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Let us start our discussion with a famous textbook example: the newsboy
problem. The story goes like this. Every morning a newsboy has to decide
how many newspapers to buy from a newspaper publisher. Let us assume
that the publisher sells the newspaper to the boy at the price of $2 each
paper, and the boy then sells the newspaper along the street at the price
of $5 per copy. In the end of the day, the newsboy may return any unsold
copies to the publisher at $1 for each copy. The profit of the newsboy in
this business depends, obviously, on the success of the sales and his initial
decision on the order quantity. Unfortunately, the problem is that, as it
is always the case, one cannot really predict the future with certainty. To
make our analysis simple, let us further assume that there are only two
possible scenarios: (1) the newsboy can sell 100 copies a day, or, (2) in
the case of a boring day, he can only sell 50 copies. Furthermore, let us
assume that the chance for a day with some exciting news is lower. Hence,
(1) occurs with probability 0.25, and (2) occurs with probability 0.75. In
fact, for a person with mathematical background, it is more convenient to
introduce a random variable, w, to denote the demand for this purpose,

| 100, with probability 0.25
o 50, with probability 0.75.

After some struggling, one can figure out that we need to solve the following
optimization problem

(NB) minimize 2z + E[-5yu — 2]
subject to = >0
Yo Sw
Yo + 20 =T
Yo > 0, 2, > 0.
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Let us explain what is going on here. In the above model, x stands for the
quantity of newspapers to order in the morning, and y,, is the amount of
sold newspapers, which is bounded by the demand w. Finally, z, is the
amount of newspapers to be returned to the publisher at the end of the
day. A closer look suggests that the objective is actually to maximize the
expected profit, which is the revenue minus the costs.

The model looks like a pretty ordinary optimization problem, except that
there is a random variable w in the constraint. The model is known as two-
stage stochastic linear programming, as it involves decisions at two stages:
(1) the decision at the beginning of the day, namely z; (2) the decision
to be made during the day, namely y, and z,, given that x is already
decided. Moreover, all the relationships happen to be linear. Clearly, one
may consider extended models where more than two stages of decisions
have to be made sequentially, depending on the newly arrived information
on the uncertain factors. That more general case is naturally termed multi-
stage stochastic linear programming.

Since w has only two possibly outcomes in our case, we may write (N B)
equivalently as a usual deterministic linear programming problem as follows

(DNB) minimize 2z + 0.25 X [=5y; — z1] + 0.75 X [=5y2 — 23]
subject to x>0
y1 < 100
Nt+zn=2x
y1 20,2020
y2 < 50
Yat+z2=2
y2 > 0, 22 > 0.

If one uses a linear programming solver, then the solution can be found to
be
[z*, 47, 21, Y5, 23] = [64.2569, 64.2569, 0, 50, 14.2569].

The interpretation is: one should buy 64.2569 copies of the newspaper in
the morning from the publisher, and then sell them all if it turns out to be
a good day, and sell 50 copies and return 14.2569 copies to the publisher if
it is a bad day.

The second stage problem is known as recourse. In the above example, it
is to decide on y,, and z,,, provided that x was already done and the state w
is just observed. Its analog in control theory is called the feedback control:
observing the true state of the world and then decide the best action to take.
In fact, in the above newsboy’s situation, the recourse problem is extremely
simple. It can even be explicitly solved and written out as: y,, = max{w,x}
and z, = max{x — w,0}. In most other applications, of course, this is not
possible.

So, the good news for the newsboy is that the decision problem can be
solved by some ordinary LP solver. But why stop? There are so many real
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decision problems where the future uncertainty will have a great impact
on the quality of the decision we make now. So the idea of the above
approach should be extended. This is exactly what happened. But there is
an intrinsic difficulty with the extension, known as the dimensionality curse.
That is to say, as we introduce reasonably fine (but finite) approximations
of the underlying random variables (or stochastic process), and try to go
beyond two stages, then the total amount of scenarios will explode very
quickly, in fact, exponentially. As a result, even though we end up with a
deterministic optimization problem to solve, the size of the problem, for
most real applications, will be far too large to be plugged into an existing
optimization solver. We know that the situation will not improve if we just
wait for more powerful computers to appear, as the problem is structural. In
stochastic programming, people therefore look for better solution methods,
exploiting the very nature of multiple-stage stochastic programming.

In this chapter we shall introduce a particular method of this type, using
the so called homogeneous self-dual embedding technique and the central
path following method. The results presented in this chapter are based
on the author’s earlier papers, [5] and [6], and are made simpler for the
expository purpose. In [6], a convex objective function is allowed.

1.1 Two-stage stochastic linear programming

Before we talk about the solution methods, let us first consider the models.
We start with two-stage stochastic linear programming. Two stage stochas-
tic linear programming is cast as

(2SLP) minimize cfxg + E [cuzjw]
subject to Wyzg = hg
ZTo Z 0

Boxo + Wox, = hy,
T, > 0,

where x is the first stage decision variable, and w is the uncertain factor
(a random variable), and x,, is the corresponding recourse action.

Clearly, the newsboy problem is just a special case of this model.

Now let us further assume that w takes discrete values, say, there are in
total N different scenarios. Then, we can explicitly write down the deter-
ministic equivalent of (2SLP) just like in the newsboy’s case

(2DSLP) minimize ¢l + 27]:[:1 T [cE @]
subject to  Wyzg = hg
Zo > 0

anO + ann = hna
z, >0, n=1,...,N,
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where 7, is the probability of the event w =n, n=1,...,N.

If one examines closely the constraint matrix in (2DSLP), then one
can observe an L-shaped block structure. That is to say, most part of the
matrix contains only zero elements, and the possible non-zero blocks form
a fallen L letter viewed from a far distance. Based on this observation, a
famous simplex-type method was introduced by Van Slyke and Wets [23].
For a detailed account of the method, one is referred to, e.g., the recent
textbooks on stochastic programming, [9] and [17]. In this chapter however,
we will concentrate on a quite different approach, based on the interior
point method. No matter what, the key idea here is always to make use of
the structure so that a decomposition of some sort can be applied. In fact
there are, broadly speaking, two types of decomposition approaches: (1) the
scenario-based decomposition, and (2) the recourse-based decomposition.
The L-shaped method belongs to the second category. That is to say, we
employ an existing method, say the simplex method, to solve (2DSLP),
and in the process of implementing the method we make use of the special
structure of (2DSLP), and decompose the computation of the data as
much as possible. Another good example of this type is Birge and Qi’s
decomposition algorithm, [10], based on Karmarkar’s original method for
linear programming. Our method to be introduced is in this category as
well.

