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Abstract

In thispaperwe studystochasticprocesseswhichenablemonitoringthepos-
siblechangesof probabilitydistributionsover time. Theseprocessesmayin par-
ticularbeusedto testthenull hypothesisof nochange.Themonitoringprocesses
arebivariatefunctions,of timeandpositionat themeasurementscale,andareap-
proximatedwith zeromeanGaussianprocessesundertheconstancy hypothesis.
Onemay thenform Kolmogorov–Smirnov or other type of testsasfunctionals
of the processes.To studynull distributions of the resultingtests,we employ
KMT-typeinequalitiesto derive Craḿer-typedeviation resultsfor (bootstrapped
versionsof) suchtestsstatistics.

1 Intr oduction and summary

Assumethat independentdataareavailablefor eachof � consecutive occasions,per-
hapsmeasurementsof somequantitytakenon separatedates.Thenull hypothesisto
betestedhereis thatof � ��������	
���
	�� � ��	
����� (1)

where ��� is the cumulative distribution function specifyingthe distribution of data� � � � � � � � � � � � ��� on occasion� . We shall refer to
� � � � � � � � � � � � ��� asthe � � � subsample.

Together, thesubsamplesform thefull sample.Weshalldenotethesize � ���!   � � �
of thefull sampleby � . Althoughit is notreflectedin notation,remarkthat � depends
on � , andtendsto infinity as � tendsto infinity.

In this framework, with a naturalorderunderlyingthesequenceof datasets,typi-
cally by time,we arenot interestedin all kindsof alternativesto

� � . We ratherfocus
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on thosealternative explanationsthathave to do with changesover time, like a shift
from oneparametervalueto anotherat a certainstage,or somesmoothtrendchange,
andsoon. In yetotherwords,theteststatisticsto beconstructeddorely ontheoriginal
orderingof the " datasets,andaretypically not invariantunderpermutationsof these
sets.

Our framework, andthemethodswedevelop,aimat beingableto monitorquanti-
tative phenomenaandtheir potentialchangesover time, andshouldfind usein fields
like meteorologyandclimatology[is the temperatureincreasing?],finance[doesthe
incomedistribution changein a society?],humansocio-behaviour [do peoplemove
morethanthey usedto?],andeducation[aretheremorelazystudentsthanbefore?].In
Section4 we illustrateour methodson datafrom speedskatingchampionships1970–
2000.

Whenthecumulative distribution functions #�$ belongto someparametricfamily,
thenthenull hypothesis(1) maybereformulatedas%'&�(�) *
+
) ,-+�. . .�+/) 0�1

(2)

where
) $ is a parameterspecifyingthedistributionof data2'$ 3 * 1 . . . 1 24$ 3 5�6 onoccasion7

. In Hjort andKoning(2001)testsof thenull hypothesis(2) areinvestigatedfor the
situationwerethe

) $ ’sarefinite-dimensionalandthe 8 $ ’sareall equalto 1.
In this paperwe take the oppositeview, andconsiderthe problemof testing(1)

when the cumulative distribution functions #�$ are not assumedbelongto a certain
parametricfamily. Our aim is to constructso-calledmonitoringprocesses,which rep-
resenttheinformationcontainedin the " subsampleswith respectto thevalidity of (1).
Graphicaldisplaysof monitoringprocessesshouldyield useful“diagnosticplots”, and
functionalsof themonitoringprocessshouldyield consistenttestsof thenull hypoth-
esis(1). We presentapproximationsof monitoringprocessesby meansof Gaussian
processes.The exponentialinequalitiesdescribingtheseapproximationsare subse-
quentlyusedin deriving deviation results[that is, a resultdescribingtheextremetail
of thedistributionof astatistic]for teststatisticsrelatedto themonitoringprocesses.

We shallstudytwo differenttypesof monitoringprocesses.Thefirst typeof mon-
itoring processis relatedto the empiricaldistribution function, andwasproposedin
Section2.6in Cs̈orgő andHorváth(1997).However, for reasonsasgivenin section1.2
in Silverman(1986),it maysometimesbemoreappropriateto respecify(1) as%'&�(:9;*�+<9 ,-+<. . .�+<9 0�1

(3)

where
9 $ is theprobabilitydensityfunctioncorrespondingto #=$ . In recognitionof this

fact, we proposea secondtype of monitoringprocess,relatedto the kerneldensity
estimator.

Distribution estimationtechniquesareof usein anearlystageof a statisticalanal-
ysisasexplanatorydevicesfor checkingthevalidity of modelassumptionson which
later stagesof the statisticalanalysiswill be based. In situationswheremodel as-
sumptionsincorporatemodelconstancy over time [leadingto the useof full sample
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statisticaltechniques],violation of thehypothesis(1) mayhave seriousconsequences
for thestatisticalanalysisasa whole. Themethodspresentedin this paperprovide a
safeguardagainsttheseconsequences.

Thefocusof this paperis on obtainingnull hypothesisresults.It shouldbenoted
that for a full appraisalof the monitoringprocessesthe behaviour of the monitoring
processunderthealternativehypothesisshouldalsobestudied.Thiswill bethesubject
of asecondpaper[Hjort andKoning(2002)].

The outline of the paperis asfollows. In Section2 we introducethe monitoring
processes,andstudytheirbehaviour underthenull hypothesiswith theaidof exponen-
tial inequalities.In Section3 weusetheinequalitiesof Section2 to developdeviation
resultsfor testsof constancy. Section4 analyzesspeedskatingdatawith the aid of
monitoringprocesses.Theproofsgatheredin Section6 draw on thetechnicalresults
presentedin Section5.

2 Monitoring processes

2.1 Notation and preliminaries

In this sectionwe introduceseveral monitoringprocesses,andprovide Gaussianap-
proximationsunderthe null hypothesis. In particular, our intention is to show that
thereexists a non-negative constant> suchthat the randomvariables?4@ governing
theseGaussianapproximationsbelongto a classA�B C >ED . This class,which is inspired
by theKMT-inequality[cf. Inequality1 in Section5], is definedbelow.

Definition 1 Let F B the classof probability measurescorrespondingto the null hy-
pothesis(1). A randomvariable ? @ is said to belongto the class A B C >ED [notation:?:@HGIA�B C >ED ] if positiveconstantsJ K –J L exist,not dependingon M , such that for everyN4O/P'O J L Q R S�TUEV W�X�Y C Z ?4@EZ�[�C J K�\ ];^�Q`_ P D a D
b/J c d e�f g h;i
SinceA B C >EDkj<A B C >�l D for > O >�l , a requirement? @ GmA B C >ED becomesmorestringent
as > decreases:ideally, > shouldbeassmallaspossible.

Therearea two simple“arithmetic rules” availablefor the classA�B C >ED : if ?4@�GA�B C >ED and ?:l@ GnA�B C >�l D , then ?4@k_�?:l@ G!A�B C >4on>�l D and ?4@�p ?4l@ G!A�B C >4_q>�l D .
TheclassA B C >ED is relatedto somefamiliar conceptsin probabilitytheory:if ? @ GA�B C >ED for all M , thenthereexistsa positiveconstantJ [for instance,Jkrts J K=_qu J e Kvmw a ,

asreadilycanbeseenby taking
P

equalto u;J e Kv \ ]�^�Q ], suchthatR S�TUxV W�X'yz@ {xK Y C ? @ [/J�C \ ];^�QnD a D O
|
}
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andhencetheBorel–Cantellilemmayields that ~:�!�`��� � ������� � infinitely often,al-
mostsurely, for every �����-� ; this implies that ~:���-� � �;���n� � remainsboundedin
probability, uniformly in ���n� � . Moreover, for any sequence� � suchthat � � ������� � � � �
tendsto zero,it follows that~4�� ��� ~4�� � �;���n� �4� � � �����n� �� ����� almostsurely

as � ��� , for every ����� � ; this implies ~ � � � � ��� in probability, uniformly
in ����� � . In view of the last fact, we may interpretthe resultsin this sectionas
refinementsof strongapproximationsof monitoringprocesses.

Throughoutthis paper, thesubsamplesizes�'� areallowedto berandom,andare
convenientlyrepresentedby therandomdistribution function� � � � � � �n�� �¡ � ¢ £¤� ¥   � � ¦ �-��§ � ¦ ¨ © ª
For easeof exposition,within our framework thesubsamplesareobservedat equidis-
tant time instances.However, our resultsstill hold even if thesetime instancesare
random,aslongasCondition1 is fulfilled.

Condition 1 There exist a distribution function � , a sequence« � tendingto � as� ��� , anda constant¬m­ ¨ such that« ®�I¯ °�±¢ ² ¡ � ³   £ ´ � ��� � �=µ � � � � ´ �!¶���· ¬!µ  ® ¸ ª
In industrial statistics,situationswherethe �H� ’s are generallylarger than 1 are

quite usual,asmany manufacturingprocesscreateseveralproductsat thesametime
[“batch processes”];the specialcasewherethe � � ’s areall equalto one is referred
asindividual observations[cf. DoesandKoning(2000)]. Observe that if every �'� is
equalto a commonvalue ¹ , thenwe have � ��� � � � § �E� © �;� and � � ��¹ , andhence
Condition1 holdswith « � � �   º ® and ¬ � ¨ .

In othercircumstances,onemayhavethatthe � � ’sresultfrom � i.i.d. multinomial
experiments.As onemay interpret � � � » �;��� asthevalueat point » �;� of anempirical
distribution functionbasedon � independentobservationshaving supporton the in-
terval § � ¦ ¨ © , theDKW-Inequality[cf. Inequality3 in Section5] yieldsthatCondition1
holdswith « � � �   º ¼ and ¬ � ¨ .

In whatfollows we shalloftendiscussthesituationwhereCondition1 holdswith� � �;���n� ½
�;« � tendingto zeroas � tendsto infinity. Notethatthis imposesarathermild
lowerboundon therateatwhich « � tendsto infinity.
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2.2 The basicprocess

Themonitoringprocesseswewill considerhave in commonthatthey areall relatedto
thebasicprocess¾-¿ÁÀ Â Ã ÄxÅ , definedby¾-¿ÁÀ Â Ã Ä�Å�Æ
Ç�ÈEÉ Ê Ë�Ì ¿ Í ÎÏÐ Ñ É Ò�ÓÏÔ Ñ É Õ Ö × Ø Ó Ù Ú Û�Ü Ý�Þmß À ÄxÅ àáÂ-â�ã ä�Ã Ö å Ã=Änâ!æ ç:Ã (4)

where ß denotesthe[unknown] commondistribution functionunderthenull hypoth-
esis.Laterresultsfor monitoringprocesseswill bederivedby employing this relation.
In this paragraphwe presentthe fundamentalresultTheorem1, in which underthe
hypothesis(1) the basicprocess¾-¿ÁÀ Â Ã Ä�Å is approximatedby meansof a zeromean
Gaussianprocesswith covariancefunction(5). Its proof is deferredto Section6.

