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Abstract

In this paperwe investigatethetail behaviour of a randomvariable
�

which
maybeviewedasa functional� of azeromeanGaussianprocess� , takingspe-
cial interestin thesituationwhere� obeys thestructurewhich is typical for lim-
iting processesocurringin nonparametrictestingof [multivariate]indepencency
and[multivariate]constancy over time. The tail behaviour of

�
is describedby

meansof a constant� anda randomvariable � which is definedon the same
probability spaceas

�
. The constant� actsasan upperbound,andis relevant

for thecomputationof theefficiency of teststatisticsconverging in distribution to�
. Therandomvariable� actsasa lower bound,andis instrumentalin deriving

approximationsfor theupperpercentagepointsof
�

by simulation.

Keywords tail behaviour, Gaussianprocesses,Brownian pillow, asymptotic
distributiontheory, Kolmogorov typetests,Craḿer-vonMisestypetests,Anderson-
Darling typetests,multivariateconstancy, multivariateindependence.

1 Intr oduction

Let � bean integergreaterthanor equalto 2, let � bea subsetof � �
	 , andlet � be
a spaceof realvaluedfunctionsdefinedon � . Theobjectof interestin this paperis
thetail behaviour of a separablezeromeanGaussianprocess��
�� ��� � � � � � � taking
valuesin the space� , or ratherthe tail behaviour of a randomvariable ��
���� ���
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where���! �"$# % is of thetype�'& (*),+.- /102 3 4 5 6 2 & (87 (9) (1)

for every (;:; . Here < is someindex set,and
6 2 is a symmetricboundedbilinear

form on  for every =�:>< . Typically, the randomvariable ? hasa quite intricate
distribution.

As onemayshow thatany � of theform(1) is sublinearandpositivehomogeneous,
it follows from Theorem5.2in Borell (1975)thatthereexistsaconstant@ suchthatA B CD EGFIH1JLK A MONQP & ?�R H ),+TSU@LV!W (2)

Our first aim is to establishmethodsfor theactualcomputationof theconstant@ . Our
secondaim is to constructa randomvariable% [with a lessintricatedistribution than? ], suchthattherandomvariable%

(i) is definedon thesameprobabilityspaceas ? , andsatisfiesP & %TX�?Q),+TY!Z (3)

(ii) hasthesametail behaviour as ? , in thesensethatA B CD EGFIH1JLK A MONQP & %�R H ),+TS[@1VOWL7 (4)

wheretheconstant@ is asin (2).

The motivation for the presentstudy comesfrom the theory of statisticaltests,
whererandomvariables? emergeasthelimit in distributionunderthenull hypothesis
of asequenceof teststatistics.Exampleswill begivenshortly.

As theconstant@ providesa convenientroughdescriptionof thelimiting distribu-
tion of theteststatisticathand,theverificationof (2) is akey stepin thecomparisonof
statisticaltests.In fact, (2) appearsasa conditionin resultsfor determiningapproxi-
mateBahadurefficiency [cf. Bahadur(1960)],in resultsguaranteeingthecoincidence
of limiting approximateBahadurefficiency andlimiting Pitmanefficiency [cf. Wie-
and(1975),Kallenberg andKoning (1995)], andin deviation results[cf. Inglot and
Ledwina(1993),Koning(1992),Koning(1994)].Deviation resultsarein turn needed
for thecomputationof Bayesrisk efficiency [cf. RubinandSethuraman(1965)],inter-
mediateefficiency [cf. Kallenberg (1983)]andexactBahadurefficiency [cf. Bahadur
(1960)]. Referto Chapter1 in Nikitin (1995)andChapter10 in Serfling(1980)for
additionalinformationonefficiency concepts.

For a giventestingproblemeachof theefficiency conceptsmentionedabove may
be usedto selectan “optimal” statisticaltest. However, whenapplyingthe selected
testtheroughdescription@ is no longersufficient, andadditionalprecisionis needed
to determinethe critical value[that is, a selectedupperpercentagepoint of the test
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statistic]and/ortheattainedsignificancelevel of thetest. In sucha stuationwe resort
to therandomvariable\ in orderto obtainamoredetaileddescriptionof tail behaviour
of ] .

We take a specialinterestin thesituationwherethetime spaceandthecovariance
functionbothhaveproductstructure;thatis, wehave ^`_�^�aGbc^cd andegf f h a i h d j i f k a i k d j j _ e a f h a i k a j e d f h d i k d j (5)

for every
h l i k l
m ^ l [ n'_po i q ]. An importantexampleis the situationwhere ^ is

equalto r s i o t d , and u coincideswith the processv>_�w v f k a i k d j x y zL{ | } { ~ z a , a mean
zeroGaussianprocesswith covariancefunction� v f h a i h d j v f k a i k d j _Tw ��� � f h a i k a j�� h a k a x w ��� � f h d i k d j�� h d k d x (6)

for s�� h a i h d i k a i k d �po . In literature,the Gaussianprocessv is calledthe Wiener
pillow [Piterbarg (1996),p. 137; inspiredby thefact that v f k a i k d j _�s almostsurely
for all

f k a i k d j on the boundaryof the unit square],the completelytucked Brownian
sheet[van der Vaart and Wellner (1996), p. 368] or the tied-down Kiefer process
[Csörgő andHorváth(1997),p. 320]. Weshallreferto v astheBrownianpillow. One
may view the Brownian pillow as a two-parametergeneralizationof the Brownian
bridge[that is, a one-parameterzeromeanGaussianprocess� f k j definedon theunit
interval r s i o t with covariancefunction

� � f h j � f k j _.��� � f h i k j*� h k for s�� h i k ��o ].
Limiting randomvariablesof thetype � f v j occurin certainnonparametricstatis-

tical applications,suchasin nonparametrictestingof bivariateindependence[cf. Ho-
effding (1948),Blum et al (1961),Dugue(1975),De Wet (1980),Deheuvels (1981),
EinmahlandvanKeilegom(2001)],andnonparametrictestingof univariateconstancy
over time [cf. Cs̈orgő andHorváth(1997),Hjort andKoning(2001)].

OthermeanzeroGaussianprocesseswhich obey (5) emergeaslimiting processes
in nonparametrictestingof multivariateindependence[for instance,the � -variateHo-
effding, Blum, Kiefer andRosenblattprocesswith ^�_�r s i o t � andcovariancefunc-
tion � � l � a w ��� � f h l i k l j�� h l k l x ] andin nonparametrictestingof multivariateconstancy
over time [for instance,the � -variateGaussianprocesseswith ^�_�r s i o t � andcovari-
ancefunctionw � f ��� � f h a i k a j i � � � i ��� � f h � � a i k � � a j j�� � f h a i � � � i h � � a j � f k a i � � � i k � � a j xb�w ��� � f h � i k � j�� h � k � x
of Theorem2.6.1in Cs̈orgő andHorváth(1997),p. 153].

Thestructureof thepaperis asfollows. In Section2 wefirst considerthesituation
in which no structureis imposedon the “time space” ^ ; the resultsareexemplified
usingtheBrownianbridge.In Section3 weexplorethesituationwherethetimespace
andthecovariancefunctionobey (5); the resultsareexemplifiedusingtheBrownian
pillow. In Section4 we discusstheuseof therandomvariable \ in simulatingupper
percentagepointsof ] . In Section5 we considertheextensionof Proposition1, the
mainresultof Section3, to moregeneralclassesof functionals.
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2 GeneralGaussianprocesses

2.1 Reproducing kernel Hilbert space

Let � betheclosureof anopenboundeddomainin � �U� , andlet � beaseparablezero
meanGaussianprocessdefinedon � . Definethecovariancefunction �p�1�`�I�`�� � by �;� �O�   ¡[¢�£���� � ¡ �;�   ¡ for �O�  
¤.� . As a covariancefunction is non-negative
definite,thereexistsauniqueHilbert space¥ suchthatthereproducingproperty¦ § � �;�   � ¨ ¡ © ª;¢ § �   ¡ for every  «¤c� ,

holdsfor every
§ ¤¬¥ [cf. Adler (1990),equation(3.9), p. 67]. The Hilbert space­

is calledthereproducingkernelHilbert spacebelongingto � . Referto Aronszajn
(1950)for thegeneraltheoryof reproducingkernels.

If theset � is equippedwith a ® -additivemeasurē sothatthecovariancefunction� belongsto the space°Q± � �²���¬� ¯;��¯*¡ , thenonemay describethe reproducing
kernelHilbert spacebelongingto � by meansof theorderedeigenvalues³ ´ µ[¶.´ ±U¶· · · ¶.¸L¹ andthecorrespondingnormalizedeigenfunctionsof theoperatorºU» defined
by ºU» § �   ¡,¢�¼ ½;�;� �O�   ¡ § � � ¡ ¾L¯�� for every

§ ¤¿°Q± � �¬� ¯�¡ .
It is well known that theoperatorº » is self-conjugateandcompact[cf. Kolmogorov
andFomin(1975)].Hence,by theHilbert-Schmidttheorem[cf. Kirillo v andGvishiani
(1982),p.78]it hasacompleteorthonormalsystemof eigenfunctions³OÀ8µ � À1± � · · · ¹ and
correspondingeigenvalues³ ´ µ � ´ ± � · · · ¹ thatconvergesto zero.Thatis, À!Á and ´ Á solve
theintegralequation ¼ ½;�;� �O�   ¡ À!Á � � ¡ ¾!¯I¢¬´ Á À!ÁO�   ¡ (7)

and À!Á and À1Â satisfy

¼ ½�À!Á � � ¡ À1Â!� � ¡ ¾!¯I¢>Ã�Ä for Å'¢�Æ ,¸ for ÅÈÇ¢�Æ .
As ºU» is non-negativedefinitedueto thefactthat �;� �O�   ¡ is acovariancefunction,we
seethat ´ µÉ¶�´ ±I¶ · · · ¶�¸ . If the sum Ê Á ´ Á is finite [which is the casewhenthe
covariancefunction �;� �O�   ¡ is continuousandthemeasurē is absolutelycontinuous
with respectto Lebesguemeasure],then º » is a trace-classoperator, andthekernel º
is representedin theform º�� �O�   ¡,¢ÌËÍÁ Î1Ï ´ Á À!ÁO� � ¡ À!Á �   ¡ �
wherethe convergenceis uniform on �Ð�.� [see, for instance,Kantorovich and
Akilov (1982)for thegeneraltheoryof trace-classoperators].

