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A Pricing Model for American Options with Stochas-

tic Interest Rates !

Abstract

In this paper we introduce a new methodology to price American put options
under stochastic interest rates. We construct a binomial tree for the forward risk
adjusted process and calculate analytically the expected early exercise value in
each point. For American puts the correlation between the stock price and the
interest rate has different influences on European option values and early exercise
premiums. This results in a nonmonotonic relation between this correlation and
the American put value. Furthermore, there is evidence that the early exercise
premium due to stochastic interest rates is much larger than established by other

researchers.
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A Pricing Model for American Options with Stochastic In-

terest Rates

Introduction

American stock option valuation has been an important research subject over
the last two decades. However, in most research it is assumed that interest
rates are constant. Recently, Amin and Bodurtha (1995), Ho, Stapleton and
Subrahmanyan (1997) and Chung (1997) have considered pricing of American
options with stochastic interest rates.

In this paper we develop a new method to value American stock options with
stochastic interest rates. In stead of a multivariate binomial tree as in Ho et
al. (1997) we construct a simple binomial tree for the stock price divided by the
price of the zero coupon bond that matures at the maturity date of the option.
In fact, we construct a tree for the so-called forward risk adjusted measure. In
each node of the tree the quotient of the stock price and bond price is constant
and there are combinations of stock and bond prices for which immediate exercise
is optimal and other combinations for which this is not the case. We derive for
each node in the tree an analytic expression for the expected immediate exercise
premium conditional on this quotient of stock and bond prices. This immediate
exercise premium is added to the value that is derived from the familiar backward

procedure.



For our method we only need a simple binomial tree in contrast to the multi-
variate tree of Ho et al. (1997). Also Chung (1997) uses the forward risk adjusted
measure, but just as Ho et al. (1997) he considers options that are only exercis-
able at two fixed points in time. Then values of options are derived by applying
the backward procedure to the forward risk adjusted tree. Next Ho et al. (1997)
apply Richardson extrapolation to approximate the value of the American option
under stochastic interest rates. We allow for early exercise at each point of our
tree and do not use Richardson extrapolation. In fact, our more refined trees
show that prices derived by Richardson extrapolation significantly underestimate
the true American put option value.

If Ho et al. (1997) want to refine their Richardson extrapolation and consider
the possibility of exercising at three fixed points in time, they would need a mul-
tivariate tree with six underlying variables. As stated before, our methodology
uses only one tree and at the same time allows for early exercise in each point of
the tree.

Of course, both European and American option prices depend among others
on the correlation between the interest rate process and the stock price process.
It is interesting to see that with increasing correlation between the interest rate
process and the stock price process, and hence a decreasing correlation between
bond and stock prices, the values of European options increase, while the values
of the early exercise premium decrease. For American options this might result
in a non-monotonic relation between the correlation coefficient and the option

4



price.

Especially, for long term options it is not always clear which interest rate
should be used in a nonstochastic interest rate option pricing model. Our model
allows for the incorporation of a full term structure model. Hence, it does not
only justice to the stochastic nature of interest rates, but also takes both short
and long term rates into account in an appropriate way.

This paper is organized as follows. In the next section we explain our basic
methodology for pricing American options with stochastic interest rates. In sec-
tion 2 we give numerical illustrations of our methodology. We look at convergence
issues, the influence of the stochastic interest rates and the correlation between
stock and bond price processes. Furthermore, we compare our results with those
of Ho et al. (1997) and of Chung (1997) and consider the influence of the shape

of the term structure on option prices. Section 3 concludes the paper.

1 The pricing model for American options

In this section we focus on the pricing of American put options on stocks that do
not pay dividends in a stochastic interest rate environment. For the stock price

we specify the familiar geometric Brownian motion

dS(t) = aS(t)dt + o, S(t)dWi (1), (1)



while we use the Hull-White (extended-Vasicek) model (1994) to specify the short

term interest rate process
dr(t) = [0(t) — ar(t)]dt + o2dWa(t). (2)

The coefficient of correlation between dW;(t) and dWs(t) is assumed to be equal
to a constant p. Usually p will be negative since increasing interest rates have
a depressing effect on stock prices. In the rest of the paper we will sometimes
suppress in our notation the time dependence of S, r, W; and W5.