Theorem 1 If Condition1 holds,thenthere existsa sequenceof zero meanGaussian
processesè ¿ À Â Ã Ä�Å with covariancefunctioné À Â�ê�Â ë ÅEì ß À Ä'êHÄ�ë Å Þ�ß À ÄxÅ ß À Ä�ë Å í�Ã (5)

such thatî�ï ¿kð Ç É Ê Ëñ ò;ó Çmôöõ ÷�øÍ ù Ì ú û É Î õ ÷�øÜ ù ü ý:þ ¾ ¿ À Â Ã ÄxÅ Þ è ¿ À Â Ã Ä�Å þ ânÿ ú������ ���
Ö��	�ê Ö 	�
 (6)

If À ñ ò;ó ÇnÅ ��
 ï ¿ tendsto zeroas ����� , then(6) yields [the randomvariable �:¿
on theleft-handsideof (6) belongsto ÿ ú À � Å since � � Ö by Condition1; this implies� ¿ 
 Õ ï ¿kð Ç É Ê Ë 
 ñ ò;ó ÇHà���ä almostsurely]õ ÷�øÍ ù Ì ú û É Î õ ÷�øÜ ù ü ý:þ ¾ ¿ À Â Ã ÄxÅ Þ è ¿ À Â Ã ÄxÅ þ ��ä almostsurely�
thatis, theGaussianprocessè=¿ÁÀ Â Ã Ä�Å stronglyapproximatesthebasicprocess¾Á¿-À Â Ã ÄxÅ .
As theprocessesè=¿-À Â Ã ÄxÅ areidenticallydistributed,this impliesthatthebasicprocess¾ ¿ À Â Ã ÄxÅ convergesin distribution to aGaussianprocesswith covariancefunction(5).

2.3 Monitoring cumulativedistrib ution functions

Thebasicprocess¾ ¿ À Â Ã Ä�Å is unfit for useasa monitoringprocess,asit dependson
the unknown cumulative distribution function ß À ÄxÅ . In this paragraphwe consider
monitoringthenull hypothesis(1) by meansof theprocess� ¿ À Â Ã ÄxÅ�Æ Ö� Ç Ì ¿ Í ÎÏÐ Ñ É Ç Ð Õ��ß Ð À Ä�Å Þ��ß ¿ À ÄxÅ àÁÃ Â-â�ã ä�Ã Ö å Ã=Änâ!æ ç:Ã (7)
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where ��� ! "�#%$'&(  *),+-. /10 &32 4 + 5 6 7�8 9
is theempiricalestimatorof

��! "�#
in the : ; < subsample,and=�?>�! "�#%$@&( >- /�0 (  ��� ! "�#%$@&( >- /10 ),+-. /�0 & 2 4 + 5 6 7A8 9

is the empiricalestimatorof
��! "�#

in the full sample. In Section2.6 in Cs̈orgő and
Horváth(1997)amultivariateversionof B > ! C D "�# is usedto detectchangepoint alter-
natives.

Lemma 1 If Condition1 holds,thenunderthehypothesis(1) there existsa sequence
of zero meanGaussianprocessesE >*! C D "�# with covariancefunctionF G ! C�HIC J #?K G ! C # G ! C J # L F �M! "NH�"�J #?K���! "�# ��! "�J # L%D

(8)

such that OAP >RQ ( 0 S TU V�W (YX[Z \�]; ^3_ ` a 0 b Z \�]8 ^ c dfe B > ! C D "�#?K E > ! C D "�# eAg�h ` ! i,#1j (9)

If
! U V�W ( # kAl P > tendsto zero as monqp , then Lemma1 yields that the Gaus-

sianprocessE >*! C D "�# stronglyapproximatesthemonitoringprocessB >*! C D "�# . As the
processesE > ! C D "�# areidenticallydistributed,this implies that B > ! C D "�# convergesin
distribution to a zeromeanGaussianprocesswith covariancefunction (8) [seealso
Theorem2.6.1in Cs̈orgő andHorváth(1997),p. 153].

Wehavethat E >r! C D "�# is equalin distributionto s ! G ! C # D �N! "�# # , wheres ! tfD u�# is a
zeromeanGaussianprocesswith covariancefunction

F t�HIt J K�tRt J L F u�HIu J K�u1u J L
.

In literature, the Gaussianprocesss ! tvD u�# is called the Wiener pillow [Piterbarg
(1996),p. 137;inspiredby thefactthat s ! tfD u�#,$xw almostsurelyfor all

! tfD u�#
onthe

boundaryof theunit square],thecompletelytuckedBrowniansheet[vanderVaartand
Wellner(1996),p. 368] or thetied-down Kiefer process[Csörgő andHorváth(1997),
p. 320]. We shall refer to s as the Brownian pillow. Onemay view the Brownian
pillow asa two-parametergeneralizationof theBrownianbridge.

Weighingprovidesaconvenientwayof strengtheningpropertiesof themonitoring
process.Lemma2 describesthebehaviour of theweightedmonitoringprocessy >*! C D "�#%$xz*! C # B >*! C D "�#?K|{ ;` B >*! }1D "�#A~Az*! }A# D�C g�� wAD & � D?" g�� � j (10)

Condition 2 There exist a finite constant� �R� w such that
z*! C #

is boundedby � � , and
hasvariation boundedby � � .
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Lemma 2 Let �*� � � satisfyCondition2, and let �A�*� � � ��� be the zero meanGaussian
processapproximating �*�*� � � ��� in Lemma1. There existsa sequenceof zero mean
Gaussianprocesses� � � � � ���%�M�*� � � � � � � � ���,������ � � � �1� ���A�A�*� �A� ������� �A� � � �?����� �f�
with covariancefunction  �f� ¡ � ¢� �*� �A� £ ��¤%� �A�?� �f�� �*� ��� ��¤%� �A� �f� ¢� �*� ��� ��¤%� �A� ¥f¦ §�� ��¨I��© �?��§N� ��� §N� �1© � ª%�

(11)
such that «A¬ �*­o®I¯ ° £± ²�³ ®µ´[¶ ·�¸� ¹�º � » ¯ ¼ ¶ ·�¸½ ¹ ¾ ¿fÀ Á �*� � � ���?� � �*� � � ��� À ��Â � � Ã,�1Ä (12)

If � ± ²�³ ® � ÅAÆ ¬ � tendsto zero as ÇoÈqÉ , then Lemma2 yields that the Gaus-
sianprocess

� � � � � ��� stronglyapproximatesthemonitoringprocessÁ � � � � ��� . As the
processes

� � � � � ��� areidenticallydistributed,this impliesthat Á � � � � ��� convergesin
distribution to azeromeanGaussianprocesswith covariancefunction(11).

2.4 Monitoring probability density functions

The process�*�*� � � ��� usuallyprovidesa satisfactoryway of monitoringthe null hy-
pothesis(1). However, for reasonsasgivenin Section1.2in Silverman(1986),aprob-
ability densityfunctionmayoftendescribethedistributionof a randomvariablemore
appropriatelythana cumulative distribution function. In this paragraphwe consider
monitoringthenull hypothesis(3) by meansof theprocess� � » Ê � � � ���%�ÌË ¯ ° £ ®IÍ ¯ ° £ º � � ¼ÎÏ Ð ¯ ®

Ï�Ñ�ÒÓ Ï � ���?�ÕÔÓ � » Ê � ��� Ör������� �A� � � �?����� �f�
where ÒÓ Ï � ���%� �® Ï Ë�×,ØÎÙ Ð ¯�Ú Û1Ü

Ï » Ù �µ�ËÞÝ
is thekerneldensityestimatorin subsampleß , andÔÓ � » Ê � ���%� �® Ë �ÎÏ Ð ¯ ×,ØÎÙ Ð ¯ Ú Û�Ü

Ï » Ù �Y�ËàÝ � �® �ÎÏ Ð ¯ ®
Ï ÒÓ Ï � ���

is thefull samplekerneldensityestimatorunderthenull hypothesis(3). Here, Ú � ���is a symmetricdensity, and Ë a smoothingparameter. Observe thatwe usethesame
smoothingparameterË for eachdensityestimator

ÒÓ Ï
.
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Let á denotethe commonprobability densityfunction underthe null hypothesis
(3); thatis, thederivativeof âNã ä�å . Introduceæ1ç ã ä?è ä�é å%êÌë1ì�í1î|ïÕð�ñvò äë'ó ï�ô�ñvò ä éëöõ á?ã ñ å ÷ ñvò ëAø�ùá ú3û ç ã ä�å ø�ùá ú û ç ã ä�é å è
where ø�ùá ú3û ç ã ä�å%êÌë ì�í�î ï ð1ñfò äë'ó á,ã ñ å ÷ ñ ê î ï�ã ü�å á?ã äNý|ë�ü�å ÷�ü�þ
Onemayinterpret æ ç ã ä?è ä é å ÿ�ë asthecovariancefunctionof thefull sampleestimatorùá ú û ç ã ä�å . Observe that in generalø�ùá ú û ç ã ä�å doesnot coincidewith á,ã ä�å ; hence,kernel
densityestimatorsmaybebiased.

Condition 3 The kernel function ï�ã ä�å is a symmetricprobability densityfunction
satisfying î�� ï�é ã ä�å � ÷�ä���� � è
where ï é ã ä�å denotesthederivativeof ï�ã ä�å , and � � is a finiteconstant.

Lemma 3 If Conditions1 and 3 hold, then under the hypothesis(3) there exists a
sequenceof zero meanGaussianprocesses� ú3û ç ã � è ä�å with covariancefunction	 
 ã ���
� é å ò 
 ã � å 
 ã � é å � æ ç ã ä�è ä é å è (13)

such that ô�� ú���� í � �� ��� � õ ë1í � ��� ��� !�" # û í $ � ���% ! & ' � (*ú û ç ã � è ä�å ò �Aú3û ç ã � è ä�å ��)�* # ã +,å1þ (14)

Theproof of Lemma3 exploits therelationbetweenthethedensityestimatorand
the empirical process. This relation was noticedalreadyin Bickel and Rosenblatt
(1973),a seminalpaperin densityestimation.However, the powerful machineryof
Komlós,Major andTusńady(1975)becameavailablelater, andwasusedin thecontext
in densityestimationin Cs̈orgő andRévész(1981) [Theorem6.1.1,p. 223], andin
Konakov andPiterbarg (1983).Theideaof usingstrongapproximationin thecontext
of densityestimationtracesbackto Rosenblatt(1971).

If ã � �,� � å -�ÿ�� ú tendsto zeroas .�/10 , thenLemma3 yieldsfor fixedandpositiveë that the Gaussianprocess��ú û ç ã � è ä�å stronglyapproximatesthe monitoringprocess(*ú û ç ã � è ä�å . As the processes�Aú3û ç ã � è ä�å are identically distributed, this implies that(*ú û ç ã � è ä�å convergesin distribution to a zeromeanGaussianprocesswith covariance
function(13).

Lemma3 continuesto hold if ë is replacedby ë ú which tendsto zeroas . tends
to infinity. In thiscase,Lemma3 yieldsthattheGaussianprocess� ú û ç 2 ã � è ä�å strongly
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approximatesthemonitoringprocess3�4 5 6 798 : ; <>= if 8 ?�4�= @�A B C�8 D E�FHG�= I�J�K 4 tendsto zero
as L�M1N .