Lemma1 followsby Theorem3.16in Adler (1990),p. 75.
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Lemma 1 ThereproducingkernelHilbert spaceÑ belongingto Ò is givenby

ÑÔÓÌÕÖ ×OØIÙ1Ø ÓÛÚÜ Ý8Þ ß à á âã1äLå Ü æ!Ü ç ÚÜ Ý1Þ ß à á âã8äQè å Ü é êë Ü�ì.í�î ïð ç
andhasscalarproductñ Ø ç ò8ó ô ÓÛÚÜ Ý8Þ ß à á âã8ä�õë Ü
ö8÷ ø Ø è ù é æ!Ü è ù é úLû è ù é ü ö8÷ ø ò è ù é æ!Ü è ù é ú!û è ù é ü[ý
Let usremarkthat theHilbert spaceÑ is uniquelydefinedby thekernel þ anddoes
not dependon thechoiceof theabsolutelycontinuousmeasureû , althoughtheeigen-
functions ÿ æ�� � andtheeigenvaluesÿ ë � � maybedifferentfor differentmeasures.

2.2 Tail behaviour of a Gaussianprocess

For thereproducingkernelHilbert spaceÑ belongingto Ò considerapositivehomo-
geneoussublinearfunctional� Ù Ñ���� � (thatis � è Ø é
	�� ç � è 
 Ø é Ó�� 
 � � è Ø é ç � è Ø��ò é
� � è Ø é � � è ò é for all

Ø ç ò�� Ñ ç 
 � � � ) anddefineits Ñ -normby� � � ô Ó�� ���� � ��� � è Ø é ç
where � ô denotesthe unit ball in Ñ . The relevanceof this norm for describingthe
right handtail of the distribution of  �Ó!� è Ò é is shown by the next inequalityap-
pearingin theproofof Theorem5.2in Borell (1975).

Inequality 1 (Inequality of Borell) Let � bea positivehomogeneoussublinearfunc-
tional on Ñ . Supposethereexists " ä such that # è  � " ä é is positive, andlet $ satisfy# è % � $ é&� # è  � " ä é , where

%
is a standard normalrandomvariable. Then# è  	 " é
� #(' %*) $ � � � � + Þô è "�,-" ä é .

for every " ) " ä .
TheInequalityof Borell implicitly providesanexponentialboundfor # è  	 " é ,asreadilyfollows from thenext inequality[cf. ShorackandWellner(1986),p. 850].

Inequality 2 (Mill’ s ratio) Let
%

be a standard normal randomvariable. Then,for
all / ) � , ' / + Þ ,0/ +�1 . õ2 3 465 +�7 8 9 ê � # è %*) / é
� / + Þ õ2 3 4:5 +;7 8 9 ê ý
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If thereexistsaconstant<6=�> suchthat?A@ B�C&D <FEHGJILK M N�OP Q R�S B S T U;V for every
BXWXY

(8)

[as is usually the casein statisticalapplications],then the existenceof ZF[ suchthat\]@ ^0D Z [ C is positivecanbeverifiedwith theaidof thefollowing versionof Borell’s
inequality[cf. Samorodnitsky (1991)].

Inequality 3 (Inequality of Borell, supremum version) If _`M N�O P Q R-a @ b C
ced , then

\gf M N�OP a @ b C
h ZLi Dejlk I�O
mnnnnno nnnnnp;q
r Z q _`M N�OP Q R a @ b C s
tj M N�O P Q R0u @ b T b Cwv

nnnnnxnnnnny
for every Z h _`M N�O P Q R a @ b C .

If z is aboundedbilinearform, thenthefunctional
?

definedby
?A@ B�Cl{(| z @ B T B�C

for every
B}WXY

satisfies(8) [cf. Definition13.2in Helmberg (1969),p. 89].
For Gaussianprocessestheboundednessof thesupremumis intimatelyrelatedto

samplepathcontinuity[cf. SectionIII.1 in Adler (1990),p. 62].

2.3 Tail behaviour of supremum and quadratic tests

Considerastatisticalproblem,whereatstage~ it is naturalto basestatisticaltestsona
“monitoringprocess”a`� , whichunderthenull hypothesisconvergesin distributiontoa as ~ tendsto infinity. As anexample,onemaythink of thegoodness-of-fitproblem,
theindependenceproblemandthechange-pointproblem.An appropriatemonitoring
processin the goodness-of-fitproblemis the multivariateempirical process,which
convergesunderthe null hypothesisto the tied-down Brownian motion [cf. Durbin
(1973),Eastwood andEastwood (1992)]. An appropriatemonitoringprocessin the
independenceandchange-pointproblemsis theHoeffding, Blum, Kiefer, Rosenblatt
multivariateempiricalprocess,whichconvergesunderthenull hypothesisto Brownian
pillow typeprocesses[Hoeffding (1948),Blum et al (1961),Cs̈orgő (1979),Cotterill
andCs̈orgő (1985)].

In suchstatisticalproblems,obvioustestsaresupremumandquadratictestsderived
fromthemonitoringprocessa`� . Supremumtestsrejectwhenthesupremumteststatis-
tic M N�O P Q R S a � @ b C S becomeslarge.Underthenull hypothesis,thisstatisticconvergesin
distribution to

?A@ a C , wherethecorrespondingfunctional
?A@ B�C:{ M N�O P Q R S B�@ b C S is of

form (1) with � {(� and z�� @ B T � C
{(Bl@ ��C � @ ��C . TheKolmogorov testis anexample
of asupremumtest.

Let z bea symmetricboundedbilinearform. Thequadratictestcorrespondingtoz rejectswhenthe “quadratic” teststatistic
| z @ a � T a � C becomeslarge. Underthe
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null hypothesis,thequadraticteststatisticconvergesin distribution to �A� �-� , where�
is of form (1) with � equalto a singleton � �J� � and ��� � equalto � . TheCraḿer-von
MisesandAnderson-Darlingtestsareexamplesof quadratictests.

Ourstudyof randomvariables�A� �-� where� is of theform (1) startsby observing
that for every ���e� thereexistsa uniqueboundedlinearoperator� � definedon �
suchthat ���J� �L� ���&�g� �L� �A� ��� �
for every ��� �}�-� [cf. Theorem13.5bin Helmberg (1969),p. 92]. Observe that �A�
dependsbothonthechoiceof � � and[via thenorm � � � � � � ] on thecovariancefunction 

of � . Assumethat � � satisfiesthefollowing condition.

Condition 1 For each �0�g� the operator �A� associatedto ��� hasa completeor-
thonormalsystemof eigenfunctions�J¡F¢ £ �J� ¡L¤ £ � � ¥ ¥ ¥ � . Moreover, there exists ¦����
such that § ¨�© � ª «`¬ ¢ £ �6� ¬ ¢ £ ­ , where ¬ ¢ £ � denotesthelargesteigenvalueof �A� .

Let usrecallthatin generalaself-conjugatepositivelydefiniteoperatorin aHilbert
spacemayhave no eigenvaluesat all [Kirillo v andGvishiani(1982),p. 273] soCon-
dition 1 is indeedquite restrictive. Nevertheless,in moststatisticalapplicationsthis
conditiondoeshold.

Thesecondpartof Condition1 is fulfilled when,for instance,¬ ¢ £ � is a continuous
functionof � , and � is compact.

Lemma 2 If Condition1 holds,then

(i). ® �`® � is equalto �`� ¡ ¢ £ ­ �&�(¯ ¬ ¢ £ ­ ;

(ii). �A� �-� is larger than or equal to ® �`® �e�&° ±`° with probability 1, where ±²�� �}� ¡F¢ £ ­�� � is a standard normalrandomvariable.

Denotetherandomvariable ® �`® � ��° ±`° by ³ . It follows from Inequality2 that(4)
holdswith ´ ��® �H® µ ¤� ¥ (9)

As Inequality1 implies¶ · ¸ § ¨�©¹ º6»�¼ � ½�� µ ¤ ¶ ¾J¿&À � �A� �-�&Á�½��&Â(Ã ´�ÄJÅ
with

´
givenby (9), it immediatelyfollows from Lemma2 that the randomvariables�A� �-� and ³ havesimilar tail behaviour, in thesensethat¶ · ¸¹ º6»�¼ � ½�� µ ¤ ¶ ¾;¿&À � �`� ���
Á�½��l� ¶ · ¸¹ º6»�¼ � ½�� µ ¤ ¶ ¾;¿&À � ³(Á�½��L¥ (10)

In particular, we obtainthat(2) holdswith
´

givenby (9).
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As notedin the introduction,(2) is directly relevant for the computationof the
approximateBahadurefficiency of thetestbasedon ÆAÇ ÈHÉ;Ê . Moreover, in combination
with aKMT-typeapproximationfor È É , (2) impliesadeviation result:Ë Ì ÍÉ Î:ÏLÐ Ç Ñ É Ê Ò�Ó Ë Ô;Õ&Ö Ç Æ`Ç È É Ê&×�Ñ É Ê&Ø(Ù6Ú�ÛJÜ (11)

for sequencesÑ É that tendto infinity at a sufficiently slow rateas Ý]Þàß . A KMT-
typeapproximationis a strongapproximationgovernedby anexponentialinequality,
astheonesgivenin Komlóset al (1975)for thepartialsumprocessandtheempirical
process.