A typical scenario-based method is based on the so-called Lagrangian
multiplier approach, or, the augmented Lagrangian multiplier approach;
see [21]. The key observation is that, (2DSLP) can be rewritten as

(2DSLP) minimize Y ~_ 7, [cFxon + L]
subject to  Woyzo, = ho
Zon Z 0
B,xgn + Wyx, = by,
Tn Z 0, n = 1,...,]\77
Zom — SN mpwon =0, n =1, ..., N.

The last constraint in (2DSLP)’ is called non-anticipativity, i.e., one is not
allowed, however desirable it may be, to use the second stage information
in the first stage decision. This reformulation suggests that, if the optimal
Lagrangian multipliers for the last set of constraints would be known, say,
to be equal to y,, n =1, ..., N, then the problem could be solved by simply
putting them in the objective, i.e.,

o N T T N
minimize anl {Trn [CO Ton + Cn xn] + Yn |:x0n - anl 7Tnx0n:| }

subject to  Wyxo, = ho
Zon Z 0
anOn + ann = hn7
z, >0, n=1,...,N.

The above problem is completely separable in terms of scenarios and hence
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can be solved by quickly solving N small size linear programs. This ap-
proach also works when one introduces an additional pure quadratic penalty
term of the constraints zg, — 22;1 TnTon =0, n =1,..., N, in the objec-
tive, yielding the so-called augmented Lagrangian approach. The remaining
task is to come up with a good scheme to update the Lagrangian multipli-
ers y, in order to accelerate convergence, for which existing theory for the
Lagrangian method can be used. We note that the scenario-based approach
extends easily to the multiple stage framework, even when the objective is
nonlinear. One drawback, however, is the slow convergence. In the bid to
a faster convergence speed, we turn to the state-of-the-art interior point
method, where the number of iterations is known to be insensitive to the
problem dimension. Certainly this will be an extremely important property
in the real application.

Before we introduce the new method, let us first consider an application
of the two-stage stochastic programming model to motivate the solution
method.

1.2 A case study

We consider the following two-period problem. An investor can invest in
a bank account, a stock index, and European (exchange listed) options
on this index with different maturities. We denote the stock index by S.
Current time is denoted by tg, and the expiration dates of the options by
t; and to with ty < t; < ta. At tg the investor forms a portfolio consisting
of some amount of money invested in the bank account, some in the stock
index, and a set of options on the stock index. At time ¢; he/she may revise
his/her portfolio, depending on the value of the index at t1, i.e. he/she can
change some of the existing positions in the options and/or buy new options
starting from ¢; and maturing at ¢o. The investor’s goal is to guarantee that
the value of the portfolio is always above a given level depending on the
index at t9, and that the expected value of the portfolio is maximized at
the horizon of the investment.

Assume that the level of the stock index is Sy at time tg, S7 at time 1,
and Sy at time t3. Moreover, there are n European puts and calls struck at
K} with | = 1,2,...,n, respectively, where j = 1,2 denotes the expiration
of the options ¢;. Let Q7,,,(S) € R" denote the n-dimensional vector whose
[-th component represents the price of buying a put option at time ¢; ma-
turing at ¢; with strike price K;, while the stock index at ¢; is 5. Similarly,
denote Qf 4, (S) € R™ to be the n-dimensional vector which I-th component
represent the price of buying a call option at time ¢; maturing at ¢; with
strike price K; while the stock index at ¢; is S. The risk-free interest rate
from tg to t; is denoted by ri, the risk-free interest rate from ty to ¢y is
denoted by 72, and the forward rate from ¢; to t5 is denoted by fs. Now, let
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xfitj € R" denote the amount of put options purchased at time ¢; maturing
at t;, and z,, € R" be the amount of call options purchased at time ¢;

maturing at ¢;. Let 2§ be the amount invested in the stock index, and 335 be
the amount invested at tp in the money-market account. Similarly, let xf
be the amount invested in the stock index and Cﬂ{ be the amount invested
in the money-market account at ¢;. The decision variables xfotj and xf

with 7 = 1,2, and z§ and 1;5 denote the first-stage variables. The decision
variables zf , and 7 ,,, and x§ and x{ denote the second-stage variables.
Suppose that the initial budget for the investment is B.

Clearly, the following initial budget equation should hold:

2
= 2350 +950 + Z xtot 7Qt0t (S0)) + Z xtot 7Qtot (50)), (1.1)
Jj=1

=1

where for notational simplicity in this context we used (x,y) as the inner
product between z and v, i.e., (v,y) = 2Ty.
At t;1 the value of the portfolio is given by:

V(ty, Si;a°,af 2P, 2°) = 258, + xf exp(ri(ty — to))
+((K1 — Sle) $t0t1> + ((S1e — ’Cl)+7x§0t1>
+<Qt1t2 (Sl)7xt0t2> <Q§1t2 (51)7$§0t2> (1'2)

where K; = (K1,..., K})T, and for given y € R, y* denotes the vector

(max{y1, 0}, ..., max{y,, O})T

The second-stage recourse problem is as follows. First, there is an inter-
mediate budget constraint:

V(ty, Sp;a®,af P x¢)
= 2181 +af + (@ (S1),2h,) +(QF 0, (S1),25,,). (13)
Second, the value of the portfolio at the horizon is given by:
V(to, So; 2%, af 2P, 2°)

= 258y + af exp(falta — 1))
+((K2 — Sae) ™, af 1) + ((S2e — Ko) ¥, af 4,).- (1.4)

We require the value of the portfolio at the horizon never to be less
than cgSs + ¢1 with ¢ > 0 and ¢; > 0. Using the piecewise linearity of
V(ta, Sa; 2P, x¢), this yields:

V(tQ,K?;xs,xf,xp,:cC) >coKZ4c fori=1,..,n (1.5)

and
V(te,0;2°, zf 2P, ) >
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and

/ . WS C
VSQ(t27527x avaxpax ) ‘S‘ZZK%-‘,-Z Co-

These constraints are all linear in terms of z*, =/, P and z°.

Finally, we require the probability that the portfolio value will be above
a given threshold value ¢a > 0 to be at least A (0 < A < 1). This, again
by piecewise linearity, can be modelled by selecting a given I (1 < I < n),
and adding the following constraints:

V(tg,Ki;xs,:Ef,scp,xc) >cfori=1,1+1,..,n. (1.6)

Similar constraints can be added to the model at t;.
The expected value of the portfolio at ¢ is given by:

E [V(tg, So; :Es,zf,xp,xc)}
= ziE[S2] + x{ exp(r(te — t1))
+(E [(/Cz - SQe)ﬂ , 2t e, + (E [(526 — /Cg)"’] VT gy (LT)

The optioned portfolio selection problem is now well defined as a two-
stage stochastic linear program:

max wE [V(tl, Sl;xs,wf,xﬂxc)} + woE [V(tQ,SQ;xS,xf,xp,xc)]
st. (L1),(1.3),(1.5) and (1.6)

where wy and wy (wy > w;) are weights for the first and second stage
expected values.