However, for ? 4 tendingto zero,the processO 4,5 6 7 8 : ; <>= [and hence3 4 5 6 7 8 : ; <>= ]
doesnothavea limit in distribution. To clarify this, introduceP 8 Q =SRUTWVYX,Z\[ Q]�^ VYX,Z`_ Q]�^\a Zb;
andwritecedf 4,5 6�8 <>=HRUTWVg8 Z>= f 8 ?�Z\[h<b= a Z
i f 8 <b=b[ AC ? C TWZ C Vg8 Z>= a Z fkj j 8 <b= ;l 6 8 <�; < j =b[W? cedf 4,5 6 8 <>= cedf 4,5 6 8 < j =R T Vnm�Zo[ < j _h<] ?qp Vrm�Z`_ < j _h<] ?qp f m�?�Z\[ < j [h<] p a Zi P m <
_h< j?sp f m < j [h<] p
for ? closeto zero. It follows that l 6 8 <b; < j = tendsto lkt 8 <b; < j =�R P 8 u�= f 8 <>= v,w x y�x z { for? tendingto zero. Thestructureof l�t 8 <b; < j = impliesthata Gaussianprocesswith co-
variancefunction |`8 :�}
: j = l t 8 <�; < j = cannothavecontinuoussamplepaths.Continuity
of samplepathsis a key conditionin thestudyof Gaussianprocesses[cf. Ledouxand
Talagrand(1991),Chapter12].

Although the process3 4,5 6 7 8 : ; <>= doesnot have a limit in distribution, Lemma3
neverthelessyields that for every L thereexistsa Gaussianprocesswhich nearlyhas
thesamedistributionas 3�4 5 6 798 : ; <>= . Thisunderlinestheusefulnessof strongapproxi-
mationmethodsin densityestimation.

Lemma4 describesthebehaviour of theweightedmonitoringprocess~ 4,5 6H8 : ; <b=HR���8 : = 3�4,5 6H8 : ; <>=S_gT\�t 3�4,5 6H8 ��; <b= a ��8 ��= ;�:9�g� u�; v � ;�<e�e� �\� (15)

Lemma 4 Let ��8 : = satisfyCondition2, andlet O�4,5 6H8 : ; <>= bethezero meanGaussian
processapproximating 3�4 5 698 : ; <b= in Lemma3. There existsa sequenceof zero mean
Gaussianprocesses� 4 5 698 : ; <b=HR���8 : = O�4,5 6H8 : ; <>=S_gT\�t O�4 5 6H8 �k; <>= a ��8 ��= ;q:��g� u�; v � ;�<��e� �o;
with covariancefunction� To� � � zt ��8 ��= C a |S8 ��=b_ T\�t ��8 ��= a |S8 ��= To� zt ��8 ��= a |H8 ��= � l 6 8 <b; < j = ; (16)

such that m�K 4�� G A B CD E,FHGhp ? A B C
� ���� �,� t 5 A � � ���x � � �o� ~ 4 5 6 8 : ; <b=�_ � 4 5 6 8 : ; <b= � �e� t 8 �H=k� (17)
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If � � �,�H��  ¡�¢�£ ¤ tendsto zeroas ¥�¦1§ , thenLemma4 yieldsfor fixedandpositive¨
that theGaussianprocess©�¤,ª «H� ¬ ­ ®>  stronglyapproximatesthemonitoringprocess¯ ¤ ª « � ¬ ­ ®b  . As the processes© ¤ ª « � ¬ ­ ®b  are identically distributed, this implies that¯ ¤ ª « � ¬ ­ ®b  convergesin distribution to a zeromeanGaussianprocesswith covariance

function(16).
For

¨ ¤ tending to zero as ¥ tendsto infinity, Lemma 3 yields that the Gaus-
sianprocess©�¤,ª « °9� ¬ ­ ®>  stronglyapproximatesthemonitoringprocess̄ ¤ ª « °9� ¬ ­ ®b  if� ¨ ¤   ±k² ³ ´�� � �,�H��  ¡ ¢,£ ¤ tendsto zeroas ¥�¦µ§ . However, theprocess© ¤,ª « ° � ¬ ­ ®b  [and
hencē ¤,ª « ° � ¬ ­ ®>  ] doesnothavea limit in distribution.

2.5 Bootstrappedversionsof monitoring processes

Thebootstrappedversionof amonitoringprocessis obtainedby replacingeachof the
originalrandomvariables¶`· ª ¸ byarandomvariable¶º¹· ¸ , wherethe ¶e¹· ¸ ’stogetherform
arandomsampleof length � drawn from thecumulativedistribution function »¼ ¤ .
Lemma 5 Let

¯ ¹¤ � ¬ ­ ®>  and
¯ ¹¤ ª « � ¬ ­ ®>  be thebootstrappedversionsof

¯ ¤�� ¬ ­ ®b  and¯ ¤ ª «9� ¬ ­ ®b  . If Conditions1–3 hold, then there exist a sequenceof zero meanGaus-
sian processes©�½¤ � ¬ ­ ®>  with covariancefunction(11) and a sequenceof zero mean
Gaussianprocesses©�½¤,ª « � ¬ ­ ®>  with covariancefunction(16)such that¾ £ ¤�¿�� ² ³ À ÁhÂ Ã�ÄÅ Æ,Ç È ª ² É Â Ã�ÄÊ Æ Ë ÌoÍ ¯ ¹¤ � ¬ ­ ®b �ÎW© ½¤ � ¬ ­ ®b  Í�Ï�Ð È � ÑH k­ (18)¾ £ ¤�¿�� ² ³ À Á ¨ ² ³ ´�Â Ã�ÄÅ Æ�Ç È ª ² É Â Ã�ÄÊ Æ Ë ÌoÒÒÒ ¯ ¹¤ ª « � ¬ ­ ®> SÎW© ½¤ ª « � ¬ ­ ®>  ÒÒÒ Ï�Ð È � ÑH kÓ (19)

Althoughthey haveacommondistribution,theprocesses©�¤�� ¬ ­ ®>  [cf. Lemma2]
and ©�½¤ � ¬ ­ ®b  typically do not coincide. As similar remarkholds for the processes© ¤ ª « � ¬ ­ ®b  [cf. Lemma4] and © ½¤,ª « � ¬ ­ ®>  .

If � � �,�H��  ¡�¢�£ ¤ tendstozeroas¥�¦µ§ , thenLemma5yieldsthattheGaussianpro-
cess©�½¤ � ¬ ­ ®b  stronglyapproximatesthe bootstrappedmonitoringprocess̄ ¹¤ � ¬ ­ ®>  .
As ©�½¤ � ¬ ­ ®b  is equalin distribution to ©�¤�� ¬ ­ ®b  , it follows thatthebootstrap“works”
in thesensethat

¯ ¹¤ � ¬ ­ ®b  and
¯ ¤�� ¬ ­ ®>  sharethesamelimiting distribution. For fixed

andpositive
¨
, asimilarargumentshowsthat

¯ ¹¤,ª « � ¬ ­ ®>  and
¯ ¤,ª « � ¬ ­ ®>  sharethesame

limiting distribution.

3 Testsof constancy

3.1 Notation and preliminaries

The objective in this sectionis to establishdeviation resultsfor testsof constancy
whicharederivedfrom monitoringprocesses.In this paragraphwe describeageneral
framework for obtainingdeviation results.
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Considerastatisticaltestwhichrejectsthenull hypothesisfor largevaluesof a test
statisticÔ>Õ . We shallsaythattheteststatisticÔ>Õ obeysadeviation resultifÖ × ØÕ Ù�ÚÜÛ Ý Õ�Þ ß�à Ö á,â�ã ä�åæ>ç è�é�ê�Û ÔkÕ`ë Ý Õ�ÞSì�íïî�ð�ñ (20)

holdsfor certainsequencesÝ Õ suchthat Ý Õ\òµó . Thestrengthof thedeviation result
is determinedby theclassof sequenceswhichareallowed.Chernoff typedeviationre-
sultsallow sequencesÝ Õoì�ôÜõ ö�÷ ø à ù , andarerelevantfor thecomputationof exactBa-
hadurefficiency [cf. Bahadur(1960)];Craḿer typedeviation resultsallow sequencesÝ ÕgìYôÜõ ö�÷ ø ú ù , andarerelevant for the computationof intermediateefficiency [cf.

Kallenberg (1983)];moderatedeviation resultsallow sequencesÝ Õoì�û�õ Û Ö á,â ö�Þ ÷ ø à ù ,
andarerelevant for thecomputationof weakintermediateefficiency [cf. Kallenberg
(1983)]andBayesrisk efficiency [cf. RubinandSethuraman(1965)].

Lemma 6 Supposetheteststatistic Ô�üÕ satisfies(i)–(iii) below.

(i) Thereexistsa randomvariable ýÔ�üÕ with distributionnotdependingon þ , andfor
every ê ÿ ��� thereexists � � ì�� � Û ê Þ such thatÖ × Ø� Ù�Ú�Ý ß�à Ö á�â
ã ä�åækç è é�ê õ � ß ÷� ýÔ üÕ�� Ý ù ì�í�î�ð,ñ
	

(ii) There existsa sequenceof positiveconstants� Õ such that � Õ ð Û Ö á�â ö�ÞHòµó and� Õoì�û�õ ö�÷ ø à ù as þ�òµó , anda positiveconstant� � ÷à such that� Õ
� ß ÷����� Ô üÕ í ýÔ üÕ ��� ÿ � � Û �kÞ�	
(iii) There exista statistic �� anda non-negativeconstant��ü ��� í�� such that� Õ�� � � ð���\í � � ÿ � � Û � ü Þ�	

Thenthere existsa positiveconstantî such that the test statistic Ô Õ ì��� ß ÷ Ô�üÕ sat-
isfiesthe deviation result (20) for all sequencesÝ Õ such that Ý ÕUò ó and Ý ÕUìôÜõ Û � Õ�Þ ÷ ø � à � �kà � � ß ÷ � ù as þ�òµó .

Oneof the featuresof Lemma6 is the useof exponentialinequalitiesto derive
deviation results.Examplesof deviation resultsobtainedvia exponentialinequalities
[but in a simplenull hypothesissetting]maybe found in Inglot andLedwina(1990,
1993)andin Koning(1992,1994).

Inspectionof the proof of Lemma6 revealsthat ��ü may be taken equalto 0 if ��
coincideswith � � .
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3.2 A generalapproachfor sublinear tests

In this paragraphwe briefly outline theverificationof theconditionsof Lemma6 for
teststatisticsbasedon themonitoringprocesses� ��! " # $�% and � � & ' ! " # $�% .

Let ()! * +,# - .0/21 34% denotethe spaceof real-valuedfunctionsdefinedon * +,# - . /1 3 which are cadlagin both components,and let 5�6�()! * +
# - .�/71 38%29:1 34; be a
functionalwhich is positive-homogeneous[that is, 5<! = >
%@?A= 5<! >
% for everyconstant=CBD+ andevery >FEG()! * +
# - .�/71 38% ] andLipschitz [that is, thereexists a constant= HIBJ+ suchthat K 5<! >
%0LC5<! >NM % KPOQ= H�R S,T,U V
W X & Y Z R S,T
[ V \ ]^K >�! " # $�%0L_>NM ! " # $`% K for every>,# >NM�E7()! * +,# - .�/71 34% ].

