Approximation to the Normal Distribution Function

With an Application to the Black & Scholes Option Pricing Model

Winfried G. Hallerbach

1. Introduction

The standard normal (cumulative) distribution plays a central role in
statistics and is defined by:

X
(1) #(x) = (2m)"% [ e"%u’ qu

-0

As there exists no closed form solution to this integral, practical
applications call for adequate approximations. The approximations
provided by Hastings [1955], in particular, are widely used. For
example, the highly accurate five point approximation for x > 0 has the
form:

(2) d(x) = 1 - (2m) "% e~ ¥X* z(z(z(zla=2 +.85) + 8a) it Bodotiubs)
where: z = (1+0.2316419-x)-1

a, = 0.319381530

a, = -0.356563782

a; = 1.781477937

a, = -1.821255978

as = 1.330274429
For x < 0, the identity &(-x) =1 - &(x) is used.

Although this approximation is extremely good, its application may be
cumbersome. This raises the question whether more simple approximations
to ®(x) can be derived, which in a large number of cases provide a
sufficient degree of accuracy.

In this note, we present simple approximations for the standard
normal distribution function. Section 2 discusses a simple approximation
for moderate values of the argument x, whereas section 3 focusses on the
case where x is large. In section 4, one approximation will be applied
to the Black & Scholes [1973] option pricing model. Section 5 summarizes
the paper.



2. Approximations for moderate argument values

In some applications, the cumulative probability for moderate values of
|x| is needed. A Maclaurin series expansion of the exponential function
yields:

® X2
MR - L T (K —
K= k!

(3) f£(x)

Finding the primitive function F(x) term by term gives:

© 1 x2kt1
b A (-%) k
k=1 2k+1 k!

(4) F(x)

X -~ x°/6 + %2 /40 - %7 /336 4. i

As this is a converging series, f(x) can be integrated term by term.
Combining eq. (4) and (1) and rewriting, we get:

% X
y + (2m) % [ e HU? gqu =y + (27)% F(u)
0 0

(5) & (x)

1
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For very small values of |x|, the series can be truncated after some
term.

However, instead of ignoring all higher order terms, we can
specify a rational function, whose expansion matches the series between
braces to some degree.l) A rational function R(-) takes the form:

P2 )
(6)  R(X?) = Ry ((x?) = ——
Qk(xz)

where P (x?) and Q. (x?) are polynomials in x2 of degree m and Kk,

respectively:

Bultd) .8y & &y Rdhin -0yt By XS
(7)

ulx2) = by +b,x2 + .., + By

We assume that P, (x?) and Q.(x?) have no common zero and are reduced to
their lowest degree by the cancellation of common factors. Clearly, we
require that Q.(x?) # 0. More in particular, we require that b, » 0 in
order to prevent singularities for x = 0. Without loss of generality, we



normalize by setting b, = 1.
As we are looking for a simple approximation, we choose m = 0 and
k = 1, which gives:

)
(8) le(x2) = — = ay,(1l - byx? + b, 2x* =Aby IS # accard
18 ey X2

For a, = 1 and b; = 1/6, we have:
(9) R, fAx2) = B x3/8% g 78E - FEPAIH A i i

which matches the first two terms in the braced expression in eq. (5)
exactly and provides a fair approximation to the higher order terms.
Incorporating this rational function in eq. (5) finally gives:

X
(10)  &(x) ~ % + (2m) "%
1 + x2/6

In contrast to eq. (2), this approximation can directly be used for
positive as well as negative values of x. Neither does the approximation
involve an exponential function. Note, however, that eq. (10) has a
maximum for x = V6 = 2.45 (and a minimum for x = -V¥6), so the use of
this formula should in any case be restricted to |x| < V6. For larger

values of x, we refer to the next section.

To provide insight into the approximation accuracy of the proposed
formula, Table 1 contains cumulative probabilities ®(x), generated by
eq. (2) and by eq. (10), as well as the absolute value of the
difference. It follows that the approximation is very good for smaller
values of x and acceptable for larger values, although the approximation
should not be used for |x| = 2.30.2)

Insert Table 1 here

3. Approximations for large argument values

In some applications, information about the tails of the distribution
(|x|] = 2) is needed. Rewriting eq. (1) as:

(11) ®(x) =1°¢ (27 % [ e 'qu
X



and partially integrating, we get:

i R
(12)  &(x) =1 - (2m) % [ — e #x? _ [ — e hU’ 4qu ]
b4 X u+
Continuing this process, we arrive at (cf. Feller [1968, pP.193], e.g.):
r 1 L iS5 1yai3 NG 1«8 .57
(13) F(x) = 1 - (2m) % e ¥X?| — - + - + = ]
L x x3 x5 x’ %9
r o (2k-1) !!
LRSI ST S g Ak ]
L x-0 5 2kt+1
where (2k-1)!! = 1:3:-+(2k-1).

