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Abstract

In this paperwe investigatethe tail behaiour of arandomvariableS which
may beviewedasafunctionalT of azeromeanGaussiarprocessX, takingspe-
cial interestin thesituationwhereX obeys thestructurewhichis typical for lim-
iting processescurringin nonparametrid¢estingof [multivariate]indepencenc
and[multivariate]constang over time. Thetail behaiour of S is describedy
meansof a constante and a randomvariable R which is definedon the same
probability spaceasS. The constaniz actsasan upperbound,andis relevant
for thecomputatiorof theefficiency of teststatisticsconverging in distribution to
S. TherandomvariableR actsasalower bound,andis instrumentaln deriving
approximationgor the upperpercentag@ointsof S by simulation.

Keywords tail behaiour, GaussiarprocessesBrownian pillow, asymptotic
distributiontheory Kolmogorar typetests Cramérvon Misestypetests Anderson-
Darling typetests,multivariateconstang, multivariateindependence.

1 Intr oduction

Let d be anintegergreaterthanor equalto 2, let M be a subsebf IR?, andlet E be
a spaceof real valuedfunctionsdefinedon M. The objectof interestin this paperis
thetail behaiour of a separableeromeanGaussiarprocessX = {X ()},.,, taking
valuesin the spaceE, or ratherthe tail behaiour of arandomvariableS = T (X)
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whereT : E — IR is of thetype

T(f) = sup+/Qu(f, f) (1)

veV

for every f € E. HereV is someindex set,and(@, is asymmetricboundedbilinear
form on E for everyv € V. Typically, therandomvariableS hasa quite intricate
distribution.

As onemayshaw thatary T' of theform (1) is sublineaandpositve homogeneous,
it follows from Theoremb.2in Borell (1975)thatthereexistsa constant suchthat

yllglo y*log P (S > y) = —a/2 (2)

Ourfirst aimis to establishmethodgor the actualcomputatiorof the constant.. Our
secondaimis to constructa randomvariableR [with alessintricatedistribution than
S], suchthattherandomvariableR

() is definedonthesameprobabilityspaceassS, andsatisfies

P(R<S)=1; 3)

(i) hasthesametail behaiour ass, in thesensedhat
Jim y~*log P (R > y) = —a/2, (4)

wherethe constant is asin (2).

The motivation for the presentstudy comesfrom the theory of statisticaltests,
whererandomvariablesS emegeasthelimit in distributionunderthe null hypothesis
of asequencef teststatistics. Exampleswill begivenshortly.

As the constant providesa corvenientroughdescriptionof the limiting distribu-
tion of theteststatisticathand theverificationof (2) is akey stepin thecomparisorof
statisticaltests. In fact, (2) appearsasa conditionin resultsfor determiningapproxi-
mateBahadurefficiengy [cf. Bahadur{1960)],in resultsguaranteeinghe coincidence
of limiting approximateBahadurefficiengy andlimiting Pitmanefficiengy [cf. Wie-
and(1975),Kallenbeg andKoning (1995)], andin deviation results[cf. Inglot and
Ledwina(1993),Koning(1992),Koning(1994)]. Deviation resultsarein turn needed
for thecomputatiorof Bayesrisk efficiency [cf. RubinandSethuramai(1965)],inter-
mediateefficiency [cf. Kallenbeg (1983)]andexactBahadurefficiency [cf. Bahadur
(1960)]. Referto Chapterl in Nikitin (1995)and Chapterl0 in Serfling (1980)for
additionalinformationon efficiengy concepts.

For a giventestingproblemeachof the efficiency conceptsmentionedabore may
be usedto selectan “optimal” statisticaltest. However, whenapplyingthe selected
testtheroughdescriptiona is no longersuficient, andadditionalprecisionis needed
to determinethe critical value [that is, a selectedupperpercentaggoint of the test
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statisticland/orthe attainedsignificancdevel of thetest. In sucha stuationwe resort
totherandomvariableR in orderto obtainamoredetaileddescriptiorof tail behaiour
of S.

We take a specialinterestin the situationwherethe time spaceandthe covariance
functionboth have productstructurethatis, we have M = M, x M, and

K ((51,82), (t1,t2)) = Ki(s1,81) Ka(s2,12) )

for every s;,t; € M; [: = 1,2]. An importantexampleis the situationwhere M is
equalto [0,1]%, and X coincideswith the processI’ = {['(¢1,%2) o<t t,<1, @ Mean
zeroGaussiamprocesswith covariancefunction

éT(sl, SQ)F(tl, tg) = {min(sl, tl) — Sltl} {min(SQ, tg) — 82t2} (6)

for 0 < s1,89,%1,t2 < 1. In literature,the Gaussiarprocesd’” is calledthe Wiener
pillow [Piterbag (1996),p. 137;inspiredby the factthatI'(¢;, ;) = 0 almostsurely
for all (1,t2) onthe boundaryof the unit square],the completelytucked Brownian
sheet[van der Vaartand Wellner (1996), p. 368] or the tied-dovn Kiefer process
[Csorgd andHorvath(1997),p. 320]. We shallreferto I' asthe Brownianpillow. One
may view the Brownian pillow as a two-parametegeneralizationof the Brownian
bridge[that is, a one-parametezeromeanGaussiarprocessB(t) definedon the unit
interval [0, 1] with covariancefunction€ B(s)B(t) = min(s,t) — st for 0 < s,t < 1].

Limiting randomvariablesof thetypeT'(I") occurin certainnonparametristatis-
tical applicationssuchasin nonparametri¢estingof bivariateindependencgef. Ho-
effding (1948),Blum et al (1961),Dugue(1975),De Wet (1980),Deheuels (1981),
EinmahlandvanKeilegom(2001)],andnonparametritestingof univariateconstang
overtime [cf. Crgd andHorvath (1997),Hjort andKoning (2001)].

OthermeanzeroGaussiarprocessewhich obey (5) emege aslimiting processes
in nonparametri¢estingof multivariateindependencgor instancethe p-variateHo-
effding, Blum, Kiefer andRosenblatprocesswith M = [0, 1]? andcovariancefunc-
tion IT?_, {min(s;, t;) — s;t;}] andin nonparametri¢estingof multivariateconstang
overtime [for instancethe p-variateGaussiarprocessewith M = [0, 1]? andcovari-
ancefunction

{F (min(sl, tl), R ,min(sp_l, tp—l)) - F (81, Caey Sp—l) F (tl, R ,tp_l)}
x {min(sp, tp) — sptp}

of Theorem2.6.1in Csrgd andHorvath(1997),p. 153].

Thestructureof the paperis asfollows. In Section2 we first considerthe situation
in which no structureis imposedon the “time space”M; the resultsare exemplified
usingthe Brownianbridge.In Section3 we explorethesituationwherethetime space
andthe covariancefunction obey (5); the resultsare exemplifiedusingthe Brownian
pillow. In Section4 we discusshe useof therandomvariable R in simulatingupper
percentaggointsof S. In Section5 we considerthe extensionof Propositionl, the
mainresultof Section3, to moregeneraklasse®f functionals.
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2 General Gaussianprocesses

2.1 Reproducing kernel Hilbert space

Let M betheclosureof anopenboundeddomainin IR?, andlet X beaseparableero
meanGaussiamprocessiefinedon M. Definethe covariancefunctionK : M x M —
IR by K(s,t) = EX(s)X(t) for s,t € M. As acovariancefunctionis non-ngative
definite,thereexistsa uniqueHilbert spaceX suchthatthereproducingoroperty

(f,K(t,"))y = f(t) foreveryte M,

holdsfor every f € #H [cf. Adler (1990),equation(3.9), p. 67]. The Hilbert space
H is calledthereproducingkernelHilbert spacebelongingto X. Referto Aronszajn
(1950)for thegenerakheoryof reproducingernels.

If thesetM is equippedvith ac-additve measureg: sothatthecovariancgunction
K belongsto the spaceLs(M x M, u x p), thenonemay describethe reproducing
kernelHilbert spacebelongingto X by meansof the orderedeigervalues{m, > m >
... > 0} andthecorrespondingnormalizedeigenfunction®f the operatorC,, defined

by
Kul(t) = [ K(s,0)f(s)du, forevery f € Ly(M, p).

