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Devwudfw

D g|qdplf ryhuodsslqj0jhqhudwlrqv prgho ri d vhpl0vpdoo rshq hfrqrp| zlwk prqrsrolv0
wlf frpshwlwlrq lq wkh jrrgv pdunhw lv frqvwuxfwhg1 D wdul� lqfuhdvh uhgxfhv uhdo rxwsxw
dqg hpsor|phqw dqg lpsuryhv wkh whupv ri wudgh/ erwk lq wkh lpsdfw shulrg dqg lq wkh
qhz vwhdg| vwdwh1 Wkh wdul� vkrfn kdv vljql�fdqw lqwhujhqhudwlrqdo glvwulexwlrq h�hfwv
zklfk duh gl�huhqw iru fuhglwru dqg ghewru qdwlrqv1 Erqg srolf| qhxwudol}hv wkh lqwhu0
jhqhudwlrqdo lqhtxlwlhv dqg doorzv wkh frpsxwdwlrq ri �uvw0ehvw dqg vhfrqg0ehvw rswlpdo
wdul� udwhv1 Wkh �uvw0ehvw wdul� h{sorlwv qdwlrqdo pdunhw srzhu/ exw wkh vhfrqg0ehvw wdul�
frqwdlqv d fruuhfwlrq wr dffrxqw iru wkh h{lvwhqfh ri d srwhqwldoo| vxerswlpdo surgxfw
vxevlg|1 MHO frghv= H53/ I45/ O49/ K561 Nh|zrugv= prqrsrolvwlf frpshwlwlrq/ oryh
ri ydulhw|/ uhwxuqv wr vfdoh/ lqwhuqdwlrqdo wudgh/ lqgxvwuldo srolf|/ lqwhujhqhudwlrqdo zhoiduh
h�hfwv1

4 Lqwurgxfwlrq

Wkh ghvludelolw| ri lqgxvwuldo srolf| lq dq hfrqrp| zlwk lqfuhdvlqj uhwxuqv wr vfdoh lqgxvwulhv

kdv ehhq rq dqg r� wkh uhvhdufk djhqgd*v ri erwk dfdghplf hfrqrplvwv dqg srolf| sudfwlwlrqhuv

dw ohdvw vlqfh wkh ghedwh lq wkh 4<53v ehwzhhq Iudqn Judkdp dqg Iudqn Nqljkw +vhh Iodp

dqg Khospdq +4<;:, iru uhihuhqfhv,1 Zlwk wkh dgyhqw ri wkh vr0fdoohg Qhz Wudgh Wkhru|

+Nuxjpdq/ 4<<3,/ wkh ghedwh kdv ehhq jlyhq d qhz ohdvh ri olih1 Dw ohdvw wzr dssurdfkhv

fdq eh glvwlqjxlvkhg lq wkh uhfhqw olwhudwxuh1 Wkh �uvw dssurdfk/ zklfk lv phqwlrqhg exw qrw

sxuvxhg lq wklv sdshu/ lv ehwwhu nqrzq xqghu wkh qdph ri cvwudwhjlf wudgh srolf|1* Lq wklv

eudqfk ri olwhudwxuh/ wkh lvvxh ri lqgxvwuldo srolf| lv vwxglhg lq d vhwwlqj ri odujh gxrsrolvwlf ru

WRFIHE/ Hudvpxv Xqlyhuvlw|/ S1R1 Er{ 4:6;/ 6333 GU Urwwhugdp/ Wkh Qhwkhuodqgv1 Skrqh= .64043073;0

4;3;1 Id{= .64043073;0<4:61 H0pdlo= ehwwhqgruiCihz1hxu1qo1
yGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:53:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1 Zh wkdqn wzr dqrq|prxv

uhihuhhv iru khosixo frpphqwv rq dq hduolhu gudiw1
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roljrsrolvwlf �upv edwwolqj iru pdunhw vkduh lq wkh lqwhuqdwlrqdo hfrqrp| +vhh Eudqghu +4<<8,

iru dq ryhuylhz dqg uhihuhqfhv,1

Wkh vhfrqg dssurdfk vwxglhv wkh lvvxh ri lqgxvwuldo srolf| lq d zruog fkdudfwhul}hg e|

prqrsrolvwlf frpshwlwlrq1 Lq vxfk d vhwwlqj wkhuh lv qr vwudwhjlf lqwhudfwlrq ehwzhhq �upv/

dqg wudgh lq ydulhwlhv ri d gl�huhqwldwhg surgxfw wdnhv sodfh ehwzhhq frxqwulhv1 Iodp dqg

Khospdq +4<;:,/ iru h{dpsoh/ frqvwuxfw d vwdwlf prgho ri d vpdoo rshq hfrqrp| zlwk d

prqrsrolvwlfdoo| frpshwlwlyh surgxfwlrq vhfwru1 Wkh| xvh wkh prgho wr vwxg| wkh h�hfwv

rq doorfdwlrq dqg zhoiduh ri wdul�v/ h{sruw vxevlglhv/ U)G vxevlglhv/ dqg rxwsxw vxevlglhv1

Iodp dqg Khospdq +4<;:/ ss1 <30<4, lghqwli| wkuhh phfkdqlvpv e| zklfk zhoiduh ri grphvwlf

djhqwv lv lqfuhdvhg lq d prqrsrolvwlfdoo| frpshwlwlyh vhwwlqj1 Iluvw/ dq lqfuhdvh lq wkh qxpehu

ri grphvwlf surgxfw ydulhwlhv h{sdqgv wkh udqjh ri fkrlfh e| grphvwlf frqvxphuv/ zkr duh

ehwwhu r� dv d uhvxow surylghg wkh| h{klelw d suhihuhqfh iru glyhuvlw|1 Vhfrqg/ d srolf| wkdw

lqfuhdvhv wkh krph sulfh ri grphvwlfdoo| surgxfhg ydulhwlhv kdv d srvlwlyh whupv ri wudgh

h�hfw zklfk lqfuhdvhv zhoiduh ri grphvwlf uhvlghqwv1 Wklug/ dq lqfuhdvh lq wkh rxwsxw ohyho shu

grphvwlf �up frqvwlwxwhv d csur0frpshwlwlyh* h�hfw dqg wkxv lqfuhdvhv zhoiduh1

Rxu sdshu lv d frqwulexwlrq wr wkh vhfrqg dssurdfk wr lqgxvwuldo srolf|1 Dwwhqwlrq lv

uhvwulfwhg wr wkh lpsruw wdul�1 Lq wkh vwdwlf prgho ri Iodp dqg Khospdq/ wkh lqwurgxfwlrq ri

d wdul� lqfuhdvhv sur�wv zklfk surpswv dq lqfuhdvh lq wkh qxpehu ri grphvwlf �upv dqg udlvhv

wkh sulfhv fkdujhg e| grphvwlf �upv1 Wkh h�hfwv rq rxwsxw shu �up lv dpeljxrxv/ exw wkh

whupv ri wudgh dqg zhoiduh ri grphvwlf uhvlghqwv erwk lpsuryh dv d uhvxow +4<;:/ ss1 <40<5,1

Rxu �uvw remhfwlyh lq wklv sdshu lv wr ixuwkhu vwxg| wkh suhflvh frqglwlrqv xqghu zklfk dq

lpsruw wdul� lv zhoiduh0lpsurylqj1 Zklovw zh uhwdlq vrph ri wkh prghoolqj ghylfhv ri Iodp

dqg Khospdq +4<;:,/ zh prgli| wkh dqdo|vlv lq vhyhudo gluhfwlrqv1

Rqh ri rxu prgl�fdwlrqv lv prwlydwhg e| d uhfhqw erg| ri olwhudwxuh lq zklfk lw kdv

ehhq vkrzq wkdw wkh frqfoxvlrqv edvhg rq vwdwlf prghov fdq eh kljko| plvohdglqj ehfdxvh

wkh hohphqw ri wlph lv plvvlqj lq vxfk prghov1 Lq d zruog srsxodwhg zlwk lq�qlwho|0olyhg

cuhsuhvhqwdwlyh* djhqwv/ wklv lv shukdsv qrw vxfk d sureohp/ ehfdxvh wkh wlplqj rqo| d�hfwv

czkhq* +exw qrw czkhwkhu*, wkh djhqwv ehduv wkh frvwv ri/ ru uhfhlyhv wkh ehqh�wv iurp/ d

sduwlfxodu srolf| phdvxuh1 Lq d zruog zlwk �qlwho|0olyhg ryhuodsslqj jhqhudwlrqv/ krzhyhu/

wkh wlplqj ri wkh ehqh�wv dqg frvwv dvvrfldwhg zlwk d sduwlfxodu srolf| ehfrphv ylwdo1 Lq vxfk

d vhwwlqj d srolf| phdvxuh w|slfdoo| d�hfwv erwk h{lvwlqj dqg ixwxuh jhqhudwlrqv gl�huhqwo|/

l1h1 wkhuh duh qrw rqo| h!flhqf| exw dovr lqwhujhqhudwlrqdo glvwulexwlrq h�hfwv wkdw pxvw eh

frqvlghuhg +fi1 Nrwolnr� dqg Vxpphuv/ 4<;:,1

Wkh lpsruwdqfh ri lqwhujhqhudwlrqdo glvwulexwlrq h�hfwv lq ghwhuplqlqj crswlpdo* srolf|

kdv ehhq ghprqvwudwhg lq d vpdoo exw jurzlqj qxpehu ri sdshuv rq yhu| glyhuvh wrslfv14

4Uhfhqw h{dpsohv lqfoxgh Eryhqehuj +4<<6/ 4<<7, rq/ uhvshfwlyho|/ lqyhvwphqw vwlpxodwlrq dqg fdslwdo wd{d0

wlrq/ dqg Hqjho dqg Nohw}hu +4<<3, dqg Jdoru +4<<7, rq wdul�v1 Doo wkhvh sdshuv dqdo|vh d vpdoo rshq hfrqrp|

zlwk shuihfw frpshwlwlrq1 Eryhqehuj dqg Khlmgud +4<<;, dqdo|vh hqylurqphqwdo wd{hv lq d forvhg hfrqrp|1

Eurhu dqg Khlmgud +iruwkfrplqj, vwxg| wkh lqyhvwphqw wd{ fuhglw lq d forvhg hfrqrp| zlwk prqrsrolvwlf frpsh0
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Wkh vhfrqg pdmru remhfwlyh ri rxu sdshu lv wkhuhiruh wr vwxg| wkh lpsruw wdul� lq d g|qdplf

ryhuodsslqj0jhqhudwlrqv hfrqrp|1 Zh xvh wkh shushwxdo |rxwk dssurdfk ri Eodqfkdug +4<;8,/

exw h{whqg lw wr dq rshq hfrqrp| dqg hqgrjhql}h wkh oderxu vxsso| ghflvlrq ri krxvhkrogv1

Grphvwlf krxvhkrogv sxufkdvh grphvwlf dqg iruhljq surgxfwv dqg xvh wkh fxuuhqw dffrxqw lq

rughu wr vprrwk wkhlu frqvxpswlrq sur�ohv1 Wkh frxqwu| lv vhpl0vpdoo/ l1h1 lw lv vpdoo lq zruog

�qdqfldo pdunhwv +dqg wkxv idfhv shuihfw fdslwdo prelolw|, exw lw fdq d�hfw lwv whupv ri wudgh

+vhh Exlwhu +4<;:,,1 Wkhuh duh pdq| vpdoo grphvwlf �upv surgxflqj ydulhwlhv wkdw duh vrog dw

krph dqg deurdg1 Iuhh h{lw2hqwu| holplqdwhv h{fhvv sur�wv dqg ghwhuplqhv wkh htxloleulxp

qxpehu ri �upv lq wkh grphvwlf hfrqrp|1 Lqfuhdvlqj uhwxuqv wr vfdoh h{lvw ehfdxvh dq lqfuhdvh

lq wkh qxpehu ri surgxfw ydulhwlhv errvwv wkh surgxfwlylw| ri wkh yduldeoh oderxu lqsxw1

Wkh dqdo|vlv |lhogv d qxpehu ri frqfoxvlrqv1 Iluvw/ olnh Vhq dqg Wxuqryvn| +4<;<, exw

xqolnh Iodp dqg Khospdq +4<;:,/ zh �qg wkdw dq lqfuhdvh lq wkh wdul� uhgxfhv rxwsxw dqg

hpsor|phqw/ erwk lq wkh vkruw uxq dqg lq wkh orqj uxq1 Lq rxu prgho wkh wdul� vkrfn surpswv

d qhjdwlyh oderxu vxsso| uhvsrqvh zklfk ohdgv wr d uhgxfwlrq lq wkh qxpehu ri �upv1 Olnh

Iodp dqg Khospdq +4<;:,/ zh �qg wkdw wkh uhdo h{fkdqjh udwh dssuhfldwhv erwk dw lpsdfw

dqg lq wkh orqj uxq1

Vhfrqg/ zkhq wkh wdul� uhyhqxh lv uhedwhg wr krxvhkrogv lq wkh irup ri djh0lqghshqghqw

wudqvihuv/ wkhq wkh lpsruw wdul� d�hfwv jhqhudwlrqv xqhtxdoo|1 Lqwxlwlyho|/ vxfk oxps0vxp

wudqvihuv duh qrw jhqhudwlrqdoo| qhxwudo lq xwlolw| whupv ehfdxvh dvvhw kroglqjv gl�hu dfurvv

jhqhudwlrqv1 Wklug/ wkh lqwhujhqhudwlrqdo zhoiduh h�hfwv ri d wdul� ghshqg fulwlfdoo| rq zkhwkhu

wkh frxqwu|*v uhvlghqwv duh uhodwlyho| sdwlhqw +fuhglwru frxqwu|, ru lpsdwlhqw +ghewru frxqwu|,1

Irxuwk/ e| dffrpsdq|lqj wkh wdul� lqfuhdvh e| d vxlwdeoh erqg srolf|/ wkh wdul� uhyhqxh fdq

eh uhedwhg lq dq djh0ghshqghqw idvklrq vr wkdw wkh lqwhujhqhudwlrqdo uhglvwulexwlrqdo h�hfwv

fdq eh qhxwudol}hg dqg rqo| wkh sxuh h!flhqf| h�hfwv uhpdlq1 Lq vxfk dq hjdolwduldq vhwwlqj lw

lv srvvleoh wr vwxg| wkh rswlpdo wdul�1 Lw lv vkrzq wkdw wkh rswlpdo wdul� ghshqgv qrw rqo| rq

cqdwlrqdo pdunhw srzhu* +dv lq Jurv +4<;:,, exw dovr rq wkh suh0h{lvwlqj grphvwlf glvwruwlrq ri

prqrsrolvwlf frpshwlwlrq1 Wr wkh h{whqw wkdw wkh srolf| pdnhu kdv qr lqvwuxphqw wr frpedw

wkh grphvwlf prqrsro| glvwruwlrq +vxfk dv d surgxfw vxevlg|,/ wkh vhfrqg0ehvw rswlpxp

wdul� lv uhgxfhg ylv0ã0ylv lwv �uvw0ehvw ydoxh1 Lqwxlwlyho|/ rxwsxw lv douhdg| wrr orz gxh wr wkh

grphvwlf prqrsro| glvwruwlrq dqg lqfuhdvlqj wkh wdul� rqo| h{dfhuedwhv wklv sureohp1 Lq wkh

devhqfh ri d grphvwlf glvwruwlrq dqg2ru li wkh surgxfw vxevlg| lv vhw rswlpdoo|/ wkh �uvw0ehvw

wdul� lv dlphg dw h{sorlwlqj qdwlrqdo pdunhw srzhu wr wkh ixoohvw h{whqw srvvleoh1 Rxu prgho

wkxv |lhogv suhflvh dqg lqwxlwlyho| xqghuvwdqgdeoh suhvfulswlrqv derxw wkh lqwhudfwlrq ehwzhhq

wkh rswlpxp wdul� dqg suh0h{lvwlqj grphvwlf glvwruwlrqv1 Zh wkxv h{whqg wkh vhplqdo zrun

e| Mrkqvrq +4<98, dqg Ekdjzdwl +4<9:/ 4<:4, rq lqvwuxphqw wdujhwlqj wr d g|qdplf vhwwlqj

