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1. Introduction.

One of the most important factors behind intertemporal variationsin market structure, as
well as prices, output and profitability of firms in an industry, is productivity and technology
improvements occurring at firm-level. Activities such as research and development (R&D) and
innovation which lead to the emergence and adoption of new technologies are crucia factors
behind such changes. These activities are potentialy beneficial to al firmsand even if direct "free-
riding" isprevented by patents, there are widespread indirect spill-over effects. Thereis, however,
another class of activities which includes firm-specific learning®, organizational innovation, and
other (firm-specific) efficiency enhancing activities which aso play a significant role in
productivity improvement and cost reduction by firms. Their common featureisfirm-specificity -
they are determined almost entirely through internal investment and accumulation of experience
within the firm with little, if any, potential benefit to other firms. This paper focuses on the | atter
class of activities and analyzes the incentives for cost reduction offered by a competitive market
as well as their consequences on the dynamics of industry structure and market variables. In

particular, we characterize the dynamic equilibrium path of a competitive industry with a

The applied literature on the "learning curve" in industries identifies acomplex set of factors
behind cost reduction in firms many of which can be clubbed under "indirect” |abour learning i.e.,
increases in labour productivity arising from conscious management effort, improvements in
"architectural aspects’ of modern manufacturing organizations such as inventory and
communication systems, interdepartmental coordination, degree of job specialization and task
rotation, decentralization of responsibilities, process quality control, methods of motivating and
training workersetc. - all of which regquireinvestment and experience. See, Mookherjee and Ray

(1992) for further details.



continuum of price-taking firms, free entry and exit, whereindividual firms undertake investment
over timein order to reduce their future production cost.?

We consider production technologies which exhibit decreasing returns; in each time
period, the current marginal cost of production for afirm is strictly increasing in output®. This
reflects the fact that in each period, the organizational capital and stock of knowledge of afirm
is given by past history. This alows price-taking firms to earn strictly positive profit as
compensation for past investment without violating market equilibrium. Individua firms, by
making investments, are able to reduce their total as well marginal cost of production over time
in adeterministic way. A firm incurs a strictly positive "fixed cost" every period it staysin the
industry, even if no output is produced. Thus, the average cost curve of afirm in any time period

isU-shaped. Investment can reduce thefixed cost incurred by activefirms. Weimposerestrictions

%Petrakis, Rasmusen and Roy (1997) analyzeatwo period model of acompetitiveindustry
with atomistic firms who engage in "learning by doing"; future production cost is a decreasing
function of cumulative past output (rather than direct investment). Asaresult, firms overproduce
(relative to what is suggested by current price and marginal cost) in order to reduce future cost.
A number of empirical studies have pointed out that cumulative investment (as considered in the
present paper) is a better explanatory variable for firm performance compared to cumulative

output (see Dutton and Thomas 1984).

31f the firm-level technology exhibits constant returns at each point of time, then the dynamic
scale economies associated with the possibility of unit cost reduction through investment leads
to abreakdown of perfect competition. The market cannot compensate an individua firm for past
investment because whenever priceis greater than the current margina cost, price-taking firms

produce indefinitely large outpui.



on the cost-reduction technology so that the dynamic scale economies for afirm are eventually
bounded. A dynamic competitive equilibrium existsfor the industry. Asthere are no externalities
or inter-firm spill-overs, the equilibrium path issocially optimal . The competitive market provides
just the right incentives for investment in cost reduction.*

Firmswith perfect foresight, take the price path as given and maketheir entry, exit, output
and investment decisionsover time, so asto maximizetheir intertemporal profit (net of investment
cost). In equilibrium, each firm that enters the industry earns exactly zero intertemporal profit
over its period of stay; no firm can earn strictly positive intertemporal profit by changing its entry
and exit decisions. Firms which stay for more than one period undertake strictly positive
investment in cost reduction. Equilibrium prices are (weakly) decreasing over time and lie below
the static competitive price i.e., the minimum average cost for a new entrant. Firms undertake
investment and earn negative net profitsin their earlier periods of stay, which is compensated by
positive future profits. Price is greater than the minimum average cost of mature firms and they
typically produce above their minimum efficient scale.

Recent empirical studiesindicate that a distinctive characteristic of industry evolution is
the high degree of heterogeneity encountered: high variance of growth rates across firms, high

dispersion in size and significant rates of turnovers of firms°. Since the early eighties, models of

* Competitive equilibrium theory of industry dynamics with atomistic firms was first

developed by Lucas and Prescott (1971). Hopenhayn (1990) establishes results on existence and
social optimality of dynamic industry equilibrium with entry and exit, for avery genera class of
intertemporal technology and stochastic shocks, both aggregate and firm specific.

®> For example, Dunne, Roberts and Samuelson (1989) study a sample of U.S.
manufacturing industries over a period of 5 years and report rates of entry ranging from 30.7%
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stochastic evolution and selection in competitive industries have been used to explain these
empirical regularities. Jovanovic (1982) analyzes the dynamics of a competitive industry where
atomistic firms, uncertain about their productivity, acquire noisy information about how efficient
they are; incumbents that are afflicted by unfavourable signals conclude that they are inefficient
and exit the market to be replaced by new entrants. Pakes and Ericson (1990) discuss the
implications of a more general version of this model and compare it with those of a stochastic
model of their own, where firms actively undertake investment in order to influence the
conditional distribution of future shocks (see aso, Lippman and Rummelt 1982). In a fairly
general model with firm level exogenous technology shocks, Hopenhayn (1992 a,b) shows the
possibility of entry and exit as part of the limiting behaviour of an industry. In a similar model,
Hopenhayn (1993) rel atesthe observed patterns of entry and exit to stochastic demand expansion
and technological change. Jovanovic and MacDonald (1994) discuss a competitive model where
innovational opportunities fuel entry and failure to innovate, whose chances are exogenously
specified, fuels exit. The unifying feature of this class of models is the role of firm-level
uncertainty in creating heterogeneity among firms. The process of market selection then leadsto
exit of firms afflicted by unfavourable shocks, often opening up room for entrants with more
favourableinitia characteristics (who are therefore more optimistic about future profitability than

firmsthat exit)®. In contrast, our mode! is fully deterministic. The dynamics of the industry are

to 42.7% and an equally dramatic exit rate ranging from 30.8% to 39% across industries.

®Inasomewnhat different exercise, Lambson (1991) anal yzes adynamic competitivemodel
wherefirms makeinvestmentswhich entail sunk cost and whose relative profitability isinfluenced
by exogenous stochastic shocks over time; the equilibrium path can exhibit high turnover of

plants. See, also, Dixit (1989).



determined exclusively by deterministic shifts in the cost structure of firms resulting from
deliberate investment under perfect foresight. Further, all firms are ex ante identical and market
demand is stationary over time. Even so, our model explains many of the stylized empirical
observations relating to industry dynamics.