If weset 5 M� ?F5<! � � %ba5 M� ?F5<! c � %�#
thenwe haveby Lemma2 that(12)holdsunderCondition1. Sinceddd 5 M� L a5 M� ddd OA= H^R S,TU V
W X & Y Z R S,T[ V \ ] K � �e! " # $`%0L�c2��! " # $`% K #
this yields f
g ��hJi Y j kl m
n i_o ddd 5 M� Lpa5 M� ddd E2q X ! rP%�#
and hencecondition (ii) of Lemma6 is satisfiedwith s � ? g �Ih i Y j k t l m
n i andu ?Fr . Thus,it only remainsto show thatconditions(i) and(iii) of Lemma6 aresatis-
fied. In this respect,wenotethatif thefunctional 5 is notonly positive-homogeneous
andLipschitz, but sublinearas well [that is, 5<! >�v_>NM %7Op5_! >
% v�5_! >NM % for every>,# >NM�EC()! * +,# - .0/71 38% ], thencondition(i) of Lemma6 maybeverifiedalongthelines
of the proof of Theorem5.2 in Borell (1975) [seealso Inequality 1 in Koning and
Protassov (2001)]; in this casewe shouldset w X proportionalto x 5^x y , and z equalto{ w,| YX x 5^x y } | k , where x 5�x y ?QR S,T
~ V �,�45<! >
% , and � y is the unit ball in the repro-
ducingkernelHilbert space� belongingto theBrownianpillow c Y [cf. SectionIII.2
in Adler (1990)].

Similarly, if weset 5 M� ?F5<! � � & ' % a5 M� ?F5<! c2� & ' %`#
where5 is positive-homogeneousandLipschitz,thenunderCondition1 it followsby
Lemma4 that (ii) of Lemma6 is satisfiedwith s � ? g �8h i Y j k t l mNn i and u ?Dr .
Again, it only remainsto show thatconditions(i) and(iii) of Lemma6 aresatisfied.
Also, if the functional 5 is sublinearaswell, thencondition(i) of Lemma6 maybe
verifiedalongthe linesof theproof of Theorem5.2 in Borell (1975). In this casewe

shouldset w X proportionalto x 5^x y0� , and z equalto
{ w,| YX x 5^x y0� } | k , where��' is the

reproducingkernelHilbert spacebelongingto cCY & ' .
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3.3 Supremum type tests

To illustratethegeneralapproachdescribedin thepreviousparagraph,we now verify
conditions(i) and(iii) of Lemma6 for thespecialcasewhere� takestheform��� �
�P�A� �,�� � � ��� � ��� � � �`� �`�
where � � � � �@�A� �,�� � ��� � � � � � � � � � (21)

for every � �C�J�)� � �8� ; here � is someindex set, and � � is a symmetricbounded
bilinear form on �G� � �8� for every � �p� [seealso Koning and Protasov (2001)].
Without loss of generality, we shall confineourselves to test statisticsof the form� �,� � � � � � � ¡�¢�� � � �`� � or � �,� � � � � � � ¡�¢ £ ¤ � � � �`� � [observe that � �,� � � � � � � ¥ ¢�� � � �`� � may
beexpressedas � �,� � � � � �`¦ � ¡ ¢ � � � ��� � for aconvenientchoiceof �`¦ ].

Typical examplesof � aretheKolmogorov functional � Kol, theCraḿer-von Mises
functional � CvM andtheAndersen-Darlingfunctional � AD, respectively definedby� Kol � � � �@�F� �,�� � � �8§ � � � ��� § �

� CvM � � � �@� ¨�©^ª« � � � � �,� � ��¬
­ � �
� ® ª ¯ � �
� AD � � � �P� ° ©^ª« � � � � �,� � �­ � �
� � ±e² ­ � �
� � ¬
­ � �
� ³ ª ¯ ��´

Forevery � of theform(21)thereisanassociatedpositiveconstantµ
¶��A� �,�
· � ¸,¹ � � �
� ,
where º�» is theunit ball in thereproducingkernelHilbert space¼ belongingto the
covariancefunction

­ � ½0¾I½ ¿ � ² ­ � ½ � ­ � ½ ¿ � . In particular, wehave µ
¶
Kol

�AÀ , µ
¶
CvM

�FÁ �
and µ ¶ AD ��Â [cf. KoningandProtasov (2001)].

Lemma7 providesthenecessaryadditionalresultsfor � �,� � � � � � � ¡ ¢ � � � ��� � .
Lemma 7 Therandomvariable Ã�e¿¢ �Ä� �,� � � � � � � � ¢ � � � �`� � satisfiescondition (i) of
Lemma6 with Å « �)± and µ��AÀ
µ
¶ .

As anexample,supposethatCondition1 holdswith ÆC�)± and Ç ¢8�AÈ ª ¯ � ÉPÊ ËNÌ È .
Applying Lemma6 with ÍÅ)��Å « �Î± yields that � �,� � � � � � � ¥ ¢�� � � �`� � satisfiesthe
deviationresult(20) for all sequencesÏ ¢ suchthat Ï ¢8ÐÎÑ and Ï ¢8�AÒ4Ó È ª ¯ � ÉPÊ Ë
Ì È�Ô
as ÕAÐÖÑ ; the constantµ is given by Lemma7. This deviation resultcomprisesa
Craḿer typedeviation result,andonly just falls shortof beingaChernoff typeresult.

For thesakeof completeness,Table1 liststheapproximateupperpercentagepoints
of � �,� � � � � � � �
¢�� � � �`� � reportedin KoningandProtasov (2001).

Lemma8 providesthenecessaryadditionalresultsfor � �,� � � � � � � ¡�¢N£ ¤@� � � ��� � .
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Lemma 8 For ×ÙØJÚeÛ , define Ü Û_Ý�Ü Û Þ ×8ß by Ü
àÛ Ý�á â,ã
ä å æ ç�è�é
Þ ê�ë ê�ß . Definethe
estimator ìÜ by ìÜ à ÝAá â,ãä å æ çÙíî�ïñðòó ô`õ@öP÷òø ô`õ`ù,úpû�ü ó ý ø@þ êï ÿ þ �� ð ý é Þ ê`ß � à��
AssumeCondition3 holds,and assumethat there existsa positiveconstant� � such
that � � Ü Û	� í for every ×GØ2ÚeÛ .

(i) Therandomvariable 
�	�ð ÝAá â,ã
ä å æ ç�
�Þ � ð ý é Þ � ë ê�ß ß satisfiescondition(i) of Lemma6
with Ü�� õÛ ÝAá â,ã
ä å æ ç�è é Þ ê0ë ê`ß and ��Ý���� .

(ii) There existpositiveconstants� õ � –� õ � such thatá â,ã� å ��� ×�� ï�� Ü Û  ìÜ þ í �"!Fî � õ # à $�%'& � õ �)( * ã�+ þ � õ � $),
for -'. $ .�Þ /10 2�Þ í ë � õ � ï ß ß à î .

Observe that Lemma8 (ii) implies that the statistic ìÜ satisfiescondition (iii) of
Lemma6 for 3 � Ý õà and 4 ð Ý î õ # à .

As anexample,supposethatCondition1 holdswith 5CÝ í and 6 ð Ý î õ # à  87 9;: î .
Let ìÜ beasdefinedin Lemma8. Applying Lemma6 yieldsthat á â,ã ä å æ ç 
�Þ < ð ý é Þ � ë ê�ß ßsatisfiesthe deviation result (20) for all sequences$ ð suchthat $ ð>=@? and $ ð ÝA � î õ # B  Þ 7 9": î ß õ # à % as C =D? . Theconstant� is givenby Lemma8. Observe that
this deviation result comprisesa Craḿer type deviation result,but stretcheslessfar
thanthecorrespondingdeviation resultfor á â,ã
ä å æ ç�
�Þ E ð Þ � ë ê`ß ß .
3.4 Bootstrap tests

When using test statisticsof the type
� Þ E ð ß or

� Þ E ð ý é ß , one is hamperedby the
limited knowledgeavailablein presentliteratureaboutthedistribution of a functional
of ageneralzeromeanGaussianprocess;for instance,thereis evennoknown formula
for the distribution function of the supremumof a Kiefer process[cf. Cs̈orgő and
Horváth(1997),p. 101].

In this paragraphwe resortto thebootstrappedversionsof thesetestsas“ theuse
of the bootstrapeitherrelievesthe analystfrom having to do complex mathematical
derivations,or in someinstancesprovidesananswerwhereno analyticalanswercan
beobtained”[Efron andTibshirani(1993),p. 394]. Thebootstrappedversionof the
testbasedon

� Þ E ð ß is obtainedby usingtheconditionaldistribution of
� Þ E�Fð ß given�G ð [insteadof theunconditionaldistributionof

� Þ E ð ß ] to determinetheachievedsig-
nificancelevel. Thebootstrappedversionof thetestbasedon

� Þ E ð ý é ß is obtainedin a
similar manner.
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If H is a sublinearLipschitz functional, thenLemma5 yields that the bootstrap
“works” in thesensethat H>I J�KL�M and H�N J�KL;O P Q have thesamelimiting distribution asH>I J L M and H>I J L;O P M , respectively.

Moreimportantly, thebootstraprelievesusfromthetaskof verifyingcondition(iii)
of Lemma6 [theproof of Lemma8 (iii) showsthatthis taskmaywell beformidable],
as the bootstrapprocedureimplicitly estimatesR S : the bootstrappedversionof the
testbasedon R�T)US H>I J L M is equivalentto thebootstrappedversionof thetestbasedonH>I J L M , andthebootstrappedversionof thetestbasedon R T)US H>I J L;O P M is equivalentto
thebootstrappedversionof thetestbasedon HVI J L;O P M , This meansthatwe mayapply
Lemma6 with WR1XYR S ; observe thatcondition(iii) of Lemma6 now holdstrivially.

Conditions(i) and(ii) of Lemma6 maybeverifiedin thesamemannerasbefore,
with Lemma5 takingover therole of Lemma2 andLemma4. This only hasa minor
effect on our results[in fact, we now shouldtake Z L equalto [ L'\V] U ^ _ insteadof[ L	\`] U ^ a b8c d"e ] ].

As anexample,supposethatCondition1 holdswith fgX�h and [ L X ] U ^ a b8c d;e ] .
Applying Lemma6 yieldsthat thebootstrappedversionof i j�k�l m n o�pqI J L I r s t M M satis-
fiesthedeviationresult(20) for all sequencesu L suchthat u L�vxw and u L X�y N ] U ^ _ Q
as z v{w ; theconstant| is givenby Lemma8. Althoughthis deviation resultcom-
prisesaCraḿer typedeviation result,it stretcheslessfar thanthecorrespondingdevi-
ationresultfor i j�k�l m n o�p`I J L I r s t M M .

