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1 Introduction to noncooperative game theory

To introduce a static two-player zero-sum (noncooperative) game (for more
details and examples see [1], [2], [3], [4] or [5]) and its relation to a minimax
theorem we consider two players called 1 and 2 and assume that the set of
pure strategies (also called actions) of player 1 is given by some nonempty set
A, while the set of pure strategies of player 2 is given by a nonempty set B.
Without loss of generality we may assume that the sets A and B are topo-
logical spaces with Borel o-algebras B(A), respectively B(B). By definition
a Borel g-algebra is the smallest o-algebra generated by the open sets ([6]).
If player 1 chooses the pure strategy a € A and player 2 chooses the pure
strategy b € B, then player 2 has to pay player 1 an amount f(a,b) with
f: Ax B — R a given function. This function is called the payoff function of
player 1. Since the gain of player 1 is the loss of player 2 (this is a so called
zero-sum game) the payoff function of player 2 is —f. Clearly player 1 likes
to gain as much profit as possible. However, at the moment he does not know
how to achieve this and so he first decides to compute a lower bound on his
profit. To compute this lower bound player 1 argues as follows: if he decides
to choose action a € A, then it follows that his profit is at least infye g f(a, b),
irrespective of the action of player 2. Therefore a lower bound on the profit
for player 1 is given by

Ty i= SUP,c 4 infre f(a,b). (1)

Similarly player 2 likes to minimize his losses but since he does not know how
to achieve this he also decides to compute first an upper bound on his losses.
To do so, player 2 argues as follows. If he decides to choose action b € B,
it follows that he loses at most sup,c 4 f(a,b) and this is independent of the
action of player 1. Therefore an upper bound on his losses is given by

r* = infyep sup,e 4 f(a,b). (2)
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Since the profit of player 1 is at least 7, and the losses of player 2 is at most
r* and the losses of player 2 are the profits of player 1, it follows directly that
re < r*. In general r, < r*, but under some properties on the pure strategy
sets and payoff function one can show that r, = r*. If this equality holds
and in relations (1) and (2) the suprema and infima are attained, an optimal
strategy for both players is obvious. By the interpretation of r, for player 1
and the interpretation of r* for player 2 and r* = r, := v both players will
choose an action which achieves the value v and so player 1 will choose that
action ag € A satisfying

infyep f(ag,b) = max,ea infyep f(a,b).

Moreover, player 2 will choose that strategy by € B satisfying

SUPue f(a,bo) = minyep sup,c 4 f(a,b).

In case only 7, = r* or equivalently

inbeB SupaeA f(a'7 b) = SupaeA inbeB f(a7 b) (3)

both players can approximate their optimal pure strategies by so-called e-
optimal pure strategies. A pure strategy a9 € A for player 1 is called an
e-optimal pure strategy if

infpep f(ao,b) > v —e

A similar definition applies to an e-optimal pure strategy for player 2. By
these observations it is now important to know for which payoff functions and
pure strategy sets the so-called minimax result . = 7* holds and under which
conditions the supremum in relation (1) and the infimum in relation (2) are
attained. Before discussing this, we give an example for which the equality
r* = r, does not hold.

Ezample 1. Consider the continuous payoff function f : [0,1] x [0, 1] — [0, o0)
given by
fla,b) = (a—b)*.

For this function it holds for every 0 < a < 1 that infycjo1j(a — b)? = 0 and
SO
T4 1= SUPg<, <1 info<p<i(a — b)? =0.

Moreover, it follows that
Supogag1(a - 5)2 =(1- b)2

for every 0 < b < % and

Supogag1(a - b)2 =
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for every % < b < 1. This shows

. 2 -1
r* = info<p<1 SUPg<,<q(a —b)° =4
and so r, does not equal 7*.

The above example shows a particular case for which it is not clear how the
players should select their strategies. A possible solution to this problem is to
extend the set of pure strategies to the larger set of so-called mixed strategies.
Recall in the next definition that a Borel finite measure on a topological space
D is a finite measure defined on the Borel o-algebra B(D) of D (for more
details on Borel measures see [7], [8], [9]). Moreover, we also need in this
definition the unit simplex A, C RF given by

k
Ak::{aT:(al,...,ak)eRk:Z' a; =10, >20,1<i<k}. (4)
=1

Definition 1. Let D be a nonempty topological space and B(D) its Borel o-
algebra. A Borel finite measure €4 : B(D) — [0,00) is called a one-point Borel
probability measure concentrated on the set {d} if e4(Do) =1 for Doy € B(D)
containing d and €4(Dg) = 0 otherwise. A Borel finite measure v : B(D) —
[0,1] 4s called a Borel probability measure with finite support if there exists
some finite set {dy,...,dx) C D and some vector s(v)' € Ay with s;(v) >

0,1 <1<k such that
k

v= Z si(v)eq, -
i=1

If we denote by Pr(D) the set of all Borel probability measures on D with
a finite support, then within game theory any element v belonging to Pr (D)
is called a mixed strategy and it has the following interpretation. If a player
with pure strategy set D selects the mixed strategy

k

V= Z; si(v)eq,,
=1

then with probability s;(v),1 < i < k this player will use the pure strategy
d; € D. By this interpretation it is clear that the set D of pure strategies
can be identified within the set of mixed strategies by the one-point Borel
probability measures {e4 : d € D}. We now assume that player 1, respectively
player 2 are using their sets of mixed strategies. This means that the payoff
function f should be extended to a function f, : Pr(A) X Pr(B) — R. This
extension is defined by

Fu) =30 S sisi ) flaishy) (5)
with A = Zf:l si(Nea; € Pr(A) and p= 37", sj(u)er, € Pp(B) and it rep-

resents the expected profit for player 1 or expected loss of player 2 if player 1
selects the mixed strategy A € Pr(A) and player 2 selects the mixed strategy
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i € Prp(B). Under some topological/algebraic conditions on the function f
and the sets A and B of pure strategies it can be shown that the game rep-
resented by f. and the mixed strategy sets Pr(A) and Pr(B) has a solution.
This means that we need to investigate under which necessary and sufficient
conditions the following minimax result holds

infiep, (B) SUPxepp(a) fe(As 1) = SuDyep,(a) infuepp () fe(A ). (6)

In case player 2 is only allowed to use his pure strategy set B, we will also
investigate under which necessary and sufficient conditions the game repre-
sented by f. and the sets B and Pr(A) has a solution. Hence for this case we
need to check under which conditions the minimax result

infoe B SUP e, (a) fe(As €6) = SUPNep, (a) Infren fe(A €) (7)

holds. Finally, if player 1 and player 2 are only allowed to use their pure
strategy sets we again pose the same question and investigate under which
necessary and sufficient conditions the game represented by f and the sets
A and B has a solution or equivalently under which condition the classical
minimax result

infye g sup,e 4 f(a,b) = sup,c 4 infres f(a,b). (8)

holds. A slight extension of a two player zero-sum game is given by a so-called
two player constant-sum game. In this case each player has a payoff function
fi,i = 1,2 and for these payoff functions there exists some ¢ € R such that

fi(a,b) + fa(a,b) = ¢

for every a € A and b € B. As in a zero-sum game the gain for player
1, respectively player 2 is given by fi(a,b), respectively faz(a,b) when both
players select independently the strategies a, respectively b. Introducing for
this game the payoff functions f;,7 = 1,2 given by

fi:fi_ci

with ¢; + co = ¢ it is easy to see that the analysis of the original constant
sum game reduces to the analysis of a zero-sum game with payoff function
f1 for player 1. The above two player zero-sum (constant-sum) noncoopera-
tive game can also be extended to a nonconstant-sum noncooperative game
involving n > 2 players. In this model we have n players, n > 2 and player ¢,
1 <4 < n has a pure strategy set X; and a payoff function f; : X — R with
X = II" | X, (for a detailed definition of these games the reader is referred
to [1], [3] or [10]) Embedding the two player zero-sum game into this more
general framework we observe that in this case player 1 has payoff function
f1 = f, while player 2 has payoff function fy = —f. For the nonconstant-sum
case and n > 2 we use the notation X; to distinguish between the two differ-
ent models and as before the pure strategy sets X;,7 = 1,...,n are topological
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spaces. For the more general n-player nonzero-sum noncooperative games the
concept of a minimax or saddle point approach used within a two player zero-
sum game is generalized and replaced by a so-called Nash equilibrium point
([12], [13]). In Section 6 these more general games will be explained in de-
tail. To analyse the minimax relations given in (6) up to (8) for a two player
zero-sum (noncooperative) game we start in Section 2 with a discussion of
Wald’s minimax theorem. This theorem plays a key role in deriving necessary
and sufficient conditions and will be proved using two different methods. The
first proof uses the separation result of disjoint convex sets in convex anal-
ysis, while the second one uses strong linear programming duality and some
elementary properties of compact sets. In Section 3 these conditions together
with an overview of important sufficient conditions which have appeared in the
literature are discussed. Also we show that the sufficient conditions discussed
in the literature can be easily verified using our necessary and sufficient con-
ditions. In Section 4 we then give the relations between the different minimax
theorems, while in Section 5 we consider the famous minimax result of the
form (8) derived by Sion ([14]). Unfortunately, it remains an open question
whether this minimax result can be derived directly from our necessary and
sufficient conditions discussed in Section 3. Although it is not well known, a
primitive version of Sion’s minimax theorem already appeared in the classical
paper by von Neumann ([15],[16]). The proof of Sion’s theorem given here
is completely elementary and uses a proof technique originated by Joé6 ([17],
[18]) which differs from the original proof using the so-called KKM (Knaster-
Kuratowski-Mazurkiewicz) lemma. Observe the KKM lemma is equivalent to
the Brouwer fixed point theorem ([19]) and is discussed in Section 6. Also
in Section 6 we introduce the extension of a two player zero-sum game to a
n-player nonzero-sum (noncooperative) game and introduce the concept of a
Nash equilibrium point. Moreover, we prove that under certain conditions a
n-player nonzero-sum (noncooperative) game indeed has a Nash equilibrium
point using a simple proof which applies the aforementioned KKM lemma.
Unfortunately it remains an open question whether it is possible to prove the
existence of a Nash equilibrium point by the elementary techniques used for
the two player zero-sum model.

2 On Wald’s minimax theorem

We assume in this section that the reader is familiar with the basic notions
in set theory, analysis and some elementary function theory (for more details
see [20]). Besides this basic knowledge this section will be self contained.
To show for the different minimax results listed in relation (6) up to (8)
necessary and sufficient conditions on the payoff function f and the sets A
and B, we first need to discuss in detail Wald’s minimax theorem and this
will be the topic of this section. The derivation of the necessary and sufficient
conditions will be postponed until Section 3. For readers familiar with convex
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analysis a proof of Wald’s minimax theorem will be given using the (finite
dimensional) separating hyperplane result, while for readers more familiar
with linear programming we will show Wald’s minimax result using the strong
duality theorem of linear programming and some elementary properties of
compact sets. We first start with a proof using tools from convex analysis. To
do so, we first need to recall some well known definitions and introduce the
proper notation.