The quality of the KMT-type approximationdeterminesthe maximal rate of Ñ É
allowedin (11) [cf. Inglot andLedwina(1990,1993),Koning(1992,1994)]. Special
deviation resultsare:á Chernoff type deviation results,which allow sequencesÑ É up to â�Ç Ý�ã ä Ó Ê , and

arerelevantfor thecomputationof exactBahadurefficiency [Bahadur(1960)];á Craḿer typedeviation results,which allow sequencesÑ É up to å�Ç Ý�ã ä æ Ê , andare
relevantfor thecomputationof intermediateefficiency [Kallenberg (1983)];á moderatedeviation results,which only allow sequencesÑ É up to â�Ç Ç Ë Ô;Õ Ý�Ê ã ä Ó Ê ,
andarerelevantfor thecomputationof Bayesrisk efficiency [Rubin andSethu-
raman(1965)]andweakintermediateefficiency [Kallenberg (1983)].

For someof themorepopularfunctionals[for instance,the functionalsÆ CvM andÆ AD introducedat the endof this section],we have ÆAÇ È-Ê is equalin distribution toç è Ðé ê ãLë é ì íFî Óé , where î ã ï î Ó ï ð ð ð is a sequenceof independentstandardnormalran-
dom variables.For suchfunctionals,Lemma2 seemsto be relatedto Lemma2.4 in
Gregory (1980),whichstatesthatË Ì Íñ Î:ÏLÐ Ç òFÊ Ò ã Ë ÔJÕ&Öôóõ Ðöé ê ã ë é ì í Ç î Óé Ù�÷ Ê
×]ò�øù(Ø*Ù0Ç Ü ë é ì í Ê Ò ã
if
è Ðé ê ãLë Óé ì í is finite.

Remarkthat(10)suggeststhatfor smallsignificancelevelsthecritical valueof the
teststatisticÆAÇ È-Ê maybeapproximatedby thecorrespondingquantileof therandom
variable ú . However, suchanapproachis not recommended,sinceit would leadto a
anti-conservativeapproximatetest.

2.4 Application to the Brownian bridge

Recall that a Brownian bridge is a zeromeanGaussianprocessdefinedon the unit
interval, with covariancefunction ûHü
Ç ý ï þ Ê}Ø ÍHÌ ÿ Ç ý ï þ Ê6Ùgý þ . For a differentiable
function ����� � ï ÷ �FÞ�� ú , let �
	 denotethederivativeof � .
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By differentiatingboth sidesof (7) twice [hereandbelow the integralsarecom-
putedwith respectto theusualLebesquemeasure],it follows thattheeigenvaluesand
eigenfunctionsbelongingto theBrownianbridgearesolutionsto thedifferentialequa-
tion �
��
 
 � � ��������� � �

(12)

undertheboundarycondition
��� ��������� � �����

. Hence,theseeigenvaluesandeigen-
functionsaregivenby � ����� �! "� #%$ &'��� � � �(�*) +�, - .�� �! �� �
[cf. Proposition5.3.1 in ShorackandWellner (1986), p. 213]. Thus,we may in-
voke Lemma1 to describethereproducingkernelHilbert space/10 belongingto the
Brownianbridge 2 .

However, for functions 3 & 4 in / 0 which do not have a simpleandclearrelation
with theBrownianbridgeeigenfunctions

���
thecomputationof thescalarproductmay

well beintricate.Lemma3 providesanalternativerepresentationof thescalarproduct
in /10 , whichoftenis moreconvenient.

Lemma 3 TheHilbert space/ 0 correspondingto thekernelof theBrownianbridge2 is givenby / 0 ��5 3�6
7 ��& � 8�9�: ;<& 3 
�=?> $ 7 �%& � 8 & 3 � ����� 3 � � �(�@�%A(&
andhasscalarproduct B 3 & 4
C D"E1�GFIHJ 3 
 � � � 4�
 � � � K!� L

If 3 and
4

belongto /10 , and
4

is twicedifferentiable,thenit followsby integration
by partsthatwe maywrite B 3 & 4%C D"EM��� F HJ 3 � � � 4 
 
 � � � K�� L
Example: the Kolmogorov functional Considerthefunctional N Kol definedbyN Kol

� 3 ���O, P%QR S!T J U H V W 3 � � � W L
Observe that N Kol satisfies(1) with X � 7 �%& � 8 and Y[Z � 3 � \�� 4�� \�� . Thecorresponding
operatoris ]^Z 3 � � �(� 3 � \%��_!` H U Z � � � , where` H U Z � � �(�Oab c � d H # ZZ if

�fe*\
,� ���g� � d ZH # Z if

�fh*\
.
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It is seeneasilythat i�j k l is aneigenfunctionof theoperatorm^l correspondingto the
largesteigenvalue n�j k lIoqp
r s[t@p%u , all othereigenvaluesn�v k l w x?yqz arezeros.Thus
Condition1 holds,andthe maximaleigenvalue n j k { o j| is attainedfor }~o j� . It
now followsby Lemma2(i) thatin �1� thenormof � Kol is equalto z�� j . Moreover, for}*o�s ��z wehave� � w i j k {�� �"� oG�!� � k j � i%� j k { r � u � � r � u(oG�!� � k j � � � � � r � u"t��!� j � � k j � � � r � u�oGz � r s!�!z�u w
andhenceit followsby Lemma2(ii) that � Kol r � u is largerthanor equalto � � Kol � � �M�� �<� o � � ��z � , where

� o*z � r s!�!z�u is astandardnormalrandomvariable.
Theexactdistributionof � Kol r � u is givenin Kolmogorov (1933). �

Example: the Cramér-von Misesfunctional Considerthefunctional � CvM defined
by � CvM r ��u�o�� � j�@r �"r � u u � ����� j � �"�
Observe that � CvM satisfies(1) with ��o�� p � � and   l ¡ o*¢ j� �"r � u £�r � u ��� . Define m bymI�"r � u(oG¢ j�¥¤ r �!w � u �"r � u �!� , where¤ r �!w � ufo*¦I§ ¨�r �!w � u"t�� � is our reproducingkernel.
It it easyto seethat this operatortakesthespace�1� to thespace� � � o©�!�«ª«�1� �� � � ªG� � � . As mI� j ¬ o­t ¬ � � for every ¬ ªG� � � , the eigenfunctionsof m satisfyt[� � � oOn
� j � [comparewith (12)], and hencethe eigenvaluesand the normalized
eigenfunctionsaregivenbyn�v¥o�r x!®�u � � w¯i�v!r � u(o�r x!®"u � j ° z�± § ¨�r x!®�� u �
In particular, we have n
j<oq®"� � and i�v r � u^oq®�� j ° z"± § ¨�r ®�� u . Sincethe operatorm
is compactandself-conjugate,therefore,usingagaintheHilbert-Schmidttheorem,we
concludethat m is diagonalized,i.e., �!i v � is indeedanorthonormalbasisin �1� . Thus,
Condition1 holds. It follows by Lemma2(i) that in � � thenormof � CvM is equalto®"� j . Hence,by Lemma2(ii) � CvM r � u is larger thanor equalto � � CvM � � �?� � �<� o� ®"� j �<� , where� o � � w i�j � � � o�t � ² � r � u i � �j r � u �%�¥o@® ° z � ² � r � u�± § ¨�r ®�� u��%�
is a standardnormalrandomvariable.Therandomvariable®�� j � coincideswith the
limit in distributionof the“first component”of theCraḿer-vonMisesteststatistic[cf.
DurbinandKnott (1972)].

Theexactdistributionof � CvM r � u [or rather� � CvM r � u � � ] is describedin Anderson
andDarling (1952). �
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Example: the Andersen-Darling functional Considerthe functional ³ AD defined
by ³ AD ´ µ�¶�·�¸"¹Iº» ´ µ"´ ¼ ¶ ¶ ½¼�´ ¾¥¿«¼ ¶ À ¼�Á º Â ½�Ã
For this functionalwehave Ä ·�Å Æ » Ç and È[É Ê ´ µ%Ë Ì
¶�·*Í º» ´ µ"´ ¼ ¶ Ì�´ ¼ ¶ Î!¼�´ ¾�¿�¼ ¶ ¶ À ¼ .Recallthat ÏIÐ ´ ¼!Ë Ñ ¶[·�ÒIÓ Ô�´ ¼!Ë Ñ ¶�¿*¼ Ñ . SincetheoperatorÕ definedby Õ µ"´ Ñ ¶¥·Í º» ´ ÏMÐ ´ ¼!Ë Ñ ¶ Î!¼�´ ¾�¿�¼ ¶ ¶%µ�´ ¼ ¶ À ¼ satisfiesÕIÖ º × ´ Ñ ¶(·G¿¥Ñ ´ ¾(¿1Ñ ¶ ×[Ø Ø ´ Ñ ¶ , it followsthatthe
eigenfunctionsandthe eigenvaluesarefound from the equationÙ
Ö º × ´ Ñ ¶^·Ú¿�Ñ ´ ¾�¿Ñ ¶ ×�Ø Ø ´ Ñ ¶ . Thesolutionsof thisequationare ×�Û ´ Ñ ¶(·�Ñ ´ ¾�¿ÜÑ ¶ Ý Û Ö º ´ Þ Ñ"¿�¾ ¶ , Ù Û · ºÛ ß Û à º á ,â ·ã¾!Ë Þ�Ë Ã Ã Ã , where Ý Û is the Legendrepolynomialof degree

