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Electrical Impedance of Layered Atherosclerotic
Plaques on Human Aortas

Cornelis J. Slager, Anton C. Phaff, Catharina E. Essed, Nicolaas Bom, Johan Ch. H. Schuurbiers.
and Patrick W. Serruys

Abstract—Electrical impedance measurements were per-
formed on 13 atherosclerotic human aortic segments at 67 mea-
suring spots in order to determine whether or not on the basis
of these data a distinction can be made between atherosclerotic

lesions and normal tissue. Stenosis localization and guidance of

interventional techniques could be among the applications of
an impedance measuring technique implemented on a catheter
System.

The experimental results, obtained with a two-electrode mea-
suring technique, show that the apparent resistivity of an ath-
erosclerotic spot does not necessarily deviate much from the
resistivity of normal tissue. This is clarified by histology which
shows that the majority of lesions has a surface layer of con-
nective, fibrous tissue having almost similar conducting prop-
erties as the normal arterial wall. For gaining a deeper under-
standing of the way in which the measured data come about, a
physical model of an atherosclerotic lesion is presented and
confronted with the data. Both experimental data and theoret-
ical considerations lead to the conclusion that only when the
superficial fibrous layer is absent or very thin in relation to the
size of the measuring electrode, the measured resistivity at a
lesion is much higher than at normal spots. This occurs as a
consequence of the high ohmic properties of the calcified or lipid
deposits in the atherosclerotic lesion.

INTRODUCTION

N recent years much effort has been put in laser re-

canalization of obstructed atherosclerotic arteries [1]-
[3]. Lately, we proposed an alternative technique for va-
porizing atherosclerotic plaque: spark erosion [4]. Both
techniques, laser vaporization as well as spark erosion,
hardly discriminate between atherosclerotic plaque and
normal vessel wall, thus carrying the risk of vessel wall
perforation [5], [6]. Therefore, sensing techniques must
be developed in order to control that only atherosclerotic
tissue 1s attacked. The most obvious way to tackle the
problem i1s to look for physical properties that distinguish
atherosclerotic tissue from normal tissue. In the case of
spark erosion it seems natural to look for differences in
electrical properties in much the same way as it is natural
to look for differences in optical properties in the case of
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the laser [7]-[11]. This is one of the reasons why we de-
cided to perform a study on the electrical impedance of
atherosclerotic human aortic segments. Data on this sub-

ject are also needed for a better understanding of spark

erosion and other new radiofrequency recanalization [12]
and remodeling [13] techniques as well as for developing
new intra-arterial impedance measuring methods [14].

METHODS AND MATERIALS

One of the main problems in impedance studies is the
choice of electrodes. For our purposes we need an elec-
trode that measures impedance at small spots and that is
easily applicable on rather irregular surfaces. As the de-
position of atherosclerotic plaque along the endothelial
surface does not show a regular characteristic pattern it is
not expected that anisotropy of its electrical conductance,
1f present at all, will be predictive for the type of tissue.
For these reasons we considered the use of a four elec-
trode impedance measuring method [15] not mandatory.
Thus, for the present study we confined ourselves to the
much easier to handle two electrode system. The locality
of measurement is achieved by using a small spot elec-
trode (area = 0.1 mm®) in conjunction with a large plate
electrode (area = 4 cm?®). The spot electrode consists of
a small cavity in connection to a syringe filled with saline.
This cavity contains a wrapped up piece of stainless steel
foil (=2 cm?), which is connected to an electrical lead.
The connection with the spot of measurement is estab-
lished by means of a capillary salt-bridge (Fig. 1). The
complete electrode 1s fixed onto a vertical translation sys-
tem by means of which it can be positioned against the
measuring spot. The main advantages of this construction
are firstly, a well-defined, stable metal-electrolyte inter-
face of negligible impedance and secondly, a good and
reproducible electrical contact with the measurement spot.
The stainless steel plate electrode was glued onto the bot-
tom of a Petri dish and connected to the second electrical
lead.