It is well known thatthe operatorkC, is self-conjugateandcompactcf. Kolmogoro
andFomin(1975)]. Hence by theHilbert-Schmidtheorenicf. Kirillo vandGvishiani
(1982),p.78]it hasacompleteorthonormabkystenof eigenfunctiong iy, ko, ...} and
correspondingigervalues{r, 7», . ..} thatcorvemesto zero.Thatis, h; and; solve
theintegral equation

[ K (s, 0hs()du = 73,0 ™
andh; andhy, satisfy

_J 1 forj=k,
/M hi(s)he(s)dp = { 0 forj#k.

As K, is non-n@ative definitedueto thefactthat K (s, t) is a covariancefunction,we

seethatr; > 7o > ... > 0. If thesum}_; 7; is finite [which is the casewhenthe

covariancefunction K (s, t) is continuousandthe measureu is absolutelycontinuous
with respecto Lebesgueneasure]thenk,, is atrace-clas®peratorandthekernel

is representeth theform

K(s,t) = > 1ih;(s)h;(t),
§=0
wherethe corvergenceis uniform on M x M [see,for instance ,Kantorovich and

Akilov (1982)for thegenerakheoryof trace-clas®perators].
Lemmal follows by Theorem3.16in Adler (1990),p. 75.
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Lemmal ThereproducingkernelHilbert spaceH belongingto X is givenby

’H={f:f= > bihy, X M<OO},

§>1,757#0 i>1,m#0 T3
andhasscalarproduct
1
o= 3 [ smeae [ semeie)}

Let usremarkthatthe Hilbert spaceH is uniquelydefinedby the kernel K anddoes
not dependon the choiceof the absolutelycontinuousmeasure, althoughthe eigen-
functions{h;} andtheeigemalues{r;} maybedifferentfor differentmeasures.

2.2 Tail behaviour of a Gaussianprocess

For thereproducingkernelHilbert spaceH belongingto X considera positive homo-
geneousublineafunctionalT : H — IR (thatisT'(f) > 0, T(Af) = |NT(f), T(f+
9) <T(f)+T(g)forall f,g € H, A € IR) anddefineits #-normby

|||, = sup T(f),
feOy

whereQ3, denoteghe unit ball in H. The relevanceof this norm for describingthe
right handtail of the distribution of S = T (X) is shavn by the next inequality ap-
pearingin the proofof Theoremb5.2in Borell (1975).

Inequality 1 (Inequality of Borell) LetT bea positivehomaeneousublinearfunc-
tional on . Supposéhere existsz, sud that P (S < z,) is positive andlet ¢ satisfy
P(Z < &) < P(S < zy), whee 7 is a standad normalrandomvariable Then

P(S22) < P(Z>E+]|TIly (z — )
for everyz > xy.

The Inequalityof Borell implicitly providesan exponentialboundfor P (S > z),
asreadilyfollows from the next inequality[cf. ShorackandWellner(1986),p. 850].

Inequality 2 (Mill’ sratio) Let Z be a standad normalrandomvariable Then,for
all y > 0,

2
e V2,

1
(v'-y?) o=V <P(Z>y) <y

1
V2r V2r
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If thereexistsaconstant > 0 suchthat

T(f) < cmax{sulg |f|,1} foreveryf e H (8)
te

[asis usuallythe casein statisticalapplications],thenthe existenceof x, suchthat
P (S < ) is positive canbe verifiedwith theaid of thefollowing versionof Borell's
inequality[cf. Samorodnitsk (1991)].

Inequality 3 (Inequality of Borell, supremum version) If £ sup,c,, X () < oo, then

- SsupX(t)>2

te M
2sup,cp K(2,1)

P (sng(t) > x) < 2exp _<

for everyz > & sup,cp X(2).

If @ isaboundedilinearform, thenthefunctionall definedby T'(f) = 1/Q(f, f)
for every f € H satisfieq8) [cf. Definition 13.2in Helmbeg (1969),p. 89].

For Gaussiarprocessethe boundednessf the supremumnis intimately relatedto
samplepathcontinuity[cf. Sectionlll.1 in Adler (1990),p. 62].

2.3 Tail behaviour of supremum and quadratic tests

Considerastatisticalproblem whereatstagen it is naturalto basestatisticaltestsona
“monitoring process’X,,, whichunderthenull hypothesiconvergesin distributionto
X asn tendsto infinity. As anexample,onemaythink of thegoodness-of-fiproblem,
theindependenceroblemandthe change-poinproblem. An appropriatanonitoring
processin the goodness-of-fiproblemis the multivariateempirical process,which
convergesunderthe null hypothesigo the tied-dovn Brownian motion [cf. Durbin
(1973), Eastwod and Eastwood (1992)]. An appropriatemonitoring processn the
independencandchange-poinproblemsis the Hoefiding, Blum, Kiefer, Rosenblatt
multivariateempiricalprocessyhich cornvergesunderthenull hypothesido Brownian
pillow type processefHoeffding (1948),Blum et al (1961),Csdrgd (1979),Cotterill
andCsrgb (1985)].

In suchstatisticalproblemsphbvioustestsaresupremunandquadratidestsderived
from themonitoringprocessX,,. Supremuntestsrejectwhenthesupremunteststatis-
tic sup,cas | Xn(t)| becomedarge. Underthenull hypothesisthis statisticcorvergesin
distribution to T'(X'), wherethe correspondindunctionalT’(f) = sup,c,, | f(t)] is of
form (1) with V- = M and@,(f, g) = f(v)g(v). The Kolmogoror testis anexample
of asupremuntest.

Let @ beasymmetricboundedbilinearform. The quadraticdestcorrespondingo

@ rejectswhenthe “quadratic” teststatistic,/ @ (X,, X,,) becomedarge. Underthe
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null hypothesisthe quadraticeststatisticcorvergesin distributionto 7'(X), whereT
is of form (1) with V' equalto a singleton{v,} and@,, equalto Q. The Cranmérvon
MisesandAnderson-Darlingestsareexamplesof quadratidests.

Our studyof randomvariablesI'(X') whereT is of theform (1) startsby observing
thatfor everyv € V thereexists a uniqueboundedinear operatorA, definedon H
suchthat

Qv(f7 g) = <f7 AvQ)’H

for every f,¢g € H [cf. Theorem13.5bin Helmbeg (1969),p. 92]. Obsere that.A,
depend$othonthechoiceof @), and[via thenorm (-, -)3,] onthecovariancefunction
K of X. Assumethat@, satisfieghefollowing condition.

Condition 1 For each v € V the opemtor .4, associatedo ), hasa completeor-
thonormalsystemof eigenfunctions{¢, ,, ¢2,...}. Moreover, ther existsw € V
sud thatsup,cy A1y = A1, Whee A, denoteshelargesteigervalueof A,.

Letusrecallthatin generak self-conjugatgositively definiteoperatoiin aHilbert
spacemay have no eigervaluesat all [Kirillo v andGvishiani(1982),p. 273] so Con-
dition 1 is indeedquite restrictve. Neverthelessjn moststatisticalapplicationsthis
conditiondoeshold.

Thesecondpartof Condition1 is fulfilled when,for instance, , is a continuous
functionof v, andV is compact.

Lemma 2 If Conditionl holds,then

(). [|T||3 is equalto T (¢1.m) = +/Aw;

(i). T(X) is larger than or equalto ||T||3 - |Z| with probability 1, whee Z =
(X, ¢1.)% is astandad normalrandomvariable

Denotetherandomvariable||T'||y - | Z| by R. It follows from Inequality2 that(4)
holdswith
a =Tl . (9)

As Inequalityl implies

lim sup(y) 2log P (T(X) > y) < —a/2

y—>+oo

with a givenby (9), it immediatelyfollows from Lemma2 thatthe randomvariables
T'(X) andR have similartail behaiour, in the sensehat

lim (y) 2log P (T(X) >y) = lim (y) *logP (R >y). (10)

y—>+oo y—>+oo

In particular we obtainthat(2) holdswith a givenby (9).
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As notedin the introduction, (2) is directly relevant for the computationof the
approximateBahadurefficiengy of thetestbasednT'(X,,). Moreover, in combination
with aKMT-typeapproximatiorfor X,,, (2) impliesadeviation result:

Jim (yn)"*log P (T(Xn) > yn) = —a/2 (11)
for sequenceg, thattendto infinity at a sufficiently slow rateasn — co. A KMT-
type approximations a strongapproximationgovernedby an exponentialinequality
astheonesgivenin Komlbsetal (1975)for the partialsumprocessandthe empirical
process.