We show that on the industry equilibrium path, some firms may exit the market before
others. This shake-out of firms is not a result of predatory behaviour (even though it occurs
smultaneously with expansion of the size of incumbent firms through investment); nor does it
result from firms being subject to unfavourable shocks. The reason behind shake-out in our model
is that investment in cost reduction may lead to expansion of firms optimal scale. Given that
market demand is stationary, the industry may no longer be able to sustain al the existing firms
without excessive price reductions which can harm theincentivesto invest. Thus, itisin order to
give appropriate incentives for cost reductions that the market requires some firmsto exit. The
role of exiting firms, from the point of socia efficiency, is to reduce the industry-wide cost of
production in initial periods when the marginal cost curve could be very steep. We establish a
smple sufficient condition for shake-out which is satisfied if the minimum efficient scale expands
fast enough with cost-reducing investment and the market demand is relatively inelastic. We
construct an example where exit occurs only in the first period if the demand is not too inelastic
and if demand is sufficiently inelastic, exit occurs every period. If investment reduces only the
fixed cost of being active in the industry, firms supply curves stay unchanged over time and
therefore, shake-out does not occur.

Shake-out isawidely observed empirical phenomenon. In astudy of the evolution of 46
new products, Gort and Klepper (1982) find an average rate of shake-out of firms - measured by
the number of firms after the decrease, relative to the peak, - of roughly 40%. Therate of exit is

higher among relatively smaller firms and the average size of incumbent firms in the industry
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increases with maturity (see, among others, Dunne, Roberts and Samuelson 1989, Davis and
Haltiwanger 1992). In our model, exiting firms make typically less cumulative investment than
staying firms. Thus, the supply curve of firms which stay on in the industry is to the right of that
of exiting firms. Exiting firms are smaller in size. No entry occurs in the industry after period 1;
this apparent barrier to entry co-exists with mature incumbents earning positive net profits. This
too is not due to any anti-competitive activity of incumbent firms, but is part of the socialy
efficient competitive outcome. The absence of late entry is intuitive as there is no randomness
governing the fortunes of firms, nor does market demand change over time. All initial entrants
realizetheir planned intertemporal returnfrom current investment with certainty; thelevel of entry
intheinitial period is such that any possibility of again through late entry is precluded. Asthere
isno late entry and exiting firms have typically lower cumulative investment compared to firms
that stay on, firm numbers decrease and the size of incumbent firms increase as the industry
matures. Eventhough firmsareex anteidentical, heterogeneity emergesin the output, investment,
production cost and profit profile of active firms because of differencesin their length of stay in
the industry.

We aso illustrate some other interesting possibilities through numerical examples. An
increase in opportunities for cost reduction may lead to an increase in the number of firms active
intheindustry (lower "concentration™); investment as a proportion of revenue may increase even
while the number of active firmsincrease. These contrast sharply with standard " Schumpeterian”

notions as well as results obtained in oligopolistic models of R&D.’

8See, for example, the static models of oligopolistic R&D contained in Dasgupta and
Stiglitz (1980) and Dasgupta (1986). Dynamic non-cooperative games where firms make cost

reducing investments of the kind considered in this paper, have been analyzed, among others, by
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Section 2 describes the model formally and states the definitions as well as basic results
related to the existence of dynamic industry equilibrium and its social optimality. The main results
of the paper relating to characterization of the equilibrium path in terms of prices, output, entry
and exit of firmsare contained in Section 3. Section 4 discusses the phenomenon of exit or shake-
out in our model and establishesa sufficient condition for exit. Section 5 contains some numerical
examples which highlight certain interesting effects of change in demand easticity and the
effectivenessof investment in cost reduction onindustry variables. Section 6 concludes. The proof

of proposition 5 is contained in the appendix.

2. TheMode and Preliminary Results

Consider a homogenous good industry which lastsfor T periods, 1 < T < . The market
demand in period t depends only on the current price and is stationary over time. Denote by D(p)
the market demand function and by P(Q), the inverse demand function. There is a continuum of
ex ante identical firms (of indefinitely large measure) which can enter the industry in any period
and there isno sunk cost of entry. Each firm is of measure zero and isindexed by i € R,. In each
period t, an active firm i produces output g,(i) > 0 and makes an investment x(i) > 0. Let z(i) €
R, bethe cumulative investment of firmi at the beginning of period t. The latter summarizesfirm
i'sstock of firm-specific learning, organizational capital and other efficiency enhancing attributes
which we may collectively refer to as its stock of knowledge in period t. The initial stock of
knowledge for an entering firm isnormalized to be equal to zero. If firmi entersin period 6, then

fort>06

Z(i) = X(i) + Xua (i) + oo X0a(i), 2(i) = 0

Flaherty (1980), Spence (1984), Ericson and Pakes (1995), and Lach and Rob (1996).
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Weshall usetheletters g, x and z without time or firm specific indicesto indicate respectively the
current output, (flow) investment and the stock of knowledge of a generic firm.

A firm's production cost in any period depends on its current output as well as its stock
of knowledge. Specificaly, firmi's cost of producing output g in period t is given by C(q,z(i)).
On the other hand, firm i's cost of making investment x(i) in any period t is given by &(x(i)).
Given prices (p,,...py), afirmi which entersin period 6 > 1 and exitsin period 6+k < T, earns
intertemporal payoff equal to total discounted sum of profit, net of investment cost, that is,

Yo ond Tpa(i) - C(a(i) 2(0)) - A ()],
where & is the discount factor lying in (0,1]. We follow the convention of discounting profit
streams to the period of entry. We will aso follow the convention that a firm which enters does
so at the beginning of a period and exits, if it so wishes, at the end of a period after production
has taken place. The firm isfree to decide its period of entry and exit. Once afirm exits, it loses
al itsacquired technological knowledge (embedded in its employed factors) and can re-enter the
industry only as a fresh entrant with z = 0. As there is an indefinitely large measure of identical
potential entrants, we assume without loss of generality that afirm which exits does not re-enter.

We make the following assumptions on the inverse demand function P(Q) and the cost
functions C(q,2), &(x):

(A1) PR, - R, iscontinuous, strictly decreasing and integrable on any bounded interval.

(A2) C:R? - R, iscontinuously differentiable; for any givenz > 0, C,(0,2) isdtrictly increasing
inqgonR,; C(0,z) >0foral z>0.

(A3) C,(q,2) < 0; forany q > 0, ' > Z* implies that C (q,z") < C,(q.2).

(A4) There exists h > 0 such that [C(q,z)/q] > hfor dl g,z > O.

(A5) &R, - R, iscontinuoudly differentiable, &0) = 0, & (x) > 0for x > 0.