We assume that the put option matures at time 7', has an exercise price K
and B(t,T) is the price at time ¢ of a discount bond that pays one unit at time
T.

Let P(S(t), B(t,T)) be the price of the American put option. We use the

bond price B(t,T') as a numeriaire and have the following notation

S(t) = S(t)/B(t,T) (3)

P(S(t), B(t,T)) = P(S(1), B(t,T))/B(t,T) (4)

If there are no arbitrage opportunities there exists an equivalent measure such
that S and P are martingales. This martingale measure is called the T-forward
risk adjusted measure as in Jamshidian (1991) and Musiela and Rutkowski (1997,
chapter 13). Expectations and variances under this measure are denoted by
E* and Var*. To value the American put option we first build a recombining
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binomial tree under the T-forward risk adjusted measure for S(t). Since the
volatility of S(t) is constant and that of B(¢,T") is decreasing over time, the
volatility of S(t) is not constant and we cannot use a standard binomial tree. In
appendix 1 a tree is constructed where the time intervals between two nodes in
the tree vary over time. To calculate the American put price we use the familiar
backward procedure but in each node of the tree correct for the early exercise

value as illustrated next. Consider the following typical triangles in the tree

for the stock price divided by the numeriaire B(¢, T) and

P(S(t)u)

P(5(t))

P(S(t)d)

for the put option price again divided by the numeraire B(¢,T). Let p be the

T-forward risk adjusted probability of an upward move.

P(S(t)) = pP(S(t)u) + (1 — p)P(S(t)d) + EEV* 2 By(S(t)) + EEV*  (5)

where EFEV is the early exercise value, which still has to be determined. In
each node of the tree, such as S(t), the value of S(t)/B(t,T) is constant, say ,
but S(t) and B(t,T) vary. Hence, for some low values of S(t), early exercise at
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that node might be optimal, while this is not the case for other values at this
same node. Since, we have to calculate the expected early exercise value over
all possible price processes and have all prices discounted in the arbitrage free

economy, we have

EEV* = F! max (%5;;) — By(S(1)), 0) (6)

where EZ is the conditional expectation under S(¢)/B(t,T) = ¢. Hence

EEV* = E* max (B(fT) e+ By(5(1))), o> (7)

Since, in this formula ¢, K and Py(S(t)) are constants, an analytic expression for
EEV* can be found if we know the conditional distribution of B(¢,7") under the
T-forward risk adjusted measure.

Under the T-forward risk adjusted measure both S(¢)/B(t,T) and B(t, s)/B(t,T),

for t < s are martingale processes. Hence,
dS(t) = o5(t, T)S(t)dWy (t) (8)
and
dB(t,s) = o5(t,s)B(t,s)dW;(t), (9)

where o3(t,s) and 03(t, s) are determined in appendix 1, and W} (¢) and W5 ()

are Brownian motions. From the martingale property it follows that:

S0\ s0)
b (B(uT)) =~ B0.7) (10




and

1 B(t,t) B(0,1)
E* =F = 11
(5m) =7 (5em) = 0 .
Furthermore, it follows from (8) and (9) that In S(¢) and In B(t, s) are bivariate

normally distributed with:
t
Var* (ln (é?g;))) :/0 os(r, T)%dr (12)

Var* <1n (ﬁ)) = Var* <1n (g&%)) - /Ot op(r,)2dr  (13)

Explicit formulas for these expressions can be calculated, given the specifications

of o and 0]23, in appendix 1, where also is indicated how an explicit expression
for Cov*(In S(t),In B(t,T)) can be derived.

Now (10) and (11) imply that
E*(InS(t)/B(t,T)) = In(S(0)/B(0,T)) — %Var* In(S(t)/B(t,T))

and we find a similar expression for E*In(1/B(t,T)).