ri ryhuodsslqj jhqhudwlrqv dqg prqrsrolvwlf frpshwlwlrq1

Wkh uhpdlqghu ri wkh sdshu surfhhgv dv iroorzv1 Lq vhfwlrq 5 wkh prgho ri d vhpl0vpdoo

wlwlrq1 Ehwwhqgrui dqg Khlmgud +iruwkfrplqj, vwxg| wkh pdfurhfrqrplf dqg glvwulexwlrqdo h�hfwv ri d surgxfw

vxevlg| lq dq rshq hfrqrp|1 Vhh dovr wkh uhfhqw vwxg| e| Nhxvfkqljj dqg Nrkohu +4<<9,1
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rshq hfrqrp| lv ghyhorshg1 Lq vhfwlrq 6 wkh pdfurhfrqrplf doorfdwlrq h�hfwv ri dq lpsruw

wdul� duh vwxglhg/ erwk dw lpsdfw/ gxulqj wudqvlwlrq/ dqg lq wkh orqj uxq1 Vhfwlrq 7 frqvwlwxwhv

wkh fruh ri rxu sdshu dqg lv ghglfdwhg wr wkh zhoiduh dqdo|vlv erwk zlwkrxw dqg zlwk erqg

srolf|1 Ilqdoo|/ vhfwlrq 8 frqwdlqv vrph frqfoxglqj uhpdunv1

5 Wkh prgho

514 Krxvhkrogv

Wkh edvlf prgho ri krxvhkrog ehkdylrxu exlogv rq wkh zrun ri Eodqfkdug +4<;8, dqg lwv

h{whqvlrq wr wkh rshq hfrqrp| e| Jlrydqqlql +4<;;,1 Ehvlgh wkh hqgrjhqhlw| ri oderxu vxsso|/

wkh pdlq gl�huhqfh zlwk wkhvh wzr prghov lv wkh lqwurgxfwlrq ri d glyhuvl�hg frqvxpswlrq

jrrg lqwr wkh xwlolw| ixqfwlrq ri wkh djhqwv1 Wklv lq wxuq rshqv wkh vfrsh iru lpshuihfwo|

frpshwlwlyh ehkdylrxu rq wkh sduw ri surgxfhuv/ zklfk irupv wkh pdmru lqqrydwlrq ri wklv

sdshu1

Lq wklv prgho wkhuh lv d �{hg srsxodwlrq ri djhqwv hdfk idflqj d jlyhq frqvwdqw suredelolw|

ri ghdwk1 Gxulqj wkhlu hqwluh olih djhqwv kdyh d wlph hqgrzphqw ri xqlw| zklfk wkh| doorfdwh

ryhu oderxu dqg ohlvxuh15 Wkh xwlolw| ixqfwlrqdo dw wlph w ri wkh uhsuhvhqwdwlyh djhqw eruq dw

wlph y lv ghqrwhg e| �+y> w, dqg kdv wkh iroorzlqj irup=

�+y> w, �
]
"

|
orjX+y> �,hEknq�E|3��g�> +4,

zkhuh � lv wkh sxuh udwh ri wlph suhihuhqfh +� A 3,/ � lv wkh suredelolw| ri ghdwk +� � 3,/

dqg X+y> �, lv vxe0xwlolw| zklfk ghshqgv rq ohlvxuh +4�O+y> �,, dqg frqvxpswlrq ri grphvwlf

dqg iruhljq jrrgv +F+y> �, dqg ]+y> �,/ uhvshfwlyho|,=

X+y> �, �
k
F+y> �,B]+y> �,�3B

l�
^4� O+y> �,`�3� > +5,

zlwk 3 ? � � 4 dqg 3 ? � ? 416

Wkh grphvwlf hfrqrp| frqvlvwv ri lpshuihfwo| frpshwlwlyh �upv wkdw hdfk surgxfh d vlqjoh

ydulhw| ri d glyhuvl�hg jrrg1 Wkhvh jrrgv duh forvh exw lpshuihfw vxevwlwxwhv lq frqvxpswlrq1

Iroorzlqj Vshqfh +4<:9, dqg Gl{lw dqg Vwljolw} +4<::, wkh glyhuvl�hg jrrgv fdq eh djjuhjdwhg

ryhu h{lvwlqj ydulhwlhv +4> 5> ==>Q+�,, lq rughu wr rewdlq F+y> �,=

F+y> �, �
57�E��[
�'�

F�+y> �,
�*#

68# > � � 4> +6,

5Vhq dqg Wxuqryvn| +4<;</ s1 ;5:, olnhzlvh vwuhvv wkh lpsruwdqfh ri dq hqgrjhqrxv oderxu vxsso| uhvsrqvh1

Wkhlu uhsuhvhqwdwlyh0djhqw prgho dvvxphv shuihfw frpshwlwlrq dqg vwxglhv wkh h�hfwv ri d wdul� rq fdslwdo

dffxpxodwlrq1 Jdylq +4<<4, devwudfwv iurp fdslwdo dffxpxodwlrq dqg vwxglhv lqwhuvhfwrudo uhdoorfdwlrq gxh wr

wdul� fkdqjhv1
6Khqfh/ lw lv dvvxphg wkdw wkh Duplqjwrq vxevwlwxwlrq hodvwlflw| ehwzhhq grphvwlf dqg iruhljq frqvxpswlrq

jrrgv htxdov xqlw|1 Wklv dvvxpswlrq lv pdgh iru vlpsolflw|1 D qrq0xqlwdu| Duplqjwrq hodvwlflw| grhv qrw

vxevwdqwldoo| d�hfw wkh dujxphqwv lq wklv sdshu1
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zkhuh F�+y> �, lv wkh frqvxpswlrq ri grphvwlfdoo| surgxfhg ydulhw| l lq shulrg � e| dq djhqw

eruq lq shulrg y +� �,1 Wkh sdudphwhu � uhjxodwhv erwk wkh suhihuhqfh iru glyhuvlw| +SIG,

h�hfw dqg wkh vl}h ri wkh prqrsro| pdunxs +Eìqdvv|/ 4<<9/ 4<<;,1 Wkh wuxh sulfh gh dwru

fruuhvsrqglqj wr +6, lv=

S +�, �
57�E��[
�'�

S�+�,
�*E�3#�

68�3# > +7,

zkhuh S�+�, lv wkh sulfh ri ydulhw| l1 Wkh krprjhqhrxv lpsruwhg frqvxpswlrq jrrg lv xvhg

dv wkh qxphudluh dqg ihdwxuhv d jlyhq zruog sulfh +S~+�, @ 4,17 Khqfh/ S +�, uhsuhvhqwv wkh

whupv ri wudgh/ l1h1 wkh uhodwlyh sulfh ri h{sruwv lq whupv ri lpsruwv1

Wkh djhqw*v exgjhw lghqwlw|/ h{suhvvhg lq whupv ri wkh iruhljq jrrg/ lv htxdo wr=

bD+y> �, @ +u . �,D+y> �, .Z +�,O+y> �,� W +�,� S +�,F+y> �,� +4 . w� ,]+y> �,> +8,

zkhuh bD+y> �, � gD+y> �,@g� / u lv wkh �{hg zruog uhdo udwh ri lqwhuhvw/8 Z +�, lv wkh uhdo zdjh

udwh +dvvxphg djh0lqghshqghqw iru frqyhqlhqfh,/ W +�, duh qhw oxps0vxp wd{hv/ w� lv dq dg

ydoruhp lpsruw wdul�/ dqg D+y> �, duh uhdo wdqjleoh dvvhwv1 Doo wdqjleoh dvvhwv duh shuihfw

vxevwlwxwhv=

D+y> �, � E+y> �, . I +y> �,> +9,

zkhuh E+y> �, dqg I +y> �, duh/ uhvshfwlyho|/ jryhuqphqw erqgv dqg qhw iruhljq dvvhwv/ erwk

phdvxuhg lq whupv ri wkh iruhljq jrrg1 Zh gh�qh ixoo h{shqglwxuh [+y> � , dv wkh vxp ri

vshqglqj rq grphvwlf dqg iruhljq frqvxpswlrq jrrgv dqg rq ohlvxuh/ l1h1=

[+y> �, � S +�,F+y> �, . +4 . w� ,]+y> �, .Z +�, ^4� O+y> �,` = +:,

Gxh wr wkh vhsdudeoh vwuxfwxuh ri suhihuhqfhv/ wkh fkrlfh sureohp iru wkh uhsuhvhqwdwlyh

djhqw fdq eh vroyhg lq wzr vwhsv1 Iluvw/ wkh g|qdplf sureohp lv vroyhg1 Wklv ohdgv wr dq

rswlpdo wlph sur�oh iru ixoo h{shqglwxuh zklfk lv ghvfulehg e| wkh djhqw*v Hxohu htxdwlrq=

b[+y> �,

[+y> �,
@ u � �= +;,

Lq wkh vhfrqg vwhs ixoo h{shqglwxuh lv rswlpdoo| doorfdwhg ryhu lwv frpsrqhqw sduwv=

S +�,F+y> �, @ ��[+y> �,> +<d,

+4 . w� ,]+y> �, @ �+4� �,[+y> �,> +<e,

Z +�, ^4�O+y> �,` @ +4� �,[+y> �,> +<f,

7Ehwwhqgrui dqg Khlmgud +iruwkfrplqj, prgho wkh iruhljq jrrg dv d gl�huhqwldwhg frpprglw|1 Vlqfh zh

dvvxph wkdw wkh grphvwlf hfrqrp| kdv qr lq xhqfh rq wkh qxpehu ri iruhljq ydulhwlhv ru rq wkhlu sulfh/ rxu

dssurdfk hqwdlov qr orvv ri jhqhudolw|1
8Zh dvvxph wkdw wkh grphvwlf hfrqrp| lv vpdoo lq zruog fdslwdo pdunhwv vr wkdw lw idfhv d jlyhq zruog uhdo

udwh ri lqwhuhvw o1

8



zkhuh � wkxv uhsuhvhqwv wkh +frqvwdqw, vkduh ri wrwdo jrrgv frqvxpswlrq wkdw lv vshqw rq

grphvwlf jrrgv dqg 4� � lv wkh vshqglqj vkduh ri ohlvxuh lq ixoo h{shqglwxuh19 Ghpdqg iru

wkh gl�huhqw ydulhwlhv ri wkh grphvwlfdoo| surgxfhg jrrgv lv jlyhq e|=

F�+y> � ,

F+y> �,
@

�
S�+�,

S +�,

�
3#*E#3��

= +43,

D fuxfldo ihdwxuh ri wkh Eodqfkdug +4<;8, prgho +dqg doo prghov ghulylqj iurp lw, lv lwv vlp0

soh ghprjudsklf vwuxfwxuh/ zklfk hqdeohv wkh djjuhjdwlrq ryhu doo fxuuhqwo| dolyh krxvhkrogv1

Dvvxplqj wkdw dw hdfk lqvwdqfh d odujh frkruw ri vl}h �V lv eruq dqg wkdw �V djhqwv glh/ dqg

qrupdolvlqj V wr xqlw|/ wkh vl}h ri wkh srsxodwlrq lv frqvwdqw dqg htxdo wr xqlw| dqg wkh dj0

juhjdwhg yduldeohv fdq eh fdofxodwhg dv wkh zhljkwhg vxp ri wkh ydoxhv iru wkh gl�huhqw jhqhud0

wlrqv1 Iru h{dpsoh/ djjuhjdwh �qdqfldo zhdowk lv fdofxodwhg dv D+�, � U �
3"

�D+y> �,hqE�3��gy1

Wkh djjuhjdwhg ydoxhv iru wkh rwkhu yduldeohv fdq eh rewdlqhg lq wkh vdph idvklrq1 Wkh pdlq

htxdwlrqv ghvfulelqj wkh ehkdylrxu ri wkh djjuhjdwhg krxvhkrog vhfwru duh jlyhq +iru shulrg

w, e| htxdwlrqv +W414, dqg +W418,0+W41:, lq Wdeoh 41 Htxdwlrq +W414, lv wkh djjuhjdwh Hx0

ohu htxdwlrq prgl�hg iru wkh h{lvwhqfh ri ryhuodsslqj jhqhudwlrqv ri �qlwho|0olyhg djhqwv1 Lw

kdv wkh vdph irup dv wkh Hxohu htxdwlrq iru lqglylgxdo krxvhkrogv +htxdwlrq +;,, h{fhsw iru

wkh fruuhfwlrq whup gxh wr wkh glvwulexwlrqdo h�hfwv fdxvhg e| wkh wxuqryhu ri jhqhudwlrqv1

Rswlpdo ixoo h{shqglwxuh jurzwk lv wkh vdph iru doo jhqhudwlrqv exw roghu jhqhudwlrqv kdyh

d gl�huhqw ixoo h{shqglwxuh ohyho wkdq |rxqjhu jhqhudwlrqv1 Wkh fruuhfwlrq whup dsshdulqj

lq +W414, wkxv uhsuhvhqwv wkh gl�huhqfh lq dyhudjh ixoo h{shqglwxuh dqg ixoo h{shqglwxuh e|

qhzeruqv=:

b[+�,

[+�,
@ u� �� �+�. �,

�
D+�,

[+�,

�
@

b[+y> �,

[+y> �,
� �

�
[+�,�[+� > �,

[+�,

�
> +44,

zkhuh D+�, � I +�, .E+�, lv djjuhjdwh �qdqfldo zhdowk1 Wkurxjkrxw wkh sdshu zh dqdo|}h

wkh fdvh lq zklfk wkhuh lv qr jryhuqphqw ghew lq wkh lqlwldo vwhdg| vwdwh +E @ 3,1 Htxdwlrq

+W414, vkrzv wkdw vwhdg|0vwdwh qhw iruhljq dvvhwv duh srvlwlyh +qhjdwlyh, li wkh zruog lqwhuhvw

udwh h{fhhgv +idoov vkruw ri, wkh udwh ri wlph suhihuhqfh/ l1h1 I B 3 iru u B �1 Lqwxlwlyho|/

qhw iruhljq dvvhwv duh vwulfwo| srvlwlyh +qhjdwlyh, iru d sdwlhqw +lpsdwlhqw, frxqwu|1 Wkh ulvlqj

+idoolqj, ixoo h{shqglwxuh sur�oh wkdw wklv lpsolhv hqvxuhv wkdw �qdqfldo zhdowk lv wudqvihuuhg�

yld wkh olih0lqvxudqfh frpsdqlhv�iurp rog wr |rxqj +|rxqj wr rog, jhqhudwlrqv lq wkh vwhdg|0

vwdwh +vhh Eodqfkdug/ 4<;8,1 Lq wkh nqlih0hgjh fdvh/ iru zklfk u @ �/ krxvhkrogv qhlwkhu vdyh

qru glvvdyh/ ixoo h{shqglwxuh lv wkh vdph iru doo jhqhudwlrqv dqg vwhdg|0vwdwh qhw iruhljq dvvhwv

duh }hur1
9 Li � ' �/ oderxu vxsso| lv h{rjhqrxv dqg hdfk djhqw lqhodvwlfdoo| vxssolhv rqh xqlw ri oderxu1
:Zh xvh wkh idfw wkdw fE� � ' Eknq�d�E��nME��o/ fE�c �� ' Eknq�d�E�c ��nME� �o/ dqg �E�c �� ' f lq wkh

vhfrqg vwhs/ zkhuh ME|� lv kxpdq zhdowk/ l1h1 wkh diwhu0wd{ suhvhqw ydoxh ri wkh krxvhkrog*v wlph hqgrzphqw=

ME|�  U
"

|
d` E��3 A E� �o i T dEo n q�E|3 ��o _� 1

9



Wdeoh 4= Vkruw0uxq yhuvlrq ri wkh prgho

b[+w, @ +u� �,[+w,� �+�. �, ^I +w, .E+w,` +W414,
bI +w, @ uI +w, .WE+w, +W415,

Z +w,O+w, @ +4 . vS ,\ +w, +W416,

\ +w, @ S +w,
�
F+w, .H3S +w,��W

�
+W417,

S +w,F+w, @ ��[+w, +W418,

+4 . wP,]+w, @ �+4� �,[+w, +W419,

Z +w, ^4�O+w,` @ +4� �,[+w, +W41:,

\ +w,@S +w, @ 3O+w,
� +W41;,

WE+w, @ H3S +w,4��W �]+w, +W41<,

Qrwhv=
+d, Wkh krprjhqhrxv iruhljq jrrg lv wkh qxphudluh1 S +w, lv wkh whupv ri wudgh1
+e, f � n3��3#++� � 4,@i,#3� A 31