(A6) For any g > 0, there exists some z > 0 such that
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a(0) + &aC(q,0) < &(z) + aC(q,2).
Let p,(0) denote the current minimum average cost for a new entrant with zero stock of
knowledge:
Prm(0) = min{C(q,0)/q: q > G}
(A7) limg,,P(Q) > p,,(0).
For any vector of outputs (q,.....0y) > O, let G(q,,0y,....G;) denote the minimum cost of

production after taking into account the investment in cost reduction:

G(9y,9y,----0) = Min thl,..Tét-l[C(qt!Zt) +a(x,)]
X >0,t=1,.T

2= Yo-1,..01% t>1,2,=0.
It can be checked that there exists a solution to the minimization problem. One can think of G as
the "net" cost of producing an output vector. Our next assumption imposes a restriction on the
behaviour of the net cost function for large output levels:
(A8) There existsK > 0, such that for any (q,,0,,...-0;) > 0, g, > K implies
G(Cyy-+sGo--Ar) > G(Y1e-Yo--¥1) + 8 (s - K)P(0)
wherey, =g, fort = G y, = K.

Assumption (A1) states that the market demand function in any period depends only on
the current price, is stationary over time and is strictly decreasing. Further, it isintegrable on any
bounded interval so that the net social surplusiswell defined. Assumption (A2) saysthat the cost
function is smooth and that the marginal cost of production is strictly increasing in output, no
matter what the stock of knowledgeisfor thefirm. Thusthe current production technology in any
period exhibits decreasing returns to scale. Further, production cost for an active firmis strictly
positiveeven if no output is produced, no matter how largethefirm'scumulativeinvestment. This
can be interpreted as a "fixed" cost that must be paid by the firm every period it stays in the
industry. It can be reduced by investing, for instance, in organizational capital. Among other
things, assumption (A2) implies that, in any time period, the current average cost curve is U-

shaped and the current minimum efficient scale of an active firm is always bounded away from



zero. This ensures that only a finite measure of firms enter the industry in equilibrium. In the
absence of this assumption and given a downwards sloping demand curve, it is possible that
equilibriuminvolvesindefinitely largenumber of firmsin theindustry, each producing infinitesimal
output in each period.

Assumption (A3) states that the total as well as the marginal costs of production are
(weakly) decreasing in the amount of accumulated investment. Note that we do not assume that
C isconvex in both arguments. Thus, the marginal return to investment in cost reduction may be
initidly increasing in the level of investment made by the firm. Assumption (A4) says that the
average cost of production for any firm is uniformly bounded below by some h > 0. In other
words, no matter how large the accumulated stock of knowledgefor afirm, the minimum average
cost of production can never be made arbitrarily close to zero. Thisis atechnical assumption
which ensuresthat the equilibrium prices are bounded away from zero so that the total output and
"size" of the industry is uniformly bounded over al time periods, which in turnis used to ensure
the existence of dynamic industry equilibrium. Assumption (A5) describes the properties of the
cost of investment in any period. The marginal cost of making positive investment is strictly
positive. Typically, one would expect the function &(x) to be convex though we do not make this
assumption. Assumption (A6) ensures that the cost reduction technology is sufficiently
"productive"; there exists some investment level which is worth undertaking for a firm that has
made no past investment and plans to produce a strictly positive output next period. This
assumption ensures that al firms except those which stay for only one period, find it worthwhile
to make strictly positiveinvestment intheir initia period of stay. Note that this assumption alows
for the existence of a "threshold level" below which investment in cost reduction is not
worthwhile. Assumption (A7) isarestriction which is necessary to ensure that the market is non-
trivial and market equilibrium existsfor T = 1.

The crucial assumptioninthe mode is(A8); it limitsthe dynamic scale economiesimplied
by the possibility of cost reduction. It ensures that the firm's technology exhibits "asymptotic
decreasing returns' even after taking into account the possibility of cost reduction through

investment. More particularly, aswe alow for free entry and exit, equilibrium prices are bounded
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above by p.,(0), the minimum average cost of anew entrant. Assumption (A8) statesthat, if we
restrict attention to price vectors which liein [0,p,]", no firm will produce output in excess of
bound K; the net marginal cost (taking into account investment cost) exceeds p,,(0) if output
exceeds K. From the standpoint of socid efficiency, instead of having one firm produce g, > K,
it is better to reduce its output to K and have the excess, viz. (g, -K) produced by a measure of
fresh entrants which stay in the market for one period and produce at their minimum efficient
scale. Note that this assumption allows for environments where the current marginal cost of
production C,(q,z) falsto zero asz becomesvery large, provided themarginal cost of investment,
&' (x), increases sharply enough so that the overall effect isto restrict firm size and prevent any
natural monopoly outcome®. However, even when the marginal cost of investment is constant,
(A8) is satisfied if the infimum of the set of possible marginal production cost that a firm can
attain through investment exceeds p,,(0), when its output is larger than K°.

Let i) and §(i) denote, respectively, the periods of entry and exit for firmi, 1 < &(i) < (i)
< T.If firmi never enters, we simply usethe convention that &(i) = &) = T+1. Given time periods
6and , wherel < 6<6< T, let 560 be the set of firms which enter in period 6 and exit in
period 8. Further, let n(6,0) denote the (L ebesgue) measure of the set S(6,9), that is the "number
of firms" which enter in period 6 and exit in 6. Given price vector p = (p,,...,p;) and time periods
6 dwherel < 6< 6< T, we denote by B(p,5,0 the maximum discounted sum of profit (net of

investment cost) that a firm which entersin period 6and exitsin period 6 can achieve. Thus:

0]
(1 B(p.60 = max éo-a-t-g{ptqt - C(0.2) - ax)}
with respect to (g,,x,) > 0,t=6...0
t-1
wherez, = ) X, t>02,=0.

8For example, C(g,2) = €™ + F, with F, k > 0 and &(x) = ax?, a> 0.

*Thisis satisfied by cost functionsin the family C(q,z) = G(q)H(2)+F where F > 0, G isstrictly
convex and strictly increasing, H isdecreasing in z and lim,._H(z) > 0; for instance, C(g,2) = ¢(1
+e%) +F.
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6=0
Let @(p,50) bethe set of solutionsto the maximization problem on theright hand side of (1). As
C(q,2) is not necessarily convex, there can be multiple solutions to the profit maximization
problem.
Let S denotethe set of al firmswhich areactiveinperiodt=1,2,...T. Obvioudly, S isthe
union of all sets (6,0 where 6 < t < 8. We are now ready to define industry equilibrium:
Definition of Industry Equilibrium: Anindustry equilibrium consists of:

(1) measurable sets S(6,0) of firms that enter in period 6and exit in period §, 1 < 6< 6< T.

(i1) output and investment profile { (q,i),x(i)), t=6..,6 fordli e §§9), 1

IA
10

\/\
_—.|
0
—
Z
x
—~
=

integrable on §(6,0).

(i) price vector p = (p,-..-Py)

such that:

(&) D(p) = Q, where Q= [q(i)di

s

and, foral (66 suchthat 1 <0< 6<T

(b) if n(6) > O, then for dl i € S(80), { (q.(i),x()),t=6...68 € D(p,6,9
(©b(p,6d =0,ifnbd >0,
< 0, otherwise.