Segments of human aorta (area = 25 cm®) were ob-
tained at 13 autopsy procedures, stored at 4°C under a
saline (0.9%) wetted gaze, and used within 24 h. For
measurements, the samples were placed upon the saline
wetted plate electrode, thus ensuring a good electrical
contact between electrode and sample. Next, applying a
slight pressure, the spot-electrode was brought in contact
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Fig. 1. Outline of the experimental setup.

with a well-chosen spot on the top-surface of the sample.
Care was taken not to moisten the top-surface of the sam-
ple. Saline leakage from the cavity could be prevented by
applying an air buffer above the fluid. The impedance be-
tween the electrodes was measured by means of an HP
4800A vector impedance meter at frequencies ranging
from 5 to 500 kHz and at room temperature (21-23°C).
Immediately after the measurement a slight circular
impression surrounding the measuring spot could be ob-
served, caused by the electrode’s rim. Concentric with
this mark a wider circle was drawn by a marking pencil
and a map of the aortic segment was sketched to i1dentify
and label each measuring spot. For histologic examina-
tion strips of tissue were excised from the aortic seg-
ments, each containing one measuring spot in the midst.
Subsequently, two transverse superficial incisions were
made on the strip at equal distance of a few mm from the
spot. Thus, the histologic section to be taken through the
midst of the strip will show the cross section of the mea-
suring spot just between the two easy 1dentifiable trans-
verse cuts. Staining was performed with hematoxylin-
eosin and elastic-van Gieson. The histologic examination
was meant to quantify the tissue composition in terms of
tissue types and tissue thickness. Part of the measured
impedance 1s caused by the saline path inside the spot-
electrode itselt. The impedance of the spot-electrode was
measured separately by bringing the tip of the electrode
In direct contact with the return electrode. At sufficiently
high measuring frequencies, the impedance of the metal-
electrolyte interface at the plate electrode vanishes [16]
and we are left with the ohmic resistance of the salt bridge.
Most measurements were carried out with an electrode
having a salt bridge resistance of 2.38 kOhm at an elec-
trode aperture of 0.35 mm.

In order to gather an 1dea about accuracy and reliability
of the measuring methods, measurements were done on a
saline gel (thickness 5 mm) with known ohmic resistance.
For a gel of infinite thickness, the relation between the
measured resistance (R), the aperture (d) and the resistiv-
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Fig. 2. Distribution of the apparent resistivity at 67 measuring spots sub-

divided on basis of the type of tissue contacting the measuring electrode.

ity (p) 1s [17]:
o = 2d * R. (1)

Repeated measurements of the gel resistance by means of
the spot-electrode on the same day showed a mean vari-
ation of about 2% . As has been observed by microscopy.,
the aperture of the spot electrode could be deformed
slightly over the course of the study. Thus, day-to-day
variations could deviate by almost 10%. In order to ac-
count for most sources of error in the estimation of the
electrode’s aperture we performed a calibration procedure
on the gel preceding each series of measurements and cal-
culated an apparent aperture d,,, for each series of tissue

impedance measurements, according to:

dypp = P /2R (2)

where o is the known resistivity and R the measured re-
sistance of the gel.

EXPERIMENTAL RESULTS

Impedance was measured at 67 different spots on 13
aortic segments. Each spot was measured a number of
times in succession with repeated positioning of the spot
electrode. The mean spread in the outcome of the mea-
surements on the same spot did not exceed 5% . As a func-
tion of frequency the impedance varied less than 3% and
was practically resistive as indicated by the phase angle
that never exceeded 4°. After correcting for the salt bridge
resistance, the measured resistances ranged from 2 to 30
kOhm.