The quality of the KMT-type approximationdetermineshe maximal rate of y,,
allowedin (11) [cf. Inglot andLedwina(1990,1993),Koning(1992,1994)]. Special
deviationresultsare:

e Chernof type deviation results,which allow sequenceg, up to O(n!/?), and
arerelevantfor the computatiorof exactBahadurefficiency [Bahadur(1960)];

e Crangrtype deviation results,which allow sequences,, up to o(n!/¢), andare
relevantfor the computatiorof intermediateefficiency [Kallenbeg (1983)];

e moderatedeviation results,which only allow sequences, up to O((logn)'/?),
andarerelevantfor the computatiorof Bayesrisk efficiency [Rubin andSethu-
raman(1965)]andweakintermediatesfficiency [Kallenbeg (1983)].

For someof the more popularfunctionals[for instancethe functionals7¢,\ and
Tap introducedat the end of this section],we have T'(X) is equalin distribution to
2/2;?‘;1 )\j,wZ]?, whereZy, Z,, . .. is asequenc®f independenstandarchormal ran-

om variables.For suchfunctionals,LemmaZ2 seemdo be relatedto LemmaZ2.4in
Gregory (1980),which stateghat

=1

Jim (z)" log P (Z Njw(Zi —1) > 55) == (2Nju) "

if 3252, A%, isfinite.

Remarkthat(10) suggestshatfor smallsignificancdevelsthecritical valueof the
teststatisticT'(X') maybe approximatedy the correspondingjuantileof therandom
variable R. However, suchanapproachs notrecommendedsinceit would leadto a
anti-conserative approximateest.

2.4 Application to the Brownian bridge

Recallthat a Brownian bridgeis a zero meanGaussiarprocessdefinedon the unit
interval, with covariancefunction Kg(s,t) = min(s,t) — st. For a differentiable
functionf : [0,1] — IR, let f’ denotethederivative of f.
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By differentiatingboth sidesof (7) twice [hereandbelow the integralsarecom-
putedwith respecto theusualLebesquaneasurel]it follows thatthe eigervaluesand
eigenfunction®elongingto the Brownianbridgearesolutionsto thedifferentialequa-
tion

Th'(t) = —h(t) (12)

underthe boundarycondition(0) = h(1) = 0. Hencetheseeigervaluesandeigen-
functionsaregivenby

7= ()%, hi(t) = V2sin (jnt)

[cf. Proposition5.3.1in Shorackand Wellner (1986),p. 213]. Thus,we may in-
voke Lemmal to describethe reproducingkernelHilbert spaceH g belongingto the
Brownianbridge B.

However, for functions f, g in H g which do not have a simpleandclearrelation
with the Brownianbridgeeigenfunctiong:; thecomputatiorof thescalamproductmay
well beintricate.Lemma3 providesanalternatve representatioof the scalamproduct
in H g, which oftenis morecorvenient.

Lemma 3 TheHilbert spaceH g correspondingo the kernelof the Brownianbridge
B is givenby

Hp={f:[0,1] = R, f' € Ly[0,1], f(0) = f(1) =0},

andhasscalarproduct

(f, Dns = /01 I'(t)d (t)dt.

If f andg belongto H g, andg is twice differentiablethenit follows by integration
by partsthatwe maywrite

(o9 =~ " )" ()

Example: the Kolmogorov functional ConsiderthefunctionalZy, definedby

Tka(f) = sup |F(2)]-

t€[0,1]

Obsere thatTx, satisfieq1) with V' = [0, 1] and@, = f(v)g(v). Thecorresponding
operatotis A, f (t) = f(v) - ¢1,(t), where

qsl,v(t):{( b/ ift<u,

1-1),/7% ift>w.



Tail behaiour of Gaussiarprocesses 10

It is seeneasilythat¢, , is aneigenfunctiorof the operatorA, correspondingdo the
largesteigervalue A, , = v(1 — v), all othereigemvalues);,, j > 2 arezeros. Thus

Condition1 holds, and the maximaleigervalue A, ,, = i is attainedfor w = . It

2
now follows by LemmaZ2(i) thatin H g thenormof Tk, is equalto 2-1. Moreover, for

w = 1/2 we have
(B,grulny = [ HuaBE)= [ dB@)~ [ = dB()=2B0/2)

andhenceit follows by Lemma2(ii) thatTkq (B) is largerthanor equalto || Tkl
|Z| = |Z/2|, whereZ = 2B(1/2) is astandarchormalrandomvariable.
The exactdistribution of Tk (B) is givenin Kolmogoros (1933). O

Example: the Cramér-von Misesfunctional Considerthe functional7c,\y defined
by

1/2

Tew(f) = {/01 (f(s))? ds}

ObserethatT,y satisfieg1) with V = {v} andQ,, = fy f(s)g(s)ds. Define.A by
Af(s) = [y K(s,t)f(t)dt, whereK (s,t) = min(s,t) — st is ourreproducingkernel.
It it easyto seethatthis operatortakesthe space#{ s to the spaceH’; = {f € Hp |
/" € Hp}. AsA™'F = —F" for every FF € H'5, the eigenfunctionf A satisfy
—f" = A~lf [comparewith (12)], and hencethe eigervaluesand the normalized
eigenfunctiongregivenby

Aj=(m)7%  ¢(t) = (jm) ' V2sin (jmt).

In particular we have \; = n=% and¢;(t) = 7~'v/2sin (7t). Sincethe operator.A
is compactandself-conjugatetherefore usingagainthe Hilbert-Schmidtheoremwe
concludethat.A is diagonalizedi.e.,{¢;} isindeedanorthonormabasisin Hg. Thus,
Condition1 holds. It follows by Lemma2(i) thatin H g the normof T¢,y is equalto
7~ Hence,by LemmaZ2(ii) Tcym(B) is larger thanor equalto [|Teuwl||s - |1Z] =
|7=1Z|, where

Z = (B,¢1)xn =—/ S—W\f/ )sin (7s) ds

is a standarchormalrandomvariable. The randomvariabler 1 Z coincideswith the
limit in distribution of the“first component’of the Cranervon Misesteststatistic|cf.
DurbinandKnott (1972)].

Theexactdistributionof Te,w(B) [or rather{ Te,w(B)}?] is describedn Anderson
andDarling (1952). O
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Example: the Andersen-Darling functional Considerthe functionalTp defined

by o
to - ([ Y

For this functionalwe have V = {v} andQ,, (f, ) = J; (f(s)g(s)/s(1 — s)) ds.
Recallthat Kz(s,t) = min(s,t) — st. Sincethe operatorA definedby Af(t) =
Jy (Kg(s,t)/s(1 — 5)) f(s)ds satisfiesA~' F(t) = —t(1 — t) F"(t), it follows thatthe
eigenfunctionsandthe eigervaluesare found from the equation\~' F'(¢) = —t(l —
t)F"(t). Thesolutionsof thisequatiorare F;(t) = t(1 —£)L,;—1(2t — 1), A\; = N—H),
Jj = 1,2,..., whereL; is the Legendrepolynomial of degree; [cf. Whlttakerand
Watson(1927),p. 324]. Sincethe operatorA is self-conjugateit follows thatthese
solutionsform an orthogonalsystemin H . The systemof Legendrepolynomialsis
completein Ly[—1, 1], consequentlyhe system{ F;} is completein 7. Thus,after
normalizationwe obtainthe completeorthonormalkystemof eigenfunctions

25 +1
j(G+1)

#;(t) = t(1—t)L;—1(2t —1)

andcorrespondingigervalues); = m%l)j > 1 [seealsoDurbinandKnott (1972),

p. 303]. HenceCondition 1 is fulfilled. In particular we have ¢,(t) = v/3t(1 — )
and); = 1/2. It follows by LemmaZ2(i) thatin Hp thenormof Typ is equalto 271/2,
It follows by Lemma2(ii) thatTap(B) is larger thanor equalto | Tap||#, - |Z]| =
127427, where

Z = (B, 1) =—/' d&—%f/

by Lemmal. The randomvariable2-'/2Z coincideswith the limit in distribution
of the “first component’of the Anderson-Darlingeststatistic[cf. Durbin andKnott

(1972)].
The exactdistribution of Txp (B) [or rather{Txp(B)}?] is describedn Anderson
andDarling (1954). O

3 Covariance functions with product structure

3.1 Reproducingkernel Hilbert space

In this sectionwe considerthe situationwherethe covariancefunctionof X obeysthe
productstructureasgivenby (5). As anexample onemaythink of thelimit in distribu-
tion of the Hoeffding, Blum, Kiefer, Rosenblatp-variateempiricalprocesswhich is
ameanzeroGaussiamprocesswith covariancefunction[}_; {min(s;, ;) — s;t;} [see
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Section3 in Blum etal (1961)]. Obsene thatfor p = 2, this processoincideswith
the Brownianpillow.