For large x, 1/x will be small. Truncating the bracketed series

after two terms yields an error of:

G
(16) € = - @m % [ — e qu
X u
As:
5 © 9
(15) |€(X)| = (27!') S I u_.e_}fu.2 du = (271,)-% et e_%xz
x5 x 228

it follows that the absolute error for |x| = 2 is bounded by 5003,

For the tails of the distribution, however, &(-|x|) is close to zero, so
the relative error will be still considerable. So, instead of ignoring
all higher order terms, we can again look for some rational funetiomn,
whose expansion matches the bracketed series to some degree. As:

-1/x3 1 i g
P R N B S o
1 + 3/x? x3 x> x’ x9

we find the approximation:
1 1/x3 ]

(17) $ix) = 1 - {27)~ 4 e-%x’[ R
be Lot B/oc2



1 + 2/x2
= 1 =~ (2%) S n } [ —_— ]
x
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Although we do not present a table with a comparison between the
approximations, we found that eq. (17) adds considerable accuracy to the
approximation on the basis of eq. (13), truncated after two terms.

4. An application to the Black & Scholes option pricing model

One field in finance in which we inevitably encounter the normal
distribution function, is option pricing theory. Undoubtly the most
popular option pricing model is derived by Black & Scholes [1973]
(henceforth B&S). The B&S-model applies to European options (i.e.
options that can only be exercised on the maturity date) and the
pricing formula is:

(18) C = S&(d;) - Ke™*t®(d,)

1In(S/Ke"Tt)
Wisthis = i = + %ot and d, =d, - oVt
o/t

where: = the value of the European call option

the value of the underlying asset (a stock, e.g.)

the exercise price

the continuously compounded annual risk free rate of interest
the annual standard deviation of the logarithmic stock return

= the time to expiration (in years).

I

I

I
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C
S
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X
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Dividing both sides of eq. (18) by Kexp(-rt) yields the call price in
terms of the present value of the exercise price, as a function of only
two variables: S/Ke™*t and oVt.

Using eq. (10) to approximate &(x) and collecting terms, we get:

c S f S d, d,
(19) =~ % [ 1AL ] + [ . - ]
Ke Tt Ke Tt Vi2m) L ke Tt 1 4+ 4,2/6 1 + d,2/6

Table 2 presents exact and approximated option values for various
choices of S/Kert and oV/t. For options that are no more than about 5%
in or out of the money, the approximation is virtually exact (even for
oVt << .15). However, when the option is deep in- or out-of-the-money
and when oVt is small, |d;| and |d,| become very large. As indicated in
section 2, the approximation to &(x) then deteriorates quickly,
resulting in large (theoretical) pricing errors. In that case, the
approximation eq. (17) can be used.



Insert Table 2 here

For an at-the-money call option (defined as S = Ke™*%), we have
d, = -d;. As 1/¥/(27) =~ .399, eq. (19) can be simplified to:

c 4, d,
(20) ———'m, 399 [ L ]
s 1+ d,2/6 L+ 8,2/6
oVt
= .399 —8m8 —
1+ o2t/24

Brenner & Subrahmanyam [1988] ignore all terms of order x? and higher in
eq. (5) to derive a simple way to estimate the implied volatility of at

the money options. Their approximation is:
(21) C/S = .3990Vt

which is quite accurate for small values of ovt. However, as eq. (10)
provides much more accuracy than their first order approximation, eq.
(20) is more accurate to estimate either the option price for at-the-

money options or to estimate their implied volatility.

5. Summary

This note presents two rational approximations to the standard normal
(cumulative) distribution function & (x). One approximation applies to
large values of the argument (|x|=22; see eq.(17)), and the other applies
to moderate values of the argument (|x|s2.3; see eq.(10)). The latter
approximation is applied in the context of Black & Scholes’ [1973]
option pricing model. The accuracy of this approximation is shown in
Table 2. Eg. (20) shows an application of the approximation in
estimating the implied volatility of at-the-money options.