Condition (a) says that the market should clear every period. Condition (b) says that, given the
equilibrium price vector p, the output-investment profile of each activefirm over itsperiod of stay
should maximize its net discounted sum of profits. Condition (c) ensures that al active firms, no
matter when they enter and exit the industry, earn exactly zero net intertemporal profit over their
periods of stay. In addition, there is no incentive for further entry and no active firm can make a
strict gain by changing its entry-exit decision.

Under assumptions (A1)-(A8), there exists an industry equilibrium. The fact that thereis
acontinuum of firms makes the aggregate technology for the industry a closed convex cone. Our

assumptions limit the size of individua firms aswell asthe industry. It can be shown that the set
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of equilibrium allocations are equivalent to those which solve the socia planner's problem of
maximizing thediscounted sum of net social surplusintheindustry. Ensuring existenceof solution
to the planner's problem guarantees existence of an industry equilibrium. Thisalso provesthat the
industry equilibriumissocialy optima. Infact, the equilibriumisuniquein pricesand total output
produced.

At this stage, we should define precisely the social planner's problem. The social planner
chooses:
() sets (69, 1 < 6< 6< T, of firmsthat enter in period 6and exit in period 6 (which also defines
the sets S of firmswhich are active in period t);
(i) output and investment profile { (q(i),x(i)),t =6..,8 foralie S(68,1 <0< d< T; q(i)x(i)
> 0 and integrable on §(§,6).

S0 as to maximize

T {Qt )
YA [Py - [C(a).20) + ax@Nd 1
t=1 10 S J
subject to:
Q= [a(i)di
S
t-1
z(i) = X x{i), t >0 7y(i) = 0.
=0 )

Proposition 1. There exists an industry equilibrium. The allocation pertaining to an industry
equilibrium always solves the social planner's problem (SPP) and every solution to SPP can be
sustained as an industry equilibrium (with appropriately defined prices).

Proof: Hopenhayn (1990) contains a proof of existence and socia optimality of industry
equilibrium in avery general stochastic model. Under assumption (A8), we can restrict, without
loss of generadity, the output produced by a firm in any period to lie in [0,K]. As the total

investment in any period cannot exceed maximum total intertemporal revenue and the prices can,
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without loss of generality, be restricted to lie in [h,p,(0)],*° (where h is the lower bound on
average cost as defined in assumption (A4)), we can construct a modified model with compact
aggregate technology (technology of firm consists of feasible vectors of outputs, investments and
their intertemporal cost) and compact state space (state = stock of knowledge). Further, as the
average cost of production is aways bounded below by h >0 and P(Q) | 0 as Q - «, the net
social surplus goes to -« (in the modified model) if total industry output isinfinitely large. These
are sufficient to ensure all the assumptions made in that paper. Therefore, there exists an industry
equilibrium and every such equilibrium path is socially optimal. It can be checked that the
modifications made on the action and state spaces do not matter for industry equilibrium aswell
associal planner's problem. We now givethe outline of adirect proof whichisbased on Jovanovic
(1982) and virtualy identical to that contained in Petrakis, Rasmusen and Roy (1994).

First, consider the social planner's problem. Suppose the planner wishes to produce some
vector of total output (Y,....Ys.) Using firmswhich enter in period t and exit in period (t+k). The
number (measure) of such firmsn and their optimal path (gy(i), x(i)), t = §,...6+k, must solve the

socia cost minimization problem

otk n
(P1) Min Y &° ({ [C(a(i), z(1)) + &(x(i))]di
t=0
subject to:
n
*.1) Yes  Jo)di
0
t-1
z(i) = Yxi), t>6 zfi) = 0.
j=0

(a(i), x(i)) > O and integrable.
Let RyoulYo-Yon) be the value of this minimization problem. Under our assumptions,

particularly (A8), there exists a solution to this minimization problem (for example, using

e show later (Proposition 2) that equilibrium prices can never fall below h or exceed p,,(0)

so the modification of the problem by restricting pricesto lie [h,p,,(0)] does not matter.

14



Theorem 6.1 in Aumann and Perles (1965)). Aswe haveacontinuum of firms, adirect application
of the Lyapunov-Richter theorem (see L.1.3 in MasColell (1985)) shows that R, IS a convex
function. Taking variations around the optimal solution, it can be established that R, is
differentiable and that the partial derivativedR,,, /0y, = W, Where L, isthe optimal value of the dual
variable corresponding to constraint (*.1). Further, the first order conditions imply that:
(*.2) W =Cyali). z()). if a(i) > O,

Otk
(*.3)  a(x(i)) +j:2t &'C(qi), (1)) = 0,if x(i) >0
Let y,(6,8) denote the total output produced in period t by firms who enter in period 6 and exit
in period 8; R;5(Y«6,0),...,y5(6,8)) the minimum social cost of producing atotal output vector
(Y4(6,0),...,y5(6,8)) by using such firms. Note that R(0,0,..0) = 0.

Now, rewrite the socia planner's intertemporal net surplus maximization problem as:

T Q
(P2) max Y& [[P(X)dX] - Y Rss(Yo(8.6),....y5(60))
t=1 O 1<6<6<T

subject to:

Q= Y Y(d9)
O<t<6

with respect toy,(68) > 0,1 <0< 3 < T.

AsP(Q) - 0as Q - +x, (A4) implies that there exists a finite solution to the socia planner's
problem. Asthe maximand is strictly concave, thereis aunique solution in total output and Q, >
Ofort=1,2,...T. From thefirst order conditions of this maximization we have:

(*.4) P(Q) = 0R,4/dy, if 6<t < 8andy(68) >0

Setp,=P(Q). If 6<t < &andy(68) > 0, then, p, = W, the dual variable corresponding to
constraint (*.1) in the social cost minimization problem for output vector (y46,0),...,y5(0,0)).
From standard duality results, it follows that for each firm i that entersin period 6 and exitsin
period 8, (x(i),qi)), t = 8....8, maximizesintertempora profit ., 8" Ip,q, - C(q,z) - &x,] and

that this maximum is exactly equa to zero. Thus, each firm maximizes profit, gets zero net
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intertemporal profit and markets clear every period at prices{p;} . It can also be shown that if no
firm entersin period 6and exitsin period G, then p, < lim,,(0R,4/0y,) Where the partial derivative
is evaluated at output vectors with zero output in all periods and output y in period t. These
together can be used to show that no firm can earn strictly positive intertemporal profit at prices
{p} - Thus, the social planner's solution can be implemented as an industry equilibrium with prices
{p}.

