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Abstract

In this papemwe studystochastigrocesseghich enablemonitoringthe pos-
siblechange®f probability distributionsovertime. Theseprocessemayin par
ticularbe usedto testthenull hypothesisf no change Themonitoringprocesses
arebivariatefunctions,of time andpositionatthemeasuremerscale andareap-
proximatedwith zeromeanGaussiarprocessesinderthe constang hypothesis.
Onemay thenform Kolmogora/—Smirnw or othertype of testsasfunctionals
of the processes.To study null distributions of the resultingtests,we emplo
KMT-typeinequalitiesto derive Cramértype deviation resultsfor (bootstrapped
versionsof) suchtestsstatistics.

1 Intr oduction and summary

Assumethatindependentlataare availablefor eachof n consecutie occasionsper
hapsmeasurementsf somequantitytaken on separatalates.The null hypothesigo
betestedhereis thatof

H()ZFl:FQ:...:Fn, (1)
where F; is the cumulatve distribution function specifyingthe distribution of data
Xi1,.-.,X;m, onoccasiori. We shallreferto X; ,,..., X; n, asthe i subsample.

Togetherthesubsampletorm thefull sample We shalldenotethesizem +- - - +m,,
of thefull sampleby m. Althoughit is notreflectedn notation remarkthatm depends
onn, andtendsto infinity asn tendsto infinity.

In this framework, with a naturalorderunderlyingthe sequencef datasets,typi-
cally by time, we arenotinterestedn all kinds of alternatvesto Hy. We ratherfocus
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on thosealternatve explanationgthat have to do with changesver time, like a shift
from oneparameteralueto anotherat a certainstage ,or somesmoothtrendchange,
andsoon. In yetotherwords,theteststatisticio beconstructedlorely ontheoriginal
orderingof then datasets,andaretypically notinvariantunderpermutation®f these
sets.

Our framework, andthe methodswve develop,aim at beingableto monitorquanti-
tative phenomenandtheir potentialchangesver time, andshouldfind usein fields
like meteorologyandclimatology/[is the temperaturencreasing?]finance[doesthe
incomedistribution changein a society?],humansocio-behgiour [do peoplemove
morethanthey usedto?],andeducatiorfaretheremorelazy studentghanbefore?].In
Section4 we illustrateour methodson datafrom speedskatinghampionship4970-
2000.

Whenthe cumulative distribution functions ; belongto someparametridamily,
thenthenull hypothesig1) maybereformulatedas

H0:01=02=...=0n, (2)

wheref; is aparametespecifyingthedistribution of dataX; ,, .. ., X; ,,, Onoccasion
. In Hjort andKoning (2001)testsof the null hypothesiq2) areinvestigatedor the
situationwerethed;’s arefinite-dimensionalndthem,;’s areall equalto 1.

In this paperwe take the oppositeview, and considerthe problemof testing(1)
when the cumulatie distribution functions F; are not assumeddelongto a certain
parametridamily. Our aimis to constructso-calledmonitoringprocessesyhich rep-
resentheinformationcontainedn then subsamplewith respecto thevalidity of (1).
Graphicaldisplaysof monitoringprocesseshouldyield useful“diagnosticplots”, and
functionalsof the monitoringprocesshouldyield consistentestsof the null hypoth-
esis(1). We presentapproximationof monitoring processe®y meansof Gaussian
processes.The exponentialinequalitiesdescribingtheseapproximationsare subse-
guentlyusedin deriving deviation results[that is, a resultdescribingthe extremetail
of thedistribution of a statistic]for teststatisticsrelatedto the monitoringprocesses.

We shallstudytwo differenttypesof monitoringprocessesThefirst type of mon-
itoring processs relatedto the empirical distribution function, and was proposedn
Section2.6in CHrgd andHorvath(1997).However, for reasonssgivenin sectionl.2
in Silverman(1986),it may sometimese moreappropriateo respecify(1) as

Hy: i=fo=...=fn, ©))

wheref; is the probabilitydensityfunctioncorrespondindo F;. In recognitionof this
fact, we proposea secondtype of monitoring processyelatedto the kerneldensity
estimator

Distribution estimationtechniquesreof usein anearly stageof a statisticalanal-
ysis asexplanatorydevicesfor checkingthe validity of modelassumption®n which
later stagesof the statisticalanalysiswill be based. In situationswhere model as-
sumptionsincorporatemodel constang over time [leadingto the useof full sample
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statisticaltechniques]yiolation of the hypothesiq1) may have seriousconsequences
for the statisticalanalysisasa whole. The methodspresentedn this paperprovide a
safguardagainstheseconsequences.

Thefocusof this paperis on obtainingnull hypothesigesults.It shouldbe noted
thatfor a full appraisalof the monitoring processeshe behaiour of the monitoring
processinderthealternatve hypothesishouldalsobestudied.Thiswill bethesubject
of asecondpaperHjort andKoning(2002)].

The outline of the paperis asfollows. In Section2 we introducethe monitoring
processesndstudytheirbehaiour underthenull hypothesisvith theaid of exponen-
tial inequalities.In Section3 we usetheinequalitiesof Section2 to developdeviation
resultsfor testsof constang. Section4 analyzesspeedskatinglatawith the aid of
monitoringprocessesThe proofsgatheredn Section6 drav on the technicalresults
presentedn Section5.

2 Monitoring processes

2.1 Notation and preliminaries

In this sectionwe introduceseveral monitoring processesand provide Gaussiarap-
proximationsunderthe null hypothesis. In particular our intentionis to shov that
thereexists a non-n@atve constants suchthatthe randomvariablesA,, governing
theseGaussiarapproximationdelongto a classCy(x). This class,whichis inspired
by the KMT-inequality[cf. Inequalityl in Section5], is definedbelow.

Definition 1 Let P, the classof probability measues correspondingo the null hy-
pothesis(1). A randomvariable A, is said to belongto the classCy(x) [notation:
A, € Cy(k)] if positiveconstants:;—, exist, notdependingn n, sud that for every
0<y<cem

sup P (|An| > (c1logm + y)") < coe™ %Y.
PcPy

SinceCy (k) C Co(k') for k < &', arequirementh,, € Cy(x) becomesnorestringent
ask decreasesgdeally, k shouldbeassmallaspossible.
Therearea two simple“arithmetic rules” available for the classCy(x): if A, €
Co(k) andA], € Co(k'), thenA,, + Al € Co(k V k') andA,, - A}, € Co(k + K').
TheclassCy(k) is relatedto somefamiliar conceptsn probabilitytheory:if A,, €
Co(r) for all n, thenthereexistsa positive constant [for instance¢ = (01 + 2¢c5 1)”,

asreadilycanbe seerby takingy equalto 2¢; ' logm], suchthat

sup Y_ P (A, > c(logm)”) < oo,

PePo p—1
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andhencethe Borel-Cantelliemmayieldsthat A,, < ¢ (logm)” infinitely often, al-
mostsurely for every P € Py; this impliesthat A,/ (logm)* remainsboundedin
probability, uniformlyin P € P,. Moreover, for ary sequence,, suchthat(log m)” /r,
tendsto zero, it follows that

A, A, (logm)*

— = . — 0 almostsurel
o (logm)® Tn 4

asn — oo, for every P € Py; this implies A, /r,, — 0 in probability, uniformly
in P € Py. In view of the last fact, we may interpretthe resultsin this sectionas
refinement®f strongapproximation®f monitoringprocesses.

Throughouthis papey the subsampleizesm; areallowedto berandom,andare
convenientlyrepresentetly therandomdistribution function

[n]
pa(t) =m™' > m;, te€]0,1].
i=1

For easeof exposition,within our framevork the subsampleareobseredat equidis-
tant time instances.However, our resultsstill hold evenif thesetime instancesare
random,aslong asCondition1 is fulfilled.