FOOTNOTES :

1) This procedure is related to the Padé rational approximation (cf. for
example Ralston [1965, Ch. 7.3] or Young & Gregory [1973, Ch. 6.12]),
in which an analytical function Z(y) is approximated by a rational
function R, (y) around y=0. This rational approximation can be seen
as a kind of generalization of a Taylor series approximation. Given
m, k and y, the (mtk+l) free coefficients of P, (y) and Q (y) are
chosen such that at the spanning point:

1. their values are equal: R(0) = Z(0); and
2. the first (mt+k) derivatives of R(y) are equal to the corresponding
derivatives of Z(y): R (0) = 2G(0) for j=1,...,m+k.

Phillips [1982] uses the technique to approximate probability density
functions. For a more detailed exposition and other applications, we
refer to Hallerbach [1994, pp. 203-208].

2) The derivative of eqe(10) ; (2m) (a2 /6)y/ (itard /6)1 2 idns turn,&forms
a close approximation to the standard normal density function
P(x) = &' (x) = (2m) #exp(-%x?2).
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Table 1: The cumulative probabilities &(x), generated by the 5-point
and the absolute value
(computed before rounding to 4 digits).

approximation eq.
of the difference

(2) and by eq.

(10),

@ (x)
X eq. (2) eq.(10) |diff.|
.00 .5000 .5000 .0000
<05 <5195 « 599 .0000
-0 . 5398 » 5398 .0000
FIS w5586 +5596 .0000
« 20 . DO « 5783 .0000
s . 5987 « 5987 .0000
o300 +617'9 + 6179 .0000
238 .6368 .6368 .0000
.40 .6554 .6554 .0000
R L8726 6 73 .0000
oL » 695 { 6915 .0000
» 58 .7088 U8 Y .0000
610 2 1257 1258 .0001
65 L7422 .7423 Q009
.70 . 7580 2 1582 0001
B8 .7734 S S56 .0002
.80 <7881 .7884 .0002
.85 .8023 .8027 .0003
«90 8158 .8163 .0004
. 95 .8289 .8294 .0005
1.00 .8413 .8420 .0006
15, 05 +8 531 L8539 .0007
1 L0 .8643 .8652 .0009
15 .8749 .8759 .0010
1.20 .8849 .8861 .0011
1..25 . 8944 .8956 .0013

& (x)

x eq My ieqD(ro) ® [MEiff. |
1950 29032 .9046 -0045
1+ 35 < IE1S S 3 .0016
1.40 IS o bl o) .0018
1.45 « 9265 .9284 .0019
1750 N9 3312 #9352 .0020
1,55 .9394 .9416 Lozl
1.60 49452 .9474 .0022
1565 Y2505 +952'8 20023
T 4 70 .9554 SO 55T 20028
1T 75 Sl 9622 - 0023
1780 .9641 HO663 .0022
185 <9678 497 00 +0021
i 9.0 A913 2ITBE .0020
d 95 .9744 . 9762 .0018
200 T3 e IS .0014
21015 #9798 .9810 .0011
L] V9827 . 9829 F000%
215 .9842 .9845 .0003
2 .20 .9861 <9858 .0003
2,25 9878 .9868 .0009
2730 #9893 J9876 .0016
2435 .9906 9882 .0024
2.40 -9918 + 92885 .0033
2.45 w9889 +9886 .0043
2550 8938 S98585 20053




Table 2: The Black & Scholes value of a call option, as a percentage of
the present value of the exercise price, as well as the
difference between the exact and approximated value (computed
before rounding to 4 digits).

oVt = .15 oVt = .20
100-C/Ke™rt 100-C/Ke™rt

S/Ke"Tt exact  approx diff exact  approx diff
.80 .404 .476 + 0720 1. 186 1254 .0677
<82 .588 .656 .0688 1..526 s «051.%7
.84 ;331 .888 .0566 1.932 15969 .0365
.86 1.145 1.186 .0409 2.409 2,432 . 0237
.88 1539 1.565 .0260 2.960 2.974 039