Definition 2. A subset C' of a linear space is called convex if for every 0 <
B <1 and xz,y € C it follows that Bx + (1 — B)y belongs to C.

In set notation this means that 8C + (1 — 5)C C C for every 0 < 8 < 1.

Definition 3. A real-valued function k : C' — R is called convex on the (con-
vex) subset C if

k(Bz + (1= B)y) < Bk(x) + (1 = B)k(y)

for every 0 < B < 1 and z,y € C and it is called concave on C if —k is
convex. The function k : C — R is called affine on C if it is both convex and
concave on C'.

Introducing the set
R" ={x=(x1,...,2p) E R" :2; < 0,1 <i<n}
and
n
aly = Zi:l TilYi

the inner product of the vectors T = (z1,...,7,) € R" and y" = (Y1, ..., yn) €
R"™ (by #7 we denote the transpose of the column vector ) the most elemen-
tary minimax result is given by the following.

Theorem 1. If C' C R" is a convex set, then it follows that
. T _ . T
infyec maxpen, @ © = maxpen, infreca .
Proof. Tt is obvious that
. T . T
infyco maxgen, @' & > maxgen, infreoa . (9)

To show that we actually have an equality in relation (9) we assume by con-
tradiction that

infyecmaxapea, alz > maxaea, infrec a'z:=. (10)

By relation (10) there exists some 3 satisfying
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inf,co maxaen, a' x> > 7. (11)
Introduce now the mapping H : C'— R"™ given by
H(z) =z — fe

with e” = (1,1,...,1) € R™. If the set H(C) N R™ is nonempty, there exists
some o € C satisfying x9 — Be < 0. This implies max,en, o' 2o < 3 and
we obtain a contradiction with relation (11). Hence the set H(C) N R™ is
empty and by the separation result for disjoint convex sets ([11]) one can find
some ag € A, satisfying inf,cc g x > . This implies by the definition of
that v > inf,ec o © > 3 contradicting relation (11) and the desired result is
proved.

Let us introduce the following notation. The set F(Ag) represents the
set of all finite subsets of the set Ag C A and for every I € F(Ay) the set
P(I) denotes the set of all Borel probability measures concentrated on I. This
means for I = {ai,...,a)7} € A and |I| < oo denoting the cardinality of the
set I that A belongs to P(I) if and only if

1]

A= Zi:l s:(\)ea, (12)

for some s(A\)" € Az. By relation (12) it is clear that the set P(I) is convex
and in particular

P(I) = co({€a}acr) (13)

with co(C) denoting the convex hull of a set C. Remember co(C) represents
the set of all finite convex combinations of elements of the set C' ([11]). By
the definition of Pr(Ag) with Ag C A we also obtain that

Pr(Ao) = co({€ataca,) = Urer(anP() (14)

and this set is also convex. In the next theorem we will prove Wald’s mini-
max result. This result was proved in 1945 ([21]) using a more complicated
approach.

Theorem 2. For any payoff function f : AX B — R and every set I belonging
to F(A)

inf ep, By Max xep(r) fe(A, 1) = maxyep(r) infuepp(m) fe(A 1)

Proof. Let I belong to F(A) and introduce the mapping L : Pp(B) — R!I
given by
L(p) := (fe(€as 1)) acr-

By the definition of the mapping L and the function f. we obtain

inf ep, 3y maxaep(r) fe(A 1) = infoeLpp () maxsayea, s(A) Tz (15)
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and

maxep(r) infuep, () fe(A 1) = maxgnyea,;, faerpamy) s(A) Tz, (16)

Also by relation (5) it follows for every a € I that the function

p— fe(€as 1)
is affine on Pp(B). This shows by the convexity of the set Pr(B) that the
range L(Pr(B)) € R is a convex set. Applying now Theorem 1 we obtain
infoeL(pr () Maxs(ayea,, S(A) '@ = max,ea,;, infzerpq () s(N) ' 2,
and by relations (15) and (16) the desired result follows.

A symmetrical version of Wald’s minimax theorem needed in the proof of
Lemma 4 is given by

SUP e (4) MiNyep () fe(A, 1) = min,ep(s) SUPAep,(a) fe(A, 11) (17)

for any J belonging to F(B). This can be easily derived from Theorem 2
(replace fo(X, 1) by —fe(A, ) and reverse the sets A and B!). Using the next
lemma it is also possible to give different equivalent representations of Wald’s
minimax theorem.

Lemma 1. Let f : Ax B — R be a given payoff function. For any 1 € Pr(B)
and Ag C A

SUPAePr (Ao) Je(A p) = sup,ep, fe(€as 1),
while for any By C B and A € Pr(A)

infepp(By) fe(A 1) = infioep, fe(A, ).

Proof. We only give a proof of the first equality since the second one can be
verified in a similar way. Since the set Ay C A can be identified with the set
of one point Borel probability measures €,,a € Ag, it is obvious for every u
belonging to Pr(B) that

SUPAePp (o) Je(As 1) = SUD e a, fel(€a, 1)

Consider now an arbitrary A belonging to Pr(Ap). By definition there exists
a finite set {ay,...,ax} € Ag and s(\)T € Ay, such that A\ = Zle $i(N)€q,;s
and hence we obtain

k

fe(/\7,u) = Zi:l Si()‘)fe(eam ,u) < SUPge A, fe(emlu)'
Since A belonging to Pr(Ag) is arbitrary this implies

SUP\epy (4g) fe(As 1) < SuPgea, fe(€as 1)

and the desired result is verified.
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By Lemma 1 it follows with Ag replaced by I € F(A) and Pr(Ap) by P(I)
that

inquPF(B) max /\EP(I)fe()‘a ,LL) = inqu’PF(B) maXger fe(eav /L) (18)

By a similar argument we obtain

maxyep(r) infuep, () fe(N, 1) = maxyep(p) infpep fe(N &),  (19)

and combining relations (18), (19) and Theorem 2 one can give different
equivalent representations of Wald’s minimax theorem. For its proof using
the strong duality theorem of linear programming we need some elementary
properties of closed and compact sets.

Definition 4. A topological space X is called compact if every collection of
open subsets of X which covers X contains a finite subcollection covering X.

It is well known that X C R"™ is compact if and only if it is bounded and
closed. (][20]). Moreover, an easy consequence of the above definition is the so-
called finite intersection property of compact sets given by the following ([6]):
any collection of closed subsets of a compact topological space X, for which
any finite subcollection has a nonempty intersection, must have a nonempty
intersection.

Definition 5. A function k : X — R with X a topological space is called
lower semicontinuous if all its lower level sets {x € X : k(z) <r},r € R are
closed subsets of X. It is called upper semicontinuous if all its upper level sets
{r € X : k(z) > r},r € R are closed subsets of X and it is called continuous
if it is both upper and lower semicontinuous.

One can now show the following so-called Weierstrass-Lebesgue lemma
([6]). For completeness a proof is listed.

Lemma 2. If the function k : X — (—o00,00] is lower semicontinuous and X
18 a compact topological space, then the function k is bounded from below and
attains its minimum on X.

Proof. Since k is a lower semicontinuous function with values > —oo it follows
that the decreasing sequence O,, := {x € X : k(z) > n},n € Z of open sets
covers X. This implies by the compactness of X that there exist a finite
subcover and since O,,1+1 C O,, one can find some m € Z satisfying X C O,,
and so the function k is bounded from below. To show that the function k
attains its minimum introduce 8 := infycx k(z). If § = oo we are done.
Hence we assume that 8 < oo and by the first part 3 is finite. Consider now
the collection of nonempty closed sets F,, = {x € X : k(z) < f+n~"1},n € N.
Since F,, 11 C F, it follows that by the definition of 3 that N, ¢y F}, is nonempty
for every finite subset I of N. Hence by the finite intersection property of
compact sets we obtain that the intersection N,ecn F;, is nonempty and this
shows that k attains its minimum on X.
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A symmetrical version of the above result is given by the following. If
the function k : X — [—00,00) is upper semicontinuous and X is a compact
topological space, then the function k is bounded from above and attains its
maximum on X. As shown by the next observation the above result is useful
in determining whether an optimal pure strategy for player 2 exists if the
minimax relations (7) or (8) hold. Since for any payoff function f : AxB — R
it follows for r finite that

{b€ B :sup,cn fla,b) <7} =Ngca{be B: fa,b) <r} (20)

we obtain immediately for b — f(a,b),a € A lower semicontinuous that the
function b —— sup,c4 f(a,b) is also lower semicontinuous. This implies by
Lemma 2 for B a compact topological space and using Lemma 1 that there
exists some by € B satisfying

SUP4e 4 f(a,bo) = infrep sup,e 4 f(a,b) = infrep Suprep, (a) fe(A ).

By a symmetry argument a similar observation holds for player 1 if A is a

compact topological space and a — f(a, ) is upper semicontinuous for every
be B.

Definition 6. A function k : X — R with X a topological space is called
inf-compact if all its lower level sets {x € X : k(x) < r},r € R are compact.
It is called sup-compact if all its upper level sets {x € X : k(z) > r},r € R
are compact.

If B is a Hausdorff space it is shown in Chapter 9 of [6] that a compact
subset of B is closed. This proves for B Hausdorff that every inf-compact (sup-
compact) function is actually lower-semicontinuous (upper semicontinuous).
Using now Lemma 2 and Definition 6 one can prove the following important
result.

Lemma 3. If the pure strategy set B is a topological space and there exist
some Iy € F(A) such that the function b — max,cq, f(a,b) is inf-compact
and b — f(a,b) is lower semicontinuous for every a € A, then

SUPrer(A) infpep sup,e; f(a,b) = infrep SUPge A f(a,b).

Moreover, the inf in the last expression is attained and so, it can be replaced
by min.