Problems of this nature exist widely in the investment world. The above
model is discussed in Berkelaar, Dert, Oldenkamp and Zhang [5]; two of
the authors work for the ABN-AMRO Bank and manage financial products
similar to the above described model.

1.3 Multiple stage stochastic programming

There is of course no need to restrict ourselves to the two stage models only.
It is very natural to extend them to multiple stage stochastic programming.
For simplicity, we consider here the problem with a linear objective.

Let us assume that there are K decision stages. At stage 0, which is
the current time, no information about the future is known for certain.
However, we can model the future development using a scenario tree; see
Figure 1.1. Each node in this tree is layered according to the stage, where
it may occur. At stage t, we let the set of nodes be F;. Technically, F; is
also known as filtration.
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t=0 t=1 t=2 t=3

FIGURE 1.1. Scenario Tree

The multi-stage stochastic programming model can thus be described as

(MSLP)
K
min ez +Z E [Ct(w)TI‘t(w)]
t=1
s.t. WULC() = hO
Zo Z 0
By(w)zi-1(w) +Wi(w)ze(w) = hi(w),
x¢(w) >0, weF,t=1,.. K.

More specifically, we used finite scenarios in the tree, and so each node
has a predecessor, except for node 0, which is the current stage, and each
node has possibly several successors, except for the last layer at final stage
K. Variables defined on w are denoted by subscripts n and ¢, where n € F;.
The deterministic equivalent problem can now be cast as

(MDSLP)
K
min c&xo +Z Z Tt Ch Tt
t=1neF;
S.t. Woxo — hO
Bnt‘ra(n),t—l Wi Tns = hnt7
95020, xntZOa nEft,t:L...7K.

where subscript (n,t) stands for scenario n at stage ¢, m,; is its probability,



1. An Interior-Point and Decomposition Approach to Multiple Stage Stochastic Programming 9

(a(n),t — 1) is the ancestor of (n,t), and (C(n),t + 1) will be denoted the
set of children of (n,t). As a convention we let n = 0 denote the current
state. Therefore, the decision variables are xy (the immediate action) and
Znt (the recourse action to be taken if scenario n unfolds at stage t).

In our notation, each node on the scenario tree (at different stages) is
associated with a unique n. In this sense, the association ¢ in the notation
(n,t) is redundant. Nevertheless, we shall keep it in places where confusion
is possible.

In general, the above formulation (M DSLP) can be a large size linear
program. The number of variables is of the order O(C*) where C represents
the number of children following each scenario at an intermediate stage. For
practical purposes we may assume that each of the matrices By, and W,
are reasonably sized. For technical reasons we also assume that all the

matrices W,,; have full row ranks.
This problem, (M DSLP), has the following dual problem

K
max  hdyo + Z Z hovYn

t=1 neF;
s.t. WOTyo + Z B;Llym + 89 =c¢g
meC(0)
W,z;ynt + Z Bﬁ,t+1ym,t+l + Spt = TneCpt, t=1,...,. K =1, ne F;
meC(n)

WEKerK + SpK = Tk Cnk, N E fK
20>0,2,,>0,80>0,8,:>0,neF,t=1,., K.

1.4 An interior point method

Before we offer our decomposition solution method for solving (M DSLP),
let us first introduce a particular type of interior point method, known
as the homogeneous self-dual and path-following algorithm. To start with,
consider a standard linear program
(P) minimize Tz
subject to Ax =b
x>0,

where A € R™*™ b € R™ and ¢ € ™. Moreover, without loss of generality,
let us assume that the rank of A is m. The dual of (P) is

(D) maximize bTy
subject to ATy +s=c
s> 0.

The famous analytic central path is defined to be

{@(p), y(p), s(w) | Az(p) = b, x(p) >0,
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ATy(,L") + S(N) =6 5(:“‘) >0, xi(.u)si(/u‘) =pt=12, ,’ﬂ}
Tt is well known that if (P) and (D) both have interior solutions, i.e.
{|Az=b,2>0}#0and {(y,s) | ATy+s=c,s>0}#0, (18)

then the analytic central path exists, and vice versa.

The limit, lim, o(z(n), y(p), s(r)) =: (2(0),4(0), s(0)), exists, and it is
the analytic center of the optimal set. Hence it is optimal. For detailed
proofs of those nowadays well known facts, one is referred to the book of
Roos, Terlaky and Vial [22].

Most interior point methods, and certainly by definition the so-called
path-following methods, are based on tracing the analytic central path till
close to (z(0),y(0),s(0)).

All is well, except for the fact that one may not know whether the in-
terior point condition (1.8) is satisfied, and if yes, how to get hold of one
initial interior point solution. This difficulty was resolved beautifully by
Ye, Todd and Mizuno in [27], and later was simplified by Xu, Hung and
Ye [24]. A detailed description of an efficient numerical implementation of
the method was documented in [1]. The technique is called homogeneous
self-dual embedding. In fact, the iterates produced by the algorithm in [27]
will be identical to that produced by the one in [24], provided that they
have identical parameters and initial points. Hence, in a sense, these two
algorithms are simply identical for linear programming, and below we shall
choose to present the method based on [24].

The idea of dealing with homogeneous self-dual systems can be traced
back to Goldman and Tucker [14]. In [14] the following system is considered:

Azx —br =0

—ATy 4+er > 0

bTy —Tx > 0
x>0, 72>0.

Clearly, this system is homogeneous and has a skew-symmetric constraint
matrix leading to the notion of self-duality. For convenience, additional
variables are introduced to replace the inequality constraints, yielding

Ax —br =0
—ATy —s +cr =0
(H) vy 'z - =0

r>0, s>0, 7>0, x>0.

If system (H) has a solution (y*,z*,s*,7*,k*) such that 7% > 0 and
k* = 0, then an optimal solution to (P) is simply «*/7* and an optimal
solution to (D) is (y*/7*,s*/7*).

However, (H) also contains trivial solutions such as

(y7 €T,8,T, H) = (07 0,0,0, 0)»
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from which no information concerning solutions for (P) and (D) can be de-
duced. To avoid trivial solutions, we note the following fundamental result
concerning (H) due to Goldman and Tucker [14].

Theorem 1.1 There exists a solution (y*,x*,s*,7*,k*) for (H) such that
¥4+ >0and 7"+ Kk > 0.