. J0 2022 2:-036 .0142 3,.589 S 26 JO072
S 25 o9 2309 .0098 3934 3.8939 .0049
92 2,602 2.608 .0064 ) 4.303 .0032
et 2.930 2.934 0039 4.685 4.687 .0019
.94 28D A 28 .0022 5.092 5.093 .0011
e 3.666 30667 OO 5520 5,520 .0006
S5 4.074 4.075 .0005 5.968 5.968 .0003
29 4.510 4.510 .0002 6x@d3d 6.437 .0001
.98 4,972 4,972 .0001 6,926 6., 926 .0000
) 5.462 5.462 .0000 7+436 7.436 .0000
100 10) 5979 55979 .0000 1966 7.966 .0000
1509 GRS 22 6 H 22 .0000 8. 515 8+ 518 .0000
1002 7R 091 e 91 .0001 9.084 9,085 .0000
1,03 7.685 7.686 .0002 2.673 9,673 . 0001
1.04 8.305 8.305 .0004 105,280 10.280 .0003
05 8.949 8950 .0010 10.906 10.906 .0005
1.06 9,616 9L 618 .0019 11.549 14650 .0010
1:5:07 1.0 305 10.309 .0033 12210 12,212 .0016
1:08 1l oh B/ 11: 022 -+ 0052 12.888 12.890 .0026
1,09 11.749 11756 .0079 13582 13.586 .0039
S L 0] 12500 12511 YOS 14.292 14.298 .0056
s (G 2 14.059 14.079 . 0202 IT5lS8 15.:768 .0104
1.14 15,685 1 5 0B 17.28% 17,298 L0172
s 5 SN 17.416 .0456 18.856 .18.882 0261
178 19.108 19,169 .0600 20.480 20,517 <0370
1.20 20.891 20965 0736 22.147 22197 .0496




(Table 2 continued)

oVt = .30
100-C/Ke™*t
S/Ke-Trt exact  approx AEE
0.80 3.534 3.568 .0338
0.82 a4 LTS 4,139 20235
0.84 4.753 4.768 . 0156
0.86 5.448 5.458 + 0097
0.88 B 201 6. 207 .0056
0.90 T OL3 7.016 .0030
Q. 9L 7.440 7.442 .0021
092 1 B8 7.884 .0014
3 et 8.339 8.339 .0009
0.94 8.809 8.810 .0006
0.95 9.294 9.294 .0004
0.96 IO 2 O 22 .0002
.97 LN SIS 105305 .0001
Q.98 10.831 M0k (il .0000
0. 99 2 b b T 1Ll Ak .0000
1500 11.924 11.924 .0000
p o i 12.490 12.490 .0000
302 13.069 1BR6D .0000
1703 b e (o 137661 .0001
1.04 14.265 145265 .0002
i gl 0 23 14.882 14.882 .0003
1.06 LSS0 15511 . 0005
150% 162253 165152 .0008
1.08 16.803 16.804 <0012
109 17.466 17.468 <0017
1210 18.141 18.143 .0024
23404 ) 19.522 L9527 .0042
114 20.945 20952 .0069
1T16 22.407 22.418 < OAH07
5 B 1 235906 23,922 <0155
1029 25.441 25.462 .0216

o/t = .40

100-C/Ke™*t

exact approx diff
6391 6.410 20197,
e 185 7.148 0333
7925 7.934 .0090
8,762 8.768 .0058
9.644 9.648 .0036
L0571 L0553 » 0021
LI 052 JEIE IS S .0016
11.543 11.544 <0011
12.045 12.046 .0008
L2555 12558 .0006
1SS0 8 ALER o)t .0004
361 S d36dS .0003
14.159 14253 .0002
14.713 14,7413 .0001
L5527 8 15278 + 0001
155852 15.852 .0001
16.436 16.436 .0001
20 310 17,030 .0001
175643 AT7E6318 .0002
18.246 18.246 .0003
18.867 18.868 .0004
19.498 19.499 . 0005
205138 20138 .0007
207786 20787 .0010
21.443 21.444 .0014
Z2R QR 22110 .0018
23.463 23.466 . 0029
24.850 24 .854 .0044
216 . 267 26.274 .0064
27.714 2023 .0090
29.188 29.200 0 L4E