515 Iruhljq vhfwru

Wkh grphvwlf hfrqrp| kdv olqnv zlwk wkh uhvw ri wkh zruog wkurxjk wkh jrrgv pdunhw +yld

lpsruwv ri wkh iruhljq jrrg dqg h{sruwv ri gl�huhqwldwhg surgxfwv, dqg wkurxjk wkh dvvhwv

pdunhw +grphvwlf krxvhkrogv fdq krog iruhljq dvvhwv lq wkhlu sruwirolrv,1 Vlqfh lw lv dvvxphg

wkdw wkh grphvwlf hfrqrp| lv vpdoo uhodwlyh wr wkh uhvw ri wkh zruog/ grphvwlf yduldeohv

kdyh qr lpsdfw rq iruhljq pdfurhfrqrplf yduldeohv1 Khqfh/ wkh h{sruw htxdwlrq frqwdlqv

pdlqo| h{rjhqrxv yduldeohv1 Iru vlpsolflw| wkh iroorzlqj vshfl�fdwlrq lv dgrswhg iru wkh

h{sruw ghpdqg htxdwlrq=

^S +�,`jA
�
H�+�,

Hf

�
@

�
S�+�,

S +�,

�
3#*E#3��

> �A � 4> +45,

zkhuh Hf lv wkh h{rjhqrxv frpsrqhqw ri h{sruw ghpdqg1 Lq +45,/ wkh whup �@+��4, vxppd0

ul}hv krz zhoo grphvwlfdoo| surgxfhg ydulhwlhv fdq eh vxevwlwxwhg e| wkh ex|huv lq wkh uhvw ri

wkh zruog1 Wkhuh lv dovr d vhsdudwh h�hfw ri wkh whupv ri wudgh rq djjuhjdwh h{sruwv zklfk lv

sdudphwhulvhg e| �A 1

Wkh fkdqjh lq qhw iruhljq dvvhwv lv htxdo wr wkh fxuuhqw dffrxqw1 Vlqfh qhw iruhljq dvvhwv/

I +�,/ duh phdvxuhg lq whupv ri iruhljq jrrgv/ wkh edodqfh ri sd|phqwv htxdwlrq fdq eh

h{suhvvhg +iru shulrg w, dv lq htxdwlrq +W415, lq Wdeoh 41 Wkh �uvw whup rq wkh uljkw0kdqg

vlgh lv iruhljq fdslwdo lqfrph dqg wkh vhfrqg whup lv wkh wudgh edodqfh1

:



516 Ilupv

Wkh grphvwlf hfrqrp| frqvlvwv ri d vlqjoh vhfwru fkdudfwhul}hg e| prqrsrolvwlf frpshwlwlrq1

Hdfk �up lq wklv vhfwru idfhv d ghpdqg iru lwv surgxfw iurp wzr vrxufhv/ l1h1 frqvxpswlrq

ghpdqg iurp wkh krxvhkrogv vhfwru +uhsuhvhqwhg e| F�+�, zklfk lv rewdlqhg e| djjuhjdwlqj

+43,,/ dqg wkh ghpdqg iurp wkh uhvw ri wkh zruog +jlyhq e| H�+�, lq +45,,1 Wkhuh duh Q+�,

lghqwlfdo grphvwlf �upv wkdw hdfk surgxfh rqh ydulhw| ri wkh gl�huhqwldwhg surgxfw1 Oderxu

lv wkh rqo| surgxfwlyh lqsxw dqg whfkqrorj| ihdwxuhv lqfuhdvlqj uhwxuqv wr vfdoh dw wkh �up

ohyho=

O�+�, @ n\�+�, . i> +46,

zkhuh O�+�, lv oderxu lqsxw/ \�+�, lv pdunhwdeoh rxwsxw/ i lv �{hg frvw prghoohg lq wkh irup

ri �ryhukhdg oderxu�+i A 3,/ dqg 4@n lv wkh pdujlqdo surgxfw ri oderxu1 Uhsuhvhqwdwlyh �up

l*v sur�w lv gh�qhg e|=

��+�, � +4 . v� ,S�+�,\�+�,�Z +�,O�+�,> +47,

zkhuh v� lv dq dg ydoruhp vxevlg| rq surgxfwlrq1; Wkh �up fkrrvhv lwv rxwsxw dqg sulfh lq

rughu wr pd{lpl}h +47, vxemhfw wr wkh ghpdqg uhvwulfwlrq \�+�, @ F�+�,.H�+�, dqg whfkqrorj|

+46,1 Wklv vwdwlf ghflvlrq sureohp |lhogv wkh idploldu sulflqj uxoh=

S�+�, @
�nZ +�,

4 . v�
> +48,

zkhuh � A 4 lv wkh pdunxs1 Lq wklv sdshu wkh dvvxpswlrq ri Fkdpehuolqldq prqrsrolvwlf frp0

shwlwlrq lv pdgh= frpshwlwruv* uhdfwlrqv duh ghhphg wr eh devhqw dqg hqwu|2h{lw lv dvvxphg

wr rffxu xqwlo hdfk dfwlyh �up pdnhv }hur h{fhvv sur�w> wkh zhoo0nqrzq wdqjhqf| vroxwlrq1

E| xvlqj +46, dqg +48, lq +47, zh ghgxfh wkdw ��+�, @ Z +�, ^+� � 4,n\�+�,� i ` vr wkdw wkh

}hur sur�w frqglwlrq slqv grzq d frqvwdqw �up vl}h=

\�+�, @ �\ � i

+� � 4,n
= +49,

517 Jryhuqphqw

Wkh jryhuqphqw vhfwru lv prghoohg lq d yhu| vlpsoh idvklrq1 Zh devwudfw iurp pdfur ihdwxuhv

ri jryhuqphqw ehkdylrxu vxfk dv jryhuqphqw vshqglqj rq jrrgv dqg vhuylfhv/ dqg glvwru0

wlrqdu| wd{hv rq oderxu lqfrph1 Wkh shulrglf exgjhw lghqwlw| ri wkh jryhuqphqw lv=

bE+�, @ uE+�, . v�\ +�,� w�]+�,� W +�,> +4:,

;Zh lqfoxgh d suh0h{lvwlqj surgxfw vxevlg| wr fdswxuh wkh qrwlrq wkdw wkh srolf| pdnhu pd| eh hqjdjhg

lq lqgxvwuldo srolf| dlphg dw fruuhfwlqj iru wkh prqrsro| glvwruwlrqv lq wkh hfrqrp|1 Ehorz zh ghprqvwudwh

wkh lqwhudfwlrq ehwzhhq wkh rswlpdo wdul� dqg wkh suh0h{lvwlqj surgxfw vxevlg|1 Lq Ehwwhqgrui dqg Khlmgud

+iruwkfrplqj, zh vwxg| wkh doorfdwlrq dqg zhoiduh h�hfwv ri wkh surgxfw vxevlg|1

;



zkhuh \ +�, lv qdwlrqdo lqfrph lq whupv ri wkh iruhljq jrrg=

\ +�, �
�E��[
�'�

S�+�,\�+�,= +4;,

Vlqfh wkh jryhuqphqw lv h{shfwhg wr uhpdlq vroyhqw/ wkh iroorzlqj QSJ frqglwlrq lv uhoh0

ydqw= olp�<"E+�, h{s ^u+w� �,` @ 31 Wkh jryhuqphqw*v exgjhw uhvwulfwlrq lv rewdlqhg e|

lqwhjudwlqj +4:, iruzdug vxemhfw wr wklv QSJ frqglwlrq=

E+w, @

]
"

|
^W +�, . w�]+�,� v�\ +�,` hoE|3��g�

518 Htxloleulxp dqg vwdelolw|

Wkh prgho lv v|pphwulf dqg fdq wkxv eh h{suhvvhg lq djjuhjdwh whupv1 Doo dfwlyh grphvwlf

�upv surgxfh wkh vdph +frqvwdqw, dprxqw ri rxwsxw +\� @ �\ �vhh +49,,/ kdyh wkh vdph

pdunxs/ idfh wkh vdph lqsxw sulfhv dqg wkxv fkdujh wkh vdph sulfh +S� @ �S , dqg kluh wkh

vdph dprxqwv ri oderxu +O� @ �O,1 Dv d frqvhtxhqfh zh kdyh F� @ �F dqg H� @ �H +iru

l @ 4> 5> ==>Q,1

Wkh frpsohwh g|qdplf prgho lv jlyhq lq djjuhjdwhg irup lq Wdeoh 41 Wkh g|qdplf sduw

ri wkh prgho lv jlyhq e| htxdwlrqv +W414,0+W415,1 Wkh pryhphqw ri ixoo h{shqglwxuh +W414,

dqg wkh edodqfh ri sd|phqwv htxdwlrq +W415, kdyh doo ehhq glvfxvvhg deryh1 Wkh vwdwlf sduw

ri wkh prgho lv jlyhq e| htxdwlrqv +W416,0+W41<,1 Htxdwlrq +W416, lv wkh djjuhjdwh ghpdqg

iru oderxu/ dqg +W417, lv wkh htxloleulxp frqglwlrq iru wkh grphvwlf pdunhw iru gl�huhqwldwhg

jrrgv/ zulwwhq lq djjuhjdwh irup1 Htxdwlrqv +W418,0+W419, duh/ uhvshfwlyho|/ frqvxpswlrq ri

wkh grphvwlf frpsrvlwh jrrg dqg wkh iruhljq jrrg/ dqg +W41:, lv oderxu vxsso|1 Wkh djjuhjdwh

surgxfwlrq ixqfwlrq iru wkh gl�huhqwldwhg jrrgv vhfwru lv jlyhq lq +W41;,1 Lw lv wkh djjuhjdwhg

yhuvlrq ri +46,/ zkhuh xvh kdv ehhq pdgh ri wkh }hur sxuh sur�w frqglwlrq1< Ilqdoo|/ +W41<,

lv wkh wudgh edodqfh/ l1h1 wkh gl�huhqfh ehwzhhq h{sruw hduqlqjv dqg lpsruwv1

Wkh g|qdplfdo surshuwlhv ri wkh prgho fdq eh looxvwudwhg zlwk wkh dlg ri Iljxuh 41 Dv

lq Eodqfkdug +4<;8/ ss1 56304, wkh vorsh ri wkh b[ @ 3 olqh ghshqgv rq wkh udwh ri wlph

suhihuhqfh uhodwlyh wr wkh zruog lqwhuhvw udwh1 Vlqfh zh dvvxph wkdw jryhuqphqw ghew lv }hur

lqlwldoo|/ lw iroorzv iurp +W414, wkdw wkh b[ @ 3 olqh jrhv wkurxjk wkh ruljlq dqg lv xszdug

+grzqzdug, vorslqj iru d fuhglwru +ghewru, qdwlrq1 +Lq wkh nqlih0hgjh fdvh/ iru zklfk u @ �

wkh b[ @ 3 olqh frlqflghv zlwk wkh yhuwlfdo d{lv1, Iru srlqwv wr wkh ohiw +uljkw, ri wkh b[ @ 3

olqh ixoo h{shqglwxuh ulvhv +idoov,/ dv lv lqglfdwhg zlwk yhuwlfdo duurzv1

<Htxdwlrq +W41;, lv rewdlqhg dv iroorzv1 Lq wkh v|pphwulf htxloleulxp/ t� ' 7t dqg �� ' 7� vr wkdw t '

� 7� 7t 1 Htxdwlrq +7, lpsolhv � ' ��3# 7� vr wkdw t*� ' �# 7t 1 Ixuwkhupruh/ +46, dqg wkh }hur sur�w frqglwlrq

lpso| wkdw & 7t n s ' 7u ' #& 7t 1 Djjuhjdwlrq ryhu doo dfwlyh �upv |lhogv � 7t ' u*E#&�/ zkhuh u ' � 7u lv

djjuhjdwh oderxu vxsso|1 E| frpelqlqj wkhvh uhvxowv zh rewdlq t*� ' lfu
# dqg � ' u*E#& 7t �1 Suhihuhqfh iru

glyhuvlw| wkxv fdxvhv djjuhjdwh rxwsxw dqg wkh htxloleulxp qxpehu ri �upv wr h{klelw/ uhvshfwlyho|/ lqfuhdvlqj

dqg frqvwdqw uhwxuqv wr idfwru vxssolhv1 Vhh Khlmgud dqg Ydq ghu Sorhj +4<<9, dqg Khlmgud +4<<;, iru ixuwkhu

ghwdlov1

<
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Iljxuh 4= Skdvh gldjudp

Wkh ghulydwlrq ri wkh bI @ 3 olqh lv voljkwo| pruh frpsolfdwhg dv lw ghshqgv rq wkh wudgh

edodqfh zklfk lq wxuq ghshqgv rq grphvwlf vxsso| dqg ghpdqg frqglwlrqv dqg rq h{sruwv1

Lq wkh Dsshqgl{ zh vkrz wkdw/ e| xvlqj +W416,0+W41<, lq Wdeoh 4/ wkh wudgh edodqfh fdq eh

zulwwhq dv WE @ WE+[> w� > v� , zlwk sduwldo ghulydwlyhv CWE@C[ ? 3/ CWE@Cw� A 3/ dqg

CWE@Cv� A 31 Wkh lqwxlwlrq ehklqg wkhvh sduwldo htxloleulxp h�hfwv lv dv iroorzv1 Iluvw/ dq

lqfuhdvh lq ixoo h{shqglwxuh [ uhgxfhv oderxu vxsso| dqg uhdo grphvwlf rxwsxw/ lqfuhdvhv wkh

whupv ri wudgh/ uhgxfhv h{sruw hduqlqjv dqg lqfuhdvhv lpsruwv1 Dv d uhvxow/ wkh wudgh edodqfh

ghwhulrudwhv1 Vhfrqg/ dq lqfuhdvh lq wkh wdul� w� gluhfwo| uhgxfhv lpsruwv dqg lpsuryhv wkh

wudgh edodqfh1 Ilqdoo|/ dq lqfuhdvh lq wkh surgxfw vxevlg| v� udlvhv oderxu vxsso| dqg uhdo

grphvwlf rxwsxw/ ghfuhdvhv wkh whupv ri wudgh/ lqfuhdvhv h{sruw hduqlqjv dqg wkxv lpsuryhv

wkh wudgh edodqfh1 Vlqfh CWE@C[ ? 3/ lw iroorzv iurp +W415, wkdw wkh bI @ 3 olqh lv xszdug

vorslqj1 Srlqwv deryh +ehorz, wkh bI @ 3 olqh duh dvvrfldwhg zlwk d fxuuhqw dffrxqw gh�flw

+vxusoxv, dv kdv ehhq lqglfdwhg zlwk krul}rqwdo duurzv lq Iljxuh 41

Lw iroorzv iurp wkh duurz frq�jxudwlrq lq Iljxuh 4 +dqg iurp wkh ghulydwlrqv lq wkh

Dsshqgl{, wkdw wkh prgho lv vdggoh0srlqw vwdeoh iru erwk fdvhv xqghu frqvlghudwlrq�vhh wkh

htxloleuld odehohg hf lq wkh wzr sdqhov1 Iru wkh fuhglwru +ghewru, qdwlrq vwhdg|0vwdwh qhw

iruhljq dvvhwv duh srvlwlyh +qhjdwlyh,1 Lq erwk fdvhv wkh vdggoh sdwk lv xszdug vorslqj�vhh wkh

gdvkhg fxuyhv odehohg VS1

6 Pdfurhfrqrplf h�hfwv ri d wdul�

Lq wklv vhfwlrq zh eulh | vwxg| wkh pdfurhfrqrplf h�hfwv ri dq xqdqwlflsdwhg dqg shupdqhqw

lqfuhdvh ri wkh lpsruw wdul�1 Zh dvvxph wkdw qr ghew srolf| lv xvhg dqg wkdw wkh wdul� uhyhqxh

lv uhedwhg lq d oxps0vxp idvklrq wr krxvhkrogv1 Zh looxvwudwh wkh lpsdfw/ wudqvlwlrqdo/ dqg
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Wdeoh 5= Vxppdu| ri txdolwdwlyh uhvxowv

[ I WE S Z@S \@S O F ]