Proof. Introducing 3 := sup;c z(a) infpe g sUp,e; f(a,b) we first verify that
inbeB SUP,c A f(a'v b) < ﬂ + €
for every € > 0. Consider for € > 0 the nonempty set

Fy(e) :={b € B : maxqer ufa} f(a,0) < B+ e}, a € A\l.
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Since the function b — f(a,b) is lower semicontinuous for every a € A
it follows by relation (20) that the nonempty set F,(e) is closed for every
a € A\Iy. Moreover, for every finite set I C A\Iy we obtain by the definition
of # that NyesFu(€) is nonempty and

F,(e) C{b € B:maxgeq, f(a,b) <[ +¢} (21)

for any a € A\Iy. By assumption the last set in relation (21) is compact and
we have shown that the collection F,(e),c € A\Iy of closed sets satisfies the
finite intersection property. This shows that Nyea\7, Fo(€) is nonempty and
since
NacavioFale) ={b € B:sup,c4 f(a,b) < B +¢€} (22)

we obtain

inf su a,b) < B +e.

inf sup f (a,0) <3
Since € > 0 is arbitrary, this implies infyep sup,c 4 f(a,b) = § and to show
that the infimum is actually attained, we observe the following. Since by
relation (22) we obtain for every € > 0 that

G(€) == Naecavi, Fale)

is a closed nonempty set of the compact set {b € B : maxqey, f(a,b) <
0 + €} the finite intersection property also holds for the decreasing collection
G(e), e > 0. This shows that

inbeB SUPgc A f(a7 b) = minbEB SUPgc A f(av b)
and so the infimum can be replaced by min.

An important special case of Lemma 3 is given by B a compact topological
space and b — f(a,b) is lower semicontinuous for every a € A. Since every
closed subset of a compact set is compact (see Chapter 9 of [6]), it is obvious
that the conditions of Lemma 3 are satisfied. A symmetrical version of Lemma
3 needed in the next proof of Wald’s minimax theorem is given by

inf ;¢ 7(B) SUP4e 4 Minpe s f(a,b) = maxqea infrep f(a,b). (23)

and this holds if the function a —— f(a,b) is upper semicontinuous for
every b € B and there exist some Jy € F(B) such that the function
a — minye g, f(a,b) is sup-compact. A sufficient condition for this is given
by A a compact topological space and a — f(a,b) is upper semicontinuous
for every b € B. We are now able to give a proof of Wald’s minimax result
using the strong duality theorem for linear programming and relation (23).

Proof. (Alternative proof of Wald’s minimax theorem)

By relation (14) with Ay replaced by B it follows for I belonging to F(A)
that
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inquPF(B) max aeffe(eaa ,U') = ianE]—'(B) minue?(]) maXgers fE(eav ,u)' (24)

For every J € F(B) the optimization problem

min,ep(yy Maxaes fe(€a, ) = min{z : 2 > fe(eq, p),a € I, p € P(J)}

is a linear programming problem with a finite optimal solution. Hence by the
strong duality theorem for linear programming ([22]) we obtain the minimax
result given by

min,ep () Maxaers fe(€a, ) = Maxyep(r) Minpe s fe(A, €). (25)

Applying now relations (24) and (25) yields
inf,cp.(p)ymax e fe(€a, ) = inf je 7y Maxycp(ry Minge s fe(A, €).  (26)

Moreover, since the set I is finite and hence Ay C R being closed and
bounded and hence compact (in the Euclidean topology) and A — f.(A, &)
is continuous on P(I) for every b € B we may use relation (23) with the set
A replaced by P(I) and the function f(a,b) by fe(), €). This shows

inf e 7(py Maxyep(r) Minpe s fe(A, €) = maxyep(r) infoep fe(A, €)

and so we obtain by relation (26) that

infep, (B) MaXaer fe(€a, ) = maxyep(r) infren fe(A ).
Finally by Lemma 1 (replace By by B) Wald’s minimax result is verified.

Actually the minimax result

min,ep () Maxaer fe(€a, ) = Maxyep(r) Minpe s fe(A, €). (27)

was first proved by von Neumann in 1928 ([15]). In fact in this paper a more
general minimax result for a continuous payoff function defined on the Carte-
sian product of compact simplices which is quasiconvex in B and quasiconcave
in A was shown. This result seems to have been forgotten in the literature
(the special case in relation (27) was published in [23]) and was later inde-
pendently generalized by Sion ([14]) in 1958. A useful consequence of Lemma
3 and Wald’s minimax result is given by Kneser’s minimax result ([24]).

Lemma 4. If the set A is a compact convex subset of a linear topological space,
B is a convex subset of a linear space, the payoff function f: Ax B — R is
affine in both variables and a — f(a,b) is upper semicontinuous for every
b € B, then

SUpgea infrep f(a,b) = infyep sup,c 4 f(a,b)

and in both expressions the sup can be replaced by max.
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Proof. Since A is a compact convex topological space and the function a —
f(a,b) is upper semicontinuous for every b € B we obtain by relation (23)
that

max,e4 infpep f(a,b) = inf ;e 7(py max,c 4 minge 5 f(a, b). (28)

Considering now any A belonging to Pr(A) and b € B it follows that there
exists some finite set {ay,...,ax} € A and s(\)" € Ay, such that

A= Z; si(\)ea, .

This implies, using a — f(a,b) is affine for every b € B and A is a convex
set, that

k
maxge 4 Minge s f(a, b) > minge s f(zizl $:(A)a;, b) = minpe s fe(A, €).

Since A € Pp(A) is arbitrary, relation (29) yields .
maxge A Minpe s f(a,0) > supyep,(4) Minpes fe(A, €)
and by Lemma 1 and relation (14) with Ay replaced by A this implies
maxge 4 Minpes f(a,b) = supyep, (a) Mingep(r) fe(A 1) (30)

Applying now the symmetrical version of Wald’s minimax theorem listed in
relation (17) to the last part of relation (30) yields

max,ec 4 minge s f(a,b) = ming,ep () SUPXePr(A) Je(A ). (31)

Hence by relations (28), (31), (14) and Lemma 1 we obtain

maxge 4 infyep f(a,b) = inf,cp, By sup,eca fe(€as 1) (32)

Since the function b — f(a,b) is affine for every a € A and the set B is
convex we obtain as in the first part of this proof that

inf,cp, (B)SUP,eca fel€as ) = infrep sup,e 4 f(a,b) = infpe p maxaea f(a,b)
and in combination with relation (32) the desired result follows.

Actually one can show that the minimax results of Wald, von Neumann
and Kneser can be easily derived from each other. For more equivalent min-
imax results the reader is referred to ([25]). An easy consequence of Wald’s
minimax theorem useful in Section 2 is given by the following.

Theorem 3. For any payoff function f: Ax B — R

Sup]e]—'(A) inqu'Pp(B) maXger fe(ecu M) = Sup,\ePF(A) inf,uGPF(B) fe()‘> M)'
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Proof. By Lemma 1 and Wald’s minimax theorem we obtain for every I be-
longing to F(A) that

infep, (B) MaXaer fe(€a, ) = maxyep(r) infuep, () fe(A 1) (33)

Since by relation (14)

SUp e (a) Maxxep(1) infuepp(B) fe(A 1) = supyep, () infuepp () fe(A 1)

the desired result follows using relation (33).

3 On necessary and sufficient conditions for minimax
theorems

In this section we will derive necessary and sufficient conditions for the dif-
ferent minimax equalities listed in relations (6) up to (8) by means of the
extension of Wald’s minimax result listed in Theorem 3. Observe these min-
imax results are equivalent to the existence of "optimal” strategies for two
player zero-sum noncooperative games under different conditions on the use
of the strategy sets of the two players. To derive these conditions for relation
(6), we introduce the following class of functions.

Definition 7. The payoff function f: A x B — R belongs to the set Uy if

SUPreF(A) inquPF(B) maxaer fe(€a, pt) = infuePF(B) SUPgea fe(ea, p1)-

A game theoretic interpretation of a payoff function f belonging to the set
Uy is given by the observation that for player 2 using the mixed strategy set
Pr(B) and the minimax approach it does not make any difference whether
his opponent given by player 1 selects a pure strategy from the set A or first
considers all finite subsets of A and then selects from one of these finite subsets
his pure strategy. However, it might be possible that the value for player 2
cannot be achieved if he uses the set Pp(B) of mixed strategies.

Theorem 4. The minimax result in relation (6), given by
infep, () SUPAepp(a) fe(A 1) = SUDAcp,(a) IDfuepp(B) fe(A, 1)
holds if and only if the function f belongs to the set Uy.
Proof. By Theorem 3 and the definition of U the result follows immediately.

The importance of the above theorem is that the minimax equality in re-
lation (6) is replaced by an easier condition. Notice that Uy is automatically
satisfied if A is a finite set. In this way Wald’s minimax theorem is a direct
consequence of Theorem 4. Moreover, we will show at the end of this section
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that a minimax result derived by Ville ([26]) is an easy consequence of The-
orem 4. We do this by showing that the conditions imposed on the payoff
function f and the pure strategy sets A and B imply that the function f
should belong to the set Uy. Actually by a symmetric argument (replace f by
—f and reverse the sets A and B!) one can also introduce the following class
of functions.

Definition 8. The payoff function f: A x B — R belongs to the set Vy if

inf ;e 7(B) SUPrep, () Milbes fe(A, €) = Supep,. (a) infoen fe(A, €).

Using the same symmetry argument the next corollary is an easy conse-
quence of Theorem 4.

Corollary 1. The minimax result in relation (6), given by

inf epp(B) SUP AP, (a) fe(As 1) = SuPrep, (a) Infuepp () fe(A 1)
holds if and only if the function f belongs to V.

To derive a necessary and sufficient condition for the minimax equality in
relation (7) we introduce the following class of functions.

Definition 9. The function f: A x B — R belongs to the set Uy if

SUprer(a) infuep, (B) Maxaer fe(€a, 1) = infrep sup,ea f(a,b).

A game theoretic interpretation of the payoff function f belonging to the
set Uy is given by the observation that for player 2 using the mixed strategy
set Pr(B) and the minimax approach it does not make any difference whether
his opponent given by player 1 selects a pure strategy from the set A or first
considers all finite subsets of A and then selects from one of these finite subsets
his pure strategy. Moreover, the payoff function for player 2 is such that his
mixed strategy set is always dominated by his pure strategy set. A sufficient
condition for the listed minimax result was discussed in [27].

Theorem 5. The minimaz result in relation (7), given by
infpe B SUPxep () fe(A €) = SUPep, (a) infren fe(A, €).
holds if and only if the function f belongs to U .
Proof. By Lemma 1 the minimax result listed in relation (7) is the same as
infoe g supye 4 f(a,0) = supyep, (a) Infuepp () fe(A 1)
Hence by Theorem 3 and the definition of U; the desired result follows.

Finally we derive a necessary and sufficient condition for the minimax
equality listed in relation (8) involving the pure strategy sets A and B.
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Definition 10. The function f: A x B — R belongs to the set Us if

SUPAepp(a) iNfben fe(A, €) = sup,e 4 infrep f(a,b).