Lemma6 alsoyields that the bootstrappedversionof R T�US i j�k�l m n o�pqI } L;O P I r s t M M
satisfiesthe deviation result (20) for all sequencesu L suchthat u L>v@w and u L Xy�N ] U ^ _ Q as z v~w ; the constant| is given by Lemma8. This deviation result
comprisesaCraḿer typedeviation result,andis slightly betterthanthecorresponding
deviation resultfor i j�k l m n o pqI } L;O P I r s t M M .
4 An application to speedskatingdata

Speedskatingworld allroundchampionshipsareannualeventsconsistingof four dis-
tances500m,5000m,1500mand10000m[in thatorder].Therearelimitationson the
numberof participantson the 10k distance.In the years1970–1992a maximumof
16 participantswereallowed. Due to the 10k selectionrules,someof these16 par-
ticipantsmayhave somedistanceresultsmissing.For instance,in 1992no 5k results
wererecordedfor JohansenandSøndr̊al, andno 10k resultswererecordedfor Bos
andTröger. In 1993the10k selectionruleswerealtered,loweringthenumberof 10k
participantsto 12. As participantswith missingdistanceresultswereexcludedfrom
thedata,in total ] X��"��h observationswererecordedduring theperiod1970–2000.
Eachof theseobervationsconsistedof a 0.5k,a5k, a1.5kanda 10k result.

Over theyearstheresultson thosefour distanceshave improvedconsiderably, due
to changesin professionalism,training methods,environment[indoor skatingrinks],
material[“klapschaats”]. Amazingly, the 10k timesarenow abouttwo full minutes
fasterthanin 1970,andthe5k timessimilarly aminutefaster.
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It is invariably interesting,andsometimesfruitful, to predict tomorrow’s perfor-
mancesbasedon today’s achievements;suchexercisescansometimesdeterminerace
strategies. The Dutch coachAb Krook usedthe simplepredictionrule that the 10k
timewouldbecloseto twice the5k timeplus20seconds.Krook’srulemaybeviewed
asastatementwith respectto theexpectationof the“endurancevariable”�'��� 10k result����� � 5k result�"�
In thisexampleweinvestigatewhetherthe“endurancedistribution”, thedistributionof
theendurancevariable� , hasremainedconstantthroughouttheperiod1970–2000.In
Figure1 we have plottedKrook’s variableversustheyearin which thespeedskating
world championshipeventtookplace.

In Figure2 themonitoringprocess�	�	� � � ��� for cumulative distribution functions
is displayed.Thestatistic � ����� � � ��� Kol � � � � � � ��� � takesthevalue0.795.Accordingto
Table1 thenull hypothesisshouldnot berejectedat the0.05level. However, 100.000
bootstrapreplicationsyield anattainedsignificancelevel of 0.0181,indicatingthatthe
null hypothesisshouldbe rejectedat the 0.05 level. As both Table1 and the boot-
straparefundamentedon asymptoticmethods,we shoulddoubtwhetherasymptotic
methodsindeedapplyhere:although� ���"��� , weonly have � ����� .

The statistics � ����� � � ��� CvM � � � � � � ��� � and � ����� � � ��� AD � � � � � � ��� � take the value
0.313and0.735,respectively. Accordingto Table1 thenull hypothesisshouldnot be
rejectedat the0.10 level, in agreementwith theattainedsignificancelevel of 0.2174
and0.2028[100.000bootstrapreplications],respectively.

In Hjort andKoning(2002)theuseof bandwidth  � � ¡"¢;£ for monitoringproba-
bility densityfunctionsis advocated,where£ ¤ � ��¥� � �¦§ ¨)©«ª8¬¦­ ¨�©�® ¯ § ° ­ �²±¯ �"³ ¤ �´±¯ � � �� �¦§ ¨)©«ª8¬¦­ ¨�© ¯ § ° ­ �
For thespeedskatingdata £ takesthevalue15.485.

In Figure3 the monitoringprocess� � ° µ ¶ · ¸ � � � ��� for probability densityfunctions
is displayed.Thestatistics� ��� � � � � � Kol � �	� ° µ ¶ · ¸ � � � ��� � , � ��� � � � � � CvM � �	� ° µ ¶ · ¸ � � � ��� � and� ����� � � ��� AD � �	� ° µ ¶ · ¸ � � � ��� � take the values0.040,0.018and0.041,respectively. The
attainedsignificancelevels are0.1491,0.4147and0.4143[100.000bootstraprepli-
cations],respectively, indicatingthat thenull hypothesisshouldnot berejectedat the
0.05level.

It is interestingandperhapssurprisingthattheendurancevariable� appearsto not
havechangedits distributionover thepast30 years,in spiteof thedrasticchangesthe
5k and10k timeshaveexperiencedover this time interval.

5 Sometechnical results

In this sectionsometechnicalresultswith respectto thesequentialuniform empirical
processandGaussianprocessesarecollected.Theseresultswill beusedin Section6.
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Let ¹�º » ¹�¼ » ½ ½ ½ beindependentstandarduniform randomvariables.Thesequential
uniformempiricalprocessis definedat stage¾ as¾q¿ º À ¼�Á ÂÄÃ�ÅÆÇ È º'É Ê;Ë Ì Í Î"Ï Ð8Ñ>Ò)Ó for ÔYÕVÖ ×�» Ê Ø » Ò ÕVÖ ×�» Ê Ø »
where ¹ º » ¹ ¼ » ½ ½ ½ are independentstandarduniform randomvariables. As ¾ tends
to infinity, the sequentialuniform empirical processconvergesweakly to a Kiefer
process;that is, a zero meanGaussianprocessÙVÚ Ô�» Ò�Û with covariancefunctionÔ�ÜgÔÞÝ ß Ò Ü Ò Ý Ñ>Ò)Ò Ý à [Müller (1970)]. In Kiefer (1972)thefirst strongapproxima-
tion for thesequentialuniform empiricalprocesswasgiven,which wassubsequently
refinedin Cs̈orgő andRévész(1975),andgiven its final form in Komlós,Major and
Tusńady (1975). It is known that Inequality1 holdswith á â1ãåä æ , á º ç1ãåè"½ ×"è;é andá º º«ã Ê ê;ë [cf. Cs̈orgő andHorváth(1993),p. 150].

Inequality 1 (KMT -inequality) Given independentstandard uniform randomvari-
ables¹�º » ¹�¼ » ½ ½ ½ , thereexistsa sequenceof KieferprocessesÙ	ì	Ú Ô�» Ò�Û such thatíïîñð1ò;óô È º õ ¼ õ ö ö ö õ Âå÷ ø�ùÏ ú Á ç õ º Å ûûûûû

ôÆÇ È ºÄÉ Ê Ë Ì Í Î�Ï Ð8ÑVÒ)ÓüÑ Ù	ì î�ý¾ » Ò�þ ûûûûû
ÿ Ú á â�� ��� ¾���� Û � ���8¾ þ	 á º ç�
 ó ù ß Ñ á º º �)à

for all � ÿ × and � , where á â –á º º arepositiveabsoluteconstants.

Inequality1 is in facta slightly weakenedversionof theoriginal KMT-inequality,
which in additionstatesthatthereexistsan“underlying” Kiefer processÙ�Ú Ô�» Ò�Û such
that Ù	ì	Ú Ô�» Ò�Û ã�¾ ¿ º À ¼ Ù�Ú ¾qÔ�» Ò�Û for every � .
Lemma 9 There existpositiveconstantsá º ¼ ,á º � such thatí�î ÷ ø�ùÃ Î 
 ÷ ø�ùÏ ú Á ç õ º Å � Ù	ìÞÚ Ô�» Ò�Û � ÿ ��� � þ � á º ¼�
 ó ù ß Ñ á º � � ¼ à (22)

for every � ÿ × and � ÿ × .
Proof of Lemma 9 For each� , wemayview Ù ì Ú Ô�» � Û asarandomelementof thesep-
arableBanachspace��Ú Ö ×�» Ê Ø Û . Moreover, � ¿ º À ¼ Ù ì Ú � » � Û is a Brownianbridge. Com-
bining Proposition2.6.1 in de la Pẽna andGiné (1999)and(2.2.11)in Shorackand
Wellner(1986),p. 34,yieldsí�î ÷ ø�ùÃ ú Á ç õ 
 Å ÷ ø�ùÏ ú Á ç õ º Å � Ù	ì	Ú Ô�» Ò�Û � ÿ ��� � þ ��� í�î ÷ ø�ùÏ ú Á ç õ º Å � Ù	ì�Ú � » Ò�Û � ÿ ��� � ê � × þ��� íïî ÷ ø�ùÏ ú Á ç õ º Å ûûû � ¿ º À ¼ Ù ì Ú � » Ò�Û ûûû ÿ � ê � × þ � Ê é�
 ó ù

� Ñ � ¼ ê ë�� ×��«½
Thiscompletestheproofof Lemma9. �
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Lemma 10 Let  "! # $ bethemodulusof continuitydefinedby %! # $�&(' )�*+ ,�- . / 0 1 ' )�*. 2�3�4�3�5 2�6�7 8"9 ! :<; =>$@? 8"9 ! :"A ; =>$ 7 (23)

for #<BDC , andlet E 9 bea sequencetendingto infinity as FHGJI , satisfyingK LNM�E 9POQ K L�MSR for someconstantQ%TDU . ThenE 9  WV ! Q K L�MSRYX�Z�$ [E \9^]�_a` .�b>c X�dUfe
for every c T C .
Proof of Lemma 10 Let Q 0 \ and Q 0 g be as in Lemma9, and define Q 0 h &ji�k Q 0 \ ,Q 0 l &�k Q 0 g mNn . Let #<B�C , andlet o denotethesmallestintegersatisfying o T d i m # .
By asimilarconstructionasemployedin theproofof Inequality14.1.1in Shorackand
Wellner(1986),p.536,it followsby Lemma9 thatpDq  "! E�$ T�r�s # t Ovuwx y 0>z p Va' )�*. 2�3>2�6 ' )�*+ ,�- . / 0 1 7 8"9 ! :{; =>$ 7 T U| r�s # ]X p V}' )�*. 2�3�2�0 ~ u ' )�*+ ,�- . / 0 1 7 8 9 ! :{; =>$ 7 T U| r s ENok ds o ]<�O uwx y 0�� Q 0 \�� � * � ? k Q 0 gn r \N� X Q 0 \�� � * � ? k Q 0 gn r \ # od i �@�O U o Q 0 \�� � *{��? Q 0 l r \ � O Q 0 h# � � *{��? Q 0 l r \ � ;
since o�� | U m # by definition of o . Now, take # equalto ! Q K L�M�R�X�Z�$ [ m E \9 and r \
equalto Z{?�! K LNM�# $ m Q 0 l . Since ?�K L�M�# O U K LNM�E 9�O Q K L�MSR for Z T d , wehaver�s #�&D� # ! Z{?�! K LNM�# $ m Q 0 l $ O ! Q K LNM�R�X�Z�$ � [ � 0 � ~ \ m E 9 ;
for every Z�B�! K LNM�# $ m Q 0 l , andhencep�q E 9  "! # $ T ! Q K LNM�R�X�Z�$ � [ � 0 � ~ \ t O Q 0 h# � � *<��? Q 0 l ! Z{?�! K LNM�# $ m Q 0 l $ �O Q 0 h � � *<��? Q 0 l Z��
for every Z�B�! K LNM�# $ m Q 0 l . Thiscompletestheproof of Lemma10. �

Ourmaintool in handlingGaussianprocesseswill betheinequalitygivenin Borell
(1975). The formulation below is taken from Samorodnitsky (1991). Observe thatp ! ' )�*�� , � 7 � ! � $ 7 B�Z�$ is boundedby U p ! ' )�*�� , � � ! � $�B�Z�$ . Moreover, observe that
Inequality2 is relevantfor Kiefer processesaswell, as(22) implies� ' )�*3>,N- . / 0 1 ' )�*+ ,�- . / 0 1 7 8 ! :<; =>$ 7�OD���. p V�' )�*3>,N- . / 0 1 ' )�*+ ,N- . / 0 1 7 8 ! :{; =>$ 7 BWZ ]�� Z O Q 0 � ; (24)

with Q 0 � & 0\ Q 0 \ ! Q 0 g $ 4�0 ~ \ s � .
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Inequality 2 (Borell’s inequality) Let   ¡W¢ £ ¤�¥�£�¦�§�¨ be a zero meanseparable
Gaussianprocess,and let ©>ª denote« ¬�­�® ¯ °²±�¢ ¡�¢ £ ¤ ¤ ª . If ³�´�±�« ¬�­�® ¯ °²¡�¢ £ ¤ exists,
thenfor any µ·¶�³ , ¸Y¹ « ¬�­® ¯ ° ¡�¢ £ ¤�¶Wµ�º�»�¼N½ ¾ ¿ À Á Â ½NÃ�¾ Â À ª Á Â Ä

The DKW-inequality[Dvoretzky, Kiefer andWolfowitz (1956)] is our main tool
for handlingempiricalprocesses.Below we presentthe extendedversionof Bretag-
nolle (1980)[cf. Inequality25.1.2in ShorackandWellner (1986),p. 797] which al-
lows the randomvariables¡�Å Æ Ä Ä Ä Æ ¡·Ç to have differentdistributions. In casethese
randomvariableshave a commondistribution, one may replace ¼N½@È É�­> �Ê%¼Nµ�ª ¨ by¼SÈ É�­> �Ê%¼Nµ�ª ¨ [cf. Cs̈orgő andHorváth(1993),p. 119].

Inequality 3 (DKW-inequality) Let ¡ Å Æ Ä Ä Ä Æ ¡ Ç be independentrandomvariables,
andlet ËÍÌ ¢ Î>¤ denotethecumulativedistributionfunctionof ¡�Ì . Then,for every µ·¶�Ï ,¸ ¹ « ¬�­Ð ¯ Ñ Ò{ÓÓÓÓÓ Ô Ã Å À ª

ÇÕÌ Ö Å@× Ø Ù Ú>Û Ü Ð Ý Ê�Ë Ì ¢ Î>¤ Þ ÓÓÓÓÓ ß µ º »�¼N½@È É�­> �Ê<¼ µ ª ¨�Ä
6 Proofs

Thissectioncontainstheproofsof Theorems1,andLemma’s1, 3, 5 and6. Theproofs
makeuseof thetechnicalresultscollectedin Section5. Theproofsof Lemma’s2 and
4 arestraightforward,andhencenot included.

Proof of Theorem 1 Carefullyform thepooledsample¡PÅ Æ Ä Ä Ä Æ ¡�Ç by amalgamating
the à subsamples,leaving the order “between”and“within” samplesintact. Define
the randomvariables á>Å Æ Ä Ä Ä Æ á�Ç by á Ì ´âË·¢ ¡ Ì ¤ , and observe that áÍÅ Æ Ä Ä Ä Æ á�Ç are
independentrandomvariableshaving a standarduniform distribution. Moreover, we
mayexpressã"ä�¢ £ Æ Î>¤ as åæ ä�¢ ³�ä�¢ £ ¤ Æ Ë·¢ ÎÍ¤ ¤ , whereåæ ä"¢ ç{Æ è>¤S´ Ô Ã Å À ªÍé

Ç@ê�ëÕÌ Ö Å{× ØNÙ ì Û Ü�í Ý Ê�è�Þ�Æ}çD¦�î Ï�Æ Ø ï Æ
is the sequentialuniform empiricalprocessderived from á Å Æ Ä Ä Ä Æ á Ç . According to
Inequality1 thereexistsaKiefer processð�¢ ç{Æ è>¤ suchthat

Ô Å À ªñ ò�ó Ô ô·õ Éö Ö Å ÷ ª ÷ ø ø ø ÷ Ç « ¬�­ù ö Ã Å ú À Ç Ü ê Ü ö À Ç ÓÓÓ åæ ä ¢ ç<Æ è>¤@Ê Ô Ã Å À ª ð�¢ û�Æ è>¤ ÓÓÓ ¦aü�ý ¢ Ø ¤>Ä
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Let þ"ÿ � � be as definedin Lemma10, and observe that ��� � � þ�ÿ ����� �
	���
�� �� � by
Lemma10. Since� ���� ��� 
 � � � � ���� ��� 
 � � � ��� ��! ÿ "  ÿ # � $ %&�!')(  ÿ "  ÿ # � $ %&� ���* � ���� ��� 
 � � �,+.-�/0 1 � � � � 2 2 2 � 3 � ���4 0 ��� 5 � 376�8&9 0 � 3 ��� ��  ÿ : $ %&�!'
(  ÿ : $ %&� ���* � ���� ��� 
 � � � +.-�/0 1 � � � � 2 2 2 � 3 � ���4 0 ��� 5 � 376�8&9 0 � 3 ����� (  ÿ : $ %&�;')(  .<>=� $ %�? �����@ � ���� ��� 
 � � � +.- /0 1 � � � � 2 2 2 � 3 ����� ��! ÿ =�A � $ %&�;')(  .< =� $ %�? �����* þ � � ��� � @ � ���� ��� 
 � � �,+.-�/0 1 � � � � 2 2 2 � 3 ����� ��  ÿ =�A�� $ %&�!')(  <B=� $ %�? ����� $
weobtain <>��� � �C D�E � ? � ���� ��� 
 � � � � ���� ��� 
 � � � ��� ��! ÿ "  ÿ # � $ %&�!'
(  ÿ "  ÿ # � $ %&� ��� 	F��
 ÿ G ��H (25)

Moreover, wehaveI < � ���� ��� 
 � � � � ���� ��� 
 � � � J (  ÿ "  ÿ # � $ %&�!'
(  ÿ "Sÿ # � $ %&� J�KML  ?* I < � ���� ��� 
 � � � J "  ÿ # �!' "Sÿ # � J�K � ? @ I ÿ þ�ÿ � �ON L  � (26)

for every L  K)P , � KMP and

I 	RQS

. Now, take L  equalto ÿ T C D�E � @ L � U � � V�� � W , and �

equalto ÿ T C D�E � @ L � U ��� � � ÿ X  � ��� . Accordingto Condition1 andLemma10 wehaveX � � ��� � ��� 
 � � � J "  ÿ # �Y' "�ÿ # � J 	R��
 ÿ Z ' G�A�[ � and X  þaÿ � �S	R��
 ÿ ZYA�[ @ G�A \ � , respectively.
Thus,(26) impliesX  � ���� ��� 
 � � � � ���� ��� 
 � � � J (  ÿ "  ÿ # � $ %&�!')(  ÿ "�ÿ # � $ %&� J 	F� 
�] Z [ @ G\�^ H (27)

Define
�! ÿ # $ _&� as

(  ÿ "Sÿ # � $ ` ÿ _;� � , # 	ba P $ G c $B_d	,e f . It is easily seenthat the
process

�! ÿ # $ _;� indeedis azeromeanGaussianprocesswith covariancefunction(5).
Combining(25)and(27)yields(6), whichcompletestheproofof Theorem1. g
Proof of Lemma 1 Observe that h  ÿ # $ _;� coincideswith i  ÿ # $ _&�7' "  ÿ # � i  ÿ G $ _&� .
Let
�! ÿ # $ _&� betheGaussianprocessoccurringin Theorem1, anddefinetheprocessj  ÿ # $ _;� by

j  ÿ # $ _;�lk �  ÿ # $ _;�Y' "�ÿ # � �  ÿ G $ _&� , # 	ma P $ G c $7_
	
e f . It is easilyseen
that
j  ÿ # $ _&� is azeromeanGaussianprocesswith covariancefunction(8).

Let T � n beasin (24),andobserve thato � ���� ��� 
 � � � � ���p � q r J �! ÿ # $ _;� J * o � ���8 ��� 
 � � � � ���� ��� 
 � � � J (  ÿ : $ %&� J * T � n H (28)
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As sut�v!wlx y z {&| } ~ remainsboundedby ��� � , Inequality2 yields that � �����S� v!wlx ��z {;| �
belongsto �������~ � , which togetherwith Condition1 implies� ~w � ���� ��� � � � � � �&w�x y |!�
�Yx y | � � ���� � � � � v!wlx ��z {&| ���F� � x �Y|�� (29)

Since � ���� ��� � � � � � ���� � � � � � w x y z {;|!�)� w x y z {;| ����� ���� ��� � � � � � ���� � � � � � w x y z {&|Y�
v w x y z {&| �� � ���� ��� � � � � � w x y |�� ���� � � � � � w x ��z {;|!�
v w x ��z {&| �� � ���� ��� � � � � � � w x y |!�
�7x y | � � ���� � � � � v w x ��z {;| � z
Lemma1 now followsby combiningTheorem1 and(29). �
Proof of Lemma 3 As  
x {&| is aprobabilitydensityfunction,wehavethat  
x {;| tends
to zeroas { tendsto ¡B¢ , andhence ¤£�¥§¦ � ¨O�©{ª¬«®­ � ª�¯ �&° ��± ²;³ ´ µ ¶�· ¸  F¹�£�º �®{ª»«§¼ º � (30)

It follows that½¾ ¦ x {&| ­ � �ª ~ ° ½¿ ¦ x º |   ¹ £�º �©{ª»«§¼ º z and À¾ w � Á x {&| ­ � �ª ~ ° À¿ w�x º |   ¹ £&º �®{ª»«§¼ º z
whichallowsusto write� w � ÁOx y z {;| ­ � ª�¯�Â Ã ~ ° � w x y z º |� F¹�£�º �®{ª»«§¼ º �
Now, definetheprocess��w � Á x y z {;| by� w � ÁOx y z {&| ­ � ª�¯�Â Ã ~ ° � w x y z º |� F¹�£�º �®{ª»«§¼ º zÄyO�
Å Æ�z � Ç z!{R�RÈ É§z
where ��wSx y z {&| is the Gaussianprocessapproximating�lwlx y z {&| in Lemma1. Since��w � Á x y z {&| ismerelyalineartransformationof thezeromeanGaussianprocess��wSx y z {&| ,
it followsthattheformerprocessis Gaussian;moreover, it is easilyseenthat � w � ÁOx y z {;|
is zeromean.As thecovariancefunctionof � w x y z {&| satisfies(8), thecovariancefunc-
tion of � w � Á7x y z {;| maybeexpressedass7� w � ÁOx y z {;|�� w � Á�x y ¹ z {�¹ |­ ª Â °M°mt s7��wSx y z º |���w�x y ¹ z º ¹ | }!  ¹ £�º �®{ª»«   ¹&Ê º ¹ �®{ ¹ªÌËu¼ º ¼ º ¹­ t �.x y!Íuy ¹ |!�®�7x y | �7x y ¹ | } ª ¯�ÂÎ °M°mt ¿ x º Í º ¹ |!� ¿ x º | ¿ x º ¹ | }!  ¹�£�º �®{ª «§  ¹&Ê;º ¹ �®{ ¹ªÌËu¼ º ¼ º ¹ �
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As wehave Ï)Ï)ÐMÑ ÒÔÓ�Ò�Õ Ö�×FÕ�Ø ÒBÙ®ÚÛ»Ü ×FÕ&Ý
Ò Õ Ù®Ú ÕÛÌÞuß Ò ß Ò�Õà ÏMÏMÏBá â á ãä�å»æ Ñ ç&Ö ß ç�×FÕ�Ø