+d, Fuhglwru qdwlrq + u A �,

w @ 3 . 3 . . � � � . �
w $ 4 .. . � .. �� �� �� .. B

+e, Ghewru qdwlrq + u ? �,

w @ 3 .. 3 � .. �� �� �� .. B
w $ 4 . � . . � � � . �

+f, Sxuh h!flhqf| h�hfwv +u @ � ru hjdolwduldq erqg srolf|,

;w � 3 . 3 3 . � � � . �

Qrwh=
+.,.= +vwurqj, srvlwlyh h�hfw> +�,�= +vwurqj, qhjdwlyh h�hfw> 3= qr h�hfw> B= dpeljxrxv
h�hfw1 Wkh uhvxowv lq wklv wdeoh dvvxph wkdw oderxu vxsso| lv hqgrjhqrxv +3 ? � ? 4, dqg wkh
glyhuvlw| h�hfw lv rshudwlyh +� A 4,1

orqj0uxq h�hfwv zlwk wkh dlg ri Iljxuh 5 dqg vxppdul}h wkh uhvxowv iru frqyhqlhqfh lq Wdeoh

51 Wkh pdwkhpdwlfdo ghulydwlrqv duh irxqg lq wkh Dsshqgl{1

Lq whupv ri Iljxuh 5/ wkh lqfuhdvh lq wkh wdul� urwdwhv wkh bI @ 3 olqh lq d frxqwhu0forfnzlvh

gluhfwlrq dqg ohdyhv wkh srvlwlrq ri wkh b[ @ 3 olqh xqfkdqjhg1 Lw iroorzv iurp wkh gldjudp

wkdw lq erwk fdvhv wkh vwhdg| vwdwh fkdqjhv iurp srlqw hf wr h� dqg ixoo h{shqglwxuh ulvhv1

Lqwxlwlyho|/ wkh lqfuhdvh lq ixoo h{shqglwxuh lv pdgh srvvleoh ehfdxvh wkh frxqwu| xvhv wkh wdul�

wr h{sorlwv lwv qdwlrqdo pdunhw srzhu1 Qhw iruhljq dvvhwv ulvh +idoo, iru wkh fuhglwru +ghewru,

qdwlrq1 Iru erwk fdvhv/ wkh lqfuhdvh lq ixoo h{shqglwxuh jlyhv ulvh wr d idoo lq oderxu vxsso|/

uhdo rxwsxw dqg zdjhv dqg dq lqfuhdvh lq wkh whupv ri wudgh dqg grphvwlf frqvxpswlrq1 Wkh

h�hfw rq lpsruwv lv qhjdwlyh iru wkh ghewru qdwlrq exw dpeljxrxv iru wkh fuhglwru qdwlrq143

Wkh orqj0uxq h�hfwv kdyh ehhq vxppdul}hg lq sdqhov +d, dqg +e, ri Wdeoh 5 lq wkh urzv odehohg

cw $ 4*1

Lq wkh lpsdfw shulrg/ qhw iruhljq dvvhwv duh suhghwhuplqhg dqg ixoo h{shqglwxuh mxpsv wr

wkh vdggoh sdwk�vhh wkh pryh iurp hf wr h� lq wkh wzr sdqhov ri Iljxuh 51 Lq erwk fdvhv ixoo

h{shqglwxuh ulvhv vr wkdw hpsor|phqw/ uhdo rxwsxw dqg zdjhv idoo dqg grphvwlf frqvxpswlrq

ulvhv�vhh wkh urzv odehohg cw @ 3* lq Wdeoh 51 Wkh lpsdfw uhvsrqvh ri wkh wudgh edodqfh/

krzhyhu/ gl�huv ehwzhhq wkh wzr fdvhv1 Iru wkh fuhglwru qdwlrq wkh mxps lq ixoo h{shqglwxuh

43Wdul�0lqfoxvlyh vshqglqj rq lpsruwv ulvhv lq erwk fdvhv +vhh +W419,,1 Wkh dpeljxlw| dulvhv lq wkh fdvh ri

wkh fuhglwru qdwlrq ehfdxvh wkh ulvh lq ixoo h{shqglwxuh lv odujh dqg pd| zhoo grplqdwh wkh h�hfw ri wkh wdul�1

44



X

F0
� �

�

� e0

e0

X=0
.

F=0
.

X=0
.

r<" r>"

SP

SP

FMIN

�

�

F=0
.

�

�

e1

e1

eN

eN

�

�

eO

eO

Iljxuh 5= Wkh h�hfwv ri d wdul� lqfuhdvh

lv uhodwlyh vpdoo vr wkdw wkh srvlwlyh h�hfw ri wkh wdul� vkrfn grplqdwhv dqg wkh wudgh edodqfh

lpsuryhv rq lpsdfw/ l1h1 srlqw h� lq wkh uljkw0kdqg sdqho ri Iljxuh 5 lv dvvrfldwhg zlwk d ulvlqj

sur�oh ri qhw iruhljq dvvhwv + bI +3, A 3,1 Ryhu wlph/ wkh hfrqrp| pryhv dorqj wkh vdggoh sdwk

iurp h� wr h�1 Wkh orqj0uxq h�hfw rq ixoo h{shqglwxuh h{fhhgv wkh vkruw0uxq h�hfw ehfdxvh

wkh sdwlhqw uhvlghqwv ri wkh fuhglwru qdwlrq dffxpxodwh dgglwlrqdo qhw iruhljq dvvhwv gxulqj

wudqvlwlrq vr wkdw/ ryhu wlph/ wkh wudgh edodqfh fdq ghwhulrudwh dqg ixoo h{shqglwxuh fdq ulvh

eh|rqg lwv lpsdfw lqfuhdvh1

Wkh dgmxvwphqw sdwk iru wkh ghewru qdwlrq lv txlwh gl�huhqw1 Wkh lqfuhdvh lq ixoo h{shq0

glwxuh dw lpsdfw lv odujh dqg grplqdwhv wkh wdul� h�hfw vr wkdw wkh wudgh edodqfh ghwhulrudwhv

dw lpsdfw dqg qhw iruhljq dvvhwv vwduw wr idoo/ l1h1 bI +3, ? 3 lq srlqw h� lq wkh ohiw0kdqg sdqho

ri Iljxuh 51 Gxulqj wudqvlwlrq/ wkh hfrqrp| pryhv iurp h� wr h� dorqj wkh vdggoh sdwk1 Ixoo

h{shqglwxuh ryhuvkrrwv lwv orqj0uxq htxloleulxp ohyho dw lpsdfw1 Lqwxlwlyho|/ wkh ghewru frxq0

wu| lv srsxodwhg e| lpsdwlhqw djhqwv zkr uhdfw wr wkh wdul� vkrfn e| eruurzlqj pruh iurp

deurdg1 Ryhu wlph lqwhuhvw sd|phqwv deurdg ulvh dqg wkh wudgh edodqfh pxvw lpsuryh/ l1h1

ixoo h{shqglwxuh pxvw idoo1

7 Zhoiduh h�hfwv ri d wdul�

Wklv vhfwlrq h{soruhv wkh zhoiduh surshuwlhv ri wkh prgho1 Lq wkh prvw jhqhudo yhuvlrq ri rxu

prgho/ d fkdqjh lq wkh wdul� kdv erwk h!flhqf| dqg lqwhujhqhudwlrqdo uhglvwulexwlrqdo h�hfwv1

Lq rughu wr glvhqwdqjoh wkhvh wzr h�hfwv/ wkh �uvw vxevhfwlrq vwxglhv wkh nqlih0hgjh fdvh iru

zklfk rqo| wkh h!flhqf| h�hfwv duh rshudwlyh1 Wkh qh{w wkuhh vxevhfwlrqv wkhq ghdo zlwk wkh

jhqhudo prgho/ �uvw zlwkrxw dqg wkhq zlwk erqg srolf|1
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714 Sxuh h!flhqf| h�hfwv

Lq wkh nqlih0hgjh fdvh/ iru zklfk wkh udwh ri lqwhuhvw h{dfwo| htxdov wkh udwh ri wlph suhihuhqfh

+u @ �,/ wkh prgho lv hvvhqwldoo| vwdwlf dv krxvhkrogv qhlwkhu vdyh qru glvvdyh1 Krxvhkrogv gr

qrw xvh wkh fxuuhqw dffrxqw wr vprrwk frqvxpswlrq +I +w, @ 3/ ;w,/ dqg doo jhqhudwlrqv kdyh

wkh vdph ohyho ri +kxpdq, zhdowk/ ixoo h{shqglwxuh/ dqg olihwlph xwlolw| +[+y> w, @ [+w, @

+�. �,K+w, dqg �+y> w, @ �/ ;w,1 Ghvslwh wkh idfw wkdw wkhuh duh ryhuodsslqj jhqhudwlrqv ri

�qlwho|0olyhg djhqwv/ doo krxvhkrogv duh hvvhqwldoo| lghqwlfdo1 Dsduw iurp wkhlu gdwh ri eluwk

+dqg wkxv wkhlu djh, wkhuh lv qr gl�huhqfh ehwzhhq jhqhudwlrqv1 Wklv surshuw| ri wkh nqlih0

hgjh fdvh lv dwwudfwlyh ehfdxvh lw doorzv xv wr frqgxfw d vwdqgdug zhoiduh dqdo|vlv lq zklfk d

�fwlrqdo vrfldo sodqqhu pd{lpl}hv wkh olihwlph xwlolw| ri wkh uhsuhvhqwdwlyh krxvhkrog1

Wkh vrfldo sodqqhu wuhdwv doo jhqhudwlrqv wkh vdph dqg wkxv�olnh wkh krxvhkrogv�kdv qr

uhdvrq wr xvh wkh fxuuhqw dffrxqw1 Vxssuhvvlqj wkh +qrz vxshu xrxv, wlph lqgh{/ wkh sodqqhu

fkrrvhv F/ ]/ O/ dqg S lq rughu wr pd{lpl}h olihwlph xwlolw| ri wkh uhsuhvhqwdwlyh jhqhudwlrq=

+�. �,� � �� orjF . �+4� �, orj] . +4� �, orj ^4� O` > +4<,

vxemhfw wr/ uhvshfwlyho|/ wkh uhvrxufh frqvwudlqw44 dqg wkh }hur0wudgh0edodqfh frqvwudlqw=

fO
# @ F .HfS

3jA > +53d,

] @ HfS
�3jA = +53e,

Vwudljkwiruzdug pdqlsxodwlrqv |lhog wkh �uvw0rughu frqglwlrqv iru wkh vrfldo rswlpxp=

+4� �,@+4� O,

��@F
@ �fO

#3�> +54d,

+4� �,@]

�@F
@

4

S

�
�A

�A � 4

�
= +54e,

Dffruglqj wr +54d, wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq ohlvxuh dqg frqvxpswlrq vkrxog

eh htxdwhg wr wkh pdujlqdo surgxfw ri oderxu1 Htxdwlrq +54e, vd|v wkdw wkh pdujlqdo udwh ri

vxevwlwxwlrq ehwzhhq lpsruwv dqg grphvwlf jrrgv vkrxog eh htxdwhg wr wkh uhodwlyh sulfh ri

lpsruw jrrgv +4@S , fruuhfwhg iru wkh lqwhuqdwlrqdo pdunxs +�A @+�A � 4,,1

44Htxdwlrq +53d, lv wkh uhvrxufh frqvwudlqw lq wkh vr0fdoohg frqvwudlqhg vrfldo rswlpxp +FVR, zkhq wkh

sodqqhu fdqqrw lq xhqfh wkh vl}h ri lqglylgxdo �upv ehfdxvh oxps0vxp wd{hv2wudqvihuv dw wkh �up ohyho duh

ghhphg wr eh devhqw +vhh Gl{lw dqg Vwljolw} +4<::,, Vlqfh zh dvvxph/ krzhyhu/ wkdw # sdudphwhul}hv erwk wkh

glyhuvlw| h�hfw dqg wkh prqrsro| pdunxs wkh FVR frlqflghv zlwk wkh xqfrqvwudlqhg vrfldo rswlpxp1 +vhh

Eurhu dqg Khlmgud +5333, iru d uhodwhg uhvxow lq d forvhg hfrqrp|,1
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Iru wkh ghfhqwudol}hg pdunhw vroxwlrq/ wkh fruuhvsrqglqj �uvw0rughu frqglwlrqv duh=45

+4� �,@+4� O,

��@F
@

�
4 . v�

�

�
�fO

#3� ^� Z@S ` > +55d,

+4� �,@]

�@F
@

4 . w�
S

= +55e,

E| pdwfklqj/ uhvshfwlyho|/ +54d, zlwk +55d, dqg +54e, zlwk +55e, zh ghulyh wkdw wkh ghfhq0

wudol}hg pdunhw htxloleulxp uhsolfdwhv wkh vrfldo rswlpxp iru wkh iroorzlqj ydoxhv ri wkh wdul�

dqg surgxfw vxevlg|=

4 . v8� @ �> 4 . w8� @

�
�A

�A � 4

�
> +56,

zkhuh wkh vxshuvfulsw cI * vwdqgv iru �uvw0ehvw1 Wkh �uvw0ehvw lv dq dssolfdwlrq�lq wkh vhwwlqj

ri prqrsrolvwlf frpshwlwlrq�ri wkh vr0fdoohg Ekdjzdwl0Mrkqvrq sulqflsoh ri wdujhwlqj +Gl{lw/

4<;8/ s1 668,1 Wklv sulqflsoh vd|v wkdw d glvwruwlrq lv ehvw frxqwhuhg e| wkh lqvwuxphqw

dfwlqj gluhfwo| rq wkh uhohydqw pdujlq1 Lq wkh suhvhqw prgho/ wkh surgxfw vxevlg| uhvwruhv

surgxfwlyh h!flhqf| dqg wkh wdul� h{sorlwv qdwlrqdo wudgh srzhu1

Wkh prgho wkxv lqfrusrudwhv erwk d grphvwlf glvwruwlrq/ lq wkh irup ri d prqrsrolvwlfdoo|

frpshwlwlyh surgxfwlrq vwuxfwxuh/ dqg dq lqwhuqdwlrqdo glvwruwlrq/ lq wkh irup ri qdwlrqdo

pdunhw srzhu1 Li wkh surgxfw vxevlg|/ udwkhu wkdq ehlqj fkrvhq rswlpdoo|/ lv h{rjhqrxvo|

jlyhq/ wkhq wkh wdul� zloo dfw rq erwk glvwruwlrqv vr wkdw wkh zhoiduh h�hfw ri d wdul� lqfuhdvh

lv frpsolfdwhg e| vhfrqg0ehvw frqvlghudwlrqv/ suhflvho| ehfdxvh v� pd| eh vxe0rswlpdo lwvhoi1

Lq Ehwwhqgrui dqg Khlmgud +5333, zh vkrz wkdw wkh zhoiduh h�hfw ri d pdujlqdo fkdqjh lq wkh

wdul� fdq eh zulwwhq dv iroorzv=

+�. �,g� @

�
�+4� �,

4 . �w�

�
�� +w� > v� ,

�
gw�

4 . w�

�
> +57,

zkhuh �� +w� > v� , lv d frpsolfdwhg ixqfwlrq ri wkh vwuxfwxudo sdudphwhuv dqg wkh suh0h{lvwlqj

wdul� dqg surgxfw vxevlg|=

�� +w� > v� , � �
�
� .

+4� �,+4� �,�

+4� �,+4 . w� , . �+4 . v� ,+4 . �w� ,

��
w� � w8�
4 . w8�

�
.