Since In(S(¢)/B(t,T)) and In(1/B(t,T')) are bivariate normally distributed we
know that the conditional distribution of In(1/B(¢,T')) given that S(t)/B(t,T) =
¢ is normal and the mean and variance can be explicitly calculated. This allows us
to give an analytic expression for EEV™ in equation (7). The details are given in
appendix 2. Hence, we can calculate American put option prices by the familiar
backward procedure and the adjustment (7).

Of course, we can also use this binomial tree to calculate the value of Euro-
pean options by simply ignoring the early exercise value FEV*. Also analytic
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expressions for European options with stochastic interest rates can be derived by
standard procedures based on the T-forward risk measure. If p denotes the price

of a European put option we have

p(5(0), B(0,T)) = B(0, T)p(5(0)/B(0,T)) (14)
= B(0,T)E*max(K — S(T')/B(T,T),0)
Under the T-forward risk-adjusted process In(S(7T")/B(T,T)) is normally dis-
tributed with E*(S(T")/B(T,T)) = S(0)/B(0,T) and Var*(In(S(T)/B(T,T))) =
I o%(r,T)dr as explained above. Hence, an analytic expression for (7) can be
given using standard procedures.

In the next section we compare the binomial tree values of European options

with their analytical counterparts to assess the convergence properties of the tree.

2 Numerical Examples

In this section we will illustrate our methodology with some numerical exam-
ples and it is divided in four subsections. In this first subsection we assess the
convergence properties of our binomial tree. We consider both European, where
we also have anlytic solutions and American options. In the second subsection
we consider the influence of stochastic interest rates on the values of European
and American put options and especially consider different correlations between
the stock price process and the interest rate process. In subsection 3 we will

compare our results with those of Ho et al. (1997) and Chung (1997). In these
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three subsections we assume that the initial term structure is flat. In the final
subsection we relax this assumption by looking at upward sloping and downward

sloping initial term structures.

2.1 Convergence properties

Figure 1 shows the dependence of the binomial tree values of European and
American put options on the number of steps in the tree. All options have a
maturity of one year, the term structure of interest rates is flat at 7%. The strike
price and initial stock price are 1. The mean reversion parameter ¢ and the
volatility o, of the interest rate process are respectively 0.1 and 0.01 as in Hull
and White (1994). In figures la, b and ¢ the volatility of the underlying stock
is 20%, while the coefficient of correlation p between the stock price process and
the interest rate process is given by -0,5; 0 and 0,5 respectively. In figure 1d we
have set the volatility of the underlying stock at 40 % and a zero correlation. We
see the familiar zigzag pattern for binomial trees if we increase the number of
steps. However, in general the convergence of our method is good, while there is

also a clear convergence to the analytical price for European options.

2.2 The influence of stochastic interest rates

In table 1 European and American put option prices are given for different values

of the interest rate and the volatility of the underlying stock, where we vary the
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coefficient of correlation among the rows of the table. EEV stands for the early
exercise premium and is the difference between the American put option price
P and the European put option price p. In the nonstochastic interest rate case
(NS) we have set 0o = 0. In all other cases 0, = 0.01 and the mean reversion
parameter a = 0.1. All prices are calculated with binomial trees with 100 steps.

Most interesting is the influence of the correlation between the interest rate
process and the stock price. If the correlation increases, and hence the correlation
between bond and stock prices decreases, the European option price increases
while the early exercise value decreases. This results in an American option value
that is no longer monotonic as a function of the correlation coefficient. This is
also illustrated for some specific cases in figures 2.1 and 2.2. If the correlation
between interest rates and stock prices increases, the correlation between bond
prices and stock prices decreases and the volatility of the quotient of stock and
bond prices increases. Hence, in the forward risk adjusted measure the volatility
of this quotient which determines the European option price is higher and thus
the European option price is higher. However, a lower correlation means that
low stock prices come with higher interest rates, which makes it more attractive
to early exercise put options. Hence, the influence of the correlation coefficient

differs for the European option value and the early exercise value.
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2.3 Comparison with other methods