Next, consider any industry equilibrium. If n(6,8) > 0 and (y,,...,Ys) IS the total output
produced by firms in §6,8), then the total socia cost of producing (ys,...,Ys) iS minimized by
(q(1),x(i)), t =06..,6,1 € S(6,0). If thisis not true, then there is some other way of producing this
total output vector where the total intertemporal cost across all firmswould be lower; however,
in the alternative solution, at prices{p}, the total intertemporal revenue of al firms together in
the industry would still be the same, viz. Y., 8Py, Thisimplies at least one firm can earn
strictly positive intertempora profit at prices {p}, contradicting the definition of industry
equilibrium. Using thefirst order conditions of profit maximization it can be shown that p, isequal
to the optimal value of the dual variable in the socia cost minimization problem (P2)
corresponding to (Y,,...,Ys)- Now, considering (P2) which isaconvex problem, it can be checked
that thefirst order (equality and inequality) conditions of maximization areindeed satisfied by the
industry equilibrium allocation. Thus, every industry equilibrium path maximizes socia welfare.
Asthe socia planner's problem has a unique solution in terms of total industry output, industry

equilibrium isuniquein prices.//

For firmi e S(69), 1 < 6< 6 < T, the equilibrium path of output, investment and stock of

knowledge { (i), x(), z(i)), t = 6,..,6 satisfies the following first order conditions:

@) P = Cy(a(i), (i), if ai) > O,
o)

©) A(x()+ Y &CLaqi), zi)) = 0, if x(i) > 0
o=t+1

(2) smply saysthat afirm will equate priceto its current marginal cost every period it produces

positive output; in each period, the margina cost curve of the firmisitsindividual supply curve.
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Asthe stock of knowledge increases over time, the supply curve shiftsto theright. It is easy to
see that a firm will produce qi) > O if and only if p, > C,(0,z(i)). (3) says that a firm will
undertake investment up to the point at which the current marginal cost of investment isequal to
the discounted sum of future marginal returns on such investment i.e., the discounted sum of
marginal decrease in future costs of production at the planned output levels. Obviously, x4(i) =
0if 6="06i.e, nofirminvestsinitslast period in the market.

Given a price vector p, the profit maximization problem (1) for firm i need not have a
unique solution as we have not assumed C(g,z) to be convex. However, as C(.,2) is strictly
increasing for any z, there is a unique optimal output path associated with any vector of
investment decisions over time. All firms start with the same supply curvein their period of entry,
i.e. the marginal cost curve corresponding to z = 0. Over time firms may follow different
investment paths and therefore exhibit heterogeneity in supply decisions. Heterogeneity in output
decisions may occur in our model evenif C and &are strictly convex in both arguments (and thus,
thereisaunique solution to the maximization problemin (1)). Identical firmsmay follow different
investment-output paths because their planned lengths of stay in the industry differ.

Observe that, a firm might choose to stay in the industry and incur the fixed cost rather
than exit, if it expects to make sufficient profit in the future. Exiting would make the firm loseits

accumulated knowledge.

3. Properties of Industry Equilibrium Path.

In this section, we establish a set of interesting properties which characterize the
equilibrium path of theindustry. Thefirst result characterizesthe equilibrium prices. We show that
on theequilibrium path, pricesare (weakly) decreasing over time. Asfirmsaccumul ateinvestment
in cost reduction, their marginal costs of production fall and thisis passed on to consumersin the
form of lower prices. Further, the prices always lie below p,,(0), the minimum average cost for
anew entrant. Notethat p,,(0) isthe unique equilibrium price in astatic model with free entry (the
so-called "long run™" equilibrium in textbooks). Let g.,(0) denote the (unique) minimum efficient

scale for anew entrant, i.e. p,,(0) = [C(q,,(0),0)/q,,(0)].
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Proposition 2. The industry equilibrium price path p=(p,,...p;) satisfiesp, > p,,, for all t =
1,2,..,T-1. Further, p; < p(0) and p, < p,(0) for all t > 1. Also, p, > hfort= 1,2,...T.

Proof. To see that equilibrium prices are non-increasing, suppose to the contrary that p, < p,.,
for somet < T. First, suppose that no exit occurs at the end of period t. Then S, > S and by
assumption (A3), z(i) < z,,(i) for each active in periods t and t+1 firm i, so that C,(q,z(i)) >
Cy(Q,2.4(1)) for al g > 0. Asp, < p,, it follows from (2) that gy(i) < q.4(i) for al these firms, and
thus Q, < Q,,; which violates condition (a) of industry equilibrium (as D(p) is strictly decreasing).
Next, suppose that exit occurs at the end of period t. Let i be afirm exiting at the end of period
t. Then x,(i) = 0 and [p,a i) - C(q(i),z())] > O. Thisimpliesqy(i) > 0. If firmi stays on till period
(t+1) and makes no further investment, then as p.; > P. [P:G(1)-C(a(i),z()] > [pai)-
C(q,(1),z(1))] = O; hence, it can make a strictly positive profit in period (t+1), so condition (c) of
industry equilibrium is violated, a contradiction.

Next, if p,>p,(0) for somet, then B(p,t,t) > 0 which contradicts condition (c) of industry
equilibrium. Further, if p, = p,(0) for any t > 1, then p, = p,,(0) for all 6= 1,.,t-1. Then assumption
(A6) impliesthat B(p,1,2) > 0 sincethisfirm makes positiveinvestment. Findly, if p,<hfor some
t, then p,<hfor al 6=t+1,.,T; as the average cost of production always exceeds h, no firm
would stay in the market beyond period (t-1) which would violate market clearing at such prices.
The proof is complete. /

Our next result states that the process of cost reduction through investment by initial
entrants in an industry is such that no entry occurs after period 1. The equilibrium path could
alow room for entry only if industry output expands over time which would require strict
decrease in prices. The latter, however, implies that late entrants could always make greater
intertemporal profit by entering earlier. As the model is fully deterministic, firms have perfect
foresight and al firms ex ante have equal chance of entering the industry in period 1, all
possihilities for profitable late entry are eliminated. Expansion of industry output and price
reduction over time takes place only as a consequence of outward shiftsin the supply curves of

incumbent firms. In our model, the lack of late entry co-exists with mature incumbent firms
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earning strictly positive current profit (net of fixed and investment costs) - often supposed by

regulatory agencies to be indicative of the existence of anti-competitive barriers to entry.

Proposition 3. In the industry equilibrium path, no firm enters after period 1 that is, n(69 = 0
for 6> 1.

Proof. Suppose not. Let 6 > 1 be the first period in which entry occurs after period 1. In
particular, n(6,0+ k) > 0 for somek > 0.

First, we show that p, = p., for al t < & If thiswere not true, then by Proposition 2, p, <
p., for somet < ¢ which impliesthat p, > p,. Suppose a late entrant stays for k > 1 periods (it
cannot break even by staying for only one period as p, < p,,(0)). Further, asp,,; < p,,; forj =1,..k,
if the late entrant had entered in period 1 and exited in period k+1, it could have made strictly
positive profits, i.e. B(p,1,k+1) > B(p,06,6tk) =0, acontradiction. Thus, if late entry occursin any
period 6> 1, prices must be constant till period 6. Let us denote this price by p*. Obvioudly, p*
< p,,(0) by Proposition 2.