Condition 1 Thee exist a distribution function i, a sequences,, tendingto oo as
n — oo, anda constanty > 1 sud that

s Sup [pa(t) = ()] € Cofa = 3).
t€[0,1]

In industrial statistics,situationswherethe m;’s are generallylarger than 1 are
quite usual,asmary manugcturingprocescreateseveral productsat the sametime
[“batch processes”]the specialcasewherethe m;’s areall equalto oneis referred
asindividual obsenations[cf. DoesandKoning(2000)]. Obsenre thatif every m; is
equalto a commonvaluek, thenwe have p,(t) = [nt]/n andm = nk, andhence
Condition1 holdswith s,, = m'/? anda = 1.

In othercircumstanceynemayhavethatthem,;’sresultfromm i.i.d. multinomial
experiments.As onemay interpretu,, (i/n) asthe valueat pointi/n of anempirical
distribution function basedon m independenbbsenationshaving supporton thein-
tenal [0, 1], the DKW-Inequality[cf. Inequality3in Section5] yieldsthatCondition1
holdswith s,, = m'/* anda = 1.

In whatfollows we shall oftendiscusghe situationwhereCondition1 holdswith
(logm)® /sy, tendingto zeroasn tendsto infinity. Notethatthisimposesarathermild
lower boundon therateatwhich s,, tendsto infinity.
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2.2 The basicprocess

Themonitoringprocessewe will considethave in commonthatthey areall relatedto
thebasicprocess4,, (t, z), definedby

[nt] m;

An (t7 IE) = m_1/2 Z Z (1{Xi,j§w} - F(IE)) te [07 1]7 (S 1R7 (4)

i=1j5=1

whereF' denoteghe [unknowvn] commondistribution function underthe null hypoth-
esis.Laterresultsfor monitoringprocessewill bedervedby employing this relation.
In this paragraphwe presentthe fundamentaresult Theorem1, in which underthe
hypothesiq1) the basicprocess4, (t, z) is approximatedoy meansof a zeromean
Gaussiarprocesawith covariancefunction(5). Its proofis deferredto Section6.

Theorem 1 If Conditionl holds,thenthere existsa sequencef zelo meanGaussian
processe$/, (t, z) with covariancefunction

pEA){F (zA2') - F(z)F(2)}, (5)

such that

(s v m'/? > sup sup |4, (t,z) — U, (t,z)| € Co((g + 1) A 1) : (6)

" " logm ) tep,1]eck 2 4

If (logm)®/s, tendsto zeroasn — oo, then(6) yields [the randomvariableA,,
on theleft-handsideof (6) belongsto Cy(«) sincea > 1 by Condition1; thisimplies

A,/ (sn v m'?/log m) — 0 almostsurely]

sup sup |4, (t,z) — U, (t,z)| = 0 almostsurely,
tc[0,1] z€R

thatis, theGaussiamprocesg/,, (¢, x) stronglyapproximateshebasicprocess,, (t, z).
Astheprocesse¥, (t, z) areidenticallydistributed,thisimpliesthatthebasicprocess
A, (t,z) corvergesin distributionto a Gaussiarprocesswith covariancefunction (5).

2.3 Monitoring cumulative distrib ution functions

The basicprocessA,, (t, z) is unfit for useasa monitoring processasit dependon
the unknovn cumulatie distribution function F'(z). In this paragraphwe consider
monitoringthenull hypothesig1) by meansf the process

B, (t,3) = —=Y_m; (Fi(z) - Falw)), tel0,1], z€ R, )
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where

1 &

FZ(IE) = g Z 1{Xz',j§w}

K3 ]:1
is theempiricalestimatorof F(z) in the:®" subsampleand

n n m;

A 1
ZmZFZ(IE) ~m Z Z Lix; j<a}

i=1 i=1 j=1

1
F, -
(IE) m
is the empirical estimatorof F'(x) in the full sample.In Section2.6 in Csrgd and

Horvath (1997)a multivariateversionof B, (¢, z) is usedto detectchangepointalter
natwves.

Lemmal If Conditionl holds,thenunderthe hypothesig1) there existsa sequence
of zeio meanGaussiarprocesse¥, (t, z) with covariancefunction

{u(EAT) = O} {F (o A2) - F@)F(&)}, ®
sud that "
(sn v g"gm) sup sup B, (,0) =V, (12)] € C(o). ©

If (logm)®/s, tendsto zeroasn — oo, thenLemmal yields that the Gaus-
sianprocess,, (t, z) stronglyapproximateshe monitoringprocessB, (t,z). As the
processe¥,, (t,z) areidentically distributed, this impliesthat B, (¢, z) corvergesin
distribution to a zeromeanGaussiamprocesswith covariancefunction (8) [seealso
Theorem2.6.1in Crgd andHorvath(1997),p. 153].

We havethatV;, (¢, z) is equalin distributionto I' (u(t), F'(z)), wherel (w,u) isa
zeromeanGaussiamprocessvith covariancdunction{w A v’ — ww'} {u A v’ — wu'}.
In literature, the GaussianprocessI' (w, u) is called the Wiener pillow [Piterbag
(1996),p. 137;inspiredby thefactthatI" (w, u) = 0 almostsurelyfor all (w, v) onthe
boundaryof theunit square]thecompletelytuckedBrownianshee{vanderVaartand
Wellner(1996),p. 368] or thetied-dowvn Kiefer proces§Csorgd andHorvath (1997),
p. 320]. We shallreferto I' asthe Brownian pillow. One may view the Brownian
pillow asatwo-parametegeneralizatiorof the Brownianbridge.

Weighingprovidesa corvenientway of strengtheningropertief themonitoring
processLemmaz2 describeshe behaiour of theweightedmonitoringprocess

Ci (t,7) = L(t)Ba (£, 7) — /Ot Ba(v,2)dL(v), te[0,1], z€ R  (10)

Condition 2 Thee exist a finite constants > 0 sud that L(t) is boundedoy ¢5, and
hasvariation boundedy cs.
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Lemma?2 Let L(t) satisfyCondition2, andlet V,, (¢,z) be the zelo meanGaussian
processapproximating B,, (¢, ) in Lemmal. Thee existsa sequencef zeo mean
Gaussiarprocesses

W, (t,5) = L)V (¢, 7) — /Ot Vi (v,2)dL(v), te[0,1], z € IR,

with covariancefunction

{/Ot/\t’ L)) — /OtL(v)d,u(U) /Ot' L(v)d,u(v)} {F(zAz') - F(z)F(2)},

(11)
such that

m1/2>
sup sup |Cy, (t,x) — W, (f,z)| € Cocv) . 12
fogm ) £ 5B 1Ch (12) = W (1) € Co(2) (12)

If (logm)*/s, tendsto zeroasn — oo, then Lemma? yields that the Gaus-
sianprocesd¥,, (t, z) stronglyapproximateshe monitoringproces<’,, (¢, z). As the
processedV, (¢, z) areidentically distributed,this impliesthatC, (¢, z) corvergesin
distributionto azeromeanGaussiarprocesswith covariancefunction(11).

2.4 Monitoring probability density functions

The processB,, (t, z) usually providesa satishictoryway of monitoringthe null hy-

pothesiq1). However, for reasonssgivenin Sectionl.2in Silverman(1986),a prob-

ability densityfunctionmay oftendescribethe distribution of arandomvariablemore
appropriatelythana cumulatve distribution function. In this paragraptwe consider
monitoringthenull hypothesig3) by meansf the process

By (t,7) = BY?m 1/2Zm (filz) = fan(®), tel0,1], z€ R,

where

o=y S (557)

UCT et

is thekerneldensityestimatorin subsample, and
1 n m;
fn r\Z —h Z Z ( ) Z mzfz

is the full samplekerneldensityestimatorunderthe null hypothesiq3). Here, K (z)
is a symmetricdensity ands a smoothingparameter Obsere thatwe usethe same
smoothingparametef, for eachdensityestimatorf;.
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Let f denotethe commonprobability densityfunction underthe null hypothesis
(3); thatis, thederiative of F'(z). Introduce

op(z, ') = h_l/K (v ; x) K (U ;x') f(v)dv — hgf_n,h(x)gfn,h(xl)a

where
v—

€ Funl(z) = h—l/K( - )f(v)dv = [ K(w)f(z + hu)du.

Onemayinterpretoy (z, z')/h asthe covariancefunction of the full sampleestimator
fnn(z). Obsenethatin generak f,, »(x) doesnot coincidewith f(z); hence kernel
densityestimatorsnaybebiased.