A game theoretic interpretation of the payoff function f belonging to the
set Uy is given by the observation that for player 1 using the mixed strategy set
Pr(A) and the minimax approach his mixed strategy set is always dominated
by his pure strategy set. This means that player 1 can restrict himself to the
set of pure strategies instead of using the set of mixed strategies. One can now
show the most well known minimax result.

Theorem 6. The minimaz result in relation (8), given by
inbeB SUP,c A f((l, b) = SUDPgec A inbeB f(av b)
holds if and only if the function f belongs to the set Uy NUs.

Proof. If the function f belongs to the set U; NUs, then by Lemma 1 (replace
Ao by A) and Theorem 5 we obtain

infpep sup,ea f(a,b) = supyep, (a) infren fe(A ).

By the definition of the set U, this implies that relation (8) holds. To show the
reverse implication consider an arbitrary A belonging to Pr(A). By relation
(14) there exists some Iy € F(A) such that A € P(Ip) and so we obtain

infyep fe(A, €) < suprez(a) infoen supaes f(a,b). (34)
This implies
SUP )\ ep,(a) ifren fe(ep) < SUP/ec(A) infpe g sup,e; f(a,b).
Also by our minimax result listed in relation (8) we obtain
SUP/cr(A) infpe g sup,e; f(a,b) < infrepsup,cq f(a,b) = sup,c 4 infrep f(a,b)
and this shows that
SUP e p,(a) ifren fe(A, &) < sup,e 4 infrep f(a,b) (35)

Since the reverse inequality trivially holds we can replace the inequality in
relation (56) by an equality and so the function f belongs to Us. This implies
using again the minimax equality in relation (8) that

SUPep,(a) infren fe(A €) = infpep sup,ca f(a,b)
and by Theorem 5 the function f belongs to U;.

Again using a symmetry argument (replace f by — f and reverse the sets A
and Bl!) in the definition of the sets U; and Us one can introduce the following
class of functions.
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Definition 11. The payoff function f: A x B — R belongs to the set Vy if

inf ;e 7(B) SUP e p, () Milpes fe(A, €) = sup,e 4 infoes f(a,b),

while f : A x B — R belongs to the set Vs if

inf,cp, (B)SUDP,ea fe(€as 1) = infoep sup,e 4 f(a,b).

By the same symmetry argument one can easily derive the following corol-
lary from Theorem 6.

Corollary 2. The minimaz result in relation (8), given by

inf,casupyep f(a,b) = sup,cpinfaea f(a,b)
holds if and only if f belongs to the set Vi N V.

Before giving a short overview of some minimax theorems which appeared
in the literature we list some definitions and results for functions defined on a
metric space. Observe we also include the definition of a continuous function
on a metric space. Another equivalent definition of a continuous function on
a topological space was already given in Definition 5.

Definition 12. Let (X, p) be a metric space with metric p. The function k :
X — R is said to be continuous at the point x € X if for every e > 0 there
exists some 6 > 0 such that |k(x) — k(y)| < € for every y € X satisfying
plx,y) < 0. It is called continuous on X if it is continuous at every point
x € X. A function k : X — R is called uniformly continuous on X if for
every € > 0 there exists some § > 0 such that for any x,y € X satisfying
p(z,y) < & it holds that |k(x) — k(y)| < e. Finally, a collection of functions
ky: X — R,y € I' is called equicontinuous if for every e > 0 there exists
some 0 > 0 such that for every x,y € X satisfying p(x,y) < § it holds that
|ky(z) — ky(y)| < € for every vy € I.

Recall in a metric space (X, p) with metric p, the open ball B(zg, ) with
center xo and radius § > 0 is given by

B(x0,0) :={x € X : p(z,z0) < 0}.
We now list the following well-known result ([6], [28]).

Lemma 5. For (X, p) a compact metric space with metric p a function k :
X — R continuous on X is uniformly continuous on X.

Proof. Let € > 0 and consider an arbitrary « € X. Since k is continuous at z
there exists some &, > 0 such that |k(z)—k(y)| < 27 1e for every y belonging to
B(z,d,). Clearly the collection of open balls B(z,2714,),z € X is a covering
of X and this implies by the compactness of X that there exists some finite
set F'={x1,...,x,} C X satisfying
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X = U B(x;,27%,,). (36)

Let now 6 := 471 minj<j<y 05, and consider two points y,z € X satisfying

p(z,y) < 4. By relation (36) there exists some 1 < i* < n such that p(y, z;+) <

2715,,. and so |f(z;+) — f(y)| < 27te. By the triangle inequality of a metric
we also obtain, using p(z,y) < ¢, that

p(Z, xz*) < p(z7y) + P(y»fﬁz*) <o+ 2_1511* < 5:1:;7
and so |f(z) = f(z)
1f(2) = fW) < 1f(2) = f(@ie)

and we have shown that the function k is uniformly continuous on X.

< 27 1¢. This shows that

+f(ze) = fly) <27 re+ 27 e =€

We now recall the minimax equality listed in relation (6). In 1938 Ville
([26]) proved a generalization of the well-known von Neumann minimax result
listed in relation (27). This result is shown in Theorem 7 and serves as an
important tool in infinite zero-sum or antagonistic game theory ([3]).

Theorem 7. If A and B are nonempty compact sets in metric spaces and the
payoff function f: A X B — R is continuous, then

SupAePF(A) inf/JGPF(B) fe(/\7 M) = inquPp(B) Sup)\ePF(A) fe()‘a ,u)'

To prove Theorem 7 we show that the conditions imposed on f and the
sets A and B imply that the function f belongs to the set Uy. Applying then
Theorem 4 yields a proof of Ville’s minimax theorem. Actually we show the
following result.

Lemma 6. If the set A is a compact metric space with metric p and the collec-
tion of functions fp : A — R ,b € B given by fy(a) := f(a,b) is equicontinuous
with f the payoff function, then f belongs to Uy. In particular, if f is con-
tinuous and the sets A and B are compact metric spaces, then f belongs to
Up.

Proof. For the proof of the first part it is obvious that

SUPreF(A) infue’Pp(B) maxger fe(€a, ) < inquPp(B) SUDPge A fe(€a, p1)-

To show the result it is therefore sufficient to verify that for every e > 0 there
exists some set I, € F(A) satisfying

infﬂEPp(B) SUPge fel€aspt) < infuePp(B) SUPger, fe(€a, ) + e

Let € > 0 be given. Since the collection of functions f;,,b € B is equicontinuous
one can find some § > 0 such that for every a;,as € A satisfying p(a1,as) < 8
it holds that
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|f(a15b) - f(aQab)| <€
for every b € B. Clearly the collection of open balls B(a,d),a € A covers A
and by the compactness of A one can find a finite set I. € F(A) such that

A = Uger, B(a, d). (37)

Consider now an arbitrary u € Pr(B). By relation (37) and f,,b € B equicon-
tinuous it follows for any a € A that there exists some ag € I, such that

| f(a, ) — f(ag,b)| <€
for every b € B. Hence by the definition of P (B) this implies

f€(€a7/1/) S fe(EaO,,LL) + € S Supae[E fe(ea; ,LL) + €. (38)

Since a € A is arbitrary, it follows by relation (38) that

SUP,c A f6(6a7 ,u) < SUPge1. fe(eru ,U) +e€

and this implies (using p is arbitrary) the desired inequality. To verify the
second part, it follows by the continuity of the function f on the compact
metric space A x B and Lemma 5 that the function f is uniformly continuous
on A x B. This shows that the collection fy,b € B is equicontinuous and by
the first part the desired result follows.

Actually the conditions imposed by Ville can be improved in the following
way ([29]).

Theorem 8. If the pure strategy sets A and B are compact Hausdorff spaces
and b — f(a,b) is lower semicontinuous for every a € A and a — f(a,b) is
upper semicontinuous for every b € B and the payoff function f belongs to the
space of Borel measurable functions which are Lebesgue absolutely integrable
with respect to any Borel product probability measure 4 ® X on B x A, then

SUP e, (4) I uepy(B) fe(A 1) = Infcp.(B) SUPAep, (a) fe (A 1)

Again this result (for an alternative proof see [29]) can be verified by
showing that the above conditions imply that the function f belongs to Uj.
Since its proof involves classical results from the set of Borel measures on a
compact Hausdorff space ([8], [9]) and these results are beyond the scope of
this chapter, we refer the reader to [29] for more details on the used techniques.
We also like to mention for P(A) (P(B)) denoting the set of Borel probability
measures on A (B) that under the conditions of the next lemma one can show
by a similar type of proof as in Lemma 1 that

SUPxeP(A) fe(A, ) = sup,e 4 fe(€as 1) (39)
for every pu € P(B) and
infﬂep(B) fe()\, /L) = infbeB fe()\, Eb) (40)

for every A € P(A).
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Lemma 7. If the pure strateqy set A and B are compact Hausdorff spaces
and the function b — f(a,b) is lower semicontinuous for every b € B and
a — f(a,b) is upper semicontinuous for every a € A and f belongs to the
space of Borel measurable functions which are Lebesque absolutely integrable
with respect to any Borel product probability measure p @ A on B, then the
function f belongs to Uy.

Proof. Since the function b — f(a,b) is Lebesgue absolutely integrable for
any Borel probability measure p on the set B, one can show (see Corollary
2.2 of [30] that

inf, cp,(3) MaXaer fe(€a, 1) = infep(B) SUPger fel€a, )

for any I € F(A). Hence we obtain

SUPrer(a) I uep, (3) Maxaer fe(€as 1) = SUP e r(a) Infep(B) SUPGer fel€as 1)
(41)
In the remainder of the proof we will now verify that

Supser(a) infuep(B) SUPger fe(€a, ) > inficpp(B) SUDge A fel€a, ). (42)

Assuming for the moment that this holds it follows by (41) that f belongs
to Up. To prove relation (42) we observe for B a compact Hausdorff space
that the set P(B) is compact in the weak™ topology ([8], [9]) and the function
— fe(eq, p) is lower semicontinuous with respect to the weak* topology
(see Lemma 12 of [29]). Hence by Lemma 3 (replace B by P(B) and f(a,b)
by fe(€q,nt)) and relation (39) it follows that

suprer(a) infuep(B) SUPaer fe(€a, p) = infep(B) SUPAep(a) fe(A, 1) (43)

Again by Lemma 12 of [29] the function g — f. (A, i) is upper semicontinuous
and since P(A) is also weak*compact we obtain by Kneser’s minimax theorem
(Lemma 4) (replace A by P(A) and f(a,b) by the biaffine function f.(A, p))
and relation (40) that

infep(B) SUPAep(a) fe(As 1) = suprep(a) infoeb fe(A, €). (44)
Again by the weak*compactness of P(A) and relation (40) it follows that
supep(a) Ifoen fe(As &) = inf je 7By SuPrep(a) Infuep () fe(A p).  (45)
It is now obvious that

inf ye 7(B) SUPrep(a) INf P () fe(A, 1) >

inf je 7(B) SUPAep, (a) INfpep () fe(As 1)
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and by Wald’s minimax theorem and Lemma, 1

inf je 7(B) SUPrep,(4) Infuep () fe(A 1) = infep, (B) SUPaea fe(€a, pt). (46)

This implies by relations (43) up to (46) that

SUPrer(A) infueP(B) SUDger fe(€a,pt) > infuePF(B) SUPgeA Je(€as )
and so relation (42) is proved.