Next, we claim that exit cannot occur at the end of period (6-1). If afirm exits at the end
of period (6-1), then it must have stayed in the market for at least two periods in order to break-
even (as p* < p,(0)). By assumption (A6), the exiting firm has invested in its period of entry
which means that, in order to break even, p* must be strictly greater than its minimum average
cost in period (6-1). But then such afirm could always make strictly positive profit by staying on
till period 6 as p, = p*, acontradiction. Therefore, S>> S, ;. Observe aso that for strictly positive
output to be produced in period 1, p* > C,(0,0) > C,(0,2) for all z > O; thus all active firmsin
periods (6-1) and 6 produce strictly positive output. Given assumptions (A2) and (A3) and p,=
Ps1 = P*, total output in period Ois strictly greater than in period (6-1). For the market to clear
in both periods (6-1) and 6, it should be the case that p, < p,;, @ contradiction. The proof is
complete. //

Asno new firms enter the market after period 1, the set of active firmsin any period t >
1 isasubset of the set of active firmsin period (t-1), the difference between the two sets being

the set of firmswhich exit at the end of period (t-1) (i.e., the shake-out). However, as prices are
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non-increasing over time, the total output is non-decreasing over time. This is consistent with
shake-out, asfirmswhich stay in theindustry undertake greater investment than exiting firmsand
as aresult, their marginal cost curves (their individual supply curves) shift out to the right. It
stands to reason, therefore, that exiting firms at their point of exit are typicaly "smaller in size"
and have lower stock of knowledge compared to staying firms. We establish this result under
certain restrictions on the cost function.

Let p.(2) be the minimum average cost for a firm with accumulated stock z > O of
knowledge and q,,(z) the corresponding (unique) minimum efficient scale:

Pm(2) = min {[C(q,2)/d]: q > O} = [C(0(2),2)/0x(2)]

Proposition 4. Suppose that at least one of the following holds:
(a) p(2) isstrictly decreasinginzon R,
(b) C and &are convex functions and at least one of them s strictly convex
Then, if firmi exits at the end of period 6< T, and firm| stayson till alater period, that is, i €
1,0 andj € §1,6) where 6< @, then z(i) < z(j) and g4i) < q4j) i.e., the size of a firm prior
to exit increases with its time of exit.
The proof of Proposition 4 is contained in the appendix. Observe that part (a) of the hypothesis
of Proposition 4 is satisfied if for al g > 0, the total cost of producing q is always strictly
decreasing inthelevel of accumulated investment. Part (b) isarestriction which would ensure that
for any given time horizon, there is a unique output-investment path which solves a firm's
intertemporal profit maximization problem. The hypothesis of proposition 4 requiresthat at |east
one of parts (a) or (b) be satisfied; it does not cover environments where costs are non-convex
and, in addition, the marginal effect of investment on production cost becomes zero after acertain

point.

4. On the Possibility of Shake-Out
The phenomenon of shake-out in this model is crucialy linked to the way in which both
margina as well fixed costs of production decrease with investment. In addition, for shake-out

to occur, the demand curve has to be sufficiently inelastic so that the industry output expandsin
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arelatively conservative fashion. A competitive equilibrium with exit is socialy efficient because
most of the investment is then concentrated in some firms whose marginal costs decrease rather
sharply. Thesefirmsthen undertakefuture production, while othersexit theindustry. Exiting firms
remain active in the industry in earlier periods only because their marginal cost curve is steep
when the stock of knowledgeissmall which makesit too costly for asocial planner to concentrate
all production in afew firms.

Consider first an industry where investment only reduces thefixed cost of production; the
marginal cost curve does not depend on the stock of knowledge:

C(a.2) = C(a) + F(2)
whereC,'(g) >0, C,”(g) >0, C,(0) =0, F(z) >0foral z > 0, F'(z) < 0. Then the supply curves
of individual firms remain unchanged over time. If p, > p,,, for some t, then all active firms
produce lower output in period (t+1) than in period t; aslate entry isruled out on the equilibrium
path (Proposition 3), the total output in period (t+1) is smaller than in period t, which is
inconsistent with market clearing. Thus, prices are constant over time and so isthe output of each
firm. Thisimplies that thereis no exit on the equilibrium path; if firms did exit, the total output
would fall which would again violate market clearing (given constant prices over time). Thereis
no heterogeneity in the industry. The market price lies strictly below p,,(0) and firm output is
initially below minimum efficient scale; firms earn negative gross profit in addition to incurring
investment cost. Asthe stock of knowledge increases and F decreases, the minimum average cost
fals below the constant price and the minimum efficient scale falls below the constant output
level; firms earn positive profits that compensate negative profits and investment cost incurred in
earlier periods.

The absence of shake-out in the industry considered above depends critically on the fact that
the marginal cost curve does not shift outwards as investment occurs, and thus the minimum
efficient scale of firms decreases over time. If, on the contrary, the stock of knowledge increases
the supply curveof firms, then exit islikely to occur, especially (but not necessarily) if the optimal
scale of firms expands over time. In fact, we can give afairly smple condition on the demand and

cost functions which is sufficient to ensure that shake-out occurs on the equilibrium path. Recall
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that p(2) and g,,(z) are, respectively, the minimum average cost and minimum efficient scale
when the stock of knowledgeis z.

Proposition 5: If

(4) [D(Px(2)/an(2)] < [D(p,(0))/a(0)] for all z> 0,

then exit must occur in some period 0< T.

Proof: To see this, observe that if no exit occurs prior to period T, then the measure of firms
active in the industry is constant over time. Let us denote this measure by n. All firms produce
identical output g, in period 1. Asp, < p,(0), g; < g,,(0) so that

©) n=D(py)/0, > D(py(0))/q,,(0)

However, p; > p,(z:(i)) for al activefirmsi. Notethat z; = inf{z(i): i € S(1,T)} >0; if ZT =0,
then pT > pm(ZT(i)) for dl i which would imply that pT > pm(0) which in turn would contradict
Proposition 1. Therefore, p; > p(z7). Thisimpliesthat g.(i) > q,,(z7) for al activefirmsi. Thus,
(6) N < D(Pr)/0n(Zr) < D(Pw(Z1))/0n(Z1)

(5) and (6) together contradict (4) /1.

The hypothesis of Proposition 5 requires the function [D(p,(2))/q,,(2)] to attain its
maximum value at a unique point viz., z = 0. A sufficient condition for this to hold is that
[D(Pn(2))/0,(2)] be strictly decreasing in z. One can think of [g,,(z)/D(p,(2))] asameasure of the
size of a competitive firm relative to the industry size, when the firm operates at its minimum
efficient scale. If the minimum efficient scaleq,(z) increasesrapidly with z, relativeto theincrease
in industry demand at price equa to minimum average cost, then thereisless and less room for
firms; though the industry size expands, the optimal firm size expands faster.