â
[cf. Whittaker and

Watson(1927),p. 324]. Sincethe operatorÕ is self-conjugate,it follows that these
solutionsform anorthogonalsystemin ä1Ð . Thesystemof Legendrepolynomialsis
completein Ý ½ å ¿�¾�Ë ¾ æ , consequentlythesystemÅ ×�Û Ç is completein ä Ð . Thus,after
normalizationweobtainthecompleteorthonormalsystemof eigenfunctionsç Û ´ Ñ ¶(·�è Þ Þ â[é ¾â ´ â[é ¾ ¶ Ñ ´ ¾¥¿gÑ ¶ Ý Û Ö º ´ Þ Ñ�¿@¾ ¶
andcorrespondingeigenvaluesÙ Û · ºÛ ß Û à º á , âMê ¾ [seealsoDurbin andKnott (1972),

p. 303]. HenceCondition 1 is fulfilled. In particular, we have
ç º ´ Ñ ¶�·©ë ì Ñ ´ ¾�¿�Ñ ¶and Ù º ·�¾ Î�Þ . It followsby Lemma2(i) thatin ä Ð thenormof ³ AD is equalto Þ Ö º Â ½ .It follows by Lemma2(ii) that ³ AD ´ í<¶ is larger thanor equalto î ³ AD î ï"ð?ñ"ò ó<ò ·ò Þ Ö º Â ½ ó<ò , whereó ·�ô íIË ç º õ ï ð ·�¿Ü¹Mº» íM´ ¼ ¶ ç Ø Øº ´ ¼ ¶ À ¼¥·GÞ ë ìf¹Iº» í1´ ¼ ¶ À ¼

by Lemma1. The randomvariable Þ Ö º Â ½ ó coincideswith the limit in distribution
of the “first component”of theAnderson-Darlingteststatistic[cf. Durbin andKnott
(1972)].

Theexactdistribution of ³ AD ´ íI¶ [or rather Å ³ AD ´ í<¶ Ç ½ ] is describedin Anderson
andDarling (1954). ö
3 Covariance functions with product structur e

3.1 Reproducing kernel Hilbert space

In this sectionweconsiderthesituationwherethecovariancefunctionof ÷ obeys the
productstructureasgivenby (5). Asanexample,onemaythink of thelimit in distribu-
tion of theHoeffding, Blum, Kiefer, Rosenblattø -variateempiricalprocess,which is
a meanzeroGaussianprocesswith covariancefunction ù[úû ü º Å ÒIÓ Ô�´ ¼ û Ë Ñ û ¶"¿�¼ û Ñ û Ç [see
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Section3 in Blum et al (1961)]. Observe that for ýgþ©ÿ , this processcoincideswith
theBrownianpillow.

Althoughwe concentrateon theproductstructure(5), our resultshave direct im-
plicationsfor thesituationwhere��� � � � � � � � � � � � � � 	 � � 
 � � 
 � � � � � � 
 � 	 	 þ ��� 
 � � � � � � � 
 � 	
for every

� � � 
 ������� [ ��þ�� � ÿ � � � � � ý ].
Lemma 4 ThereproducingkernelHilbert space� of � is equalto thetensorproduct� ��� � � , where � � denotesthe reproducingkernel Hilbert spacecorrespondingto� � � � � � � � 	 [ �"þ�� � ÿ ].

Thetensorproduct� � � � � is theHilbert spacewith basis��� �  � � � ! " , where ��� �  "
is anorthonormalbasisof � � . For any # � þ%$  '& �  � �  � � � and # � þ%$ !(& � ! � � ! �� � we have # �(� # � þ�)  ) ! & �  & � !+* � �  ,� � � ! �
Thescalarproductin � � � � � is definedas- )  . ) ! . &  . ! .�* � �  .(� � � ! . � )  / ) ! /10  / � ! /2* � �  /�� � � ! / 3 4,. 5 4�/þ )  6 ! &  ! 0  ! �
It is clearthatfor any # � � 7 � � � � and # � � 7 � � � � wehave- # � � # � � 7 � �+7 � 3 4 . 5 4 / þ - # � � 7 � 3 4 . - # � � 7 � 3 4 / �
andin particular - � �  .(� � � ! . � � �  /,� � � ! / 3 4,. 5 4�/ þ98  . 6  / 8 ! . 6 ! / �
It is seeneasilythatthetensorproductof Hilbert spacesdoesnotdependonthechoice
of theorthonormalbasesin them.

3.2 Tail behaviour of supremum and quadratic tests

For �Mþ:� � ÿ , let � � be a Hilbert space. Let ; � be a symmetricand bounded(not
necessarilypositively semidefinite)bilinearform on � � ; thatis, thereexistsapositive
constant< suchthat = ; � � # � � 7 � 	 = þ = ; � � 7 � � # � 	 =?> <A@ # � @ 4�B * @ 7 � @ 4�B
for every # � � 7 � � � � . Thenonecandefineabilinearform ; � � ; � onthetensorproduct� �C� � � asfollows: for theelementsof basisweset ; �D� ; � � � �  .?� � �  / � � � ! .C� � � ! / 	 þ; � � � �  . � � � ! . 	 ; � � ÿA�  / � � � ! / 	 , thenextendthis form onto � �,� � � by bilinearity. The
tensorproductof bilinearformsdoesnotdependon thechoiceof basesandpossesses
theproperty; � � ; � � # � � # � � 7 � �+7 � 	 þE; � � # � � 7 � 	 ; � � # � � 7 � 	 for all # � � 7 � � � � .
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Proposition 1 Let FHG be a Hilbert space, I1G be a symmetricand boundedbilinear
formon FHG J,K,L�MAJ N . ThenO PCQR S T,U V T�W(X IZY�[�IZ\ ] ^(_ X L O PCQR U S T,U'X IZY ] ^�Y _ X O PCQR W S T�W(X IZ\ ] ^ \ _ X ` (13)

If thesupremaon theRHSof (13) are respectivelyattainedfor ^�YaLb^DcY and ^ \aLb^'c\ ,
thenthesupremumon theLHSof (13) is attainedfor ^dL�^DcY [a^Dc\ .
Corollary 1 Let thefunctional eDG bedefinedby eDG ] ^ G _�Lgf O PCQCh i S j i X I1G k h i ] ^ G _ X l Y m \ for^ Gan9FHG , where oCG is someindex setand I1G k h i is a symmetricboundedbilinear form
satisfyingCondition1. Thenthefunctional eEL9e(Y�[+e'\ definedbyeZ] ^(_,L%p O PCQh U S j U O PCQh W S j W(X IZY k h U [�IZ\ k h W ] ^(_ X q Y m \
for ^�nrFrY([+Fd\ satisfiess ets T,U V T�W L%s e(Y s T,U,u s e(\�s T�W .
Lemma 5 Let e beasin Corollary 1, let vCG Y k w i denotetheeigenfunctioncorrespond-
ing to thelargesteigenvalueof I1G k w i , anddefinetheprocessxH\ byxH\ ] y \ _2L�z x{] u J y \ _ J v'Y Y k w U | T,U
for y \}n9~�\ . ThenxH\ is a zero meanGaussianprocessxH\ with covariancefunction� \ ] � \ J y \ _ . Moreover, et] x�_ is larger thanor equalto s e(Y s T,U u e'\ ] xH\ _ with probabil-
ity 1.

Remarkthat Corollary 1 implies that the randomvariableseZ] x�_ and s e Y s T U ue \ ] x \ _ havesimilar tail behaviour, in thesensethat� � �� ���D� ] �C_ � \ � ���2� ] eZ] x�_2�9�C_,L � � �� ���D� ] �C_ � \ � ���2� ] s e Y s T U u e \ ] x \ _+�9�C_ ` (14)

Applying Lemma2(ii) to x�\ yields that thereexists a standardnormal random
variable� suchthateZ] x�_2�%s e(Y s T,U u e(\ ] x�\ _+�bs e�Y s T,U u s e'\�s T�W u X � X
with probability 1. This indicatesthat Lemma5 may well yield betterresultsthan
Lemma2(ii) whenappliedto a zeromeanGaussianprocesswith productstructurein
thecovariancefunction.

By asymmetryargument,it follows thatundertheconditionsof Lemma5 wealso
have that eZ] x�_ is larger thanor equalto s e(\�s T�W u e�Y ] xHY _ with probability 1, where
theprocessxHY is definedbyxdY ] y Y _2Lbz x�] y Y J u _ J vD\ Y k w W | T�W `
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3.3 Application to the Brownian pillow

As �t� satisfies(5) with �t�+�%�H� , we have �H�r�b�d�r�a�d� . Lemma6 presentsan
alternative representationof thereproducingkernelHilbert spacebelongingto � . For
a function �r�'� �C�   ¡ ¢+£¥¤ ¦ which is diffentiablein bothcomponents,let ��§ ¢ denotethe
partialderivativeof � obtainedby differentiatingwith respectto bothcomponents.