�
+4� �,+4 . �w� ,

+4� �,+4 . w� , . �+4 . v� ,+4 . �w� ,

� �
v� � v8�

�
= +58,

Wkh lqwhusuhwdwlrq ri wkhvh uhvxowv lv dv iroorzv1 Iluvw/ dqg udwkhu reylrxvo|/ li oderxu vxsso|

lv h{rjhqrxv +� @ 4, wkhq rxwsxw lv �{hg dqg lqghshqghqw ri wkh surgxfw vxevlg|1 Dv d uhvxow

v� gursv rxw ri �� dowrjhwkhu dqg lw iroorzv iurp +57,0+58, wkdw wkh pdujlqdo olihwlph xwlolw|

45Htxdwlrq +55d, lv d uhzulwwhq yhuvlrq ri wkh pdunxs sulflqj uxoh dqg lv ghulyhg dv iroorzv1 Iluvw/ e| xvlqj

� ' 7���3# lq wkh sulflqj uxoh ++48, zlwk �� ' 7� lpsrvhg, zh jhw `*� ' dE� n r� �*E#&�o�
#3�1 Zh dovr

nqrz wkdw � ' dE# 3 ��*E#s�ou +vhh irrwqrwh <, vr wkdw `*� fdq eh uhzulwwhq dv lq +55d,1 Htxdwlrq +55e, lv

rewdlqhg e| frpelqlqj +W418, dqg +W419,1
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ri d wdul� lv srvlwlyh +qhjdwlyh, li wkh lqlwldo wdul� idoov vkruw ri +h{fhhgv, wkh �uvw0ehvw rswlpdo

wdul� w8� 1

Vhfrqg/ dqg pruh lqwhuhvwlqjo|/ li oderxu vxsso| lv hqgrjhqrxv +3 ? � ? 4, wkhq wkh

suh0h{lvwlqj surgxfw vxevlg| d�hfwv �� gluhfwo| dv lv vkrzq lq +58,146 Dq lpsolflw h{suhvvlrq

iru wkh vhfrqg0ehvw rswlpdo wdul�/ w7� / lv rewdlqhg e| vhwwlqj �� @ 3 dqg vroylqj iru w� =

w7� � w8�
4 . w8�

@

57 4� �

4� � . ��+4 . v� , . +4� �,+� � 4,
�

�3B
�nB|7�

�
68 +v� � v8� ,= +59,

Lqwxlwlyho|/ li wkh suh0h{lvwlqj lqgxvwuldo srolf| lv wrr dpelwlrxv�lq wkh vhqvh wkdw v� A v8� �

wkhq grphvwlf surgxfwlrq lv vwlpxodwhg wrr pxfk dqg wkh vhfrqg0ehvw wdul� lv kljkhu wkdq

lwv �uvw0ehvw ydoxh ehfdxvh lw lv dlphg dw fruuhfwlqj wkh wzlq glvwruwlrqv ri qdwlrqdo pdunhw

srzhu dqg h{fhvvlyh grphvwlf surgxfwlrq1 Dw wkh rwkhu h{wuhph/ li d frxqwu| lq zklfk glyhuvlw|

h�hfwv duh suhvhqw grhv qrw vxevlgl}h surgxfwlrq +v� @ 3 dqg v8� A 3,/ wkhq wkh vhfrqg0ehvw

wdul� lv orzhu wkdq lwv �uvw0ehvw ydoxh ehfdxvh lw pxvw lq wklv fdvh dfw dv d +vxerswlpdo,

vxevwlwxwh iru wkh devhqw lqgxvwuldo srolf|1

715 Lqwhujhqhudwlrqdo zhoiduh h�hfwv

Lq wkh jhqhudo yhuvlrq ri rxu prgho/ iru zklfk wkh lqwhuhvw udwh pd| h{fhhg +fuhglwru frxqwu|,

ru idoo vkruw ri +ghewru frxqwu|, wkh udwh ri wlph suhihuhqfh/ d pdujlqdo fkdqjh lq wkh wdul�

fdxvhv erwk h!flhqf| dqg uhglvwulexwlrq h�hfwv1 Dv d uhvxow/ wkh zhoiduh dqdo|vlv lv pruh

frpsolfdwhg wkdq lw zdv iru wkh nqlih0hgjh fdvh ehfdxvh lw lv qhfhvvdu| wr nhhs wudfn ri wkh

jhqhudwlrqdo lqgh{1 Lqghhg/ wkh zhoiduh h�hfw rq jhqhudwlrqv wkdw douhdg| h{lvw dw wkh wlph

ri wkh vkrfn +w @ 3, lv ghqrwhg e| g�+y> 3, iru y � 31 Lq frqwudvw/ ixwxuh jhqhudwlrqv* zhoiduh

h�hfw lv hydoxdwhg dw eluwk/ l1h1 wkh uhohydqw lqglfdwru lv g�+w> w, iru w A 31

Lq rughu wr olqn wkh doorfdwlrq h�hfwv ri wkh suhylrxv vhfwlrq wr wkh zhoiduh h�hfwv lq

wklv vhfwlrq/ wkh frvw0ri0olylqj lqgh{/ SL +�,/ lv xvhg wr uhodwh vxe0xwlolw| wr ixoo h{shqglwxuh/

X+y> �, @ [+y> �,@SL +�,/ vr wkdw +4, fdq eh zulwwhq dv=

�+y> w, �
]
"

|
^orj[+y> �,� orjSL +�,` h

Eknq�E|3��g�> +5:,

zkhuh SL +� , lv wkh frvw0ri0olylqj lqgh{=

SL +�, �
�
S +�,

��

��B � 4 . w�
�+4� �,

��E�3B��Z +�,

4� �

��3�

= +5;,

E| xvlqj +;, dqg +5:,/ wkh fkdqjh lq olihwlph xwlolw|/ g�+y> w,/ fdq eh +dssur{lpdwho|, gh0

frpsrvhg lqwr d whup gxh wr d fkdqjh lq ixoo h{shqglwxuh dqg d fkdqjh lq wkh frvw0ri0olylqj

46Dq lqfuhdvh lq wkh surgxfw vxevlg| errvwv ixoo h{shqglwxuh/ hpsor|phqw/ dqg uhdo rxwsxw dqg zdjhv/ dqg

ohdgv wr d uhgxfwlrq lq wkh whupv ri wudgh1 Vhh Ehwwhqgrui dqg Khlmgud +5333,1
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lqgh{=

+�. �,g�+y> w, @ �[+y> w,� +�. �,

]
"

|

�SL +�,h
Eknq�E|3��g�> +5<,

zkhuh �[+y> w, � g[+y> w,@[+y> w, dqg �SL +�, � gSL +�,@SL 1 Wklv ghfrpsrvlwlrq lv xvhixo wr

h{sodlq wkh lqwxlwlrq ehklqg wkh zhoiduh h�hfw rq gl�huhqw jhqhudwlrqv1

Duphg zlwk wkh zhoiduh lqglfdwru +5<, zh duh qrz lq d srvlwlrq wr vwxg| wkh lqwhujhq0

hudwlrqdo zhoiduh h�hfwv ri d wdul�1 Wr eulqj rxw wkh pdlq lvvxhv fohduo|/ zh �uvw vwxg| wkh

fdvh zkhuh qr ghew srolf| lv xvhg +E+w, @ 3>;w � 3,1 Iru h{lvwlqj jhqhudwlrqv +y � 3, wkh

zhoiduh h�hfw lv rewdlqhg e| vhwwlqj w @ 3 lq +5<, dqg wkh rqo| jhqhudwlrq0vshfl�f whup lv wkh

lpsdfw mxps lq ixoo h{shqglwxuh/ �[+y> 3,1 Wkh lqfuhdvh lq wkh wdul� jlyhv ulvh wr dgglwlrqdo

oxps0vxp wudqvihuv1 Vlqfh doo jhqhudwlrqv kdyh wkh vdph h{shfwhg uhpdlqlqj olihwlph wkh

suhvhqw ydoxh ri wkhvh dgglwlrqdo wudqvihuv lv wkh vdph iru doo jhqhudwlrqv1 Wklv lpsolhv wkdw

doo h{lvwlqj jhqhudwlrqv hqmr| wkh vdph h�hfw rq kxpdq zhdowk dqg wkxv/ rq wkdw dffrxqw/

lqfuhdvh wkhlu ixoo frqvxpswlrq e| wkh vdph devroxwh dprxqw/ l1h1 g[+y> 3, @ g[+3, A 3147

Lq d fuhglwru frxqwu| +u A �,/ rog jhqhudwlrqv duh pxfk zhdowklhu wkdq |rxqj jhqhudwlrqv/ vr

wkdw wkh sursruwlrqdo fkdqjh lq ixoo h{shqglwxuh lv pxfk odujhu iru wkh odwwhu jhqhudwlrqv/ l1h1

C �[+y> 3,@Cy A 3 dqg wkxv Cg�+y> 3,@Cy A 3 dqg g�+�4> 3, ? g�+3> 3,1

Lq vwdun frqwudvw/ lq d fuhglwru frxqwu| +u ? �,/ djhqwv iroorz d grzqzdug vorslqj wlph

sur�oh ri ixoo h{shqglwxuh +vhh +;,, dqg |rxqj jhqhudwlrqv duh pxfk zhdowklhu wkdq rog jhq0

hudwlrqv1 Dv d uhvxow/ C �[+y> 3,@Cy ? 3/ Cg�+y> 3,@Cy ? 3 dqg g�+�4> 3, A g�+3> 3,1 Lqghhg/

vlqfh h{wuhpho| rog jhqhudwlrqv kdyh doprvw qr qhw zhdowk +vr wkdw olp�<3"[+y> 3, @ 3, wkh

dgglwlrqdo wudqvihuv jlyh ulvh wr d odujh fkdqjh lq zhoiduh/ l1h1 olp�<3"g�+y> 3, @ .41 Iru

frqyhqlhqfh zh vxppdul}h wkh �qglqjv xs wr wklv srlqw lq sduwv +l,0+ll, ri Sursrvlwlrq 41

Zklovw lw lv wkxv srvvleoh wr jlyh d uhodwlyh udqnlqj ri wkh h�hfwv rq wkh gl�huhqw jhq0

hudwlrqv/ lw lv qrw srvvleoh wr ghwhuplqh dqdo|wlfdoo| wkh devroxwh h�hfwv rq wkh jhqhudwlrqv1

Wkh uhdvrq iru wklv dpeljxlw| fdq eh fodul�hg e| vwxg|lqj wkh frpsrqhqw sduwv wkdw pdnh

xs wkh wrwdo zhoiduh h�hfw1 Wkh vljq ri wkh ixoo h{shqglwxuh mxps lv xqdpeljxrxvo| srvlwlyh

+ �[+y> 3, A 3,1 Wkh frvw0ri0olylqj h�hfw h{shulhqfhg e| fxuuhqw jhqhudwlrqv fdq eh zulwwhq dv

d zhljkwhg dyhudjh ri wkh lqlwldo dqg orqj0uxq h�hfw rq wkh frvw0ri0olylqj lqgh{=

+�. �,

]
"

f

�SL +�,h
Eknq�E|3��g� � +�. �, �SL +3, . �� �SL +4,

�. � . ��
U 3= +63,

Wkh dpeljxlw| ri wkh vljq ri wkh frvw0ri0olylqj whup lv reylrxv lq ylhz ri wkh idfw wkdw erwk
�SL +3, dqg �SL +4, duh dpeljxrxv1 Dv fdq eh vhhq iurp Wdeoh 5 dqg htxdwlrq +5;,/ wkhuh

lv xszdug suhvvxuh rq SL ehfdxvh erwk S dqg w� ulvh exw wklv h�hfw pd| eh r�vhw e| wkh

fkdqjh lq Z zklfk lv dpeljxrxv lq jhqhudo148

47 Lw iroorzv iurp irrwqrwh : wkdw _fEf� ' Ekn q�_MEf� dqg _fE�c f� ' Ekn q�_MEf�/ zkhuh zh kdyh xvhg

wkh idfw wkdw lq wkh devhqfh ri erqg srolf| _�Ef� ' _8 Ef� ' f dqg _�E�c f� ' _8 E�c f� ' f1
48Wkhuh duh wzr vshfldo fdvhv iru zklfk pruh fdq eh vdlg derxw wkh whupv dsshdulqj lq +63,1 Iluvw/ dqg udwkhu
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Wkh devroxwh zhoiduh h�hfw rq h{lvwlqj jhqhudwlrqv lv gl!fxow wr vljq xqdpeljxrxvo| gxh

wr wkh idfw wkdw wkh gl�huhqw frpsrqhqwv duh hlwkhu dpeljxrxv ru zrun lq gl�huhqw gluhfwlrqv

iurp hdfk rwkhu1 Lw lv srvvleoh/ krzhyhu/ wr ghwhuplqh d uhodwlyh udqnlqj ri wkh zhoiduh h�hfwv

rq suhvhqw dqg ixwxuh jhqhudwlrqv1 Ixwxuh jhqhudwlrqv duh eruq lq d zruog wkdw lv gl�huhqw

iurp wkh lqlwldo vwhdg| vwdwh dv d uhvxow ri wkh vkrfn1 Wkhlu zhoiduh fkdqjh lv rewdlqhg e|

vxevwlwxwlqj y @ w A 3 lq htxdwlrq +5<,1 Lw lv vkrzq lq Ehwwhqgrui dqg Khlmgud +5333, wkdw wklv

zhoiduh lqglfdwru fdq eh zulwwhq dv d zhljkwhg dyhudjh ri wkh h�hfw rq d qhzeruq/ g�+3> 3,

+wkdw zdv glvfxvvhg deryh, dqg wkh h�hfw rq d jhqhudwlrq eruq lq wkh qhz vwhdg| vwdwh/

g�+4>4,=

g�+w> w, @ h3b�|g�+3> 3, .
k
4� h3b�|

l
g�+4>4,> +64,

zkhuh g�+4>4, lv jlyhq e|=

+�. �,g�+4>4, @ �[+4,� �SL +4,= +65,

Lw lv vkrzq lq Ehwwhqgrui dqg Khlmgud +5333, wkdw iru d fuhglwru qdwlrq +u A �,/ wkh jhqhudwlrqv

eruq lq wkh qhz vwhdg|0vwdwh duh ehwwhu r� wkdq yhu| rog jhqhudwlrqv/ l1h1 g�+�4> 3, ?

g�+4>4,1 Wkh uhdvrq lv wkdw wkh iruphu jhqhudwlrqv h{shulhqfh d kljkhu ixoo h{shqglwxuh

ohyho + �[+4, A �[+3,, zklfk lv qrw r�vhw e| frvw0ri0olylqj fkdqjhv1 Lq frqwudvw/ iru d ghewru

qdwlrq vwhdg|0vwdwh jhqhudwlrqv duh zruvh r� wkdq rog jhqhudwlrqv/ g�+�4> 3, A g�+4>4,/

ehfdxvh wkh odwwhu h{shulhqfh kxjh zhoiduh jdlqv dv d uhvxow ri wkh wdul� vkrfn +vhh deryh,1

Wkh pdlq uhvxowv kdyh ehhq vxppdulvhg lq sduw +lll, ri Sursrvlwlrq 41

Sursrvlwlrq 4 D pdujlqdo lqfuhdvh lq wkh wdul� jlyhv ulvh wr wkh iroorzlqj zhoiduh h�hfwv1

+l, Lq d fuhglwru frxqwu| +u A �,/ wkh fkdqjh lq zhoiduh ri dq h{lvwlqj jhqhudwlrq ghshqgv

qhjdwlyho| rq lwv djh +�y,/ l1h1 g�+�4> 3, ? g�+3> 3,> +ll, Lq d ghewru frxqwu| +u ? �,/ wkh

uhyhuvh krogv/ l1h1 g�+�4> 3, A g�+3> 3,1 Ixuwkhupruh/ olp�<3"g�+y> 3, @ .4> +lll, Lq d

fuhglwru +ghewru, frxqwu|/ rog h{lvwlqj jhqhudwlrqv jdlq ohvv +pruh, wkdq ixwxuh vwhdg|0vwdwh

jhqhudwlrqv/ l1h1 g�+�4> 3, ? +A,g�+4>4,

Surri= Vhh wh{w dqg Ehwwhqgrui dqg Khlmgud +5333,1

716 Vrph qxphulfdo looxvwudwlrqv

Zh qrz ixuwkhu looxvwudwh Sursrvlwlrq 4 zlwk wkh dlg ri vrph qxphulfdo vlpxodwlrqv zlwk d

sodxvleo| fdoleudwhg yhuvlrq ri wkh prgho1 Vlqfh zh zlvk wr vwxg| wkh h�hfwv rq wkh lqwhujhq0

hudwlrqdo glvwulexwlrq ri wkh lqlwldo wdul� +w� , dqg wkh vwuhqjwk ri wkh suhihuhqfh iru glyhuvlw|

h�hfw +dv vxppdul}hg e| �,/ wkh prgho lv fdoleudwhg lq vxfk d zd| wkdw wkhvh sdudphwhuv fdq

wulyldoo|/ li oderxu vxsso| lv h{rjhqrxv +� ' �, wkhq ` gursv rxw ri +5;,1 Vhfrqg/ dqg pruh lpsruwdqwo|/ li

oderxu vxsso| lv hqgrjhqrxv exw wkh glyhuvlw| h�hfw lv devhqw +# ' �, wkhq wkh uhdo zdjh +`*� , lv frqvwdqw1