Let N(z) =[D(p.,(2))/9,,(2)]. Further, supposethat D(p), p,,(z) and g,,(z) aredifferentiable
functions and that p,,'(z) < 0. Then, one can check that
(7) -[N"(2/N(2)] = [¢o(Pn(2)][Pn' (2)/Pr(2)] *+ [an'(2)/0n(2)]
where ¢, is the easticity of demand. Therefore, N'(z) < O (that is, [D(p(2))/0.(2)] is strictly
decreasing in z) if and only if, g,,'(z) > 0 and, further,

Co(Pm(2)) < |d(loga,(2))/d(logp,(2)) |
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Thus, D(p,,(2))/q.(2) is decreasing in z if the elasticity of demand is low and for any marginal
increase in the stock of knowledge, the rate of expansion of the minimum efficient scaleislarge
enough relative to the rate of decline in the minimum average cost.

We present below a numerical example of an industry where investment reduces the
margina cost curve sharply and shake out occursin every period. This example aso illustrates
the features of the equilibrium path as characterized in the previous section.

Example 1*: T =3, D(p) = 100 - p, C(q,2) = €™ + 10, &(x) = 0.5x%, 4= 0.5.

Equilibrium prices:

P, = pP(0) = 8.64403, p, = 5.16861, p, = 2.75447

Measure of active firmsin period 1: 42.3558

Measure of active firms in period 2: 19.6378

Measure of active firmsin period 3: 17.1709

Output-investment path followed by firms:

g,(1) =g,(0) = 2.15687 for dl i € S,.

Fori € $(1,1), x,(i) = 0.

Fori € $(1,2), x,(i) = 2.5843, q,(i) = 4.22691, x,(i) = 0.

Fori € $(1,3), x,(i) = 3.27292, q,(i) = 4.91553, X,(i) = 1.37724, q4(i) = 5.66338, x4(i) = 0.
Firmswhich stay for three periodsinvest in both period 1 and 2. Shake-out of firms occurs at the
end of both period 1 and period 2. The biggest shake-out occurs at the end of period 1. All firms
earn exactly zero profit in period 1, gross of investment cost. In period 2, the profit of firmswhich
exit at the end of that period is strictly positive and just compensates (all appropriately
discounted) the investment cost made in period 1. Asfor firms which stay for all three periods,
they earn strictly positive gross profit in both periods 2 and 3 (even while exit occurs!), pricesare
strictly greater than their minimum average cost in these periods and their output is greater than

the minimum efficient scale; net of investment cost, they earn negative profit in period 2 which

"n examples 1, 2 and 3, all magnitudes are numerical approximations obtained by solving

nonlinear equations defining the equilibrium conditions, using Mathematica.
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is compensated by the profit in period 3. Exiting firms make much less investment than staying
firms(if at all) and their marginal cost curveisfar to theleft of the marginal cost curvefor mature

staying firms (smaller efficient scale).

5. Numerical Examples

In this section, we present some numerical examples which highlight certain interesting
features that may be observed in industry equilibrium.
Example 2: T = 3, D(p) = [10/p], C(q,2) = €™ + 1, &(x) = 0.5x% 4= 0.9.
Here, k > 0 is a parameter that captures the "innovational opportunities’ in the industry. As k
increases, the marginal effectiveness of current investment in reducing total as well as marginal
costs of production increases. For thisindustry, there isno exit on the equilibrium path. All firms
produce identical output g, and make identical investment x, in each period. Let n denote the
measure of firms active in the industry. Observe that demand is unit elastic everywhere.
At k =1, the equilibrium is given by:
p, = 3.51727, p, = 1.56248, p, = 1.208191, q, = 1.25769, q, = 2.83115, g, = 3.66136, X, =
2.38487, x,=1.08737, n = 2.26059.
At k = 1.5, the equilibrium is given by:
p, = 3.42012, p, = 1.10245, p, = 0.81471, q, = 1.22968, ¢, = 3.81481, g, = 5.16214, X, =
2.47818, x, = 1.09986, n = 2.37776.
The interesting feature that is illustrated by this example is that an increase in innovational
opportunities in the industry (the effectiveness of investment in cost reduction) may lead to an

increase in the number of firms active in the industry*2. This contrasts with both, the general

2As we have a continuum of firms and each firm is of measure zero, strictly spesking we
cannot apply the usua indices of "market concentration™. However, if an industry has afinite
number of symmetric firms al producing identical output, then any decrease in the number of

firms leads to an increase in industry concentration (using any reasonable measure of

24



"Schumpeterian™ notion that higher innovational opportunities are associated with more
"concentrated” industries and, in particular, the theoretical prediction in strategic static R&D
models (see, for example, Dasgupta and Stiglitz 1980; Dasgupta 1986).

Ancther prediction of the latter class of models is that higher research intensity
(expenditure on R& D as aratio of total revenue) is associated with smaller number of firms. In
the context of our dynamic model we may define "research intensity” as.

R =[(x, + 8%)/(p,0; + 8p,0, + &psal;)]

For k =1, R=0.280572, whilefor k = 1.5, R = 0.304287. As noted above, anincreasein k also
leads to an increase in the active firm numbers. Therefore, this example indicates that, contrary
to the received doctrine, higher research intensity may be associated with larger active firm
numbers.

Example 3: T = 3, D(p) = [100/p°], C(q,2) = €** + 10, &X) = 0.5x%, 4= 0.5

If the elasticity of demand is low enough, i.e. for values of b < 0.5 then it can be checked that
[D(Pn(2))/0,(2)] is strictly decreasing in z. For such low values of b, demand elasticity is lower
than theratio of therate of expansion of the firm's minimum efficient scale over therate of decline
inits minimum average cost (see (7)). From our earlier discussion, it follows that exit occursin
at least one period. We describe the market equilibrium corresponding to four different values of
bviz., 0.5, 0.3, 0.2 and 0.1. When b = 0.5 or 0.3, the equilibrium is one where exit occurs only
at the end of period 1. This indicates, among other things, that [D(p,(2))/q.(2)] being strictly
decreasing in z is not sufficient for exit to occur in every period or even in multiple periods.
However, if demand elasticity is extremely low - in this example, for b = 0.2 or 0.1, exit occurs

at the end of both periods 1 and 2.

concentration). Extending this to the case of continuum of firms and noting that in this example,
al firms produce identical output, we can interpret an increase in the active firm numbers as a
"decrease in concentration”. In this spirit, our example shows that an increase in innovational

opportunities in the industry may lead to a decrease in concentration.

25



L et n, denote the measure of firms active in the market in period t. The equilibrium configurations
corresponding to b = 0.5 and 0.3 are described below:

b =0.5: p, = 8.64403, p, = 4.90811, p, = 3.19; For i € $(1,3), q,(i) = 2.15687, q,(i) = 4.84244,
0s(i) = 6.00657, X,(i) = 3.25155, x,(i) = 1.595; For j € S(1,1), q,(j) = 2.15687; n, = 15.7695, n,
= n, = 9.32134; Measure of exiting firms = 6.44816.

b=0.3: p, =8.64403, p, = 5.08082, p, = 2.90487; For i € (1,3), q,(i) = 2.15687, q,(i) = 4.8921,
0a(i) = 5.78546, x,(i) = 3.26663, (i) = 1.45244; For j € S(1,1), q,(j) = 2.15687; n, = 24.2751,
n, = ny = 12.5523; Measure of exiting firms = 11.7228.