Ò>Ù®ÚÛ»Ü ×FÕ Ý
Ò Õ Ù®Ú ÕÛ Þ ß Ò ß Ò�Õà ÏMÏ åè Ï åè ×FÕ�Ø

Ò>Ù®Ú
Û»Ü ×FÕ Ý

Ò Õ Ù®Ú ÕÛ Þ ß Ò ß Ò�Õ æ Ñ ç&Ö ß çà Û�é Ï)×¤Ø ç.Ù©ÚÛêÜ × Ý
ç.Ù®Ú ÕÛ Þ æ Ñ ç&Ö ß ç

and ÏMÏ)Ð.Ñ Ò�Ö Ð.Ñ Ò�Õ Ö ×FÕ�Ø ÒBÙ®ÚÛ»Ü ×FÕ Ý
Ò Õ Ù®Ú ÕÛ Þ ß Ò ß Ò�Õ à Û�é ëFìæ í î ï Ñ Ú;Ö ëFìæ í î ï Ñ Ú�Õ Ö ð

it followsthat ñ í�î ï Ñ ò ð Ú&Ö is indeedazero-meanGaussianprocesswith covariancefunc-
tion (13). Finally, becauseó ô�õö ÷�ø ù î ú û ó ô�õü ÷ ý þBÿ � í î ï

Ñ ò ð Ú;Ö!Ù ñ í�î ï Ñ ò ð Ú&Ö ÿ��� ó ô�õö ÷�ø ù î ú û ó ô�õü ÷ ý þ ÿ � í
Ñ ò ð Ú&ÖYÙ ñ í Ñ ò ð Ú;Ö ÿ � � ó ô�õü ÷ ý þ Û ä�� � é Ï	���� ×FÕ�Ø

ÒBÙ®ÚÛ»Ü ���� ß Ò ���� ó ô�õö ÷�ø ù î ú û ó ô�õü ÷ ý þ ÿ � í
Ñ ò ð Ú&ÖYÙ ñ í Ñ ò ð Ú;Ö ÿ ��
 Û ä ú � é Ï ÿ ×FÕ Ñ Ò�Ö ÿ ß Ò
�Ôð

Condition3 yields that (14) follows from (9). This concludestheproof of Lemma3.�
Proof of Lemma 5 By theargumentgiven in Shorack(1982)[seealsoSection23.1
in ShorackandWellner (1986),p. 763], we may assumethe existenceof indepen-
dentstandarduniform randomvariables���� � suchthat ���� � à ìÐ ä úí Ñ ���� � Ö . We have that� �í Ñ ò ð Ú&Ö , thebootstrappedversionof

� í Ñ ò ð Ú;Ö , coincideswith �� í�� ò ð ìÐ í Ñ Ú;Ö � , where�� í Ñ ò ð ç&Ö à�� ä ú � é ø í ö û�� � ú��! �� � ú � "$# %
& ' ( è )
Ù®ç �

for

ç+*-, .�ð " / .
It follows by Theorem1 thatthereexistsa zeromeanGaussianprocess�0 Õí Ñ ò ð ç&Ö with
covariancefunction 1 Ñ ò!Óuò Õ Ö
2 ç§ÓFç Õ Ù
ç�ç Õ 3 suchthatÝ54 í76 � ú � é8 95: � Þ ó ô�õö ÷�ø ù î ú û ó ô�õè ÷�ø ù î ú û

��� �� í Ñ ò ð ç&Ö!Ù �0 Õí Ñ ò ð ç&Ö ��� *<; ù Ø!Ø
= ><? "@ Ü Ó " Ü ð
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which impliesACB DFEHG+I J KL M$N GPORQ S�TU V5W X Y I Z Q S�T[ V \ ]�^^^$_` Dba c d efD�a gih hfj _kFlD a c d eiDba g
h h ^^^Cm<n X�ofobp q+rRst
u+v s u�w (31)

As _k lD a c d x
h is equalin distribution to y a z{a c h d x
h�j�x y a z!a c h d s h , where y a |}d x
h
is a two-parameterBrownianmotionon ~ � d s � K [that is, a meanzeroGaussianprocess
with covariancefunction

a | v | l h
a x v x l h ], wemaywrite� A Q S�TU V$W X Y I Z Q S�T[ V \ ]�^^^ _kFlD�� c d{�e D a gih �}j _kFlD a c d e�a g
h h ^^^C� q a L M$N G r-� h O� � A Q S�T[ V \ ] ^^^ �efD�a gihfj-e�a gih ^^^5��� O r � A � Q S�T� V$W X Y I Z � y a |}d s h � � L M$N G r-� Or � A Q S�T� V$W X Y I Z Q S�T� � �C� � � ��� � y a |�d x
hij y a |}d x l h � � L M$N G r-� O w (32)

Now, take � equalto
G � I J K a L M$N G r-� h I J K , andremarkthatInequality3 yields� A Q S�T[ V \ ]�^^^ �efD�a gihfj-e�a gih ^^^5��� O � � A G I J K Q S�T[ V \ ]�^^^ �efD�a gihfj-e�a gih ^^^5� � I J K O � q � � K � w(33)

Note that y a � d s h is a Brownian motion on ~ � d s � . As � Q S�T � V$W X Y I Z � y a |�d s h � is finite,

Inequality2 implies Q S�T � V$W X Y I Z � y a |�d s h � m<n X � IK � , andhenceit follows thatG I J K � Q S�T� V$W X Y I Z � y a |}d s h � m<n X a s h w (34)

Moreover, asimilarargumentasgivenin theproof of Lemma10 yieldsthatG I J � Q S�T� V$W X Y I Z Q S�T� � �5� � � ��� � y a |�d x
hij y a |}d x l h � m<n X a s h w (35)

Define
k lD a c d g
h

by _k lD a c d e�a g
h h , andobserve that
k lD a c d g
h

is a zeromeanGaussian
processwith covariancefunction(5). Combining(31)–(35)yieldsthat� B D7E G I J � � Q S�TU V5W X Y I Z Q S�T[ V \ ]�� `F�D a c d gihfj k lD a c d gih � m<n X oio
p q r stbu v s u w (36)

Next, consider� �D a c d g
h , thebootstrappedversionof � DFa c d gih . Sincewemaywrite� �D a c d gih�� ` �D a c d gih!j�zbD�a c h ` �D a s d g
h , it follows asin theproof of Lemma1 that for
every � thereexistsazeromeanGaussianprocess� lD a c d gih{� k lD a c d gihCj�z{a c h k lD a s d gih
with covariancefunction(8) suchthat� B D7E G I J � � Q S�TU V$W X Y I Z Q S�T[ V \ ] � � �D a c d gihfj � lD a c d gih � m<n X a p h w (37)
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Similar reasoningasin theproof of Lemma3 yields for �¡ ¢$£ ¤{¥ ¦ § ¨
© , thebootstrapped
versionof � ¢ ¥ ¦ § ¨i© , that for every ª thereexistsa zeromeanGaussianprocesswith
covariancefunction(13)suchthat« ¬ ¢F­+®<¯ ° ± ²�³b¯ ° ´�µ ¶�·¸ ¹5º » £ ¯ ¼ µ ¶�·½ ¹ ¾ ¿�ÀÀÀ �  ¢$£ ¤ ¥ ¦ § ¨
©!Á-Â}Ã¢ £ ¤ ¥ ¦ § ¨i© ÀÀÀCÄ<Å » ¥ Æ{©bÇ (38)

As wemaywrite È  ¢ ¥ ¦ § ¨i©{É�ÊF¥ ¦ © �  ¢ ¥ ¦ § ¨
©fÁ�Ë ¸» �  ¢ ¥ Ì�§ ¨i©CÍ5ÊF¥ Ì�© §È  ¢$£ ¤{¥ ¦ § ¨i©{É�ÊF¥ ¦ © �  ¢$£ ¤{¥ ¦ § ¨
©fÁ Ë ¸» �  ¢ £ ¤�¥ Ì�§ ¨i©CÍCÊF¥ ÌC© §
(18)and(19) follow from (37)and(38). Thiscompletestheproofof Lemma5. Î
Proof of Lemma 6 As by (i) thedistribution of ÏÐ Ã¢ doesnot dependon ª , (ii) implies
that Ñ�Ò ¯» Ð Ã¢ convergesin distributionto Ñ�Ò ¯» ÏÐ ¯ for every Ó Ä<Ô » . Moreover, (iii) implies
that Ñ » ÕfÖÑ convergesin distribution to × for every Ó ÄRÔ » . It follows by Slutsky’s
Theoremthat ÖÑ Ò ¯ Ð ¢ ÉR¥ Ñ » ÕiÖÑ © ¥ Ñ Ò ¯» Ð ¢ © convergesin distribution to Ñ Ò ¯» for every Ó ÄÔ » .To prove (20), take Ø Ä ¥ ÙC§ × © , andobserve that(i) impliesthatthereexists Ú$Û�Ü Ù
suchthat µ ¶�·Ý ¹ ÞCß Ó « Ñ�Ò ¯» ÏÐ Ã¢ Ü�Ú ¯ ° ´ ²�à�á âC·}ã Á7ä å Úbæ
for every Ú�ÜRÚ$Û , where ä å�Éç¥ × Á Ø © è Õ5é . By taking ä ¯ ÉRÙ and ä ´ É á â�·}ã ä å Ú$Û æ , it
follows that Ñ Ò ¯» ÏÐ Ã¢ Ä<Å » « ¯´ ² ÇWrite ÀÀÀ ÖÑ Ò ¯ Ð Ã¢7Á Ñ Ò ¯» ÏÐ Ã¢ ÀÀÀ à�ê ¢ ¯fë ê ¢ ´fì Ñ Ò ¯» ÏÐ Ã¢ ë ê ¢ ¯ í §where ê�¢ ¯ É Ñ�Ò ¯» ÀÀÀ Ð Ã¢ Á ÏÐ Ã¢ ÀÀÀ § ê¡¢ ´ ÉRî Ñ » ÕfÖÑ Á × î Ç
Since ï ¢5ê�¢ ¯ Ä�Å » ¥ ðb© by condition (ii), and ï ¢5ê�¢ ´ Ä�Å » ¥ ð Ã © by condition (iii), we
obtain ï ¢ ÀÀÀ ÖÑ Ò ¯ Ð Ã¢}Á Ñ Ò ¯» ÏÐ Ã¢ ÀÀÀCÄ<Å » ¥ ð ë ð Ã ©bÇLet ñ denote¥ é ð ë é ð Ã Á × © Ò ¯ , andobserve that ð Ã Üç× Á�ð implies ñ à × . Let Ú ¢
bea sequenceof scalarssuchthat Ú ¢¡òôó and Ú ¢ É�õ « ¥ ï ¢ © ö ² as ª ò÷ó , andlet ¨ ¢
denote¥ ï ¢ © ö Ú ¢ . Sincë ¢ Éøõ « ¥ ï ¢ © ´ ö ² ÉøõC¥ ® © , ù ú$û ® ÉøõC¥ ¨ ¢ © and ¥ Ú ¢ © ´ ÉøõC¥ ¨ ¢ © asª òüó , it follows thatÓ « ï ¢ ÀÀÀ ÖÑ Ò ¯ Ð Ã¢7Á Ñ Ò ¯» ÏÐ Ã¢ ÀÀÀ5ý ¥ ¨ ¢ © þ ÿ�þ � ²¡à ä ´ á â�·}ã ÁFä å ¥ ¨ ¢ ÁPä ¯ ù ú5û ® © æÉ�õ « á â�· ì Á ¯´ èb¥ Ú ¢ © ´ í ²
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as ����� . Now, for every
����	�


wemaybound
�
� ������ �������� ��� between��� � ���
 � �� ��� �� � ! �"� # $�# % & ' ��(*) �+� ' ��,,, �� ��� � �� ) � ���
.-� �� ,,, � � ! �"� # $�# % (

and ��� � ���
 � �� ��� �/) � ! ��� # $�# % & ' ��(� �+� ' �/,,, �� ��� � �� ) � ���
.-� �� ,,, � � ! �"� # $�# % (�0
Since