Also Ho et al. (1997) and Chung (1997) have calculated American put option
values with stochastic interest rates. In both papers Richardson extrapolation
is used based on values of an option that is only exercisable at maturity T, i.e.
a European option and an option that is exercisable at maturity or half way,
(T'/2) between the actual date and the maturity date. Therefore, these authors
do not specify a full term structure model, but only the volatility of the price
at time 7/2 of a bond that matures at time 7" and the correlation of this bond
with the stock price. Hence, in order to compare our methodology with the
above mentioned ones, we have to set the volatility of the interest rate process
09, the mean reversion rate a and the correlation p such that these imply the
same volatility and correlation as in the other papers for the price at time 7/2
of a bond that matures at time 7. The variances and covariances are explicitly
given in appendix 1 and from these o5 and p can be readily inferred such that as
in Ho et al. (1997) and Chung (1997) we have Var(In(B(T/2),T)) = .02 and p
= -0.3. Furthermore, we also adjust o, such that the European option values do
not change due to the introduction of stochastic interest rates.

In table 2 we compare our methodology with that of Ho et al. (1997) and
Chung (1997). For the nonstochastic case we can also compare with the prices
derived by Geske and Johnson (1984). The parameter values for r and o are

taken from Geske and Johnson (1984) while the American put option prices
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in the different columns are taken from the earlier mentioned papers. In the
nonstochastic case all our prices are closer or at least as close to the Geske-
Johnson prices than the prices of Ho et al. and Chung. Hence, we can conclude
that our method is very accurate in the nonstochastic case. Of course, it is more
interesting to study the prices with stochastic interest rates. The last column
of table 2 shows that our prices are significantly higher than those of Ho et al.
and Chung. Since our method allows for early exercise at each moment in time
and the two others only at option maturity and half way, we also applied our
methodology where we only allow for exercising at these particular points in time
and then applied Richardson extrapolation. The results are given in column (10)
under P32, The differences with the other methods are reasonably small, but
since we use a full term structure model and Ho et al. (1997) and Chung (1997)
only specify the variance of the price of a particular discount bond over a specific

PMYV? as for the other

time interval, we will never get exactly the same prices in
methods. Hence, the higher values in column (11) are due to the extended exercise
possibilities and Richardson extrapolation does not seem to work very well for
American options with stochastic interest rates. The early exercise premiums
seem to be very large, but this is due to the negative correlations between the
interest rates and stock prices. Low stock prices come with high interest rates
and hence in these cases early exercising is very profitable. In case of a positive
correlation between stock prices and interest rates the early exercise premium

is much smaller as shown in figures 2.1 and 2.2. However, this latter case is
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less realistic. Also the relative differences with the other methods are larger in
cases of low volatilities of the stock prices, since in these cases the interest rate
volatility is more important in a relative sense. We must conclude with Ho et
al. (1997) that stochastic interest rates have a significant impact on the early
exercise value of American put options but that it is even larger than described

by these authors.

2.4 Different shapes of the term structure

In this subsection we consider the influence of the term structure of interest rate
on the pricing of American puts. We consider three term structures, an upward
sloping one with r(t) = 0.08 — 0.05 exp(—0.18¢), a downward sloping (inverted)
one with r(¢) = —0.00353 4+ 0.05exp(—0.18¢) and a flat term structure with
r(t) = 0.0382. All term stuctures considered have for the option maturity, which
is one year, the same interest rate of 0.0382. We vary the volatility o of the
underlying stock and the correlation coefficient p as before. The resulting prices
are given in table 3. For all term structures the European prices are the same,
given o and p, since all three term structures have the same one year interest
rates. Hence, differences are only due to the early exercise feature. We see that
the early exercise premium is higher for the upward sloping term structure, than
for the flat term structure, which is again higher than for the downward sloping

term structure. At first sight, this seems counterintuitive since all interest rates
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for the upward sloping term structure are lower and early exercising does have
a higher payoff with higher interest rates. However, an upward sloping term
structure implies higher forward interest rates and hence higher rates in the later
part of the year during which the option runs. It is during this period that the
underlying asset might have a low enough price to make early exercise profitable.
Also in this table we see that for all term structures the European option value
increases with increasing correlation between the stock price process and the

interest rate process, while the early exercise premium decreases.