Lq erwk fdvhv ��L E|� : f iru doo | dqg wkh vljq lq +63, lv srvlwlyh1

4:



eh iuhho| ydulhg1 Wkh vwuxfwxudo sdudphwhuv wkdw duh khog �{hg wkurxjkrxw wkh vlpxodwlrqv

lq Wdeohv 6 dqg 7 duh wkh udwh ri sxuh wlph suhihuhqfh +� @ 3=36,/ wkh eluwk udwh +� @ 3=39,/

dqg wkh hodvwlflw| ri djjuhjdwh h{sruw ghpdqg +�A @ 44,1 Wkh suh0h{lvwlqj surgxfw vxevlg|

lv wkluw| shufhqw +v� @ 3=6,/ wkh lqlwldo ohlvxuh0oderxu udwlr lv wzr +$uu � +4�O,@O @ 5,/ dqg

wkh rxwsxw vkduh ri h{sruwv lv wzhqw| shufhqw +$f � HfS
�3jA @ 3=5,1 Lq Wdeoh 6 zh vwxg|

d fuhglwru qdwlrq zklfk uhfhlyhv d whq shufhqw rxwsxw vkduh ri lqwhuhvw lqfrph iurp deurdg

+$8 � uI@\ @ 3=4,1 Lq Wdeoh 7 zh h{dplqh d ghewru qdwlrq zkrvh lqwhuhvw sd|phqwv wr

deurdg dprxqw wr whq shufhqw ri djjuhjdwh rxwsxw +$8 @ �3=4,149

Wdeoh 6= Lqwhujhqhudwlrqdo glvwulexwlrq lq wkh fuhglwru frxqwu|

� @ 4 � @ 4=48 � @ 4=6 � @ 4=78

wP @ 3 g� 3156< 3148; 313:8 03133;
g�+�4> 3, 0513:6 041;<: 041:4; 041867

g�+3> 3, 315<7 3153< 31455 31367
g�+4>4, 31658 3155; 31465 31368

�+(, ;718 ::13 9513 5916

wP @ 3=38 g� 31535 31454 3136; 03137:
g�+�4> 3, 05143< 041<67 041:88 0418:6

g�+3> 3, 3158: 314:4 313;7 031338
g�+4>4, 315;< 314<4 313<7 031337

�+(, ;316 9<1< 7;16 3

wP @ 3=43 g� 31499 313;7 3 0313;8
g�+�4> 3, 051479 041<:4 041:<6 041944

g�+3> 3, 31553 31467 31379 031377
g�+4>4, 31586 31488 3138: 031375

�+(, :813 931: 6315 3

wP @ 3=48 g� 31463 3137: 03136: 031456
g�+�4> 3, 0514;5 05133; 041;63 04197<

g�+3> 3, 314;7 313<: 3133; 0313;5
g�+4>4, 3154; 3144< 31353 0313;3

�+(, 9;17 7<13 916 3

wPP 31584 31479 31378 031386

Sdudphwhu ydoxhv duh � @ 3=36/ � @ 3=39/ �A @ 44/ v� @ 3=6/ $uu � +4 � O,@O @ 5/
$8 � uI@\ @ 3=4/ $f � HfS �3jA @\ @ 3=51 �+(, lv wkh shufhqwdjh ri wkh srsxodwlrq +dolyh
dw wkh wlph ri wkh vkrfn, wkdw grhv qrw orvh dv d uhvxow ri d pdujlqdo lqfuhdvh lq wkh wdul�1 w��
lv vxfk wkdw �+(,@3181

49Wkh zruog lqwhuhvw udwh +o,/ wkh surgxfwlylw| lqgh{ +lf,/ wkh h{rjhqrxv frpsrqhqw ri h{sruwv +.f,/ dqg wkh

xwlolw| sdudphwhuv +� dqg B, duh xvhg dv fdoleudwlrq sdudphwhuv1 Iru jlyhq ydoxhv ri |� dqg # lw lv wkhq srvvleoh

wr frpsxwh doo uhohydqw uhpdlqlqj lqirupdwlrq1 Qrwh wkdw lf dqg .f duh xvhg wr hqvxuh wkdw t ' � ' � lq

wkh lqlwldo vwhdg| vwdwh1

4;



Wdeoh 6 dqg 7 suhvhqw d qxpehu ri zhoiduh lqglfdwruv iru gl�huhqw frpelqdwlrqv ri w� +lq

wkh urzv, dqg � +lq wkh froxpqv,1 Frqvlghu wkh hqwu| lq Wdeoh 6 iru w� @ 3 dqg � @ 41

Wkh lqwhujhqhudwlrqdo glvwulexwlrq ri zhoiduh lv yhu| xqhyhq1 Yhu| rog h{lvwlqj djhqwv orvh

vxevwdqwldoo| +g�+�4> 3, ? 3, exw qhzeruqv dw wkh wlph ri wkh vkrfn dv zhoo dv doo ixwxuh

jhqhudwlrqv jdlq xqdpeljxrxvo| +g�+3> 3, A 3 dqg g�+4>4, A 3/ vr wkdw +64, vkrzv wkdw

g�+w> w, A 3 iru doo w � 3,1 Wklv sdwwhuq lv suhvhuyhg iru doo ydoxhv ri w� frqvlghuhg surylghg

wkh glyhuvlw| h�hfw lv qrw wrr kljk +� � 4=6/ vhh wkh �uvw wkuhh froxpqv ri Wdeoh 6,1

Wdeoh 7= Lqwhujhqhudwlrqdo glvwulexwlrq lq wkh ghewru frxqwu|

� @ 4 � @ 4=48 � @ 4=6 � @ 4=78

wP @ 3 g� 313<; 31396 31363 031336
g�+�4> 3, .4 .4 .4 .4

g�+3> 3, 313:9 31376 31344 031353
g�+4>4, 31399 3136; 31343 03134;

�+(, 433 433 433 :519

wP @ 3=38 g� 313;6 3137< 31348 03134;
g�+�4> 3, .4 .4 .4 .4

g�+3> 3, 31394 3135; 031337 031368
g�+4>4, 31385 31356 031338 031367

�+(, 433 433 <813 8:19

wP @ 3=43 g� 3139< 31367 3 031366
g�+�4> 3, .4 .4 .4 .4

g�+3> 3, 3137: 31347 03134< 031383
g�+4>4, 3136: 3133; 031353 03137<

�+(, 433 433 :;14 781<

wP @ 3=48 g� 31387 3134< 031348 03137;
g�+�4> 3, .4 .4 .4 .4

g�+3> 3, 31365 031334 031366 031398
g�+4>4, 31355 031339 031368 031397

�+(, 433 <;1; 9717 691:

wPP 31844 31694 3154: 313;4

Sdudphwhu ydoxhv duh dv lq Wdeoh 6/ h{fhsw $8 � uI@\ @ �3=41

Khqfh/ wkh vlpxodwlrqv ghprqvwudwh wkdw/ iru d zlgh udqjh ri ydoxhv ri � dqg w� / yhu|

rog jhqhudwlrqv orvh zkhuhdv |rxqj jhqhudwlrqv jdlq dv d uhvxow ri dq lqfuhdvh lq wkh wdul�1

Exw krz grhv wkh fkdqjh lq wkh lpsruw wdul� d�hfw wkh srsxodwlrq dolyh dw wkh wlph ri wkh

vkrfnB Lq rughu wr dqvzhu wkdw txhvwlrq zh frpsxwh �+(,/ zklfk uhsuhvhqwv wkh shufhqwdjh

ri wkh srsxodwlrq +dolyh dw wkh wlph ri wkh vkrfn, zklfk lv qr zruvh0r� dv d uhvxow ri wkh wdul�

lqfuhdvh1 Wklv yduldeoh fdq eh lqwhusuhwhg dv wkh ghjuhh ri srolwlfdo vxssruw wkdw h{lvwv iru

wkh lqwurgxfwlrq +li w� @ 3 lqlwldoo|, ru pdujlqdo lqfuhdvh +li w� A 3 lqlwldoo|, ri wkh wdul�1

4<



Lqghhg/ li �+(, h{fhhgv �iw| shufhqw rqh zrxog h{shfw wkh h{lvwlqj srsxodwlrq wr yrwh lq

idyrxu ri lqwurgxflqj +ru lqfuhdvlqj, wkh wdul�1

Wkh uhvxowv lq Wdeoh 6 vkrz wkdw wkh ghjuhh ri srolwlfdo vxssruw lv lqyhuvho| uhodwhg wr

erwk wkh glyhuvlw| sdudphwhu dqg wkh lqlwldo wdul�1 Iru h{dpsoh/ li w� @ 3 lqlwldoo|/ srolwlfdo

vxssruw lv zhoo deryh �iw| shufhqw iru � � 4=6 exw lv ehorz �iw| shufhqw iru odujhu ydoxhv ri

�1 Vlploduo|/ udlvlqj wkh lqlwldo ydoxh ri w� gudjv grzq wkh zhoiduh sur�oh iru doo +suhvhqw dqg

ixwxuh, jhqhudwlrqv dqg wkxv orzhuv srolwlfdo vxssruw1 Iru h{dpsoh/ li w� @ 3=38 dqg � @ 4=6/

wkhuh lv qrw hqrxjk srolwlfdo vxssruw iru d ixuwkhu lqfuhdvh lq wkh wdul�1 Hyhq wkrxjk wkh

|rxqj zrxog jdlq iurp vxfk d ixuwkhu lqfuhdvh/ wrr pdq| roghu jhqhudwlrqv zrxog orvh rxw

lq wklv fdvh1 Wklv vkrzv wkdw/ surylghg wkh glyhuvlw| h�hfw lv vx!flhqwo| vwurqj/ wkh xqhyhq

lqwhujhqhudwlrqdo exughq fdq pdnh hyhq wkh lqwurgxfwlrq ri d wdul� xqdwwudfwlyh wr h{lvwlqj

jhqhudwlrqv1

Wdeoh 7 vkrzv wkdw lq d ghewru frxqwu| srolwlfdo vxssruw lv dovr lqyhuvho| uhodwhg wr erwk

wkh lqlwldo wdul� dqg wkh glyhuvlw| h�hfw1 Lq frqwudvw wr wkh fuhglwru qdwlrq/ krzhyhu/ srolwlfdo

vxssruw wdshuv r� rqo| yhu| vorzo| dv w� ru � lv udlvhg1 Iru h{dpsoh/ hyhq iru wkh uhodwlyho|

kljk wdul�2glyhuvlw| frpelqdwlrq ri w� @ 3=48 dqg � @ 4=6 doprvw wzr0wklugv ri wkh h{lvwlqj

srsxodwlrq zrxog vxssruw d ixuwkhu lqfuhdvh lq wkh wdul� udwh1 Wkh lqwxlwlrq lv/ ri frxuvh/ wkdw

wkh rog h{lvwlqj jhqhudwlrqv ehqh�w vxevwdqwldoo| iurp vxfk d wdul� lqfuhdvh +vhh Sursrvlwlrq

4,1

717 Hjdolwduldq erqg srolf|

Lw lv fohdu iurp wkh glvfxvvlrq xs wr srlqw wkdw wkh vdylqjv uhvsrqvh e| h{lvwlqj krxvhkrogv dw

wkh wlph ri wkh vkrfn lv uhvsrqvleoh iru wkh xqhyhq glvwulexwlrq ri zhoiduh dfurvv jhqhudwlrqv1

Lqghhg/ lq wkh fuhglwru +ghewru, qdwlrq h{lvwlqj krxvhkrogv uhvsrqg wr wkh wdul� vkrfn e|

lqfuhdvlqj +ghfuhdvlqj, wkhlu vwrfn ri qhw iruhljq dvvhwv1 Vlqfh hyhqwxdoo| wkh fxuuhqw dffrxqw

pxvw eh uh0htxloleudwhg/ wkh kljkhu +orzhu, vwrfn ri iruhljq dvvhwv lv pdwfkhg e| d orzhu

+kljkhu, wudgh edodqfh dqg d kljkhu whupv ri wudgh1 Dv d uhvxow/ jhqhudwlrqv eruq lq wkh qhz

vwhdg| vwdwh idfh gl�huhqw hfrqrplf frqglwlrqv wkdq wkh h{lvwlqj jhqhudwlrqv gr +vhh Wdeoh 5,1

Li wkh srolf| pdnhu dffrpsdqlhv wkh wdul� vkrfn zlwk d vxlwdeo| fkrvhq erqg srolf| wkhq

wkh lqwhujhqhudwlrqdo uhglvwulexwlrqdo h�hfwv fdq eh qhxwudol}hg dqg wkh sxuh ch!flhqf| h�hfwv*

ri wkh lpsruw wdul� fdq eh eurxjkw wr wkh iruh1 Iljxuh 5 fdq eh xvhg wr looxvwudwh wkh irup

vxfk dq hjdolwduldq erqg srolf| vkrxog wdnh1 Wkh nh| wklqj wr qrwh lv wkdw wkh wdul�0fxp0erqg

srolf| vkrxog qhxwudol}h wkh vdylqjv uhvsrqvh dw lpsdfw1 Wklv lv grqh e| xvlqj erqg srolf|

wr vkliw wkh b[ @ 3 olqh vxfk wkdw lw lqwhuvhfwv wkh qhz bI @ 3 olqh lq srlqwv gluhfwo| deryh wkh

lqlwldo vwhdg| vwdwh/ l1h1 lq srlqwv h�� lq wkh wzr sdqhov1 Khqfh/ lq wkh fuhglwru +ghewru, frxqwu|

lqwhujhqhudwlrqdo uhglvwulexwlrq lv qhxwudol}hg e| hqjlqhhulqj d glvfuhwh lqfuhdvh +ghfuhdvh, lq

sxeolf ghew / l1h1 gEW A 3 +? 3, iru u A � +u ? �, +vhh wkh Dsshqgl{ iru wkh h{dfw h{suhvvlrq

iru gEW,1
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Wkh hfrqrp| mxpsv iurp hf wr h�� dw lpsdfw dqg wkhuh lv qr ixuwkhu wudqvlwlrq4: vr wkdw

doo ixwxuh jhqhudwlrqv h{shulhqfh wkh vdph zhoiduh h�hfw +g�+w> w, @ g� iru w � 3,1 E| vhwwlqj

wkh dssursuldwh rqfh0r� djh0vshfl�f wudqvihu +iru wkh fuhglwru frxqwu|, ru ohy| +iru wkh ghewru

frxqwu|, lw lv srvvleoh wr lqfuhdvh ixoo h{shqglwxuh e| wkh vdph uhodwlyh dprxqw iru doo h{lvwlqj

jhqhudwlrqv + �[+y> 3, @ �[ iru doo y � 3, vr wkdw wkhvh jhqhudwlrqv dovr h{shulhqfh wkh vdph

zhoiduh fkdqjh +g�+y> 3, @ g� iru y � 3,14;

Wkh iroorzlqj uhvxow fdq eh hvwdeolvkhg iru wkh hjdolwduldq wdul�0fxp0erqg srolf|1

Sursrvlwlrq 5 Li wkh wdul� lqfuhdvh lv dffrpsdqlhg e| d erqg srolf| zklfk holplqdwhv doo

lqwhujhqhudwlrqdo uhglvwulexwlrqdo h�hfwv +vr wkdw g�+y> 3, @ g�+w> w, @ g� iru doo y � 3 dqg

w � 3,/ dqg wkh surgxfw vxevlg| lv dw lwv �uvw0ehvw ohyho +v� @ v8� , wkhq g� @ 3 li wkh wdul� lv

dovr vhw dw lwv �uvw0ehvw ohyho +w� @ w8�,1

Surri= Vhh Ehwwhqgrui dqg Khlmgud +5333,1

Sursrvlwlrq 5 wkxv frq�upv wkdw wkh �uvw0ehvw uhvxowv�rewdlqhg iru wkh nqlih0hgjh fdvh lq

vxevhfwlrq 714�duh vwloo ydolg lq wkh pruh jhqhudo prgho1 Lqghhg/ wkh dqdo|vlv vr idu vxjjhvwv

wkdw wkh Ekdjzdwl0Mrkqvrq sulqflsoh ri wdujhwlqj lv htxdoo| ydolg lq dq ryhuodsslqj0jhqhudwlrqv

vhwwlqj1 Zklovw wkh surgxfw vxevlg| uhvwruhv surgxfwlyh h!flhqf| dqg wkh wdul� h{sorlwv

qdwlrqdo pdunhw srzhu/ wkh erqg srolf| holplqdwhv wkh lqwhujhqhudwlrqdo h{whuqdolw|14<