Condition 3 The kernel function K (z) is a symmetricprobability densityfunction
satisfying

/|K’(IE)| dz < cg,

wheee K'(z) denoteghederivativeof K (z), andcs is a finite constant.

Lemma 3 If Conditions1 and 3 hold, then under the hypothesig3) there exists a
sequencef zelo meanGaussiarprocessed, ;, (¢, z) with covariancefunction

{n(@AT) = p(B)p)} on(z, o), (13)
sud that
ml/2
(sn v > h'/2 sup sup |Bpp (t,2) — Vs (8, 2)| € Co(c). (14)
logm te[0,1] z€R

The proof of Lemma3 exploits the relationbetweernhe the densityestimatorand
the empirical process. This relation was noticed alreadyin Bickel and Rosenblatt
(1973),a seminalpaperin densityestimation. However, the powerful machineryof
Komlbs,Major andTusrady(1975)becamevailablelater, andwasusedn thecontext
in densityestimationin Crgd and Révesz(1981) [Theorem6.1.1,p. 223], andin
Konalov andPiterbag (1983). Theideaof usingstrongapproximationn the context
of densityestimationtracesbackto Rosenblat{1971).

If (logm)®/sy tendsto zeroasn — oo, thenLemma3 yieldsfor fixedandpositive
h thatthe GaussiarprocessV,, 5, (¢, z) strongly approximateshe monitoringprocess
By (t,z). As the processed/, ;, (¢, z) areidentically distributed, this implies that
By, (t, z) corvergesin distribution to a zeromeanGaussiarprocesswith covariance
function(13).

Lemma3 continuego hold if 4 is replacedby h,, which tendsto zeroasn tends
to infinity. In this case L,emmag3 yieldsthatthe Gaussiarprocesd/, ., (£, z) strongly
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approximateshemonitoringprocessB,, 5, (¢, z) if (ha)~* (log m)®/s,, tendsto zero
asn — oc.

However, for h, tendingto zero,the processV;, i, (¢, z) [andhenceB,,;,, (¢, z)]
doesnothave alimit in distribution. To clarify this, introduce

c c
J(c)—/K(u+§)K(u— 5) du,
andwrite

Efunl(z) = / K(u)f (hu+ z) du ~ f(z) + 1h2 / w? K (u)duf"(z),

on(z,2") + hE fon(2)E fan(z)
:/K<u+x2;x>K(u—x2;x>f<hu+x;_x>du

z—x +x

= (55)(57)

for h closeto zero. It follows thatoy (z, 2) tendsto oy (z, 2') = J(0) f(2)1{z=q} fOr
h tendingto zero. The structureof oy (z, 2') impliesthata Gaussiarprocesswith co-
variancefunctionp (¢ A t') og(x, ') cannothave continuoussamplepaths.Continuity
of samplepathsis akey conditionin the studyof Gaussiarprocessefcf. Ledouxand
Talagrand1991),Chapterl?2].

Although the processB,, ;,, (t,z) doesnot have alimit in distribution, Lemma3
neverthelesgields thatfor every n thereexists a Gaussiarprocesswvhich nearlyhas
the samedistributionasB,, ;,,, (¢, z). Thisunderlineghe usefulnes®f strongapproxi-
mationmethodsn densityestimation.

Lemma4 describeshe behaiour of the weightedmonitoringprocess

Cop (:2) = L) By (42) = [ Bua(0,)dL(w), t€[0,1), s R (15)

Lemma4 LetL(t) satisfyCondition2, andletV,, ;, (¢, z) bethezelo meanGaussian

processapproximatingB,, ;, (¢, z) in Lemma3. Thee existsa sequencef zeo mean
Gaussiarprocesses

t
Wop (t,2) = L)V s (£, 2) — /0 Von (0,2)dL(v), te€[0,1], z € R,

with covariancefunction

{/Omt’ L(v)*du(v) — /OtL(v)du(v) /Ot' L(v)du(v)} on(z, "), (16)
sud that

1/2
<3n \ e > h/? sup sup |Cn,h (ta :E) — Wan (ta IE)| € CO(a) . (17)
logm te[0,1] z€R
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If (logm)“/s, tendsto zeroasn — oo, thenLemmad4 yieldsfor fixedandpositive
h thatthe GaussiarprocesdV,, ;, (¢, «) stronglyapproximateshe monitoringprocess
Cnp (t,z). As the processedV, , (¢, z) areidentically distributed, this implies that
Cn (t, z) convergesin distribution to a zeromeanGaussiarprocesswith covariance
function(16).

For h,, tendingto zero asn tendsto infinity, Lemma3 yields that the Gaus-
sianprocesd¥,, », (t,z) stronglyapproximateshe monitoringproces<C,, 5, (¢, z) if
(ha) ™% (log m)® /sy, tendsto zeroasn — co. However, theproces¥,, . (¢, z) [and
henceCy, 1, (t,z)] doesnothave alimit in distribution.

2.5 Bootstrappedversionsof monitoring processes

Thebootstrappedersionof a monitoringprocesss obtainedoy replacingeachof the
originalrandomvariablesX;; ; by arandomvariableX;;, wherethe X};’stogetheform
arandomsampleof lengthm dravn from the cumulatve distribution function F,,.
Lemma5 LetC; (¢,z) andC;, ,, (¢, z) bethe bootstappedversionsof Cy, (¢, z) and
Cn,n (t,z). If Conditions1-3 hold, thenthere exist a sequencef zelo meanGaus-
sianprocesse$V, (t,z) with covariancefunction(11) and a sequencef zelo mean
GaussiarprocessedV,, , (t, z) with covariancefunction(16) suc that

(sn vm/t) sup sup |C;, (t,2) = W, (¢, 2)| € Co(a), (18)
tc[0,1] z€R

(sn v m1/4) h'/% sup sup ‘C,’;,h (t,z) — W, (1, x)‘ € Co(a). (19)
te[0,1] z€R

Althoughthey have acommondistribution, the processe®V,, (¢, z) [cf. Lemma2]
and W, (t,z) typically do not coincide. As similar remarkholds for the processes
Wan (t, ) [cf. Lemmad] andW,, , (£, ).

If (logm)“/sy tendsto zeroasn — oo, thenLemmab yieldsthatthe Gaussiarmpro-
cessW, (t,z) strongly approximateshe bootstrappednonitoring processC;: (¢, z).
As W) (t,z) is equalin distributionto W, (¢, ), it follows thatthe bootstrap'w orks”
in thesensehatC?: (¢, z) andC, (¢, z) sharethe samelimiting distribution. For fixed
andpositive h, asimilaragumentshovsthatCy , (t, ) andCy , (t, ) sharethesame
limiting distribution.

3 Testsof constancy

3.1 Notation and preliminaries

The objective in this sectionis to establishdeviation resultsfor testsof constang
which arederivedfrom monitoringprocessedn this paragraplwe describeageneral
framawork for obtainingdeviation results.
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Considerastatisticaltestwhich rejectsthenull hypothesidor large valuesof atest
statisticT;,. We shallsaythattheteststatisticT;, obeys a deviation resultif

lim (y,)"?log sup P (T, > y,) = —a/2 (20)

holdsfor certainsequenceg, suchthaty,, — occ. Thestrengthof the deviation result
is determinedy theclassof sequencewhich areallowed. Chernof typedeviationre-
sultsallow sequenceg, = o (ml/ 2), andarerelevantfor thecomputatiorof exactBa-
hadurefficiency [cf. Bahadur(1960)]; Cranér type deviation resultsallow sequences
Yp = O (ml/"'), andare relevant for the computationof intermediateefficiency [cf.

Kallenbeg (1983)]; moderatedeviation resultsallow sequenceg, = O ((log m)1/2),
andarerelevantfor the computationof weakintermediateefficiengy [cf. Kallenbeg
(1983)]andBayesrisk efficiency [cf. RubinandSethuramaif1965)].