� ! ��� # $�# % & ' �
1 � ' �"� 2 3 # $�# % 4 � � ��� # $�# % ��� � ��&5' �6187 � � ' ��� 2 3 9 # $ 9 # % ��� 4 � �5(
187 � � ��� ,
this completestheproof of Lemma6. :
Proof of Lemma 7 As the covariancefunction of ; � � < = ! � hasproductstructure,it
follows by Lemma4 in Koning and Protassov (2001) that the reproducingkernel
Hilbert spaceof themeanzeroGaussianprocess; � � < = ! � is equalto thetensorproduct> �@? > 9 , where

> � is the reproducingkernelHilbert spacecorrespondingto theco-
variancefunction A � <�B�< � �C) A � < � A � < � � , and

> 9 is thereproducingkernelHilbert space
correspondingto thecovariancefunction

!DBE! � ) !�! � .
Observe that � 1 � � ? � 9 , with � � 1+F , and � 9 definedby � 9 � G �H1�I J�K"L M N ODP G�� ! � P

for
GE�RQ+� S T � . We have U � � U VXW 1�Y [cf. theexamplefollowing Lemma3 in Koning

and Protassov (2001)], and U � 9 U V[Z 1 U F U V[Z 1]\�^ . CombiningCorollary 1 and
Inequality 1 in Koning and Protassov (2001) yields that condition (i) of Lemma6
holdswith � 
 1+_ and\�1 U � U V W ` V Z 1 U � � U V WXa�U � 9 U V Z 1bY5\ ^ 0
Thiscompletestheproofof Lemma7. :
Proof of Lemma 8 As the covariancefunction of ; �5c d � < = ! � hasproductstructure,
it follows by Lemma4 in Koning andProtassov (2001) that the reproducingkernel
Hilbert spaceof themeanzeroGaussianprocess; � c d � < = ! � is equalto thetensorprod-
uct
> � ? > 9 , where

> � is the reproducingkernelHilbert spacecorrespondingto the
covariancefunction A � <HBR< � ��) A � < � A � < � � , and

> 9 is the reproducingkernelHilbert
spacecorrespondingto thecovariancefunction e d � ![= ! � � . Observe that � 1 � � ? � 9 ,
with � � and � 9 as in the proof of Lemma 7. Since U � � U VXW 1fI J�K e d � ![= ! � andU � 9 U V[Z 1 U F U V[Z 1g\"^ , combiningCorollary1 andInequality1 in KoningandPro-
tassov (2001)yieldsthatcondition(i) of Lemma6 holdswith � ���
 1�I J�K L M N O e d � !h= ! �
and \D1�\ ^ . Thiscompletestheproofof Lemma8 (i).

We continuewith theproof of Lemma8(ii). Observe that
�� 9�1�I J�K"L M N O �e �5c d � ![= ! � ,

where
�e �5c d � ![= ! � is definedby�e � c d � !h= ! �@1 _ikj �lm n � oXplq n � r�sut�v m c q ) !jxw )8yz �5c d � ! � { 9 0

Accordingto (30),wemaywriteyz � c d � ! �@1 _ikj �lm n � oXplq n � s8t�v m c q ) !j|w 1+) _i�j 9 �lm n � oXplq n �"} _ ~ �hp � � ��� � s � tC� ) !j�w�� � 0
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Hence,wehave��"�5� ��� �h� �h�h�
�E�[�� �5� ��� �h� ���H����k� ��� �C�H X¡�¢ ���C£�¤u¥�¦ � � ¢@§ ��x¨�© �� §«ª�k� � ��� ���H X¡�¢ �C��¬ �5­ ® ¡ ¯ ° ±"² ³ ¤ ¥�´ § �� ¨ ¤�µ ¥C´ § �� ¨�¶ ´�·
Similarly, integrationby partsyields� � � �[� �C�[�
� � ¸��� � � � � �h� ��� � § ª ��¹ � ¬6º � ´ � ¤ ¥C´ § �� ¨ ¤�µ ¥�´ § �� ¨�¶ ´ �¸ �� �5� � � �C�@� § �� � ¬
º � ´ � ¤�µ ¥C´ § �� ¨�¶ ´�· (39)

Introduce » ������¹ � ¼ �C½ ¾�¿À Á Â Ã�ÄÄÄÄÄÄ
��¹ � ��� ���H X¡�¢ �C� �5­ ® ¡ ¯ ° ± À ³ § º � �C� ÄÄÄÄÄÄ ·SinceCondition3 implies¬�Å ¤�µ � ÆC� Å ¶ Æ�Ç�È É � ª ¬ ¤ � ÆC� Å ¤�µ � ÆC� Å ¶ Æ�Ç�È �É �

andsince(39) implies ½ ¾�¿ À Á Â Ã ¸Ê�� �5� � � �C�HËbÈ É Ì5� , wemaywrite� ÄÄÄ
�Í � § Í �Î ÄÄÄ Ëb� ½ ¾�¿À Á Â Ã Å

���� � �"� �h� �h� § ���"� �h� �h� ÅË ª È É » � � �b� » � � � � � » � � �Ë�Ï�È É » � � � » � � if

» � � Ë�È É �
where » � � ��� ½ ¾�¿À Á Â Ã ÄÄÄ �� � � � � �h� § ¸ �� � � � � �h� ÄÄÄË ½ ¾�¿À Á Â Ã ÄÄÄÄÄÄ

� ¹ � ¬ÑÐÒ �� ��� �C�@ X¡�¢ �C� �5­ ® ¡ ¯ ° ±"² ³ § º � ´ � ÓÔ ¤ µ ¥C´ § ���¨ ¶ ´ ÄÄÄÄÄÄË�È É ��¹ � ¼ � » � �
and » � � �b� ½ ¾�¿À Á Â Ã ÄÄÄÄ £

�� � � � � �h� �h�h�
� �[�� �5� � � �C� ��� © § £ � � � �[� �C�[�
� � ¸��� � � � � �h� ��� © ÄÄÄÄË ½ ¾�¿À Á Â ÃÕÄÄÄÄÄÄ ª
��¹ � ¬ÖÐÒ �� ��� ���H X¡�¢ �C� �5­ ® ¡ ¯ ° ±�² ³ § º � ´ � ÓÔ ¤ ¥C´ § �� ¨ ¤�µ ¥C´ § �� ¨�¶ ´ ÄÄÄÄÄÄË�È �É � ¹ � ¼ � » � ·
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Hence,weobtain ×�ØØØ ÙÚ"Û@Ü
Ú"ÛÝ ØØØ"Þ+ß à5á â ã Û ä�å�æ ç Û è�é if èÕé Þ ä�æ ç Û ê (40)

Since
ß à á ë ã ÛXì ÙÚ Û Ü
Ú ÛÝ ì Þbí impliesØØØ ß ÙÚ�î5Ú Ý ã Û Ü�ï ØØØ"Þ+ß Ú Ý ã å�Û ØØØ ÙÚ Û Ü
Ú ÛÝ ØØØ"Þbá Ûë ØØØ ÙÚ Û Ü
Ú ÛÝ ØØØ"Þgðñ"ò

and

ØØØ ó å�æ ç Û Ü�ï ØØØ is boundedby ô ì ó Ü�ï ì for
óÊõ æñ , it follows thatì Ú Ý î ÙÚÕÜ�ï ì Þ ô ØØØ ß ÙÚ�î5Ú Ý ã Û Ü�ï ØØØ"Þ+ß à5á ë ã Û ØØØ ÙÚ"Û@Ü
Ú"ÛÝ ØØØ if

ß à5á ë ã Û ØØØ ÙÚ"Û@Ü
Ú"ÛÝ ØØØ"Þ�í ê (41)

As Inequality3 yields ö ÷�øùCú û"ü"ý�þ è éDÿ���æ ç Û � Þbà���� � ø	� Ü à ��

for every �bÿ
� , Lemma8(ii) follows by combining(40) and(41) [take

á æ ��� à�� ,á æ ë � à î ß ô á â á ë ã Û and
á æ ��� í î ß ô á â á ë ã Û ]. �
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Percentagepoints��� ���
0.10 0.05 0.01� ��� � ! " #	$

Kol
� �%� & ' ()� �

0.7741 0.8331 0.9563� ��� � ! " #	$
CvM

� �%� & ' ()� �
0.4099 0.4510 0.5355� ��� � ! " # $

AD
� �%� & ' (*� �

0.9355 1.0260 1.2121

Table1: Approximatedupperpercentagepointsfor variousrandomvari-
ables

��� ���
, where

�
is theBrownianpillow [KoningandProtasov (2001)].
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Figure1: Plot of Krook’svariableversustheyearin which theeventtook
place. The number+-, of participantsdependson the relevant event: 12
[Calgary 1992, Hamar1993, Gothenburg 1994, Baselgada Pine 1995,
Inzell 1996, Nagano1997, Heerenveen1998, Hamar1999, Mil waukee
2000], 14 [Heerenveen1976, Gothenburg 1978, Oslo 1983, Alma Ata
1988,Heerenveen1991],15 [Inzell 1974,Heerenveen1977,Oslo 1979,
Heerenveen 1980, Oslo 1981, Assen1982, Hamar 1985, Inzell 1986,
Heerenveen1987] or 16 [Oslo 1970,Gothenburg 1971,Oslo 1972,De-
venter1973,Oslo1975,Gothenburg 1984,Oslo1989,Innsbr̈uck1990].
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Figure2: Themonitoringprocess.0/01 2 3 4)5 : plotsof .0/01 2 3 4*5 versus2 for
variouschoicesof 4 .
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Figure3: Themonitoringprocess607�8 9 : ; <*= > ? @*A : plotsof 607 8 9 : ; < = B ? @*A ver-
sus> for variouschoicesof @ .