These two equilibrium configurations illustrate the fact that as demand elasticity decreases, the
rate of exit increases. One should interpret thisin the context of equation (7), which saysthat the
rate of decrease of [D(p,(2))/d.,(2)] is higher if the elasticity of demand is lower.

Now, let us consider the equilibrium configurations corresponding to b = 0.2 and 0.1. Here, exit
occurs in both periods 1 and 2. Therefore, the prices are determined exclusively by the zero
intertemporal profit conditions for firmswhich stay in the market for one, two and three periods;
these also determines the optimal output and investment decisions of firms. Asthe cost functions
C and daswell asthevalues of T and & are exactly the same as in Example 1 (where too, exit
occurs in both periods 1 and 2), the equilibrium prices, outputs and investments of firms are
exactly the same as in Example 1. The only difference is in the measure of active firmsin the
market:

b=10.2: n, =30.1185, n, = 14.6845, n, = 14.4184; measure of firms exiting at the end of period
1 = 15.434, measure of firms exiting at the end of period 2 = 0.2661.

b=0.1: n, = 37.3684, n, = 17.47487, n, = 15.9559; measure of firms exiting at the end of period
1 = 19.89353, measure of firms exiting at the end of period 2 = 1.51897.

Observe that the decline in demand elasticity increases the rate of exit at the end of both periods
1 and 2. Lastly, comparison of rates of exit at the end of period 1 acrossall four values of demand
elagticity shows that a decrease in demand elasticity always increases the rate of exit at the end

of period 1.
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6. Conclusion.

We have characterized the dynamic equilibrium path of a competitive industry with free
entry and exit, where atomistic firms undertake investment over time in order to reduce their
future production costs by increasing their firm-specific stock of knowledge. Cost reduction is
deterministic and there are no inter-firm spill-overs. The instantaneous marginal cost function is
upward sloping and the average cost curve is U-shaped; investment reduces the marginal aswell
as average cost curves over time. However, the associated dynamic scale economies are
eventually bounded so that a competitive industry equilibrium exists and is socially optimal.
Equilibrium prices are (weakly) decreasing over time. Firms invest in cost reduction and earn
negative net profit when they are young. In later periods, they face prices above their minimum
average cost, produce beyond their minimum efficient scale and earn strictly positive net profit.
The industry equilibrium path allows for no new entry after the initia time period. Though all
firms are ex ante identical with perfect foresight and the model isfully deterministic, some firms
may exit before others (shake-out). Exit may occur even while incumbent firms earn strictly
positive current profits. Exiting firms have relatively "small size" compared to incumbents; asthe
industry matures, firm numbers decrease and the average size of incumbent firms increase.
Heterogeneity in behaviour and size of firms emerges endogenously through differencesin their
length of stay in the industry and in the absence of any random shocks. These results offer an

aternative explanation for a number of empirical regularities.
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Appendix

Pr oof of Proposition 4:

It issufficient to show that z4(i) < z4j). Suppose, to the contrary, that z4(i) > z4j). From definition

of equilibrium,
(8) B(p,1,0= Yot A7) - C(a(i),2 (1)) - ax(i))] =0
9) Y. A IPa() - C(a),2()) - ax )] < 0

There are two possihilities: (i) x,(j) =0, for al t =§.......,0', and (ii) x,(j) > 0 for somet>0.

First, consider case (i). Here z(j) = z4j) for t = §,..0'. Note that asfirm i exitsin period 6 even
though z4(i) > z4j), it must be true that

(10) Por1 < P(Zd(i)) < P(Z1))

for otherwise firm i could make strictly positive profit by staying one period more.

On the other hand, as firm j stayson till period &,

(12) Ps > Pul2))

as zy(j) = z4j). Since prices are decreasing over time, (10) and (11) imply

(12)  p.=pun(zA0)) = pu(z)) for t = 06+1,....,60

Suppose condition (@) of the proposition holds so that p,(z) is strictly decreasing in z. Then,
Pm(Z:(1)) < Pm(z4()) = Pars» Which contradicts (12). Now, consider the situation where condition
(b) of the proposition holds so that C and & are convex and at least one of them is strictly convex.
Then, thereisaunique solution to theintertemporal profit maximization problem for afirmwhich
entersin period 1 and existsin @'. Observefrom (11) that firm j earns exactly zero net profit from
period 6+1till §'. It iseasy to check that the price-investment path (q,,X,), t=1,...0' where g, = g(i),
t=1,..0 X, = x(i), t=1,...61, x, = %), t = 4...0, q, = q,(j) for t = 6+1,....0' yields non-negative
intertemporal profit and hence, by definition of equilibrium, must yield exactly zero intertemporal
profit. Thus (g,x,), t=1,...0" is another profit maximizing solution for a firm which stays from
period 1 till period & which isdistinct from (q,(j),x()), t=1,...6', a contradiction.

Next, consider case (ii). Let t* = min{t>& x,(j)>0}. Choose &such that 0 < &< min{x.(j), z{i)-

z4j)} - Consider the output-investment path (g~ . x), t=1,.....,6',: g = q(i), t = 1,..., G x = x(i),
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t=1,.,061x =x(),t=t*and 6 < t < G; X" = %.(j) - & ¢ = q(j), t = 6+1,...,8. Check that,
under our supposition and by construction, z" > z(j) for al t =1,...,8. Then,
B(p,1,6) > Yoy, 68 PG - C(a"2") - &X)]
= Y028 {PG() - Ca(i).z()) - &(x(i))}
+ 8 i) - C0(1).24(1)) - EX} + [Xiorn 08 {PAA) - C(a(0).2") - 8}
=B(p,1,0) - &8X") + [Viors.e8 {PAA) - C(a(0).2") - 8x}]
> & 8(x(0)) + [Lieor,. o8 { PG - C(00).2(0)) - 8x,(0))}]
asb(p,1,0 =0,z” > z()) foradl t=06+1,......,0, x  =x(j) fort = t*, 6 < t < 8, X, <X,() and &.)
is dtrictly increasing. Lastly, we claim that
& 1800)) + [Yeconr, 68 {PG0) - CG0)20)) - AXO] = O,
which, in turn, implies that B(p,1,8) > 0, contradicting the definition of equilibrium. To prove
thislast claim note that if
-878(X(0)) + [Lieorr, o8 { PG - C((0).2(0)) - &x(0)}] <O
then firm j would earn zero intertemporal net profit only if
Yeer,. 0087 [PAG) - C(a1).2(3)) - &x )] + & pgli) - C(ael).z0)} > 0
whichwouldimply B(p,1,0) >0, acontradiction to the definition of equilibrium. The proof isnow

complete. //
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