In practice, it will be convenient to work with an ap-
parent resistivity rather than with the measured resis-
tance. This apparent resistivity p,,, 1s defined by

Panlh = U2 Ganol N (3)

For a homogeneous medium of large thickness (1.e., >>
d.on)s Papp Will equal the resistivity of the medium.
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TABLE |
EXAMPLE OF DATA OBTAINED FROM ONE AORTIC SEGMENT SHOWING DIFFERENT TYPES OF TISSUE

Tissue Type and Thickness (mm) Apparent Resistivity

Resistance Resistivity of layer |

Spot Layer 1 Layer 2 Layer 3 (Ohm) (Ohm - cm) (Ohm - ¢m)
A ()21 0 m 1.14 2520 171 169
B ct 0.67 f 0.84 m 0.80 3450 235 217
C ct 0.61 OES2 m (.85 3820 260 246
D 7 0,12 ct 0.16 m 1.27 4850 330 415
E If 0.24 ct 0.15 m 1.14 9650 656 820
F ctiil 33 0 m (.98 3420 233 240
G ct 0.82 e 1251 17 m 0.97 4190 285 269
H n 0.20 0 m 1.19 3590 244 265
/ f 0.54 ct ()23 m 1.14 21120 1436 1626

Abbreviations: ct: fibrous connective tissue, f: fat, ff : fibro-fatty, m: media, n: normal intima.

The group of 67 measuring spots may be divided into
three classes consisting of 11 normal spots, 39 athero-
sclerotic spots characterized by a top layer of fibrous con-
nective tissue, and 17 atherosclerotic spots without such
a fibrous cap, showing tatty and calcific components i1n
its superficial layer. The distribution of the apparent re-
sistivity in these classes 1s shown in Fig. 2. The apparent
resistivity of the normal spots i1s localized between 150
and 250 2 - cm, whereas the apparent resistivity of the
atherosclerotic spots covers a much wider range from 100
(2 - cmup to 1450 2 - cm. From the histograms it follows
that most of the atherosclerotic lesions belonging to the
group with a fibrous top layer have an almost normal ap-
parent resistivity.

To gain insight into the results and their interpretation
we will discuss a representative example out of the series
of 13 aortic segments. On this sample nine well chosen
spots were measured. Histologic examination revealed
that in most cases the intima was thickened and displayed
a layered structure. The histologic findings and the mea-
sured values of p,,, are presented in Table I and Fig. 3.
For the photograph, hematoxylin-eosin stained sections
were selected, which provide the best discrimination be-
tween fatty and fibrous tissue components. Only a part
(length 2 mm) of the sections covering the measuring spot,
has been displayed.

From Table I it is clear that the apparent resistivity of
a true atherosclerotic lesion (e.g., B, C) does not neces-
sarily deviate much from the apparent resistivity of a
comparatively normal aortic wall (4 and H). However,
there are also atherosclerotic spots (e.g., D, E£) with neg-
ligible intima thickening, which have an apparent resis-
tivity that is far greater than the apparent resistivity of a
normal spot. The high-resistivity lesions always show fat
or calcified deposits being incorporated in the superficial
layers, whereas the superficial layer of the low resistivity
lesions always consists of pure fibrous connective tissue.
This indicates that the apparent resistivity is determined
to a high degree by the resistivity of the superficial layer,
which is high in case of fat and low in case of connective
lissue.

Fig. 3. Histologic sections (displayed length 2 mm) through the aortic wall
at nine measuring spots (hematoxylin-eosin stain). Labeling corresponds
with Table 1. a: adventitia, cr: fibrous connective tissue, f: fat, ff : fibro-

fatty, m: media, n: normal intima.

THEORETICAL MODEL

For the purpose of gaining a deeper understanding of
the way in which the measured results come about, we
will describe a physical model of an atherosclerotic lesion
contacted by a two electrode measuring system.
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Consider a medium consisting of N layers material of
different composition and therefore of different resistiv-
ity. The superficial layer is brought into contact with a
spot-electrode of aperture d, whereas the remaining sur-
face of this layer 1s bordered by some medium of infinite
resistivity. The bottom layer contacts a medium of finite
resistivity, which, for our calculations, supposedly ex-
tends to infinity. This medium may be considered as the
return electrode (Fig. 4). By definition the zero electrical
potential is at infinity. Applying a voltage V' to the spot-
electrode will impress a current / into the compound me-
dium. Our aim is to compute the electrical resistance (1.e.,
the ratio V' /I) of this configuration.