Although we concentraten the productstructure(5), our resultshave directim-
plicationsfor the situationwhere

I
=
P
»
S—’

K ((81, 892, ..., Sp), (tl, tg, ‘s ,tp))

foreverys;,t; € M; [i1 =1,2,...,p].

Lemma4 ThereproducingkernelHilbert space of X is equalto thetensorproduct
‘H1 o He, whee #H; denotesthe reproducingkernel Hilbert spacecorrespondingo
Ki(zi,y:) [1=1,2].

ThetensomproductH, o, is theHilbert spacewith basis{,; o hox }, where{h;;}
is anorthonormabasisof H;. Forary fi = 3> ai;h; € Hi and fo = 34 agphay €
H, we have

Jio fa= Zzaua% . hlj o hog.
ik
Thescalamproductin H; o H, is definedas

Q2D @ik - Pagy 0 haky, Y D bisaky - hajy © haky ) 2s03,

J1 k1 J2 ko

= Z ajkbjk.
ik
It is clearthatfor ary f,, g, € H, andfs, go € Ho we have

<f1 o fa, 910 g2>7{107{2 = <f1791>7{1<f2792>’+127
andin particular

<h1j1 © h2k17 h1j2 © h2k2>7{107{2 = 6]'1 7]'25161,192'

It is seereasilythatthetensormproductof Hilbert spacesloesnotdependnthechoice
of theorthonormabasesn them.

3.2 Tail behaviour of supremum and quadratic tests

Fori = 1,2, let #; be a Hilbert space. Let ; be a symmetricand bounded(not
necessarilypositively semidefiniteilinearform on H,;; thatis, thereexistsa positive
constant suchthat

Qi(fi, 9i)| = [Qi(gs, i) < cll fillas - llgillos

for every f;, g; € H;. Thenonecandefineabilinearform @), oQ), onthetensorproduct
;1 o H, asfollows: for theelementf basiswe setQ; o Qa(h1j, © haj,, bk, © hok,) =
Q1 (hijy, Pk, ) Q2(2h4,, hor,), thenextendthis form onto #; o H, by bilinearity. The
tensorproductof bilinearformsdoesnot dependn the choiceof basesandpossesses

theproperty@; o Q2(f1 © f2, g1 © g2) = Q1(f1, 91)Q2(f2, g2) for all f;, g; € H,.
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Proposition1 Let H; be a Hilbert space Q; be a symmetricand boundedbilinear
formon?H;, « =1,2. Then

sup Qo Q2(f)| = sup |Q1(f1)| sup |Q2(f2)|. (13)
fieH fo€Ho

fEH 102

If the supemaon the RHSof (13) are respectivehattainedfor f, = f; and fo = f5,
thenthesupemumon the LHS of (13) is attainedfor f = f} o f5.

Corollary 1 LetthefunctionalT; be definedby T;(f;) = {Supview |Qi,u,-(fi)|}1/2 for
fi € H;, whee V; is someindex setand Q; ,,, is a symmetricooundedbilinear form
satisfyingCondition1. Thenthefunctionall = T} o T, definedby

1/2
T(f) = { Sup sup @y, 0 Qz,w(f)l}

v1€VI 12€V2
for f € H,0oHa satisfieQ|T||,Hlo,H2 = ||T1||7{1 . ||T2||,H2.

Lemmas LetT beasin Corollary 1, let ¢;; ,,, denotethe eigenfunctioncorrespond-
ing to thelargesteigervalueof Q; ,,,, anddefinethe processX, by

Xo(ta) = (X (- t2), Pr1,m )

for t, € M,. ThenXs is a zelo meanGaussianprocessX, with covariancefunction
K5(s9,t2). Moreover, T'(X) is larger thanor equalto || 77 ||3, - T2(X2) with probabil-
ity 1.

Remarkthat Corollary 1 implies that the randomvariablesT(X) and || |3, -
T,(X>) have similar tail behaiour, in the sensehat
. 92 . . 92 .
Jm (y)log P(T(X) > y) = lim (y) " log P ([Tl - To(X2) > y).  (14)

Applying Lemma?2(ii) to X, yields that thereexists a standardnormal random
variableZ suchthat

T(X) 2 |Ti[lp, - To(X2) 2 | Tallse, - (1 T2/l - |2

with probability 1. This indicatesthat Lemmab may well yield betterresultsthan
Lemma2(ii) whenappliedto a zeromeanGaussiarprocesswith productstructurein
the covariancefunction.

By asymmetryargument;t follows thatunderthe conditionsof Lemma5 we also
have that T(X) is largerthanor equalto || 75|y, - 71(X1) with probability 1, where
theprocessX; is definedby

Xi(t) = (X (81, ), P21,00) 95
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3.3 Application to the Brownian pillow

As Kr satisfieg5) with K; = Kp, we have Hr = Hp o Hp. Lemmab presentan
alternatve representationf thereproducingkernelHilbert spacebelongingto I'. For
afunctionf : [0,1]? — IR whichis diffentiablein bothcomponentdget f,, denotethe
partialderivative of f obtainedby differentiatingwith respecto bothcomponents.

Lemma6 TheHilbert spaceHr correspondingo the kernel of the Brownianpillow
I is givenby

Hr = {f 10,12 = IR, fi2 € Lo[0,1], f(t1,%2) = 0 ontheboundaryof [0, 1]2} :

andhasscalarproduct

f, e = /01 /01 Jrz(t1, t2) gr2(t1, t2)dt1dts.

Example: an extensionof the Kolomogorov functional Let Tk, beasin the pre-
vioussectionrecallthat||Tkol|| 3, = 1/2.

e ForthefunctionalT = T, o Tko definedby

Tiol © TKOI(f) = Ssup |f(t17 t2)| for a/eryf € Hr,
t1 ,t2€[0,1]

Corollary 1 yields||T||3,. = ||Tkall3, = 1/4. By Lemma2(ii) thereexists a
standarchormalrandomvariableZ suchthatT(I') > |Z|/4. By Lemma5 we
have T'(T') > ||T«ol|#5 kol (Bkol) = Tkol(Bkol)/2 with probability 1, wherethe
Brownianbridge By, is definedby

Byol(t2) = 2I°(1/2,t5) for everyts € [0,1].