We will now consider the minimax equality listed in relation (7) and in-
troduce the following definition used in ([27]).

Definition 13. The payoff function f : Ax B — R is called weakly convexlike
on B (or belongs to the set WCg) if for every finite set I C A

n
lnfaeAnabiEB,lgign,nEN maXger Zi:l aif(a, bi) > infpe p maxaer f(a’ b)
An alternative representation of the above definition is given by

infue”PF(B) maxXger fe(€as ) > infpe p maxaer f(a,b)

for every I belonging to F(A). Since the set B can be identified with the set
(ev)pep it follows for I € F(A) that

infyePF(B) maXger fe(6a7 ,U) < infpep maxger f(a> b)

and this shows that in Definition 13 the inequality for a weakly convexlike
function on B can be replaced by an equality. Again a function belonging to
WCp has a clear game theoretical interpretation: for any finite set of pure
strategies of player 1 it follows that player 2 using its mixed strategy set
Pr(B) can restrict himself to its set of pure strategies. The next result is
proved in ([27]).

Theorem 9. If B is a compact topological space, the payoff function f is
weakly convezlike on B and b — f(a,b) is lower semicontinuous on B for
every a € A, then

infye g SUPAep,(a) fe(A, €6) = SUPrcp, (4) infrep fe(A, €).

As before, we check that any function satisfying the assumptions above
belongs to the set U7, and so by Theorem 5 the minimax result in Theorem 9
is proved.

Lemma 8. If B is a compact topological space and the payoff function f is
weakly convezlike on B and b — f(a,b) is lower semicontinuous for every
a € A, then f belongs to U;.
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Proof. Since the function f is weakly convexlike on B it follows that

SUpre () I0fuep,(B) Maxaer fe(€as 1) = SUPrer(a) infre p maxaer f(a,b)

By the compactness of the set B and b — f(a, b) is lower semicontinuous for
every a € A we may apply Lemma 3 and this shows by the previous equality
that f belongs to U .

Actually as shown by the following counterexample the set of weakly con-
vexlike functions on B with B a compact set and b — f(a,b) continuous for
every a € A is strictly included in the set U;. Observe the function 1g denotes
the characteristic function of the set S, i.e., 1g(s) =1 for s € S and 15(s) =0
otherwise.

Ezample 2. Let B = [0,1] and A = {1,2,3} and introduce the continuous
functions b — f(a,b),a € A given by

F(1,b) = 2b1 -1y + Lo-1cp<1y, F(2,0) = Lpcn-1y + (2 = 2b)10-10p<1y

and f(3,0) = 1{o<p<1}- Since A is a finite set it follows

SUprer(a) infuep, () Maxaer Je(€as ) = infcp, By MaxXaca fe(€q, 1t)-

Using f(3,b) = 1 for every b we obtain fe(e3, ) = 1 for every p € Pp(B) and
S0

inf,cp,. () Maxaea fe(€a,p) = 1.
At the same time it is easy to see that infpep max,ca f(a,b) = 1 and this
shows that the function f belongs to U;. Introducing now the set Iy = {1,2} C
A it follows that
infpe p maxqey, f(a,b) =1

Moreover, since o = 2~ teg + 27 1e; belongs to Pr(B) we obtain
inf ey () MaXac 1o fe(€as 1) < M fe(ea, o) = 27!

and so f is not weakly convexlike on B.

We will now give an overview of the most important different payoff func-
tions f considered in the literature which were used to verify the minimax
equality in relation (8). For a more extensive overview the reader should con-
sult [25] or [31]. In a paper by Ky Fan in 1953 ([32]) the following definition
is introduced. In the literature these functions are also called convexlike or
concavelike.

Definition 14. The payoff function f : A x B — R is called Ky Fan convex
on B (or belongs to the set KFCpg) if for every by,by € B and 0 < a < 1
there exists some by € B satisfying
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fla,bo) < af(a,b1) + (1 — ) f(a, b2)

for every a € A. It is called Ky Fan concave on A or (belongs to the set
KFCy4) if for every aj,as € A and 0 < o < 1 there exists some ag € A
satisfying

f(a()ab) > af(alab) + (1 - a)f(a2ab)

for every b € B. The payoff function f : Ax B — R is called Ky Fan concave-
convez on the Cartesian product A x B, if f is Ky Fan concave on A and Ky
Fan convex on B.

To rewrite the definition of a Ky Fan convex (concave) function in our
notation we introduce for D some topological space the set Po(D) C Pr(D) of
two-point probability measures on D. This means that the probability measure
A belongs to P2(D) if and only if

A =s(A1)eq, + s(A2)eq,

with d;, 1 <4 < 2 different elements of the pure strategy set D and s(A\)T =
(s(A1),8(A2)) € Ag with s(A;) > 0,1 <4 < 2. Using this notation it follows
that the payoff function f: A x B — R is Ky Fan convex on B if for every u
belonging P, (B) there exists some by € B satisfying

fla,bo) < fe(€a,pt)

for every a € A. Clearly this property also has a clear game theoretical inter-
pretation. For such a payoff function every two-point mixed strategy of player
2 is dominated by a pure strategy. Actually by an easy induction argument
one can also show for f Ky Fan convex on B that for any pu € Pp(B) there
exists some by € B satisfying

f((l,bo) < fe(emﬂ)

for any b € B. This means that every mixed strategy of player 2 is dominated
by a pure strategy. In [32] the following minimax result is shown.

Theorem 10. If B is compact topological space, the payoff function f is Ky
Fan concave-conver on A x B and b — f(a,b) is lower semicontinuous for
every a € A, then

inbeB SUP,ec A f(a'? b) = SUP,c A inbeB f(a/v b)
and inf can be replaced by min in the above expression.

By the well known symmetry argument (replace f by —f and reverse A and
B) one can easily derive from Theorem 10 that the above minimax result
holds if A is a compact topological space, the function f is Ky-Fan concave-
convex on A x B and a — f(a,b) is upper semicontinuous for every b € B.
Another more general class of functions was introduced by Koénig in 1968
([33]). Actually Kénig only introduced the next class with 8 = , but indicates
at the the end of his paper that the same results also holds with 0 < 3 < 1.
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Definition 15. The payoff function f : Ax B — R is called Kénig conver on
B (or belongs to the set KCpg) if there exists some 0 < B < 1 such that for
every by, by € B there exists some by € B satisfying

f(a7b0) < ﬁf(a7b1) + (1 - ﬁ)f(a7b0)

for every a € A. It is called Konig concave on A (or belongs to the set KC4)
if there exists some 0 < 3 < 1 such that for every ai,as € A there exists some
ag € A satisfying

flao,b) = Bf(a1,0) + (1 = ) f(az,b)

for every b € B. The payoff function f: A x B — R is called Kénig concave-
conver on A X B, if f is Konig concave on A and Kénig convex on B.

Although the above definition is rather technical it has a clear interpre-
tation in game theory. Denoting by Pa (D) C Pa(D) the set of two point
probability measures on the topological space D with probabilities 3 and
1 — 3 (B fixed), it means that any mixed strategy of player 2 belonging to
Ps 3(B) is dominated by a pure strategy. In [33] the same minimax result is
shown as in Theorem 10 under the weaker conditions that B is a compact
topological space, b — f(a,b) is lower semicontinuous for every a € A and f
is Konig concave-convex on A x B. Another more general class of functions is
considered in [34] or [35].

Definition 16. The payoff function f : A x B — R is called closely convex
on B (or belongs to the set CCpg) if for every e > 0,0 < a < 1 and by,bs € B
there exists some by € B satisfying

fla,bo) < af(a,b1) + (1 —a)f(a,bz) +¢€

for every a € A. It is called closely concave on A (or belongs to the set CCy) if
for every e > 0,0 < a <1 and ay,as € A there exists some ay € B satisfying

f(ao,b) > af(a1,b) + (1 —a)f(az,b) — ¢

for every b € B. The payoff function f: Ax B — R is called closely concave-
closely convex on A X B, if [ is closely concave on A and closely convex on

B.

Again in our notation it follows that the payoff function f is closely convex
on B if for every € > 0 and every p € Py(B) there exists some by € B satisfying

fla,bo) < fel€a, 1) + €

for every a € A. This also has an obvious game theoretical interpretation.
In [34] one also shows the minimax result in relation (8) under the weaker
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condition that B is a compact topological space, b — f(a,b) is lower semi-
continuous for every a € A and f is closely concave-closely convex on A x B.
To show the above results by means of Theorem 6 we need to verify that all
the considered payoff functions actually belong to the set U; NUs. In the next
result we say that 0 < 8 < 1 is a Konig concave constant on A if for every
A € P 3(A) there exists some ag € A satisfying f(ao,b) > fe(A, €) for every
be B.

Lemma 9. It holds that KFC4 C KCy CCC4 C Uy

Proof. 1t is obvious that the inclusion KFC4 C KC4 holds. To show that
KC4 C CC,4 it is sufficient to verify that the set S C [0,1] given by S :=
{0 < B <1:paaKonig concave constant} satisfies cl(S) = [0, 1]. Clearly
the numbers 0 and 1 belong to S. Since the function f is Konig concave on
A we know that there exists some 0 < § < 1 belonging to S. Moreover, if the
numbers 3;,7 = 1,2 belong to S it follows for every A\; = Bicq, + (1 — 5i)€a,
€ Ps 3, (A) with a; € A,i = 1,2 that there exists some elements a(8;) € A,i =
1, 2 satisfying

Fa(B:).6) > folh ) (47)
for every b € A and ¢ = 1,2. This implies using 3 belongs to S that for
A = Beq(p,) + (1 = B)eas,) € Pa,p(A) there exists some ag € A satisfying

f(a’Oab) Z fe(Aaeb)

for every b € B. Hence by relation (47) we obtain

f(ao,b) > (BB1 + (1 = B)B2)f(a1,b) + (1 = BB — (1 — B)B2) f(az,b)

for every b € B. This means for any 3; € S,7 = 1,2 that also 561 + (1 — 3)02
belongs to S and in [36] it is shown that such a set is dense in [0, 1]. To verify
the last inclusion one can show by induction that for f closely concave on A
it follows for every € > 0 and A € Pr(A) that there exists some aqg satisfying

flao,b) = fe(A &) — €

for every b € B. This implies for every € > 0 and A € Pr(A) that

. S B
bléllfgf(ao,b) 2 inf fe(X ) — € (48)
and hence
i > i — €.
sup Jnf fla,b) > inf fe(A e) —e (49)

Since A € Pr(A) and € are arbitrary we obtain

sup inf f(a,b) > sup inf fc(A e), 50
aeAbGB( ) AePr(A)bEB ( ) (50)

and so f belongs to Us.
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Actually one can show that the above inclusions are strict ([34]). Moreover,
one can also show the following result

Lemma 10. If B is a compact topological space and the function b — f(a,b)
s lower semicontinuous for every a € A,then KFCp = KCg = CCg CU,.