3 Conclusion

In this paper we introduced a new methodology to price American put options
under stochastic interest rates. The method is a combination of an analytic ap-
proach and a binomial tree approach. We have constructed a binomial tree for
the forward risk adjusted tree and calculate analytically the expected early exer-
cise value in each point. The methodology might be applied in other cases too.
Obviously, these include convertible bonds, since the underlying processes are
again interest rate processes and stock prices, but also to other options where
there are two underlying stochastic processes such as American lookback options
or American average rate options. For American puts with stochastic interest
rates the main conclusions from the numerical experiments are that the correla-

tion between the stock price process and the interest rate process has different
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influences on the European option values and the early exercise premiums. This
results in a nonmonotonic relation between this correlation and the American
put option value. Furthermore, there is evidence that the early exercise premium
due to stochastic interest rates is much larger than established before by other

researchers.
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Appendix 1

In this appendix we construct a binomial tree for S(t) = S(t)/B(t,T) and spec-
ify the joint distribution of In(S(t)) and 1/In(B(t,T)) under the forward risk
adjusted measure.

Given the instantaneous short term process r(t) as in equation (2) it follows

from among others Hull and White (1994) that
B(t,T) = H(t,T)e ¢*r® )

with G(¢,T) = 5[1 _ efa(T—t)],

2

InH(t,T) = In(B(0,T)/B(0,t)) + G(t,T)F(0,t) — Z—(l — e G (t, T)? (16)

a

where F(0,¢t) = —21InB(0,t) is the instantaneous forward rate and 6(t) =
Fy(0,8) + aF(0,) + £ (1 — e %),

It follows from Ito’s lemma that
1
dB(t,T) = B,(t,T)dr + 5033,, (t, T)dt + By(t, T)dt =

K(t,T,7)dt — G(t, T)B(t, T)oodWs(t), (17)
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where B,.(t,T), B,-(t,T) and By(t,T) are partial derivatives and K (¢,T, ) is the
drift.

Hence o3(¢,T) in the martingale process (8) is given by:
oi(t,T) = [0} + G(t,T)%03 + 2p0105G(t, T)], (18)

thus var*(In(S(t))) = Ji(o? + 02G(r,T)? 4 2po10,G (1, T))dr.

Similarly o(t, s) in (9) is given by
O—B(ta S) = 02 (G(ta S) o G(ta T)) (19)

and thus var*(In(B(t, T))) = 2(1 — e2)G(t, T)?.

2a

Furthermore
Cov*(InS(t),In B(t,T)) = —Cov*(In S(t),In B(t,t)) =

/Ot po103|G(1,t) — G(1,T)] + 03[G(1,t)G(1,T) — G(7,T)*dr

It follows from (18) that the volatility of the process of S(t) is not constant.
To construct a recombining binomial tree we do not divide the interval [0, 7] in
periods of equal length, but in periods of equal volatility. We chose time points

0=ty <ty <ty...<T, =T such that [ o2(t,T)dt is independent of .

19



Appendix 2

Derivation of the early exercise value EEV in equation (7).

Define a = K,b =¢+ P,(S(t)), then

EFEV* = EZmax ( (20)

a
—b,0
B(t,T) ) ’
under the conditional distribution for 1/B(t,T') given that S(t)/B(t,T) =¢. Let

X =InB(T)and Y =1In B‘?Et%). Next we use well known formula’s to find the

conditional normal distribution of X given that ¥ =Ing, i.e.

m=E(nB(t,T) |In S() :lnE):EXwLUX—QY(lnE—EY)