For the most accurate solution of this problem one
probably has to resort to the method of finite elements.
However, we followed an analytical approach which
closely approximates the exact solution. The derivation
of this approximate solution is further clarified in the Ap-
pendix. Here, we only state the final result for the resis-
tance R:

4% [ SIN X
R = Ry — S E()i==— Ji(x)dx (4)
T Jo X

where by definition:
Rine = 01/2d. (3)

R; ; represents the resistance of a medium with resistivity
p, and of infinite thickness. F(x) 1s a function containing
information about the layered medium and J,(x) 1s the
first order Bessel function.

Next we describe the application of this theoretical
model for a medium consisting of three layers, to present
two examples that will elucidate the relation between
plaque morphology and composition and electrode size.

Example 1: Resistance in Dependence on the Layer
Thickness

Fig. 5 shows a plot of the relative resistance (i.e., re-
sistance R of a layer of thickness ¢ divided by the resis-
tance of a layer of infinite thickness R, ) versus the rela-
tive thickness (1.e., thickness ¢ divided by the electrode
aperture d ). A relative resistance of 0.8 is already reached
at a relative thickness of 1, indicating that the major part
of the resistance 1s built up in the near vicinity of the spot-
electrode. Here we note that the thickness of the samples
was at least twice the electrode aperture and that the thick-
ness (5 mm) of the gel, used for the calibration of the
electrode’s aperture, amply suffices.

Example 2: Resistance in Dependence on the Resistivity
of the Middle Layer

Fig. 6 shows a plot of the relative resistance R/R,,
(with R, = p,/2d) of a medium consisting of three lay-
ers, with thicknesses ¢,, 7,, and t;, as a function of the
resistivity of the second (middle) layer, assuming that p,
= p3. The three curves correspond with different thick-
nesses of the superficial layer 7, being 0.254d, 0.50d, and
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Fig. 4. Physical model of an atherosclerotic lesion between spot- electrode
and plate-electrode.
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Fig. 5. The relative resistance of a homogeneous medium in dependence
on the layer thickness/aperture ratio.
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Fig. 6. The relative resistance of a layered medium in dependence on the
resistivity of the middle layer for three thicknesses (¢,) of the superficial
layer related to the electrode aperture d.

0.75d with d being the electrode’s aperture. In order to
let these curves originate from the same position, the total
thickness ¢, + t, + t; 1s kept at 3.75d and 1, = 0.75d.
From this figure it i1s clear that at increasing superficial
layer thickness the sensitivity of the resistance to changes
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In p, tends to decrease. It may be stated that for 7, =
0.75d the upper layer quite effectively shields the under-
lying layers from the spot-electrode.

These two numerical examples evidently show that the
measured tissue resistance will be most sensitive to the
resistivity of the superficial layer, which is clearly in sup-
port of the findings of our measurements.

APPLICATION OF THE MODEL

We analyzed our resistance data in terms of the above
described three-layer model in order to see whether the
spread 1n the apparent resistivity can be explained from
the way in which the atherosclerotic plaques are com-
posed as layered structures of different tissue types. As no
separate impedance data of each type of tissue are avail-
able, our way to perform this analysis, is to make a rea-
sonable estimate as to the resistivity of the underlying lay-
ers (connective tissue, media) and then to adjust the
resistivity of the superficial substance of each measuring
spot until the measured and the computed resistances
match. For the tissue sample described in Table I the fol-
lowing estimated resistivities of the underlying layer have
been applied:

POconnective tissue — Pmedia — 235 {2 - ci. (6)