To the authors’knowledge, the distribution of T'(T") is not known. The only
resultfoundin literaturewith respecto this distribution is the upperboundin
Kiefer and Wolfowitz (1958)[cf. Blum et al (1961)]: thereexist unspecified
positive constantg;, ¢, suchthat

P(T(T)>y) <crexp {—c2y2} :

Obsenre thatthis upperboundfollows from the Inequalityof Borell. In fact,we
maytake ¢, equalto 1/2||T||3,. = 8.
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Example: extensionsof the Cramér-von Mises functional Let T¢yw be asin the
previoussection recallthat|| Teyw||#, = 7.

e ForthefunctionalT = Tcym © Teum definedby

Lot 1/2
Teowm © Teum (f) = {/0 /0 f (tl, tQ)dtl dtQ} for e\/eryf € Hr,

Corollary 1 yields ||T'||3. = ||Tcwull3,, = 7. By Lemma2(ii) thereexists
a standarchormalrandomvariableZ suchthatT(T") > |Z|/7%. By Lemma5
wehave T(T') > ||Tew||#s - Towm(Bewm) = Tewm(Bew) /7 with probability 1,
whereBcyy is the Brownianbridgedefinedby

1
BCVM(tQ) = 7'('\/5/0 F(tl, t2) sin(wtl)dtl for everyty € [0, 1]

Thedistribution of T'(T") is takulatedin Blum etal (1961).

e ForthefunctionalT = Tk o Tcym definedby

1/2
Tkol © Towm(f) = sup {/ 2(t1,t2) dt2} for every f € Hr,
t1€ 0 1

Corollary 1 yields [|T||3r = ||Tkolll2s - [|[Towl|lns = 1/27. By Lemma2(ii)
thereexistsa standarchormalrandomvariableZ suchthatT'(I') > |Z|/2#. By
Lemma5 we have T(T') > ||T«oll|#zTcwm(Bkol) = Tew(Bkol)/2 andT'(T') >
I Tewmllzg - Tkol(Bewn) = Tkol(Beyw)/7 With probability 1; here B, is the
Brownianbridgedefinedby

1
Bl () = 12 /0 T(th, t) sin(nty)dts,  for everyt, € [0,1].

Example: extensionsof the Anderson-Darling functional Let T)p be asin the
previoussection recallthat || Tap |2, = 27/2.

e ForthefunctionalT = Tp o Thp definedby

1/2
2(t1,10)

Tap o T, / / : dty dt for ever ,
D © Thp ( { otll—t1t21—t2) 1 2} yf € Hr
Corollary 1 yields ||T||#,. = |Taoll5,, = 1/2.- By Lemma2(ii) thereexists a
standarchormalrandomvariableZ suchthatT'(I') > |Z|/2. By Lemma5 we
have T(T') > ||Tapl|#5 - Tan(Bap) = Tap(Bap)/+/7 with probability 1, where

Byp is the Brownianbridgedefinedby

1
BAD(tQ) = \/3/0 F(tl,tQ)dtl for everyt, € [0, 1]
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e ForthefunctionalT = Tk o Tap definedby

U f2(t1, t9)

1/2
L~ dt for every f € Hr,
t2(1— 1) 2} yf r

Tl OTAD(f) = SUP]{/O

t1€[0,1

Corollary 1 yields || 7|z = [|Tkolllas * [ Taollas = 27%/2. By Lemma2(ii)
thereexists a standarchormalrandomvariableZ suchthatT(T') > |Z|/2v/2.
By Lemma5wehave T'(T') > ||Tkoll|25 Tap (Bko) = Tap (Bko)/2 andT'(T) >
| Tan |75 * Tiol(Biap) = Tkol(Bap)/v/2 with probability1; hereBl, is the Brow-
nianbridgedefinedby

1
BAD(tl) = \/3/0 F(tl,tQ)dtQ for everyt; € [0, 1]

e Forthefunctionall = Ty o Tap definedby

f2 £ t 1/2
Tewm o Tap(f {/ /0 ; 11’; dtldt2} for every f € Hr,
2 - 2

Corollary1yields||T||x, = |Tewllas - |Tao 2, = (7v/2)~1. By Lemma2(ii)
thereexists a standarchormalrandomvariable Z suchthat7(I') > |Z|/7v/2.
By Lemmabs yields that T(T") > ||Tcum||35Tap(Bkol) = Tap(Bko)/m and
T(T) > | Tao |l - Tow(Bap) = Tewn(Bhp)/v/2 with probability 1.

O

4 Refining the resultsby simulation

Considerarandomvariableof interestS andareferencevariableR satisfying(2), (3)
and(4). As notedbefore,the directuseof the distribution of R asanapproximation
to the distribution of S shouldbe avoidedsinceit leadsto an anti-conserative test.
However, if the distribution of R is known, thenwe may employ simulationmethods
[using R asa “control variate” for S] to approximatethe tail distribution of S. The
preceedingesultsmay act asguidelinesfor the statisticalanalysisof the simulation
results.In thissectionweillustratethis approachby applyingit to statisticsof theform
S =T o Ty ('), whereT; andT, areeitherTxor, Tcum OF Tap, andl is a Brownian
pillow. We remarkthatthe distributionsof Tk (B), Tcum(B) andTap(B) have been
talulated[cf. Kolmogoror (1933),AndersorandDarling (1952,1954);selectedupper
percentag@ointsaregivenin Tabell].

In our simulationstudywe performedl0.000simulations.In eachsimulationgen-
eratedthe Brownian pillow on a 1.000 x 1.000 grid, andcomputedS = T} o T, (T')
andR = |Ti|z o T» (B,). Thus,we obtained10.000independentopies(S;, R;) of
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(S,R). Let SV < 8@ < ... < §(0000) gnd RM < R < ... < RO denote
theorderedversionsof therandomsamplesS:, S, . . ., S1go00 aNA Ry, Ro, . . ., R1g000,
respectiely. We shallreferto S® andR® asthei® orderstatisticsof S andR, respec-
tively. ObsenethatS > R with probability 1 implies S® > R® with probability 1.

As we wereinterestedn the tail behaiour of S, we investigatedhe relationbe-
tweenS® andR® for i = 9001, ..., 10000 [thatis, theuppertenpercenbf theorder
statistics]by exploratorystatisticalmethods.For all statisticsS underconsideration,
we foundthat plots of In gi(i) — R(i)) versusln R® showed roughly linear relations
[seeFiguresl-9]. For eachof theplots,we estimateda simpleregressiormodelby or-
dinaryleastsquaresAlthoughtheassumptionsf theregressiormodelareclearly not
met, the plots show thatthe regressiorines do seemto give anadequatesummaryof
therelationbetweerin (S(i) — R®) versudn R®. Fromthis relationwe maydeduce
thatthereexist constantg andp suchthat

@ ~ RO L ¢ (R(i))_”,
andinfer for 0 < « < 10% thata similar approximatiorholdsbetweenthe « upper
percentag@ointsof S andT; (B;). Table2 summarizeshe approximationgoundin
Figures1l-9,andevaluateghe approximationgor o = 0.10, & = 0.05 anda = 0.01.
Obsenre thatthe approximated).10, 0.05 and0.01 upperpercentaggointsgivenfor
Tkol © Tcum (T') arequite closeto thosegivenfor Toym o kol (I'). The sameholdsfor
Tkol © Tap (T') @andTap © Tko (T'), andfor Toym © Tap (I') andZap © Teum ().

Table 2 seemgo suggesthatthe rateat which y=21og P (S > y) corvergesto a
constant-a/2 [recall (2)] is relatively slow for functionalsT” involving Tkg.

The randomvariableTcywm © Tcum (T) is the only oneoccurringin Table2 which
hasbeentakulated[Blum etal (1961),seealsoCotterill and Crgd (1985)]. For this
randomvariabletheexact0.10,0.05and0.01upperpercentag@ointsrespectrely are
v/0.04694 = 0.2167, +/0.05840 = 0.2417 and+/0.08685 = 0.2947, sotheapproxima-
tion givenin Table2 seemdo bequiteaccurate.

In CotterillandCsdrg6 (1985)theuseof Cornish-Fisheexpansiongo approximate
upperpercentaggoints of Tcym © Teum (I') is advocated. However, Cornish-Fisher
expansionstypically yield inaccurateresultsfor « tendingto zero. Recallthat the
situationwherea tendsto zerois of considerabléheoreticainterest.

5 Possiblegeneralizations

In this sectionwe addresshe questionwhetherit is possibleto generalizethe key
resultPropositionl for awider classof functionals.

Let Ty, T bepositve homogeneouboundedunctionalsdefinedon Hilbert spaces
H.,Ho, respectiely. Let T be a functional definedon the tensorproduct?#; o H,
which satisfiesT'(f; o fo) = Ti(f1)T2(f2) forall f; € Hy andfo € He . ThenT is
saidto possesshe productpropertyif |T']| = |T3]| - ||T2]-
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First note that the productproperty entirely dependson the way we extendthe
functionalT; o T, from basicelementsp;; o ¢of,, whereit is equalto 7 (¢1;)T2(Pax),
onto the whole tensorproduct?#; o H,. As we sav in Propositionl the product
propertyholdsif thefunctionalsareextendedbilinearly.