10



Published in 1994

A - General Business Economics
F - Business Finance and Portfolio Investment
M - Marketing
(o] - Organization, Production
ACC - Accountancy
R 9401/F Halierbach, W.G.
Duration and bond return approximation: The quaso-convexity effect, january 1994
0 9402/M Dorp, B. van, Commandeur, H.R., Vogels, H.P.H., Wert M.J.F. de,
Strategisch Marketingmanagement in de transportsector,
Van kleur bekennen naar inkleuren, januari 1994
R 9403/M Waalewijn, Ph., R.G. de Jong,
SESAM: Snel Extern Strategisch Analyse Model, january 1994
R 9404/M Waalewijn, Ph., B.W.C.M. Kamp,
Strategische Benchmarking: Wie durft de vergeljjking aan?, january 1994
R 9405/F Smit, H.T.J.,
The flexibility value of strategic investments under competition, march 1994
R 9406/F Aalst van, P.C., Halle}bach W.G., Hagen, E.E., Velden van der, M.E.T.A., Voort van der, EA LS
Nederlandse beleggingsrendementen in een matchinscontext, march 1994
R 9407/M Kriekaard, J.A.
Het domein van city marketing; een bijdrage aan theorieontwikkeling, march 1994
R 9408/M Nijssen, Ed J. en Diana Hartman,
Consumer evaluations of brand extensions: an integration of previous research, march 1994
R 9409/M Nijssen, Ed J., Freek Moor en Koos van dijk,
De succesfactoren en het presteren van focusstrategieén; een onderzoek in de Nederlandse elektronika,
march 1994
R 9410/M Griendt, R.R.M. van de, Ph. Waalewijn,
Mission Statements, april 1994
0 9411/M Kriekaard, J.A.
De stad als merk, april 1994
R 9412/A Wagensveld, J.
Dimensions and Calculations of Interest, may 1994
R 9413/ACC Hoeven, Ralph L. ter
Income Smoothing by Extraordinary Results, june 1994
R 9414/F Spronk, Jaap en Erik M. Vermeulen,
Interfirm Performance Evaluation Under Uncertainty, A multi-dimensional framework, september 1994
R 9415/A Lei Lei,
Electronic Data Interchange and Business Redisign Within and Across Organizational Boundaries,
september 1994
R 9416/M Wal, Rob van der
Benchmarking, september 1994
R 9417/0 Botterman, Maarten
Telewerken Historische Ontwikkeling Kosten en Baten, september 1994
R 9418/M Lamperjee, Nicolas en Cees H. van Viiet, :
The economic value of branded fresh and green products for producers and retailers in the Netherlands,
october 1994
R 9419/M Lamperjee, Nicolas
The lognormal demand model as market analytical instrument, october 1994
R (Report)

D (Discussion paper)
O (reprint)




Publikaties 1994

=

> 0
O
(g}

R 9420/M

R 9421/A

R 9422/F

R 9423/F

R 9424/M

R 9425/ACC

R 9426/F

DP 94-01

DP 94-02

DP 94-03

WP 94-01

WP 94-02

WP 94-03

WP 94-04

WP 94-05

R (Rapport)
D (Discussienota)
O (Overdruk)

- Algemeen Bedrijfseconomisch Onderzoek
- Financierings- en Beleggingsvraagstukken
- Marktvraagstukken

- Organisatie, Produktie e.d.

- Kosten- en Winstbepalingsvraagstukken

Sloot, Laurens en Verhoef, Peter
De Rotterdamse Kiezer in 1994, oktober 1994

Brink, G.J. van den
Het effect van de wijziging van artikel 393 2 BW op de accountantscontrole, oktober 1994

Brouwer, Frank, Paul C. van Aalst en Nico L. van der Sar
Investment Risk and Risk Management Revisited, november 1994

Groenendijk, A.A. en J. v.d. Meulen
Het gebruik van de sharpe index bij performance meting in praktijk, december 1994

Koselka F.,
De rol van marketing in high tech produktontwikkeling, november 1994

Tepld, Katerina,
Operational Welfare-Theorie Societal Accounting Models in Sight?, november 1994

Hallerbach, Winfried G.
A Simple Approximation to the Normal Distribution Function with an Application to the Black & Scholes
Option Pricing Model, december 1994

Langerak, F. en H.R. Commandeur,
Marktoriéntatie: oorsprong en inhoud van een omstreden begrip, mei 1994

Peelen, E., H.R. Commandeur en R.D. Menko,
Naar een netwerkbenadering v/h innovatieproces: toepassing van nieuwe managementconcepten op het
innovatieproces, mei 1994

Langerak, F.,
The Utility Value of Theories of the Firm in Market Orientation Research, december 1994

Nijssen, E., A.L. Arbouw en H.R. Commandeur,
Accelerating new product development: an empirical test of a hierarchy of implementation, mei 1994

Hultink, E.J. en Jan P.L. Schoomans,
A marketing manager’s view on successful high tech launch strategies, mei 1994

Tholke, J.M. en H.S.J. Robben,
Managing Product Features in Planning for New Durable Consumer Goods, december 1994

Hultink, E.J. en H.J.S. Robben,
Predicting New Product Success and Failure: The impact of Launch Strategy and Market Characteristics,
december 1994

Nijssen, E. en K. Lieshout,
Awareness, Use and Effectiveness of Models and Methods for new Product Development, december
1994 g