Zh qrz uhwxuq wr wkh vlpxodwlrqv uhsruwhg lq Wdeohv 6 dqg 71 Vhyhudo frqfoxvlrqv fdq

eh gudzq iurp wkhvh wdeohv1 Iluvw/ wkh vlpxodwlrqv frq�up wkh vhfrqg0ehvw uhvxowv glvfxvvhg

lq vxevhfwlrq 714/ l1h1 li wkh suh0h{lvwlqj surgxfw vxevlg| lv kljkhu wkdq lwv �uvw0ehvw ydoxh

+v� A v8� , wkhq wkh vhfrqg0ehvw rswlpdo hjdolwduldq wdul� lv dovr vhw kljkhu wkdq lwv �uvw0ehvw

ohyho +w7� A w8� ,1 Wkrxjk zh kdyh ehhq xqdeoh wr suryh wklv lqvwuxphqw frpsohphqwdulw|

dqdo|wlfdoo|/ lw vhhpv d urexvw ihdwxuh ri rxu prgho1

Vhfrqg/ wkh vlpxodwlrqv vxjjhvw wkdw sxeolf ghew dqg wkh wdul� duh dovr frpsohphqwdu|

lqvwuxphqwv1 Frqvlghu/ iru h{dpsoh/ wkh froxpqv iru � @ 4=6 lq Wdeohv 6 dqg 7 +iru zklfk

ydoxh ri � wkh surgxfw vxevlg| lv dw lwv �uvw0ehvw ohyho, dqg gh�qh d pdmrulwduldq wdul� +w�� ,

dv wkdw wdul� udwh zklfk mxvw ghpdqgv d pdmrulw| dprqj h{lvwlqj jhqhudwlrqv dw wkh srooov1 Lw

iroorzv iurp wkh vlpxodwlrqv wkdw lq d fuhglwru +ghewru, frxqwu|/ wkh qrq0xvh ri erqg srolf|

fdxvhv wkh pdmrulwduldq wdul� wr eh orzhu +kljkhu, wkdq lwv �uvw0ehvw ohyho/ l1h1 w�� ?+A,w8� 1

Iru h{dpsoh/ lq Wdeoh 6 lq wkh froxpq iru � @ 4=6/ w�� @ 3=378 dqg w8� @ 3=4 dqg/ vlqfh

gEW A 3 iru wkh fuhglwru frxqwu|/ fuhdwlqj ghew doorzv iru d pruh dpelwlrxv wudgh srolf|1 Lq

frqwudvw/ lq d ghewru qdwlrq wkh pdmrulwduldq wdul� lv wrr kljk dqg gEW ? 3/ l1h1 e| fuhdwlqj

d sxeolf dvvhw wkh wdul� fdq eh sxvkhg wr lwv rswlpdo ohyho1
4:Iru frqyhqlhqfh/ sdqho +f, ri Wdeoh 5 vxppdul}hv wkh txdolwdwlyh h�hfwv rq wkh pdfurhfrqrplf yduldeohv1
4;Iru wkh fuhglwru +ghewru, frxqwu| wkh wudqvihu +ohy|, lqfuhdvhv zlwk djh1
4<Wkh qdwxuh ri wklv lqwhujhqhudwlrqdo h{whuqdolw| fdq eh vhhq iurp Wdeoh 61 Lq wkh fdvh glvfxvvhg wkhuh/

suhvhqw jhqhudwlrqv idlo wr vxssruw wkh �uvw0ehvw wdul�2surgxfw vxevlg| pl{ +|� ' f�� dqg r� ' f��, dw wkh

sroov ehfdxvh wkh| fdqqrw dssursuldwh doo wkh ehqh�wv ri vxfk d srolf|1
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8 Frqfoxvlrqv

D g|qdplf ryhuodsslqj0jhqhudwlrqv prgho ri d vpdoo rshq hfrqrp| zlwk prqrsrolvwlf frp0

shwlwlrq lq wkh jrrgv pdunhw lv frqvwuxfwhg dqg dqdo|}hg1 Lqgxvwuldo srolf| lq wkh irup ri

dq lpsruw wdul� uhgxfhv uhdo rxwsxw dqg hpsor|phqw dqg lpsuryhv wkh whupv ri wudgh erwk

lq wkh lpsdfw shulrg dqg lq wkh qhz vwhdg| vwdwh1 Dq lqfuhdvh lq wkh wdul� kdv lpsruwdqw

lqwhujhqhudwlrqdo glvwulexwlrq h�hfwv1 Wkh suxghqw xvh ri erqg srolf| qhxwudol}hv wkhvh lq0

whujhqhudwlrqdo lqhtxlwlhv dqg vxjjhvwv �uvw0ehvw dqg vhfrqg0ehvw rswlpdo wdul� udwhv1 Wkh

�uvw0ehvw wdul� h{sorlwv qdwlrqdo pdunhw srzhu/ exw wkh vhfrqg0ehvw wdul� frqwdlqv d fruuhfwlrq

wr dffrxqw iru wkh h{lvwhqfh ri d srwhqwldoo| vxerswlpdo surgxfw vxevlg|1

Lq ixwxuh zrun zh krsh wr frqvwuxfw d wzr0frxqwu| yhuvlrq ri rxu prgho/ h{sdqghg zlwk

sk|vlfdo fdslwdo dv d surgxfwlrq idfwru/ lq zklfk wkh rswlpdo wdul� lvvxh fdq eh vwxglhg erwk

zlwk dqg zlwkrxw lqwhuqdwlrqdo frruglqdwlrq1 Wklv zrxog ohdg wr d ixuwkhu fodul�fdwlrq ri wkh

uroh ri grphvwlf dqg iruhljq vfdoh hfrqrplhv dqg lqwhuqdwlrqdo pdunhw srzhu rq wkh rqh kdqg

dqg wkh ghjuhh ri sk|vlfdo fdslwdo prelolw| rq wkh rwkhu1 Lw zrxog ixuwkhupruh irujh d olqn

zlwk wkh vwudwhjlf wudgh srolf| olwhudwxuh phqwlrqhg lq wkh lqwurgxfwlrq1

Dsshqgl{

Lq wklv dsshqgl{ zh ghulyh wkh nh| uhvxowv wkdw duh xvhg lq wkh wh{w1 Ehwwhqgrui dqg Khlmgud

+5333, frqwdlqv pruh hoderudwh ghulydwlrqv dqg lv dydlodeoh xsrq uhtxhvw1

D14 Ghulydwlrq ri wkh wudgh edodqfh h{suhvvlrq

Wkh frqvwuxfwlrq ri wkh skdvh gldjudp +Iljxuh 4 lq wkh wh{w, surfhhgv dv iroorzv1 Iluvw zh

xvh htxdwlrqv +W416,/ +W41:, dqg +W41;, wr vxppdul}h oderxu pdunhw htxloleulxp +OPH,=

i+O, � }f+4� O,O#3� @ {> +D14,

zkhuh { � [@S lv uhdo ixoo h{shqglwxuh dqg }f � +4 . v� ,f@+4� �,1 Lw iroorzv iurp +D14,

wkdw i+O, kdv wkh iroorzlqj ghulydwlyh=

i �+O, @ }fO
#3�

�
+� � 4,

�
4� O

O

�
� 4

�
= +D15,

Zh duh lqwhuhvwhg lq wkh surshuwlhv ri i+O, lq wkh hfrqrplfdoo| phdqlqjixo lqwhuydo 3 � O � 41

Fohduo|/ i+4, @ 3/ i+3, @ }f li � @ 4/ dqg i+3, @ 3 li � A 41 Ilqdoo|/ iru � @ 4/ i+O, lv

grzqzdug vorslqj exw iru � A 4 zh kdyh=

i �+O, U 3 / O T O�W� � � � 4

�
= +D16,

Lq vxppdu|/ wkh ixqfwlrq i+O, lv dv gudzq lq wkh wrs sdqho lq Iljxuh D14 +dvvxplqj 4 ? � ? 5

vr wkdw i ��+O, ? 3 iru O � 3,1 Li � @ 4/ wkhq i+O, lv wkh gdvkhg olqh iurp }f wr srlqw g1
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Li wkh glyhuvlw| h�hfw lv rshudwlyh +� A 4, wkhq i+O, lv wkh vrolg olqh iurp wkh ruljlq +srlqw

h, wkurxjk d/ f/ dqg e wr srlqw g1 Iru O @ O�W�/ { uhdfkhv lwv pd{lpxp ydoxh +{��j,

frqvlvwhqw zlwk oderxu pdunhw htxloleulxp1

Qrz frqvlghu zkdw kdsshqv li { @ {f1 Erwk srlqwv d dqg e duh frqvlvwhqw zlwk oderxu

pdunhw htxloleulxp1 Lq wkh erwwrp sdqho ri Iljxuh D14 oderxu ghpdqg dqg vxsso| duh ghslfwhg

e|/ uhvshfwlyho|/ O( dqg O7+{f, +vxsso| ghshqgv rq {f wkurxjk wkh zhdowk h�hfw,1 Oderxu

ghpdqg vorshv xszdug ehfdxvh ri wkh glyhuvlw| h�hfw +vhh Ghyhuhx{/ Khdg/ dqg Odskdp +4<<9/

s1 574,,1 Lw zrxog dsshdu wkdw wkhuh duh wzr vxlwdeoh htxloleuld exw lw lv vkrzq ehorz wkdw

wkh htxloleulxp dvvrfldwhg zlwk srlqw d lv xqvwdeoh1 Khqfh zlwk dq rshudwlyh glyhuvlw| h�hfw

wkh ihdvleoh udqjh ri oderxu pdunhw htxloleuld lv O 5 +O�W�> 4` dqg wkxv { 5 ^3> {��j,1 Lq

whupv ri Iljxuh D14 wklv dprxqwv wr vhohfwlqj rqo| wkh hpsor|phqw vroxwlrq rq wkh grzqzdug

vorslqj vhjphqw ri wkh i+O, ixqfwlrq1 Lq whupv ri sdudphwhuv xvhg lq wkh olqhdul}hg prgho

wkh ihdvleoh uhjlrq iru O fdq eh uhzulwwhq dv=

3 � +� � 4,$uu ? 4> +D17,

zkhuh $uu � +4� O,@O1

L

L

W/P

x

��

�

�

0 1

�

�

LMIN

0=1

0>1
�

LS(x0)

LD

a

a

b

b

c

�

c
�

x0

xMAX

z0

e d

�

0>1

Iljxuh D14= Ihdvleoh oderxu pdunhw htxloleuld

Wkh xsvkrw ri wkh glvfxvvlrq vr idu lv wkdw htxloleulxp hpsor|phqw fdq eh h{suhvvhg dv d

xqltxh ixqfwlrq ri { dqg }f/ l1h1 O @ O+{> }f, zlwk O% � CO@C{ ? 3 dqg O5f � CO@C}f A 31
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E| vxevwlwxwlqj wklv uhodwlrq lq +W41;, dqg dovr xvlqj +W417,0+W418, zh jhw wkh h{suhvvlrq iru

jrrgv pdunhw htxloleulxp +JPH,=

fO+{> }f,
# @ ��{.HfS

3jA > +D18,

zkhuh wkh ohiw0kdqg vlgh lv djjuhjdwh vxsso| ri grphvwlf jrrgv dqg wkh uljkw0kdqg vlgh lv

ghpdqg iru grphvwlf jrrgv frqvlvwlqj ri ghpdqg e| uhvlghqwv soxv ghpdqg e| iruhljqhuv

+h{sruwv,1 Dq lqfuhdvh lq { orzhuv vxsso|/ udlvhv ghpdqg e| uhvlghqwv dqg wkxv�wr uhvwruh

jrrgv pdunhw htxloleulxp�h{sruwv pxvw idoo/ l1h1 S pxvw ulvh1 Uhfdoolqj wkdw { � [@S / wklv

uhdvrqlqj vkrzv wkdw wkh whupv ri wudgh fdq eh zulwwhq dv d xqltxh ixqfwlrq ri [ dqg }f=

S @ S +[> }f, +D19,

zklfk kdv wkh iroorzlqj sduwldo ghulydwlyhv=

Sf � CS

C[
@

f�O
#3�O% � ��

{ ^f�O#3�O% � ��`� �AHfS3jA
A 3> +D1:d,

S5f � CS

C}f
@

fS�O#3�O5f
{ ^f�O#3�O% � ��`� �AHfS3jA

? 3= +D1:e,

Ilqdoo|/ e| xvlqj +D19, lq frpelqdwlrq zlwk +W419, dqg +W41<, zh rewdlq wkh iroorzlqj h{0

suhvvlrq iru wkh wudgh edodqfh=

WE @ WE+[>}f> w� , @ HfS +[> }f,
�3jA �

�
�+4� �,

4 . w�

�
[> +D1;,

zlwk wkh iroorzlqj sduwldo ghulydwlyhv=

WEf � CWE

C[
@ �+�A � 4,HfS

3jASf � �+4� �,

4 . w�
? 3> +D1<d,

WE5f � CWE

C}f
@ �+�A � 4,HfS

3jAS5f A 3> +D1<e,

WE |� � CWE

Cw�
@

�+4� �,[

+4 . w� ,2
A 3= +D1<f,

D15 Prgho vroxwlrq

Zh orj0olqhdul}h wkh prgho ri Wdeoh 4 durxqg dq lqlwldo vwhdg| vwdwh�vhh Wdeoh D14 iru wkh

uhvxowlqj h{suhvvlrqv1 Zh xvh wkh iroorzlqj qrwdwlrqdo frqyhqwlrqv1 D wlogh +c�*, deryh d

yduldeoh ghqrwhv lwv udwh ri fkdqjh durxqg wkh lqlwldo vwhdg|0vwdwh/ h1j1/ �[+w, � g[+w,@[1 D

yduldeoh zlwk d wlogh dqg d grw lv wkh wlph ghulydwlyh h{suhvvhg lq whupv ri wkh lqlwldo vwhdg|0

vwdwh/ iru h{dpsoh/ b�[+w, � b[+w,@[1 Wkh rqo| h{fhswlrqv wr wkdw frqyhqwlrq uhihu wr wkh wdul�/

wkh ydulrxv �qdqfldo dvvhwv/ dqg wkh wudgh edodqfh= �w� � gw�@+4 . w� ,/ �E+w, � ugE+w,@\ /
b�E+w, � u bE+w,@\ / �I +w, � ugI +w,@\ / b�I +w, � u bI +w,@\ / dqg jWE+w, � gWE+w,@\ 1

Wkh prgho fdq eh uhgxfhg wr d wzr0glphqvlrqdo v|vwhp ri �uvw0rughu gl�huhqwldo htxdwlrqv

lq qhw iruhljq dvvhwv + �I +w,/ d suhghwhuplqhg yduldeoh, dqg ixoo h{shqglwxuh + �[+w,/ d qrq0

suhghwhuplqhg cmxps* yduldeoh,1 Frqglwlrqdo xsrq wkh vwdwh yduldeohv/ wkh vwdwlf sduw ri wkh
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orj0olqhdul}hg prgho/ frqvlvwlqj ri htxdwlrqv +WD16,0+WD1<, lq Wdeoh D14/ fdq eh xvhg wr ghulyh

wkh iroorzlqj ctxdvl0uhgxfhg irup* h{suhvvlrqv=

�\ +w,� �S +w, @ ��O+w, @ �+!� 4,
k
�[+w,� �S +w,

l
> +D143d,

�S +w, @ +4� �, �[+w,> +D143e,jWE+w, @ � +�!. $8 , �[+w, . +$8 . $f, �w� > +D143f,

�Z +w,� �S +w, @ �
�
� � 4

�

�
+!� 4,� �[+w,> +D143g,

zkhuh ! dqg � duh frpsrvlwh sdudphwhuv=

! � 4 . $uu
4 . $uu+4� �,

A4> 3 ? � � �A$f
!. $f+�A � 4,

? 4= +D144,

Wkh vljq ri $8 . �! lq +D143f, lv vhhq e| uhzulwlqj lw voljkwo| dqg qrwlqj wkdw $8 . $f A 3=

$8 . �! @ $8 . $f . +4� �,+�A � 4,$f A 3=

Qrwh wkdw +D143e, dqg +D143f, duh wkh orj0olqhdul}hg yhuvlrqv ri/ uhvshfwlyho|/ +D19, dqg +D1;,1

Ixuwkhupruh/ wkh ihdvlelolw| frqglwlrq +D17, krogv l� wkh qxphudwru ri ! lq +D144, lv srvlwlyh1

D1514 Vwdelolw|

E| xvlqj +WD14,/ +WD15,/ dqg +D143f, wkh g|qdplfdo v|vwhp iru qhw iruhljq dvvhwv dqg ixoo

h{shqglwxuh lv rewdlqhg=%
b�I +w,
b�[+w,

&
@ �

%
�I +w,
�[+w,

&
.