Lemma6 Supposeheteststatistic7; satisfieqi)—(iii) below

() Theeexistsa randorrwariabIeT,’L with distribution notdependingon n, andfor
every P € P, there existsyy = vy(P) sud that

lim y~21 P(y'T! > y) = —a/2.
Jim y~*1og sup (v T} 2 y) = —a/

(i) Thee existsa sequencef positiveconstants,, sud thatr, /(logm) — oo and
T = O (m1/2) asn — oo, anda positiveconstants > 1 suc that

T — T

n

-1
'

€ Co(k).

(i) Thewe exista statistic anda non-ngativeconstants’ > 1 — « sud that

o v /D — 1] € Co(K').

Thenthere exists a positive constanta suc that the teststatistic7,, = o~'7 sat-

isfiesthe deviation result (20) for all sequencey,, sud thaty, — oo andy, =
0 ((rn)l/(2”+2”'_1)) asn — oo.

One of the featuresof Lemmaé is the useof exponentialinequalitiesto derive
deviation results. Examplesof deviation resultsobtainedvia exponentialinequalities
[but in a simplenull hypothesissetting]may be foundin Inglot andLedwina (1990,
1993)andin Koning(1992,1994).

Inspectionof the proof of Lemmaé revealsthat ' may be taken equalto O if &
coincideswith .
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3.2 A generalapproachfor sublinear tests

In this paragrapltwe briefly outline the verificationof the conditionsof Lemma6 for
teststatisticshasedbn themonitoringprocesses§’,, (¢, z) andC,, 4, (¢, z).

Let D ([0, 1] x IR) denotethe spaceof real-waluedfunctionsdefinedon [0, 1] x
IR which are cadlagin both componentsandlet T : D([0,1] x IR) — IR' bea
functionalwhich s positive-homogeneoushatis, T' (c£) = ¢T" (£) for every constant
¢ > 0 andevery ¢ € D([0,1] x IR)] andLipschitz [that is, thereexists a constant
¢ > 0 suchthat|T' (§) — T (§')| < c7supepo,1)SuPser € (8, 2) — &' (2, 7)] for every
£,¢' € D([0,1] x R)].

If we set

T.=T(C,) T.=TW,),

thenwe have by Lemma2 that(12) holdsunderCondition1. Since

< ¢7 sup sup |Cy, (t,z) — W, (¢, z)],
te[0,1] z€R

Sp V
logm

and hencecondition (i) of Lemmaé is satisfiedwith r, = s, Vv m'/2/logm and
x = «. Thus,it only remaingo show thatconditions(i) and(iii) of Lemma6 aresatis-
fied. In thisrespectwe notethatif thefunctional? is notonly positve-homogeneous
and Lipschitz, but sublinearaswell [thatis, T (£ +¢') < T (€) + T (¢') for every
£,¢ € D([0,1] x IR)], thencondition(i) of Lemma6 may be verifiedalongthelines
of the proof of Theorem5.2 in Borell (1975) [seealso Inequality 1 in Koning and
Protasswe (2001)];in this casewe shouldsetv, proportionalto ||T'||,,, anda equalto
Syo‘l ||T||,H)_2, where||T]|,, = supeco,, T (€), and Oy is the unit ball in the repro-

ucingkernelHilbert spaceH belongingto the Brownianpillow W, [cf. Sectionlll.2
in Adler (1990)].

Similarly, if we set

T — T

thisyields

T —T'

c Co(a) ,

T =T (Cpp) T.=T Wynp),

whereT' is positive-homogeneousndLipschitz,thenunderConditionl it follows by
Lemma4 that (i) of Lemmaé is satisfiedwith r, = s, V m'/2/logm andx = a.
Again, it only remainsto shav that conditions(i) and(iii) of Lemma6 are satisfied.
Also, if thefunctionalT is sublinearaswell, thencondition (i) of Lemma6é may be
verified alongthelines of the proof of Theorem5.2in Borell (1975). In this casewe

-2
shouldsety, proportionalto [|T'l|,, , anda equalto (1/0‘1 ||T||Hh) , wheret{,, is the
reproducingkernelHilbert spacebelongingto W .
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3.3 Supremumtype tests

To illustratethe generalapproactdescribedn the previous paragraphye now verify
conditions(i) and(iii) of Lemmas for the specialcasewhereT takestheform

T(¢) =supS (£ (-, 7)),

z€R

S (&) = Sup VQu(é2,&2) (21)

for every §&, € D (IR); hereV is someindex set,and @, is a symmetricbounded
bilinear form on D (IR) for every v € V [seealso Koning and Protase (2001)].
Without loss of generality we shall confine oursehesto test statisticsof the form
SUPger S (Bp (4, ) Or supyep S (B (-, z)) [Obsene thatsup,c g S (C, (-, z)) may
beexpressedssup, g Si. (B (-, z)) for acorvenientchoiceof Sy ].

Typical examplesof S arethe Kolmogoror functional Sk, the Cranérvon Mises
functionalScyv andthe Andersen-Darlindunctional Sap, respectrely definedby

Skol(§2) = sup |& ()],
z€eR

where

1/2

Som(€) ={ [ @) )}

. L(o))? 1/2
906 = [ et a0}

Forevery S of theform (21) thereis anassociategositiveconstantis = supgcp,, S (£),
whereQj, is the unit ball in the reproducingkernelHilbert spaceH belongingto the
covariancefunctiony (t A t')—u(t)u(t'). In particularwehave as, , = 4, as,, = 7°
andas,, = 2 [cf. KoningandProtase (2001)].

Lemma7 providesthe necessarpdditionalresultsfor sup,c g S (B, (¢, z)).

Lemma 7 Therandomvariable 7!, = sup,.g S (Vx (-, z)) satisfiescondition (i) of
Lemmab withvy, = 1 anda = 4ag.

As anexample,supposehatCondition1 holdswith « = 1 ands,, = m'/?/logm.
Applying Lemma6 with o = 1, = 1 yieldsthatsup,.p S (C, (-,z)) satisfiesthe
deviationresult(20)for all sequencesg, suchthaty,, — oo andy,, = o (m1/2/ log m)
asn — oo; the constanta is givenby Lemma7. This deviation resultcomprisesa
Cranértypedeviation result,andonly justfalls shortof beinga Chernof typeresult.

For thesale of completenesdablel liststheapproximataipperpercentageoints
of sup,cgr S (Vi (-, z)) reportedn KoningandProtase (2001).

Lemmas8 providesthe necessarpdditionalresultsfor sup,c g S (Bpn (-, 2)).
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Lemma8 For P € P,, defineyy = vy(P) by i = sup,cgon(z,z). Definethe
estimatory by

1 &K & { Xii—zx - 2
~2 2,J
7 —sup LS5 e (B )
wegmh Z:ZIJZZI h fn,h( )
AssumeCondition 3 holds, and assumehat there exists a positiveconstantcg sut
thatcgry > 1 for every P € Py.

(i) TherandonmvariableT! = sup, g S (Vo (-, )) satisfiesondition(i) of Lemma6
with vy ' = sup,c g on(z, z) anda = as.

(i) Theewe exist positiveconstants:;7—ci9 Sud that

sup P (h vo/D — 1] > m_my) < cirexp {—cisy}
PcPo
for 0 < y < (min(1, ¢;oh))’ m.

Obsene that Lemmaa8 (ii) implies that the statistic satisfiescondition (iii) of
Lemmas for ' = 1 andr,, = m'/2.

As anexample,supposéhatCondition1 holdswith « = 1 ands,, = m'/?/logm.
Let 7 beasdefinedin Lemma8. Applying Lemmas yieldsthatsup,cg S (B (¢, z))
satisfiesthe deviation result(20) for all sequenceg, suchthaty, — oo andy, =
0 (m1/4/(log m)1/2) asn — oo. Theconstant is givenby Lemma8. Obsenre that
this deviation resultcomprisesa Craner type deviation result, but stretchedessfar
thanthe correspondingleviation resultfor sup .z S (Cy, (-, z)).

3.4 Bootstrap tests

When using test statisticsof the type T (C,,) or T'(C,, ), oneis hamperedby the
limited knowledgeavailablein presentiteratureaboutthe distribution of a functional
of agenerakeromeanGaussiamprocessfor instancethereis evennoknown formula
for the distribution function of the supremumof a Kiefer procesgcf. Csrgd and
Horvath (1997),p. 101].