If bothT; areof theform T;(f) = |G(f, ..., f)|'/* for somesymmetrick-linear
formsT;, T3, thenthetensorproductT; o T, arenaturallydefinedby k-linearity. For
k = 1,2, thek-linearextensionrespectghe productproperty(for £ = 2 this follows
from Propositionl, for £ = 1 thisalsodoes becaus¢hemodulusof alinearfunctional
is the squareroot of its squarewhichis abilinearform). However, for £ > 3 thisno
longerholds,asthe next exampleshaws.

Example: trilinear forms Considerthe trilinear form G(f1, f», f3) definedon the
spaceR? asfollows: G(ey, e1,€2) = Gley, ea,e1) = Glea, e1,€1) = 1, G(ey, €9, €3) =
—6/5, andG(e;, , e;,,€;,) = 0 for all othercombinationof indices[ hereey, e, are
basicvectors]. Thusfor avector f = (x,y) we have G(f, f, f) = 32°y — $¢°. Put

T(f) = To(/) = |G, , ). Itfollowsthat||Ti | = IT3]) = T3(0,~1) = (6/5)",

However, since||Ty o Ty|| = Ty o Ty (%,0,0, F3) = (%)g it alsofollows that

1 1
I3 0 T3l = (10/+/39)* > (36/25)° = || T3]l - | T2 m

Someotherextensiongnayviolatetheproductpropertyevenin thesimplestcases.

Example: other extensions Letd > 2, andconsiderntwo functionalsTy, 75 defined
on R¢ by Ti(f) = To(f) = ||f|| for f € IR?. Let usshaw thatthereexists a pos-
itively homogeneousublinearfunctional 7' definedon R? suchthatT'(f; o fo) =
T(f1)T(f2) for every f1, fo € IR?, but||T|| > ||T1|| - | T2||. Let S;_1 denotethe unit
spheran IR?, andconsider

Si108i-1={fog=1Ffg" : f,9€ S}

Obviously, §;_1 ¢ 81 is acompactsubsetof S;z_;, which doesnot coincidewith
Spg_1 [any f € 831 o S4_1, consideredas d x d-matrix, hasrank 1]. Take ary
g € Spp_1\S4-1 0 S4—1. Fromcompactnest followsthatinffcs, 05, , g — fIl =
a > 0. Thereforeg is notanelementof corv (S;_1 o S;_1), andhencethe corvexity
andcompactnessf cornv (S;_; 0 Sy_1) impliesT(g) > 1, whereT is the Minkovski
functionaldefinedby

T(g) = (sup{A € Ry : Ag € conv(S;_1084-1)}) .

It is clearthatT is sublinearandpositive homogeneousWe have T'(f, o fo) = 1 for
all f1, f2 € Sy4_1, henceby sublinearityT’ (fi o f2) = || f1]| - || f2|| for all f1, fo € IR4.
TakingTy = Ty = | - | pe, We seethat||T|| > [T(g)| > 1 = |T3]| - | T2 0
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Onthe otherhandwe have the following positive result: for any pair of sublinear
positively homogeneoulinctionalsly, 75 definedonHilbertspace$i,, H theredoes
exist an extension[of its tensorproduct] that respectshe productproperty Indeed,
using sublinearitywe getT;(f) = supy:cp: |Ly; (f)|, whereLy> denotesthe linear
form (f, f¥), andB; is apolarto thesetB; = {f; : |T;(fi)| < 1}; thepolar B} of a
subsetB; C H; is deflnedasB* = {fi € Hi, supsep,(f, fi') < 1} [cf. Borweinand
Lewis (2000)]. We cannow definethe extensionli o T; by

TioTy, = sup sup |Lg oL, (15)

fiEBY f3€B;

whereLg: o Ly is theuniquelydefinedlinearform satisfying
Ly oLy (fio fa) = Lg (f1) - Lyg (f2)

for all fi € H, andf, € H,. Now, it is easyto verify that ||T} o Ta|,, o5, =
1T1 |4, [|T2ll5,,» whichactuallyfollows from Corollary 1 by settingV; = B, v; = f;,
andQy, (f, g) = Lg(f) - Ly (g). Thus,for ary pair of functionalsTy, 75 theextension
(15) respectghe productproperty However, this extensionis not alwaysnaturaland
suitable.For instanceit doesnotcoincidewith thebilinearextensiorwhenbothT;, T

aresquareootsof positively semidefinitebilinearforms.

6 Proofs

Proofof Lemma?2 Thestatementi) is well known, we includethe prooffor corve-
nienceof thereaderConsidew € V andf € H. Sincethenormalizedeigenfunctions
of A, form acompleteorthonormabasisin 7, we maywrite

=Y 0ibj0, A =D bAjubiv,
j=1

=1

andhence

o] o]

(oAl =D (0:)Njw < A > (0))% (16)

j=1 j=1
Thus,
sup QU (f7 f) = )\l,v = Qv (¢1,v7 ¢1,v)7

feOn
whereQy, is theunit ball in H. Thisyields

||T||’H = Ssup sup Qv(f7 f) = Sug )\I,U = )\l,wy
vE

fEOy veV

This completeghe proof of Lemmaz2 (i).
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Next, we turn to statementii). Accordingto Theorem3.7 in Adler (1990),we
have the“principal componentslecomposition”

X =3 Zijw

=1

with probability 1, where 7y, Z,, . . . is a sequencef independenstandardnormal
randomvariables[principal componentslecompositiorwasfirst appliedto Gaussian
processesn Kac and Sieggert (1947)]. Remarkthatthe randomvariablesZ,, Z,, . . .

mayberetrievedfrom X by

Z; = (X, Pjw)n,
andobsenethatZ coincideswith Z;. It followsfrom (16) that

(X, AX)n = 2\ jw = 221w
j=1

with probability 1, andhenceLemma2(i) yields

T(X) 2 /Qu(X) 2 |Z|\/Arw = |Z] - T(¢1,0)

with probability 1. This concludeghe proof of Lemmaz2 (ii). O

Proof of Lemma 3 First we verify thatthe linear spacewith the introducedscalar
productis indeeda Hilbert space Thenby adirectcalculationwe show that

(f,Kg(-,t)) = f(t) forall f € Hp.

Thus, the reproducingpropertywith kernel Kz (s,t) = min(s,t) — st holdsin this
space.This concludeghe proof. O

Proof of Lemma 4 For i = 1,2, choosean arbitrary orthonormalbase{h;;} in
#H;. Considerthe Hilbert space#{ thatconsistsof all functionsf(s,t) = 355, a;x -
haj(s)haw(t) with 325, a3, < co andequippedwith thescalamproduct

(Z g1k 'hlthka Z bjzkz 'hljh2k> = Zajkbjk-
ik

Ji.k1 J2,k2

This spaces nothingelsebut the tensorproduct?; o H,, whereary elementf; o fo
is identifiedwith the correspondindusual] productf (s, t) = fi(s) f2(t) € H. Now it
remaingsto notethatall elementsf the spaceH satisfyreproducingoropertywith the
kernelK (s1, 11, s2,t2) = Ki(s1,t1)-Ka(se,t2). Thiscompletesheproofof Lemmad4.
O
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Proof of Proposition1  Notethatsince||fi[|,,, = 1 implies||fi o fall;, ., = 1, the
inequality

sup |Q1 0 Q2(f)[ = sup |Q1(f1)| sup [Q2(f2)]
f1€eH Jfo€Ho

feH10H2

is straightforvard.
Therefore,it remainsto prove the oppositeinequality To show this, assumehe
contrary:for someg € H, o H, we have

Q10 Qa2(g)| > sup |Q1(f1)| sup |Q2(f2)l-

fieH foEHo

Decomposg in the basis{hy; o hy;}, sog = >5i=1Bijhii o hgj, and considerthe
sequencgy = Zg‘szlﬂijhu o hgj, N > 1. Sincegy — g in thespaceH; o Hy, we
seethat

Q10 Qa(gn)| > Sup |Qi(f1)] sup [Q2(f2)| = sup [Qi(f1)| sup |Qa(f2)]

fieHa fa€Ho fietan fo€Han

for sufficiently large V; hereH; denoteshe N-dimensionakubspacef H; spanned
by hi1, ..., hin, t =1,2. Sincegy € Hiny o Han, it followsthat

sup Q1o Q2(f)] > sup |Qi(fi)| sup |Qa(f2)l-

feHinoHan fieHain fo€Han

So, if the equality sup sepy 0z, (@1 © Q2(f)| = supy gy, |Q1(f1)] SUDf, 3, [Q2(f2)]
failsfor infinite-dimensionaspacesthenit doesfor suitablefinite-dimensionaspaces.