%
u +$f . $8 , �w�

� ^+u� �,@$8 ` �E

&
> +D145,

zkhuh wkh Mdfreldq pdwul{ ri frh!flhqwv rq wkh uljkw0kdqg vlgh lv=

� �
%

u �u +�!. $8 ,

�+u � �,@$8 u � �

&
= +D146,

Lw iroorzv iurp +D146, wkdw m�m @ �u�! ^+u � �,@$8 ` ? 3/ zkhuh wkh lqhtxdolw| krogv ehfdxvh

+u � �,@$8 A 3/ � A 3 dqg ! A 41 Vlqfh m�m @ ����2 ? 3/ lw iroorzv wkdw wkh prgho lv

vdggoh0srlqw vwdeoh dqg srvvhvvhv rqh vwdeoh fkdudfwhulvwlf urrw +��� ? 3, dqg rqh xqvwdeoh

urrw +�2 A u A 3,1

Wkh surri ri �2 A u surfhhgv dv iroorzv1 Wkh fkdudfwhulvwlf htxdwlrq ri�/ j+�, � m�L ��m/
kdv wzr urrwv +j+���, @ j+�2, @ 3, dqg vdwlv�hv j+3, @ m�m ? 3 dqg j�+�2, A 31 Lw iroorzv

wkdw �2 A u +, j+u, ? 31 Diwhu vrph pdqlsxodwlrq zh jhw=

j+u, @ u2 � +5u � �,u� u�!

�
u� �

$8

�
@ �u

�
u � �

$8

�
+$8 . �!, ? 3=
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Wdeoh D14= Orj0Olqhdul}hg Yhuvlrq ri wkh Prgho

b�[+w, @ +u � �, �[+w,� ^+u� �,@$I `
k
�I +w, . �E

l
+WD14,

b�I +w, @ u
k
�I +w, .jWE+w,

l
+WD15,

�O+w, @ �\ +w,� �Z +w, +WD16,
�\ +w,� �S +w, @ +4� $[, �F+w,� �W$[ �S +w, +WD17,
�F+w, . �S +w, @ �[+w, +WD18,

�]+w, @ �[+w,� �wP +WD19,

�O+w, @ $OO
k
�Z +w,� �[+w,

l
+WD1:,

�\ +w,� �S +w, @ ��O+w, +WD1;,jWE+w, @ �+�W � 4,$[ �S +w,� +$[ . $I , �]+w, +WD1<,

Vkduhv=
$uu � +4� O,@O/ ohlvxuh2zrun udwlr1
$8 � uI@\ / vkduh ri dvvhw lqfrph lq qdwlrqdo lqfrph1
$f � HfS

�3jA @\ / vkduh ri h{sruwv lq qdwlrqdo lqfrph1
Qrwhv=
+d, Zh dvvxph wkdw E @ 3 lqlwldoo|1
+e, Uhodwlrqvkls ehwzhhq vkduhv= $8 . $f @ ]@\ A 31

D1515 Orqj0uxq uhvxowv

E| lpsrvlqj wkh vwhdg| vwdwh lq +D145, zh rewdlq wkh orqj0uxq uhvxowv=%
�I +4,
�[+4,

&
�

%
$8

4

&�
$8 . $f

�!

�
�w� �

%
�!. $8

4

&
�E

�!
= +D147,

Wkh orqj0uxq uhvxowv iru wkh rwkhu yduldeohv fdq eh rewdlqhg e| xvlqj wkh h{suhvvlrq iru �[+4,

lq +D143d,0+D143g,1

D1516 Lpsdfw h�hfwv dqg wudqvlwlrqdo g|qdplfv

Dw lpsdfw/ wkh vwrfn ri qhw iruhljq dvvhwv lv suhghwhuplqhg + �I +3, @ 3, dqg Mxgg*v +4<<;,

Odsodfh wudqvirup whfkqltxhv ixuqlvk h{suhvvlrqv iru wkh mxpsv lq wkh qrq0suhghwhuplqhg

yduldeohv=

�[+3, @

�
u� �

$8�2

���
u+$8 . $f,

�2 � u

�
�w� . �E

�
+D148,

@

�
$8 . $f
$8 . !�

�
�w� .

�
u � �

$8�2

�k
�E � �EW

l
>
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zkhuh �EW lv gh�qhg dv=

�EW �
�
$8 +$f . $8 ,

!� . $8

�
�w� = +D149,

Dv ehiruh/ wkh lpsdfw uhvxowv iru wkh rwkhu yduldeohv fdq eh rewdlqhg e| xvlqj wkh h{suhvvlrq

iru �[+3, lq +D143d,0+D143g,1

Vlqfh wkh vkrfnv duh xqdqwlflsdwhg dqg shupdqhqw/ wkh wudqvlwlrq sdwkv iru doo yduldeohv

fdq eh zulwwhq dv zhljkwhg dyhudjhv ri wkh uhvshfwlyh lpsdfw dqg orqj0uxq h�hfwv zlwk wkh

wlph0ydu|lqj zhljkwv ghshqglqj rq wkh dprxqw ri wlph wkdw kdv hodsvhg iroorzlqj wkh vkrfn1

l1h1 �{+w, @ h3b�|�{+3, .
�
4� h3b�|

�
�{+4,/ zkhuh wkh dgmxvwphqw vshhg lv ghwhuplqhg e| wkh

vwdeoh urrw/ ���1 Wkh uhvxowv lq vhfwlrq 6 dqg 7 ri wkh wh{w duh edvhg/ uhvshfwlyho|/ rq qr

erqg srolf| + �E @ 3, dqg hjdolwduldq erqg srolf| + �E @ �EW,1 Iru frqyhqlhqfh/ Wdeoh 5 lq wkh

wh{w vxppdul}hv wkh txdolwdwlyh uhvxowv1

Uhihuhqfhv

Eìqdvv|/ M1 S1 +4<<9,1 Wdvwh iru ydulhw| dqg rswlpxp surgxfwlrq sdwwhuqv lq prqrsrolvwlf

frpshwlwlrq1 Hfrqrplfv Ohwwhuv/ 85=74�7:1

Eìqdvv|/ M1 S1 +4<<;,1 Lv wkhuh dozd|v wrr olwwoh uhvhdufk lq hqgrjhqrxv jurzwk zlwk h{sdqglqj

surgxfw ydulhw|B Hxurshdq Hfrqrplf Uhylhz/ 75=94�9<1

Ehwwhqgrui/ O1 M1 K1 dqg Khlmgud/ E1 M1 +5333,1 Lqwhujhqhudwlrqdo zhoiduh h�hfwv ri d wdul� xqghu

prqrsrolvwlf frpshwlwlrq= Pdwkhpdwlfdo dsshqgl{1 Plphr/ Xqlyhuvlw| ri Jurqlqjhq1

Grzqordg iurp= kwws=22zzz1hfr1uxj1qo2phghzhun2khlmgud2grzqordg1kwp1

Ehwwhqgrui/ O1 M1 K1 dqg Khlmgud/ E1 M1 +iruwkfrplqj,1 Lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo

zhoiduh ohdndjhv ri d surgxfw vxevlg| lq d vpdoo rshq hfrqrp|1 Lqwhuqdwlrqdo Wd{ dqg

Sxeolf Ilqdqfh/ BB=BB�BB

Ekdjzdwl/ M1 Q1 +4<9:,1 Qrq0hfrqrplf remhfwlyhv dqg wkh h!flhqf| surshuwlhv ri wudgh1 Mrxu0

qdo ri Srolwlfdo Hfrqrp|/ :8=:6;�:751

Ekdjzdwl/ M1 Q1 +4<:4,1 Wkh jhqhudol}hg wkhru| ri glvwruwlrqv dqg zhoiduh1 Lq Ekdjzdwl/ M1

hw do1/ hglwruv/ Wudgh/ Edodqfh ri Sd|phqwv dqg Jurzwk= Hvvd|v lq Krqru ri Fkduohv S1

Nlqgohehujhu1 Qruwk0Kroodqg/ Dpvwhugdp1

Eodqfkdug/ R10M1 +4<;8,1 Ghewv/ gh�flwv/ dqg �qlwh krul}rqv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/

<6=556�57:1

Eryhqehuj/ D1 O1 +4<<6,1 Lqyhvwphqw surprwlqj srolflhv lq rshq hfrqrplhv= Wkh lpsruwdqfh

ri lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo glvwulexwlrqdo h�hfwv1 Mrxuqdo ri Sxeolf Hfrqrplfv/

84=6�871
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Eryhqehuj/ D1 O1 +4<<7,1 Fdslwdo wd{dwlrq lq wkh zruog hfrqrp|1 Lq Ydq ghu Sorhj/ I1/ hglwru/

Kdqgerrn ri Lqwhuqdwlrqdo Pdfurhfrqrplfv1 Edvlo Eodfnzhoo/ R{irug1

Eryhqehuj/ D1 O1 dqg Khlmgud/ E1 M1 +4<<;,1 Hqylurqphqwdo wd{ srolf| dqg lqwhujhqhudwlrqdo

glvwulexwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 9:=4�571

Eudqghu/ M1 D1 +4<<8,1 Vwudwhjlf wudgh srolf|1 Lq Jurvvpdq/ J1 P1 dqg Urjr�/ N1/ hglwruv/

Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv/ yroxph LLL1 Hovhylhu/ Dpvwhugdp1

Eurhu/ G1 S1 dqg Khlmgud/ E1 M1 +iruwkfrplqj,1 Wkh lqyhvwphqw wd{ fuhglw xqghu prqrsrolvwlf

frpshwlwlrq1 R{irug Hfrqrplf Sdshuv/ BB=BBB�BBB

Exlwhu/ Z1 K1 +4<;:,1 Ilvfdo srolf| lq rshq/ lqwhughshqghqw hfrqrplhv1 Lq Ud}lq/ D1 dqg

Vdgnd/ H1/ hglwruv/ Hfrqrplf Srolf| lq Wkhru| dqg Sudfwlfh1 Pdfploodq/ Orqgrq1

Ghyhuhx{/ P1 E1/ Khdg/ D1 F1/ dqg Odskdp/ E1 M1 +4<<9,1 Prqrsrolvwlf frpshwlwlrq/ lqfuhdvlqj

uhwxuqv/ dqg wkh h�hfwv ri jryhuqphqw vshqglqj1 Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/

5;=566�5861

Gl{lw/ D1 N1 +4<;8,1 Wd{ srolf| lq rshq hfrqrplhv1 Lq Dxhuedfk/ D1 M1 dqg Ihogvwhlq/ P1/

hglwruv/ Kdqgerrn ri Sxeolf Hfrqrplfv/ yroxph L1 Qruwk0Kroodqg/ Dpvwhugdp1

Gl{lw/ D1 N1 dqg Vwljolw}/ M1 H1 +4<::,1 Prqrsrolvwlf frpshwlwlrq dqg rswlpxp surgxfw

glyhuvlw|1 Dphulfdq Hfrqrplf Uhylhz/ 9:=5<:�63;1

Hqjho/ F1 dqg Nohw}hu/ N1 +4<<3,1 Wdul�v dqg vdylqj lq d prgho zlwk qhz jhqhudwlrqv1 Mrxuqdo

ri Lqwhuqdwlrqdo Hfrqrplfv/ 5;=:4�<41

Iodp/ K1 dqg Khospdq/ H1 +4<;:,1 Lqgxvwuldo srolf| xqghu prqrsrolvwlf frpshwlwlrq1 Mrxuqdo

ri Lqwhuqdwlrqdo Hfrqrplfv/ 55=:<�4351

Jdoru/ R1 +4<<7,1 Wdul�v/ lqfrph glvwulexwlrq dqg zhoiduh lq d vpdoo rshq ryhuodsslqj0

jhqhudwlrqv hfrqrp|1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 68=4:6�4<51

Jdylq/ P1 +4<<4,1 Wdul�v dqg wkh fxuuhqw dffrxqw= Rq wkh pdfurhfrqrplfv ri frpphufldo

srolf|1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 48=5:�851

Jlrydqqlql/ D1 +4<;;,1 Wkh uhdo h{fkdqjh udwh/ wkh fdslwdo vwrfn/ dqg �vfdo srolf|1 Hxurshdq

Hfrqrplf Uhylhz/ 65=4:7:�4:9:1

Jurv/ G1 +4<;:,1 D qrwh rq wkh rswlpdo wdul�/ uhwdoldwlrq dqg wkh zhoiduh orvv iurp wdul�

zduv lq d iudphzrun zlwk lqwud0lqgxvwu| wudgh1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/

56=68:�69:1
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Khlmgud/ E1 M1 +4<<;,1 Ilvfdo srolf| pxowlsolhuv= Wkh uroh ri prqrsrolvwlf frpshwlwlrq/ vfdoh

hfrqrplhv/ dqg lqwhuwhpsrudo vxevwlwxwlrq lq oderxu vxsso|1 Lqwhuqdwlrqdo Hfrqrplf

Uhylhz/ 6<=98<�9<91

Khlmgud/ E1 M1 dqg Ydq ghu Sorhj/ I1 +4<<9,1 Nh|qhvldq pxowlsolhuv dqg wkh frvw ri sxeolf

ixqgv xqghu prqrsrolvwlf frpshwlwlrq1 Hfrqrplf Mrxuqdo/ 439=45;7�45<91

Mrkqvrq/ K1 J1 +4<98,1 Rswlpdo wudgh lqwhuyhqwlrq lq wkh suhvhqfh ri grphvwlf glvwruwlrqv1

Lq Edogzlq/ U1 hw do1/ hglwruv/ Wudgh/ Jurzwk/ dqg wkh Edodqfh ri Sd|phqwv= Hvvd|v lq

Krqru ri Jrwwiulhg Kdehuohu1 Qruwk0Kroodqg/ Dpvwhugdp1

Mxgg/ N1 O1 +4<<;,1 Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ Fdpeulgjh/ PD1

Nhxvfkqljj/ F1 dqg Nrkohu/ Z1 +4<<9,1 Frpphufldo srolf| dqg g|qdplf dgmxvwphqw xqghu

prqrsrolvwlf frpshwlwlrq1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 73=6:6�73<1

Nrwolnr�/ O1 M1 dqg Vxpphuv/ O1 K1 +4<;:,1 Wd{ lqflghqfh1 Lq Dxhuedfk/ D1 M1 dqg Ihogvwhlq/

P1/ hglwruv/ Kdqgerrn ri Sxeolf Hfrqrplfv/ yroxph L1 Qruwk0Kroodqg/ Dpvwhugdp1

Nuxjpdq/ S1 U1 +4<<3,1 Uhwklqnlqj Lqwhuqdwlrqdo Wudgh Wkhru|1 PLW Suhvv/ Fdpeulgjh/ PD1

Vhq/ S1 dqg Wxuqryvn|/ V1 M1 +4<;<,1 Wdul�v/ fdslwdo dffxpxodwlrq/ dqg wkh fxuuhqw dffrxqw

lq d vpdoo rshq hfrqrp|1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 63=;44�;641

Vshqfh/ P1 +4<:9,1 Surgxfw vhohfwlrq/ �{hg frvwv/ dqg prqrsrolvwlf frpshwlwlrq1 Uhylhz ri

Hfrqrplf Vwxglhv/ 76=54:�5681
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