Lemma 6 TheHilbert space�H� correspondingto thekernelof theBrownianpillow� is givenby�H�t�b¨A�r�'� �C�   ¡ ¢ £¥¤ ¦t�2� § ¢�©�ª2¢ � �?�   ¡ �2�,« ¬ § � ¬ ¢ ­ �E� on theboundaryof � �C�   ¡ ¢ ® �
andhasscalarproduct¯ �D� °C± ²�³1��´ §µ ´ §µ � § ¢ « ¬ § � ¬ ¢ ­ ° § ¢ « ¬ § � ¬ ¢ ­ ¶ ¬ § ¶ ¬ ¢ ·
Example: an extensionof the Kolomogorov functional Let ¸ Kol beasin thepre-
vioussection,recallthat ¹ ¸ Kol ¹ ²�º ��  »A¼ .½ For thefunctional ¸���¸ Kol �+¸ Kol definedby¸ Kol �+¸ Kol « � ­ �¿¾ ÀCÁÂ Ã Ä Â Å Æ�Ç µ Ä § È É �,« ¬ § � ¬ ¢ ­ É for every � © �H� ,

Corollary 1 yields ¹ ¸�¹ ² ³r�Ê¹ ¸ Kol ¹ ¢²�º �Ë  »�Ì . By Lemma2(ii) thereexists a
standardnormalrandomvariable Í suchthat ¸Z« � ­1Î É Í É »�Ì . By Lemma5 we
have ¸t« � ­�Î ¹ ¸ Kol ¹ ² º ¸ Kol « Ï Kol ­ �E¸ Kol « Ï Kol ­ »A¼ with probability1, wherethe
Brownianbridge Ï Kol is definedbyÏ Kol « ¬ ¢ ­ ��¼ �+«   »A¼A� ¬ ¢ ­ for every ¬ ¢�© � �?�   ¡ .
To the authors’knowledge,the distribution of ¸Z« � ­ is not known. The only
resultfound in literaturewith respectto this distribution is the upperboundin
Kiefer andWolfowitz (1958) [cf. Blum et al (1961)]: thereexist unspecified
positiveconstantsÐ § , Ð ¢ suchthatÑ « ¸t« � ­+Ò9ÓC­2Ô Ð §CÕ ÖCÁZ¨?×1Ð ¢ Ó ¢ ® ·
Observe thatthis upperboundfollows from theInequalityof Borell. In fact,we
maytake Ð ¢ equalto   »A¼C¹ ¸�¹ ¢² ³ �9Ø . Ù
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Example: extensionsof the Cramér-von Mises functional Let Ú CvM be asin the
previoussection,recallthat Û Ú CvM Û Ü�ÝdÞ9ß�àDá .â For thefunctional Ú�Þ�Ú CvM ã Ú CvM definedbyÚ CvM ã Ú CvM ä å'æ Þ%çDè áé è áé åDê ä ë á ì ë ê æ íAë á íAë ê�î á ï ê for every årðrñHò ,

Corollary 1 yields Û Ú�Û Ü�ó�Þ¥Û Ú CvM Û êÜ�Ý Þôß,à ê . By Lemma2(ii) thereexists
a standardnormalrandomvariable õ suchthat Ú ä ö,æ}÷Ëø õ ø ù ß ê . By Lemma5
we have Ú ä ö�æ�÷ Û Ú CvM Û Ü ÝHú Ú CvM ä û CvM æ ÞEÚ CvM ä û CvM æ ù ß with probability1,
whereû CvM is theBrownianbridgedefinedbyû CvM ä ë ê æ Þ9ß,ü ý2è áé ö+ä ë á ì ë ê æCþ ÿ �'ä ß ë á æ íAë á for every ë ê ð � � ì � � .
Thedistributionof Ú ä ö,æ is tabulatedin Blum et al (1961).â For thefunctional Ú�Þ�Ú Kol ã Ú CvM definedbyÚ Kol ã Ú CvM ä å'æ Þ þ ���� 	 
�� é 
 á � çDè áé åDê ä ë á ì ë ê æ í�ë ê î á ï ê for every årðrñHò ,
Corollary 1 yields Û Ú�Û Ü�órÞ Û Ú Kol Û Ü�Ý�ú'Û Ú CvM Û Ü�Ý9Þ � ù ý ß . By Lemma2(ii)
thereexistsa standardnormalrandomvariable õ suchthat Ú ä ö�æ�÷%ø õ ø ù ý ß . By
Lemma5 we have Ú ä ö�æ}÷ Û Ú Kol Û Ü ÝCÚ CvM ä û Kol æ ÞbÚ CvM ä û Kol æ ù ý and Ú ä ö�æ}÷Û Ú CvM Û Ü ÝrúAÚ Kol ä û��CvM æ ÞôÚ Kol ä û��CvM æ ù ß with probability 1; here û��CvM is the
Brownianbridgedefinedbyû �CvM ä ë á æ Þ9ß,ü ý è áé ö+ä ë á ì ë ê æCþ ÿ �'ä ß ë ê æ íAë ê for every ë á ð � � ì � � . �

Example: extensionsof the Anderson-Darling functional Let Ú AD be as in the
previoussection,recallthat Û Ú AD Û Ü�ÝrÞEýAàCá ï ê .â For thefunctional Ú�Þ�Ú AD ã Ú AD definedbyÚ AD ã Ú AD ä å'æ Þ � è áé è áé å ê ä ë á ì ë ê æë á ä ��� ë á æ ë ê ä ��� ë ê æ íAë á íAë ê�� á ï ê for every årðrñHò ,

Corollary 1 yields Û ÚtÛ Ü órÞ Û Ú AD Û êÜ Ý Þ � ù ý . By Lemma2(ii) thereexists a
standardnormalrandomvariable õ suchthat Ú ä ö,æ1÷ôø õ ø ù ý . By Lemma5 we
have Ú ä ö,æ+÷ Û Ú AD Û Ü�ÝHú Ú AD ä û AD æ ÞEÚ AD ä û AD æ ù�ü ß with probability1, whereû AD is theBrownianbridgedefinedbyû AD ä ë ê æ Þ�ü � è áé ö2ä ë á ì ë ê æ í�ë á for every ë ê ð � � ì � � .



Tail behaviour of Gaussianprocesses 16� For thefunctional ����� Kol � � AD definedby� Kol � � AD � �! �#" $�%& ' (*) + , - . /!0 -+ �21 � 3 - 4 3 1  3 1 � 5�673 1  8 3 1�9 - : 1 for every �<;>=@? ,
Corollary 1 yields A �BA CEDF�GA � Kol A CEH<I!A � AD A CEH��KJ*LNM : 1 . By Lemma2(ii)
thereexists a standardnormalrandomvariable O suchthat � � PE RQKS O S T J*U J .
By Lemma5 we have � � PE �Q A � Kol A C H2� AD � V Kol  �W� AD � V Kol  T J and � � PX YQA � AD A C HXI � Kol � V�ZAD  �W� Kol � V�ZAD  T U J with probability1; hereV�ZAD is theBrow-
nianbridgedefinedbyV AD � 3 -  � U [ 0 -+ P\� 3 - 4 3 1  8 3 1 for every 3 - ;^] _ 4 5 ` .� For thefunctional ����� CvM � � AD definedby� CvM � � AD � �! � /!0 -+ 0 -+ �21 � 3 - 4 3 1  3 1 � 5�673 1  8 3 - 8 3 1�9 - : 1 for every �>;>=@? ,
Corollary1 yields A �RA CED��aA � CvM A CEH�I�A � AD A CEHb� � c U J  L - . By Lemma2(ii)
thereexistsa standardnormalrandomvariable O suchthat � � PE �QKS O S T c U J .
By Lemma5 yields that � � PX ^Q A � CvM A C H2� AD � V Kol  �G� AD � V Kol  T c and� � PX \Q A � AD A C H@I � CvM � V�ZAD  ��� CvM � V�ZAD  T U J with probability1. d

4 Refining the resultsby simulation

Considera randomvariableof intereste anda referencevariablef satisfying(2), (3)
and(4). As notedbefore,thedirectuseof thedistribution of f asanapproximation
to the distribution of e shouldbe avoidedsinceit leadsto an anti-conservative test.
However, if thedistribution of f is known, thenwe mayemploy simulationmethods
[using f asa “control variate” for e ] to approximatethe tail distribution of e . The
preceedingresultsmay act asguidelinesfor the statisticalanalysisof the simulation
results.In thissection,weillustratethisapproachbyapplyingit to statisticsof theformeg�h� - � � 1 � PE , where � - and � 1 areeither � Kol, � CvM or � AD, and P is a Brownian
pillow. We remarkthat thedistributionsof � Kol � VB , � CvM � VB and � AD � VR have been
tabulated[cf. Kolmogorov (1933),AndersonandDarling(1952,1954);selectedupper
percentagepointsaregivenin Tabel1].

In oursimulationstudyweperformed10.000simulations.In eachsimulationgen-
eratedtheBrownianpillow on a 5�i _�_*_@j�5�i _�_*_ grid, andcomputedeg�a� - � � 1 � PX and fk� S � - S l<� � 1 � V -  . Thus,we obtained10.000independentcopies � e�m 4 f�m  of
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. Let

o\s t uwvxo\s y uwvkz z z\vxo\s t { { { { u
and
q�s t uwv|q�s y u�vkz z zXv|q�s t { { { { u

denote
theorderedversionsof therandomsamples

o t p o y p z z z p o t { { { { and
q t p q y p z z z p q t { { { { ,

respectively. Weshallreferto
o s } u

and
q s } u

asthe ~ � � orderstatisticsof
o

and
q

, respec-
tively. Observe that

o7�gq
with probability1 implies

o\s } uX�gq�s } u
with probability1.

As we wereinterestedin the tail behaviour of
o

, we investigatedthe relationbe-
tween

o\s } u
and
q�s } u

for ~E�g�*����� p z z z p � ���*��� [that is, theuppertenpercentof theorder
statistics]by exploratorystatisticalmethods.For all statistics

o
underconsideration,

we found thatplotsof � �B� o\s } u��^q�s } u � versus� � q�s } u showedroughly linear relations
[seeFigures1–9]. For eachof theplots,weestimatedasimpleregressionmodelby or-
dinaryleastsquares.Althoughtheassumptionsof theregressionmodelareclearlynot
met,theplotsshow thattheregressionlinesdo seemto giveanadequatesummaryof
therelationbetween� �B� o\s } u��7q�s } u � versus� � q�s } u . Fromthis relationwemaydeduce
thatthereexist constants� and� suchthato s } u!� q s } u2� ��� q s } u �N�*�Xp
andinfer for �<�a� v � �N� thata similar approximationholdsbetweenthe � upper
percentagepointsof

o
and � y n � t r . Table2 summarizestheapproximationsfoundin

Figures1–9,andevaluatestheapproximationsfor �^��� z � � , �7��� z �*� and �7��� z �N� .
Observe that theapproximated� z � � , � z �N� and � z ��� upperpercentagepointsgivenfor� Kol � � CvM

n �Xr
arequitecloseto thosegivenfor � CvM � � Kol

n �Er
. Thesameholdsfor� Kol � � AD

n �Er
and � AD � � Kol

n �Er
, andfor � CvM � � AD

n �Er
and � AD � � CvM

n �Er
.