It is elementary to check that any solution (y, z, s, 7, k) to (H) necessarily
satisfies

zTs+ 71K = 0.

That is why the Goldman-Tucker type solution is called a strictly comple-
mentary solution, since it implies that either 7} or s} is zero (and not both)
for all 4, and either 7* or x* is zero (and not both). Based on a strictly com-
plementary solution for (H), solutions for the original linear programming
problems (P) and (D) can easily be found, as the next lemma demonstrates.

Lemma 1.2 Let (y*,z*,s*, 7%, k*) be as in Theorem 1.1. If 7* > 0, then
x*/T* is an optimal solution to (P) and (y*/7*,s*/7*) is an optimal solu-
tion to (D). If 7% = 0, then k* > 0, i.e. bTy* —cTa* > 0. In this case, if
bTy* > 0, then (P) is infeasible, and if c'x* < 0, then (D) is infeasible.

One may argue, however, that (H) is nothing but a reformulation of
the problem, as finding the desirable (y*,z*,s* 7% k*) as stipulated in
Lemma 1.2 is equally difficult as solving (P) and (D).

This view proves to be a little narrow minded. Let us see why.

Take any vectors 0 < z° € R, 4 € ®™, 0 < s € ®*, 7° > 0 and
kY > 0, such that 29s) = 1,7 =1,...,n, and 7" = 1. In practice, one may
simply let 2° = e, y° = 0 and s° = e, where e is the all-one vector, and

70 = k% = 1. Denote

7“2 = Az — b0
9 = —ATY0 470 — 0 (1.9)
7’2 = bTyO —Tx0 — k0,

Now we introduce a parameterized system of nonlinear equations

Ax —br = m’g
ATy —s+er = prf
(Hy) by —c'e—k = prd
;8 = M, i=1,...,n,
TR = .

Obviously, (H;) has a solution, e.g.,

(y,x7 S, T, H) = (y07x07 Soa 7_0’ RO)'
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Now we argue that (H,,) always has a unique solution

(y(p) z(p), s(u), 7(p), £(p))

for any fixed p > 0.
To see this we consider a linear programming problem
minimize fp(rg)Ty - ,u(rg)T
subject to Ax —br = ;u"g
—ATy + cr > prf
by —cle > ,urg
x>0,7>0.

T — urgT

This problem has an interior feasible solution, e.g.

(y,2,7) = p(y°,2°,7°).

Moreover, it is self-dual, i.e., its dual problem is the same as itself. Hence,
the dual also has an interior feasible solution, and therefore the primal-dual
analytic central path exists. The point on the central path with parameter
1, after introducing the slack variables s and k for the second and third
constraints, is the unique solution for (H,). This leads naturally to the
idea of following the central path by reducing p, starting from p = 1.
As is standard nowadays in primal-dual interior point methods, we solve
the system (H,) by applying Newton’s method. In particular, we use the
predictor-corrector approach proposed by Mizuno, Todd and Ye in [19]. To
facilitate the method, we introduce a concept called the neighborhood of
the central path with size 0 < 8 < 1

N(B) =

1
8(z,8,7,K) = He n { X

2ls+ 716 | TK

}H <8y (1.10)

TN w8

where X stands for the diagonal matrix whose elements are taken from the
vector x. This notation is standard in interior point methods and will be
used throughout the chapter

We now wish to update (z,s,7, k) in such a way that it is in a good
position, i.e., the iterate stays inside a certain neighborhood of the central
path, and at the same time, the duality gap, namely the value of 27 s47x, is
reduced. These two wishes, however, are often contradicting to each other.
A compromise is proposed in the predictor-corrector approach, in which we
simply separate these two tasks by using two neighborhoods, one is bigger
than the other, say one is A (1/4) and the other one is N(1/2). Once
we are inside the smaller neighborhood, then we consider ourselves well
positioned, and can afford to sacrifice the centrality to a certain degree while
concentrating on reducing the duality gap at the step. This step is termed
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predictor. As soon as we are on the boundary of the big neighborhood, this is
the sign of alarming and we try to move back into the smaller neighborhood
without damaging the duality gap. This is the so called corrector step.

Specifically, the predictor step is to take a Newton direction, (d,, ds, d,, d,),
based on linearizing (H,) while targeting at s = 0. The corresponding sys-
tem of linear equations is

Ady —bd, = —rp
—ATdy —ds+cd; = —ryg
(Predictor) vl'dy —cTd, —d,, = -rg
Sidy, + xids, = —mis;,i=1,....n,
kdr +71d = —TK,

where the new residuals are defined similarly as in (1.9)

rp, = Ax—br
rqg = —ATy+cr—s
Tg = by —cTx — k.

The corrector step aims at reaching the solution of (H,) with u = (27s +
7k)/(n + 1). Hence, the corresponding system of Newton equations is

Ad, —bd, = 0
—ATd, —ds+cd., = 0
(Corrector) vI'dy —c'dy —d,, = 0
Sidg, +xids, = p—xi8,1=1,...,n,
Kdr +7d = p—TK.

The key to note here is that, if one follows either the predictor step, or the
corrector step, then it always holds that

Tp = HTpg
Td = HT4,
Tg = Hlgo-

In other words, the direction of residuals will not change, only the norm will
be reduced, proportional to u. In general, we need to solve the following
linear equations

Ady, —bd, = —prp
—ATdy —ds+cd, = —prg
(Newton) vI'd, —ctd, —d, = —pry
Sidy, +xids, = (1—pp—xi8,i=1,...,n,
kd: +7dy = (1—p)u—TK,

(1.11)
where p = 1 yields the predictor direction, and p = 0 yields the corrector
direction.

13
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Let us solve the linear system (1.11) and update the iterates based on
the Newton directions with a steplength ¢t > 0, i.e. we let

z(t)
yt) =
s(t)
7(t)
k(t) =

x+td, >0
y + td,y,

s+tds >0
T4+td, >0
K+ td, > 0.