Thus,we assumehatboth’H; andH, areof dimensionN. In this casethe space
H, o H, is the spaceof matriceslRN” with the scalarproduct(F, Gy, = tr((FTG),
thatis the sumof diagonalelementof the matrix F7G. Theembedding{ f, o f»} C
H, o Hs is realizedby theformula f; o fo = f1f2T. Theform Q; is givenon #H; by
theformula@;(f,9) = (f, Aig)#,, WwhereA, is a self-conjugateoperatoron #,;, for
which thereexistsa completeorthonormalkystemof eiger\/ectors{qsij};":1 suchthat

N N
A (Z aj¢ij) = X\ajdi,
j=1 j=1

where\;, . . ., \iv aretheeigervaluesof A;. It follows that||Q;|| is equalto ||.A4;]| =
max;-1,.n |Aij|. Let.A betheoperatorin H; o #, givenby

A (¢1j o ¢2k) = A1¢1j o A2¢2k

[in the matrix representationwe have A(F) = A, F AT for every F € IRV"]. As

A (@10 pop) = A1drj 0 Asho = A1 © Aoy, it follows that eache,; o ¢y is
an eigervector of A with the correspondingeigervalue Aj;Ao,. The system{¢,; o
qs%};‘,’k:l is obviously orthonormal,and consistsof N? vectors,andhenceis a com-

pleteorthonormakystemof eigervectorsof A in RN’
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Thisimpliesthatfor theform @, o ), definedby
Ql o Q2(IE7 y) = <IE, Ay)’HlO’Hz:

we have

Q10 @all = A4l = max \ijae] = max |yl - max, [Aat
= Al el = 11@ull - el

Thus,in thefinite-dimensionatasethe statemenholds,which concludeghe proof of
Propositionl. O

Remark Passingto thefinite-dimensionatasewasessentialn the proof of Propo-
sition 1], becausehe infinite-dimensionabperator.A; definingthe form Q;(f,g9) =
(f, Ag)x, on#H,; maynothave acompletesystemof eigervectors.

Proof of Lemma5 Accordingto Theorem3.7in Adler (1990),we have
X = > Zj1juwPomw
j=1lk=1

with probability1, wherethe Z;;;’ s areindependenstandardormalrandomvariables.
It followsthat

(X (-, t2), Pri,w)m, = f: i Ziktorw(t2) - {D1jw Priw)ay = i Zk P2t (T2)
k=1

j=1lk=1

for everyit, € My, with probabilityl. Obsenethatthe RHS of thelatterequations an
expansionof a meanzeroGaussiarprocesswith covariancefunction Ky(ss, t2). This
concludeghe proof of Lemmab. O

Proof of Lemma6 Theproofis realizedin thesamewayasoneof Lemma3. 0O

References

[1] Adler, R.J.(1990).Anintroductionto continuity extrema,andrelatedtopicsfor
generl Gaussiarprocessednstituteof MathematicalStatistics Hayward CA.

[2] Anderson,T.W., Darling,D.A. (1952).Asymptotictheoryof certaingoodnes®f
fit criteriabasedon stochastiprocessesAnn.Math. Stat.23, 193-212.



Tail behaiour of Gaussiarprocesses 23

[3] Anderson,T.W., Darling, D.A. (1954).A testof goodnes®f fit. J. Am. Statist.
Assoc49, 765-7609.

[4] AronszajnN. (1950).Theoryof reproducingkernels.Trans.Am.Math. Soc.68,
337-404.

[5] Bahadur R.R. (1960). Stochasticcomparisonof tests.Ann. Math. Statist. 31,
276-295.

[6] Blum, J.R.,Kiefer, J.,RosenblattM. (1961).Distribution free testsof indepen-
dencebasedon the sampledistribution function. Annalsof MathematicalStatis-
tics.

[7] Borell, C. (1975).The Brunn-Minkowski inequalityin Gaussspacelnventiones
math.30, 207-216.

[8] Borwein,J.M., Lewis, A.S. (2000).Corvex analysisand nonlinearoptimization.
TheoryandexamplesSpringerVerlag,New York.

[9] Cotterill,D.S.,Csrgd, M. (1985).0Onthelimiting distribution of andcritical val-
uesfor theHoeffding, Blum, Kiefer, Rosenblatindependenceriterion.Statistics
andDecisions3, 1-48.

[10] Csrgd, M. (1979). Strong approximationsof the Hoeffding, Blum, Kiefer,
Rosenblattmultivariate empirical process.Journal of Multivariate Analysis9,
84-100.

[11] Csrgd, M., Horvath,L. (1997).Limit theoemsin change-pointanalysis Wiley,
New York.

[12] Deheuels,P. (1981).An asymptotiadecompositiorior multivariatedistribution-
freetestsof independencelournal of Multivariate Analysisl1, 102—-113.

[13] De Wet, T. (1980).Craner-von Misestestsfor independencelournal of Multi-
variate Analysis10, 38-50.

[14] Dugue,D. (1975).Surdestestsd’indépendencendépendantsiela loi. Comptes
RendugiesSeanceglel’AcadémiedesSciencesSeriesA, 281, 1103-1104.

[15] Durbin, J.(1973).Distribution theoryfor testsbasedon the sampledistribution
function SIAM, PhiladelphiaPennsylania.

[16] Durbin, J., Knott, M. (1972). Component®f Cranervon Misesstatistics,l. J.
Roy Statist.Soc.B 34, 290-307.

[17] Eastwod,B.J.,Eastwood,V.R. (1992).Percentiledor Cramefvon Misesfunc-
tionals of Gaussiarprocessesind someapplicationsto Bayesiantests.Stod.
Proc.Appl. 42, 329-344.



Tail behaiour of Gaussiarprocesses 24

[18] Einmahl,J.H.J.vanKeilegom,l. (2001).Goodness-of-fitestsfor anonparamet-
ric heteroscedastiegressiommodel.In preparation.

[19] Gregory, G.G. (1980). On efficiency and optimality of quadratictests. Ann.
Statist.8, 116-131.

[20] Helmbeg, G. (1969). Introductionto spectal theoryin Hilbert space North-
Holland, Amsterdam.

[21] Hoefiding, W. (1948).A nonparametri¢estof independenceAnn. Math. Stat.
19, 546-557.

[22] Hjort, N.L., Koning, A.J. (2001). Constang of distributions: nonparametric
monitoringof probability distributionsovertime. In prepaation.

[23] Inglot, T. andLedwina, T. (1990).0n probabilitiesof excessve deviationsfor
Kolmogoro/-Smirnos, Cramervon Mises and chi-squarestatistics.Annals of
Statisticsl8, 1491-1495.

[24] Inglot, T. andLedwina, T. (1993). Moderatelylarge deviationsand expansions
of largedeviationsfor somefunctionalsof weightedempiricalprocessAnnalsof
Probability 21,1691-1705.

[25] Kac, M., Siegert,A.J.F. (1947).An explicit representationf a stationaryGaus-
sianprocessAnn.Math. Stat.18, 438-442.

[26] Kallenbeg, W.C.M. (1983). Intermediateefficiengy, theory and examples.An-
nalsof Statisticsl1, 170-182.

[27] Kallenbeg, W.C.M., Koning, A.J. (1995). On Wieands theorem.Statistics&
Probability Letters 25, 121-132.

[28] Kantorovich, L.V., Akilov, G.R (1982) Functional analysis PegamonPress,
Oxford-ElmsfordN.Y.

[29] Kiefer, J., Wolfowitz, J. (1958).On the deviations of the empiric distribution
functionof vectorchancevariables.Trans.Amer Math. Soc.87, 173-186.

[30] Kirillov, A.A., Gvishiani, A.D. (1982). Theoemsand problemsin functional
analysis SpringefVerlag,New York-Berlin.

[31] Kolmogorw, A.N. (1933). Sulla determinazioneempiricadi unaleggedi dis-
tribuzione.Giorn. Ist. Ital. Attuari. 4, 83-91.