In this paragraplwe resortto the bootstrappedersionsof thesetestsas” the use
of the bootstrapeitherrelievesthe analystfrom having to do comple< mathematical
derivations,or in someinstancegrovidesan answerwhereno analyticalanswercan
be obtained”[Efron and Tibshirani(1993),p. 394]. The bootstrappedersionof the
testbasedon T' (C,,) is obtainedby usingthe conditionaldistribution of 7' (C;;) given
F;, [insteadof the unconditionaldistribution of T' (C,,)] to determinethe achieved sig-
nificancelevel. Thebootstrappedersionof thetestbasedon T (C,, ;) is obtainedn a
similar manner
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If T is a sublinearLipschitz functional,then Lemmab yields that the bootstrap
“works” in thesensehatT (C;;) andT( ;;,h) have the samelimiting distribution as
T (Cy,) andT (C, ), respectiely.

Moreimportantly thebootstrapelievesusfrom thetaskof verifying condition(iii)
of Lemmaé [the proof of Lemmas8 (iii) shavsthatthistaskmaywell beformidable],
as the bootstrapprocedureimplicitly estimates: the bootstrapped/ersionof the
testbasedon v, 'T (C,,) is equivalentto the bootstrappedrersionof the testbasedon
T (C,), andthe bootstrappedersionof thetestbasedon vy ' T (C,, ) is equivalentto
the bootstrappedersionof thetestbasedn T (C,, ), This meanghatwe mayapply
Lemma6 with & = 14; obsere thatcondition(iii) of Lemma6 now holdstrivially.

Conditions(i) and(ii) of Lemma6 may be verifiedin the samemannerasbefore,
with Lemmab takingover therole of Lemma2 andLemmad4. This only hasa minor
effect on our results[in fact, we now shouldtake r,, equalto s, vV m!'/* insteadof
sp V. m'/2/logm].

As anexample,supposehatCondition1 holdswith & = 1 ands,, = m'/?/logm.
Applying Lemmaé yieldsthatthe bootstrappedersionof sup, . S (Cy, (-, z)) Satis-
fiesthedeviationresult(20) for all sequenceg, suchthaty,, — oc andy,, = o gml/ 4)
asn — oo; theconstant is givenby Lemma8. Althoughthis deviation resultcom-
prisesa Craner typedeviation result,it stretchedessfar thanthe correspondinglevi-
ationresultfor sup,c S (C, (-, 2)).

Lemmasb alsoyields that the bootstrappedersionof vy sup,cg S (Bu (, 7))
satisfiesthe deviation result(20) for all sequenceg, suchthaty, — oo andy, =
0 (m1/4) asn — oo; the constanta is given by Lemma8. This deviation result
comprisesa Crameér typedeviation result,andis slightly betterthanthe corresponding
deviation resultfor sup,c g S (Bns (¢, z)).

4 An application to speedskatingdata

Speedskatingvorld allroundchampionshipsre annualeventsconsistingof four dis-
tances500m,5000m,1500mand10000m(in thatorder]. Therearelimitationsonthe
numberof participantson the 10k distance.In the years1970-1992a maximumof
16 participantswereallowed. Due to the 10k selectionrules, someof thesel6 par
ticipantsmay have somedistanceresultsmissing. For instancejn 1992no 5k results
were recordedfor Johanserand Sgndal, and no 10k resultswere recordedfor Bos
andTroger In 1993the 10k selectionruleswerealtered lowering the numberof 10k
participantsto 12. As participantswith missingdistanceresultswere excludedfrom
the data,in totalm = 441 obsenationswererecordedduring the period 1970-2000.
Eachof theseobenationsconsistedf a 0.5k,a 5k, a1.5kanda 10k result.

Overtheyearstheresultsonthosefour distancedave improvedconsiderablydue
to changesn professionalismtraining methods environment[indoor skatingrinks],
material[“klapschaats”]. Amazingly, the 10k timesare now abouttwo full minutes
fasterthanin 1970,andthe 5k timessimilarly a minutefaster
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It is invariably interesting,and sometimedruitful, to predicttomorronv’s perfor
mancedasedon today’s achiazementssuchexercisescansometimesleterminerace
stratgies. The Dutch coachAb Krook usedthe simple predictionrule that the 10k
time would becloseto twice the 5k time plus20 secondsKrook’s rule maybeviewed
asa statementvith respecto the expectationof the“endurancevariable”

y = [10kresulf — 2 [Skresul.

In this examplewe investigatavhetherthe“endurancealistribution”, thedistribution of
theenduranceariabley, hasremainedconstanthroughouthe period1970-20001n
Figurel we have plottedKrook’s variableversusthe yearin which the speedskating
world championshigventtook place.

In Figure 2 the monitoringprocessB,, (¢, ) for cumulative distribution functions
is displayed.The statisticsup ¢ r Skol (B (-, ¢)) takesthevalue0.795. Accordingto
Tablel thenull hypothesishouldnot berejectedat the 0.05level. However, 100.000
bootstrapreplicationsyield anattainedsignificancdevel of 0.0181 ndicatingthatthe
null hypothesisshouldbe rejectedat the 0.05level. As both Table 1 andthe boot-
straparefundamentean asymptoticmethodswe shoulddoubtwhetherasymptotic
methodsndeedapplyhere:althoughm = 441, we only have n = 31.

The statisticssup,c g Scum (B, (+,2)) andsupgeg Sap (By, (-, z)) take the value
0.313and0.735,respectrely. Accordingto Tablel the null hypothesishouldnot be
rejectedat the 0.10level, in agreementith the attainedsignificancelevel of 0.2174
and0.2028[100.000bootstrapreplications] respectiely.

In Hjort andKoning (2002)the useof bandwidthh = .75s for monitoringproba-
bility densityfunctionsis advocatedwhere

1 n m; _ 9 _ 1 n m;
= —— Xii—Xo), Xpo=-= X .
m — ;]2::1 ( o ) m ;]2::1 o
For thespeedskatingdatas takesthevalue15.485.

In Figure 3 the monitoringprocessB,, s, (¢, z) for probability densityfunctions
is displayed.Thestatisticsup, ¢ g Skol (Bn,.75s (*, %)), Supzcr Scwm (Bn,.75 (-, )) and
SUPgcr Sap (Bn,.75s (-, 2)) take the values0.040,0.018and0.041,respectiely. The
attainedsignificancelevels are 0.1491,0.4147and 0.4143[100.000bootstraprepli-
cations],respectrely, indicatingthatthe null hypothesishouldnot be rejectedat the
0.05level.

It is interestingandperhapsurprisingthattheenduranceariabley appearso not
have changedts distribution over the past30 years,in spiteof thedrasticchangeshe
5k and10k timeshave experiencedver this time interval.

5 Sometechnicalresults

In this sectionsometechnicalresultswith respecto the sequentialiniform empirical
processandGaussiamprocessearecollected.Theseresultswill beusedin Section6.
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LetY, Ys, ... beindependenstandarcduniform randomvariables.The sequential
uniform empiricalprocesss definedat stagem as

[mw]
m=2 3 (1{yl§u} — u) forw € [0,1], u € [0, 1],

=1
whereY1,Ys, ... areindependenstandarduniform randomvariables. As m tends
to infinity, the sequentialuniform empirical processcorvergesweakly to a Kiefer
process;that is, a zero meanGaussianprocess¥ (w, u) with covariancefunction
w A w {uAu —uu'} [Muller (1970)]. In Kiefer (1972)thefirst strongapproxima-
tion for the sequentialiniform empiricalprocessvasgiven, which wassubsequently
refinedin CHrgd andRévesz(1975),andgivenits final form in Komlés, Major and
Tusrady (1975). It is known that Inequality 1 holdswith ¢y = 76, ¢;p = 2.028 and
c11 = 1/4 [cf. Crgé andHorvath (1993),p. 150].