Next we study what happens to the new iterate (x(t), y(t), s(t), 7(t), £(¢)).
First let us study the new duality gap
z(®) s(t) +T(Wk(E) = (v+td)" (s +tds) + (7 +td,)(k + td,)
= als+rr+t(@tdy+ sTdy + 7d, + Kd;)
+2(dLd, + drd,)
= (1—tp)n+Vu+t*(drds+d.d.) (1.12)
where we used the fourth and the fifth equations in (1.11). It remains to

estimate the second term on the right hand side of (1.12). For this purpose
we note from the second equation in (1.11) that

ds = —ATdy + cdr + prg

and therefore

dld, = —(Ad,)"d,+cldyd, + prld,

—(bdy — pra)Td, + cTd.d, + prid,

p(?“gdy +rrd,) + (Ta — b y)d,. (1.13)

Hence,

dLds + d,d,

p(ridy +ridy) + (c"x —b"y +d,)d-

= p(rgdy +rYd, +ryd,)

= p[(Az—br)Tdy + (—ATy+cr —8)Tdy + (bTy — Tz — k)d,]
= patATd, — v"d, — y" Ad, + 7" d,
—sTdy + b yd, — T ad, — kd.;)
= plat(~ds + cd, + prg) — 7 d, — y* (bd, — prp)
+rcld, —std, + b yd, — T ad, — kd;)
= p [—des —sTdy + pxTrg+ pyTrp + T(Csz — dey) — IidT]
= plpaTrg+yTry+1ry) — (27ds + sTdy + kd, +7d,)] . (1.14)

On one hand, adding up the terms in the fourth and the fifth equations

of (1.11) we obtain

2Tds + sTd, + kd, + 7d,;

— (- p)n+Lu-

(n+1p=—pn+1)p. (1.15)
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On the other hand,

xTrd + yTrp + 71y
al (=ATy +7c—8) +yT (Ax — 70) + 7(bTy — T — k)

= —als—1k
- —(+1)p (1.16)
Substituting (1.15) and (1.16) into (1.14) yields
dTd, +d.d, = 0. (1.17)
Now we obtain from (1.12) that
z(t)Ts(t) + (k) = (1 —tp)(n + 1)p. (1.18)

Having established how the duality gap, viz. the value of z(t)Ts(t) +
7(t)k(t), will be improved, next we wish to see how the centering measure,
n+1 X (t)s(t)

2(t)T's(t) +7(t)n(t) [ T(t)w(D)

e —

o(x(t), s(t), 7(t), (1)) =

(see (1.10)), is affected by such a move.
Using (1.18), and the fourth and fifth equations in (1.11) it follows that

(1= tp)d(a(t), s(t), 7(t), x(t)) i
e ) -2 ]
(1.19)

where o stands for the componentwise product of two vectors.
In order to further study the change in the centrality measure, it is crucial

to estimate the term ‘ { Zz zfls } ' The last two equations in (1.11) can
be rewritten as
(XS5)0s [X70‘5SO'5d$ + X9°8795q,] = (1—p)pe— Xs
(rR)5 [F055050, 4 70557054, ] = (1—p)u— 7k

Let
Jx Xfo‘SSO.SdI Js X0‘5570'5d5
] Joa [ = [ onova |

d, 705054,

‘We then have
d; + d,
d- +d,

{ (ngfo'5 (m?—oﬁ ] [ ((11__%5: jf: } (1.20)

15



n, and d,d,

=d.d.

dtds +d.d, = drd, + d.d, = 0.

16 Shuzhong Zhang
Moreover,
(Ciw)z(gs)z = (dg;)l(ds)z fOI" i = 1, ceey
Hence
Therefore
dyods [ dy,o
[l Il (F
Fdo
< i d. o
[ d,
< || & ]
dy
< (|1
_ ‘%
o d,

Qd IS

&\ &\

w

Il

|y
»

H
]

/2

2) /2

(1.21)

2l

where in the third inequality follows from the Cauchy-Schwarz inequality,
and the last equality follows from the orthogonality.

Since (z,s,7,k) € N(B), we have z;s; > (1 — B)p, i = 1,...,

7k > (1 — B)p. This yields, using (1.21), that

dy ods
dr od,

[ B

i

Using (1.22), we obtain from (1.19) that

(1 —tp)d(x(t), s(t), 7(t), (1))

< (1-=t)d(z,s,71,K) +tpvn+1+

n, and
“e:ﬁs} /2. (1.22)
s L I

(1.23)

Now we are in the position to present the pure form of predictor-corrector
homogeneous self-dual interior point algorithm.

Algorithm PCHSD

Step 0 Let £ =0.

Step 1 If k=0 or k is even, go to Step 2; otherwise go to Step 3.
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Step 2 Let p = 0. Solve the linear system (1.11) to get the predictor search
directions. Let

zhtl = 2k 4 ttd, >0
gl = Yk 11,
sFHl = P4 tdy >0
Tl = R trd >0
kFTL = kP 4trd. >0,

where t* > 0 is chosen to be the maximum step length such that
(a% 4+ t7dy, 8% + t°ds, T + t7d,, K Ft7d,) € N(1/2).
Let k := k + 1 and return to Step 1.

Step 3 Let p = 1. Solve the linear system (1.11) to get the corrector search
directions. Let

zhtl = kb4 d, >0
ylc+1 — yk +dy

ghtl .= sk +ds >0
rhtl = T +d;, >0
kFL = kP4 d,. > 0.

Let k := k + 1 and return to Step 1.

Now we show that each corrector step brings the iterate from A(1/2) to
N(1/4).
Lemma 1.3 If (2%, s% 7% k*) € N(1/2) and p = 0, then
(gFHL hTL PR kL) € N(1/4).
Proof. In the corrector step, we use unitary Newton step, i.e. t = 1. More-

over, 3 =1/2, and so by (1.23) we get

1
1) $k+1,5k+1,7'k+1,l€k+1 < —39f xk,sk,Tk,/ik 2<1/4.
( )< s ) <1/
O

Next we shall prove that the predictor step guarantees a steplength at

least of order 1/v/n + 1.

Lemma 1.4 If (2%, s*, 7%, k) € N(1/4) and p = 1, then t* > }L+1‘

Proof. We let ¢t = 8\/%. Since (z*,s®, 7% k*) € N(1/4), it follows that
ksh <(14+1/4)p*, i =1,..,n, and 7Fk* < (14 1/4)p*. By (1.23) we get

(1— tp)3(a(t), s(8), 7(1), £(1)) < (1—1)3(a*, s, " m

)V + 14+ ST/ 1/4)

(1 —t)d(z",s*, 7%, k*) 4+ 0.15.

1+1/49)(n+1)

IN

17
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Because t < 1/8, we have 1 —¢ > 7/8, and so

S(a(t), s(t), 7(t), k(8)) < 1/4 + % <1/2.

. . 1
This shows that the maximum steplength must be at least EWCESE

d

Theorem 1.5 Algorithm PCHSD requires to take at most O(y/nL) num-
ber of steps to reach a solution with duality gap no more than 27L, where
L >log(n+1).