B, T) o2
and
v? = Var(In B(T, 1) | In Bf;,t;) —Ing) = o2 — ”5‘;
Define x by
(InB(#,T) | In Bf;’t;) — %) = m + ve (21)

where z is a standard normal random variable. Then

f a 6—:1:2/2
EEV = [ ( - b) d 2
%0 6m+'u:1: /271' X ( )

with f = [In(a/b) —m]/v. By standard procedures this integral can be evaluated,
which results in

EEV = ae"™ " 2N(f +v) — bN(f) (23)

where NN is the standard normal distribution function.
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Table 1: The Influence of Stochastic interest rates
S=1, K=1, 02=0.01, a=0.1, steps=100

Parameters Non Stochastic Stochastic

1 @ (3) 4) (4)-(3) (5) (6) (6)-(5) (7) (8) (8)-(7) 9) (100 (10)-(9)

r ol p P EEV p P EEV p P EEV p P EEV
p=-0.5 p=-0.5 p=0 p=0 p=0.5 p=0.5

0.12 0.20 0.0317 0.0440 0.0123 0.0308 0.0447 0.0138 0.0315 0.0450 0.0135 0.0323 0.0449 0.0126
0.08 0.20 0.0442 0.0527 0.0085 0.0432 0.0534 0.0102 0.0440 0.0538 0.0097 0.0449 0.0537 0.0088
0.04 0.20 0.0600 0.0639 0.0039 0.0590 0.0647 0.0058 0.0599 0.0652 0.0053 0.0608 0.0652 0.0044
0.12 0.30 0.0648 0.0781 0.0133 0.0637 0.0787 0.0150 0.0645 0.0790 0.0145 0.0654 0.0790 0.0137
0.08 0.30 0.0802 0.0892 0.0089 0.0796 0.0898 0.0103 0.0805 0.0902 0.0098 0.0813 0.0902 0.0089
0.04 0.30 0.0983 0.1025 0.0042 0.0976 0.1032 0.0055 0.0986 0.1037 0.0051 0.0995 0.1037 0.0043
0.12 0.50 0.1349 0.1495 0.0146 0.1342 0.1501 0.0159 0.1350 0.1505 0.0154 0.1359 0.1504 0.0146
0.08 0.50 0.1538 0.1632 0.0094 0.1530 0.1638 0.0108 0.1539 0.1642 0.0103 0.1548 0.1642 0.0095
0.04 0.50 0.1745 0.1791 0.0045 0.1741 0.1797 0.0056 0.1750 0.1801 0.0052 0.1759 0.1802 0.0043

Table 1 shows the difference between American put option prices with and without stochastic interest rates. In
case of stochastic rates the correlation between the underlying stock process and interest rate process is
allowed to vary.

Columns (1) and (2) represent the parameter input for r, the continuously compounded risk-free rate, and o1,
the volatility of the underlying asset. The term structure of the interest rate process is flat. The strike price and
the initial stock price are equal to 1. The time to maturity of the option is 1 year. Column (3) shows the
European put option value, p, in case the interest rate process is non stochastic (i.e. it is fixed at rate r).
Column (4) shows the American put option values, P, in case the interest rate process is non stochastic. The
next column shows the difference between P and p and should be interpreted as the early exercise value, eev, of
the American option. Columns (5) to (10) show values similar to columns (3) and (4) under a stochastic interest
rate process. The volatility, o2, of the stochastic interest rate process is 0.01. The mean reversion rate, a, is
equal to 0.1. The correlation between the interest rate process and the underlying stock price process for the
columns (5) and (6), (7) and (8), (9) and (10) is respectively -0.5, O and 0.5. The early exercise values are shown

as differences between P and p.