Table2 seemsto suggestthat the rateat which � � y � ���\� n o^  � r convergesto a
constant

�w¡N¢*£
[recall (2)] is relatively slow for functionals� involving � Kol.

The randomvariable � CvM � � CvM
n �Xr

is the only oneoccurringin Table2 which
hasbeentabulated[Blum et al (1961),seealsoCotterill andCs̈orgő (1985)]. For this
randomvariabletheexact0.10,0.05and0.01upperpercentagepointsrespectively are¤ � z �*¥�¦*��¥��g� z £ � ¦*§ , ¤ � z �N� ¨*¥����g� z £ ¥�� § and

¤ � z �*¨�¦*¨*���g� z £ �*¥*§ , sotheapproxima-
tion givenin Table2 seemsto bequiteaccurate.

In Cotterill andCs̈orgő (1985)theuseof Cornish-Fisherexpansionsto approximate
upperpercentagepointsof � CvM � � CvM

n �Xr
is advocated. However, Cornish-Fisher

expansionstypically yield inaccurateresultsfor � tendingto zero. Recall that the
situationwhere� tendsto zerois of considerabletheoreticalinterest.

5 Possiblegeneralizations

In this sectionwe addressthe questionwhetherit is possibleto generalizethe key
resultProposition1 for a widerclassof functionals.

Let � t , � y bepositivehomogeneousboundedfunctionalsdefinedonHilbert spaces© t p © y , respectively. Let � be a functionaldefinedon the tensorproduct
© t � © y

which satisfies� n ª t � ª y r �h� t n ª t r � y n ª y r for all
ª t�« © t and

ª yR« © y . Then � is
saidto possesstheproductpropertyif ¬ �R¬��h¬ � t ¬Y­N¬ � y ¬ .
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First note that the productpropertyentirely dependson the way we extend the
functional ®E¯E°�®�± from basicelements²�¯ ³\°w²2± ´ , whereit is equalto ®E¯ µ ²�¯ ³ ¶ ®!± µ ²2± ´ ¶ ,
onto the whole tensorproduct · ¯ °�· ± . As we saw in Proposition1 the product
propertyholdsif thefunctionalsareextendedbilinearly.

If both ®�¸ areof the form ®�¸ µ ¹�¶�º¼» ½Bµ ¹2¾ ¿ ¿ ¿ ¾ ¹�¶ » ¯ À ´ for somesymmetric Á -linear
forms ®!¯ ¾ ®!± , thenthetensorproduct®!¯X°�®�± arenaturallydefinedby Á -linearity. ForÁ>º|Â*¾ Ã , the Á -linearextensionrespectstheproductproperty(for Á>º|Ã this follows
from Proposition1, for ÁRº�Â thisalsodoes,becausethemodulusof alinearfunctional
is thesquareroot of its square,which is a bilinear form). However, for Á>Ä�Å this no
longerholds,asthenext exampleshows.

Example: trilinear forms Considerthe trilinear form ½Bµ ¹ ¯ ¾ ¹ ± ¾ ¹ Æ ¶ definedon the
spaceÇ ± asfollows: ½Bµ È�¯ ¾ È�¯ ¾ È ± ¶\ºg½Bµ È�¯ ¾ È ± ¾ È ¯ ¶\ºg½@µ È ± ¾ È ¯ ¾ È�¯ ¶\º�Â*¾ ½Bµ È ± ¾ È ± ¾ È ± ¶\ºÉ�ÊNË�Ì , and ½@µ È ¸ Í ¾ È ¸ Î ¾ È ¸ Ï ¶bºKÐ for all othercombinationof indices[ here È ¯ ¾ È ± are
basicvectors]. Thusfor a vector ¹�ºÑµ Ò!¾ Ó�¶ we have ½Bµ ¹2¾ ¹�¾ ¹!¶�º|Å Ò ± Ó ÉaÔÕ Ó Æ . Put®!¯ µ ¹!¶XºW®�± µ ¹!¶Xºa» ½@µ ¹�¾ ¹2¾ ¹�¶ » ¯ À Æ . It followsthat Ö ®!¯ Ö�ºhÖ ®!±�Ö�ºW®E¯ µ Ð�¾ É Â�¶\º|× ÊNË�Ì�Ø ÍÏ ,
However, since Ö ®E¯\°w®�±�Öbº|®E¯\°w®!±�µ Ù ¯ ÚÙ Æ Û ¾ Ð�¾ ÐN¾ ÕÙ Æ Û ¶RºÜ× ¯ ÝÙ Æ Û Ø ÍÏ , it alsofollows thatÖ ® ¯ °Y® ± Ö�ºx× Â Ð Ë�Þ Å*ß Ø ÍÏ�à × Å ÊNË Ã Ì Ø ÍÏ ºaÖ ® ¯ ÖYá�Ö ® ± Ö . â

Someotherextensionsmayviolatetheproductpropertyevenin thesimplestcases.

Example: other extensions Let ãbÄ�Ã , andconsidertwo functionals® ¯ , ® ± defined
on ä Ç�å by ®E¯ µ ¹!¶�ºx®!± µ ¹!¶�ºæÖ ¹\Ö for ¹gç�ä Ç�å . Let us show that thereexists a pos-
itively homogeneoussublinearfunctional ® definedon ä Ç�å Î suchthat ®Rµ ¹�¯\°�¹ ± ¶Bº®�µ ¹�¯ ¶ ®�± µ ¹ ± ¶ for every ¹�¯ ¾ ¹ ±�ç^ä Ç�å , but Ö ®RÖ à Ö ®E¯ Ö�á2Ö ®!± Ö . Let è å é ¯ denotetheunit
spherein ä Çwå , andconsiderè å é ¯ °Yè å é ¯ º�ê�¹B°YëBºg¹2ë*ìxí�¹2¾ ë@ç>è å é ¯ î ¿
Obviously, è å é ¯ °wè å é ¯ is a compactsubsetof è å Î é ¯ , which doesnot coincidewithè å Î é ¯ [any ¹xçkè å é ¯ °Rè å é ¯ , consideredas ã7ïWã -matrix, hasrank 1]. Take anyëFç�è å Î é ¯ ð è å é ¯\°�è å é ¯ . Fromcompactnessit follows that ñ òNó ô õ ö ÷ ø Í ù ö ÷ ø Í Ö ë É ¹\ÖRºú à Ð . Thereforeë is not anelementof conv µ è å é ¯E°Yè å é ¯ ¶ , andhencetheconvexity
andcompactnessof conv µ è å é ¯E°Yè å é ¯ ¶ implies ®�µ ë2¶ à Â , where ® is theMinkovski
functionaldefinedby®�µ ë2¶Xºhµ û ü�ýwê�þbçFä Çwÿkí�þNë@ç conv µ è å é ¯ °Yè å é ¯ ¶ î ¶ é ¯ ¿
It is clearthat ® is sublinearandpositive homogeneous.We have ®�µ ¹ ¯ °w¹ ± ¶�ºaÂ for
all ¹ ¯ ¾ ¹ ± ç�� å é ¯ , henceby sublinearity®Rµ ¹ ¯ °w¹ ± ¶�ºxÖ ¹ ¯ ÖYá2Ö ¹ ± Ö for all ¹ ¯ ¾ ¹ ± ç7ä Çwå .
Taking ® ¯ ºW® ± ºaÖYá�Ö � � ÷ , weseethat Ö ®RÖwÄh» ®Rµ ë�¶ » à ÂwºaÖ ® ¯ ÖYá�Ö ® ± Ö . â
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On theotherhandwe have thefollowing positive result: for any pair of sublinear
positivelyhomogeneousfunctionals��� � ��� definedonHilbert spaces	
� � 	�� theredoes
exist an extension[of its tensorproduct] that respectsthe productproperty. Indeed,
usingsublinearitywe get �
� � ������� ����� �� � � ���� � � �� � � � � , where � � �� denotesthe linear
form ! ��� � "��# , and $%"� is a polar to theset $&�'�)(*� ��+ � � � � � � � �-,/.*0 ; thepolar $1"� of a
subset$&�324	�� is definedas $%"� �5(*�
"��6 	�� �'� ��� � � � � ! ��� � "��# ,5.*0 [cf. Borweinand
Lewis (2000)].We cannow definetheextension�7�78�� � by�7�78�� �9�:� ���� �; � � �; � ���� �< � � �< � � � �; 8 � � �< � � (15)

where� � �; 8 � � �< is theuniquelydefinedlinearform satisfying

� � �; 8 � � �< � �*��8&� � �'� � � �; � �*� �7= � � �< � � � �
for all �*� 6 	
� and � � 6 	�� . Now, it is easyto verify that > �7�78�� �*> ? ; @ ? < �> ��� > ? ; > ���*> ? < , whichactuallyfollows from Corollary1 by setting A � �4$1"� , B � �C� "� ,
and DFE � � �
� G��'� � � �� � ����= � � �� � G
� . Thus,for any pairof functionals� � , � � theextension
(15) respectstheproductproperty. However, this extensionis not alwaysnaturaland
suitable.For instance,it doesnotcoincidewith thebilinearextensionwhenboth � � � � �
aresquarerootsof positively semidefinitebilinearforms.