Inequality 1 (KMT -inequality) Givenindependenstandad uniform randomvari-
ablesY;, Ys, .. ., there existsa sequencef Kiefer processe¥,, (w, u) sud that

k k
> (Livicy = u) = Ty (ﬁ “)

=1
< cCy eXp{—Cuy}

P| max sup
k:1,2,...,m UE[O,I]

> (cglogm + y) log m)

for all y > 0 andn, whele cg—;; are positiveabsoluteconstants.

Inequalityl is in factaslightly wealenedversionof the original KMT-inequality
whichin additionstateghatthereexistsan“underlying” Kiefer processl (w, u) such
that¥,, (w,u) = m~/2¥ (mw, u) for everyn.

Lemma9 Thee existpositiveconstants:s,c;3 sud that
P (Sup sup |y, (w,u)| > yﬁ) < crpexp{—ci3y°} (22)
w<r ye[0,1]
for everyy > 0 andr > 0.

Proof of Lemma 9 For eacht, we mayview ¥,, (w, -) asarandomelemenbf thesep-
arableBanachspaceC ([0, 1]). Moreover, r~1/2¥,,(r, -) is a Brownian bridge. Com-
bining Proposition2.6.1in de la Péhaand Giné (1999)and (2.2.11)in Shorackand
Wellner(1986),p. 34,yields

P (s sup [ (w,0)] > 7)< 9 (s (0] > /0)

wel0,r] uef0,1] u€[0,1]

< 9P ( sup ‘r‘1/2\11n(7", u)‘ > y/30> < 18exp {—y2/450}.

uel0,1]

This completeghe proof of Lemma9. O
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Lemma 10 Letw(e) bethe modulusof continuitydefinedby

w(e)= sup sup |¥,(w,u)— U, (v, u)] (23)
u€[0,1] 0<w—w'<e
for e > 0, andlet r, be a sequencéendingto infinity asn — oo, satisfyinglogr,, <
clogm for someconstanic > 2. Then

TnW (_(clogrr;—i—y) > € CO(KH_ 1)
Th 2

Proof of Lemma 10 Let ¢ andc¢;3 be asin Lemma9, anddefinecyy = 64c¢;q,
c1s = 4c13/9. Lete > 0, andlet N denotethe smallestinteger satisfyingN > 16/e.
By asimilar constructiorasemployedin theproofof Inequality14.1.1in Shorackand
Wellner(1986),p.536,it follows by Lemma9 that

Potr) 2 @) < AP (s (9] 2 SovE)

0<w<e ue(0,1]

2 vrN 1
+P | su sup |V, (w,u)| > = —
<0§w§€/N ue[ol,j1] [¥n (w, ) 3 4 \/N)

N
4013 9 4013 26N

< Z{cuexp{——z }+012exp{——z —}}
e 9 9 16

< 2Nejgexp {—cl5z2} < %1 exp {—015z2} ,

for everyx > 0.

sinceN < 32/e by definition of N. Now, take e equalto (clogm + y)*/r2 and z?
equaltoy — (loge)/c15. Since—loge < 2logr, < clogm fory > 1, we have

/€= \/ e(y — (loge)/c15) < (clogm + )2 /.
for everyy > (loge)/c15, andhence
P (rnw(e) > (clogm + y)(”+1)/2) < %1 exp {—c15 (y — (loge)/c15)}
< ciaexp {—ci5y}

for everyy > (loge)/c15. Thiscompleteghe proof of Lemmal0. O

Ourmaintool in handlingGaussiamprocessewill betheinequalitygivenin Borell
(1975). The formulation below is taken from Samorodnitsik (1991). Obsenre that
P (sup,cpr | X (2)| > y) is boundeddy 2P (sup,c,, X (t) > y). Moreover, obsere that
Inequality?2 is relevantfor Kiefer processeaswell, as(22) implies

E sup sup |V (w,u)| < (sup sup |¥ (w,u)| > y) dy < cig, (24)
we[0,1] ue[0,1] we[0,1] u€[0,1]

with Cig = %012(013)_1/2\/’7{'.
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Inequality 2 (Borell’'sinequality) Let {X(¢) : ¢ € M} bea zeo meansepanble
Gaussianprocessand let 0* denotesup,,, £(X ()% If u = € sup,ep, X (t) exists,
thenfor anyy > u,

P (sup X(t) > y) < 2V g Y’/
teM

The DKW-inequality [Dvoretzly, Kiefer and Wolfowitz (1956)]is our main tool
for handlingempirical processesBelow we presenthe extendedversionof Bretag-
nolle (1980)[cf. Inequality25.1.2in ShorackandWellner (1986),p. 797] which al-
lows the randomvariablesXy, ..., X,, to have differentdistributions. In casethese
randomvariableshave a commondistribution, one may replace2e exp{—2y?} by
2 exp{—2y?} [cf. CHrgd andHorvath(1993),p. 119].

Inequality 3 (DKW -inequality) Let X;,...,X,, beindependentandomvariables,
andlet F;(z) denotethecumulativedistribution functionof X,. Then for everyy > 0,

m~!/? i (1x,<op — Fel2))

> y) < 2eexp{—2y°}.
=1

P (sup
z€ER

6 Proofs

This sectioncontainghe proofsof Theoremdl, andLemmas1, 3,5 and6. Theproofs
malke useof the technicalresultscollectedin Section5. Theproofsof Lemmas 2 and
4 arestraightforvard,andhencenotincluded.

Proof of Theorem 1 Carefullyform the pooledsampleXy, ..., X,, by amalgamating
the n subsampledeaving the order“between”and“within” sampledntact. Define

the randomvariablesYs,...,Y,, by Y, = F(X,), andobsere thatYy,...,Y;, are

independentandomvariableshaving a standarduniform distribution. Moreover, we

may expressdy, (t, z) asly (un(t), F(x)), where

[mw]

U, (w,u) =m™ 723" (1{yl§u} — u) ,  we€0,1],

=1

is the sequentialuniform empirical processderved from Y3, ..., Y,,. Accordingto
Inequality 1 thereexistsaKiefer processV (w, u) suchthat

ml/2

max sup U, (w,u) —m™ 20 (k, u)‘ € Co(1).
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Let w(e) be as definedin Lemma10, and obsere that m'/2w (m~') € CO(%) by
Lemmal0. Since

sup sup |Un (i (£), 1) = Wt (2), )
t€[0,1] u€l0,1]
< sup = max sup Uy (w,u) — \Iln(w,u)‘

u€[0,1] =12 (k1) /m<w<k/m

k
< sup max sup U, (w,u) — T, (—,u)
u€[0,1] F=h2em (k—1) /m<w<k/m m

0, (k/m, u) — U, (%u)

4+ sup max
UE[O,I] k:1,2,...,m

?

<w(m™t su max

O (k/m,u) — O, (%u)

we obtain

/2 i
() s s (B0, = Falin( )| €Gat1). (25)
08 MM J te]0,1] uel0,1]

Moreover, we have

P ( Sup. Sup [V (1n(t), 4) — Un(u(t), )| > y)
t€[0,1] u€l0,1]

<p ( sup |unlt) — (1)) > ) P2 ) (26)

t€[0,1]
for everyy, > 0, ¢ > 0 andP € P,. Now, take y, equalto (clogm + y)***/* ande
equalto (clogm + )* /% (s,) 2. Accordingto Condition1 andLemmal0we have
82 SUPsepo 1) [1n(t) — p(t)| € Cola — 1/2) ands,w (€) € Co(er/2 + 1/4), respectiely.
Thus,(26) implies
a 1
n sup sup (W (1n(8), 4) — Tu(ult), w)| € Co5 + ) (27)
t€[0,1] ue[0,1] 2 4
Define U, (t,z) as ¥, (u(t), F(z)), t € [0,1], z € IR. It is easily seenthatthe
procesd/, (t,z) indeedis azeromeanGaussiarprocessvith covariancefunction(5).
Combining(25) and(27) yields (6), which completeghe proof of Theoremi. O

Proof of Lemma 1 Obsene that B,, (¢, z) coincideswith A, (¢,z) — u,(t)A, (1, ).
Let U, (¢, z) bethe Gaussiamprocesoccurringin Theoreml, anddefinethe process
Vo (t,2) by V,, (8, 2) = U, (¢, 2) — p(t)Uy, (1,2),t € [0,1], z € IR. It is easilyseen
thatV, (¢, z) is azeromeanGaussiarprocesawith covariancefunction(8).