Figure 2.1: The Influence of g1 on the relation between p(r,S) and the American Option Value
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r=0.16
r=0.12
r=0.08
r=0.04

S=1, K=1, 01=0.20, 02=0.01, a=0.1, steps=100

Figure 2.2: The Influence of r on the relation between r(r,S) and the American Option Value
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Table 2: Comparison with others
S=1, K=1, 62=0.0595, p(r,S)=-0.3, a=0.1, steps=100

Parameters Non Stochastic Stochastic

@ @ 3 4 (5) (5) (6) @ (8) 9) (10) (10»-(8) (11) (11)-(8

r ol p PGJNSR PHZONSR PHZOONSR PClOONSR PMVlOONSR PHZOOSR PCSR PMVZSR (8) PMVlOOSR (8)
0.125 0.5 0.1327 0.1476 0.1490 0.1489 0.1489 0.1480 0.1509 0.1510 0.1526 1.1% 0.1611 6.7%
0.080 0.4 0.1170 0.1258 0.1260 0.1262 0.1262 0.1258 0.1283 0.1284 0.1296 1.0% 0.1392 8.5%
0.045 0.3 0.0959 0.1005 0.0994 0.1002 0.1002 0.1006 0.1026 0.1026 0.1041 1.5% 0.1144 11.5%
0.020 0.2 0.0694 0.0712 0.0705 0.0707 0.0708 0.0713 0.0733 0.0734 0.0749 2.2% 0.0859 17.2%
0.005 0.1 0.0373 0.0377 0.0373 0.0375 0.0375 0.0377 0.0404 0.0404 0.0415 2.8% 0.0551 36.3%
0.090 0.3 0.0761 0.0859 0.0876 0.0868 0.0867 0.0863 0.0887 0.0887 0.0902 1.7% 0.1000 12.7%
0.040 0.2 0.0600 0.0640 0.0640 0.0640 0.0640 0.0639 0.0664 0.0664 0.0675 1.7% 0.0789 18.8%
0.010 0.1 0.0349 0.0357 0.0356 0.0356 0.0356 0.0358 0.0384 0.0384 0.0396 3.0% 0.0533 38.7%
0.080 0.2 0.0442 0.0525 0.0536 0.0532 0.0533 0.0527 0.0551 0.0551 0.0561 1.8% 0.0672 22.0%
0.020 0.1 0.0304 0.0322 0.0324 0.0322 0.0322 0.0322 0.0349 0.0349 0.0357 2.4% 0.0498 42.7%
0.120 0.2 0.0317 0.0439 0.0452 0.0445 0.0446 0.0440 0.0459 0.0459 0.0468 2.0% 0.0577 25.8%
0.030 0.1 0.0263 0.0292 0.0295 0.0294 0.0294 0.0293 0.0317 0.0317 0.0326 2.7% 0.0467 47.3%

Table 2 shows the difference between American put option prices with and without stochastic interest rates
using our approach in comparison to Geske and Johnson (1984), Ho, Stapleton and Subrahmanyan (1997)
and Chung (1997). Underneath they will be denoted by GJ, HSS and C respectively.

Columns (1) to (3) are from GJ 's Table 1. Columns (1) and (2) represent the parameter input for r, the
continuously compounded risk-free rate, and ol, the volatility of the underlying asset. The term structure
of the interest rate process is flat. The strike price and the initial stock price are equal to 1. The time to
maturity of the option is 1 year. Column (3) shows the European put option value, p, in case the interest
rate process is non stochastic (i.e. it is fixed at rate r). Columns (4), (5), (6) and (7) show the American put
option prices in case interest rates are non stochastic* using GJ’'s approach, HSS’s approach with 200
binomial steps, C’s approach with 200 steps and our approach with 100 steps.

Columns (8) and (9) show the American put option prices in case interest rates are stochastic using HSS’s
approach with 200 steps and C’s approach with 200 steps respectively. These two columns were taken
from C’s Table 1. In this case volatilities are 2 percent for bonds with a maturity of 1/72 year and the
coefficient of correlation between the log stock price and the log zero-coupon bond price is 0.3.

Columns (10) and (11) show option values using our approach. To arrive at a bond price volatility of 2
percent, we set the parameters o2 to 0.0595 and a to 0.1. The volatility of the underlying asset, cl, was
adjusted, in order to make the European put option price under stochastic interest rates equal the non
stochastic equivalent. Like in HSS and C this was done to make stochastic and non stochastic results
comparable. Column (10) shows the American put option value using Richardson extrapolation. This
technique is similar to HSS and C. The American put option value is estimated by twice the value of an
American option where early exercise is only allowed at t=1/2 minus the European option value. Column

(11) shows the results using our approach in a tree with 100 steps.