[32] Kolmogorw, A.N., Fomin,S.V. (1975).Introductoryreal analysis Dover Publi-
cations,Inc., New York.



Tail behaiour of Gaussiarprocesses 25

[33] Komlbs,J.,Major, P, Tusrady, G. (1975).An approximationof partial sumsof
independenRV’s andsampleD.F. |. Zeitsdrift fur Wahrsdheinlichkeitstheorie
undverwanteGebiete32, 111-131.

[34] Koning,A.J. (1992).Approximationof stochastiantegralswith applicationsto
goodness-of-fitests. Annalsof Statistics20, 428—-454.

[35] Koning,A.J.(1994).Approximationof the basicmartingale Annalsof Statistics
22, 565-579.

[36] Nikitin, Ya. (1995). Asymptoticefficiency of nonpaametric tests Cambridge
University Press.

[37] Piterbag, V.1. (1996). Asymptotiomethodsn the theory of Gaussianprocesses
andfields AmericanMathematicalSociety Providence RI.

[38] Rubin,H., Sethuraman]. (1965).Bayesrisk efficiency. Sankhg Ser A 27, 347—-
356.

[39] Samorodnitsk G. (1991).Probabilitytails of Gaussiarextrema.StodasticPro-
cessesndtheir Applications38, 55—-84.

[40] Serfling,R.J.(1980).Approximationtheoemsof mathematicaktatistics Wiley,
New York.

[41] Shorack,G.R., Wellner, J.A. (1986). Empirical processewvith applicationsto
statistics Wiley, New York.

[42] vanderVaart,A.W., Wellner, J.A. (1996).Weakcornvergenceandempirical pro-
cesseswith applicationsto statisticsSpringer New York.

[43] Whittaker, E.T., Watson,G.N. (1927).A course of modernanalysis Cambridge
University Press.

[44] Wieand, H.S. (1976). A condition underwhich the Pitman and Bahadurap-
proachedo efficiengy coincide.Annalsof Statistics4 , 1003-1011.



Tail behaiour of Gaussiarprocesses 26

Upperpercentag@oints
T 0.10 0.05 0.01
Tkol 1.225 1.359 1.632
Tewm | 0.5893 0.6792 0.8622
Tap | 1.3903 1.5786 1.9621

Tablel: Exactupperpercentaggointsfor variousrandonvariablesS = T'(B), where
B istheBrownianbridge.
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Approximationof upperpercentaggoint.S = 7'(T")
T 0<a<0.10 0.10 0.05 0.01
Tior© Tko | 0.5000 (&) + 0.17864 (t2,) "% | 0.7741 0.8331 0.9563
Tkol © Town | 0.3183 (£2,,) + 0.02331 (t2,)*™° | 0.4099 0.4510 0.5355
TkooTap | 0.7071 (t2,) + 0.07845 (2,) """ | 0.9355 1.0260 1.2121
Tow © Tt | 0.5000 (t&,0) + 0.09469 (£&,,) """ | 0.4051 0.4456 0.5300
Tow © Town | 0.3183 (£2,,,) + 0.01820 (£2,,,) "****® | 0.2160 0.2414 0.2951
Tew 0 Tap | 0.7071 (£2,) + 0.06303 (t2,) > 7*° | 0.5126 0.5660 0.6806
Tao 0 Txor | 0.5000 (%) + 0.25823 (%) """ | 0.9300 1.0157 1.1936
Tap 0 Town | 0.3183 (£25) + 0.09464 (195)****" | 0.5142 0.5668 0.6781
TaooTap | 0.7071 (1%) + 0.31340 (t9,)"*™* | 1.2243 1.3343 1.5709

Table2: Approximationof upperpercentag@ointsfor variousrandomvariablesS =
T(T'), whereT is the Brownianpillow.
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Figure1: Plot of In (S(i) - R(i)) versusln R® for i = 9001, ...,10000, whereS®

is the i order statisticof S = Tye o Tka(I') and R® is the it* order statistic of
R= “TKO'”HB - Tkol(Bkol), basedn arandomsampleof length10000takenfrom the
distribution of I'. The leastsquaredine indicatesthatthe critical valueof the size«

testbasedonT may beapproximatedy 0.5000 (Zg,,) + 0.17864 (12,

)—0.4932
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Figure2: Plot of In (S(i) - R(i)) versusln R® for i = 9001, ...,10000, whereS®

is the i®* order statisticof S = Tk o Tew(T) and R®) is the i order statistic of
R = ||TCVM||,HB - Tkol(Bcwm), basedon arandomsampleof length10000taken from
thejoint distribution of I'. Theleastsquaredine indicateshatthe critical valueof the

sizex testbasebn T maybeapproximatedy 0.3183 (¢%,) + 0.02331 (£2,))

—0.7660
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Figure3: Plot of In (S® — R®) versusin R® for i = 9001, ...,10000, whereS®
is the i order statisticof S = Tk o Tap(I') and R® is the zth order statistic of
R= ||TAD||HB - Tkol(Bap ), basedn arandomsampleof length10000takenfrom the
joint distributionof I'. Theleastsquaredine indicateghatthecritical valueof thesize
o testbasedbn T' maybe approximatedy 0.7071 (£,,) + 0.07845 (&) ~*°"°.
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Figure4: Plot of In (S(i) - R(i)) versusln R® for i = 9001, ...,10000, whereS®
is the i®* orderstatisticof S = Teyw © Txol(T') and R®) is the i order statistic of
R = “TKO'”’HB - Tewm(Bkol), basedon a randomsampleof length 10000taken from
thejoint distribution of I'. Theleastsquaredine indicateshatthe critical valueof the
sizea testbasecon T’ maybeapproximatedy 0.5000 (£2,,,) + 0.09469 (£2,,,) """
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Figure5: Plotof In (S(i) — R(i)) versusin R® for ¢ = 9001, ...,10000, whereS®
is the i** orderstatisticof S = Tcyw © Teywm(I) and R® is the it* order statisticof
R = ||TCVM||,HB - Tewm(Bewu), basedon arandomsampleof length10000taken from
thedistribution of I'. Theleastsquaredine indicatesthatthe critical valueof the size

« testbasedn T maybeapproximatedy 0.3183 (t&,,,) + 0.01820 (t&,\1)

—0.8440
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Figure6: Plot of In (S® — R®) versusin R® for i = 9001, ...,10000, whereS®

is the i** orderstatisticof S = Tcyw o Tap(T) and R is the i order statistic of
R = ||TAD||HB - Tcwm(Bap ), basedon a randomsampleof length 10000taken from
thedistribution of I'. Theleastsquaredine indicatesthatthe critical valueof the size

« testbasedn T maybeapproximatedy 0.7071 (t&,,,) + 0.06303 (t&,\1)

—0.7935
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Figure7: Plot of In (S(i) - R(i)) versusln R® for i = 9001, ...,10000, whereS®
is the i order statisticof S = Tap o Tka(I') and R® is the i** order statistic of
R= “TKO'”HB - Tap(Bkol), basedn arandomsampleof length10000takenfrom the
distribution of I'. The leastsquaredine indicatesthatthe critical valueof the size«
testbasecbn T maybeapproximatedy 0.5000 (t25) + 0.25823 (t2,) %"
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Figure8: Plot of In (S® — R®) versusin R® for i = 9001, ...,10000, whereS®
is the i** orderstatisticof S = Tap o Tew(T) and R is the i order statistic of
R = ||TCVM||,HB - Tap (Bewm ), basedon arandomsampleof length10000taken from
thedistribution of I'. Theleastsquaredine indicatesthatthe critical valueof the size
o testbasedbn T maybe approximatedy 0.3183 (£2,) + 0.09464 (£2,) ™37,
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Figure9: Plotof In (S(i) — R(i)) versusin R® for ¢ = 9001, ...,10000, whereS®
is the i** order statisticof S = Tap o Tap(I") and R® is the i* order statistic of
R= ||TAD||HB - Tan(Bap), basedn arandomsampleof length10000takenfrom the
distribution of I'. Theleastsquaredine indicatesthatthe critical value of the size«
testbasecbn T maybeapproximatedy 0.7071 (t&5) + 0.31340 (t2,) ™%,