Proof. The duality gap is reduced at the predictor step, while the corrector
step will not change the duality gap. Algorithm PCHSD takes a predictor
step and a corrector step alternatively. According to (1.18), the rate of
. . . P 1
duality gap reduction at a predictor step is simply 1 —¢t > 1 — oS Note
that the initial duality gap is n + 1. The theorem thus follows.
O

A careful analysis shows that the algorithm actually converges quadrat-
ically; see [26]. We remark that, despite of its simple form, Algorithm
PCHSD works extremely well in practice. In particular, one can observe
that it requires only a very few number (almost insensitive to the dimension
n) of iterations to reach a highly accurate solution. Since the deterministic
equivalence of multiple stage stochastic linear programming can be cast as
a large size, however well structured, linear program. Therefore it is natural
to consider applying Algorithm PCHSD to solve it. The key to success, of
course, lies in the speed of solving the direction finding subproblem (1.11).
This becomes the topic of next section.

1.5 Finding search directions

As we have mentioned in the previous section, it is crucial to be able to
efficiently compute the search directions, based on the Newton equation
(1.11), when the homogeneous self-dual embedding technique is applied to
the deterministic-equivalent of multistage stochastic programming prob-
lem. To be precise, the linear system of concern is as follows, which we will
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denote as (S) for later reference,

Wodzo —hod- = —PTpgy
Bntdﬂia(n),t_l + Whidy,, —hnedy = —PTpnss
t= 17...7K, n e ]:t
_W’Iz;dynt - Z B;l,t+1dym,t+1 - dsm +TntCrtdr = —PTd,y
meC(n)
t=0,..K—-1,neF
7W7?KdynK - dsnK +TpkCnkdr = —PTd, x>
ne Fx
Sodz, + Xods, = (1-p)ue
—X()So
Sntdmm + Xntdsnf, = (1 — p)ue
_Xntsnt
t= 17...7K, n€.7:t
Kdr 4+ Td, = (1-pp
—TK
K
Z Z [hgtdym - Wntcgtdzm} —dy = —pry
t=0 neF,
where
Tpo = WQSU() — Tho
Tt = Bntxa(n),tfl + WhtTnt — Thnt, t=1, ...,K, neF;
Tdpy = *Wg;ynt - Z Bg,t+1ym,t+1 — Snt + TntCnt,
meC(n)
t:07...7K—17n€ft
Tdog = _WEKdynK — SpK + TnkCnk, N € Fi
K
g = Z Z [RE Ynt — TntChyne] — K.

t=0 neF;

Consider a given m € Fg. From the sixth equation in (S) we obtain

e = =X 10 Smicda, i + X5 (1= p)pe — X, ke Smic)- (1.24)

Substituting (1.24) into the fourth equation in (S) yields

Wk dypse + Xk Simic e — X (1= p)pe = X, e smic)
+7TmKCmKd'r - (]- - p)rdey

19
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and therefore

dapre = (X Smr) ™ Wihgedy, o — Tk (X, Smi) ™ emicdr

(X ke Smi ) [T + X i (1= p)pe — X pesmic)] -

Let
My = X, 1Sk (1.25)

We have
d =M WL d — Tk MY e rcd
T K mE YW mK%YymKk mK WV g EmKOr

+M;L}( [—prde + Xn;}(((l — plue — X;L}(smK)] . (1.26)

Now consider an n € Fx_1 such that m € C(n), i.e.,, n = a(m). Using

(1.26) and the second equation in (S) we get

Brkde, o + Wi M Whiedy, o — Wi M) Wk camicdy

= WmKM;L}(Wﬂ,]’;KUmK
and consequently
dyre = =Wk M, 3 W ) ™ Buukeda, oy + Gmicdr + ving,  (1.27)
where
Gmi = Wik M i WE )™ [Pk + Tk Wink M, jeCnic| (1.28)
and

/UmK = (WmKM'fV_’L}(W'VzK)_l{_pTPMK - WmKM7;}{[—prd7nK
+ X5 (1= p)pe = Xonrcsmic)]}- (1.29)

Now we substitute (1.27) back into the third equation in (5). Further using

the sixth equation in (S) yields
T
- ’I’L,K—ldyn,Kfl—i_

Xr:j(—ISnyK—1+ Z BngLK(WmKMr;}(W}r:K)ilBMK dzn,K—l
meC(n)

+ Tn,K—1Cn, K—1 — Z B;I;LquK dT
meC(n)

= —pra, et Y. Bhgvmk+X, k(1= p)pe = Xnk18nx-1)-
meC(n)
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Letting

My k1= X, 51 Snk-1+ Z Bl kW M, Wik i)™ B
meC(n)
(1.30)
we may rewrite the above expression as

d

a1 T
Tn,K—1 ~— Mn,K—IWn,K—ldyn,Kfl_

—1 T -1
Mgy [Tnk—1enk1— Y Bhg@mi|dr+ M, j -
meC(n)

it D, Bhgvmi + X, e 1 (1= ppe — Xp ke 18n,51)
meC(n)

(1.31)

We trace one more stage back, and let k& be at stage K — 2 such that
n € C(k), i.e.,, k = a(n). Similar as before, we substitute (1.31) into the

second equation in (S), which is
Bn,K—ldzk,K,Q + WnyK_ldxn,K—l - hﬂ,K—ldT = —PTlpn. k—1s
obtaining

—1 T —1
dyn,K,1 = _(WVL,K—an7K_1Wn7K_1) Bn,K—lda:kyK,z +Qn,K—1dr+Un,K—1a

(1.32)
where
o -1 T -1
Gnic—1 = WhgxaMy g Wo g 1) {hn 1+
Wn,K—an_}(_l[ﬂn,K—lcn,K—l* Z BTEKQmK]}
meC(n)
(1.33)
and
,_ -1 T -1
Vpk—1 = —(WakaMy e Wi g 1) A0 ks

+W"7K_1M’n?}(—l[7p’rdn,1(—l
+ X, k1 (1= p)pe — X k150 1) + Z Bl kvmk]}-
meC(n)
(1.34)

Once again, we substitute (1.32) back into the third equation in (S) and
use the sixth equation at the same time. This yields an equation from which
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we can solve out dg, ,_, as follows
dmk,K—z = MI;II(—QWIZK72dyk,K—2 -
M;C_}(_Q[ﬂ'k,K—QCk,K—Q - Z B;?,K_l%,K—ﬂdT +
neC(k)
Ml;;{f2[_prdk,1<72 + Z BZ,K—lvnyK—l +
neC(k)
Xk_,}{—Q((l —p)pe — X k25K, k—2)]- (1.35)

Repeating this procedure, we get the following recursive formula

d

Ymt _(Wthnin}Wrz;t)_letdmn,t—l + qmtd‘r + Umt, (136)

where n = a(m), and

d

_ —1 T —1 T —1
Tt Mmt Wmtdymt - Mmt [ﬂ-mtcmt - E Bk,t—i—lq’€7t+1]d7 + Mmt :

keC(m)