Proof. As in Lemma 9 one can show without any additional conditions that
KFCp C KCg C CCp and to prove equality it is sufficient to verify for B
a compact topological space and b — f(a, b) lower semicontinuous for every
a € Athat CCp C KFCp. We only give a proof of this result for B a compact
metric space. (For B a compact topological space one can apply a similar proof
replacing sequences by nets (see section 4 of [8]). If the function f is closely
convex on the compact metric space B, then for every n € N,0 < a < 1 and
b1, by € B there exists some by ,, € B satisfying

fla,bon) < af(a,br)+ (1 —a)f(a,bs) —|—%

for every a € A. Since B is a compact metric space there exists some converg-
ing subsequence by ,,n € K C N with limit by € N. This implies by the lower
semicontinuity of the function b — f(a,b) for every a € A that

f(a,bo) <lminf,ex nioo f(abon) < af(a,br) + (1 —a)f(a,bs)

and so the function f is Ky Fan convex on B. To show the inclusion CCp C U
we can verify in a similar way as done in the last part of the proof of Lemma
9 that for f closely convex on B it follows for every I € F(A) that

inf,cp, By Maxacr fe(€a, 1) = infpe p maxacr f(a,b)

This implies

SUPrer(A) inf ), ep,(B) MaXaer fe(€a,p) = SUPrer(A) infpe p maxqer f(a,b)
(51)
and applying Lemma 3 to the last expression in relation (51) we obtain that
f belongs to U .

Using now Lemma 9 and 10 we obtain for B a compact topological space,
b+ f(a,b) is lower semicontinuous for every a € A and f closely concave-
closely convex on A x B that f belongs to the set U; NUs and so by Theorem
6 the classical minimax result in relation (8) holds.

4 Relations between the different minimax theorems.

In this section we investigate in more detail the relations between the different
minimax results discussed in Section 3 and given by relations (6) up to (8).
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Introducing the notation L; and R; for the left and right-hand side of relation
(i) for i = 6,7,8, we obviously obtain that

Ls = L; > Lg > Rg = Ry > Rs. (52)

This implies that
(8) = (7) = (6). (53)

Below we show by means of some counterexamples that none of the arrows in
relation (53) can be reversed. In the first counterexample we show an instance
for which (7) holds and (8) does not hold.

Ezample 3. Let A = [0,1] € R, B = {b1,b3,b3} C R and introduce the
function f: A x B — R given by

CL2 ifb:bl
fla,b) =1 (a—1)%if b=1by .
91 ifb=bs

For this bifunction we have
Lg := minyep SUp,e o fla,b) =1/2,

while
Rg :=sup, 4 minyep f(a,b) = 1/4,

and so (8) does not hold. Since Lg = Ly = 27! and it is obvious to check that
R; =271 we obtain that (7) holds.

In the next counterexample we show an instance for which (6) holds and
(7) does not hold.

Ezample 4. Take A = [0,1], B = {b1,b2} C R and introduce the function
f i+ Ax B — R given by

a®  ifb=b
f(a’b):{(al)zifb—b;'

Consider now the mixed strategy \* € Pr(A) given by \* = 271e,, + 27 e,
with a; = 0 and ay = 1. It is easy to check that

mianB fe()‘*7 Eb) = 2_1,

and so it follows that R; > 27!, Moreover, we observe by the definition of the
sets A and B that

Lo = infoca, o<1 SuPaea{sa (1) f(a,b) + (1 — 51 (0) fla. b)), (54)

Using now that the last expression in relation (54) equals



28 J.B.G.Frenk and G.Kassay

info<s, (<1 max{sy(u),1 - s1(p)} =27" (55)

we obtain that Lg = 27!. Since we already know that Lg > R; = Rg and
R7 > 27! we obtain

Lo =Ry =Re=27",
It is now easy to check that L7 = 1 and hence we have found an instance for
which (6) holds and (7) does not hold.

To conclude these investigations, we give an instance which shows that (6)
can also fail. Consider the set ¢g of all (real valued) sequences converging to
0. It is well-known that the space ¢y endowed with the norm

lallc, = suppen lax]
is a Banach space.

Ezample 5. Let A = {a = (ag) € ¢o : a1 = 0}, B =[0,1] C R and take the
function f: A x B — R given by

Flasb) = fl(ar),b) = {

1if there exist some k € N such that b = ay
0 otherwise

(56)
Consider some A € Pr(A). Hence there exists a finite number of sequences
at = (al)ken,1 < i < m, belonging to A and some vector s(\) =

(81(A), oes Sm(N)), 8;(A) > 0 and Y_;" | s;(A\) = 1 such that
A :ZL si(\)eg:.

Since the set [0, 1] contains more than a countable number of elements one
can now choose a number b € [0, 1] such that none of the above sequences
a’,1 < i < m, contain this number. Using this number and the definition of
f it can be easily seen that

infyeio,1) fe(Ns €) = infyepo, 1) Zi:l si(A)f(a',b) =0,

and so Rg = 0. On the other hand, consider some p € Pg(B). By definition one
can find some finite set {b1,...b,} C [0, 1] and a vector s(u) = (s1(1), .-, Sp()),
sj(p) > 0 with >-5_ s;(11) = 1 such that

p
H= Zj:l Sj (:u)ebj .

Taking the element ag := (0, b1, ...,0,,0,0,...) € ¢ it is obvious by the defini-
tion of f that

P
SUPgea fe(€art) 2 3 55(1)f(a0,b) = 1. (57)
Since f is bounded by 1 this shows that

Le = inf ,cp, (BySuDea fe(€a,p) =1,

and so we have verified that (6) does not hold.
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5 On Sion’s minimax theorem

In this section we give an alternative and elementary proof of Sion’s minimax
theorem. This famous result is a generalization of von Neumann’s minimax
theorem ([15]). Its original proof made use of the KKM lemma which is equiv-
alent to Brouwer’s fixed point theorem ([37], [38]). However, as will turn out
we do not need such a heavy machinery to verify this result. Actually we will
give a proof of a slightly more general result by using a less known technique
called the level set method originally developed by Joo ([17]). It remains an
open question whether it is possible to verify this minimax result by means
of Theorem 6.

Definition 17. A real valued function k : C — R is called quasiconvex on
the (convex) set C' if all its lower level sets {x € C : k(z) < r},r € R are
convez. It is called quasiconcave on C if —f is quasiconvex on C.

It is well known ([39]) that an equivalent description of a quasiconvex
function is given by

k(Bz + (1 - B)y) < max{k(z),k(y)}

for every 0 < 8 < 1 and z,y € C. By this representation it is easy to see
that the class of quasiconvex functions strictly contains the class of convex
functions. We now list the following result due to Sion ([14]).

Theorem 11. If the payoff function f: Ax B — R with B a compact convex
subset of a linear topological space and A a convex subset of a linear topological
space satisfies a — f(a,b) is quasiconcave and upper semicontinuous for
every b € B, and b — f(a,b) is quasiconver and lower semicontinuous for
every a € A, then the minimaz result in relation (8) given by

infrep supgea f(a,b) = sup,e 4 infrep f(a,b)
holds and in the above expressions inf can be replaced by max .

The following result is the starting point of the so-called level set method
and shown in ([17]). Remember the values r* and r, are given in relations (1)
and (2). As observed in Section 1 it is always assumed that r* > —oco. Also for
convenience we denote the lower level set of level r of a function k : C' — R
by

Lk,r):={x e C:k(z) <r}.

Lemma 11. Let f : A x B — R be a given payoff function and introduce the
function f, : B — R given by f,(b) = f(a,b).Then r* = r, if and only if
NacaL(fa,r) is nonempty for every r > ry.
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Proof. If r* = r,, then for every r > r, = r* > —oo there exists by the
definition of r* some by € B satisfying sup,c 4 f(a,bo) < 7. This shows that
by belongs to the intersection Nyeca L(fq, ) and so Ngea L(fa,r) is nonempty.
To verify the reverse implication it is sufficient to check that r* < r, + € for
every € > 0. Take now r = r, + € for some € > 0. By our assumption we know
that NgeaL(fa,r) is nonempty and so there exists some by € B satisfying
sup,ea f(a,bo) < r. This implies r* = infye g sup,c 4 f(a,b) <r=r,+ € and
the proof is completed.

For relation (8) to hold it is necessary and sufficient by Lemma 11 to show
that the intersection NgeaL(fq, ) is nonempty for every r > r,. It can be
easily verified that for arbitrary functions f this result does not hold and so
we must impose some conditions on f. Before defining the proper class of
functions we recall some well-known notions within topology. For X a subset
of a topological space with topology F the set S C X is called open in X
if there exists some set O belonging to F with S = X N O. The open sets
generated in this way are called the relative topology induced by X and with
this topology the set X is a topological space. Another well-known notion
within topology is given in the next definition ([6] ,[38]).

Definition 18. For any topological space X a set C C X 1is called connected,
if for any two disjoint sets C1 and Cy both open (closed) in C and satisfying
C = Cy Uy, it follows that Cy or Cs is empty.

In [40] the following class of functions is introduced.

Definition 19. Let X be a topological space. The function k : X — R is called
connected if for every r € R the lower level set L(k,r) C X is connected.

It is well know that every convex subset of a linear topological space X
is connected and so any quasiconvex function k : X — R is connected. As
for quasiconvex functions one can give an equivalent definition of a connected
function.

Lemma 12. The function k : X — R 1is connected if and only if for every
21,22 € X there exists some connected set Cyp 5, C X containing x1,x2 such
that k(x) < max{k(x1),k(z2)} for every x € Cy,4,.