Let c;¢ beasin (24),andobsene that

€ sup sup |Un (t,2)| < & sup sup |[¥y,(w,u)| < cie. (28)
te[0,1] z€R we[0,1] u€[0,1]
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As & {U, (t,z)}* remainsboundedby 1/4, Inequality 2 yields that sup, |U,, (1, z)|
belongsto Co(é), which togethemwith Condition1 implies
Sn SUP |1 (t) — p(t)] sup |U (1, 2)] € Co(@). (29)

t€[0,1]

Since
sup sup |Bn (t7 IE) - W (t7 IE)| < sup sup |An (t7 IE) — Uy (t7 IE)|
te[0,1] zeR te[0,1] zeR

+ sup pn(t)sup|Ay, (1,2) — Un (1, 2)]
t€[0,1] z€R

+ sup |un(t) — p(t)|sup |Un (1,2)],
t€[0,1] Z€ER

Lemmal now follows by combiningTheoreml and(29). i

Proof of Lemma 3 As K () is aprobabilitydensityfunction,we havethat K (z) tends
to zeroasz tendsto +c0, andhence

Xij—z\ , (v — IE)
K (4/1 ) =17 [ 1 e & (20 do. (30)
It followsthat
/F ( )dv and f, »(z) = /F (”_‘”)dv,
which allows usto write
}-3/2 v — x)
By (t,x) /B t,v) ( Y dv.

Now, definetheprocesd/, ,, (t, z) by

Vi (6, 7) = —h‘3/2/Vn (t,0) K’ (” ‘”) dv, t€(0,1], z € R,

h
whereV,, (¢, z) is the GaussiarprocessapproximatingB,, (¢, z) in Lemmal. Since
Vo (t, ) ismerelyalineartransformatiorof thezeromeanGaussiamprocesd/, (¢, ),
it followsthattheformerprocesss Gaussianmoreaver, it is easilyseerthatV;, , (¢, x)

is zeromean.As the covariancefunctionof V,, (¢, z) satisfieg8), the covariancefunc-
tion of V,, , (t, ) maybeexpresseas

gVnyh (t, IE) Vn,h (t’, IE’)

=1 [ [{EVa(t0) Valt, )} K (” - ‘””) K (”' - ‘””) dodv/

={u@EAt) —p)p)}p?
x [ [AF (0 A) = F@)F@)} K (” p ‘””) K (” . ) dodv.
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As we have
[[FwrnK (%) K (”’ - ‘”’> dudv/
_ ///_; F(w)duK’ (” - ‘”) K (”’ - ‘”'> dvdy’
_ //uoo /u°° K (” - ‘"”) K (”' B ‘”'> dodv' f (u)du
- h2/K (“ - ‘”) K (“ ;w’> F(u)du
and

[ [ FoFe)K (” - ‘"”) K (”' B ‘””) dod' = h2E fou ()€ Fun(@),

it followsthatV, 5, (¢, ) is indeeda zero-mearGGaussiaprocesswvith covariancefunc-
tion (13). Finally, because

sup sup |Bn,h (t7 IE) - V"yh (t7 IE)|

te[0,1] zcR
< { sup sup | By (t,2) — V4 (¢, IE)|} {suph—3/2/ ‘K’ (v - :E) dv}
te[0,1] zeR zeR h

< { sup sup | By (t,) — Va (4, x)|} {h—1/2/ |K’(v)|dv},

te[0,1] z€R

Condition3 yieldsthat(14) follows from (9). This concludeghe proof of Lemmas3.
O

Proof of Lemma 5 By the agumentgivenin Shorack(1982)[seealso Section23.1
in Shorackand Wellner (1986),p. 763], we may assumethe existenceof indepen-
dentstandarduniform randomvariablesy;; suchthat X = F'(Y}5). We have that

A (t,z), thebootstrappedersionof A, (t,z), coincideswith A, (t, Fn(x)), where

[nt] m,

Ay (tu) =m 233 (1{Y£,SU} — u) foru € [0, 1].

i=1 j=1

It follows by Theoreml thatthereexists a zeromeanGaussiarprocesd/”, (¢, u) with
covariancefunctiony (t A t') {u A ' — uu'} suchthat

m1/2> - - a 1
5p V sup sup |An (t,u) — U, (t,u GC((—-I——)/\l),
( logm te[01,31] ue[oli] ‘ (t, ) ( )‘ \\2 "4
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whichimplies

(s v "”1/2) sup sup |4, (t, Fu()) — Uy(t, Fa(c))| € C ((9+3)A1) (31)
n logm te[OPl]wEg n\% t'n n\"“ tn 0 9 4 .

As U’ (t,u) is equalin distribution to Z(u(t), u) — uZ(u(t), 1), where Z (w, u)
is atwo-parameteBrownianmotionon [0, 1]? [thatis, a meanzeroGaussiarprocess
with covariancefunction (w A w') (u A u')], we maywrite

P ( sup sup ‘[7,’1 (t, F’n(:v)) U (t, F(:E))‘ > 2(logm + y))

tc[0,1] z€ER

< P (suplFute) = F@)] > )+ (< sup [2(,1)] > logm -+

z€R we(0,1]
+P ( sup sup |Z(w,u)— Z(w,u)| > logm + y) : (32)
wel0,1] ju—u!|<e

Now, take e equalto m~/2(log m + y)'/2, andremarkthatInequality3 yields

P (sup ‘F’n(:v) — F(IE)‘ > e) <P <m1/2 sup ‘F’n(:v) — F(IE)‘ > y1/2> < 2%,
z€R z€R
(33)
Notethat Z (-, 1) is a Brownian motionon [0, 1]. As &£ sup,,¢o,1 |Z (w,1)] is finite,
Inequality2 impliessup,,¢(o,1 | Z (w,1)] € Co(é), andhenceit followsthat
m'%e sup |Z (w,1)] € Co(1). (34)

we(0,1]
Moreover, asimilaragumentasgivenin the proof of Lemmal0 yieldsthat

m'* sup  sup |Z(w,u) — Z(w,u')| € Co(1). (35)

we[0,1] |lu—u'|<e

DefineU’, (t,z) by U’ (t, F(z)), and obsenre thatU" (t,z) is a zeromeanGaussian
processwith covariancefunction (5). Combining(31)—(35)yieldsthat

1
(sn v m1/4) sup sup |A4; (t,z) — U, (t,z)| € Co((g + —) A 1) : (36)
te[0,1] z€R 2 4

Next, considerB;: (¢, ), thebootstrappedersionof B,, (¢, z). Sincewe maywrite
B (t,z) = A: (t,z) — un ()AL (1, z), it follows asin the proof of Lemmal thatfor
everyn thereexistsazeromeanGaussiamprocesd/, (t,z) = U} (t,z) — p(t)U} (1, z)
with covariancefunction (8) suchthat

(sn v m1/4) sup sup |B} (t,z) — V., (t,z)| € Cy(c) . (37)

te[0,1]zcR
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Similar reasoningasin the proof of Lemma3 yieldsfor By, ;, (t, ), the bootstrapped
versionof B, (t,z), thatfor every n thereexists a zeromeanGaussiarprocesswith
covariancefunction (13) suchthat

(s V m1/4) h'/? sup sup ‘Bn Wt ) =V, (¢, x)‘ € Cola). (38)
te[o,1] zeR ’

As we maywrite

C; (t,2) = LB, (6,2) — [ B (v,2) dL(w),

t
2 2) = LO B (2) = [ By (0,2) dL(0),
(18) and(19) follow from (37) and(38). Thiscompleteghe proofof Lemma5. O

Proof of Lemma 6 As by (i) the distribution of T’ doesnotdependonn, (ii) implies
thatvy 'T! corvergesin distributionto v 71T, for every P € P,. Moreover, (iii) implies
that v,/ corvergesin distribution to 1 for every P € Py. It follows by Slutsky’s
Theoremthato—'T;, = (vy/?)(vy 'T;,) corvergesin distributionto ;' for every P €
Po.
To prove (20),take e € (0, 1), andobsenre that(i) impliesthatthereexistsy, > 0

suchthat 5

sup P (v5'T, > y'/?) < exp {—csy}

PcPo
for everyy > y., wherecs = (1 — €)a/2. By takinge; = 0 andc, = exp {csy.}, it
followsthat ;

I/O_ITTIL € Co(%) .