[P, + > Blivkes + Xt (1= p)pe = Xpntsme)],

fort=K K-1

keC(m)
(1.37)

,...,1 and m € F;. As a notational convention, we assume

that C(m) = 0 for m € Fg. The matrices M,,; and vectors g¢,; and v,
are generated according to the following recursive formula

Mn,t—l

qn,t—1

Un,t—1

= X;,%—lsn,t—l + Zmec(n) Bﬁt(Wth;thﬁlt)’let

= (Wmt—er:,t}—le:t—l)il'

{hn,t—l + Wn,t—lM»,;%_l[Wn,t—lcn,t—l - Z Bthmt]}
meC(n)

= _(Wn,t—erz%quZt—ll)_l'
{prpn,t—l + Wn1t71M’rzt71[_pTdn,t—l+

X;%—l((l —pue = Xpi—18p4-1) + Z B vmi]}
meC(n)

with m € C(n) and m € Fy; see (1.30), (1.33) and (1.34). The terminal
values are given by the following formula

MmK

(T) qmK

UmK

Xk Smk
(WmKMn_z}(an;K)il [th + WmKWmKMn;}(CmK}

(WmKMrﬁ(WrzK)il A=prp — WmKM,,_L}g[—pTde-&-
X5 (1= p)pe — X smrc)|}
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where m € Fg; see (1.25), (1.28) and (1.29).
To further simplify the notation let us rewrite (1.37) as

Ay = Mn;tl Wg;tdymt = Pmtdr + Uy (1.38)
with
Pt = Mo [TmtCmt — Z B£t+1Qk,t+l] (1.39)
keC(m)
Ut = My [=pra,. + Z B£t+1vk,t+1 +
keC(m)
Xt (1= p)pe = Xpny i) (1.40)
In particular we have
dey = My "W dyy — pods + ug. (1.41)

Substituting this into the first equation in (S) we have

Wo(My *Wi'd,,., — pod- + ug) — hodr = —pryp,-
Equivalently,
dyy = (WoMy "W)™ (Wopo + ho)d, + (WoMi ' W)~ (—prp, — Wouo).

We denote
Qg = (WoMo_lon)il(WopQ + ho) (142)
Bo = (WoMg 'Wq') ™ (=pry, — Wouo) (1.43)
and so
dyo = aod, + Bo. (144)
Substituting (1.44) into (1.41) we get
doy = My "Wdy, — pods + uo
= My "W (aods + Bo) — pod- + uo
= odr + do (1.45)
with
wo = MO_1WOT(,YQ — Po (146)
and
¢o = My "Wy Bo + uo. (1.47)
Now we wish to find a general expression for d,,,, and d,,, in terms of
d,. Let us write them as
dy,e = Qmidr + Bmt (1.48)

dfbmt = Ymidr + Py (].49)
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where m € F; and t = 0,1, ..., K.
A forward recursive formula for aun:, Bmt, Yme and ¢, can be found,
based on (1.38) and (1.36), as follows

Qmt = *(Wth;gW£t)7let¢"vt—1 + qmi

Bt = =Wt Mg Wik) ™ Bt fn,i—1 + O
(R2)

Gmi = My W, coms — P

St = Mo Wi Bt + s

where m € F;, n € Fi—1 and n = a(m). Putting together (1.42), (1.43),
(1.46) and (1.47), we have the following initial values for the recursion

ag = (WoMy'WF) = (Wopo + ho)

Bo = (WoMy 'WT) = (—prp, — Wouo)
() )

Yo = MW ao—po

$o = My W Bo+ uo.

Now, we eliminate d, using the seventh and the eighth equations in (.5).
Then we substitute d,,, and d,,,,, according to (1.48) and (1.49), into the
resulting equation. This yields

K
Z Z [hft(amdf + Bnt) — Wntczt (Ynedr + dnt)]

t=0 neF;
—(—77 Rd, +TH(1 = p)pu — TR)) = —pry
and so

K
—prg+ 7 (L= —7r) = DY [BEiBat — Tnechibni]

t=0 neF;

d. = e . (1.50)
Z Z [hztozm - Wntcgt’(/lmg] + 77k
t=0 neF,

All other search directions can be solved using (1.50). In particular, from

the seventh equation in (S) we have
de = =1 'kd, + 7711 = p)p — TK) (1.51)
Further-

yme A0 dy e
can be obtained from the sixth equation in (.5),

and from (1.48) and (1.49) we get the values for d
more, the value for d
ie.

Smt

sy = =Xt Smtdisy + Xt (1= p)pe = XntSme) - (1.52)
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To summarize, the search directions implied by the Newton equation (S)
can be solved in the following way. First, we generate the working matrices
and vectors M,¢, Qmt, Umt, Pmt and U, according to the recursive scheme
(Ry) with the terminal values determined by (7). This works in a backward
manner. Then, we generate another set of working vectors ame, Bmt, Vme
and ¢,,; using the recursive scheme (Rp) with the initial values given by
(I). Finally, the search directions are computed by the formulae (1.50),
(1.51), (1.48), (1.49) and (1.52). Clearly, the time and space complexity of
such a decomposition scheme is linear with respect to the total number of
scenarios.

The crux of this computational scheme is to generate M.+, @mt, Vmt,
Pme and u,,;. This, however, can be accelerated if we have a parallel
computational environment, because the computation of the quantities
(Mpt—1,Gn,t—1, Un,t—1, Prt—1, Un,t—1) from (Mine, @mt, Umt, Pmt, Ume) can be
done independently. The same can be said about the computation of a,;,
Bmt, Yme and ¢e. In the computation, one actually only needs to store
Mont, Gmt, Ume. All the other quantities can easily be derived from this
information.

Summarizing, we have the following conclusion.

Theorem 1.6 Let the total number of scenarios in (MDSLP) be N :=
Efil | F:|. Suppose that that matrices Wy and Byt in (MDSLP) are
of size s. Then, solving the Newton equation (S) requires no more than
O(s®N) elementary operations according to the decomposition method de-
scribed above.

1.6 Model diagnosis

Any optimization model is only an approximation of the reality. This means
in particular that if a model returns with an undesirable solution, or de-
clares that no solution exists at all, then it might be: 1) the model is not
appropriate; or 2) the model is good, but some ‘soft constraints’ must be
relaxed in order to produce a sensible solution. In either case, it is of crucial
importance to understand why the model does not have an optimal solu-
tion. For stochastic programming, testing the model is especially relevant,
because very often the model is only a rough approximation of the real
situation in the presence of uncertainty.