Throughout the calculations the impedance of a fourth
layer, the adventitia, which contacted the saline wetted
return plate electrode (4 cm?®), has been neglected. The
estimated contribution of this layer (thickness < 0.5 mm),
to the measured resistance is less than 1% . Assuming (6),
it necessarily follows from the resistance at spot / that pg,,
= 1626 2 - cm. This value for p has been used for the
enclosed fatty layers in spots B, C and G. In the last col-
umn of Table I, the resistivity values of the superficial
tissue layer are tabulated as obtained by the above de-
scribed method. Apparently the resistivity values of the
superficial fibro-fatty layers (D, E) change most while the
mean resistivity value for connective tissue (A, B, C, F,
G, H) equals 234 Q - cm which affirms our first estima-
tion. The presence of fat under the intimal connective tis-
sue layer has only a minor influence on the apparent re-
sistivity as can be derived from the data at spots B, C, and
G. As suggested by Fig. 2 the apparent resistivity of fi-
brous tissue covering plaques is somewhat higher than the
apparent resistivity of the normal intima. However, when
comparing the true resistivities of both types of tissue the
outcome may be different. To allow such a comparison to
be made 1n a quantitative way we applied the model on
the data of those sites depicted in Fig. 2 which are char-
acterized by either a normal intima or a superficial layer
of fibrous connective tissue. The following assumptions
were used: the resistivity of fat 1s 1600 - cm and the
resistivity of the media 1s equal to the resistivity of the
top layer. The results of this approach are depicted in Fig.
7. The similarity of the resistivities of both groups of tis-
sue has increased as a result of this operation. However,
as already suggested by the curves shown 1n Figs. 5 and
6, the effect of this operation is small.
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Fig. 7. Distribution of the resistivity of the superficial tissue layer at eleven
normal spots and at 39 spots showing fibrous connective tissue, after ap-
plication of our model (see text and Fig. 2).

DISCUSSION

The present study was undertaken as a first step in the
evaluation and modeling of electrical impedance as a po-
tential diagnostic parameter to characterize the difterences
between the normal and atherosclerotic parts of the arte-
rial wall. A simple two-electrode measuring system was
selected as this would reduce positioning problems of the
electrode on the rather inhomogeneous and wavy surtace
of the diseased endothelium. Under these circumstances
a four-electrode technique [15] seemed to us more diffi-
cult to handle. The major advantage of a four-electrode
technique would be the inherent elimination of the imped-
ance of the metal-electrolyte interface. However, a sim-
ilar function could also be obtained with the two-electrode
system, by the addition of a salt bridge.

From the measurement results it can be learned that the
data obtained with the two-electrode measuring tech-
nique, before correcting for the layered nature of the le-
sions, provide directly a reasonable estimate of the resis-
tivity of the contacted tissue. This local sensitivity feature,
to be predicted on theoretical grounds for a nonsymmet-
rical two electrode set up, is highly appreciated. Thus,
directly decisive impedance data may be obtained of the
contacted tissue layer being considered for removal by an
ablation technique. Whether impedance measuring tech-
niques will be applicable for vascular tissue character-
ization in vivo depends on the ability to achieve a proper
contact with the surface to be investigated. The potential
shunting of current by blood will lower the detectability
of differences in tissue impedance. Substitution of blood
by low-conducting fluid would reduce this problem but
has practical drawbacks. Obviously, the measurement of
blood resistivity itself will be the easiest to perform, while
the presented model and data of the vascular resistivities
will be useful to give an indication of the expected accu-
racy of this application under varying circumstances [14].
The overlap in impedance of diseased and normal arterial
wall must be minimal to provide a useful basis for guid-
ance of intravascular tissue removal techniques. For prac-
tical reasons the current investigation was restricted to
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aortic segments. Relatively few lesions showed a clear
deviation in resistance from normal. The majority ot ob-
structive lesions, having a superficial cap of fibrous con-
nective tissue, show impedance values in the normal
range. Unfortunately, the resistivity of fibrous connective
tissue turnes out to be almost equal to the resistivity of
the normal arterial wall. Whether the detectability of
impedance differences improves when studying muscular
arteries like the coronary arteries i1s yet unknown. The
normal media of such arteries contains less extracellular
connective tissue components like elastin and collagen and
a substantial layer of smooth muscle cells. This could the-
oretically lead to lower normal resistance values. How-
ever, the common thickening of the intima at higher age,
by fibrous connective tissue addition, may well be suth-
cient to neutralize this potential advantage. Notable dif-
ferences between morphology and composition of aortic
and coronary plaque are unknown to us. Only the impres-
sion exists that ulcerating plaques, missing a fibrous cap,
are more frequently seen in the larger elastic arteries than
In the smaller muscular type of arteries.