Proof. To show that a connected function satisfies the above property, con-
sider 1,22 € X and introduce r := max{k(z1), k(z2)}. Take now the set
Cy 2, equal to the connected set L(k,r). This set satisfies the desired prop-
erty. To prove the reverse implication that the lower level sets are connected,
consider some nonempty lower level set L(k,r) with 21 belonging to L(k,r)
and let x9 be another arbitrary point belonging to L(k,r). (The empty set
is connected by definition.) By assumption there exists some connected set
Cr,2, € X containing z1, ze such that

k(x) < max{k(x1),k(z2)}
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for every = belonging to Cy, ., This shows Cy, 4, € L(k,r) and since z is an
arbitrary element of L(k,r) we obtain

UIQEL(}C,T)CI1$2 = L(k’,’l") (58)

By construction the intersection Ng,er(k,r)Cry 2, contains the vector x; and
since for every xo € L(k,r) the set Cy 4, is connected, also Uy, er(k,r)Cayas
is connected (cf. [38]). Applying now relation (58) shows that the function k
is connected.

Using the above representation of a connected function it can be show
([18]) that the set of connected functions strictly includes the set of quasi-
convex functions. This means that there exist a connected function which is
not quasiconvex. To prove our main theorem, we also introduce the following
class of functions.

Definition 20. Let X be a topological space. The collection of functions k :
X — R,y € I is called equiconnected, if for every x1,x9 € X there exists a
connected set Cy, , € X containing x1, T2 such that

by (2) < max{hy (21), by (22)}
for every x € Cyyp, and v € I

If X is a convex subset of a linear topological space and for every v € I'
the function k. is quasiconvex, then by taking

Cryzy = {6$1 + (1 _ﬁ)xQ :0<8< 1}

it follows immediately that the collection of functions k,,v € I' is equicon-
nected.

Definition 21. The payoff function f: A x B — R belongs to the class Cy if

1. The function a — f(a,b) is upper semicontinuous for every b € B;

2. The function b — f(a,b) is lower semicontinuous for every a € A;

3. For every I € F(A) the function b — maxuer f(a,b) is connected;

4. The collection of functions — fp,b € B with fy(a) := f(a,b) is equicon-
nected.

For any set of quasiconvex functions k-, € I' it follows that the function
T — SUp,ep k(z) is also quasiconvex. Using this observation it is easy to see
for any payoff function f satisfying a — f(a,b) is quasiconcave and upper
semicontinuous for every b € B and b — f(a,b) is quasiconvex and lower
semicontinuous for every a € A actually belongs to the set Cy. Hence the
payoff function f mentioned in Sion’s minimax theorem belongs to Cy. One
can now show the following important intersection result.



32 J.B.G.Frenk and G.Kassay

Theorem 12. If the payoff function f belongs to the class Cy, then for every
r>r, and I € F(A) the intersection NgerL(fa,T) is nonempty.

Proof. It T = {ap} C A, than for every r > r, we obtain by the definition of
T« that r > infpep f(ag,b) and so L(f,,,r) is nonempty. Suppose now for all
sets I belonging to F(A) and consisting of at most k elements that

NaerL(fa,r) # 0 (59)

for every r > r,. To prove the result for all sets I € F(A) consisting of at
most k + 1 elements we assume by contradiction that there exists some set
Iy = {agp,....,ar} C A and some rg > r, satisfying

mf:OL(faia TO) = @ (60)

Since the collection of functions —f, b € B is equiconnected one can find some
connected set Cy,q, € A containing ag and a;satisfying

f(a,b) = min{f(ao,b), f(a1,0)} (61)

for every a € Cgua, and b € B. We now introduce the set valued mapping
D, : Copa; — 28 given by

qﬁr(a) = m'ye{aQ,ag,...,ak,a}L(f’yvr)‘ (62)
(In case k =1 put &,(a) = L(f,,r).) By the definition of L(f,,r) this yields
P,(a) = {b € B:max c{a,,as,....an,a} f(7:0) <7} (63)

Since the function

br— mMaXye{as,az

..... ak,a} f(77 b)

is connected and lower semicontinuous (use b — f(a,b) is lower semicontin-
uous for every a € A) it follows by relation (63) that the sets @,(a),a € Cyya,
are connected and closed for every r > r,. Moreover, by the induction hy-
pothesis in relation (59) the sets @, (a),a € Cy,q,are nonempty and satisfy
by relation (61)

B1,(a) € Byy(a0) Uy, (a1) (64)

for every a € Cy,q, and by relation (60)
D, (ap) NPy (ar) = 0. (65)
Introducing now the nonempty sets
Si i={a € Copay : Pry(a) C Dpy(a;)},i=0,1 (66)

we obtain by relation (65) that the intersection Sp N Sy is empty. To show
that Sp U S1 = Cyya, we first observe that Sy U S1 C Cyya, . For the reverse
inclusion consider for a given a € Cy,4, the closed sets
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Ai(a) := P (a) NPy (a;),i =0, 1.
By relation (64) we obtain that
Ao(a) U Ay (a) = Py, (a) (67)

and since D, (a) is connected it must follow by relation (67) and A4;(a),i = 0,1
closed that Ap(a) or A;(a) is empty. This means by relation (64) that either
b, (a) C P, (ag) or D, (a) C P, (a1) and so the point a belongs to Sy U S;.
Hence we have verified that the sets S;,7 = 0, 1 satisfy

SoNS1=0, SoUS: =Cuya- (68)

We will now show that the sets S;,i = 0,1 are also open in Cyyq,. Let a*
be an arbitrary point belonging to Sy. By our induction hypothesis we know
that the sets @,.(a*) are nonempty for every r > r, and this implies by the
definition of @,(a*) in relation (63) that

inbeB max’ye{ag,ag ..... ak,a*} f(’% b) <r

for every r > r,. This shows by letting r | r, that

inbeB MaXye{as,az,...,ar,a*} f(% b) < <7o

and so one can find some by € D,,(a*) C B (by € B for k = 1) satistying

f(a*,bo) < 7. (69)

By the upper semicontinuity of a — f(a,bg) and relation (69) there exists
some open neighborhood U(a*) of a* satisfying f(a,by) < 1o for every a €
U(a*) and since by € Py, (a*) this yields by € @, (a) for every a € U(a*)NCyya,
or equivalently

by € @r,(a™) N Dy, (a)

for every a € U(a*) N Cyyq,. This implies by relation (68) and a* € Sy that
D, (a) C D,y (ag) for every a € U(a*) N Coyoa, or equivalently

U(a*) N Chyay € So.
Since a* € Sy is arbitrary we obtain that
So = Ugres, (U(a") N Caga,) = Caga, N (Ua=es,U(a"))

and so Sy is open in Cg,q,. Similarly one can verify that the set S is open
in Cy,q, and by relation (68) and C,,,, connected we obtain that either S
or S is empty. Since by relation (66) the point a; belongs to S;,7 = 0,1 this
yields a contradiction, and the proof is completed.

Applying Lemma 11 we immediately deduce from Theorem 12 the following
result.
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Theorem 13. Let the payoff function f: A x B — R belong to the class Cyp.
If A is a finite set, then

infpe p max,ea f(a,b) = max,eca infpep f(a,b),
while for A an infinite set

SUPse () infre s Maxqer f(a,b) =sup,c 4 infocp f(a,b).

Proof. The first formula is an immediate consequence of Lemma 11 and The-
orem 12. To verify the second formula we observe

SUp,e 4 infre f(a,b) = supre r(a) SUPqes infres f(a,b).
Applying now the first part yields the desired result.

By Theorem 13 and Lemma 3 one can show the following result, which
contains as a special case (see observation after Definition 21) Sion’s minimax
theorem listed in Theorem 11.

Theorem 14. If B is a compact topological space and the payoff function f
belongs to the class Cy, then

infpep supgea f(a,b) = sup,e 4 infrep f(a,b)
and inf can be replaced by min in the above expressions.

Proof. Since B is a compact topological space and b — f(a,b) is lower
semicontinuous for every a € A we obtain by Lemma 3 and the observation
after this lemma that

infpep sup,ea f(a,b) = supre r(a) infoe p maxger f(a,b).

Applying now the second part of Theorem 13 and Lemma 2 yields the desired
result.

Actually by Lemma 3 one can slightly weaken the condition that A is a
compact topological space by replacing the compactness assumption by the
condition that there exists some set I € F(A) such that for every r € R the
set Nger{b € B : f(a,b) < r} is compact. It is possible ([18]) to construct
a payoff function f which satisfy the conditions of Theorem 14 but does not
satisfy the conditions of Sion’s minimax result.

Definition 22. The payoff function f: A x B — R belongs to the class Cy if

1. The function a — f(a,b) is upper semicontinuous for every b € B;
2. The function b — f(a,b) is lower semicontinuous for every a € A;
3. For every J € F(B) the function a — minge; f(a,b) is connected;
4. The collection of functions f,,a € A with f,(b) := f(a,b) is equiconnected.
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By the symmetry argument and Theorem 14 it follows easily that the
minimax equality in relation (8) holds if the payoff function f belongs to the
class C;. and A is a compact topological space. Finally we like to mention that
Wald’s minimax result is a special case of Sion’s minimax result. However,
from the proof of Theorem 12 it should be clear that the only properties of
convex sets which are important are the observation that any intersection of
convex sets is again convex and every convex set is connected. This shows that
Sion’s minimax result is actually a topological result based on connectedness.

6 On n-player nonzero-sum noncooperative games

In this section we will extend the two player zero-sum noncooperative games
discussed in the previous sections to n-player nonzero-sum noncooperative
games, n > 2. In this framework there are n players and each player i,1 <
1 < n has a pure strategy set X; and a payoff function f; : X — R with
X = II''; X; denoting the Cartesian product of the sets X;. In case each
player i,7 = 1,...,n selects independently of each other the strategy x; the
gain given by player 7 is given by f;(x1,...,z,) (For a complete description of
such games and examples see [1], [3] or [10]). In this section we assume that
the sets X;,1 < i < n are subsets of (possibly different) linear topological
spaces X; ([7]). We also assume in this section that the players only use their
pure strategy sets and they do not use their mixed strategy sets. For these
n-person noncooperative games an important concept is given by a Nash-
equilibrium point. Observe for n = 2 (taking fo = —f1) this reduces to the
minimax concept used within a two player zero-sum noncooperative game.

Definition 23. Let the payoff functions f; : X — R of each player be given.
The point x* = (7, ...,x%) is called a Nash equilibrium point if

filay, o al, nxn) > filal, o Tiy ooy 1)
for every x; € X; and 1 <1 <n.

We are now interested under which conditions a Nash equilibrium point
exists for an m-person noncooperative game. To show this, we need the fol-
lowing definition ([41]).

Definition 24. Let X be a nonempty set and ¢ : X x X — R some function.
The point x* is called an equilibrium point of the function ¢ if p(xz*,y) > 0
for every y € X.

Using the above definition of an equilibrium point for the mapping ¢, we
show the following result.