A major advantage of using a self-dual embedded model is that if the pri-
mal or the dual problem is infeasible, then, instead of getting insignificant
output, such as “Infeasible Model”, we always get a Farkas type certificate.
As we will see in this section, this information is useful in order to analyze
the cause of the infeasibility. To see this, consider a linear programming
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problem given as
max by
st. ATy <e.

Suppose that the problem is infeasible. Then by the Farkas lemma and a
well known result of Goldman and Tucker [14], there exists * > 0 with
maximal cardinality of positive components, such that Az* = 0 and c'2* <
0. Let the positive support of z* be I, i.e., I = {i | zF > 0}. Now we claim
that if we remove the set of constraints indexed by I, then the remaining
problem must be feasible. The proof is as follows. Let the complement set
of I be J. Further let us assume, for the sake of obtaining a contradiction,
that the system A?y < ¢y is still infeasible. Then, by applying the Farkas
lemma, once more, we conclude that there is © > 0 such that Ayu = 0 and
cTu < 0. As a by-product, we also know u # 0. Let

— U;, ifielJ
TiT V0, ifigJ

This implies that 2* +2 > 0, A(z* +Z) = 0, and ¢! (z* +Z) < 0. Moreover,
x* 4+ Z has a positive support set which is larger in cardinality than that of
x*. This yields a contradiction. As a result, the claimed fact is proven.

One implication of the above result is the following. Suppose that we
have a Farkas type infeasibility certificate with maximal support. Then,
its positive support part corresponds to the set of constraints that are
causing the infeasibility. In other words, this is the set of scenarios that
requires scrutiny. Numerically, if all the data are properly scaled, then we
may interpret a higher-valued dual multiplier (Farkas type certificate) to
correspond to the scenario that is likely to have more responsibilities for
causing the infeasibility. Certainly, due to the primal-dual symmetricity,
exactly the same thing can be said about a linear program in the primal
form

min Lz
st. Axr=1b
x> 0.

In this case, if the problem is infeasible then the corresponding Farkas type
certificate is —ATy* > 0 such that b7y* > 0.

Let us consider one example to illustrate this point. Suppose that there
is a risky asset, say a common stock, whose value may go up, or down,
or remain unchanged in the next period. To be specific, assume that with
40% chance it will go up 10%, with 30% chance it will go down 4%, and
with 30% chance it will be unchanged. Let us concentrate on a two-period
situation. A riskless investment will always yield a 2% return rate in the
same period, no matter what happens. Suppose we have a notional 1$ to
invest. Now we wish to find an investment plan, allocating our wealth and
possibly updating our portfolio at the end of period 1, in such a way that
our wealth will never go below value g, and at the same time, the expected
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FIGURE 1.2. Scenario Tree: Example

return rate is maximized at the investment horizon, i.e., at the end of period
2.

Clearly, in this case the scenario tree involves 13 nodes (see Figure 1.2).
We denote the current stage to be (0,0), and denote the set of scenarios
at the first stage (up till down) be (1,1), (2,1) and (3,1), each followed by
three children. In particular, (1,1) is followed by (4,2), (5,2) and (6,2), (2,1)
is followed by (7,2), (8,2) and (9,2), and (3,1) is followed by (10,2), (11,2)
and (12,2); see Figure 1.2.

Let the uncertain return rate of the stock (over one period) be w. In our
model, w, = 0.1 (up), we = 0 (equal), and wg = —0.04 (down). The riskless
rate over one period is r = 0.02. Let z;, be the amount invested in the
stock, and ¥, be the amount invested in the riskless asset, at stage ¢ if
scenario n unfolds. Then, the constraints in the model are:

z5+xf =1,
(L+w)zg o+ 1+ T)JJZ(n),o =5, +ab,, forn=1,2,3
x5, +aby > g, forn=4,5,..,12.

We further assume that no short selling is allowed. In our notation, this is
equivalent to the following constraint matrices

WO = [171}7 h’O = 17
Bnl = 7[1 +w,1+r], Wnl = [171], hnl = 0,

| —14w), —(1+47r) 11,1, 0 |0
Bn2 - 07 0 ) Wn2 - 17 1, -1 ) hn2 - g .

Note here that we have introduced 9 slack variables for the guaranteed
return constraints: 5, + 2%, > g, n =4,5,...,12.



28 Shuzhong Zhang

Now we run our algorithm on this model. When the investor invests his
wealth in the riskless asset over the two-periods in our model, his final
wealth will be 1.0404 (1 % 1.02 % 1.02). A higher guaranteed return is not
possible due to the uncertainty of the risky asset. Hence, for g < 1.0404, the
model is solvable. For instance, if g = 1, then z§ = 0.6601 and x4 = 0.3399,
with an expected return rate at the horizon being 5.03%. In comparison,
the riskless return rate at the horizon is 4.04%. As soon as g > 1.0404,
the model becomes demanding a guaranteed return rate higher than the
riskless rate. This is certainly impossible in the world where no arbitrage
opportunity exists, and the model should return as being infeasible. Indeed,
this turns out to be the case. Set for instance g = 1.05. The model is
infeasible. The point here is, our algorithm also provides a dual certificate

AT =
[0.3548,0.0068,0.1983,0.0138,0.2513,0.0120, 0.2972,0.0077,

0.0248,0.0248,1.7230,0.0243, 0.0243, 2.8122,0.0242, 0.0242, 4.4356,
0.0240,0.0240, 2.1821,0.0238, 0.0238, 3.7830, 0.0239, 0.0239, 5.6368,
0.0239,0.0239, 2.5476,0.0237,0.0237,4.5298,0.0237,0.0237,6.7116].

If we examine the values in the certificate carefully, then we will find that
there are 9 numbers that are significantly higher than 1, and they corre-
spond to the constraints:

xiy +aly, > g, forn=4,5..12.

As we know, these constraints are indeed the ones that are causing the
infeasibility.

Similar analysis applies to the situation when the problem has an un-
bounded optimum value. In portfolio applications, this phenomenon is
known as the existence of an arbitrage opportunity. In particular, the pri-
mal Farkas type certificate plays the role of displaying one such arbitrage
opportunity. In this case, the meaning of the solution produced by our
algorithm is quite obvious.

1.7 Notes

There is a large body of literature on multistage stochastic programming.
Below we shall point out a few representative references related to our
discussions in this chapter for the benefit of the interested reader.

Along the direction of (parallel) implementations of the Benders type
decomposition, one may consult [7, 13] and [15].

For the augmented Lagrangian approach, one may further read [4, 20]
and [21].
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As for the decomposition type approach based on the interior point meth-
ods, one is referred to [8, 11, 18, 28] for serial implementations, and [12,
16, 25] for parallel implementations. Finally, for the cutting plane type
approach combined with the interior point methodology, see [2] and [3].
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