6 Proofs

Proof of Lemma 2 Thestatement(i) is well known, we includetheproof for conve-
nienceof thereader. ConsiderB 6 A and � 6 	 . Sincethenormalizedeigenfunctions
of H E form acompleteorthonormalbasisin 	 , wemaywrite

��� IJK L � M K NOK P E �QH E �
� IJK L � M K R-K P E NOK P E �
andhence ! �
� H%E � # ? � IJK L � � M K � � R K P E , R � P E IJK L � � M K � � S (16)

Thus, � ���� � T�U D E � �
� � �'� R � P E �VD E � N � P E � N � P E � �
where W ? is theunit ball in 	 . Thisyields> �X> �? �Y� ���� � T U � ���E � Z D E � ��� ���3�4� ���E � Z R � P E � R � P [ �
Thiscompletestheproofof Lemma2 (i).
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Next, we turn to statement(ii). According to Theorem3.7 in Adler (1990),we
have the“principal componentsdecomposition”\�]_^`a b c-d a eOa f g
with probability 1, where d c h d'i h j j j is a sequenceof independentstandardnormal
randomvariables[principal componentsdecompositionwasfirst appliedto Gaussian
processesin Kac andSiegert (1947)]. Remarkthat the randomvariablesd c h d3i h j j j
mayberetrievedfrom

\
by d a ]5k \ h e a f g�l m h

andobserve that d coincideswith d c . It follows from (16) thatk \ h n%o \ l m ]_^`a b c d iaOp a f grq d i p c f g
with probability1, andhenceLemma2(i) yieldss%t \vu q/w x g t \vu q5y d y w p c f g ] y d y z s%t e c f g u
with probability1. Thisconcludestheproofof Lemma2 (ii). {
Proof of Lemma 3 First we verify that the linear spacewith the introducedscalar
productis indeedaHilbert space.Thenby adirectcalculationweshow thatk | h }�~ t z h � u l ]4|3t � u for all

|
�
� ~ .

Thus, the reproducingpropertywith kernel } ~ t � h � uX]��X� � t � h � u��C� � holds in this
space.Thisconcludestheproof. {
Proof of Lemma 4 For � ]Y� h � , choosean arbitrary orthonormalbase �*�O� � � in� � . ConsidertheHilbert space

�
thatconsistsof all functions

|7t � h � u&])� ^a f � b
cO� a � z� c a t � u � i � t � u with
� ^a f � b
c � ia ���4� andequippedwith thescalarproductk `a � f � � � a � � �7z � c a � i � h `a � f � �-� a � � �3z � c a � i � l ] ` a f � � a � � a � j

This spaceis nothingelsebut thetensorproduct
� c7� � i , whereany element

| c3� | i
is identifiedwith thecorresponding[usual]product

|3t � h � u�]C| c t � u | i t � u9�r�
. Now it

remainsto notethatall elementsof thespace
�

satisfyreproducingpropertywith the
kernel} t � c h � c h � i h � i u3] } c t � c h � c u z } i t � i h � i u . Thiscompletestheproofof Lemma4.{
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Proof of Proposition 1 Notethatsince � � � � �7�3�5� implies � �* 7¡&� ¢*� �3£ ¤ �7¥&�5� , the
inequality ¦ §�¨© ª � £ ¤ � ¥ « ¬   ¡ ¬ ¢ ­ � ® «O¯ ¦ §�¨© £ ª � £ « ¬   ­ �   ® « ¦ §�¨© ¥ ª � ¥ « ¬ ¢ ­ � ¢ ® «
is straightforward.

Therefore,it remainsto prove the oppositeinequality. To show this, assumethe
contrary:for some°�±
²
 7¡�²�¢ wehave

« ¬  7¡ ¬ ¢ ­ °
® «-³ ¦ §�¨© £ ª �3£
« ¬   ­ �*  ® « ¦ §�¨© ¥ ª �7¥�« ¬ ¢ ­ � ¢ ® « ´
Decompose° in the basis µ*¶   � ¡1¶ ¢ · ¸ , so °V��¹�º� » · ¼  O½ � · ¶   � ¡1¶ ¢ · , andconsiderthe
sequence°*¾C� ¹ ¾� » · ¼  O½ � · ¶   � ¡F¶ ¢ · , ¿ ¯ � ´ Since °*¾CÀY° in thespace²   ¡&² ¢ , we
seethat

« ¬   ¡ ¬ ¢ ­ °*¾9® «-³ ¦ §�¨© £ ª �3£ « ¬   ­ �   ® « ¦ §�¨© ¥ ª �7¥�« ¬ ¢ ­ � ¢ ® «O¯ ¦ §�¨© £ ª � £ Á « ¬   ­ �   ® « ¦ §�¨© ¥ ª � ¥ Á « ¬ ¢ ­ � ¢ ® «
for sufficiently large ¿ ; here²�� ¾ denotesthe ¿ -dimensionalsubspaceof ²�� spanned
by ¶O�   Â ´ ´ ´ Â ¶O� ¾ Â3Ã3�C�-Â Ä . Since° ¾ ±
²
  ¾ ¡�²�¢ ¾ , it follows that¦ §�¨© ª � £ Á ¤ � ¥ Á « ¬   ¡ ¬ ¢ ­ ��® «-³ ¦ §�¨© £ ª � £ Á « ¬   ­ �   ® « ¦ §�¨© ¥ ª � ¥ Á « ¬ ¢ ­ � ¢ ® « ´
So, if the equality

¦ §�¨ © ª � £ ¤ � ¥ « ¬  9¡ ¬ ¢ ­ � ® « � ¦ §�¨ © £ ª � £ « ¬   ­ �*  ® « ¦ §�¨ © ¥ ª � ¥ « ¬ ¢ ­ � ¢ ® «
failsfor infinite-dimensionalspaces,thenit doesfor suitablefinite-dimensionalspaces.

Thus,we assumethatboth ²   and ² ¢ areof dimension¿ . In this casethespace²   ¡9² ¢ is thespaceof matricesÅ Æ ¾ ¥ with thescalarproduct Ç È9Â É1Ê �7� � tr ­ ÈFË
É%® ,
that is thesumof diagonalelementsof thematrix È�Ë
É . Theembeddingµ*�* 3¡�� ¢ ¸XÌ²
 '¡&²�¢ is realizedby the formula �* '¡F� ¢1�Í�*  ��Ë¢ . The form ¬ � is givenon ²�� by
the formula ¬ � ­ ��Â °
®F��Ç ��Â Î%� °�Ê �7� , where Î%� is a self-conjugateoperatoron ²�� , for
which thereexistsacompleteorthonormalsystemof eigenvectorsµ*Ï � · ¸ ¾· ¼   suchthat

Î �'ÐÑ ¾Ò· ¼
 -Ó · Ï � · ÔÕ � ¾Ò· ¼  -Ö · Ó · Ï � · Â
where Ö �   Â ´ ´ ´ Â Ö � ¾ aretheeigenvaluesof Î%� . It follows that � ¬ � � is equalto � Î%� ���×XØ Ù · ¼   » Ú Ú Ú » ¾ « Ö � · « . Let Î betheoperatorin ²   ¡�² ¢ givenbyÎ ­ Ï   · ¡&Ï ¢ Û ®'�4Î   Ï   · ¡9Î ¢ Ï ¢ Û
[in the matrix representation,we have Î ­ È1®X��Î   È%Î%Ë¢ for every ÈÜ±5Å Æ ¾ ¥ ]. AsÎ ­ Ï   ·'¡&Ï
¢ Û ®��ÝÎX  Ï   ·&¡%Î1¢ Ï
¢ Ûv� Ö   Ï   ·&¡ Ö ¢ Ï
¢ Û , it follows that each Ï   ·&¡1ÏO· Û is
an eigenvectorof Î with the correspondingeigenvalue Ö   · Ö ¢ Û . The system µ*Ï   ·�¡Ï
¢ Û ¸ ¾· » Û ¼
  is obviously orthonormal,andconsistsof ¿ ¢ vectors,andhenceis a com-
pleteorthonormalsystemof eigenvectorsof Î in Å Æ ¾ ¥ .
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This impliesthatfor theform Þ1ß7à9ÞFá definedbyÞ%ß7à9Þ%á â ã7ä å�æ3ç5è ã�ä é1å�ê ë3ì í ë7î ä
wehave ï Þ1ß7à9ÞFá ï ç ï é ï çñðXò óô õ ö ÷ ß õ ø ø ø õ ù
ú û ß ô û á ö ú çüðXò óô ÷ ß ø ø ø õ ù�ú û ß ô ú ý ðXò óö ÷ ß õ ø ø ø õ ù
ú û á ö úç ï é ß ï ý ï é á ï ç ï Þ ß ï ý ï Þ á ï þ
Thus,in thefinite-dimensionalcasethestatementholds,whichconcludestheproofof
Proposition1. ÿ
Remark Passingto thefinite-dimensionalcasewasessentialin theproof of Propo-
sition 1], becausethe infinite-dimensionaloperatoré�� definingthe form Þ�� â � ä �
æ%çè � ä é���ê ë�� on ��� maynothaveacompletesystemof eigenvectors.