Lemma 13. Let X = II]' X; be the Cartesian product of the sets X;,i =
1,...,n. The point x* is a Nash equilibrium point if and only if x* is an equi-
librium point of the function ¢ : X x X — R, given by
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o(z,y) = Zi:l fil@r, oo, @iy ooy ) — F(T1, ooy Yiy ooy T (70)

with x = (21, ..., Tpn) and y = (Y1, -, Yn)-

Proof. Let z* be a Nash equilibrium and consider an arbitrary y = (y1, ..., yn) €
X. By definition

filal o xl, nxh) > f(a], o Yiy oy 1)

for every 1 < ¢ < n. This shows ¢(z*,y) > 0 and so z* is an equilibrium point
of the function . For * an equilibrium point of the function ¢ consider some
1 <4 < n and introduce the vector y = («7, ..., yi, ..., z) € X. Clearly for this
vector y it follows that

0 <o(z*,y) = filzl, ..,z ..,xn) — filx], .., Yiy ooy )
and since 1 < ¢ < n is arbitrary we obtain that z* is a Nash equilibrium point.

Hence by the above lemma we have reduced the proof of existence of a
Nash equilibrium point to the proof of existence of a equilibrium point for
the mapping ¢ listed in relation (70). To show in general the existence of an
equilibrium point of a mapping ¢ : X x X — R we observe that the point
x* is an equilibrium point of the mapping ¢ if and only if the intersection
Nyex{r € X : p(z,y) > 0} is nonempty. Unfortunately it seems not to
be possible (in general) to prove the existence of an equilibrium point by
means of LP duality or convex analysis techniques as was done for a 2-person
noncooperative game. To show the existence of a Nash equilibrium under
certain conditions on the sets X; and the payoff functions f; we need the so-
called KKM (Knaster-Kuratowski-Mazurkiewicz) lemma ([38]). Observe the

simplex A for any subset J C {1,...,k} is given by
Ay :=co{ej:jeJ})
with e; the jth unit vector in RE.

Definition 25. The collection of sets E; C RF1<i<k satisfy the KKM
property if Ay C Uije E; for every set J C {1,....k}.

The KKM lemma is given by the following result (for its proof see [37]).

Lemma 14. If the set E; C R*,1 < i < k are closed and satisfy the KKM
property then ﬂleEi is nonempty.

The K KM lemma is an easy consequence of Sperner’s lemma (see theorem
2.5.6 of [19] or Lemma 3.5.1 of [42]) and Sperner’s lemma can be proved by
combinatorial arguments (cf.[43] or Theorem 3.4.3 of [42]). Since our function
@ in a so-called equilibrium problem is defined on the set X x X with X a
convex subset of a linear topological space X', we need to discuss the extensions
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of the KKM lemma to these spaces. This can be done in the following way.
Let @ : X — 2% be a set valued mapping with nonempty values, where X is
a convex subset of some (real) linear topological space X and 2% the power
set of X, and consider for a given collection {z1,...,2,} € X and x € X the
(possibly empty) finite dimensional sets

E(x)={\e Ay : Z; Az € B(x)}

with N := {1,...,n}. Denoting by L := lin({z1,...,x,}) the smallest linear
subspace containing the set {z1, 2, ..., 2, }, then clearly

E(z)={\e Ay : Z;’:l \jz; € B(z) N L} C R™. (71)

If we know that the sets E(x) C Ay are closed for every x € X and for a given
collection {z1,...,z,} C X the nonempty sets F; := F(x;),1 < i < n satisfy
the KKM property, then by the KKM lemma we obtain that N, E(x;) is
nonempty. This shows that there exists some \* € Ay satisfying Z?Zl Njxj €
N, P(x;) and so we have verified that N_, &(x;) # (. To introduce a topology

on E(z) we recall the following definition.

Definition 26. The set valued mapping @ : X — 2% with X a convex subset
of a linear topological space X is called finitely closed if for every x € X and
every finite dimensional subspace L C X the set ®(x) N L is closed in the
FEuclidean topology on L.

It is obvious that @ finitely closed implies E(x) is closed for every z € X.
In the next lemma we give a sufficient condition for @ to be finitely closed.

Lemma 15. If the set-valued mapping @ : X — 2% with X a convex subset of
a linear topological space X has closed values ®(x),x € X, then the mapping
@ is finitely closed.

Proof. If L C X is a finite dimensional subspace there exists some finite set
{#1,...;2n} C X of linearly independent vectors satisfying

L=1lin({z1,...,2n})-

To show that &(z) N L is closed in the Euclidean topology on L we need
to verify for any sequence (x4)qen C P(z) N L satisfying z, — 2o in the
Euclidean topology on L that z. € ®(z) N L. Since every element of L can
be uniquely represented as a linear combination of the vectors z;,1 < i <
n, it follows that £, — % in the Euclidean topology on L if and only if

liranoo ﬁq = [ With 6(; = (ﬁq,h --wﬁq,n) € R, ﬁ;—o = (500,17 -~-7ﬁoo,n) € R,
Ty = Zj:l ﬂq,ij,q €N, (72)

and
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Too = Zj:l ﬁoo’ij. (73)

Moreover, since X is a linear topological space, it follows that the mapping
h: R™ — X, given by h(a) = 2?21 a;zj, is continuous in this topology. This
shows, using z, = h(8,) € (x) for every ¢ € N, that

Too = h(fBsc) = limgpo0 h(By) € l(®(z)

with the closure taken with respect to the topology on X. Using now that
@(x) is closed, we obtain that x. € P(z) and so ., belongs to @(x) N L.

We next recall the definition of a KKM mapping for set-valued functions
d: X — 2%,

Definition 27. Let X be a convex subset of a linear topological space X. The
set valued mapping @ : X — 2% is called a KKM mapping if co({x1, ...,x1}) C
Uk_ ®(x;) for every finite subset {x1, ..., x4} C X.

Clearly by the above definition it follows for a KKM mapping @ that z
belongs to @(z) for every € X. In the next lemma we extend the KKM
lemma to set-valued mappings.

Lemma 16. If the set valued mapping ® : X — 2% is a KKM mapping with
&(z) closed for every x € X, then NE_,®(x;) is nonempty for every finite set
{z1,..., 2} C X.

Proof. If ¢ is a KKM mapping then by definition
co({z1,...,zx}) C U;?:l@(acj) (74)

for every finite subset {x1,...,21} C X. To prove the desired result we verify
by induction that

co({z1, ., 24}) N (N1 D(x5)) # 0. (75)

for every finite subset {z1,...,24} C X. By relation (74) it follows that (75)
holds for ¢ = 1. Suppose now that relation (75) holds for ¢ < k—1 (k > 2) and

consider a subset {z1,...,xx} C X. Let Ay, :={\ € RF: \; >0, Zle Ao =1}
and introduce for every 1 < i < k the sets E;, given by

k
k
Ei={\€Ay: ijl \jz; € B(x;)} C RF.
For L denoting the linear subspace lin({z1, ..., 2 }) it is obvious that
k
E;, = {)\ € Ay : Zj:1 /\jﬂl‘j S @(mt) n L},

and since by Lemma 15 the set valued mapping @ is finitely closed it fol-
lows that the sets E;,1 < ¢ < k are closed in the Euclidean topology on L.
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Moreover, to show that the sets F;, 1 < i < k, satisfy the KKM property we
observe for every J C {1,..,k} and A € co({e; : j € J}) C Ay that

A=A M)y A = 0,5 ¢ JN > 0,5 € J,ZjEJ/\j =1.

This implies by relation (74) with k replaced by |J| that
k .
ijl \jxj = ZjeJ Njxzj € co({z;:j€J}) CUjcsP(z;)

and we have verified that A belongs to UjecsE;. Since A € co({e; : j € J}) is
arbitrary this shows that

co({ej :j € J}) C UjesEj

and so the collection F;, 1 < ¢ < k satisfies the KKM property. Hence by the
KKM lemma it follows that ﬁf:IEi is nonempty and so there exists some

A" € Ay satisfying Z;Ll Nz € NF_,®(x;). This proves the induction for k
and the proof is completed.

‘We are now able to show that under certain conditions a Nash equilibrium
point exists. To prove this, we first need the following lemma.

Lemma 17. Let X be a convex subset of a linear topological space X . If the
function ¢ : X x X — R satisfies p(x,2) > 0 and y — @(x,y) is conver on
X for every x € X, then the set valued mapping @ : X — 2% given by

P(y) ={z € X : p(z,y) = 0}
is a KKM mapping.

Proof. Since ¢(x,z) > 0 it follows immediately that y belongs to @(y). Sup-
pose now by contradiction that there exists some finite set {yj,...,y;} C
X,k > 2 such that y* belonging to co({y7,...,y;}) does not belong to
U;?:l@(y;‘). By the first part it follows that y* is not equal to y; for some
1 < ¢ < k. This means that one can find some \* € A, with at least two
positive components smaller than 1 satisfying

k
max; <i<k @(ijl Ajyi,yi) <O0.

By the convexity of the function y —— 90(2?:1 Ajy;,y) this implies

k

k k k
09> Nup D Nu) <30 Ne(d o X)) <0

and we obtain a contradiction.

Finally we can give a proof of the following important result.
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Theorem 15. If the pure strategy sets X;,1 < i < n are convex compact
subsets of (maybe different) linear topological spaces X;, the payoff functions
fi: X — R,1 <i<n are continuous on X for every 1 <i <n and satisfy

Ty —— fl-(:cl, ceey Lgy ,’Jln)

are concave for every 1 < i <n and every fized (x1,...,Ti—1,Tiy1, ..., L), then
the n-person noncooperative game has a Nash equilibrium point.

Proof. By Lemma 13 we have to show for X = IIJL | X; that the function
v : X x X — R, given by

QD(ZL',y) = Zj:l fi(xlv ey LTy "7xn) - fi(xla ce Yiy 7xn) (76)

with z = (21,...,2,) and y = (y1,...,¥») has an equilibrium point, and by
the observations after Lemma 13 this means that Nye x@(y) is nonempty with
P(y) == {zr € X : p(x,y) > 0}. First observe by the continuity of f; (1 <
i < n) that the function x — ¢(z,y) listed in relation (76) is continuous
on X for every y € X. This shows for every y € X that the set @(y) is
closed and since X is compact that ®(y) is compact as well. Moreover, since
x; — fi(1, .y Ty .y Ty) 18 concave for every 1 < ¢ < m, we obtain that the
function y — @(z,y) is convex and together with ¢(z,z) = 0 this implies by
Lemma 17 that the set-valued map @ is a KKM map. Applying now Lemma
16 it follows for every finite subset F' C X that NycpP(y) is nonempty. This
shows by the finite intersection property for compact sets that Nyex®(y) is
nonempty, and we have shown the desired result.
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