*: For HSS and C non stochastic means setting the volatility of the bond at t=1/2 to 0.0002 percent and the
correlation coefficient to O. In our approach we consider the interest rate deterministic. However, taking the

parameter settings the same as HSS and C does not change our results.



Table 3: The Influence of the shape of the term structure
K=1, S=1, 02 = 0.01, a=0.1, steps=100

Parameters Non Stochastic Stochastic

1 @ (3) (4) (4)-(3) (5) (6) (6)-(5) (7) (8) (8)-(7) 9) (100 (10)-(9)

r sl p P EEV p P EEV p P EEV p P EEV
p=-0.5 p=-0.5 p=0 p=0 p=0.5 p=0.5

USTS 0.20 0.0607 0.0652 0.0045 0.0598 0.0660 0.0062 0.0607 0.0664 0.0057 0.0617 0.0665 0.0048
FTS 0.20 0.0607 0.0646 0.0039 0.0598 0.0653 0.0055 0.0607 0.0658 0.0051 0.0617 0.0659 0.0042
DSTS 0.20 0.0607 0.0640 0.0033 0.0598 0.0647 0.0049 0.0607 0.0652 0.0045 0.0617 0.0653 0.0036
USTS 0.30 0.0994 0.1038 0.0044 0.0985 0.1045 0.0060 0.0994 0.1049 0.0055 0.1004 0.1050 0.0047
FTS 0.30 0.0994 0.1032 0.0038 0.0985 0.1039 0.0053 0.0995 0.1043 0.0049 0.1004 0.1044 0.0040
DSTS 0.30 0.0994 0.1026 0.0032 0.0985 0.1032 0.0047 0.0994 0.1037 0.0043 0.1004 0.1038 0.0035
USTS 0.50 0.1759 0.1804 0.0045 0.1750 0.1810 0.0060 0.1759 0.1815 0.0056 0.1768 0.1816 0.0048
FTS 0.50 0.1759 0.1798 0.0039 0.1750 0.1804 0.0054 0.1759 0.1809 0.0049 0.1769 0.1810 0.0041
DSTS 0.50 0.1759 0.1792 0.0033 0.1750 0.1798 0.0048 0.1759 0.1803 0.0043 0.1768 0.1804 0.0035

Table 3 shows the difference between American put option prices with and without stochastic interest rates. In
case of stochastic rates the term structure of the underlying interest rate process is allowed to vary.

Columns (1) represents the parameter input for r, the continuously compounded risk-free rate. The term
structure can take three shapes:

(a) an upward sloping term structure, USTS, with r(t)=0.08-0.05exp(-0.18t),

(b) a flat term structure, FTS, with r(t)=0.0382 and

(c) a downward sloping term structure, DSTS, with r(t)=-0.00353+0.05exp(-0.18t).

Underneath this text these three term structures are represented in a graph.

Column (2) represents the volatility of the underlying asset, cl. The strike price and the initial stock price are
equal to 1. The time to maturity of the option is 1 year. Column (3) shows the European put option value, p, in
case the interest rate process is non stochastic (i.e. it is fixed at rate r). Column (4) shows the American put
option values, P, in case the interest rate process is non stochastic. The next column shows the difference
between P and p and should be interpreted as the early exercise value, eev, of the American option. Columns (5)
to (10) show values similar to columns (3) and (4) under a stochastic interest rate process. The volatility, o2, of
the stochastic interest rate process is 0.01. The mean reversion rate, a, is equal to 0.1. The correlation between
the interest rate process and the underlying stock price process for the columns (5) and (6), (7) and (8), (9) and

(10) is respectively -0.5, O and 0.5. The early exercise values are shown as differences between P and p.

Shape of the term structures
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