Write

ﬁ_ITTIL — I/O_ITTQ S Anl + Ang {I/O_ITTQ + Anl} ,

where
1 ! 7!
Tn - Tn )

Am:’/o_ An2:|l/0/l>—1|

Sincer,A,; € Co(k) by condition (i), andr,A,2 € Cy(x') by condition (iii), we
obtain

P — ug ' T € Co(k + K) .

Let 3 denote(2x + 2k’ — 1)~!, andobsere thatx’ > 1 — x implies 8 < 1. Lety,
beasequencef scalarssuchthaty, — oo andy, = o (( )5) asn — oo, andlet z,
denote(ry,)Py,. Sincez, = o (( )25) = o(m), logm = o(z,) and(y,)* = o(z,) as
n — oo, it followsthat

P (ry [p7 Ty — v ' T3 >

=0 (exp {~Sa(va)?})

> (z n)”+”') < coexp {—c3 (zn, — c1 logm)}
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asn — oo. Now, for every P € P, we mayboundP (7T, > y,,) between

P (v Ty > yo + () 10) = P (ra 07T — w5 T} > ()™

n

and

P (5T} > g — (@) 1) + P (ra |07\ T} — g T

> (2,)"4).

Since(zn)”‘“"/rn = (rn)ﬂ(”""")(yn)”"'”’_lyn/rn = o((rn)ﬂ(%””'_l)yn) = 0(yn),
this completeghe proof of Lemmasé. O

Proof of Lemma 7 As the covariancefunction of V,, (¢,z) hasproductstructure,it

follows by Lemma4 in Koning and Protasse (2001) that the reproducingkernel
Hilbert spaceof themeanzeroGaussiamprocesd, (t, z) is equalto thetensomproduct
H, o Ho, whereH, is thereproducingkernelHilbert spacecorrespondingdo the co-

variancefunctionu(t A t') — u(t)u(t'), andH, is thereproducingkernelHilbert space
correspondingdo the covariancefunctionz A z’ — zx'.

ObserethatT = T; o T, with T1 = S, andT; definedby T5(£) = sup,c g |€(2)|
for £ € D (IR). We have [|T1||,,, = 4 [cf. theexamplefollowing Lemma3 in Koning
and Protasswe (2001)], and ||T3/|,,, = [|S|l,,, = as. CombiningCorollary 1 and
Inequality 1 in Koning and Protasse (2001) yields that condition (i) of Lemma6
holdswith vy = 1 and

a = T |l3,09, = IT1ll3, - |1 T2[l5, = 4as.
This completeghe proof of Lemma?. O

Proof of Lemma 8 As the covariancefunction of V,, , (¢, z) hasproductstructure,
it follows by Lemma4 in Koning and Protasse (2001) that the reproducingkernel
Hilbert spaceof themeanzeroGaussiarprocesd/, ,, (¢, z) is equalto thetensorprod-
uct H, o Hs, where?, is thereproducingkernelHilbert spacecorrespondindo the
covariancefunction u(t A t') — p(t)u(t'), andHs is the reproducingkernel Hilbert
spacecorrespondindo the covariancefunction oy, (z, z'). ObserethatT = T; o Ty,
with 71 andT;, asin the proof of Lemma?7. Since||Ti||,, = supox(z,z) and
1T2l,, = [IS]l;, = as, combiningCorollary 1 andInequality 1 in Koning andPro-
tasso (2001)yieldsthatcondition(i) of Lemma6 holdswith v3' = sup,cg on(z, 7)
anda = ag. Thiscompletesheproofof Lemmas (i).

We continuewith the proof of Lemmas8(ii). Obserethati? = sup,cg 6an(z, z),
whereé,, 5 (z, z) is definedby

UnhIEIE i%{ (4) fnh( )}2

z1_71

Accordingto (30), we maywrite

n  m;

) = 33K (570 = 23 [tineard (S do

i=1j=1 i=1j=1
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Hencewe have
_ 9 1 n m; X oz 2
An n = —F K - )}
oh(:vx)—i-h(f (T )) mh;;{ ( 5
D vV—X vV—x
wK K (2 v
mh2;]2:1/ i <o} ( h ) n)®
Similarly, integrationby partsyields
_ v—Z (VU —Z
($$)+h(gfnh = —2h" /F ( )K( : )dv,
€ Funl(z) = /F (”_‘"”) dv. (39)
Introduce
A, =m 2 sup |m 1221{X,]<z} F(z)].
z€R i=1 j=1

SinceCondition3 implies
/|K’(u)| du < ¢, 2/K(u) K (u)| du < ¢,

andsince(39) impliessup,cg € fun(x) < cs/h, we maywrite

% — 1/0‘ < hsup |6p (2, z) — on(z, )|
zeR

< 2¢6Ap1 + (Am) + Apo,
< 3ceAp +Ape I Agy <o,

h

where
At = hsup| fun(®) — € fan(a))
z€R
< h2 S8 v K’(U_x)d
<mplit [ (158 1, =) & (57)
< cem™?A,,
and
— 2 — 2
Apo = hsug {Enhh(:v,:v) +h (fnh(:v)) } — {oh(:v,:v) +h (an,h(:v)) H
zE
< 9 UL (v—x) ,(v—x)
< 21612 2h / ( ZZl{X”Q,} ( )) K h K h dv

i=1 j=1

< cgm_lﬂAn.
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Hence we obtain

h

P = 1| < (2e6)’m 7 PA, i Ap <m'2 (40)
Since(2¢g)? |9* — 12| < 3implies

(@/w)* =1 < ) ? | - 3| < &

) 2
v —1/0‘ <

W

and‘aa—l/2 — 1‘ is boundedby 4 |z — 1| for z > 1, it followsthat

vo /D — 1| < 4|(0/m)” — 1] < (2e5)* [0* = 1| i (2e5)* 7 — 15| < 3. (41)
As Inequality3 yields

sup P (An > y1/2) < 2eexp {—2y}
PePo

for everyy > 0, Lemmaag(ii) follows by combining(40) and (41) [take ¢;7 = 2e,
ci1g = 2/(40608)2 and019 = 3/(40608)2]. O
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Percentageoints
T(T) 0.10 0.05 0.01
SUPger Skol (I' (+,2)) | 0.7741 0.8331 0.9563
supger Scwm (I' (+,z)) | 0.4099 0.4510 0.5355
supzer Sap (I'(+,z)) | 0.9355 1.0260 1.2121

Tablel1: Approximatedupperpercentag@ointsfor variousrandomvari-
ablesT'(T"), wherel is theBrownianpillow [KoningandProtase (2001)].
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Figurel: Plot of Krook’s variableversustheyearin which the eventtook
place. The numberm; of participantsdependson the relevantevent: 12
[Calgary 1992, Hamar 1993, Gothenlorg 1994, Baselgada Pine 1995,
Inzell 1996, Nagano1997, Heereneen 1998, Hamar 1999, Mil waukee
2000], 14 [Heereween 1976, Gothenlurg 1978, Oslo 1983, Alma Ata
1988,Heereneen1991], 15 [Inzell 1974,Heereneen1977,0slo 1979,
Heereneen 1980, Oslo 1981, Assen1982, Hamar 1985, Inzell 1986,
Heereneen1987]or 16 [Oslo 1970, Gothenlorg 1971, Oslo 1972, De-
venterl973,0sl01975,Gothenlirg 1984,0s101989,Innsbiiick 1990].
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CDF monitoring process

1970 1980 1990 2000
Year

Figure2: ThemonitoringprocessB,, (t, z): plotsof B, (¢, z) versus for
variouschoicesof z.
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Figure3: The monitoringprocessB,, s (t, z): plotsof By, 75s(-, z) ver

sust for variouschoicesof z.