Application of the presented model appeared to be very
useful to get a quantitative insight in the parameters de-
termining the sensitivity of the measurement in depen-
dence on the resistivity of the different tissue layers. It
also allowed to make a reasonable estimation of the spe-
cific resistivity of the contacted tissue layers, Since to our
knowledge no data have been published before on the re-
sistivity ot atherosclerotic plaques we could not compare
most of our findings with data obtained by others. Fat
tissue 1s reported [18] to have a resistivity in the range of
[100-5000 © - cm. Except for one superficial true fatty
lesion with a resistivity over 1600 - cm falling within
this range (Table I) and one calcified lesion with an ap-
parent resistivity over 1400 2 - c¢cm the remaining 135 le-
sions without a fibrous cap (Fig. 2) had lower apparent
resistivities ranging from 200 to 800 - c¢cm. The tissue
composition of the latter group showed a mixture of fi-
brous and fatty parts which explains its resistivity varying
between the value of fibrous connective tissue and that of
the true fatty lesion. A tissue type coming close to fibrous
connective tissue may be human skin tissue. The resistiv-
ity of human skin tissue measured at room temperature
and at a frequency of 1 MHz is reported to be 289 2 - ¢cm
[18]. An estimate of the specific resistance of vein, pul-
monary artery and bronchus is reported to vary from 250
to 700 2 - cm [19]. These data compare well with our
findings depicted in Fig. 7.

We conclude that our model is very helpful in under-
standing the characteristics of impedance measurements
on layered tissue structures. Generally, the impedance of
the layer contacting the measuring electrode will domi-
nate the measured impedance. Constituting atheroscle-
rotic plaque components like fatty and calcified tissues
appear to have a much higher resistivity than normal ar-
terial wall. However, in most cases these components are
covered by fibrous tissue with a resistivity not much de-
viating from normal. Therefore it appears to us that only

a limited number of lesions may be recognized by in vivo
applicable impedance measuring methods.

APPENDIX

Derivation of equations describing the resistance of
layered atherosclerotic plaques measured by a two-elec-
trode technique using an analytical approach.

As suggested by the symmetry of our problem, we use
cylindrical coordinates (r, ¢, z) to describe our problem
(see Fig. 4). The potential distribution ¢;(r, z) 1n each
layer has to obey Laplace’s equation:

q_-;!.(r, Z) =10 feri = 1,2, e N + 1. (Al)

At the interfaces the potential must be continuous and so
must be the normal component of the current-density

Oy 2) = (s ) TOE =ty s e e ey
(A2)
. 6pi(r, 2) _ i 0p; +1(r, 2)
0. 0Z
(0] Rirai—ta e Ti—aal] [0 i/ Y/
where g; = 1/p;. (A3)

Through the surtace of the top-layer no current can pass

except at the electrode which 1s maintained at the poten-
tial V

o1(r,2) =V forO0 <= r<aandz =0 (A4)

o (r,

('al;r Z)=O fora = r< oandz =0 (A)S)
Z

where a = the radius of the electrode, 2a = d. Further-
more, the potentials ¢; must vanish at infinity. Thus,
everywhere on a closed surface, partly at infinity, either
the potential or its normal derivative 1s specified and
therefore a unique, stable solution exists inside this sur-
face.

The solution of (Al) yields [20]-[22].

Qo

oi(r, 2) = S {A;(k)e ™ + B;(k)e}Jy(kr) dk (A6)
0

where J, 1s the Bessel function of zero order and where
the coefficients A, (k) and B; (k) have to be determined from
the boundary conditions.

The mixed boundary conditions lead to a pair of dual
integral equations, for which, to our knowledge, no ana-
Iytical solution i1s available. Therefore, in order to pro-
ceed with our analysis, we have to resort to some methoc
of approximation. This can be done by replacing the
boundary condition (A4), which prescribes the potentia!
at the electrode by a boundary condition which prescribes
the current density at the electrode according to

op, (r, 2) / 1

0, —
52 z=0

P

forii=iri< a:

(A7)
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This 1s the current density that would exist in case of a
homogeneous medium extending to infinity. The valida-
tion of the replacement of boundary condition (A4) by
boundary condition (A7) will be discussed later on. Again
the new boundary equations result in a pair of dual inte-
gral equations:

S (A, (k) — B,(k)}Jy(kr)k dk = 0
0

fora = r.< oo (A8)
2 1

0, S {Al(k) o B|(k)}.]0(kr)k dk = = =
0 2ma \/a“ ==l
for) < r < a. (A9)

The solution to these equations i1s well known [20]-[22]
and reads

[ sin ka

A (k) — B,(k) = (A10)

27TJ| ka

In order to fulfil the boundary conditions at infinity it is
necessary that By ., = 0. Now the interface conditions

together with the boundary conditions provide us with 2N

+ 1 inhomogeneous equations for the 2N + 1 unknowns
Aqs B, Aoy e Ay, Byl By andt Ay iieiliheserequa-
tions are solved by straightforward computation using
Cramer’s rule.

The potential at the surface z = 0 1s given by

oo

o, (r, 0) = S} A (k) + By (k)}Jy(kr) dk. (All)

{.
As a consequence of the replacement of boundary condi-
tion (A4) by boundary condition (A7), this potential does
not have a constant value throughout the electrode.

In order to be able to define a unique resistance we must
average this potential over the surface of the electrode

LVDE= 1., S 2mro,(r, 0) dr. (Al12)

T™Ta JO

The resistance R is now obtained as R = (V') /I, which
may be written

e SIN X
R = S Filc)s=——1J (x)iadx
4da ™ Ji z

) X
with F(x) defined by (A13)
- + - :
Flx) A (x/a) + B,(x/a) (Al4)

A (x/a) — B,(x/a)

All information about thickness and resistivity of the lay-
ers 1S contained 1n this function. We will write down F(x)
explicitly for N = 3

B(6 + h)(e + Bnm) + 6(6h + 1)(em + [Bn)
B(6 — h)(e + Bnm) + 6(6h — 1)(em + [Bn)

(A15)

F(x) =
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Fig. 8. Normalized potential profile over the electrode and over the sur-

face of the top layer as obtained by our model. The curves a, b, and ¢

correspond to different ratios of aperture/layer thickness being 1, 2, and 4,

respectively.

where the following definitions hold

On S @s

h = — = 0 = exp (2xz,/a)
0, -+ 05
0, — O

m = — S B = exp (2xz,/a)
k) + 03
0: — O

n= - 200 e = expi(2xz3 /a).
03 T 104

[fo, =0, =03 =04sthenh = m = n = 0 and 1t follows

that F(x) = 1. Inserting F(x) = | in formula (A13) one
obtains for the resistance R = p,/2d, that is Maxwell’s
classical result 1s restored.

Our ultimate aim 1s the evaluation of the right-hand side
of expression (A13). This can be done numerically, mak-
ing use of NAG-library routines for quadrature as well as
the first order Bessel function.

Here it 1s worthwhile to note that, after our computa-
tions, we became aware of the fact that our problem car-
ries much similarity with a problem from geophysics as
reported already in 1930 by Stefanesco er al. [23]. They
solved part of the present problem (i.e., the potential dis-
tribution over the top-surface) for an electrode with ap-
erture d = 0, that is a point-electrode. The validation of
the replacement of boundary condition (A4) by boundary
condition (A7) will now be discussed. The most obvious
way to do this, is to look how the potential at the electrode
behaves under the impression of the current distribution
as described by condition (A7). For several layer-thick-
nesses the potential profile; i.e., V(r) as a function of r
has been computed using formula Al11. In order to obtain
a normalized result, each potential profile was divided by
the appropriate mean voltage (V). The results are de-
picted in Fig. 8 for three different layer-thicknesses, being
d, 0.5d, and 0.25d, with d being the electrode’s aperture.
The deviation of V(r) from (V) may serve as a measure
of the reliability of our method of computing resistances.
Even at an aperture of four times the layer-thickness the
potential does not deviate more from (V) than 15%. So
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in this case we estimate the error in the resistance R to be
less than 15%. Fortunately, in our measurements situa-
ttons with aperture larger than medium-thickness rarely
occurred and therefore the applied approximation ade-
quately serves our purpose and will not introduce errors
of importance.
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