Proof of Lemma 5 Accordingto Theorem3.7 in Adler (1990),wehave

	 ç 
�ô ÷ ß 
�ö ÷ ß � ô ö 
 ß ô õ ��
 á ö õ �
with probability1, wherethe

� ô ö ’sareindependentstandardnormalrandomvariables.
It follows that

è 	 â ý ä � á æ ä 
 ß ß õ � ê ë ì'ç 
�ô ÷ ß 
�ö ÷ ß � ô ö 
 á ö õ � â � á æ ý è 
 ß ô õ � ä 
 ß ß õ � ê ë ì'ç 
�ö ÷ ß � ß ö 
 á ö õ � â � á æ
for every � á���� á , with probability1. ObservethattheRHSof thelatterequationis an
expansionof a meanzeroGaussianprocesswith covariancefunction ��á â � á ä � á æ . This
concludestheproof of Lemma5. ÿ
Proof of Lemma 6 Theproof is realizedin thesamewayasoneof Lemma3. ÿ
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Upperpercentagepoints�
0.10 0.05 0.01�

Kol 1.225 1.359 1.632�
CvM 0.5893 0.6792 0.8622�
AD 1.3903 1.5786 1.9621

Table1: Exactupperpercentagepointsfor variousrandomvariables��� ��� ��� , where�
is theBrownianbridge.
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Approximationof upperpercentagepoint � �"!�# $�%! &�')( *)&,+ - & 0.10 0.05 0.01! Kol . ! Kol &/+ 0 &1&2&3# 4 5Kol %�67&/+ - 8292:1;3# 4 5Kol % <,= > ? @ A B 0.7741 0.8331 0.9563! Kol . ! CvM &/+ C/- 92C3# 4 5Kol %�67&/+ &1D2C2C,-E# 4 5Kol % <,= > F G G = 0.4099 0.4510 0.5355! Kol . ! AD &/+ 8 &/81-E# 4 5Kol %�67&/+ &18292;/0�# 4 5Kol % <,= > G H H G 0.9355 1.0260 1.2121! CvM . ! Kol &,+ 02&2&1&3# 4 5CvM %�67&/+ &2I1;2:1I3# 4 5CvM % <,= > B @ H F 0.4051 0.4456 0.5300! CvM . ! CvM &,+ C,- 91C3# 4 5CvM %�67&/+ &/- 91D2&3# 4 5CvM % <,= > J ? ? = 0.2160 0.2414 0.2951! CvM . ! AD &,+ 82&18/-E# 4 5CvM %�67&/+ &2:1C2&1C3# 4 5CvM % <,= > F @ A K 0.5126 0.5660 0.6806! AD . ! Kol &/+ 0 &1&2&3# 4 5AD %�67&/+ D20291D2C3# 4 5AD % </= > B J J F 0.9300 1.0157 1.1936! AD . ! CvM &/+ C/- 92C3# 4 5AD %�67&/+ &2I1;2:1;3# 4 5AD % </= > J ? ? F 0.5142 0.5668 0.6781! AD . ! AD &/+ 8 &/81-E# 4 5AD %�67&/+ C/- C2;1&3# 4 5AD % </= > F @ ? K 1.2243 1.3343 1.5709

Table2: Approximationof upperpercentagepointsfor variousrandomvariables�7�!�# $L% , where$ is theBrownianpillow.



Tail behaviour of Gaussianprocesses 28

0.10.0-0.1-0.2-0.3-0.4-0.5

-1.8

-1.9

-2.0

-2.1

-2.2

lnReference

ln
D

iff
er

en
ce

TKolKol

Figure1: Plot of M NPO QSR T UWV7XYR T U Z versusM N�X�R T U for [�\^]1_2_,`2a b b b a ` _2_1_2_ , where QSR T U
is the [ c d order statisticof Qe\gf Kol h f Kol i j�k and XYR T U is the [ c d order statisticofXl\nm f Kol m o�p�q f Kol i r Kol k , basedona randomsampleof length10000takenfrom the
distribution of j . The leastsquaresline indicatesthat thecritical valueof thesize s
testbasedon f maybeapproximatedby _/b t _1_2_ i u vKol k�w _/b ` x2y2z1{ i u vKol k |,} ~ � � � � .
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Figure2: Plot of � �P� �S� � �W�7�Y� � � � versus� ����� � � for ���^�1�2�,�2� � � � � � �2�1�2� , where �S� � �
is the � � � orderstatisticof ����� Kol � � CvM � �L� and ��� � � is the � � � orderstatisticof�^�e� � CvM � ���� 2� Kol � ¡ CvM � , basedon a randomsampleof length10000takenfrom
thejoint distributionof � . Theleastsquaresline indicatesthatthecritical valueof the
size ¢ testbasedon � maybeapproximatedby �,� £,� ¤1£ � ¥ ¦Kol ��§ �/� �1¨2£2£,� � ¥ ¦Kol � ©/ª « ¬ ­ ­ ª .
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Figure3: Plot of ® ¯P° ±S² ³ ´Wµ7¶Y² ³ ´ · versus® ¯�¶�² ³ ´ for ¸�¹^º1»2»,¼2½ ¾ ¾ ¾ ½ ¼ »2»1»2» , where ±S² ³ ´
is the ¸ ¿ À order statisticof ±e¹gÁ Kol Â Á AD Ã Ä�Å and ¶Y² ³ ´ is the ¸ ¿ À order statisticof¶l¹nÆ Á AD Æ Ç�ÈPÉ Á Kol Ã Ê AD Å , basedona randomsampleof length10000takenfrom the
joint distributionof Ä . Theleastsquaresline indicatesthatthecritical valueof thesizeË testbasedon Á maybeapproximatedby »,¾ Ì2»1Ì/¼ Ã Í ÎKol Å�Ï »/¾ »1Ì2Ð2Ñ/Ò Ã Í ÎKol Å Ó,Ô Õ Ö × × Ö .
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Figure4: Plot of Ø ÙPÚ ÛSÜ Ý ÞWß7àYÜ Ý Þ á versusØ Ù�à�Ü Ý Þ for â�ã^ä1å2å,æ2ç è è è ç æ å2å1å2å , where ÛSÜ Ý Þ
is the â é ê orderstatisticof Û�ã�ë CvM ì ë Kol í îLï and à�Ü Ý Þ is the â é ê orderstatisticofàeã�ð ë Kol ð ñ�òôó1ë CvM í õ Kol ï , basedon a randomsampleof length10000taken from
thejoint distributionof î . Theleastsquaresline indicatesthatthecritical valueof the
size ö testbasedon ë maybeapproximatedby å/è ÷ å1å2å í ø ùCvM ï,ú å/è å2ä1û2ü1ä í ø ùCvM ï ý/þ ÿ � � � � .
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Figure5: Plot of
� ��� �
	 � ��
���	 � � �

versus
� ����	 � �

for �������������    � � ������� , where
�
	 � �

is the � ! " orderstatisticof
� �$# CvM % # CvM & ')( and

��	 � �
is the � ! " orderstatisticof� ��* # CvM * +-,/. # CvM & 0 CvM ( , basedon a randomsampleof length10000takenfrom

thedistribution of ' . Theleastsquaresline indicatesthatthecritical valueof thesize1 testbasedon # maybeapproximatedby �� 2�� 3�2 & 4 5CvM (76 �� ��� 398 � & 4 5CvM ( :�; < = > > ; .
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Figure6: Plot of ? @�A B
C D E�F�G�C D E H versus? @�G�C D E for I�J�K�L�L�M�N O O O N M L�L�L�L , where B
C D E
is the I P Q orderstatisticof B�JSR CvM T R AD U V-W and G�C D E is the I P Q orderstatisticofG$JYX R AD X Z-[]\�R CvM U ^ AD W , basedon a randomsampleof length10000taken from
thedistribution of V . Theleastsquaresline indicatesthatthecritical valueof thesize_ testbasedon R maybeapproximatedby L�O `�L�`9M U a bCvM W7c L�O L�d�e�L�e U a bCvM W f�g h i j k l .
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Figure7: Plot of m n�o p
q r s�t�u�q r s v versusm n�u�q r s for w�x�y�z�z�{�| } } } | { z�z�z�z , where p
q r s
is the w ~ � order statisticof p$x�� AD � � Kol � �-� and u�q r s is the w ~ � order statisticofu�x�� � Kol � �-��� � AD � � Kol � , basedonarandomsampleof length10000takenfrom the
distribution of � . The leastsquaresline indicatesthat thecritical valueof thesize �
testbasedon � maybeapproximatedby z9} � z�z�z � � �AD �7� z�} ��� �9� � � � �AD � �9� � � � � � .
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Figure8: Plot of � ��� �
�   ¡�¢�£��   ¡ ¤ versus� ��£��   ¡ for ¥�¦�§�¨�¨�©�ª « « « ª © ¨�¨�¨�¨ , where �
�   ¡
is the ¥ ¬ ­ orderstatisticof ��¦S® AD ¯ ® CvM ° ±-² and £��   ¡ is the ¥ ¬ ­ orderstatisticof£�¦$³ ® CvM ³ ´-µ·¶ ® AD ° ¸ CvM ² , basedon a randomsampleof length10000takenfrom
thedistribution of ± . Theleastsquaresline indicatesthatthecritical valueof thesize¹ testbasedon ® maybeapproximatedby ¨�« º�© »�º ° ¼ ½AD ²7¾ ¨9« ¨�§�¿�À�¿ ° ¼ ½AD ² Á9Â Ã Ä Å Å Æ .
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Figure9: Plot of Ç È�É Ê
Ë Ì Í�Î�Ï�Ë Ì Í Ð versusÇ È�Ï�Ë Ì Í for Ñ�Ò�Ó�Ô�Ô�Õ�Ö × × × Ö Õ Ô�Ô�Ô�Ô , where Ê
Ë Ì Í
is the Ñ Ø Ù order statisticof ÊÚÒYÛ AD Ü Û AD Ý Þ)ß and Ï�Ë Ì Í is the Ñ Ø Ù order statisticofÏ�Ò�à Û AD à á-â�ã Û AD Ý ä AD ß , basedon arandomsampleof length10000takenfrom the
distribution of Þ . The leastsquaresline indicatesthat thecritical valueof thesize å
testbasedon Û maybeapproximatedby Ô9× æ Ô9æ�Õ Ý ç èAD ß7é Ô�× ê�Õ ê�ë�Ô Ý ç èAD ß ì9í î ï ð ñ ò .


